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Abstract

We study the sample complexity of obtaining an
e-optimal policy in Robust discounted Markov
Decision Processes (RMDPs), given only access
to a generative model of the nominal kernel.
This problem is widely studied in the non-robust
case, and it is known that any planning approach
applied to an empirical MDP estimated with
@(%) samples provides an e-optimal pol-
icy, which is minimax optimal. Results in the ro-
bust case are much more scarce. For sa- (resp s-)
rectangular uncertainty sets, until recently the best-
known sample complexity was @(%) (resp.
@(7}[4‘2‘22‘14'2 )), for specific algorithms and when
the uncertainty set is based on the total variation
(TV), the KL or the Chi-square divergences. In this
paper, we consider uncertainty sets defined with
an L,-ball (recovering the TV case), and study
the sample complexity of any planning algorithm
(with high accuracy guarantee on the solution) ap-
plied to an empirical RMDP estimated using the
generative model. In the general case, we prove

a sample complexity of (’)(%) for both the
sa- and s-rectangular cases (improvements of |.S|
and |S||A] respectively). When the size of the un-
certainty is small enough, we improve the sample
complexity to @(%), recovering the lower-
bound for the non-robust case for the first time
and a robust lower-bound. Finally, we also intro-
duce simple and efficient algorithms for solving
the studied L, robust MDPs.

1 INTRODUCTION

Reinforcement learning (RL) [Sutton and Bartol, 2018], of-
ten modelled as learning and decision-making in a Markov

decision process (MDP), has attracted increasing interest
in recent years due to its remarkable success in practice. A
major goal of RL is to find a strategy or policy, based on
a collection of data samples, that can predict the expected
cumulative rewards in an MDP, without direct access to
a detailed description of the underlying model. However,
Mannor et al.|[2004] showed that the policy and the value
function could sometimes be sensitive to estimation errors of
the reward and transition probabilities, meaning that a very
small perturbation of the reward and transition probabilities
could lead to a significant change in the value function.

Robust MDPs [Iyengar, 2005} INilim and El Ghaoui, [2005]]
(RMDPs) have been proposed to handle these problems by
letting the transition probability vary in an uncertainty (or
ambiguity) set. In this way, the solution of robust MDPs
is less sensitive to model estimation errors with a properly
chosen uncertainty set. An RMDP problem is usually for-
mulated as a max-min problem, where the objective is to
find the policy that maximizes the value function for the
worst possible model that lies within an uncertainty set
around a nominal model. Initially, RMPDs [lyengar, [2005)
Nilim and El Ghaoui, 2005]] were developed because the
solution of MDPs can be very sensitive to the model param-
eters [Zhao et al., [2019, [Packer et al., [2018]]. However, as
the solution of robust MDPs is NP-hard for general uncer-
tainty sets Nilim and EI Ghaoui| [2005]], the uncertainty set
is usually assumed to be rectangular (meaning that it can
be decomposed as a product of uncertainty sets for each
state or state-action pair), which allows tractability Iyen{
gar] [2005]], [Ho et al.|[2021]]. These two kinds of sets are
called respectively s- and sa-rectangular sets. A fundamen-
tal difference between them is that the greedy and optimal
policy in sa-rectangular robust MDPs is deterministic, as in
non-robust MDPs, but can be stochastic in the s-rectangular
case |[Wiesemann et al.| [2013]]. Compared to sa-rectangular
robust MDPs, s-rectangular robust MDPs are less restrictive
but much more difficult to handle. Under this rectangularity
assumption, many structural properties of MDPs remain
intact|Iyengar [2005]] and methods such as robust value it-
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eration, robust modified policy iteration, or partial robust
policy iteration |[Ho et al.| [2021]] can be used to solve them.
It is also known that the uncertainty in the reward can be
easily handled, while handling uncertainty in the transition
kernel is much more difficult[Kumar et al.|[2022], [Derman
et al.| [2021]]. Finally, Deep Robust RL algorithms [Pinto
et al.|[2017]], Clavier et al.|[2022]], Tanabe et al.|[2022]] have
been proposed to tackle the problem of Robust MDPS with
continuous state-action space.

In this work, we consider robust MDPs, with both sa- and
s-rectangular uncertainty sets, consisting of L,-balls cen-
tered around the nominal model P,. We assume access to
a generative model, which can sample a next state from
any state-action pair from the nominal model. The ques-
tion we address is to know how many samples are required
to compute an e-optimal policy. This classic abstraction,
which allows studying the sample complexity of planning
over a long horizon, is widely studied in the non-robust
setting [Singh and Yee| [[1994]], |Sidford et al.|[2018]], /Azar
et al.|[2013]], Agarwal et al.|[2020], [Li et al.|[2020]], [Kozuno
et al.|[2022], but much less in the robust setting [Yang et al.,
2021} [Panaganti and Kalathil, 2022} |Shi and Chi} 2022} | Xu
et al.,|2023} |Shi et al., 2023|]. We consider more specifically
model-based robust RL. We call the generative model the
same number of times for each state-action pair, to build a
maximum likelihood estimate of the nominal model, and
use any planning algorithm for robust MDPs (with high
accuracy guarantee on the solution) on this empirical model.
This setting will be discussed further later, but we insist right
away that it is especially meaningful in the robust setting, as
itis a good abstraction of sim2real. The research question
we address is:

How many samples are required for guaranteeing an e-
optimal policy with high probability?

Our first contribution is to prove that for both s and sa-
rectangular sets based on L,-balls, the sample complexity of

the proposed approach is (’)(%), with H = (1—~)7!
being the horizon term. Previous works [[Yang et al., 2021}
Panaganti and Kalathil, 2022} |Shi and Chi}, 2022} Xu et al.|
2023| study different sets, based on the Kullback-Leibler
(KL) divergence, Chi-square divergence, and total varia-
tion (TV). We have the TV in common (L;-ball up to a
normalizing factor), and, in this case, we improve these
existing results by |.S| for the sa-rectangular case, and by
|S||A] for the s-rectangular case, which is significant for
large state-action spaces. On the technical side, our results
build heavily upon the dual view of robust Bellman opera-
tors [Derman et al., 2021}, [ Kumar et al., [ 2022]]. However, we
deviate from this line of work by enforcing the uncertainty
set to belong to the simplex. This allows ensuring that the
robust operators are overly conservative while ensuring they
are ~y-contractions, which is important for the theoretical
analysis. On the negative side, the algorithms they introduce
are no longer applicable, which calls for new algorithmic

design.

Our second contribution is to show that, if the uncertainty
set is small enough, then we have a sample complexity of

@(%) This is a further improvement by H of the
previous bound, and it matches the known lower bound for
the non-robust case [[Azar et al.,[2013]]. On the technical side,
it again builds upon the dual view of robust Bellman oper-
ators with the deviation mentioned above.|Derman et al.,
2021}, [Kumar et al.,2022]. In addition to that, it adapts two
proof techniques of the non-robust case: The total variance
technique of |Azar et al|[2013]] to reduce the dependency
to the horizon, and the absorbing MDP construction of
Agarwal et al.| [2020] to allow for a wider range of valid
e.As mentioned earlier,[Derman et al., 2021} [Kumar et al.}
2022] algorithms are not applicable to the more realistic
uncertainty sets we consider.

Our third contribution is an algorithm DRVI Lp (see Alg.
for Distributionally Robust Value Iteration for Lp in
sarectangular case that solves exactly RMDPs in the case of
valid robust transition that belongs to the simplex contrary
to|Kumar et al.| [2022].

2 RELATED WORK

The question of sample complexity when having access to a
generative model has been widely studied in the non-robust
setting |Singh and Yee| [1994], Sidford et al.| [2018]], |Azar
et al.|[2013]], Agarwal et al.[[2020], |Li et al.|[2020]], [Kozuno
et al.| [2022]. Notably, |Azar et al.|[2013]] provide a lower-
bound of this sample complexity, Q(‘SHELQ'HS), and show
that (tabular) model-based RL reaches this lower-bound,
making it minimax optimal (up to polylog factors). This
bound relies on the so-called total variance technique, that
we adapt to the robust setting. However, their result is only
true for small enough e, in the range (0, /H/|S|). This was
later improved to (0, v/H) by|Agarwal et al|[2020], thanks
to a novel absorbing MDP construction, that we also adapt
to the robust setting.

Closer to our contributions are the works that study the
sample complexity in the robust setting|Yang et al.| [2021],
Panaganti and Kalathill [2022], Xu et al.| [2023]], |Shi and!
Chil [2022]. The study of sample complexity of specific
algorithms (respectively either empirical robust value or
Robust Phased Value Learning) is studied by [Panaganti and
Kalathil| [2022]], Xu et al.| [2023]], while our results apply
to any oracle planning (applied to the empirical model), as
long as it provides a solution with enough accuracy. We
consider both s- and sa-rectangular uncertainty sets, as
Yang et al.| [2021]], while [Panaganti and Kalathil| [2022]], |Xu
et al.| [2023]], Shi and Chi[[2022] only consider the simpler
sa-rectangular sets. They all study either TV, KL or Chi-
square balls, while we study L,-balls.|Shi and Chi|[2022]
improved the KL bound compared to [Yang et al.| [2021]],
Panaganti and Kalathil| [2022] in the sa rectangular case.



The framework of Xu et al.|[2023]] is slightly different as
they consider finite horizon which adds a factor H in all
bounds. All previous results are not minimax optimal in
terms of the horizon factor.

We rely more specifically on a simple optimization dual
expression of the minimization problem over models. As
such, we do not cover the KL and Chi-square cases, which
do not have such a simple form even if there can also be
written as simple scalar optimization problem. However, we
have in common with [Yang et al.| [2021]], [Panaganti and
Kalathil [2022]] the total variation case, which corresponds
to a (scaled) L1 -ball. For this case, we can compare our sam-
ple complexities. Without assumption on the size of the un-
certainty set, we improve the existing sample complexities
by |S| and |S|| A| respectively (for sa- or s-rectangularity).
Also, our bounds have no dependency on the size of the
uncertainty set. Notice that as we consider a generic oracle
planning algorithm, our bounds apply to the algorithms they
consider in|[Panaganti and Kalathil| [2022]], |Xu et al.[[2023]].
If we further assume that the uncertainty set is small enough,
then we improve the bound by an additional H factor, reach-
ing the minimax sample complexity of the non-robust case.
Table [T] summarizes the difference in sample complexity,
and we’ll discuss them again after stating our theorems.

Finally, the archival version of this contribution predates
the concurrent work of |Shi et al.| [2023]] that studies the
sample complexity of RMDPs for TV and y? divergence.
In the very specific case of sa- rectangular for 7'V which in
this case coincides with L; norm, [Shi et al.|[2023]] retrieves
our upper bound which is minimax optimal in the regime
where the radius of the uncertainty set is small and improves
our result in the regime where the radius of the uncertainty
set is bigger than 1 — ~. However, our results hold more
generally for the s-rectangular case are still state-of-the-art
for s-rectangular case with p > 1 and for sa—rectangular
with p > 1. Notice also that the proof techniques are very
different, and it is an interesting research direction to know
if their bound for the regime where the radius of the uncer-
tainty set is bigger than 1 — + or their lower-bound would
extend to the more general case studied here.

3 PRELIMINARIES

For finite sets S and A, we write respectively |.S| and |A]
their cardinality. We write Ay := {p: A > R | p(a) >
0, ,c4p(a) = 1} the simplex over A. For v € R¥ the
classic L, norm is |[v[|7 = 3, v(s)?. The unitary vector of

dimension |S| is denoted 1g. Finally, we denote O the ©
notation up to logarithm factor.

3.1 MARKOYV DECISION PROCESS

A Markov Decision Process (MDP) is defined by M =
(S, A, P,R,~, 1) where S and A are the finite state and ac-
tion spaces, P : S x A — Ag is the transition kernel,
R : S8 x A — [0,1] is the reward function, 1 € Ag
is the initial distribution over states and v € [0,1) is
the discount factor. A stationary policy 7 : & — Ay
maps states to probability distributions over actions. We
write P, , the vector P(-|s,a). We also define P™ to be
the transition matrix on state-action pairs induced by a
policy m: P ) .oy = P (5" | s,a)m(a’ | ). Slightly
abusing notations, for V € RS, we define the vector
Varp(V) € RS*4 as Varp(V)(s,a) = Varp(s,q)(V),
so that Varp (V) = P(V)? — (PV)? (with the square un-
derstood component-wise). Usually, the goal is to estimate
the value function defined as:

(o)
VEg(s) =K Z’y"R (Snyan) | S0 =s,m P| .

n=0

The value function Vg , for policy m, is the fixed point of
the Bellmen operator 7p g, defined as

PRV (s) =Y _mlals)[R(s,a) +7 ) P(s's,a) V().

