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Abstract In this paper, the finite-time leader-following

consensus control for high-order stochastic nonlinear

multi-agent systems with input constraints is considered. A

finite-time consensus tracking controller based on adaptive

fuzzy command filtered backstepping is designed under

directed communication topology, and the finite-time

command filter is induced to eliminate the computational

explosion problem in traditional backstepping. At the same

time, a fractional power form-based error compensation

method is developed to eliminate filtering error. In addi-

tion, the fuzzy logic system is used to approximate the

unknown nonlinear functions. It can be shown that the

practical finite-time stability in mean square can be assured

under the given control method. The simulation results

show that the proposed controller is effective and feasible.

Keywords Command filtered backstepping � Finite-time

convergence � Stochastic multi-agent systems � Input
saturation

1 Introduction

Multi-agent systems (MASs) research is receiving

increasing attention in the field of control because to its

broad application potential in robot manipulator network,

sensor network, and formation control in [1–4]. On the

other hand, many real systems technically contain

stochastic disturbances, such as the robotic arm operating

in a random vibration environment [5, 6] and the spacecraft

operating in complex space environment [7, 8]. If these

stochastic disturbances are ignored, the designed control

algorithms according to deterministic systems will not

satisfy the design requirements, so it is time to consider

stochastic MASs. In addition, the higher-order nonlinear is

a common feature of many MASs, and it is necessary to

focus the research on higher-order stochastic nonlinear

MASs (SNMASs) [9–13].

Many effective approaches have been proposed for the

consensus control of SNMASs, such as the H1 control

[14, 15], sliding mode control [16], and backstepping

control [9]. As one of the most commonly used nonlinear

control methods, the backstepping approach is frequently

utilized in the consensus control of nonlinear MASs

[17–19]. However, the controller contains repeated differ-

entiation of virtual control signals, which may lead to the

problem of ‘‘complexity explosion’’ (POCE) when dealing

with high-order systems. For this reason, a dynamic surface

control is proposed, in which a first-order filter is placed

after each virtual control signal and the output signal of the

filter is used to replace the differential calculation. Subse-

quently, the dynamic surface backstepping method is

applied to MASs in [10, 20]. However, there is still a flaw

in this control algorithm that is how to compensate the filter

error, which will make the desired convergence region of

tracking error cannot be arrived. Therefore, the command

filtered backstepping (CFB) [21, 22] was further developed

to introduce a command filter and the error compensation

system at each step of the backstepping is used to eliminate

filtering error. This method was subsequently extended to

multi-agent consensus control [23–27], but most of them

do not consider the presence of stochastic disturbances.
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Actually, the traditional backstepping has been extended to

stochastic nonlinear systems [28–30], and the CFB-based

controllers has been designed to solve the stochastic non-

linear systems [31–35]. Shahvali and Askari [35] paid

attention to the SNMASs and solved the consensus tracking

problem by using CFB. However, the control algorithms

proposed in the above papers can only guarantee the

asymptotic convergence, while the finite-time convergent

controller design algorithm has better steady-state perfor-

mance and anti-disturbance properties [36–45].

To achieve finite-time convergence of higher-order

stochastic nonlinear systems, the addition of a power

integrator (AAPI) technique [38–40] and finite-time con-

trol-based adaptive backstepping [41–45] have been sug-

gested. But the AAPI technique will suffer from a high-

gain problem as each step of the stability analysis in

backstepping relies on an inequality technique. At the same

time, since the virtual control functions of the traditional

finite-time backstepping contain fractional power func-

tions, and the controller involves differentiation of the

virtual control function, which can lead to the singularity

problem [41–45]. As a result, it is time to offer a finite-time

convergent controller design algorithm based on CFB for

SNMASs. Although the control algorithm was improved in

[46] and a finite-time command filtered backstepping

(FTCFB) was used to achieve finite-time convergence for

high-order stochastic nonlinear systems, the virtual control

signals and the error compensation system still use the sign

function to guarantee finite-time convergence, which may

lead to chattering problem. In addition, [46] only considers

the single system and the input saturation constraints are

not considered. Actually, each agent often has input satu-

ration constraints in some practical applications, which can

lead to serious performance degradation or even system

instability if not handled properly. Hence, it is necessary to

design an anti-saturation finite-time consensus controller.

Furthermore, since the fuzzy logic system (FLS) has strong

approximation ability to uncertain nonlinear dynamics and

is convenient to combine with backstepping, the adaptive

fuzzy backstepping control strategy is used to deal with

uncertain dynamics in [9, 26, 38], and is also utilize to

solve the control problem of stochastic nonlinear systems

with full state constraints and prescribedperformance

respectively in [44, 45].

