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Abstract

Learning the structure of a Bayesian network
from decentralized data poses two major
challenges: (i) ensuring rigorous privacy
guarantees for participants, and (ii) avoiding
communication costs that scale poorly with
dimensionality. In this work, we introduce
Fed-Sparse-BNSL, a novel federated method
for learning linear Gaussian Bayesian
network structures that addresses both
challenges. By combining differential privacy
with greedy updates that target only a few
relevant edges per participant, Fed-Sparse-
BNSL efficiently uses the privacy budget
while keeping communication costs low. Our
careful algorithmic design preserves model
identifiability and enables accurate structure
estimation. Experiments on synthetic and
real datasets demonstrate that Fed-Sparse-
BNSL achieves utility close to non-private
baselines while offering substantially stronger
privacy and communication efficiency.

1 INTRODUCTION

Bayesian networks (BNs) compactly represent joint
distributions and causal dependencies among random
variables. Their graph structure, in the form of a di-
rected acyclic graph (DAG), encodes conditional inde-
pendencies, yielding interpretable models widely used
in biology, medicine, and social sciences. A key chal-
lenge is to infer the BN structure directly from data,
a task known as Bayesian network structure learning
(BNSL). Among existing approaches, continuous opti-
mization methods have shown strong empirical perfor-
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mance on linear Gaussian BNs, where each variable is
modeled as a linear function of its parents plus Gaus-
sian noise (Zheng et al. 2018; Ng et al., 2019; |Zheng
et al,|2020; Ng et al., [2020; Vowels et al.| [2021). How-
ever, these methods assume centralized access to data.
In many real-world scenarios, data are distributed
across multiple institutions or participants and cannot
be aggregated due to privacy concerns. This motivates
the study of federated BNSL, which aims to collabo-
ratively reconstruct a global DAG from decentralized
data (Ng and Zhang), 2022)). Federated BNSL faces two
key challenges: (i) ensuring strong privacy guarantees
for participants’ data, and (ii) preventing communica-
tion costs from growing excessively with dimensional-
ity. These challenges are further compounded by the
fact that the number of possible edges in a DAG grows
quadratically with the number of variables.

In this work, we address both challenges with Fed-
Sparse-BNSL, a federated method for learning lin-
ear Gaussian Bayesian network structures, and its
privacy-preserving variant DP-Fed-Sparse-BNSL. Our
approach combines differential privacy (DP) with a
greedy, coordinate-wise update strategy that restricts
communication to only a few relevant edges per par-
ticipant at each iteration. This leads to two key ad-
vantages compared to prior work. First, communica-
tion costs are greatly reduced since sparse edge up-
dates are transmitted instead of dense matrices. Sec-
ond, privacy budget scales with the number of updated
dependencies per participant, not with the full dimen-
sion. The core component of our method is a Proximal
Greedy Coordinate Descent (PGCD) algorithm for the
local updates, which produces high-quality sparse so-
lutions without requiring data standardization—which
is known to compromise the identifiability of the DAG
(Ng et al., 2024} [Loh and Buhlmannl [2014). For
the private variant, DP-Fed-Sparse-BNSL, we improve
upon the Differentially Private Proximal Greedy Co-
ordinate Descent (DP-PGCD) algorithm (Mangold
et al., |2023) by minimizing the noise added under
DP, leveraging mechanisms that can be analyzed un-



Differentially Private and Federated Structure Learning in Bayesian Networks

der zero-concentrated differential privacy (zCDP) for
tighter privacy accounting. This results in favorable
privacy-utility trade-off, as demonstrated by both the-
oretical guarantees and empirical results. Besides
the above benefits, we empirically show that Fed-
Sparse-BNSL supports participant-level personaliza-
tion in heterogeneous settings, where the structure is
shared but edge weights differ across participants.

Contributions. Our main contributions can be sum-
marized as follows: (i) a communication-efficient feder-
ated BNSL algorithm that exploits sparsity, reducing
communication costs; (ii) a differentially private vari-
ant with formal (e,§)-DP guarantees, that achieves
strong utility even in high-dimensional settings; (iii)
an empirical evaluation on synthetic homogeneous and
heterogeneous data as well as a real dataset, demon-
strating the effectiveness of our method in terms
of convergence, communication costs, privacy-utility
trade-offs, robustness to dimensionality, and effective
participant-level personalization.

Organization of the paper. The paper is organized
as follows. Section [2| formalizes the problem setting;
Section [3| reviews related work; Section [4] presents the
federated algorithm Fed-Sparse-BNSL; Section [f]intro-
duces the private variant DP-Fed-Sparse-BNSL and its
guarantees; and finally, Section [f] reports experimental
results, and Section [7] concludes.

2 PROBLEM SETTING

Structure learning in linear Gaussian BNs.
We consider the task of learning the structure of a
Bayesian Network (BN) from observational data. A
BN (Koller and Friedman| [2009)) is a directed acyclic
graph (DAG) where each node X; represents a random
variable, and edges encode conditional dependencies.
We represent a (weighted) DAG using a weighted ad-
jacency matrix W € R%*?  where each entry W; ; en-
codes the strength of a directed edge from variable X;
to X;. A nonzero W; ; indicates a direct causal effect of
X; on X;, whereas W; ; = 0 indicates no direct effect.

We focus on linear Gaussian BNs, where each variable
is a linear function of its parents in the DAG plus
additive Gaussian noise:

Xi= Y WiX;+Z,
jEPa(X;)

Zi NN(OaOiQ)v

where Pa(X;) = {X; : W,,; # 0} denotes the set of
parents of X; in the DAG.

The structure learning problem is to recover W from
a dataset X € R™*4 which is known to be identifi-
able when noise variances are equal or known (Peters
and Buhlmann) 2013; |Loh and Bithlmann, 2014)). The

combinatorial nature of the problem is addressed by
reformulating it as a continuous optimization task us-

ing the NOTEARS framework (Zheng et al., 2018):

min L(W;X) + A|W]||1 s.t.
WeRdxd
where L(W; X) = 5-|| X — XW/||% is the least squared
loss, A||W||1 promotes sparsity, and

h(W) = tr(eV°V) —d =0

ensures acyclicity, where o is the Hadamard product.

Federated learning. In this work, we consider a set-
ting with P participants, each holding a private local
dataset X®) = {Xfp),...,XT(LZ)} C R4, with n, the
number of samples held by participant p. The goal is
to learn a shared DAG structure with the coordination
of a central server, while keeping all data decentralized.

Problem can then be equivalently reformulated as
a consensus problem (Ng and Zhang, 2022]):

mingw  L(B;W) =3, L(By; X®)) + AW,

st. B,=W, vpe{l,..., P},
h(W) =0, (2)
where B = [Bi,...,Bp| and B, € R™? is the local

matrix for participant p and W the global consensus
adjacency matrix.

Differential privacy. To protect the participants’
data in the federated learning process, we aim to
enforce formal differential privacy (DP) guarantees
(Dwork et all [2006). Intuitively, a mechanism sat-
isfies DP if replacing a single data point has only a
limited impact on the algorithm’s output distribution.

Definition 2.1 (Differential privacy). Let ,§ > 0.
A randomized algorithm A satisfies (¢,0)-DP if, for
any two datasets Dy and Do of fized size that differ in
exactly one record, and for any possible O C range(A),

P(A(D:) € 0) < e P(A(Ds) € O) + .

In our federated setting, we aim to limit the influ-
ence of any single participant’s data on the informa-
tion shared during training, thereby providing formal
privacy guarantees against both external observers and
an honest-but-curious server.

3 RELATED WORK

Bayesian networks structure learning (BNSL)
aims at recovering the graph structure of a BN from
observational data (Koller and Friedmanl 2009). Tra-
ditional structure learning approaches are based on
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discrete optimization and can be categorized into two
families: constraint-based methods, which rely on con-
ditional independence tests, and score-based methods,
which optimize a goodness-of-fit score. For a detailed
survey, we refer the reader to [Kitson et al.| (2023]).

Recently, continuous optimization methods have
gained popularity, notably with the introduction of
NOTEARS (Zheng et al.l [2018), which proposed the
first differentiable acyclicity constraint in the context
of linear Gaussian BNs. This allows BNSL to be for-
mulated as a continuous optimization problem, avoid-
ing the combinatorial search of discrete methods. Sev-
eral extensions of NOTEARS have since been proposed
(Ng et al., 2019; Zheng et al., [2020; Ng et al., 2020),
see also|[Vowels et al.| (2021} Section 5). However, these
methods require centralized access to data.