We also define the optimal Bellman operator: 77 gV (s) =

MaXr, cA 4 (’T]’{ j'%V) (s). Both optimal and classical Bell-

man operators are y-contractions Sutton and Barto|[2018]].
This is why sequences {V,7 | n > 0}, and {V;* | n > 0},
defined as

T L T T * L * *
n+l = TP,RVn and V= TP,RVn?

converge linearly to V7 , and Vp p, respectively the value
function following 7 and the optimal value function. Finally,
we can define the Q-function,

QP r(s,a) =E ZW”R (Snsan) | S0 =s,a0 = a,m, P|.

n=0

The value function and Q-function are linked with the rela-
tion V p(s) = ((ms, @F r(s)) . With these notations, we
can define Q-functions for transition probability transition
P following policy 7 such as

Qb r = RAyPVER = Ry PTQhp= (I —7P") ' R.

3.2 ROBUST MARKOYV DECISION PROCESS

Once classical MDPs defined, we can define robust (optimal)
Bellman operators 7,7 and 7,7,

Tii (s) == R{r}gigu (TZRV) (s)



Table 1: Sample Complexity of TV for s- or sa rectangular with 3 (see Def the radius of uncertainty set (see also Tab.

in the appendix for a complete table with different norms)

Panaganti and Kalathil| | [Yang et al|[2021] Our3>0 Ourl/(2Hv) >8>0 Shi et al.|[2023]]
[2022]

rect.

srect. | x o (\SIZ\AI:2H42(2+[3)2) o (|S\|EA2\H4) o (|SHEA2\H3) X

1V = i
V) (o) = s, bt

(T53V) (s),

where P and R belong to the uncertainty set I/. The optimal
robust Bellman operator 7;; and robust Bellman operator
7,7 are ~y-contraction maps for any policy 7 [Iyengar| 2005
Thm. 3.2] if the adversarial kernel P € A to obtain a valid
transition kernel :

[Tev = Tgull o < yllu = vlloo,
1T v = Tdulloo <l —vllce, V.

Finally, for any initial values V", V", sequences defined as

oy = Ty V.7 and V7, = T;V, converge linearly
to their respective fixed points, that is V7 — V;7 and
V' — V;;. This makes robust value iteration an attrac-
tive method for solving robust MDPs. In order to obtain
tractable forms of RMDPs, one has to make assumptions
about the uncertainty sets and give them a rectangularity
structure [Iyengar| [2005]). In the following, we will use an
L, norm as the distance between distributions. The s- and
sa-rectangular assumptions can be defined as follows, with
Ry and P, being called the nominal reward and kernel.

Assumption 3.1. (sa-rectangularity) We define sa-
rectangular L,-constrained uncertainty set as

Ll;“ = (Ro + R) X (P() + P) R = XSGS,LLEARS,&’
P = xsES,aeAPs,aaRs,a = {rs,a eR ‘ ‘Ts,a‘ < as,a}
Poa={Pea:S > R[> Pia(s') =0,

PO,s,a + Ps,a Z 07 HPs,aHp S 5541}

Assumption 3.2. (s-rectangularity) We define s-rectangular
L -constrained uncertainty set as

u,s = (RO +R) X (PU +P)77) = XSESPsa
R=x,esRss Ro={re: A= RI|Inll, < a.}
Pe={P.:Sx A—>R|Y Pys',a) =0,

Va € A,Rg(.,a) + PO,s Z 0, Hpe‘lp S 69}

We write 8 = sup, , Bs,, for sa-rectangular assumptions
or f = sup, s for s-rectangular assumptions and with
the same manner o = sup, , & . Moreover, we write

P e PO,s,a for P = PO,s,a + P’ with P’ c Ps,a and
P € Py, for P = P§, + P' with P’ € Py, F§(s) =
Za W(G‘S)P()’S?a(s/) € RS.

In comparison to sa-rectangular robust MDPs, s-rectangular
robust MDPs are less restrictive but much more difficult to
deal with. Using rectangular assumptions and constraints
defined with L,-balls, it is possible to derive simple dual
forms for the (optimal) robust Bellman operators for the
minimization problem that involves the seminorm defined
below:

Definition 3.1 (Span seminorm [Puterman, |1990]). Let g
be such that it satisfies the Holder’s equality, i.e. % + % =1
Let q-variance or span-seminorm function qu(.) :S—>R
and g-mean function wy : S — R be defined as

p,(0) 1= min lo—willy,  wy(v) = argmin [v—wl]l,

One can think of those span-seminorms as semi-mean-
centered-norms. The main problem is that these quantities
represent the dispersion of a distribution around its mean,
and there are no order relations for this type of object. Semi-
norms appear in the (non-robust) RL community for other
reasons [Puterman [[1990], Scherrer|[2013]]. For p =1, 2 and
00, a closed form can be derived, corresponding to median,
variance and range. This is not the case for arbitrary p but
span-seminorms can be efficiently computed in practice,
see |[Kumar et al.|[2022]]. Once span-seminorms defined, we
introduced the dual of the inner minimization problem.

Lemma 3.3 (Duality for sa rectangular case with L,, norm).
ForanyV € RS Py . = Po(.|s,a) € RS and p € R®

b PV Py sV — 1) BV
B AU

Lemma 3.4 (Duality for s rectangular case.). Consider
the probability kernel ngs =1II"Pysq € R® with II™ a
projection matrix associated with a given policy 7 such that
Py (s') =3, 7(als)Posa(s’) € RS. Forany V € R¥ :

Pl PV = max Pro(V =) = Bs lImsll,spg(V — 1)



Proofs car be found in Appendix [B.5] These results
allow computing robust value and Q-functions. Close to
our work, Derman et al.|[2021]], [Kumar et al.| [2022]] do not
assume that robust kernel belongs to the simplex and in that
sense, their formulation is a relaxation of the framework
of RMPDs. Using this relaxation, closed form of robust
Bellman operator can be obtained, see Th. 1 in Kumar et al.
[2022]]. In our work, we assume a valid transition kernel
in the simplex (Ps , > 0 or P > 0 for respectively sa—
or s— rectangular case.) that leads to dual form that has
not a closed form but which is a simple scalar optimization
problem. A complete discussion can be found in Appendix

A2l

Finally, we denote robust ) function for sa— and s— rect-
angular respectively @7, and Q)7 and we define them from
robust value function V,j, V" as :

sa’

VI(s) = mlals)QT(s,a), Ve (5)
= w(als)Q

Lemma 3.5. For sa— and s— rectangular,

T(s.0) = 1 + Py s Vi,
Qs (Sa a) = TQ:’ + rYPO,s,a‘/sﬂ'
with
r&e R - in PV
Qz, 0(s,a) — a0+ Pepo. s

a

ms(a)
sl

q—1
’/‘a: = RQ(S,CL) — ( ) ag + VPrpeir'IIDS P”V’:

Robust () functions and dual forms of the robust Bellman
operators will be central to our analysis of the sample com-
plexity of model-based robust RL. They allow improving
the bound by a factor |S| or |S||A| compared to existing
results (Sec. E[) With additional technical subtleties, adapted
from the non-robust setting, and assuming the uncertainty
set is small enough, they even allow improving the bound
by a factor |S|H or |S||A|H (Sec.[5).

3.3 GENERATIVE MODEL FRAMEWORK

We consider the setting where we have access to a generative
model, or sampler, that gives us samples s’ ~ Py(- | s, a),
from the nominal model and from arbitrary state-action
couples. Suppose we call our sampler /N times on each
state-action pair (s, a). Let P be our empirical model, the
maximum likelihood estimate of P,
count(s’, s,a

Ps,a (s/) = % s

where count(s’, s, a) represents the number of times the
state-action pair (s, a) transitions to state s’. Moreover, we

P(s'| s,a) =

define M as the empirical RMDP identical to the original M/
except that it uses P instead of P for the transition kernel.
We denote by V™ and Q7r the value functions of a policy 7
in M, and T, Q* and V* denote the optimal policy and its
value functions in M. It is assumed that the reward function
Ry is known and deterministic and therefore exactly iden-
tical in M and M. Moreover, we write P € 755@ for P =
P.,+ P with P’ € P,,and P € P, for P = P + P’
with P’ € P,, Pr(s') = 3, m(als)Ps o(s") € RS,

Notice that our analysis would easily account for an esti-
mated reward (the hard part being handling the estimated
transition model). This generative model framework, when
we can only sample from the nominal kernel, is classic and
appears for both non-robust and robust MDPs [Agarwal
et al., 2020, [Panaganti et al.| [2022, |Azar et al.| [2013] [Xu
et al.l |2023]]. In the robust case, it is especially relevant
as an abstraction of "sim-to-real", the simulator giving ac-
cess to the nominal kernel for learning a robust policy to
be deployed in the real world (assumed to belong to the
uncertainty set).

The question of how to solve RMDPs and the related compu-
tational complexity are complementary, but different from
Theorems @.Thnd [5.1] Indeed, an important point that differ-
entiates us from [Panaganti and Kalathil, [2022] is the use
of a robust optimization oracle. In (model-based) sample
complexity analysis, the goal is to determine the smallest
sample size IV such that a planner executed in M yields a
near-optimal policy in the RMDP M. To decouple the sta-
tistical and computational aspects of planning with respect
to an approximate model ]\/4\ we will use an optimization
oracle that takes as input an (empirical) RMDP and returns
a policy 7 that satisfies [|Q* — Q7[|oc < €opt- Our final
bound will depend on ¢, the error made from finite sample
complexity, and €qp . In practice, the error € is typically
decreasing at a linear speed of v* at the k" iteration of
the algorithm, as in classical MDPs because (optimal) Bell-
man operators are y-contraction in both classic and robust
settings when robust kernel in assuming in the simplex.

The computational cost of RMDPs is addressed by [[yengar
[2005]] but not in the L,,. Kumar et al.| [2022]] address this
question, in this case, using the regularized form of robust
MDPs obtained with relaxed hypothesis on the kernel (See
Appendix [A.Z). The conclusions of the latter are that L,
robust MDPs are computationally as easy as non-robust
MDPs for regularized forms, at least for some choices
of p for their relaxation. However, in their analysis, the
use of y-contraction of the Robust Bellman Operator is
needed, whereas this is not always the case for sufficiently
large (. Indeed, assuming robust kernel is not anymore in
the simplex, Robust Bellman Operator is not anymore a
~y-contraction but an e—contraction for e close to 1 and only
for a small range of 5. (See Derman et al.|[2021]] Th. 5.1).
We address the question of solving RMPDs in the L, case



with a valid robust kernel in Alg. [T]as it is required to obtain
an €, solution in our analysis.

4 SAMPLE COMPLEXITY WITH
L,-BALLS

The aim of this section is to obtain an upper-bound on the
sample complexity of RMDPs. This result is true for sa-
and s-rectangular sets and for any L, norm with p > 1.

Theorem 4.1. Assume 6 > 0, ¢ > 0 and 8 > 0. Let T be
any €y -optimal policy for M, i.e. ||Q™ — Q" ||oo < €opr-
With N calls to the sampler per state-action pair, such that

N > %, with L" = log(%)we obtain the
following guarantee for policy 7,
3Y€opt

Q" - @7l < e+ 22

with probability at least 1 — 6, where C' is an absolute
constant. Finally, for N;piyy = N|S|| Al and H =1/(1—7),
we get an overall complexity of

- (H*S||A
Ntolal :O(H') .