So we will investigate the finite-time consensus tracking

for uncertain high-order SNMASs with input saturation

using a CFB control approach based on FLS. The main

contributions of this paper are as follows:

(1) In contrast to the traditional asymptotically conver-

gent algorithm of consensus tracking for MASs

[23–26], we propose the algorithm with finite-time

convergence, which can obtain higher tracking

accuracy and faster convergence rate.

(2) Compared with the AAPI method [38–40] and

traditional finite-time backstepping [41–45], this

paper designs a new control law based on FTCFB

to avoid the high-gain problem and singularity

problem.

(3) Compared to the FTCFB for stochastic systems in

[46], we further consider the input saturation, and the

design process replaces the sign function with a

fraction power function to eliminate chattering of the

error compensation siginals.

2 Preliminaries and System Descriptions

2.1 Graph Theory

Consider the case of a MAS with one leader and N fol-

lowers. The agent is considered as a node, and the topology

of the communication network between agents is defined

by a directed graph G ¼ ðV; e;PÞ. The directed graph G is

made up of N nodes in a nonempty finite set

V ¼ fv1:::; vNg, a set of directed edges e � V � V, and a

weighted adjacency matrix P ¼ ½qij� 2 RN�N . ðvi; vjÞ 2 e is

the edge of the directed graph G, indicating that agent j may

obtain information from agent i. The element qij in the

weighted adjacency matrix P represents the weight of edge

vij, and qij is non-negative real numbers. If ðvj; viÞ 2 e, then

qij [ 0; otherwise qij ¼ 0. Define the set of neighbors for

node vi as N i ¼ fvj : ðvj; viÞ 2 eg. A diagonal matrix D ¼
diagfdig is defined as the entry matrix of a directed graph,

where the diagonal element di ¼
PN

j¼1 qij. L ¼ D� P
represents the graph’s Laplacian matrix, where

lij ¼
�qij; i 6¼ j;

PN

i¼1

qij; i ¼ j:

8
><

>:

If there is a directed path from node vi to node vj, such as

fðvi; vkÞ; ðvk; viÞ; � � � ; ðvm; vnÞ; ðvnvjÞg, then node vj is

reachable from node vi. If and only if there is a root node

generated by at least one leader that can reach all the other

nodes, a directed graph contains a spanning tree.

Consider the extension graph G ¼ ðV; eÞ , which corre-

sponds to a system with N follower agents and a leader

agent 0. O ¼ diagfo1; . . .; oNg is the leader adjacency

matrix, where oi is a strictly positive constant if an edge

exists between nodes 0 and i else oi ¼ 0.

Assumption 1 The root node is the leader node in G,
which includes a spanning tree.
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2.2 Preliminaries and Some Lemmas

The dynamic description of the stochastic system in con-

tinuous time is as follows

dfðtÞ ¼ FðfðtÞÞdtþ UðfðtÞÞdwðtÞ; fðt0Þ ¼ f0; ð1Þ

where fðtÞ is n-dimensional stochastic state variable, f0 is

the stochastic initial condition; Fð�Þ and gð�Þ are continuous
function in fðtÞ, and w(t) is a set of white Gaussian noise

process, which is independent of fðtÞ.

Definition 1 [41] The equilibrium of system (1) fðtÞ ¼ 0

is practically finite-time stable in mean square, if there is a

stochastic settling time Tð�; f0Þ\1 and � is a positive

constant, for 8t[ t0 þ T , the system will find

E½kfðtÞk2�\�.

Definition 2 [41] Define a differential operator as L for

VðfÞ 2 C2, which is related to stochastic system (1)

LVðfÞ ¼ oV

of
FðfðtÞÞ þ 1

2
Tr UðfðtÞÞ o

2V

of2
UðfðtÞÞ

� �

; ð2Þ

where Tr represents a matrix trace.

Lemma 1 [27] When Assumption 1 is met, the eigenval-

ues of H ¼ Lþ B have positive real parts.

Lemma 2 [27] For a continuous function f(Z) delimited

on a compact set, there exists a FLS VTSðZÞ such that

sup
Z2X

f ðZÞ � VTSðZÞ
�
�

�
�� e; ð3Þ

where e[ 0 is a scalar, V ¼ ½V1; :::;VM �T is the ideal

weight vector, and SðZÞ ¼ ½S1ðZÞ; :::; SMðZÞ�T=
PM

i¼1 SiðZÞ
is the basis function vector and M[ 0 is the number of

FLS nodes. SiðZÞ ¼ exp½�ðZ�ciÞT ðZ�ciÞ
w2
i

�; i ¼ 1; 2; :::;M,

where wi is the width, ci ¼ ½ci1; :::; cin�T is the center vector.