Federated BNSL extensions have been developed for
both continuous and discrete optimization approaches.
Discrete optimization methods (van Daalen et al.|
2024} [Torrijos et al., |2024)) are primarily designed for
discrete data and are not directly applicable to contin-
uous data, which is the focus of our work. For contin-
uous optimization, Fed-BNSL (Ng and Zhang), |2022)
adapts the NOTEARS formulation to the federated
setting via the alternating direction method of multi-
pliers (ADMM) to solve (2, enabling participants to
collaboratively learn a consensus DAG without cen-
tralizing their data. FedDAG (Gao et al.l [2023]), built
on the GOLEM framework (Ng et al., 2020), relies on
FedAvg (McMahan et al.|[2017)) to learn and aggregate
local structures across participants. Both methods re-
quire participants to transmit d x d matrices at each
round, which becomes impractical in high-dimensions,
and neither provides formal privacy guarantees.

Differentially private BINSL methods have been
proposed in the context of synthetic data generation.
PrivBayes (Zhang et all 2017) and subsequent work
(Bao et al.,|2021)) propose approaches to learn BNs un-
der DP, enabling the release of synthetic data with for-
mal privacy guarantees. Related efforts have appeared
in the causal discovery community (Wang et al. 2020).
However, these methods are designed for discrete data,
so they cannot be applied to our continuous setting,
and assume centralized access to all data.

Federated and private BNSL has been explored
in recent work. In (Mian et all 2023), participants
compute scores on local DAGs and send noisy scores
to a central server, which then identifies a consensus
DAG minimizing a notion of regret. However, the
method lacks explicit sensitivity bounds for DP guar-
antees and does not scale, requiring as many commu-
nication rounds as graph edges. Wang et al.| (2023)
extend constraint-based methods to the federated set-

ting by performing conditional independence tests lo-
cally and aggregating results via secure computation,
but this approach is again limited to discrete data.

4 FEDERATED ALGORITHM

In existing federated BNSL approaches, each partici-
pant must transmit a dense d X d matrix to the cen-
tral server (Ng and Zhang) [2022; (Gao et all [2023),
resulting in a communication cost that scales quadrat-
ically with the number of variables, despite the under-
lying DAG typically being sparse. In this section, we
propose a communication-efficient alternative that ex-
ploits this sparsity, which is also crucial for the design
of an effective differentially private version (Section [5)).

4.1 Algorithm Overview

We first slightly modify the formulation of Ng
and Zhang (2022), redefining the objective function
L(B,W) by transferring the ¢; sparsity penalty from
the global consensus matrix W to the local matrices:

mingw  L(B;W) =31 L(Bp; X®)) + M| B,y
st. B,=W,

vpe{l,..., P},
h(W) = 0. (3)

Note that this reformulation yields an equivalent prob-
lem because of the consensus constraints in . Fol-
lowing the approach of Fed-BNSL, we solve this con-
strained optimization problem in a federated way us-
ing the ADMM-based augmented Lagrangian method,
leading to the following iterative update rules:

B! = arg min(L(By; X)) + \|| B (4)
Bp

(3B, — W) + 2B, ~ W),
Wil = arg IninW(Z::1 tr (BZ(B;“ -w)T) (5)
+ S B - W3 4 ath(W) + G R(W)?),
ot = ot 4 prh(WHY), (6)
By = By 4 pa(BT =W, (7)

where p1, p2 > 0 are the penalty coefficients and o € R
and Bi,...,8p € R¥? are the dual variables (La-
grange multipliers). Algorithm [I| summarizes the pro-
posed federated BNSL algorithm.

Imposing the ¢; penalty directly on the local matrices
leverages the inherent sparsity of Bayesian networks
to reduce communication. Since solutions to the local
subproblem are expected to be sparse, participants
only need to exchange the nonzero entries of their esti-
mates, reducing the communication cost from O(d?) to
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Algorithm 1 Fed-Sparse-BNSL

1: Initialize B) = 0,W° =0,a° = 0,8) =0
2: fort=1to T do
3: for each participant p in parallel do
Update B.t! by solving Eq. With PGCD
Send sparse update BSt! to server
end for
Update W'+ by solving Eq. [5| with L-BFGS
Update dual variables o/*!, 5+ (Eq.
9: Server sends back sparse W1 to participants
10: end for

the number of identified dependencies. This sparsity
propagates to the shared structure W: for all entries
that are zero across the local matrices, any local min-
imizer of will likewise assign a zero to that entry.

It remains to select the appropriate local solver for ,
which is a subtle but crucial design choice.

4.2 Choice of Local Solver

The local subproblem is a LASSO-type optimiza-
tion problem, for which many solvers exist (Hastie
et al.l 2015} [Jaggi, [2013). However, these solvers typ-
ically assume that data has been standardized (fea-
tures centered and rescaled). Standardization ensures
that all variables are on a comparable scale, allowing
the /1 penalty to be applied uniformly across coef-
ficients (Hastie et al. 2015)). However, in the con-
text of linear Gaussian structural equation model with
equal error variances (Peters and Bithlmann, 2013),
standardization is known to invalidate the theoretical
conditions under which the true DAG can be identi-
fied (Ng et all 2024; Loh and Bihlmann) 2014) We
therefore require a solver that can meaningfully han-
dle LASSO problems without rescaling the data.

For this reason, we rely on the Proximal Greedy Co-
ordinate Descent (PGCD) algorithm (Tseng and Yun,
2009 Nutini et al., 2015; Karimireddy et al.l 2019).
PGCD is an iterative method that updates one coor-
dinate at a time, selecting the coordinate that yields
the greatest potential improvement in the objective.
Consider participant p with initialization B® € R?*<,
At each iteration k, PGCD evaluates each coordinate
(4,7) using the score

Sij = \/Miw’ PYOX 2| (Bf*j
V)
1
M; ;

8
(Vz‘,j/l(Bk;X(p)))) _ sz;j 7 (8)

where £(B*; X)) = L(B*; X®)) +tr(B(B* - W) ")+
£||B¥ — W ||%. is the smooth part of the local objective,
V., L(B*; X)) is the partial derivative of £ with re-

spect to Bf, proxy. () = sign(z) - max(|z[ — A,0)
is the soft-thresholding operator, and M;; is the
coordinate-wise smoothness constant of £. The coor-
dinate with the highest score, (m,n) = arg max; ; S; ;,
is then greedily updated by a proximal gradient step:

Bﬁ:‘é =Prox_xy (Bﬁhn — MLVm,nL'(Bk;X(p)))
(9)

PGCD is particularly well-suited to our setting for two
reasons. First, the coordinate-wise smoothness con-
stants naturally normalize updates, eliminating the
need for standardization and thereby preserving the
identifiability conditions of the underlying DAG. We
empirically validate the importance of this property
in Appendix where we show that classical solvers
fail on raw data and that standardization compromises
structure recovery. Second, the greedy coordinate se-
lection combined with proximal updates enforces spar-
sity, retaining only the most relevant dependencies,
thereby significantly reducing communication costs.

Furthermore, because the ¢1-regularized local subprob-
lem satisfies both coordinate-wise smoothness and
strong convexity, the PGCD algorithm benefits from
a linear convergence guarantee to the exact local opti-
mum (Karimireddy et al., 2019, Theorem 1).

In the next section, we further leverage the properties
of PGCD to ensure the privacy budget is effectively
spent on the most informative updates—a key factor
for achieving good privacy-utility trade-offs in high-
dimensional settings.

5 PRIVATE ALGORITHM

5.1 Motivation

In the original Fed-BNSL algorithm (Ng and Zhang]
2022), the local subproblem in B,—corresponding to
(4) without the ¢; penalty—is solved via the closed-
form expression:

By = (S + p) T H(p2W' = B, +3,),  (10)

where 3, = iX(p)TX(”) € R4 denotes the empiri-
cal covariance matrix of participant p. Since the server
receives B, and has access to W, ps, and ﬁfo, it can
directly reconstruct ¥, as detailed in Appendix
This poses a significant privacy risk: covariance matri-
ces can leak detailed information about individual data
points, enabling attribute inference and data recon-
struction attacks (Cretu et al.|[2024; Huth et al.,[2023).
Although methods exist for constructing differentially
private covariance matrices (Wang}, 2018} |Amin et al.|
2019)), they become impractical for high-dimensional
datasets unless additional assumptions are made, since
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Algorithm 2 DP-PGCD
: Initialize B® = 0 (or use warm-start)
: for k=1to K do

Compute noisy scores 5'” Y(i,7) (Eq.
Select (m,n) with highest noisy score

1
2
3
4
5 Update B! (Eq.
6
7
8

k+1 _ pk .
Bz‘,j = Bi,j for (i,7) # (m,n)
: end for
: Output: Sparse matrix B¥

the privacy-induced error grows quadratically with the
number of variables d (Amin et al., |2019)).