€2

4.1 DISCUSSION

This result says that the policy 7 computed by the planner on
the empirical RMDP M will be (€opt+€)-optimal in the orig-
inal RMDP M. As explained before, [T| planning algorithms
for RMDPs that guarantee arbitrary small €, such as ro-
bust value iteration considered by |Panaganti and Kalathil
[2022]. It will also apply to future planners, as long as they
come with a convergence guarantee. The error term € is con-
trolled by the number of samples: N,o; = O(H*|S||Ale~2)
calls to the generative models allow guaranteeing an er-
ror €. This is a gain in terms of sample complexity of |5
compared to [Panaganti and Kalathil| [2022]], for the sa-
rectangular assumption. Our bound also holds for both s-
and sa-rectangular uncertainty sets. Panaganti et al.| [2022]
do not study the s-rectangular case, while|Yang et al.[[2021]
do, but have a worst dependency to |A| in this case. Their
bounds also have additional dependencies on the size of
the uncertainty set, which we do not have. We recall that
we do not cover the same cases, we do not analyze the KL
and Chi-Square robust set, while they do not analyze the L,
robust set for p > 1. However, the above comparison holds
for the total variation case that we have in common (p = 1).
These bounds are clearly stated in Table[T] In the non-robust
setting, |Azar et al.[[2013]] show that there exist MDPs where

the sample complexity is at least Q (%) Section
gives a new upper-bound in H3 which matches this lower-

bound for non-robust MDPs with an extra condition on the
range of 3 (the uncertainty set should be small enough).

4.2 SKETCH OF PROOF

This first proof is the simpler one, it relies notably on Ho-
effding’s concentration arguments. We provide a sketch, the
full proof can be found in Appendix B} The resulting bound
is not optimal in terms of the horizon H, but it also does not
impose any condition on the range of € or 3, contrary to the
(better) bound of Sec. E} We would like to bound the supre-
mum norm of the difference between the optimal Q-function
and the one of the policy computed by the planner in the em-
pirical RMDP, according to the true RMDP, [|Q* — Q7 || .
Using a simple decomposition and the fact that 7* is not
optimal in the empirical RMDP (Q”* < Q* = Q**), we
have that

Q-Q"=Q -Q+Q -Q"+Q" - Q"

As Q* — Q* < Q* — Q™ , a triangle inequality yields
10"~ Q7llw < 1Q" = Q" lloc + Q" — Q%I
Q" = @"loo-

The second term is easy to bound, by the assumption of the
planning oracle we have || Q* — Q7 || oo < €opr. The two other
terms are similar in nature. They compare the Q-functions
of the same policy (either 7* the optimal one of the original
RMDP, or 7 the output of the planning algorithm) but for
different RMPDs, either the original one or the empirical
one. For bounding the remaining terms, we need to intro-
duce the following notation. For any set D and a vector
v, let define kp(v) = inf {u'v:u € D} . This quantity
corresponds to the inf form of the robust Bellman operator.
The following lemma provides a data-dependent bound of
the two terms of interest.

Lemma 4.2. We have with P; , defined in Assumption[3.1]

and 7537(1 the robust set centered around the empirical MDPs
that

& AR 2 7 #
||Q -Q Hoo < ﬁ%iﬂ“ﬁs,a(v )_HPO,S,Q(V )|

* Ar* Y * *
Q" — Q" [l < EH;E}ZX\HﬁM(V ) = Kpy.. (V)L

For proving these inequalities, we rely on fundamental
properties of the (robust) Bellman operator, such as +-
contraction. This lemma is written for sa-rectangular as-
sumption but is also true for s-rectangular assumption, re-
placing notation of robust set Ps , by Ps. Now, we need to
bound the resulting terms, which is done by the following
lemma.

Lemma 4.3. With probability at least 1 — §, we have

max iy, (V) = ip,... (V)

<

10 ( L7 LIS sl (e - 1)

2eopt-
11—y \Van N )+€”’f
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with L = log( 5= )

Again, this also holds for s-rectangular sets. This inequality
relies on Hoeffding’s based concentration argument coupled
with absorbing MDPs of |Agarwal et al.|[2020] and smooth-
ness of the L, norm. Putting everything together, we have
just shown that :

1Q" — Q7| < 2200t

1—7
20y ( i L”lSl“ququ(p—l))
(1—~)2\V 2N N

Solving in € for the second term of the right-hand side gives
the stated result as the term proportional to 1/N is small
compared to the second one for sufficiently small e.

S TOWARD MINIMAX OPTIMAL
SAMPLE COMPLEXITY

Now, we provide a better bound in terms of the horizon H,
reaching (up to log factors) the lower-bound in H? for non-
robust MDPs. Recall 8 = sup; , (5,4 for the sa-rectangular
assumption or 3 = sup, 3, for the s-rectangular assump-
tion. For the following result to hold, we need to assume
that the uncertainty set is small enough: we will require

11— 1
< = .
¥ s = s - D)sa

The following theorem is true for both sa- and s-rectangular
uncertainty sets, and for any L, norm with p > 1.

Theorem 5.1. ler 5y € (0, W], forany k > 0

and any €9 < kv H it exists a Cg, ¢, > 0 independent of H
such that for any 5 € (0, By) and any € € (0, €y), whenever
N the number of calls to the sampler per state-action pair

satisfies N > C@O,EO# where L = log(8|S||A|/((1 —
7)0)), it holds that if T is any €,y -optimal policy for M,
that is when || Q™ — Q* ||oo < €opt, then

8€opt

0" Q7| < et =

with probability at least 1 — §.
So Nyt = N|S||A| as an overall sample complexity

o(m3)

€2

for any e < €.

5.1 DISCUSSION

The constants of Theorem [5.1] are explicitly given in Ap-

pendix For instance, for 3y = m and ¢g = V16H,

we have C' = 1024, other choices being possible. Recall
~ 3
that in the non-robust case, the lower-bound is {2 (%)

Azar et al.[[2013]]. Our theorem states that any model-based
robust RL approach, in the generative model setting, with
an accurate enough planner applied to the empirical RMDP,
reaches this lower bound, up to log terms. As far as we know,
it is the first time that one shows that solving an RMDP in
this setting does not require more samples than solving a
non-robust MDP, provided that the uncertainty set is small
enough. Our bound on ¢ is similar to the one of |Agarwal
et al.[[2020] in the robust case with their range [0, v H),
we differ only by giving more flexibility in the choice of
the constant C. The best range of € for non-robust MDPs
is (0, H) [LLi et al., 2020], we let its extension to the robust
case for future work. So far, we discussed the lower-bound
for the non-robust case, that we reach. Indeed, non-robust
MDPs can be considered as a special case of MDPs with
B = 0. As far as we know, the only robust-specific lower-
bounds on the sample complexity have been proposed by
Yang et al.| [2021]]. They propose two lower-bounds account-
ing for the size of the uncertainty set, one for the Chi-square
case, and one for the total variation case, which coincide
with our L,, framework for p = 1 This bound is

(2 )

This lower bound has two cases, depending on the size of
the uncertainty set. If 3 < (1 — ) = 1/H, we retrieve

|S|IA|H®
2

the non-robust lower bound ( ) . Therefore, for a

L -ball, our upper-bound matches the lower-bound, and we
have proved that model-based robust RL in the generative
model setting is minimax optimal for any accurate enough
planner. Their condition for this bound, 8 < 1/H, is close
to our condition, 8 < 1/(4(H — 1). This suggests that our
condition on 3 is not just a proof artifact. In the second

case, if 8 > 1 — ~, the lower-bound is Q <‘5”6““2‘$) In
this case, our theorem does not hold, and we only currently

get a bound in H 4 (see Sec. , which doesn’t match this
lower-bound.

In the case of T'V, we know from posterior work |Shi et al.
[2023] that it is possible to get a tighter bound in the regime
B > 1 — ~ but in the case of Lp norm, it is still an open
question. In the case where [ is too large, the question arises
whether RMDPs are useful as long as there is little to control
when the transition kernel can be too arbitrary.

To sum up, to the best of our knowledge, with a small
enough uncertainty set, our work delivers the first-ever
minimax-optimal guarantee for RMDPs according to the
non-robust lower-bound for L,-balls, and the first ever
minimax-optimal guarantee according to the robust lower-
bound for the total variation case for a sufficiently small
radius of the uncertainty set, which has been later on the
larger set of 5 by |Shi et al.| [2023].



5.2 SKETCH OF PROOF

The full proof is provided in Appendix [C} As in Sec.[d.2]
we start from the inequality

Q" — Q%o < Q" — Q™ [|oo + Q" — Q7|

+ ||er - C27}”007

where the second term of the right-hand side can again be
readily bounded, [|Q* — Q|| < €opt- To bound the remain-
ing two terms, if we want to obtain a tighter final bound,
the contracting property of the robust Bellman operator will
not be enough, we need a finer analysis. To achieve this,
we rely on the total variance technique introduced by |Azar
et al.| [2013]] for the non-robust case, combined with the
absorbing MDP construction of |Agarwal et al.| [2020], also
for the non-robust case, which allows improving the range
of valid e. The key underlying idea is to rely on a Bern-
stein concentration inequality rather than a Hoeffding one,
therefore considering the variance of the random variable
rather than its range, tightening the bound. Working with a
Bernstein inequality will require controlling the variance of
the return. A key result was provided by |Azar et al.|[2013]],
that we extend to the robust setting,

|2 =25 e, 77| < /ﬁ. )

Naively bounding the left-hand side would provide a bound
in H?2, while this (non-obvious) bound in v/H? is crucial for
obtaining on overall dependency in H? in the end. Now, we
come back to the terms ||Q* — Q™ ||oc and || QT — Q7 || oo
that we have to bound. This bound should involve a term
proportional to (I — vPg)~! to leverage later Eq. (T). The
following lemma is inspired by |/Agarwal et al.|[2020], and
its proof relies crucially on having a simple dual of robust
Bellman operator.

Lemma 5.2.
1Q™ = Q7 oo <A = vPF) ™ (Po = P)V 7|
298|S 1/a # AR
+ 2 107 ).
Y

We see that the term § appears in the bound. This comes
from the need to control the difference in penalization be-
tween seminorms of value functions, from a technical view-
point. Indeed, the terms %HQ7r — Q" ||so (With 7 being
either 7 or 7*) are not present in the non-robust version
of the bound, and are one of the main differences from the
derivation of |Agarwal et al|[2020]. The first term of the
right-hand side of each bound ||(I—~vP7 )~ (Poy—P)V™ s
(with 7 being either 7 or 7*, again) will be upper-bounded
using a Bernstein argument, leveraging also Eq. (I). The
resulting lemma is the following.

Lemma 5.3. With probability at least 1 — §, we have

< (Cn +Cp)|IQ" ~ Q7|

| L YAS N Yeopt /8L
4 s P 2 -
Rt N(l—’y)3+1—7+1—7 VN )

1/aq
with Cg = % and Cy = 1 8L and where

Afn =5 +aSyyw with L = log(8|S[|Al/((1-7)9)).

For this result to be exploitable, we have to ensure that
Cn + Cg < 1, which leads to 8 < 2;';%, and then
Cn + Cp < 1leads to a constraint on [V in Theorem@
Eventually, injecting the result of this last lemma in the
initial bound, keeping the dominant term in 1/ VN and
solving for € provides the stated result, cf Appendix

6 CONCLUSION

In this paper, we have studied the question of the sample
complexity of model-based robust reinforcement learning.
To decouple this from the problem of exploration, we have
considered the classic (in non-robust RL) generative model
setting, where a sampler can provide next-state samples
from the nominal kernel and from arbitrary state-action
couples. We focused our study more specifically on sa- and
s-rectangular uncertainty sets corresponding to L,-balls
around the nominal.

Without any restriction on the size of uncertainty set (3), we
have shown that the sample complexity of the studied gen-
eral setting is (5('8“:%2‘}14), already significantly improving
existing results [[Yang et al., 2021} |Panaganti and Kalathil,
2022]]. Our bound holds for both the sa- and s-rectangular
cases, and improves existing results (for the total varia-
tion) by respectively |S| and |S||A|. By assuming a small
enough uncertainty set, and for a small enough ¢, we further
improved this bound to @(w‘l%llﬂ), adapting proof tech-
niques from the non-robust case [|Azar et al.,|2013],|Agarwal
et al., 2020]]. This is a significant improvement. Our bound
again holds for both the sa- and s- rectangular cases, it
matches the lower-bound for the non-robust case|Azar et al.
[2013]], and it matches the total variation lower-bound for
the robust case when the uncertainty set is small enough
[Yang et al.l |2021]]. We think this is an important step to-
wards minimax optimal robust reinforcement learning.