Lemma 3 [21] For zi 2 R; i ¼ 1; � � � ;K; 0\j� 1, there

holds

XK

i¼1

jzij
 !j

�
XK

i¼1

jzijj �K1�j
XK

i¼1

jzij
 !j

: ð4Þ

Lemma 4 [41] For x; z 2 R, p[ 0; q[ 0 and

aðx; zÞ[ 0,

jxjpjzjq � paðx; zÞjxjpþq

pþ q
þ qaðx; zÞ�

p
qjzjpþq

pþ q
: ð5Þ

Lemma 5 [41] If there are three positive constants

D;C; j 2 (0, 1) and two j1�functions b1 and b2 ,which

make a C2 function WðfðtÞÞ such that

b1 fðtÞkkð Þ�VðfðtÞÞ� b2 fðtÞkkð Þ; 0� s� t;
WðfðtÞÞ �WðfðsÞÞ� � D

R t
s W

jðfðvÞÞdvþ Cðt � sÞ

�

:

Then, for 8t� T , there holds kfðtÞk\�; where

T ¼ 1

ð1� jÞrD V1�jðfð0ÞÞ � C
ð1� rÞD

� �ð1�jÞ=j
" #

;

� ¼ b�1
1 ð½C=ðð1� rÞDÞ�Þ1=j
h i

; 0\r\1:

2.3 System Descriptions

Based on the description for (1), the SNMASs under the

extension graph G in strict-feedback form is described as

follows, where each agent is a n-order nonlinear system.

dzk;i ¼ ðzk;iþ1 þ fk;ið�zk;iÞÞdt þ gk;ið�zk;iÞdw;
dzk;n ¼ ðuk þ fk;nðzkÞÞdt þ gk;nðzkÞdw;
yk ¼ zk;1ðk 2 V; i ¼ 1; 2; . . .; n� 1Þ;

8
<

:
ð6Þ

where zk ¼ zk;1; zk;2; � � � ; zk;n
� �T2 Rn is the state vector with

�zk;i ¼ zk;1; zk;2; � � � ; zk;i
� �T2 Ri , uk; yk 2 R are the input and

output of the agents. fk;ið�Þ : Ri ! R and gk;ið�Þ : Ri ! Rr

are assumed to be the unknown and smooth nonlinear

functions; w represents an r-dimensional Brownian motion.

yd 2 R is denoted as the output of the leader.

Assumption 2 Assume that yd and its first-order deriva-

tive _yd are smooth, bounded, and known functions and

denote yd 2 R.

Remark 1 Assumption 2 is a general assumption for CFB

design as in [21–26]. Note that _y
ðiÞ
d ; i ¼ 1; � � � ; n must be

used in the design for traditional backstepping, but the CFB

only uses yd and _yd, which is less stringent for the desired

signal.

Assumption 3 Let Xd 	 Rn be an open set that contains

the origin, zkð0Þ and yd. zkð0Þ, the functions fk;ið�Þ; f ðpÞk;i ð�Þ
and g

ðpÞ
k;i ð�Þ are bounded on �Xd for p ¼ 1; � � � ; ðn� sÞ.

The input uk 2 R is saturated nonlinearly represented by

uk ¼ satðskÞ ¼
uk;max; sk � uk;max

sk; uk;min\sk\uk;max;

uk;min; sk � uk;min

8
><

>:

and uk;max [ 0; uk;min\0 are the upper and lower known

limits of input. Define
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gðskÞ ¼
uk;max � tanh

sk
uk;max

� �

; sk � 0;

uk;min � tanh
sk

uk;min

� �

; sk\0;

8
>>><

>>>:

and j~gðskÞj ¼ jsatðskÞ � gðskÞj �
max uk;maxð1� tanhð1ÞÞ

	
; uk;minð1� tanhð1ÞÞ



,�gk, then

uk ¼ satðskÞ ¼ gðskÞ þ ~gðskÞ.

3 Main Results

In this section, a new adaptive FTCFB control strategy is

designed to ensure that the output yk can track a given

trajectory yd in finite-time, where the FLS VT
k;iSk;i will be

utilized to approximate an unknown function �f k;i in each

step of the FTCFB procedure. We define a constant hk;i ¼
Vk;i

�
�

�
�2; ði ¼ 1; . . .; nÞ; ĥk;i as the estimate of hk;i and ~hk;i ¼

hk;i � ĥk;i as an estimate error. The block diagram of the

proposed adaptive FTCFB control system with FLS can be

found in Fig. 1.