Our approach, presented in Section [d] naturally pro-
duces sparse updates for B, which reduces the amount
of information exposed to the server. Nevertheless, it
is well known that sharing model updates in federated
learning can still be vulnerable to a range of privacy
attacks (Nasr et al., |2019; |Geiping et al., 2020). In
this section, we introduce a differentially private vari-
ant of our federated BNSL algorithm that leverages
the greedy updates of PGCD, avoiding the quadratic
cost in the dimensionality p.

5.2 Differentially Private Local Solver

In Fed-Sparse-BNSL, the only part that directly ac-
cesses the data is the participants’ local update .
Therefore, it is sufficient to privatize this step; the
post-processing and composition properties of differ-
ential privacy then provide guarantees for the overall
algorithm. We thus propose to rely on a differentially
private version of our local solver, PGCD.

Mangold et al.|(2023]) introduced a private version of
PGCD which relies on the addition of Laplace noise to
privatize both the greedy coordinate selection and the
gradient update, providing pure e-DP guarantees, and
resorted to the advanced composition theorem (Dwork
and Rothl 2014) to track the privacy loss across it-
erations. However, this composition is overly pes-
simistic, requiring unnecessarily large amounts of noise
at each step and resulting in a poor privacy—utility
trade-off, as the excessive noise degrades the quality
of the learned matrix.

In contrast, our improved DP-PGCD uses the expo-
nential mechanism via the “Gumbel max trick” (Ding
et al.} [2021) for private coordinate selection and Gaus-
sian noise for gradient updates. This design enables
us to leverage zero-Concentrated Differential Privacy
(zCDP) (Bun and Steinke] 2016]), under which the ex-
ponential mechanism admits a tighter privacy analysis
(Dong et al., 2020) and composition behaves more fa-
vorably. We thus achieve tighter privacy accounting

and require less noise for the same privacy budget.
A detailed theoretical and numerical comparison with
the approach of Mangold et al.| (2023) is provided in
Appendices[A-4and[C.4] demonstrating a provable im-
provement in privacy loss of at least a factor of v/2 for
the same noise variance.

Our DP-PGCD algorithm (Algorithm operates sim-
ilarly to its non-private counterpart, with two key
modifications. First, it uses noisy scores computed by
adding independent Gumbel noise to the non-private
scores defined in :

Si’j = Si,j + Gumbel(O, ﬂ) (11)

Second, the gradient used in the coordinate update @D
is perturbed with Gaussian noise:
Bﬁré =Prox_x |, (Bfn,n

Mm,n

(12)

_ M'y (Vm’nﬂ(Bk;X(p)) +N(070_2))).
Note that this private version reduces to the non-
private algorithm when g = o = 0.

Each iteration of DP-PGCD computes the full gradi-
ent but updates only a single coordinate. While us-
ing the full gradient would require privatizing all d?
coordinates, even though only a few are typically rel-
evant in sparse DAGs, the exponential mechanism al-
lows PGCD to select the most promising coordinate
while incurring a privacy cost of only O(log d) (Dwork
and Roth, 2014). In the following, we refer to DP-
Fed-Sparse-BNSL as the Fed-Sparse-BNSL algorithm
using DP-PGCD as the local solver.

5.3 Privacy Guarantees

We provide DP guarantees for DP-Fed-Sparse-BNSL.
Theorem 5.1 (Privacy of DP-Fed-Sparse-BNSL). Let
£,0 >0 and A = 2L, j/n, where L; ; is the coordinate-
wise Lipschitz constant of L. Suppose DP-Fed-Sparse-
BNSL (Algom'thm runs for T global rounds, with lo-
cal updates performed with K iterations of DP-PGCD
(Algorithm @) If the Gumbel and Gaussian noise pa-
rameters are chosen as

o AVET(flog(3) + <+ flog(})
M,; €

8=

3

then DP-Fed-Sparse-BNSL is (g,0)-differentially pri-
vate with respect to each participant’s dataset.

Sketch of proof. We first show that gradients have ¢5-
sensitivity bounded by A, and that scores have sen-
sitivity bounded by A/./M; ;, leveraging the non-
expansiveness of the prox. Each DP-PGCD itera-
tion applies two private mechanisms: (i) coordinate
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selection via the exponential mechanism (with Gum-
bel noise), and (ii) coordinate update via Gaussian
noise. With 8 = o/\/M;;, each one satisfies p-
zCDP, where p = %. By additive composition,
running 7" rounds of DP-Fed-Sparse-BNSL, each with
K updates of DP-PGCD, yields total privacy loss

2
prot = 2Kp = KB% .
€ = prot+21/ Prot log(1/d), which determines the stated
noise scales. Full derivations are in Appendix[A:2] [

Converting to (g,0)-DP gives

Gradient clipping. Since coordinate-wise Lipschitz
constants are difficult to bound tightly, in practice we
instead enforce bounded sensitivity through gradient
clipping. Following [Mangold et al.| (2022)), each gra-
dient coordinate V, ;£(B*; XP)) is clipped at C; ; =

\/Mij/ > ; Mi;C for some global threshold C' > 0.

This scheme adjusts for the relative scale of each co-
ordinate while reducing tuning to a single parameter.

Knowledge of M; ;. We assume that the coordinate-
wise smoothness constants M; ; are available (or up-
per bounded). When this is not the case, they can
be privately estimated using the Gaussian mechanism.
Further details are provided in Appendices [A-3] and

[C3l

5.4 Extension to More General Bayesian
Networks

While this work focuses on linear Gaussian BNs—a
setting where DAG identifiability is well understood
and strong baselines allow us to isolate the contribu-
tion of our FL/DP design—our framework is not fun-
damentally limited to this class.

Our approach can be naturally extended to broader
classes of BNs, provided the following conditions hold:
(i) the underlying DAG is identifiable under suitable
assumptions, (ii) the global loss L(W; X)) decomposes
as a sum of local losses L(B,; X (P)) across participants,
(iii) the smooth part of each local score L(B,; X®))
is differentiable and coordinate-wise smooth (so that
the PGCD solver can be applied), and (iv) the corre-
sponding gradients can be bounded to derive sensitiv-
ity bounds for the DP mechanisms.

When these conditions are satisfied, extending our
framework only requires replacing the squared loss
with the appropriate score function and re-deriving
the associated smoothness constants and sensitivity
bounds.

6 EXPERIMENTS

We empirically evaluate Fed-Sparse-BNSL and its dif-
ferentially private variant DP-Fed-Sparse-BNSL on

synthetic data and on real data. We assess the
effectiveness of our method in terms of conver-
gence, structural accuracy of the estimated DAG,
communication efficiency and privacy-utility trade-
offs. The code is available at https://gitlab.com/
ghitafassy/fed-sparse-bnsl/.

6.1 Experimental Setup

Datasets We consider the following datasets.

Homogeneous synthetic data. Following [Zheng et al.
(2018) and Ng and Zhang| (2022), we generate Erdds-
Rényi random DAGs with d = 20 nodes and an ex-
pected number of d edges. Observations are drawn
from a linear Gaussian BN with equal noise variance
across variables. Data are partitioned across P = 8
participants, each with n, = 5000 samples. We also
consider higher-dimensional versions with d up to 200.
Details are provided in Appendix

Heterogenous synthetic data. We use the same DAG
generation, but allow participant-specific regression
coefficients, while keeping the underlying DAG struc-
ture shared. We consider P = 5 participants, each
with n, = 5000 samples. This setting allows to eval-
uate both the structural accuracy of the estimated
shared DAG, and the ability to estimate participant-
specific coefficients. Details are in Appendix

Real data. As in previous work (Zheng et al. [2018;
Ng and Zhang, [2022)), we use the Sachs protein sig-
naling dataset (Sachs et al., 2005, which has d = 11
variables, n = 7466 samples, and a ground-truth DAG
with 18 edges. To simulate a federated setting, we split
the data across P = 3 participants.

Metrics. We consider the following metrics.

Structural accuracy. We assess the quality of the es-
timated DAGs using standard structure learning met-
rics. The Structural Hamming Distance (SHD) counts
the number of edge insertions, deletions or reversals
needed to convert the estimated DAG into the true
one. The True Positive Rate (TPR) represents the
proportion of true edges that are correctly recovered,
while the False discovery rate (FDR) represents the
proportion of incorrect edges among predicted edges.