There are a number of natural perspectives, such as knowing
if we could extend our results to other kinds of uncertainty
sets, or to extend our last bound to larger uncertainty sets
(despite the fact that if the dynamics are too unpredictable,
there may be little left to be controlled). Our results build
heavily on the simple dual form of the robust Bellman op-
erator, which prevents us from considering, for the moment,



uncertainty sets based on the KL or Chi-square divergence.
Beyond their theoretical advantages, these simple dual forms
also provide practical and computationally efficient planning
algorithms. Therefore, another interesting research direction
would be to know if one could derive additional useful uncer-
tainty sets relying primarily on the regularization viewpoint.
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A OVERVIEW AND USEFUL INEQUALITIES

The appendix is organized as follows

* In Appendix[A.T] a comprehensive table with state-of-the-art complexity for every distance.

* In Appendix[A.2] we provide more details/explanations on the difference between our formulation on the one of [Kumar
et al.[[2022] and Derman et al.| [2021].

* In Appendix[A.3] we give more details about our algorithm :DRVI Lp

* In Appendix[A.4] we give some useful inequalities frequently used in the proofs.
In Appendix [B} we prove Theorem

* In Appendix[C] we prove Theorem[5.1]

Finally, the proofs for the s-rectangular and sa-rectangular cases are often very similar. If this is true, we will combine them
in a single proof with the two cases detailed when needed.

A.1 TABLE OF SAMPLE COMPLEXITY

Table 2: Sample Complexity for different metric and s- or sa rectangular assumptions with S the radius of uncertainty set,
H the horizon factor, € the precicion, p, 89, = (1 —7)/(27|S|*/%). the smallest positive state transition probability of the
nominal kernel visited by the optimal robust policy (see Yang et al.|[2021])).

Panaganti and Kalathil][2022] Yang et al.|[2021] Shi and Chi|[2022] Our B8 > 0 Our ﬁO,p > B > Shi et al.|[2023] B > Shi et al.| [2023] 0 <
0 1— ~ B<1—~
_ 2 4 _ 2 4 3)2 4 _ 3 2 _ 3
v O(\S| [A|H ) O(m [AIHE(2+8) ) o (\SHA\H (\SHA\H ) (\SHA\H ) o(me )
2 232 23 €2
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\SHA\Hd

v « & <|sw2|A|2H4<2+5>2) § & « N
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Lp x x 1G] f6) ‘S”A‘H

X X

)

(7] [ (57

L, | x o o O(\SHA\H4> O(\SHA\HS) o o
( ) ( )

2 @(\S|2\A2\5H4> & (151 \A\<1+B>"‘H4) y @(\S\\AQWH“) @<|SHA\25H4>
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A.2 RELATION WITH THE WORK OF Kumar et al. [2022] AND Derman et al.|[2021]

In the work of |Derman et al.| [2021]] close forms for RMDPs with L,, norms are derived assuming the following uncertainty
set :

Assumption A.1. (sa-rectangularity in|Derman et al.|[2021]])

u;a = (RO +R) X (PO + P) ;R = XsGS,aGARs,aaRs,a = {Ts,a eR | ||Ts,a||p < as,a}
P = XsES,aEAPs,aPs,a = {Ps,a S = R) ||Ps,a||p < Bs,a}

Using these uncertainty sets leads to the following Bellman Operator :

Theorem A.2 (Derman et al.|[2021]]). The sa-rectangular Robust Bellman operator is equivalent to a regularized non-robust

Bellman operator: for ry/% (s, a) = — (as +7Bs,a ||V||q> + Ro(s,a) as we have

TV () = (marit(s.a) +7 > Po(s' [ s,0) V (s))a

Using this formulation, they get a closed form for the inner minimization problem and for the Robust Bellman Operator

The work | Kumar et al.[[2022] modifies the work of |Derman et al.| [2021]] using Kernel that sum to 1, ZS/ P, () =0
in their definition, but using this uncertainty set, it is still possible to get a robust kernel out of the simplex. Using this
formulation, they also get a closed form for the inner minimization problem and for the Robust Bellman Operator.

Assumption A.3. (sa-rectangularity in|Kumar et al.| [2022]])

u;a = (RO +R) X (PO + P) ;R - XsGS,aGARs,avRs,a - {Ts,a eR | ||Ts,a||p § as,a}

P = XsES,aGA,Ps,a’Ps,a = {Rs‘,a :S—=R | ZPS,(L (5/) = 07 ||]Ds,a||p S ﬂs,a}

S
Using these uncertainty sets where robust Kernel may not belong anymore to the simplex as they do not assume Py+Ps , > 0.

This leads to the following Bellman Operator :

Theorem A.4 (Kumar et al.|[2022]]). The sa-rectangular Robust Bellman operator is equivalent to a regularized non-robust
Bellman operator: for i/ (s, a) = — (a5 +7Bs,a5P4 (V) + Ro(s, a), as we have

e V() = (me, 1% (s,0) + 7Y Po(s' | s,a)V (s)a

S

where sp, (V') in defined in Def. These results are due to the following lemma.

Lemma A.5 (|Kumar et al.|[2022]]. Duality for the minimization problem for sa rectangular case with L, norm without
simplex constrain).

inf PV = P,V — By .a5p,(V)
P32 P(s")=0||P=Pu o] <B:a

Our analysis assumes the positivity of the kernel function, P + P, > 0 in s-rectangular or Py + P , > 0 for sa-rectangular
case. Using this more realistic assumption, we can not obtain a closed form of the robust Bellman operator. However, we are
still able to compute a dual form for the inner minimization problem of RMDPs. With our definition of rectangularity in the
simplex:

Assumption A.6. (sa-rectangularity) We define sa-rectangular L,-constrained uncertainty set as
u;a = (RO + R) X (PO + P) 7R = XsES,aEARs,a7P = XSES,GEAPS,U,7RS,G = {rs,a eR | |Ts,a| < as,a}
Poa={Pea:8 R Y Pals) = 0. Posa + Pa 2 0, [ Puall, < Bua)
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and using kp(v) = inf {u" v : u € D} ., we obtain :

Lemma A.7 (Duality for the minimization problem for sa rectangular case with L, norm).

i, (V) = max{ PeaV = 1) = Buas, (V = )}

s,a

Proof can be found on Appendix [B.5]

Contrary to previous lemma in Kumar et al.| [2022], there is an additional max operator in our dual formulation. Interestingly,
their formulation is a relaxation of our Lemmas [3.3]as their formulation does not assume the positivity of the kernel. Their
relaxation allows practical algorithms with close form, but still suffer from non-exact formulation of RMDPs with robust
Kernel that are not in the simplex.

One crucial point in our analysis is that Bellman Operator for RMDPs is a - contraction for robust kernel in the simplex for
any radius 3 (see [Iyengar] [2005]])). For [Kumar et al.|[2022]] and [Derman et al.|[2021] the range of 5 where their Robust

Bellman Operator is a contraction is smaller than Wls_iﬂ/q (see Proposition 4 of Derman et al.|[[2021]]) which is the range

where we have minimax optimality in our Theorem For 8 > ﬁ, there is no contraction anymore. In the following,
we will assume that robust kernels belong to the simplex to use y-contraction in our proof of sample complexity and ensure
convergence of the following Distributionally Robust value Iteration for L, norms for any 3 Algoritm

A.3 MODEL BASED DRVI L, ALGORITHM

Algorithm 1: DRVI Lp: Distributionally robust value iteration DRVI for L p norms with sa—rectangular assuptions

input: empirical nominal transition kernel ﬁo; reward function r; uncertainty level 3.
initialization: Qo (s,a) = 0, Vo(s) = 0 forall (s,a) € S x A.
fort =1,2,---,T do
for Vs € S;a € Ado
t Set Q¢ (s, a) according to (@) for sa—rectangular ;
for Vs € S do
L Set 1//\}(5) = max, @t(s, a);

output: Q7, V; and 7 obeying 7(s) = arg max, Q1 (s, a).

We propose Alg. [T]to solve robust MDPs in the case of L p norms using value Iteration with sa- rectangularity assumptions.
First, we can remark that directly solving classical RMDPs formulation is computationally costly as it requires an optimization
over an S-dimensional probability simplex at each iteration, especially when the dimension of the state space S is large.
However, using strong duality like Iyengar [[2005]] for the TV, one can also solve using the dual problem of this formulation.
The equivalence between the two formulations can be found in Lemma [3.3] Using the dual form, the optimization (3)
reduces to a 2-dimensional optimization problem that can be solved efficiently using any 2—dimensional convex solver if

there exists an analytic form of the span-semi norm. Then the iterates {@t } +>0 of DRVI for L p norms converge linearly to

the fixed point @*, owing to the appealing ~y-contraction property of robust MDPs in the simplex. From an initialization
Qo = 0, the update rule at the ¢-th (¢ > 1) iteration can be formulated as for sa-rectangular case as:

V(s,a) € Sx A: @t(sv a) =r(s,a) + r}}g}){ p(‘zfl —u) - 6s,a5pq(‘z71 — K )
=r(s,a) + max ﬁ[\z,l]aﬁ.w - ﬂs,aqu([f/\},l]axﬂ.w) 3)
Ak AN P P

where the variational family A is a 2—dimensional variational family defined in (8). The specific form of the dual problem
depends on the choice of the norm. In the case of L;, Lo, or L., span semi-norms involved in dual problems have closed
form (respectively equals to median, variance, or span), and equation [3]corresponds to a 2-D minimization problem.



But in general cases, one has to compute span-semi norms that can be easily computed using binary search solving

1

> sign (v(s) — wy(v)) [v(s) = wy(v)| 77 =0

to compute w, and then setting the semi norm sp,,(v) = ||v — wy||. Recall the g-variance function sp, : S — R and g-mean
function w, : S — R be defined as

D,(0) = min [lo =, wg(v) i= argmin o - w1,

See [Kumar et al.|[2022] for discussion about computing span semi norms. So in the general case, we can also compute the
maximum solving :

V(s,a) € S x A: @t(s,a) =r(s,a) + max ]3[‘715_1](1{,“ — Bs.a

Aw Aw
ayYeAY
P € P

[Viea] e —wl|
P

q
Using any 2—D convex optimization algorithm solves the problem as this problem is jointly concave in (), w) because

\w) = — H [ﬁ,l]axA,w - wH is concave using norm property and (A, w) — ﬁ[f/\},l]a{,w also. Then the sum is concave.
P q P

Finally, in the sa-case we compute the best policy which is the greedy policy of the final Q-estimates @T as the final policy
fo

Vs e S: 7(s)=argmax @T(s, a).
a
A.4 USEFUL INEQUALITIES AND NOTATIONS

Here we present some useful inequalities used frequently in the derivation. Consider any P a transition matrix and 3 for s
rectangular uncertain sets or 3y, for sa- uncertainty sets, then for I = (1,1,...,1) " :

_ B _ 1
1—~vP) L (7B,)1 Iand (1 —AP) I < —I 4
(1—=~P) (7ﬂ)<1_7an( VP) S7 5 ©)
Vg e N*, sp () <20l <2817 s P(oo <21 lla o)
spg(-) < 2|ll, < 2], ©)

Eq. (@) is true, taking the supremum norm of the left-hand side inequality. Eq. (5) and Eq. (6) come from properties of
norms, see Eq. (1) from[Scherrer [2013].

Finally we denote the truncation operator for a vector o € R,

V], = {a(s), ifV(s) > a(s)

V(s), otherwise.