3.1 Controller Design

Define the consensus tracking errors lk;i as

lk;1 =
PN

j¼1

qk;jðyk � yjÞ þ okðyk � ydÞ;

lk;i = zk;i � uk;iði ¼ 2; . . .; nÞ:

8
<

:
ð7Þ

in which uk;i is the output of FTCF and the virtual signal

vk;i�1 is the input. For k 2 V, i ¼ 1; � � � ; n� 1, the FTCF is

designed as

_Wk;i;1 ¼Pk;i;1;

Pk;i;1 ¼� 1k;i;1 Wk;i;1 � vk;i�1

�
�

�
�
1
2signðWk;i;1

� vk;i�1Þ þWk;i;2;

_Wk;i;2 ¼� 1k;i;2sign Wk;i;2 �Pk;i;1:
� 


ð8Þ

with uk;iðtÞ ¼ Wk;i;1ðtÞ and _uk;iðtÞ ¼ Pk;i;1ðtÞ, and 1k;i;1 [ 0

and 1k;i;2 [ 0 are filter gains.

Lemma 6 [47] For the case of absent input noise, that is

vk;i�1 ¼ vk;i�1;0, if choosing 1k;i;1 and 1k;i;2 properly, the

following equations are achieved in finite-time

Wk;i;1 ¼ vk;i�1;0;Pk;i;1 ¼ _vk;i�1;0: ð9Þ

For the case of present input noise, assume the input noise

satisfies jvk;i�1 � vi�1;0j �Nk;i�1, where Nk;i�1 is a positive

constant. Then the following inequality holds in finite-time

Wk;i;1 � vk;i�1;0

�
�

�
��Hk;i�1Nk;i ¼ pk;i�1;1;

Pk;i;1 � _vk;i�1;0

�
�

�
��!k;i�1N

1
2

k;i�1 ¼ pk;i�1;2:
ð10Þ

where Hk;i�1 [ 0 and !k;i�1 [ 0 are constants.

Remark 2 Taking the virtual controller vk;i�1 as input, the

uk;i and its first-order derivative _uk;i can be obtained.

Moreover, the command filter in this paper can not only

guarantee the filter effect of vk;i�1, but also achieve sta-

bility in a finite-time compared with [23–26, 31–34].

The controller sk and virtual control signals vk;iði ¼
1; � � � ; n� 1Þ are designed as follows

Fig. 1 Block diagram of adaptive FTCFB algorithm
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vk;1 ¼
1

qk

�

� sk;1m
j
k;1
� 3

4

�

1þ tk;1

�

mk;1 þ
XN

j¼1

qk;jzj;2

� 1

2b2k;1
ĥk;1mk;1

3STk;1Sk;1 þ ok _ydÞ �
3

4
mk;1;

vk;2 ¼ �sk;2m
j
k;2
� 3

4
ð2þ tk;2Þmk;2

� 1

2b2k;2
ĥk;2mk;2

3STk;2Sk;2 �
1

4
qkmk;1;

vk;i ¼ �sk;im
j
k;i
�
�
7

4
þ 3

4
tk;i

�

mk;i

� 1

2b2k;i
ĥk;imk;i

3STk;iSk;i; ði ¼ 3; . . .; n� 2Þ;

vk;n�1 ¼ �sk;n�1m
j
k;n�1

� ð7
4
þ 3

4
tk;n�1Þmk;n�1

� 1

2b2
k;n�1

ĥk;n�1mk;n�1
3STk;n�1Sk;n�1 � /k;

vk;n ¼ �sk;nm
j
k;n
� ð1þ 3

4
tk;nÞmk;n

� 1

2b2
k;n

ĥk;nmk;n�1
3STk;nSk;n;

ð11Þ

where qk ¼ ok þ
PN

j¼1 qk;j; 0\j\1 ,sk;i [ 0; tk;i [ 0 ði ¼
1; . . .; nÞ are designed constants. The updating process of

ĥk;i is designed as

_̂hk;i ¼ �rk;iĥk;i þ
kk;i
2b2k;i

m6k;iS
T
k;iSk;i; ð12Þ

where rk;i [ 0 is a constant.

/k is an auxiliary system defined as follows

_/k ¼ �/k þ gðskÞ � sk: ð13Þ

mk;i is the compensated tracking error defined by

mk;i ¼ lk;i � #k;iði ¼ 1; . . .; n� 1Þ;
mk;n ¼ lk;n � #k;n � /k:

(

ð14Þ

#k;i is the error compensation system defined by

_#k;1 ¼� tk;1#k;1 � sk;1#
j
k;1

� qk½ðuk;2 � vk;1Þ þ #k;2�;
_#k;i ¼� tk;i#k;i � sk;i#

j
k;i � ðuk;iþ1

� vk;iÞ þ #k;iþ1ði ¼ 2; . . .; nÞ;
_#k;n ¼� tk;n#k;n � sk;n#

j
k;n
;

ð15Þ

with #k;ið0Þ ¼ 0ði ¼ 1; � � � ; nÞ, and tk;i [ 0, sk;i [ 0 are

designed constants.