Communication cost. We measure the total cost as the
number of bytes transmitted between the server and
the participants throughout the entire training proce-
dure, reported in megabytes (MB).

Personalization. In the heterogeneous setting, af-
ter learning the shared structure, we compute per-
participant normalized mean squared error (MSE) be-
tween the true regression coefficients and those esti-
mated after local refitting.
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Figure 1: Convergence of Fed-Sparse-BNSL, Fed-BNSL and centralized NOTEARS. Top: homogeneous synthetic
data; Bottom: heterogeneous synthetic data. We report SHD, TPR and FDR across iterations.

Evaluation protocol. We report the mean and stan-
dard deviation (shaded bands in figures) across the 10
runs. For each configuration of dataset and privacy
budget, hyperparameters are tuned separately for each
method. The procedure, search ranges and final values
are detailed in Appendix

6.2 Non-Private Setting

We evaluate the performance of Fed-Sparse-BNSL on
synthetic data and compare to Fed-BNSL (Ng and
Zhang), [2022). We also include centralized NOTEARS
as a reference point, which corresponds to running
NOTEARS on the union of all participants’ data and
thus represents the best achievable performance.

Convergence on homogeneous data. Fig-
ure [1| (top) shows that Fed-Sparse-BNSL consistently
achieves lower SHD than Fed-BNSL across iterations
and stabilizes earlier, indicating faster and more sta-
ble convergence. Variability is also narrower for Fed-
Sparse-BNSL. Both methods quickly reach high TPR
and remain close thereafter, but Fed-Sparse-BNSL
maintains a lower FDR throughout training. This
gap persists over iterations and is accompagnied by
tighter variability, suggesting that Fed-Sparse-BNSL
avoids over-selecting spurious edges while converging
to more accurate structures.

Convergence on heterogeneous data. As shown
in Figure [I| (bottom), Fed-Sparse-BNSL maintains its
advantages on heterogeneous data: it achieves lower
SHD with earlier stabilization, matches Fed-BNSL in
TPR, and consistently attains lower FDR, demon-
strating accurate and robust recovery of the consensus
structure despite cross-participant variability.

Communication efficiency. Communication costs
are reported in Table[I] For d = 20, Fed-Sparse-BNSL
reduces communication by approximately 64% com-
pared to Fed-BNSL, while maintaining strong struc-
tural accuracy. As expected, for d = 200, the dif-
ference is even more pronounced: Fed-Sparse-BNSL
achieves roughly 97.2% reduction in communication
costs and clearly outperforms Fed-BNSL, with lower
SHD and FDR while keeping TPR. high. These re-
sults highlight the effectiveness of Fed-Sparse-BNSL ’s
design, demonstrating substantial communication sav-
ings without sacrificing performance.

Participant-level personalization. For this exper-
iment, we consider a low-sample setting with 20 par-
ticipants, each holding only 50 samples. We compare
three approaches: (i) Fed-Sparse-BNSL without per-
sonalization, using the consensus weighted adjacency
matrix learned collectively, (ii) Fed-Sparse-BNSL with
personalization, where each participant locally refits
the edge weights via linear regression on its own data
after fixing the learned DAG structure and (iii) lo-
cal NOTEARS, where each participant independently
runs centralized NOTEARS on its own data. Fig-
ure [2] shows the per-participant normalized MSE be-
tween estimated and ground-truth participant-specific
weights for each approach, showing that personal-
ization consistently reduces MSE across participants,
with lower medians in all boxplots. This demonstrates
that, despite heterogeneity in edge weights, learning
the network structure collectively provides a strong
foundation, and subsequent local refitting produces
participant-specific estimates that closely align with
the ground truth.

Furthermore, while local NOTEARS already achieves
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Method Dimension d Communication cost SHD TPR FDR

Fed-Sparse-BNSL 20 1.99 +0.28 2.2+ 1.81 0.93 £0.048  0.057 +0.078
Fed-BNSL 20 512+ 0 2.9 +4.483 0.95+0.033 0.086 4+ 0.145
Fed-Sparse-BNSL 200 13.7+0.8 27.4+14.516  0.922 +£0.03 0.084 + 0.05
Fed-BNSL 200 512+ 0 50.7 £12.859 0.934 £0.007 0.19+£0.045

Table 1: Communication costs (MB) and structural accuracy for d = 20 and d = 200.
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Figure 2: Participant-level personalization: per-participant normalized MSE between true and estimated param-
eters, for Fed-Sparse-BNSL with and without personalization, compared to local NOTEARS.

reasonable MSE across participants, indicating that
client-level estimates are not degenerate, Fed-Sparse-
BNSL with personalization consistently achieves the
lowest median errors. This performance gap is deeply
rooted in the quality of the underlying learned DAG:
as detailed in Appendix (Figure [6]), Fed-Sparse-
BNSL attains significantly better structural metrics
than local NOTEARS. This confirms that aggregating
information across participants improves structural re-
covery beyond what is achievable locally.

6.3 Private Setting

Privacy-utility trade-off. We compare our non-
private algorithm (Fed-Sparse-BNSL) to its differen-
tially private variant (DP-Fed-Sparse-BNSL) on ho-
mogeneous synthetic data, varying the privacy bud-
get € € [0.5,1,2,5,10,25,50] while keeping § = -
fixed. The results are shown in Figure [3] where Fed-
Sparse-BNSL is shown as a dashed reference to visual-
ize the utility gap under privacy. In the high-privacy
regime (¢ < 2), DP-Fed-Sparse-BNSL exhibits higher
SHD and lower TPR, while FDR is highest. As ¢ in-
creases, SHD decreases and TPR rises monotonically,
approaching the non-private baseline. For moderate
to large budgets (¢ > 5), SHD and TPR are close to
Fed-Sparse-BNSL, variance shrinks, and FDR drops
toward the non-private reference. Overall, increasing
€ narrows the privacy-utility gap, with € = 5 providing

a strong compromise and € = 10 nearly matching the
non-private performance.

We evaluate the effect of dimensionality under differ-
ential privacy by comparing DP-Fed-Sparse-BNSL to a
baseline, DP-Fed-BNSL, in which each participant pri-
vatizes its covariance matrix using the Gaussian mech-
anism (Wang}, 2018) before running Fed-BNSL. Using
homogeneous synthetic data, we vary the dimension
d € [20, 50, 100, 200] while keeping the number of par-
ticipants P = 8 and the per-participant sample size
np = 5000 fixed. The privacy budget is set to e = 10
for all dimensions.

As shown in Figure 4] SHD increases with d for both
methods, reflecting the growth in the number of edges.
At small dimensions (d = 20,50), DP-Fed-BNSL per-
forms similarly to DP-Fed-Sparse-BNSL. However, its
structural accuracy deteriorates rapidly as d increases.
At d = 200, DP-Fed-BNSL ’s SHD is roughly twice
that of DP-Fed-Sparse-BNSL (about 140 vs. 70), and
its TPR drops to around 0.5 compared to over 0.8
for DP-Fed-Sparse-BNSL. This is expected, since pri-
vatizing full covariance matrices scales quadratically
with dimension, whereas DP-Fed-Sparse-BNSL han-
dles higher-dimensional settings more effectively due
to its greedy approach.
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Figure 3: Privacy-utility trade-off: SHD, TPR and FDR of DP-Fed-Sparse-BNSL under varying privacy budgets

g, compared to non-private Fed-Sparse-BNSL.
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Figure 4: Dimensional robustness: performance of DP-Fed-Sparse-BNSL vs DP-Fed-BNSL as dimension d in-

creases, under fixed privacy budget € = 10.
6.4 Real data

We evaluate Fed-Sparse-BNSL, Fed-BNSL and their
DP variants on the Sachs dataset (Sachs et al., [2005)),
a well-known benchmark for structure learning with a
biologically validated ground-truth DAG. To simulate
a federated setting, the data was partitioned across 3
participants. Experimental details and hyperparame-

ter settings are provided in Appendix

Both Fed-Sparse-BNSL and Fed-BNSL recover a DAG
with 18 edges, with SHD= 20 for Fed-Sparse-BNSL
and SHD= 23 for Fed-BNSL, consistent with previ-
ously reported NOTEARS results (16 edges, SHD=
22). Direct comparison with Fed-BNSL from origi-
nal paper is not possible since their experiments were
conducted on a smaller dataset. As we have no guar-
antee that the ground-truth DAG is identifiable in
real datasets, we also assess the Markov equivalence
class, by looking at the skeleton (undirected edges)
and v-structures. For a detailed introductions to
these notions, we refer the reader to [Koller and Fried-
man| (2009). Neither method recovers ground-truth v-
structures. However, Fed-Sparse-BNSL correctly iden-
tifies 12 out of 18 undirected edges, compared to 8 out
of 18 undirected edges for Fed-BNSL.