A.5 ROBUST BELLMAN OPERATOR AND ROBUST Q VALUES

This is proof of Lemma [3.5}

Lemma A.8. Robust Bellman Operator for sa— and s— rectangular are :

%QV(S) = Zw(a|s)( — 5,0 + Ro(s,a) + 'yZPo(s’, s,a)v(s’) + ’yPrEn%n PV)

T _ . T / /
ugV(s) = —||msll, s + v fnin PTV + ;ﬂ'(cﬂs) (Ro(s, a) +vPy(s'|s,a)V (s ))



Proof. For sa-rectangular: by rectangularity

u;aV(s) = za:ﬂ(a|s) ( — 5,0+ Ro(s,a) + pefin, PV)

= Z ﬁ(a\s)( — 050+ Ro(s,a) + ’yPrEn%n PV + PO,s,aV)

For s—rectangular case :

ﬁgWﬁ—P@g&mvPV+mgQR2;#M$M&®

= Py( in vP"V
Z s)Ro(s,a) + mmz (als)R(s,a) +Z (als) 'yz o0 (s'|s,a)V )+p£nel%5,7
(a)z (als (RO s, a JFZPO 'Is, a) )) — Qg ||71'3Hq+Pr7{1€i% yP™V

where (a) comes from Holder’s inequality. O

Lemma A.9. For sa— and s— rectangular,

(S (l) —7“22,, ) +7P05a‘/5a7
Qs (37 a) = TQ;\’ + ’YPO,s,a‘/s

with
(s,a) _ : ™
ror. = Ro(s,a) —asq+7 Pren%a PVE

ms(a)
sl

qg—1
s = Ro(s,a) — ( ) ) in PTVT
ror = Ro(s, a) o5+ min PTV)

Proof. The result comes directly as for sa-rectangular the following relations hold,

Vi(s) = 3 m(als)QL,(s.0) and

a

and for s-rectangular case

VI(s) = 3 wlals) QT (s,a).

a

Then using fixed point equation of Bellman operator: 7,7. V" (s) = V7 (s) or T.. V5 (s) = Vi, (s) and previous Lemma
for the expression of 7;7. V.7 (s), we can identify the robust () values that give the result

O

B AN H*BOUND FOR L,-BALLS

To lighten notations, we remove subscript s in most places and denote for example V™ instead of V" for s-rectangular sets.

Lemma B.1 (Decomposition of the bound).

lo* - @, <o - @~

e

e




Proof.

0<Q" —Q"=Q" - Q" +Q" - Q"+ Q™ - Q7
>Qm+
<Q Q" +Q - Q" +Q" - Q7
= Q" — Qe 1QF — Q™ [l + Q% — Q7|0 + |Q7 — Q|| oo

O

This decomposition is the starting point of our proofs for both Theorems [4.1)and 5.1} In this decomposition, the second
term satisfies ||Q* — Q” loo < €opt by definition. This term goes to 0 exponentially fast as the robust Bellman operator is a

~-contraction. The two last terms [|Q* — Q™ ||o and ||Q™ — Q|| need to be controlled using concentration inequalities
between the true MDP and the estimated one. To do so, we need concentration inequalities such as the following Lemma

B.2

Lemma B.2 (Hoeffding’s inequality for V). For any V € RIS\ with |V || < H, with probability at least 1 — &, we have

log(2[S]|.A[/9)
2N

max

(s,a)

POV—]3V‘ <H

Proof. For any (s, a) pair, assume a discrete random variable taking value V(i) with probability P s ,(¢) for all i €
{1,2,---,|S|}. Using Hoeffding’s inequality [Hoeffding, |1994] and ||V|| < H

P (POV PV > 5) <exp (—Ne?/(2H?)) and P (ﬁv — PV > 5) < exp (—Ne2/(2H?)).

Then, taking ¢ = H 4/ MI‘W, we get

5 log(2|S||.A[/5) g
- > < .
P (’POV PV‘ > H - < 18TA

Finally, using a union bound:

P (I(m})( Ry - P> Hflgfzsnw) -y (\POV Pr|=n 21g<2‘|8u«4|/5>> <

N N
This completes the concentration proof. Next we will look at the contraction argument of the robust Bellman operator.

Lemma B.3 (Contraction of infimum operator). For D = P , or Ps, the function
Vs,a, v~ kp(v)=inf{u'v:ueD}

is I-Lipchitz.

Proof. We have that

V(s,a) e S x A, kp,, (Vo) —kp,, (V1) = inf p Vo— inf p'Vi= inf sup p' Vo—p' Wi
’ ! peps,a ﬁeps,a pE’Ps,a [367’5,@

> inf p' (Vo= Vi) =rp,, (Va—Vi).
PEPs,a

Then Ve > 0, there exists P , € Ps 4 such that

Pl (Va=Vi)—c<rp,, (Va— V).



Using those two properties,
ke, (Vi) = hp,, (V2) S Pl (Vi = Vo) 4 € S ||Pally Vi = Vall +& = [[Vi = V| +e,

where we used the Holder’s inequality. Since ¢ is arbitrary small, we obtain, rp, , (V1) — kp,, (V2) < [[VI = V2.
Exchanging the roles of V; and V5 give the result.

The proof is similar for Ps. U

Note that an immediate consequence is the already known - contraction of the robust Bellman operator.

Lemma B.4 (Upper-bounds of HQﬁ —Q7|| and HQ* Q| )
& AR v vau el
|7 Q7| =57 max s, (V) =, (7).
* A7l'* ’y * *
_ <1 5 (V") — 4
Jor -0 <25 sl ) = o)

Proof. For the first inequality, since we can rewrite the robust Q-function for any uncertainty sets on the dynamics as

X g1
Q" (s,a) =1 — asq + V6P, V™) (see E ), or replacing a by o s (a) in the s- rectangular case:
0,5,a q. p g y IE g

sllg

Q" (5.0) - @ (5.0) © vip. (VF) ~ ks, (V7)
= V) = (7)) 7 o (7). ()

with P; , defined in Assumption and 755,,1 with the same definition but centered around the empirical MDP. Hence,
taking the supremum norm ||.{ .,

o7 =@ = maxly (s ) =0 (V7)) 7 (1700 (77) = 5., (7))

(b) . R . .
<y [[vr =] mas (e (7F) =, (7))
<~ HVTAr -V + ymax (kg (V’T) — KPgsa (V”)‘
) . s . .
gl HQ” - Q7|+ ymax (ﬁp (V7) = K7>0,5,G(V”)‘ :

Line (a) comes from the rectangularity assumption, (b) uses the triangular inequality and the 1-contraction of the infimum in
Lemma | (c) uses the fact that |[V™ — V7™ |oe < Q™ — Q|| for any 7. As 1 — v < 1, we get the first stated result.

One can note that the proof is true for any policy, so it is also true for both 7 and 7* which concludes the proof. This proof is
written for the sa-rectangular assumption, it is also true for the s-rectangular case with slightly different notations, replacing
D = Py,s,a by D = Py s. Now we need to find new form for  for both s and sa rectangular assumptions.

For the second claim,

o

we are using a slightly different modification:

Q" (s,0) = Q™ (s,0) @ i, ., (V) = mp, (V)
= V6P, (V) = y6p,.., (V“*) + 6Py . (V”*) —yp, (V”*)

<7 HQ -Q™

‘ -+ max
o3} s,a

ko, (V") = kpy (V?)

using the same arguments as in the first inequality. Solving gives the result. O



We denote [V],, as its clipped version by some non-negative vector «, namely,

V]a(s) = {a(s), ifV(s) > a(s), o

V(s), otherwise.

Defining the gradient of P — || P|| as V || P||, A > 0, a positive scalar and w is the generalized mean defined as the argmin
in the definition of the span semi norm in Def[3.1} we derive two optimization lemmas.

Lemma B.5 (Duality for the minimization problem for sa rectangular case.). Denoting P the vector ]35,(1 or Py for Py s q ,

rp,  (VT) = max{ POVT = 1) = Boaspy (V= )} = max {POVT = ) = Boaspy (V7 = )}

= max ﬁ[vﬂ}a%w - Bs,aqu([vﬁ]a;\s‘w)'

w000 (V) = Max{ Po (V™ — p1) = Braspg (V" =)} = max {Po(V" 1) = BoasPg (V" = ui)}

= max  P[V7] e = Bsasp,([VF] 2e)

ayC Ay Py Py
where
118
Ai\)’w = {O[i,:\,’w : OZ;\D’W(S) =w+ )\|V ||P|| (8) TA> 0,’[1} > 07P S A(S),a?;w S |:0, M:| } (8)
118
M}\g’w Z{u}\;w =V—aP ,A\w€eRT PeAS9), MER+,MP = [O’I'y} } )

(10)
and with [V, = als), ifV(s) > a(s)
e “7 1 V(s), otherwise.

For Ly or TV, case , the vector aj\p reduces to a 1 dimensional scalar such as & € [0,1/(1 — 7)].

Proof. First, we will show that

K;ﬁs,a (V ) Iilg())({P< ) - Bs,aSpq(f/% - :U’)}

The second equation of this lemma is the same as the first one, replacing the center of the ball constrain 135,(1 by s, and 7
by 7*. By definition,

kp, (VF) = min S P(sWV(s') = PoaV™ + min > y(sHV7(s)

PeA.||P=P| <o Yllyll, <Bs,asly=0y>—P

where we use the change of variable y(s') = P(s') — P(s). Then writing the Lagrangian we get for 1 € Rf‘ ;Y € Rthe
Lagrangian variables:

PVT + max — Z w(s Z WVT(s") = u(s') —v) (11)

120, ER y: HyH <5s a

W ppr | mnax - ZM — Boa ||[(VF(') = pu(s") — v) ) (12)
® max P(VF — ) — Bsyaqu(Vfr 0 (13)

pn>0



where (a) is true using the equality case of Holder’s inequality and (b) is the definition of the span semi-norm (see Def. [3.1).
The value that maximizes the inner maximization problem in[I2]in v is the g-mean (see Def. [3.1]) by definition denoted w.
Now the aim is to prove that

DIYrat Srf _ DR AWy R AW
max{ P(V" — 1) = Baasp (V" —p)p = | max  {PVT —pu5") = Baaspy (V7 — 15")}

First, as the norm is differentiable (which true for L,, p > 2), we have that the equality (a) comes from the generalized
Holder’s inequality for arbitrary norms Yang [[1991]], namely, defining z = (V' — u — w), it satisfies

z =zl Vlyll, (14)

The quantity v is replaced by the generalized mean for equality in (b) while (T4) comes from [Yang| [1991]. Using
complementary slackness Karush|[2013]lwe define B = {s € S : u(s) > 0}

VseB: y*(s)=—P(s), (15)
which leads to the following equality by plugging the previous (I3) in (I4) and defining z* = v — W= w:
Vse B, 2*(s)=|"||,V HﬁHp (s) (16)
or

VseB, V7(s)—u*(s)=w+AV Hf’

; (s)=a” (17

by letting A = |[2*||, € R* . Note that for s € B, V [|y||,, = V || P||, only depends on P(s) and not on other coordinates
due to definition of L, norm.

We can remark that v — p* is P dependent, but if P is known, the best x* is only determined by one 2 dimensional
parameters A = |lv — p* — v||, and w € R™. Moreover, when P is fixed, the scalar w is a constant is fully determined by P,

v and p*. This is why the quantity defined a% varies through 2 parameter A and w. Given this observation, we can rewrite
the optimization problem as :

D177 ! va. _ DE AWy . R Aw
rggg{P(V — 1) = Bs,asP, (V" — p)} = Hgﬁi}jgw{ﬂv #5") = Boaspg (V' — u37)} (18)
= max ﬁ[f/ﬁ]aé,w - 5S,aqu([f/ﬁ]a§,w) (19)
P P

aN¥eANw
P P

where we defined the maximization problem on y not in R® but at the optimal in the variational family denote ./\/l?g’w =
. s
(3 = V7 — o} \we R, PeAS),peRS, ) = [o L ] 1.

A

We can rewrite the optimization problem in terms of ap with

Aw A,
aﬁ“),lf V(s) > aﬁ‘”

V(s), otherwise.

[V]agw ()= {

Note that for T'V or L1, this lemma holds, but the vector a;\s’“ reduces to a positive scalar denoted o which is equal to

o

according to|lyengar [2005]]. The thing which is of capital importance is that the second part of the equation
qu([f/ﬁ]a) does not depend on P.
O



Lemma B.6 (Duality for the minimization problem for s rectangular case.). Considering a projection matrix associated
with a given policy m such that P] (s') = ) 7(a|s)Ps (s") and denoting P™ € R® the vector P](.) or F{ for F§ .(.),
we have:

kp (V) =3 #(als) P <(Ps,a[vﬁ1a;,w = Bullmell, 50, (V710 ) )

A,w A,w
ap S »8,a ,8,a
a Py s,a Py.s,a

rp, (V) = Y mlals) | max ((Po,s,a[vm;ow = B[l 52 (V30 ))))

with [V]4(s) := {04(5)7 ifVis)>a

V(s), otherwise.