Remark 3 In the traditional finite-time backstepping-

based controllers design for nonlinear systems in [41–45],

since the fraction power is used, the singularity problem

may exist since the derivative of virtual control function

should be used. In the proposed algorithm, the command

filter serves to approximate the differentiation of the virtual

control signal, thus can avoid the singularity problem.

Remark 4 In order to overcome the influence of input

saturation on control performance, an auxiliary system (13)

is introduced in the controller design, which can guarantee

the actual control input sk can be designed.

Remark 5 In order to realize the finite-time control of the

closed-loop system, the fraction power function is designed

in the virtual control signal vk;i and the error compensation

system #k;i. Compared with the signal function selected by

[46], the controller in this paper is more smooth.

Now, we perform the recursive control design in the

following steps.

Step 1 Considering the stochastic system (6), from

mk;1 ¼ lk;1 � #k;1, we have

dmk;1 ¼½qkðzk;2 þ fk;1Þ �
XN

j¼1

qk;jðzj;2 þ fj;1Þ

� ok _yd � _#k;1�dtþ GT
k;1dw;

ð16Þ

where Gk;1 ¼ qkgk;1 �
PN

j¼1

qk;jgk;1.

Choose the Lyapunov function as follows

Wk;1¼
1

4
m4
k;1
þ

~h2
k;1

2kk;1
; ð17Þ

where ~hk;1 ¼ hk;1 � ĥk;1, and kk;1 [ 0 is a constant.

LWk;1 ¼ m3
k;1
½qkðvk;1 þ lk;2 þ ðuk;2 � vk;1Þ

þ fk;1Þ �
XN

j¼1

qk;jðzj;2 þ fj;1Þ � ok _yd

� _#k;1� þ
3

2
m2
k;1

Gk;1

�
�

�
�2 �

~hk;1
_̂hk;1

kk;1
:

ð18Þ

Substituting (15) into (18) yields

LWk;1 � m3
k;1
½qkðvk;1 þ mk;2 þ fk;1Þ

� ok _yd �
XN

j¼1

qk;jðzj;2 þ fj;1Þ

þ tk;1#k;1 þ sk;1#
j
k;1�

þ 3

2
m2
k;1

Gk;1

�
�

�
�2 �

~hk;1
_̂hk;1

kk;1
;

ð19Þ

By applying Young’s inequality, we have
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m3
k;1
mk;2 �

3

4
m4
k;1
þ 1

4
m4
k;2
; ð20Þ

3

2
m2
k;1

Gk;1

�
�

�
�2 � 3

4
m4
k;1
l�2
k;1

Gk;1

�
�

�
�4 þ 1

4
l2
k;1
: ð21Þ

where lk;1 [ 0. Substituting (20) and (21) into (19) gives

LWk;1 � m3
k;1
½qkðvk;1 þ

3

4
mk;1 þ fk;1Þ

�
XN

j¼1

qk;jðzj;2 þ fj;1Þ � ok _yd

þ tk;1#k;1 þ sk;1#
j
k;1

þ 3

4
mk;1l

�2
k;1

Gk;1

�
�

�
�2� �

~hk;1
_̂hk;1

kk;1

þ 1

4
l2
k;1
þ 1

4
qkm

4
k;2
:

ð22Þ

Let �f k;1 ¼ qkfk;1 �
PN

j¼1

qk;jfj;1 þ 3
4
mk;1l�2

k;1
Gk;1

�
�

�
�2, we adopt a

FLS VT
k;1Sk;1 to approximate it, that is 8ek;1 [ 0, one has

�f k;1 ¼ VT
k;1Sk;1 þ d1; jdk;1j � ek;1; ð23Þ

By using Young’s inequality, we obtain

m3
k;1

�f k;1 �
1

2b2
k;1

m6
k;1
hk;1S

T
k;1
Sk;1

þ
b2

k;1

2
þ 3

4
m4
k;1
þ 1

4
e4
k;1
;

ð24Þ

Similarly, we have

tk;1m
3
k;1
#k;1 �

3

4
tk;1m

4
k;1
þ 1

4
tk;1#

4
k;1
: ð25Þ

Substituting (24) - (25) into (22), one has

LWk;1 � m3
k;1

�

qkðvk;1 þ
3

2
mk;1Þ � ok _yd

�
XN

j¼1

qk;jzj;2 þ
1

2b2
k;1

m3
k;1
hk;1S

T
k;1
Sk;1

þ 3

4
tk;1mk;1 þ sk;1#

j
k;1

�

� 1

kk;1
~hk;1

_̂hk;1

þ 1

4
tk;1#

4
k;1
þ 1

4
qkm

4
k;2
þ Ck;1;

ð26Þ

where Ck;1 ¼ 1
4
l2
k;1
þ qkð

b2
k;1

2
þ 1

4
e4
k;1
Þ.