For the DP variants, we fix the privacy budget to

€ =050= n% Both methods experienced a moder-
P

ate performance drop: DP-Fed-Sparse-BNSL achieved

SHD= 21 while still recovering 11 correct edges out of

18, whereas DP-Fed-BNSL obtained SHD= 25 with 8

correct edges out of 19 estimated.

7 CONCLUSION

We introduced Fed-Sparse-BNSL, a federated method
for learning linear Gaussian Bayesian networks that
addresses privacy and communication challenges. By
combining sparse, greedy updates with differential pri-
vacy, Fed-Sparse-BNSL achieves accurate structure re-
covery with low communication overhead. FExperi-
ments on synthetic and real datasets demonstrate its
effectiveness, scalability, and support for participant-
level personalization.

Providing formal convergence guarantees for our
proposed algorithms is an interesting direction for
future work. While non-private PGCD enjoys linear
convergence (Karimireddy et al.), [2019)), extending
these guarantees to the differentially private setting
introduces significant technical challenges. As noted
by [Mangold et al| (2023)), deriving convergence
guarantees for private greedy coordinate descent
algorithms with proximal operators remains an open
problem. Moreover, even in the centralized setting
and assuming exact solutions to the subproblems, the
convergence of the NOTEARS formulation itself is
not fully established: the acyclicity constraint violates
the regularity conditions typically required for global
convergence guarantees in augmented Lagrangian
methods (Ng et al., |2022).

In future work, we also plan to extend our approach
to hybrid Bayesian networks to handle data with both
continuous and discrete features.
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A Theoretical Derivations and Proofs

A.1 Reconstruction of Covariance Matrix

Starting from the closed-form solution of the local subproblem in participant p,
B = (S+pla) " (oW — 8+ ),
we can isolate X by multiplying both sides by ¥ + pI; and rearranging terms:
E+ply) B=pW -+ = X(B-13)=pW-B)-5.

Now, assume for the moment that B — I; is invertible. Then, the covariance matrix can be written as

S =(B—1) ' (p(W—B) - 5).

Regarding the invertibility of B — I, note that at the first iteration where W = 0 and = 0, we have
B—I;=+pl) 'S~ I = —p(S +ply) "

This matrix is invertible because X+ ply is strictly positive definite: ¥ is the empirical covariance matrix (positive
semidefinite) and p > 0. Consequently, B — I; is invertible at the first iterationﬂ

The above derivation shows that the server can reconstruct the empirical covariance ¥ from B, W, 5 and p at
the first iteration of the algorithm.

A.2 Privacy Proofs
A.2.1 Preliminaries on Differential Privacy

We recall the main definitions and results used in our privacy analysis.

Definition A.1 (Bun and Steinke|2016). A randomized algorithm A satisfies p-zero-concentrated differential
privacy (p-zCDP), if for any two datasets Dy and Do of fixed size that differ in exactly one record and all
a € (1,00), we have :

Do (A(D1)[|A(D2)) < pa
where Dy, (A(D1)]|A(D2)) is the a-Rényi divergence between the distributions of A(D1) and A(D3).
Theorem A.1 (Bun and Steinke|[2016). If A; satisfies p(V)-2CDP and Ay satisfies p> -zCDP, then the compo-
sition of Ay and Ay satisfies (p™) + p))-2CDP.
Theorem A.2 (Bun and Steinke|[2016)). If A satisfies p-zCDP, then A satisfies (p + 2+/plog(1/§),0)-DP for
any § > 0.
Theorem A.3 (Bun and Steinke|[2016). Let A be the Gaussian mechanism applied to a query with €s-sensitivity
AZ
F-

Theorem A.4 (Rogers and Steinke|2021). Let A be the Gumbel max trick mechanism applied to a query with

A, using noise parameter o. Then A satisfies p-zCDP with p =

£y -sensitivity A, using noise parameter 3. Then A satisfies p-zCDP with p = %.
A.2.2 Proof of Theorem [5.1]
Proof. The smooth part of the local objective is

L(B:X) = L(B; X) + tx[8T (B~ W)] + 2B - W3,

where only L(B; X) depends on the data:
1 A 1 T
L(B;X) = 51X = XBlj = = S tBiw),  (Bsa) = 5l — Bl
i=1
The (4, j)-th partial derivative of £ is V; j¢(B;x;).

'In practice, we find that this property generally holds also in subsequent iterations.
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Gradient sensitivity. For neighboring datasets X, X’ differing in a single sample at index k, we have

1 2L;
A = sup ||V ;L(B; X) =V ; L(B; X')|l2 = E|Vi,jf(3%$k) — Vi l(B;zy)| < 771’],
X, X'

where L; ; is the coordinate-wise Lipschitz constant of £.

Sensitivity of the coordinate selection score. The non-private score is
Sij =\ Mi;

By the non-expansiveness of the proximal operator, the sensitivity satisfies:

1
A(Sij) = ‘\/ M;.; Mo
17]
— /Mi,j
1

1

Bij— —— Vi, B;X)—(Bi-——
( sJ ]\47’7]v J[’( ) »J Mz,]
2L; 5

1
W/Mi,j| ! n\/Mm‘
A

- , 13
iy (13)

]

1
k N k. _ pk
PrOX | (Bi,j - » V., L(B ,X)) B

Vi i L(B; X)) —Bi;

proxM?.j I (Bm» —

VML(B;X’)) — Bi;

Vi, L(B; X')) \

1
proxﬁ‘,l (Bi,j ~

»J

< VM

JL(B;X) =V, ;L(B;X")| <

Base mechanisms. We now analyze the privacy guarantees of the two base mechanisms we use:

1. Coordinate selection via Gumbel-max (Exponential mechanism). The non-private score .S; ; from
has sensitivity A(S; ;). From Theorem adding Gumbel noise Gumbel(0, §; ;) to this score ensures
pEM-zCDP with

A(Si)? 1 A?
PEM = =
20 Mg 28,

2. Gradient update via Gaussian mechanism. Each gradient coordinate Vi,jL(Bk ; X) has ¢o-sensitivity

A. Adding Gaussian noise N (0, 01»273-) to this coordinate ensures pgauss-zCDP (Theorem b with
A2
PGauss — ﬁ

3. Matching privacy costs. To balance the privacy budget between the two mechanisms, we set

O'Lj
Bij= )
/My
With this choice, both mechanisms contribute equally to the total zCDP cost:
AQ

T
QJM

p:

Composition and DP conversion. Since there are 2KT queries in total, by the composition theorem (The-

orem ,

KTA?
2
0]

Applying the zCDP to (g, d)-DP conversion (Theorem [A.2)) yields

€ = Ptotal T 2 Ptotal IOg(l/(S)

Therefore, to satisfy (e, d)-DP, we need to set the noise scales to

gij A\/ﬁ(\/log(%) e+t \/log(%))
M,; - )

Ptotal = 2KT,0 -

Bij =
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A.3 Smoothness Constants

In our method, we assume the coordinate-wise smoothness constants M; ; known or upper bounded. When it is
not the case, these constants can be estimated privately.

A.3.1 Estimation of the Constants

Coordinate-wise smoothness. A differentiable function f : R4¥¢ — R is called coordinate-wise smooth if there
exists M € R¥*? such that for all X € R%*? and for all 1 < 4,5 < d,

Vi f(X +uEi;) = Vi f(X)] < Mijlul,  VueR,
where E; ; is the matrix with 1 in entry (4, ) and 0 elsewhere.

Consider the local objective:
L(B: X) = L(B; X) + tx[8T (B W)] + 2B - W3,
where X € R™*? is the local data matrix. The Hessian with respect to B is
2 Lo
\Y% C(B,X) = gX X®I1, +p21d2.
Hence, the coordinate-wise smoothness constant for coordinate (i, j) is:

24+p2  Viel,...,d

1
M; ;(X) = M;(X) = EHX!J
1 oo
= E;Xk,jJF/h (14)

As can be seen from the formula above, M; ;(X) does not depend on i, hence the notation M;(X).

A.3.2 Differentially Private Estimation

We now explain how to privately estimate the coordinate-wise smoothness constants. Following |Mangold et al.
(2023)), we assume we know an upper bound b; on the squared value of the j-th feature, i.e., ng < b;.