Proof. The second equation is the same replacing the center of the ball constrain ]357T by F§ and 7 by 7*. By definition,

kp (V) (s) = min PTV™(s)
: PFe(A,),PFeP,

& Z #(als)PsoV® + min Z #(als) min Z y(sVF

”ﬁS,aHpS %IyH <5s a,1y=0,y>— P

where we use the change of variable y(s') = P, ,(s') — Ps4(s') in (a). Then we case use the previous lemma for sa
rectangular assumption, Lemma [3.3] Then,

min 7(als) min min 7(als max(—lg, — Bs.aSP v — )
”ﬂs,a”pgﬁsza: ( | Zy Hﬁs,a\lpﬁﬁsza: ( | )#20 .s,a,U/ 5,a q( /’L)

Ullyll, <Bs,a ly=0,y>—Ps o
= ZmaX (W als)(—Pyapt) - o > 7 (als)Be.aspy (VT u))
srall, <Bs

=Y max (w<a| )(—Patt) = B Il spy (VF - u))

>0

we can exchange the min and the max as we get concave-convex problems in 35 , and y , ([von Neumann, |1928]]) in the
second line and using Holder’s inequality in the last line. Finally, we obtain:

=3 max <ﬁ<a|s><ﬁs,a<vff — 1) = Balmall, spy (VF u)))

<a>z (as) _ max_ ((15 o[V ] gne = B lImslly 59 (V7] 2 )>))

Psa Ps,a

where in (a) we use Lemma Second claim is the same replacing v by V*, 7 by 7* and P by Fy. Then we derive a new
decomposition of the difference the two minimum.

O



Lemma B.7. For s and sa rectangular assumptions,

(V%) — KPos.a (Vﬁ-)‘ < max { max | max (PO,s,a - ﬁO s a) (V‘fl’ - /’(’)Ié’w ) ’

s,a Aw 7
’ HEUD
0,s,a

::gs,a(a;\;wvf/ﬁ)

tip (V) = kpy (V7)

< max { max | max (PO,s,a - ﬁo,s,a) (V* - N?w )|

s,a Aw
’ HEND
0,s,a

::gs,a(a;’w,V*)

max ’ max (Posa_ﬁos,a)(V*_u;\gw )}

o) )

=igs,a(@}¥,V*)

[, (V) = rp, L (V)

- ‘ Aw maXA w {PO,s,a(V* - :u) - Bs,a (Spq((V* - M)))}
#PYQS’GGMP,

0,s,a

=~ A, A,
_ max PosaV' = 15" ) = Boa | 5P (V" — 5" ) ‘
WA eMAe 0,5,a 0,s,a

0,s,a 0,s,a

* )\, * )\7
<max{| | max B - )= B (s - i3 )
ey EMEY - B

~

Posa V' =5 ) = Boa (50, (V" = 132 D)},

)

max, PV iy )= e (07 =i ) |

0,s,a 0,s,a

- e R0 )= (e - )b )

AW AW
I emM> ;8,a 0,s,a
PO s,a PO,s a
D * A,w D * A,w
el s (=)0t || (v )
pep 38, w c N ,8,a
Py,s,a Fo.s,a Po,s,a
A, * R
=igs,a(ap®,V*) =igs,a(@}y¥,V*)

(20)

ey

(22)

(23)

(24)

(25)

(26)

where in the first equality we use Lemma [B.3] The final inequality is a consequence of the 1-Lipschitzness of the max
operator. Taking the supremum over s, a gives the result. Replacing V* by V7 gives the other inequality. The result for s



rectangular are the same as

D * D * A,w
E 7T(0,|S) max{ mf“i( (PO,s,a - PO,S,a) (V - MPO .. a) N max) w (PO,s,a - PO,S,a) (V - Mﬁo ) }
a ILGHPO,S,Q ’u‘ﬁo,g,aeM AO,s,a o
—. Aw s \,w
=:gs,a(ap®,V*) ::gs,a(Oép' V)
(28)
D A D A
§max{max max (Pogafpoga) (V* —up® )|, max max (PogafPog(l)(V*fu:w ) }
s,a Aw [ [ 0,s,a s,a Aw A,w % (Al P0 s.a
HEUD ’ Hp eM?
0,s,a 0,s,a 0,s,a
. Aw v A w
=igs,a(ap”,V*) =igs,a(a}” V")

(29)

Note that at this point, quantities for s and sa rectangular is the same as the part with span semi norms cancelled. Now, note
that the main problem is that we can not apply classical Hoeffding’s inequality as Pis dependent of data as V7. We need
to decouple v using s absorbing MDPS as in|Agarwal et al.| [2020] but using Hoeffding arguments. First, we will use a
concentration for V*.

O
Lemma B.8. For sa and s-rectangular, with probability 1 — 6, it holds:
L 2L|S|?||Ls]l, (p — 1)
5 (V) — V) <2 4
KPS)Q( ) HPo,s,a( ) = 2N(1 — 7)2 N(l _ ’Y)

with L = log(18 [|1]|, SAN/4)
Proof. First, we can use previous Lemma|B.7]

kg (V") = by, u (V) (30)

Smax{ max (POSa_ﬁOs.a)(V*_H’P )7 max (POSa_ﬁ05a>(V*_l’[’fr;w )} (31)

P v 8, 8, R e Vi 8, 8, oo
0,s,a 0,s,a 0,s,a
::gs,a(a;\;wv‘/*) ::gsva,(oz):’w,v*)

P

First, we control gs,a(a;’w, V*). To do so, we use for a fixed a;‘,’w and any vector V* that is independent with ﬁo, the
Hoeffding’s inequality, one has with probability at least 1 — § with sa-rectangular notations,

log(3)

A,w * D *
s u(aP 7V ) = ’(Po,s,a _PO,s,a) [V ] Aol < (1 _7)22]\[

ap

(32)

Once pointwise concentration derived, we will use uniform concentration to yield this lemma. First, union bound, is obtained
noticing that g, a(ap ,V*) is 1-Lipschitz w.r.t. A and w as it is linear in A and w. Moreover, \* = [[V* — p* —w|[,

obeying \* < -—<. The quantity w € [0,1/(1 — v)] as it is always smaller that V* by definition. We construct then a

2
iy ) [Vershynin

2-dimensional a £1-net N, over \* € [0, H ” *]andw € [0,1/(1 — )] whose size satisfies | Ne, | < (
2017)). Using union bound and (32)), it holds w1th probability at least 1 — i that forall A € N,

s.alap, V*) < (33)



Using the previous equation and also (27)), it results in using notation log(+322% 185 AN )y=1L

E}

(&)

~

gs.alap, V*) < sup ‘(Po,s,a _ p07s7a) [V*]a; te
apENL,
SAIN.. |
(b) 1og(T1)
=\Van—pN 4
2(1 - 7)2N +ea (34)

= )2 3N1—)

@ \/7
\/7

where (a) is because the optimal o* falls into the &1-ball centered around some point inside N, and gs (o, V*) is
2SA\N5 \
log( L

1-Lipschitz with regard to A and w, (b) is due to Eq. (33), (c) arises from taking e; = W , (d) is verified by

(35)

3|1 . . . . . .
[N, | < (%) < 9N |[1]|,, and that variance of a ceiling function of a vector is smaller than the variance of non-ceiling

vector.

For L, with p > 2, contrary to the previous term, the second term gw(cv)‘ﬁ,7 V') is more difficult as we need concentration,

but there is an extra dependency in the data thought the parameter o). Note that this term does not exist as « is a constant
for T'V. We need to decouple this problem using absorbing MDPs. Then it leads to

gsalas”, V?) (36)
= | . max (Po,s,a — Po,s,a) (v* “P )| 37)
#ﬁ;).s,a 6/\AT:;O,S,(: e
D * A, a
= | m%X (Po,s,a - PO,s,a) (V - /,LP;’J ) —+ (PO,s,a — PO,s,a) (/,LPO — ’uP )‘ (38)
MEMP’“’ Sa s, 0,s,a
0,s,a
P * D A,w
<| max (Po,s,a - Po,s,a) 14 ,Up0 )+ max (PO’M - Po,s,a) (/‘LPU R D)
HEy o SMELL Tt wpeMpe sa 0,5,a

In the first equality, we add the term u)‘ to retrieve the previous concentration problem, fixing F,  , and optimizing
A, w. In the second, we extend the max usmg triangular inequality. The first term in the last equality is exactly the term we
have controlled previously, while the second one needs more attention. We decouple the dependency of the data, and then
controlling the difference between the . Then using the characterization of the optimal £ from equation (I7):
~ A ~ .
(PO,s,a - PO,s,a) (H“P ij ) = Z A (PO,s,a(S,) - PO,s,a(s/)> (VHPO,S,(LHP(S/) - VHPO,s,a(S/)

0,s,a 0,5.a

)

S

As the norm is C? for p > 2, using Mean value theorem, we know that

H(VHPO,S,(LHP_VHPO,s,a p)H é sup HV2H£C|| H H POsa POsa)
2

TEA(S) 2
For L, = ||z||,, norms, p > 2, we have simple taking derivative twice:

V2 lll, = (A” = 909,)

Lp



with

P

_ g2 (T
(1)

and L,, the norm, where Diag is the diagonal matrix. However, as < L,, A < I, we get

—_

p—

11,

H<

< (p— D)8 (40)
where the 1/L,, is minimized for the uniform distribution. Then using Cauchy-Swartz inequality, it holds

(PO,s,a - ﬁO,s,a)
‘2

. To do so, we will use Mac Diarmid inequality.
2

2
| @1

D A,w
(PO,s,a - PU,s,a) (IU’P

0,s,a

S )< (= DAIS|YS -

Then the question is how to bound the quantity H (Po,s,a — ]30751(1)

Definition B.1. Bounded difference property

A function [ : X1 x ... X, — R satisfies the bounded difference property if for each i = 1, ..., n the change of coordinate
from s; to s, may change the value of the function at most on c;

Vi e [n] : Sug |f(1'17'~-;xia"'axn)7f(x17"'7x;7"-,1’n)| <g¢
AR
In our case, we consider f (X1,...,X,) = [|>;_; Xk|l,- Then we can notice that by triangle inequality for any 1, ..., z,,

and zj, with X; o = P§ _ ,(s') — Py , ,(s") (index i holds for index of sample generated from the generative model) that

F @1, @, zn) =z + ot ally < o+ 2 — x|y + e — 23l
Sf(x17~~-azgm"'7xn)+2

Theorem B.9. (McDiarmid’s inequality). McDiarmid et al.|[1989] Let [ : X1 x ... X, — R be a function satisfying the
bounded difference property with bounds c1, . . . , c,. Consider independent random variables X1, ..., X, , X; € X; for all
1. Then for any t > 0

2
Plf(Xi,....Xn) —E[f(X1,...,Xy)] > t] <exp (;Cg>
i=1Ci

Using McDiarmid’s inequality and union bound, we can bound the term as here

’2 - 2N log(]S||4]/9))

1] (e B[ 208

H (PO,s,a - ﬁO,s,a)

with probability 1 — §/(]S||A|). Moreover, the additional term can be bounded as follows:

E[H (Po,s,a - ?o,s,a) E] = IE[Z (Posa(s) = Posals))? =E[> (% 3 Xiw)?

s’ A

with X; o = P, ,(s') — Py, o(s') is one sample sampled from the generative model. Then



E[H (P07s,a - ﬁO,sﬂa)

2 1 N a 1 a
’2] =32 %:Var(zi: Xis) = 732 ;;Var(Xi,s)

1 & o4
= WZE(ZX@S) SN

where (a) the last equality comes from the independence of the random variables and where the last inequality comes from
the fact the maximum of two elements in the simplex is bounded by 2. Finally, regrouping the two terms, we obtain with
probability 1 — §/(|S]|A]):

‘2 < 2N1og(IS]14]/(9))) | 4 _ 2log(|S1lA1/(9) | 4

N? N N N
o Olog(|S]1A4]/(9)) _ L
= N N

with L’ = 61og(|S||A|/(8)). Finally, plugging the previous equation in (&T):

2
‘2 SYa(p— 1)\

max (PO,s,a - PO,s,a) (:u)[:’o - ,U/)| < IH)’TLX H (PO,s,a - PO,s,a)

A
JUASy I
Py,

»S,a

s,a

This term can be easily controlled by taking the supremum over A which is a 1 dimensional parameter. Then we can bound
A€ [0, H[[1s]|,] Indeed,

N =VE =t =l < V7, < H s, -

Finally, we obtain:

~ 2 L'|S|Va |1 -1
maXH(POSG_Posa) ‘ Sl/q)‘S il | SHq(p )
AT 0l NI =7)
Regrouping all terms:
A o 2 * A > A A
gs,a(apv |4 ) < |“; ng\)/t(é, (PO,S,a - PO@»“) (V o ‘uPo,s,a,) + i Héa/\),(lx (Po’s’a’ B PO’S’a> ('uPOwWI N 'upo,s,a
0,s,a 0,s,a PO,s,a PO,s,a
S A [E A L 2Ls sl (- 1) )
OV 2N(1—9)? N(1—=7) OV 2N(1=9)? N(1-79)
(43)

For the specific case of 7'V which is not C? smooth, this lemma still holds as in (27), we only need to control one term
without the dependency on data in the supremum as o> reduces to a scalar & which does not depend on P. Then extra
decomposition using smoothness of the norm is not needed, as the only remaining term in the max in (27) is the left hand
side term.