According to the Lemma 4, we have

sk;1m
3
k;1
#j
k;1 �

3sk;1
jþ 3

mjþ3
k;1

þ jsk;1
jþ 3

#jþ3
k;1 ; ð27Þ

Then, substituting (11) - (12) and (27) into (26), one has

LWk;1 � � j
jþ 3

sk;1m
jþ3
k;1

þ j
jþ 3

sk;1#
jþ3
k;1

þ rk;1
kk;1

~hk;1ĥk;1 þ
1

4
tk;1#

4
k;1

þ 1

4
qkm

4
k;2
þ Ck;1:

ð28Þ

Step h h ¼ 2; � � � ; n� 2ð Þ: From mk;h ¼ lk;h � #k;h, we have

dmk;h ¼ðzk;hþ1 þ fk;h

� Luk;h � _#k;hÞdtþ GT
k;hdw;

ð29Þ

where Gk;h ¼ gk;h �
Ph�1

i¼1

ouk;i

ozk;h
gk;i, and Luk;h can be got by

using the L-operator on uk;h.

Choose the following Lyapunov function

Wk;h¼Wk;h�1þ
1

4
m4
k;h
þ

~h2
k;h

2kk;h
; ð30Þ

where kk;i [ 0 is a constant. From the formula (29), we

have

LWk;h ¼LWk;h�1 þ m3
k;h
ðvk;h þ lk;hþ1

þ ðuk;hþ1 � vk;hÞ þ fk;h � Luk;h

� _#k;hÞ þ
3

2
m2
k;h

Gk;h

�
�

�
�2 �

~hk;h
_̂hk;h

kk;h
:

ð31Þ

Similarly to step 1, we obtain

LWk;h � LWk;h�1 þ m3
k;h

�

vk;h

þ 3

4
ð1þ tk;hÞmk;h þ fk;h

� Luk;h þ sk;h#
j
k;h

þ 3

4
mk;hl

�2
k;h

Gk;h

�
�

�
�4
�

� 1

kk;h
~hk;h

_̂hk;h þ
1

4
tk;h#

4
k;h

þ 1

4
l2
k;h
þ 1

4
m4hþ1:

ð32Þ

Let �f k;h¼fk;h � Luk;h þ 3
4
mk;hl�2

k;h
Gk;h

�
�

�
�4, then according to

Lemmas 2 and 4 and using Young’s inequality, we obtain
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LWk;h � LWk;h�1 þ m3
k;h
ðvk;h

þ 3

4
ð2þ tk;hÞmk;h þ sk;h#

j
k;h

þ 1

2b2
k;h

m3
k;h
hk;hS

T
k;h
Sk;hÞ

� 1

kk;h
~hk;h

_̂hk;h þ
1

4
tk;h#

4
k;h

þ Ck;i þ
1

4
m4hþ1;

ð33Þ

where Ck;h ¼ 1
4
l2
k;h
þ

b2
k;h

2
þ 1

4
e4
k;h
.

Then, similarly to step 1 , substituting (11–12) into (33),

one has

LWk;h � �
Xh

i¼1

j
jþ 3

sk;im
jþ3
k;i

þ
Xh

i¼1

j
jþ 3

sk;i#
jþ3
k;i

þ
Xh

i¼1

rk;i
kk;i

~hk;iĥk;i

þ
Xh

i¼1

1

4
tk;i#

4
k;i þ

Xh

i¼1

Ch þ
1

4
m4hþ1:

ð34Þ

Step n-1 Similarly, we have the following stochastic

Lyapunov function

Wk;n�1¼Wk;n�2þ
1

4
m4k;n�1þ

~h2
k;n�1

2kk;n�1

; ð35Þ

where kk;n�1 [ 0 is a constant.

Using L-operator on Wk;n�1, then substituting (15), we

have

LWk;n�1 � LWk;n�2 þ m3k;n�1ðvk;n�1

þ ðlk;n � #k;nÞ
þ ðuk;n � vk;n�1Þ þ fk;n�1

� Luk;n�1 þ tk;h#k;h

þ sk;h#
j
k;hÞ þ

3

2
m2
k;n�1

Gk;n�1

�
�

�
�2

� 1

kk;n�1

~hk;n�1
_̂hk;n�1:

ð36Þ

Using Lemma 4 yields

sk;n�1m
3
k;n�1#

j
k;n�1

� 3sk;n�1

jþ 3
mjþ3
k;n�1

þ jsk;n�1

jþ 3
#jþ3
k;n�1:

ð37Þ

Similarly to step 1, substituting (11–12) and (37) into (36)

yields

LWk;n�1 � �
Xn�1

i¼1

j
jþ 3

sk;im
jþ3
k;i

þ
Xn�1

i¼1

j
jþ 3

sk;i#
jþ3
k;i

þ
Xn�1

i¼1

1

4
tk;i#

4
k;i

þ
Xn�1

i¼1

rk;n�1

kk;n�1

~hk;n�1
_̂hk;n�1

þ
Xn�1

i¼1

Ck;i þ
1

4
m4k;n:

ð38Þ

Step n According to the Itô formula, dmk;n can be induced

as follows:

dmk;n ¼ðuk þ fk;n � Luk;n

� _#k;n � _/kÞdtþ GT
k;ndw;

ð39Þ

where Gk;n ¼ gk;n �
Pn�1

h¼1

ouk;n

ozk;h
gk;h.