Theorem A.5 (Privacy of smoothness constants). Let ear,dnr > 0 and Aprj = bj/n, where b; is such that
XJ2 < b; and ny is the sample size of participant p. If the Gaussian noise parameter is chosen as

Dy Vid(y/10g(1/5ar) + ear + /10g(1/0)
J \/iEM )

then participant p can locally estimate all M; ;’s with (e, 0p)-DP in a preprocessing step using d calls to the
Gaussian mechanism with noise scales o1, ...,04.

vy e{l,...,d},

Proof. As shown in , we only need to estimate M;(X),..., My(X) to obtain all coordinate-wise smoothness
constants. Let X and X’ two neighboring datasets that differ in exactly one datapoint. The sensitivity of M; is

Apj = M (X) = My (X))l = —|X2, — x2| < 0
M,j = Sup | J( ) J( M2 = | k,j Ic,j| = .
X, X/ Np

np

To privatize M;, we clip and add Gaussian noise:

- 1 &
Mj(X) = — > min(X7 ;,b;) + p2 + N(0,07).

n
P k=1

By Theorem releasing M;(X) satisfies p/)-zCDP with

2
S = B
2012
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Since there are d constants to estimate privately, by the composition theorem (Theorem [A.1]),

2
AMJ

5=
20]-

Ptotal = d

Applying the zCDP to (eps,dp7)-DP conversion (Theorem [A.2)) yields

EM = Ptotal T 2 Ptotal log(l/é)

Therefore, to satisfy (ear, dar)-DP, we need to set the noise scale to

o — AnVd(y/1og(1/6ar) + enr + /log(1/5u))
J \/§5M

Remark. The above theorem shows how each participant p can estimate the coordinate-wise smoothness
constants based on its local data. These participant-level constants can then be shared and aggregated to obtain

more accurate global estimates.

A.4 Theoretical Comparison of DP-PGCD Privacy Bounds

We provide a detailed mathematical comparison of the privacy guarantees between our improved DP-PGCD
algorithm (Algorithm [2|) and the original approach introduced by Mangold et al.| (2023), which relied on Laplace
noise. The following analysis highlights why our method requires less noise to achieve the same privacy budget.

The privacy loss for our approach is given by:

_ ALy /KTlog(1/5)  ALGKT

€l’leW -

noy; nQJin

while the original approach of [Mangold et al.| (2023), it is:

€™ i

4L;;+/ KT log(1/6 AL, KT ; 2Lis
Eold = J g(/)+ j ( _1)7

n)\ij n)\ij

where \;; is the scale parameter of a Laplace distribution.

To compare these expressions, we match the noise variance: for a Gaussian distribution N(0,0?), the variance

is 02, while for a Laplace distribution Lap(0, \), it is 2A2. Setting 02 = 2A? (i.e., A = %) yields:

V2
ALy KT log(1/5) | AL%LKT

.. 22
no;; n4o;;

AN2L;+/KTlog(1/5 2ViLy;
f J Og( /)+4\/§LJKT(6 no;j _1)

no;j noi;

Enew -

€old =

We analyze the ratio £o<:
Enew
Lij

KT 22
Eold _ﬁ1+\/ o (¢ ™ 1).

I3 - / KT Lij
new I+ log(1/9) noyj

Using the inequality e® > 1 + x for all z € R, we have:

et B L L;;
VP 1> 0ya2i s K

noi; noi;
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By multiplying both sides by , /% and adding 1, we have:

KT  oy3is KT L
e (VP ) > T
log(1/6) (e ’ )>1+ log(1/0) no;;

RT [ 2V2
L+ woatim ( v =1

KT  Lij
L4/ 1ea(i/5) nosy

Finally, by multiplying both sides by v/2, we obtain:

€old 2 \/§

Enew

Equivalently,

> 1.

Thus, our DP-PGCD (Algorithm [2) provides at least a /2 improvement in privacy loss compared to Mangold
et al.| (2023), for the same noise variance.

B Experimental Setup and Implementation

B.1 Datasets

B.1.1 Synthetic Data: Homogeneous Setting

To simulate homogeneous data, we reproduce and generalization the data generation procedure used in (Zheng
et al} 2018; Ng and Zhang), 2022). We generate a dataset for P participants, each having n, samples, across d
variables. This setup assumes a shared underlying structure and identical edge weights across all participants.

e DAG structure generation: A d x d binary adjacency matrix is initially created. This is achieved by
generating an Erdos-Rényi random graph with d nodes and an expected number of d edges. The generation
process ensures the resulting graph is acyclic.

e Edge weight assignment: Once the DAG structure (represented by the binary adjacency matrix) is
defined, non-zero weights are assigned to its edges. These weights are uniformly sampled from two disjoint
intervals: [—2,—0.5] U [0.5,2]. This results in a weighted adjacency matrix.

e Data generation: Observations are then simulated from the linear Gaussian Structural Equation Model
(SEM) defined in Section 2| In this model, the value of each variable is determined by a linear combination
of its parents’ value (as defined by the weighted adjacency matrix), plus an independent Gaussian noise
term. This additive noise term is sampled, for each variable, from a standard normal distribution N (0, 1).
This implies a uniform noise variance of 1 across all variables, a condition that ensures the identifiability of
the DAG structure (Peters and Biihlmann| 2013} [Loh and Bithlmann, [2014)).

B.1.2 Synthetic Data: Heterogeneous Setting

For heterogeneous data generation, we consider P = 5 participants, each having n, = 5000 samples, and we
assume that all P participants share the same underlying DAG structure but differ in their edge weights. Instead
of being identical for all participants, we use a hierarchical design: each participant’s weight for an edge present
in the DAG is independently sampled from a Gaussian distribution centered at the corresponding global weight,
with variance 02 = 0.1. Global weights are uniformly drawn from the disjoint intervals [—2, —0.5] U [0.5,2] as
in the homogeneous setting. Observations for each participant are then generated from a linear Gaussian SEM
using their individual edge weights.

B.1.3 Real Data

The Sachs dataset (Sachs et al.,[2005), composed of d = 11 variables representing protein signaling molecules and
n = 7466 samples, features a biologically validated ground-truth DAG with 18 edges. To simulate a federated
setting, the dataset was partitioned across P = 3 participants, resulting in n, = 2488 samples per participant.
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B.2 Evaluation Metrics
B.2.1 Communication cost

The total communication cost is defined as the cumulative volume of data exchanged between the server and
all participants over the entire training procedure, reported in megabytes (MB). Each floating-point value is
encoded using 8 bytes.

When sparsity is used, the transmission of each non-zero coefficient requires sending its matrix index, encoded
using [log,(d?)/8] bytes. Hence, the total size of one transmitted coefficient-index pair is bentry = 8+ [logy(d?)/8]
bytes.

In Fed-BNSL, a dense d x d matrix is transmitted from each of the P participants to the server and back at
every iteration, resulting in a total communication cost accumulated over T iterations of

Cost =2 x T x P x d? x 8bytes.

Since all entries are transmitted, no index encoding is required in this case.

In contrast, Fed-Sparse-BNSL communicates only non-zero coefficients and their indices are transmitted from
each of the P participants to the server and back at every iteration, resulting in a total communication cost
accumulated over T iterations of

Cost = Z (Z elocal X bentry + P X eglbal X bentry ),

server

participants
where el(f C?l denotes the number of coefficients sent by participant p at iteration ¢, and e(gth))bal denotes the number
of global coefficients broadcast by the server.

B.2.2 Personalization

In the heterogeneous setting, each participant p has its own regression coefficients Bt(fze within a shared DAG
structure. After learning the consensus structure, Fed-Sparse-BNSL returns a global weighted adjacency matrix
Bglobal Then, each participant locally re-estimates its coefficients B® by ordinary least squares regression on

its own data, keeping the DAG fixed.

The quality of estimated parameters is measured by the normalized mean squared error (MSE):

~ ||B-B™
MSEP(B) _ H o) truc”F
HBtrue“F
In Flgurel MSE,( ) is Fed-Sparse-BNSL with personalization and MSE,( global) is Fed-Sparse-BNSL with-

out personahzatlon

B.3 Hyperparameters

The selection of appropriate hyperparameters is critical for the performance and fair comparison of algorithms.
This appendix details the hyperparameter tuning methodology employed for Fed-Sparse-BNSL, DP-Fed-Sparse-
BNSL, Fed-BNSL and DP-Fed-BNSL across all experimental settings: homogeneous and heterogeneous synthetic
data, real data, across both non-private and private settings. Our general goal was to ensure that each method
operated as its optimal performance for each specific scenario.