O

Lemma B.10 (s-absorbing MDPs for Hoeffding’s concentration Inequalities).

As in Agarwal paper|Agarwal et al.|[2020], we define for a state s and a scalar u, the MDP called M, ,, such that: M, ,, is
identical to M except that state s is absorbing in M ,,,i.e. Py, ., (s | s,a) = 1 for all a, and the reward at state s in M,
is (1 — )u. The remainder of the transition model and reward function are identical to those in M. In the following, we
will use V[, to denote the value function Vy; and correspondingly for () and reward and transition functions to avoid
notational clutter. Then, we have that for all péiicies T

VI(s)=u

s,u



because s is absorbing with reward (1 — -y)u. For some state s, we will only consider the MDP M ,, for u in a finite set U,
with

Us C [V*(S) — A57NV*(S) + Ag,N] .

ith As v 1= 7 L, 2LISIMsll, (p—1) . o
with As n = =z 2\/ 55+ N The set U, consists of evenly spaced elements in this interval, where

we set the size of |U,| appropriately later on. As before, we let M\ s,u denote the MDP that uses the empirical model P

instead of P, at all non-absorbing states and abbreviate the value functions in M ,, as XA/S”u Then we have for a fix a state s,
action a, a finite set Us, and § > 0, that for all u € Uy: with probability greater than 1 — ¢, it holds :

18SAN|U,|||1 18SAN|Us ||,
(P = rnVl el < 2 log (") 2log(—5 )| s, (p — 1)
s,a 0,s,a ua;vw = "Y)

44
(1- 2N N ) (“@4)
This is exactlyin equation to the finite set U, as now V,* and 133,@ are now independent.

Lemma B.11 (Agarwal et al[[2020], Lemma 7). Let u* = V3, (s) and u™ = V[ (s). We have

Vi = Vi, andforall policies w, Vi = Vi«

™

Proof can be found in|Agarwal et al.|[2020], Lemma 7.

Lemma B.12. For any u,u’, s and policy :

QT{ _ us
s,u s,u’

< Ju—|
S

Proof. To obtain the result in our robust MDP setting, we need a similar stability property like in Lemma 8 of |Agarwal
et al.| [2020], but for the robust value functions. It turns out that this a direct consequence of the property for classical MDP.
Agarwal in|Agarwal et al, [2020] show equation 5] for classical MPDs, then we have for RMDPs:

lu — /| (45)

T T 1
|QMS,“ (s,a) - QMs,u’(S’ a)| S 1_

. x . x 1
=|infQhy, ,(s,a) —infQy, (s,0) < 7— 7|U — | (46)
. - . - 1
=|supinf @iy, , (5,0) —supinf Q. (s,0)] < — vlu —|. 7
which concludes the proof for RMDPs. O

Lemma B.13 (Hoeffding’s Concentration for dependent variables). Removing s, a notations for kernels,

18SAN|U| |1, 18SAN|Us|I1]], 1/

log(———— 2" g 2log(———————2)| S| |1 -1
1 (2\/og< et I | K L L Lt PN
)

<
= (1= 2N N

2 min |V*(s) — 4
+ ;reul}l‘V (s) u‘ (49)

(0 7) 7




Proof.

’(Po - 13) Ve

P

= (A= B) - ("] = Vil + Vi )| (50)
s\(Po—ﬁ)([V*]a;w—[v;uw) (Po— ) (V2o )| )

18SAN|U,|||1 18SAN|Us|||1|
@ 1 log(“H ANy 9 10g( 2T 511 16|, (p— 1)
< )<2 + )
Y

+

= (1- 2N N 62
”HV* vl (53)
v, \/log<Wfs'“'q> | Hlog( 5|/ ||1suq<p—1>) -

(1—7) 2N N
+2 “7*(5) - u‘ (55)
(56)

where (a) is{44]or Hoeffding’s inequality for s-absorbing MDPs. By Lemmas and|B.12]

which is point (b). The last min operator in the result comes from the fact that the previous equation holds for all v € Uk,
we take the best possible choice, which completes the proof of the first claim. O

Vi, =V

r* *
(e R e = Vil

P

< “A/*(s) - u’ .

0o = H[V _Vvs’u]a;w oo

<[ -vi. =

Lemma B.14 (Crude bound for Robust MDPs). This lemma is needed for next Lemmal[B.13|but the proof differs from the
classical MDP setting. For s and sa rectangular assumptions,

v L 2L|S|MY9|1s], (p— 1)
HE )

oo e

< As n and ‘
o0

* <A ith A =
o = N W oN N N

Proof. For the first claim :

@ =@ =max|y (wrv V) = rp, V) 43 (5, (V) =, (V7))
(b) .
< max |y (ip.., (V) =, (V)| V7 = 77
(©] - T s A
< Pyrrsuzx Kp, (V ) = Ky, (V)| + HQ -Q .
O
where we use contraction of &, lemmain (a) and HQ’T — Q’r < H |74 v in (c) for any 7. Solving we get :

< Lmax

o=@ = 75 me

rp, (V7)) = kp,  (VT)

Then using Lemma|[B.7] we obtain :

< Lmax

or | = 75 me

rp, (V7)) = kp,  (VT)

Taking 7 = 7*, V™ is independent of the data and we can use Lemma Finally, we have

< (2 L +2L|5|1/q||1s||q(p—1))
o~ 1—7v 2N(1 — )2 N(1—7)

HQ*_Qn

N er] Gl




For the second point, using s or sa rectangular assumptions,

HQ* — O

S H ]/[Trs*aQ* - Aljr:aQ* + Aljr:aQ* - AZj’:aQ*
o) P P P P
< |mge@ - @
(@) T * 7y
< |7 -7
(b
<

o0

Py

R kR Ax
e -

e e

wp,, (V) = rpe, (V)| _+7]@ =@

o0

Then using Lemma|[B.7] and solving we get :

HQ* _ O

|

T 1P V)~ HPO,S,G(V*)H

o0

Finally using Lemma|B:8] we obtain

v (2 L 2L|5|1/q||1s||q(p—1))

w = =72 Wan

HQ* - 2N N

which concludes the proof.

Lemma B.15 (Similar to Agarwal,|Agarwal et al.| [2020] lemma 9 but for RMPDs). With probability 1 — 6, we have:

2N N

5 L 2L|S|V9|1 —1
mil}l ’V*(s) —u‘ < 47(2 + ISV SHq (p ))
ueUg

Proof. The proof can be found in|Agarwal et al.|[2020] and is similar for RMDs than for classical MPDs and consists

in choosing U to be the evenly spaced elements in the interval [V*(s) — Ags/o nV*(s) + Ag/2 n], then finally the

size of Us is chosen to be |Us| = ﬁ Using lemma , with probability greater than 1 — §/2, we have V*(s) €

[V*(s) —Asja,nV*(s) + Aﬁ/Q’N] for all s according to Lemmam This implies using that that V™ will land in one of
|Us| — levenly sized sub-intervals of length 2A;/5 y :

20572, 8 2 v ( L 2L|S|Ye ||1S||q)
2N N

. ‘7* _ ’< _
B M T/ e Wl A P W
L 2L|S|Ve|1 -1
§47<2 L 2L sl (p ))
2N N

Lemma B.16 (Relation between concentration of robust and non-robust MDPs). With probability 1 — 6, we get:

10 L L'S|Mis), (p—1)
< — d 2€opt-
—(177)(\/21\7+ N ) + 2o

max |k (V%) — "‘@Po.s,a<vﬁ)
s,a e '
: S W0 [T LIS sl (- 1)
n;’a}lx 1473570’(‘/ ) = Epp . (V)| < (1 _7)( 2N N : )
. 325AN|1],
with L' = IOg(W)

Proof. Using Lemma|[B.7} we directly have the first inequality equality part of the first statement:

max |Kp (V”) - Kpo’sya(f/%)

s,a

is bounded by either by



max max
(5:0) ad® AN

or

max max
(s;a) @AY
P P

(PO - 13) V] e

P

We know that in both cases that

(PO - 13) V7]

max
(s,a)

,w

< max|(Py — P)([V7]

A,
(s,a) P

o = V]qye)l + max |(Fo = P)[V7] e,

A
Ap

: Ve 7 R R {r* s _ 1
using |[V/ ]a;,w|f|[V ]a;,w| <|([Vv*-V ]a;w)| <|(VF=VH)] andcomblmngLernmaand for |Us| = =
, with probability 1 — 4, we have :

N L' 2LSY4|1g]| 1 L7 2L"SY9|1¢||
By P) 107yl <t (2 2 .) (o L0 4 2y
‘(0 V¥ oyl <49(2y o + N TazyBVan T N T+ SCopt

10 ( L LS sll, (0 - 1)

< % opt-
“1-y)\Van N )+ Cort

The proof is exactly the same by replacing 7 by 7* but without the 2¢,,; , which gives the second stated result. Again, this
proof is written for the sa-rectangular assumption, it is also true for the s-rectangular case with slightly different notations,
replacing D = Py 5. by D = Py 5. O

These two inequalities are the core of our proof, as the closed form solution of the min problem in the robust setting only
depends on «, 5 and the current value function.

Theorem B.17. Suppose 6 > 0, € > 0and B > 0, let T be any e, -optimal policy for ]\//T, i.e. HQ\% — @*

< €opt If
o0

2rn
N> G
T (=)t
we get

e e

with probability at least 1 — 6, where C is an absolute constant. Finally, for Nyyy = N|S||A| and H = 1/(1 — ), we get

an overall complexity of
~ (H*|S||A
Nootar = @ ( |€2H |> :

Proof.

lo -, € o - ¢

e

e

o0

(b) . .
< €opt + (1177) (ngix Kp, . (V*) = kp,., (V*)‘ + max ’Faps_ﬁ (V™) = kp,, (VT) ‘)

© 2 L L"|S|Y1 -1 e,
9w ( [IT KISl Gy e
(I1—9)2\V 2N N 1—~

2077( L LS sl (0 - 1)
T (1-9)?
(d)
2o 3Cont
1—v

27€0pt
N N )+ ope + 1—~




Inequality (a) is due to Lemma[B.1] Inequality (b) comes from Lemma [B.4] Finally, inequality (c) comes from Lemma B.16]
and inequality (d) from the form of N in the theorem. For N > H*S A, the second term proportional to 1/N is very small
compared to the asymptotic term in 1/+/N for small e. Note that S*/7 || 15| o = |S] for Ly norm for example. This proof
holds for both s- and sa-rectangular assumptions. O

C TOWARDS MINIMAX OPTIMAL BOUNDS

We start from the same decomposition as the proof of Theorem .| proved in Lemma [B.T}

lo* - @, < @ -0

e e

e

oo

However, we need tighter concentration arguments for this proof.