Choose the following stochastic Lyapunov function

Wk;n¼Wk;n�1þ
1

4
m4k;nþ

~h2
k;n

2kk;n
; ð40Þ

where kk;n [ 0 is a constant. Then, we have

LWk;n � LWk;n�1 þ m3k;nðuk þ fk;n

� Luk;n � _#k;n � _/kÞ

þ 3

2
m2
k;n

Gk;n

�
�

�
�2 �

~hk;n
_̂hk;n

kk;n
:

ð41Þ

Similarly to step 1, substituting _#k;n, _/k , and applying

Young’s inequality, we have

LWk;n � LWk;n�1 þ m3k;nðsk

þ 3

4
ð1þ tk;nÞmk;n þ sk;n#

j
k;n

þ 1

2b2
k;n

m3
k;n
hk;nS

T
k;n
Sk;nÞ

� 1

kk;n
~hk;n

_̂hk;n þ
1

4
tk;n#

4
k;n þ Ck;n;

ð42Þ

where Ck;n ¼ 1
4
l2
k;n
þ

b2
k;n

2
þ 1

4
e4k;n þ 1

4
�g4k . Then, substituting

(11) and (12) into (42), one has
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LWk;n � �
Xn

i¼1

j
jþ 3

sk;im
jþ3
k;i

þ
Xn

i¼1

j
jþ 3

sk;i#
jþ3
k;i

þ
Xn

i¼1

rk;i
kk;i

~hk;iĥk;i

þ
Xn

i¼1

1

4
tk;i#

4
k;i þ

Xn

i¼1

Ck;i:

ð43Þ

3.2 Stability Analysis

Theorem 1 Consider the SNMASs (6) with Assumptions

1-3, if FTCF is chosen as in (8), the error compensation

system is designed as in (15), the virtual signals

vk;i; ðk 2 V; i ¼ k ¼ 1; . . .; n� 1) and controller uk are

constructed as in (11) with the adaptive updating law (12)

and auxiliary system (13), then the tracking error yk �
ydðk 2 VÞ is practically finite-time stable in mean square

and all signals in the closed-loop system are bounded in

mean square in finite-time.

Proof For the error compensation system, choose the

following Lyapunov function

�Wk¼
Xn

i¼1

#4
k;i

4
: ð44Þ

Then, we have

L �Wk ¼ð#3
k;1

_#k;1 þ #3
k;2

_#k;2 þ � � � þ #3
k;nk

_#k;nÞ

¼ �
Xn

i¼1

tk;i#
4
k;i �

Xn

i¼1

sk;i#
jþ3
i

þ ðok þ
XN

j¼1

qk;jÞ½#3
k;1ðuk;2 � vk;1Þ

þ #3
k;2#k;2� þ

Xn�1

i¼2

#3
k;i#k;iþ1

þ
Xn�1

i¼2

#3
k;iðuk;iþ1 � vk;iÞ:

ð45Þ

Based on Lemma 6, the inequality juk;iþ1 � vk;i;1j � pk;i
will hold at a finite-time T. Applying the Young’s

inequality, we have

#3
k;i;1pk;i �

3

4
#4
k;i þ

1

4
p4k;i;1; ð46Þ

#3
k;i#k;iþ1 �

3

4
#4
k;i þ

1

4
#4
k;iþ1: ð47Þ

Then, we have

L �Wk � � ðtk;1 �
3

2
ðok þ

XN

j¼1

qk;jÞÞ#4
k;1

� ðtk;2 �
3

2
� 1

4
ðok þ

XN

j¼1

qk;jÞÞ#4
k;2

� ðtk;3 �
7

4
Þ#4

k;3 � � � � � ðtk;n �
1

4
Þ#4

k;n

�
Xn

i¼1

sk;i#
cþ3
i þ �Ck:

ð48Þ

where �Ck ¼ 1
4
ðok þ

PN

j¼1

qk;jÞp4k;i;1 þ
Pn�1

i¼2

p4k;i;1
4
. Moreover, we

get

rk;i
kk;i

~hk;iĥk;i � � rk;i
2kk;i

~h2k;i þ
rk;i
2kk;i

h2k;i: ð49Þ

Then, we define Wk ¼ Wk;n þ �Wk and have

LWk � �
Pn

i¼1

j
jþ 3

sk;imjþ3
k;i �

Pn

i¼1

3

jþ 3
sk;i#

jþ3
k;i

�
Pn

i¼1

rk;i
2kk;i

~h2k;iþ
Pn

i¼1

rk;i
2kk;i

h2k;i þ
Xn

i¼1

Ck;i

þ �Ck �
3

4
tk;1 �

3

2
ok þ

XN

j¼1

qk;j

 ! !