B.3.1 Synthetic Data: General Tuning Protocol

For all settings, the metric used to tune the hyperparameters is the Structural Hamming Distance (SHD).

Tuning on held-out problem instances. For experiments with dimension d = 20, hyperparameters for each
algorithm were tuned on an independent dataset generated with seed= 1. For higher-dimensional experiments
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Table 2: Grid search for hyperparameters tuning in the non-private homogeneous setting.

Hyperparameter Grid search

p1 {10, 50,100, 1000, 10000}
2 {1, 10,100, 1000}

v {0.1,0.5,1}

A {0.001,0.01,0.1,0.5,1}

Table 3: Grid search for hyperparameters tuning in the non-private heterogeneous setting.

Hyperparameter Grid search

o {100, 1000, 10000}
P2 {1,10,100}

y {0.5,1}

A {0.01,0.1,1}

(d € {50,100,200}), hyperparameters were tuned based on the average performance across two independent
datasets, generated with seed= 100 and seed= 400. This approach helps to ensure robustness of the chosen
hyperparameters against specific dataset realizations in high dimensions.

Final evaluation. Once the optimal hyperparameters were determined for a given scenario using the procedure
above, the final results (mean and standard deviation) reported in Section |§| were obtained by running each
algorithm on 10 new datasets generated with 10 independent seeds: {2,...,11}.

B.3.2 Synthetic Data: Non-Private Setting

In the non-private setting, we tuned the ADMM penalty parameters (p1, p2), the step size for gradient descent
in Fed-Sparse-BNSL (v), and the regularization parameter (A). As done in prior work (Zheng et al, [2018; Ng
and Zhang) 2022), we also use a threshold set at 0.3 for edge pruning in a post-processing step.

Homogeneous data. For homogeneous synthetic data, the grid search ranges for each hyperparameter are
detailed in Table 2

The best configurations of hyperparameters, selected based on the lowest SHD on the tuning dataset (seed= 1)
are:

e For Fed-Sparse-BNSL: p; = 1000, po =1 A=0.1 and v =0.5
e For Fed-BNSL: p; = 1000, po =1 A =0.01

Heterogeneous data. For heterogeneous synthetic data, the grid search ranges were slightly adjusted. The
grid search ranges are detailed in Table [3]

The best configurations of hyperparameters, selected based on the lowest SHD on the tuning dataset (seed= 1)
are:

e For Fed-Sparse-BNSL: p; = 1000, po =1 A=0.1 and v = 0.5
e For Fed-BNSL: p; =100, po =1 A =0.1

B.3.3 Synthetic Data: Private Setting

In the private setting, we focused on tuning parameters specific to differentially private mechanisms.

Privacy-utility study (Figure . For DP-Fed-Sparse-BNSL, we fixed the non-private hyperparameters
(p1, p2,7, ) to their best-performing values identified in the non-private setting. This allowed us to isolate the
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impact of privacy-specific parameters. We then tuned the following privacy-specific hyperparameters: C' is the
clipping threshold for gradients in DP-Fed-Sparse-BNSL, T the number of ADMM iterations and K the number
of local PGCD iterations performed by each participant per ADMM iteration.

The grid search ranges are given in Table

Table 4: Grid search ranges for privacy-specific hyperparameters tuning in the private homogeneous setting for
the privacy-utility study (Figure [3).

Hyperparameter Grid search

C {3,5,7,10,20, 30}
T {10, 20,50, 100}
K {10, 20, 30, 40, 50, 100}

The optimal combination of these hyperparameters for each privacy budget ¢ € {0.5,1,2,5,10, 25,50} are pre-
sented Table 5l

Table 5: Optimal hyperparameters for DP-Fed-Sparse-BNSL in the privacy-utility study (Figure , for each
privacy budget €.

€ C T K
0.5 10 10 10

1 10 10 10
2 5 100 10
5 5 100 20
25 7 100 30
50 5 100 50

Dimensionality robustness study (Figure |4). This study evaluated the performance of DP-Fed-Sparse-
BNSL compared to the baseline DP-Fed-BNSL as the data dimension d increased, under a fixed privacy budget
of ¢ = 10. For this analysis, a broader set of hyperparameters, including A and 7, were re-tuned for each
dimension. For DP-Fed-BNSL, b is the sensitivity bound used for the Gaussian mechanism applied to privatize
the covariance matrices, as described by |Wang| (2018). The grid search ranges for this study are given in Table
§

Table 6: Grid search ranges for hyperparameters tuning in the private dimensionality robustness study (Figure i .

Hyperparameter Grid search

{5,10,20,30}
{5,10,20,30}
{50,100}
{20, 50,100}
{0.01,0.1,1}
{0.5,1}

2 > xNTQ

The optimal hyperparameters for each method and dimension in the dimensionality robustness study are pre-
sented in Table

B.3.4 Real Data: Non-Private Setting

In contrast to synthetic data, where we can select hyperparameters on held-out problem instances, it is not clear
how to implement a similar validation procedure on the Sachs dataset. Consistent with prior work (Zheng et al.|
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Table 7: Optimal hyperparameters for each method and dimension, with privacy budget ¢ = 10, in the private
dimensionality robustness study (Figure [4).

Dimension DP-Fed-Sparse-BNSL DP-Fed-BNSL
c T K A y b T A

20 10 100 30 0.1 05 7 300 0.01
50 5 50 50 01 1 10 300 O.1
100 30 100 50 01 1 20 300 0.01
200 30 100 100 0.1 1 10 300 0.01

2018} [Ng and Zhang,, 2022)), we select the best hyperparameters for each method based on the final structure
learning metrics.

We recall that the hyperparameters in the non-private settings are the ADMM penalty parameters (p1, p2), the
¢; regularization parameter (A), the step size for gradient descent in Fed-Sparse-BNSL (). For this dataset, we
also tuned the threshold used for edge pruning in a post-processing step.

For the non-private evaluation on the Sachs dataset, the goal of hyperparameter tuning was to identify con-
figurations that yielded the best structural accuracy. Given the known ground-truth DAG has 18 edges, we
specifically looked for configurations that estimated approximately 18 edges while maximizing the number of
correctly identified undirected edges.

The tuning process involved a grid search over the hyperparameters for the two methods. The grid search for
Fed-Sparse-BNSL and Fed-BNSL included:

Hyperparameter Grid searchs

0 {100, 1000, 10000, 100000}
0o {1,5,10,100}

y {0.5,1}

A\ {0.01,0.1,1}

threshold {0,0.1,0.3}

Note that, wile A, p1, p2 and threshold are shared across both methods, v (step size for local updates) is a
hyperparameter unique to Fed-Sparse-BNSL.

Tuning metrics. During tuning, we looked at several metrics, including the number of estimated edges, the
number of correctly estimated undirected edges, the number of estimated v-structures, the number of correctly
estimated v-structures and SHD.

Consistent with prior work, we observed that recovering ground-truth v-structures was particularly challenging
for both methods on this dataset (0 correct v-structures found). Therefore, we prioritized configurations that
resulted in an estimated number of edges close to the true 18 edges of the Sachs DAG, while maximizing correctly
identified undirected edges.

The best configurations of hyperparameters are:

e For Fed-Sparse-BNSL: p; = 10000, po =5 A =1, = 0.1 and threshold= 0.1.
e For Fed-BNSL: p; = 100000, p; = 10 A = 0.1 and threshold= 0.1.

B.3.5 Real Data: Private Setting

We recall that the privacy-specific hyperparameters are C' the clipping threshold for gradients in DP-Fed-Sparse-
BNSL, b the sensitivity bound used for the Gaussian mechanism applied to privatize the covariance matrices in
DP-Fed-BNSL, T' the number of ADMM iterations and K the number of local PGCD iterations performed by
each participant per ADMM iteration in DP-Fed-Sparse-BNSL.
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For the differentially private evaluation on the Sachs dataset, a fixed privacy budget of € = 5 (with 6 =1 /7112:)
was used for both DP-Fed-Sparse-BNSL and DP-Fed-BNSL. To reduce the tuning complexity and build upon
the non-private baselines, the non-private hyperparameters (p1, p2, A, y) were fixed to their optimal values found
in the non-private setting. The tuning then focused on privacy-specific parameters.