In the following, we will frequently use the fact that, for any policy 7, written below for the s-rectangular case (a similar
expression can be obtained for the sa-rectangular case, adapting the regularized reward),

Recall, the fix point equation for Q™ can be written as :

T o_ _ T\ —1 o a-1 . P
Q"= =) (Ro—au(m/ Imll, )+ inf, PTV) (57)

It will be applied notably to 7 and * (recall that Q* = Q™ ), in the RMDP but also in the empirical one.

Lemma C.1. For s-rectangular we have

(I =P5)  r, — (1=7P7) vy, @ (1) ™ ((1=2P7) — (1 —P5)) @5
)

and for optimal policy

(I - ypgf*)_l P = (I - 715”*) B P =7 (I - WP(?*) - Py (58)

~

- L\~ U ~
(T=Rf)  rh, = (T=AP") 15, =~ (I =+P5) " (R = P)VF (59)

The solution is a bit different as 7‘%” is the regularized form of the L,, optimization problem with simplex constraints which

s

* q—1 N A
correspond to T%ﬂ =Ry — (H:—”) as +vinfprecp, PTV™ or for sa case : rgf) = Ry — asa +yinfprep, PTV7™
s sllq

Indeed, even without close form, we can write the problem with an expectation over the nominal and the infimum problem.

sa

Lemma C.2 (Upper bound on Q* — Q”* and on Q™ — Q’AT, all Q values are now with robust under simplex constraints.).

A%

. ~ 2v3|S|1/a
||t —apyrm - ||+ 2SS

] 1—’}/

2vp|S|'a
N 78S
o0 1—’}/

lo-a Q-Q"

oo oo

HQﬁiQAﬁ QF — O

<y ||t —p) " (R - PV

o0 oo



Proof.

0" — O
= (1~ VPJ*)_l (Fo - (||:*:|| )q_lo‘s + b PV
sllg s
_ (I — ’ypﬂ*)_l (Ro — ( |7T:|| )q—las + Pjrrél;;‘ P”V’T*)
sllg s
. .

qg—1
, inf PTV*
) astn it PV

* -1 ﬂ-; a-1 : Tyrm*
~(1-0mE) (R (||7r;||q) Qs+ b, PV
«\ L Tk oNe-1 P
+ (I - ) (Fo = (||7r£||q) s+ b, PTVT)
A\ 1 * q—1 -
~(1-aPT) (o (||7r£|| ) et nt PTVT)

(a) ( Tr*)il PD\Trm* ( Tr*)i1 . T * . Ty
=~y (I —~P, Py — P)V I —~P, f P™V* — f P™V
K o (Po = P)VT + o T\ pren, prep,

where in (a) we use previous Lemmal[C.1] O

Hence, taking the supremum norm ||.| .,

fy A * * _1 A *
(Py— P)V™" + (I—ngr ) y (P;Tréfp PV~ inf PTVT )H

-1 DY ¥ -1 . Ty . TYrmt
P () (e, v )|

(Py—PYW™ || +——| inf P"V*— inf PTV™ |
w L= pPrep; PreP,

(P,—P)WV™| + sup P™|V*=V™ |

)
)
)
) ST
)
)
)
)

A —1 P "
(Py— PV || + -1 sup PV =V" |
s LTV PP, <83, P(s)=0

«\ —1 P -
e O inf —P|V =T

o L= PP, <..3, P(s)=0
-\ 7! PD\Trm* 76 S /4 % At
(Po—P)V + 1|_|78pq)ﬂ*(Q -Qm)

«\ —1 A~ A% 2ﬂyﬁ‘S|1/q

(PO _ P)Vﬂ' + Q* _ Qﬂ-*

1-— Y 0o
where (b) is the triangular inequality, (c) Eq. @), (d) is the triangular inequality for seminorms, (d) is |inf 4 f —inf4 g| <
sup 4 | f — gl., (e) is a relaxation (f) is the relation between sup and inf, (g) is lemma 1 of |[Kumar et al.|[2022]), (h) is
inequality for seminorms and norms (3).

For brevity in the remaining analysis, let us define the shorthand:
L = log(8|S[|A[/((1 = 7)d)).

Recall, slightly abusing the notation, for V' € R, we define the vector Varp (V) € RS*4 as Varp(V) = P(V)2 — (PV)2.



Lemma C.3 (Agarwal et al|[2020]], Lemma 9). With probability greater than 1 — 6,

~ o~ L ~
‘(P0 N ,/8—,/Varp0 V* —i—Ag’N]I
'(PO _ | </ ,/Varpo )+ Ak

where A5 N =1/ F + m and c is a universal constant smaller than 16.

Proof. The proof of Agarwal et al.| [2020] holds for classical MDP but can be adapted to the robust setting using all lemmas
proved for the bound in H* previously. Lemma[B.11]B.12|[B.14lB.1545| are needed but the main difference is that we are
using Berstein’s inequality and not Hoeffding’s inequality. The idea is first, as in the previous proof, to apply Berstein’s
inequality to independent variables using s absorbing MDPs then using Lemma [B.T5]

Proof. Similar to|Agarwal et al. [2020], we first show that

‘(Po— ] < /2log 4|U |/6) /V arp V*
. 21Og(4|U|/5) 2log (4|Us| /9)
+ min V(s)—u( <1+ ~ -
’(PO— v ”21og 4|U 1/9) \/ Varp, V’T
210g(4|U\/5) 2log (4|Us| /9)
+ am A0 ”‘ <1+ N LYY

First, with probability greater than 1 — J, we have that for all u € Us.

(0-7)- 7 | (= 2)- (7 vz
Ay

® )15 \/W\/iw 210g 4\U |/6)

© . W W (7 Ve v*) . W

using the triangle inequality in (a), (b) classical Berstein’s inequality, (d) for variance and Lemmas[B.TT]and [B.12]such as

r* *
HV - ‘/s,u

* * 17x o
Vigew = Vau| _ |77 6) ).

oo ‘

It is true for v € Us, so we take the best possible choice, which completes the proof of the first claim. The proof of the
second claim is similar. Then using Lemma B.T5|gives the final concentration theorem. O

O

Lemma C.4 (Azar et al.|[2013]], Lemma 7). This is an adaptation of Azar et al.| [2013|]] to RMDPs. For any policy T,

(=~ P5) ™ /Varg, (V7)

o T\ (1=y)¥

where Py is the nominal transition model of M.



Proof. This proof is exactly the same for Robust and non robust MDPs, as it uses only standard computations such as the
Jensen inequality and no robust form which are specific to this problem. The main difference is that we are doing the proof
on the nominal of our robust set Py, considering the regularized robust Bellman operator and associated regularized reward
functions.

Azar et al.|[2013]] introduce the variance of the sum of discounted rewards starting at state-action (s, a),

X7(s,a) = E[| thRo(st,at) — Q" (s,a)|*|s0 = s,a0 = al,
>0

and we defined the same variance for robust MDPs using robust rewards rg;a) and )~ and using robust Q-function instead

of classical Q-function in the definition of ¥. Then, in their Lemma 6 they show that,sfor any m:
Y™ = Varp, (V™) +72PJX",

which is, in fact, a Bellman equation for the variance. The proof is exactly the same for RMDPs considering our robust
reward r(s,’ra) or 7))~ and not classical Rg. Note that this is thanks to the regularized form of robust RMDPs. Finally, Lemma
[C4]is the same as their Lemma 7 considering robust rewards. This lemma is usually called the total variance lemma. This
completes the proof. O

Lemma C.5. The following upper bound holds with probability 1 — §:

L ’YAZS,N

’yeopt 8L
4 2414/ — 60
T N(1_7)3+1_7+1_7<+ N) (60)

e

_<(Cn+Cp) Her O

1/
with Cy = 1\ /3E and Cy = 2552
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with Cy = ﬁ\/%and Cy = 2BIS?

1—y

We have that (a) is true by Lemma (b) is by the triangular inequality using VE = V7 + Ve — 17*, (c) is from the
definition of €.p¢ and Eq. @), (d) is by positivity of the classic horizon inverse matrix, thatis ( —vP)~! = s0 vt Pt >0,
(e) is by Lemma@, ®) is by the trlangular inequality for the variance (which is, in fact, a seminorm) and decomposing
VE=V* 4+ VT VT4 VT _ V7 (g)isby Lemma | uses the definition of e,y and takes the sup over (s, a) of the

variance in the second term, and eventually (h) is because we have that |[V™ — V7™ ||o < ||Q™ — Q7| for any 7.

O

Lemma C.6. The following upper bound holds with probability 1 — §:

L n WAQ,N
Na-° " 1-q

o

< (Cx + C%) HQ o

4y ©1)

1
with Cy = 121/ 8& and Cg = B8

v 1=y
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We have that (a) is true by Lemma[C.2] (b) is by the positivity of the classic horizon inverse matrix, (c) is by Lemma (C.3),
(d) is by the triangular inequality for the variance (which is a seminorm), (e) is by Lemma and taking the sup over (s, a)
of the variance in the second term, and eventually (h) is because ||V — V7| < ||Q™ — Q™| o for any 7.

= (Cy +Cs) HQ o

. 1/

v 1—

O

As the event on which Aj y is the same in the two previous Lemma|C.5|and Lemma|C.6 we can obtain the following.

Theorem C.7. For0 < Cz <1/2and 0 < Cn + Cg < 1, with probability 1 — §, we get:

N 1 L Q’YA%N Y€opt 8L
* T - 2 2 —_— opt -
HQ Q||O°<1_(CN+CB) (87 N(1—7)3+ 1—x +1—’y +\/N T opt

Proof. This result is obtained by combining the two previous Lemmas|[C.5]and [C.6|and passing the term in (Cy + Cj) to
the left-hand side. O

Note that Cz + C'ny < 1 implies Cg = % < 1 and hence 8 < 271';%
Cn<1-Cg—nforany0<n<1-— C’ﬁ the previous inequality becomes

- 8 L 27A5 v Yeopt 8L
Q" —Q| <7 + b s | 240 |+ opre
| I '\ N(L=7)3 " n(l—v)  n(l—7) N .

As Ay =/ F Ly (E=y 'v 7% the term in 1/+/N is given by SV\F\/E & (1 + 1/4\/C/H> and is smaller than € whenever

. Now we need to pick Cy < 1 — Cpg. Let

v o BPLHS (L4 1/4\/c/H)?
— 77262



We will use ¢ < 16 and H > 1 and use the stronger constraint

25672 LH3

N2> n2€2

2
Along the same line, the term in 1/N is % which is smaller than € whenever

2
N> 2vcLH .

€

Now, Cy < 1 —n — Cg means
0% 8L
— 1 —=<1-7n-C
1—~ N< n B
hence IR
8
N SIHE
(1—=n—Cp)

We deduce that whenever

(25672LH3 2vcLH? 8Ly H? )
N > max

n?e 7 e (1—-n—Cp)?
_ 2562 LH? o 1 cn n?
B 7> €2 128 Hvye' 64H (1 —n — Cj)2

the error is smaller than 2¢ up to the €, terms.
This bounds reduces to
o C~*LH?

N 2

€
with C' = 256/n? if

128H 1—n-—
€ < min (8,\/64H77CB) .
Ui Ui

Note that € € [0, H) and 1 < 1 so that the previous condition simplifies to

1—-n-C
e < VBAH—1—8 — ¢,
1

If we want to obtain an arbitrary €, it suffices thus to take 7 arbitrarily small leading to the constant C' = 256/1? to be
arbitrarily large.

Note that if g > O(H'/?*%) then 1/ > O(H?) which adds a H?® factor to the bound on N.

However, for any «+/H and for any Cp, it exists an 1) independent of H so that ey = 8V H % = xv/H, hence the
result stated in Theorem [3.1]

Now, as L = log(8|S||.A|/((1 —v)J)), the previous condition can be summarized by
~ (H3|S||A
Now = Nsll41 = 6 (5

provided € < €.

Finally, taking 8y = 18_—77 which gives Cg = 1/4 and n = 1/2 so that Cy < 1/4, we obtain C' = 1024 and ¢y = V'16H.
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