Tuned privacy-specific hyperparameters. The grids used for privacy-specific parameters for each algorithm
are given in Tables [§ and [0}

Table 8: Grid search ranges for hyperparameters tuning in the private setting for DP-Fed-Sparse-BNSL

Hyperparameter Grid searchs

C {1,10, 100, 10000, 15000, 20000}
T (30,50}

K {10, 20, 30, 50}

threshold {0,0.1,0.3}

Table 9: Grid search ranges for hyperparameters tuning in the private setting for DP-Fed-BNSL

Hyperparameter Grid searchs

b {1,2,3,4,5,100, 10000}
T {100, 300}
threshold {0,0.1,0.3}

The goal was to find the combination of privacy-specific hyperparameters that maintained the best possible
utility (low SHD, high correct edges) while operating under the fixed privacy budget ¢ = 5. We aimed for
configurations whose performance was close to the non-private baseline.

The selected optimal private configurations are:

e For DP-Fed-Sparse-BNSL: C' = 15000, T'=30 K =30, A =1, v = 0.1 and threshold= 0.

e For DP-Fed-BNSL: b = 4,7 = 100, A = 0.1 and threshold= 0.1.

B.4 Implementation and Computing Resources

All experiments were conducted on CPUs, either on a personal computer or using the Grid5000 cluster (https:
//www .grid5000.fr/w/Grid5000: Home).

The implementation relies on several open-source components. Parts of the code were adapted from the open-
source implementation of [Ng and Zhang] (2022)) (available at https://github.com/ignavierng/notears-admm/
tree/master/notears_admm), which itself is based on the original NOTEARS implementation (Zheng et al.|
2018) (available at https://github.com/xunzheng/notears/tree/master/notears). Additionally, the code
for the privatization of the covariance matrix for DP-Fed-BNSL was adapted from the repository at https:
//github.com/BorjaBalle/analytic-gaussian-mechanism.

The Sachs dataset (Sachs et al., |2005) was obtained through the Causal Discovery Toolbox (CDT) Python
package (Kalainathan and Goudet], 2019).

Regarding licenses, the reused code for NOTEARS-ADMM (Ng and Zhang, 2022) and NOTEARS (Zheng et al.|
2018)) and the analytic-gaussian-mechanism are all released under the Apache License. The Causal Discovery
Toolbox (CTD) is released under the MIT License.


https://www.grid5000.fr/w/Grid5000:Home
https://www.grid5000.fr/w/Grid5000:Home
https://github.com/ignavierng/notears-admm/tree/master/notears_admm
https://github.com/ignavierng/notears-admm/tree/master/notears_admm
https://github.com/xunzheng/notears/tree/master/notears
https://github.com/BorjaBalle/analytic-gaussian-mechanism
https://github.com/BorjaBalle/analytic-gaussian-mechanism
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Figure 5: Convergence of Fed-BNSL, Fed-BNSL-FW and Fed-Sparse-BNSL on raw and standardized data. Top:
SHD, TPR and FDR across iterations. Solid lines represent raw data, while dashed lines represent standardized
data.; Bottom: Final SHD, TPR and FDR (iteration 100).

C Additional Empirical Evaluations

C.1 Impact of Data Standardization on Identifiability

In Section we theoretically justified the choice of Proximal Greedy Coordinate Descent (PGCD) over classical
LASSO solvers (such as Frank-Wolfe). Classical solvers typically require standardized data to apply the ¢;
penalty uniformly. However, in the setting of linear Gaussian BNs, standardizing the data violates the equal
error variance assumption, thereby destroying the identifiability of the true DAG (Ng et al., 2024} Loh and|
[Biithlmann|, [2014). To empirically validate this crucial design choice, we evaluate the performance of:

e Fed-BNSL: the baseline (Ng and Zhang, [2022)) that solves the unpenalized local subproblem using the exact
closed-form solution (Eq. [10]);

e Fed-Sparse-BNSL: solves ¢1-penalized subproblem using PGCD;

e Fed-BNSL-FW: a variant of our Fed-Sparse-BNSL, which solves the ¢;-penalized subproblem using Frank-
Wolfe (Jaggi, 2013), a classical LASSO solver.

We run each algorithm on both raw data, and standardized data across 5 runs. The results are presented
in Figure [5| showing the optimization trajectories (top) and the final structural utility (bottom). The results
confirm that standardization destroys the identifiability of the DAG: when the data is standardized, all three
algorithms, including the unpenalized baseline, fail to converge. On raw data, identifiability is preserved, and
the closed-form baseline (Fed-BNSL) recovers the true graph. However, for Fed-BNSL-FW which solves the
{1-penalized problem using Frank-Wolfe, the lack of standardization prevents the solver from applying the ¢;
penalty uniformly, which leads to a highly inaccurate DAG. In contrast, our proposed approach, Fed-Sparse-
BNSL, which employs PGCD as the solver, effectively resolves this dilemma. The coordinate-wise smoothness
constants M; inherently normalize the gradient steps, enabling PGCD to handle the ¢;-penalized problem on
unstandardized data. As a result, Fed-Sparse-BNSL achieves the high structural utility of the unpenalized
baseline while simultaneously enforcing the sparsity necessary for communication efficiency.
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Figure 6: Convergence of Fed-Sparse-BNSL compared to local NOTEARS on a heterogeneous dataset (P =

20, n, = 50).
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Figure 7: Utility (SHD, TPR, FDR) of DP-Fed-Sparse-BNSL with etota1 = 5 for varying percentages of the total
privacy budget allocated to privatize the smoothness constants M;. 'Baseline’ represents DP-Fed-Sparse-BNSL
with € = 5 using exact, non-private smoothness constants.

C.2 Structural Convergence: Federated vs. Local Learning

In Section [6] we demonstrated that Fed-Sparse-BNSL with participant-level personalization yields lower esti-
mation errors (MSE) than local NOTEARS training. Figure [6] provides further insights into this result as the
structural level. Although individual local NOTEARS runs converge to reasonably accurate DAGS, Fed-Sparse-
BNSL approach consistently attains lower SHD and FDR while maintaining comparable TPR. This indicates
that aggregating information across participants improves structural recovery beyond what is achievable locally,
even when local solutions are already moderately accurate.

C.3 Privacy-Utility Trade-off for Smoothness Estimation

We empirically evaluate the impact of allocating a fraction of the total privacy budget € to the private estimation
of M;. Let €iota1 = €m + € be the total privacy budget, where ejs is the budget dedicated to estimating
the smoothness constants, and ¢ is the budget reserved for the main structure learning algorithm. Figure [7]
illustrates the end-to-end performance of DP-Fed-Sparse-BNSL with eyo1a1 = 5, across different allocation ratios
em/etotar € {10%,20%,30%, 40%, 50%}, compared to a baseline where the exact smoothness constants are
assumed to be known (labeled as 'Baseline’). The results are reported over 10 runs.

The results reveal a clear privacy-utility trade-off governed by the budget split:

e Under-allocation (10%): allocating too little budget to eps results in highly noisy estimates of M;. Since
M; acts both as a scaling factor in the score function (Eq. ' ) and as the inverse step size in the proxnnal
gradlent update (Eq. E[) the noise severely impacts the optimization process. This is clearly demonstrated
by the large variance and severe degradation in all metrics.
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e Over-allocation (40%,50%): conversely, allocating too much budget to s yields more accurate smooth-
ness constants but starves the main optimization routine €. Consequently, the gradients and greedy coordi-
nate selections become too noisy, leading to a degradation in structural accuracy.

e Balanced allocation (20%,30%): when allocating approximately 20% to 30% of the budget to ), the
algorithm achieves an optimal balance. The performance distributions in this regime are statistically com-
parable to DP-Fed-Sparse-BNSL with the non-private M baseline.

Conclusion. This empirical evaluation confirms that the assumption of perfectly known smoothness constants
can be safely relaxed in practice. By allocating a small portion of the privacy budget, participants can privately

estimate their local constants without incurring any significant loss in the final utility.

C.4 Empirical Comparison of DP-PGCD Variants
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Figure 8: Empirical comparison of our DP-Fed-Sparse-BNSL vs. a variant using [Mangold et al.| (2023), and the
non-private baseline.

To complement the theoretical analysis showing that our improved DP-PGCD algorithm achieves a stronger
privacy guarantee for the same amount of noise (see Appendix Figure [8| shows empirical results comparing
DP-Fed-Sparse-BNSL (using our DP-PGCD) with a variant of DP-Fed-Sparse-BNSL that uses the original DP-
PGCD of [Mangold et al|(2023)), as well as with the non-private baseline. The comparison spans SHD, TPR, and
FDR metrics as a function of the privacy budget €. These results confirm that our method consistently achieves
higher utility at the same privacy level.