#4
k;1

� 3

4
tk;2 �

3

2
� 1

4
ok þ

XN

j¼1

qk;j

 ! !

#4
k;2

� 3

4
tk;3 �

7

4

� �

#4
k;3 � � � � � 3

4
tk;n �

1

4

� �

#4
k;n;

ð50Þ

Based on Lemma 4, choosing x ¼
Pn

i¼1

rk;i
2kk;i

~h
2

k;i, z ¼ 1,

p ¼ jþ3
4
, q ¼ 1� p ¼ 1�j

4
, aðx; zÞ ¼ 4

jþ3
, we obtain

Pn

j¼1

rk;i
2kk;i

~h2k;i

 !jþ3
4

�
Pn

i¼1

rk;i
2kk;i

~h2k;i

þ 1� j
4

4

jþ 3

� ��jþ3
1�j

ð51Þ

Let 3
4
tk;1 � 3

2
ðok þ

PN
j¼1 qk;jÞ ¼ 0, we can obtain

tk;1 ¼ 2ðok þ
PN

j¼1 qk;jÞ; similarly,

tk;2 ¼ 2þ 1
3
ðok þ

PN
j¼1 qk;jÞ; tk;3 ¼ � � � tk;n�1 ¼ 7

3
; tk;n ¼ 1

3
.

Substituting that into (50) yields

LWk � �
Pn

i¼1

j
jþ 3

sk;imjþ3
k;i �

Pn

i¼1

3

jþ 3
sk;i#

jþ3
k;i

�
Pn

i¼1

rk;i
1

2kk;i
~h2k;i

� �jþ3
4

þCk;

ð52Þ

where Ck ¼
Pn

i¼1

rk;i
2kk;i

h2k;i þ
Pn

i¼1

Ck;i þ �Ck þ 1�j
4
ð 4
jþ3

Þ�
jþ3
1�j.
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Let Dk ¼ minf4jþ3
4

j
jþ3

sk;i; 4
jþ3
4

3
jþ3

sk;i; rk;ig, then we have

LWk � � DkW
jþ3
4

k þ Ck; ð53Þ

Further consider a Lyapunov function as

W ¼
XN

k¼1

Wk; ð54Þ

we have

LW ¼ �
XN

k¼1

DkW
jþ3
4

k þ
XN

k¼1

Ck: ð55Þ

Let D ¼ minfDkg, C ¼
PN

k¼1

Ck, we obtain

LW � � D
XN

k¼1

W
jþ3
4

k þ C; ð56Þ

Based on Lemma 3, we have

LW � � Dð
XN

k¼1

WkÞ
jþ3
4 þ C ¼ �DW

jþ3
4 þ C: ð57Þ

Consider WðzðtÞÞ ¼ W , for 0� s� t, using the Itô formula,

we get

E½WðzðtÞÞ� ¼ EWðzðsÞÞ þ E

Z t

s

LWðzðvÞÞdv

¼ EWðzðsÞÞ þ
Z t

s

E½LWðzðvÞÞ�dv:
ð58Þ

According to (53), with Jensen’s inequality, the (58) can be

rewritten as

E½LWðzðvÞÞ� � � DE½W jþ3
4 ðzðvÞÞ� þ C

� � D½E½WðzðvÞÞ��
jþ3
4 þ C:

ð59Þ

Substituting (59) into (58) yields

E½WðzðtÞÞ� �E½WðzðsÞÞ�

þ
Z t

s

f�D½E½WðzðvÞÞ��
jþ3
4 þ Cgdv;

ð60Þ

Therefore,

E½WðzðtÞÞ� � E½WðzðsÞÞ�

� � D
Z t

s

½E½WðzðvÞÞ��
jþ3
4 dvþ Cðt� sÞ:

ð61Þ

According to Lemma 5, by applyingWðfðtÞÞ ¼ E½WðzðtÞÞ�,
we can infer that there exists a setting time

�T ¼ 4
ð1�jÞrD ½E½WðzðtÞÞ��

1�j
4 � ð C

ð1�rÞDÞ
1�j
jþ3� þ T , such that

E½WðzðtÞÞ� � � for 8t� �T , where � ¼ 4ð C
ð1�rÞDÞ

1
jþ3:

According to the definition of W zðtÞð Þ, the following

inequality is satisfied:

E
XN

k¼1

Xn

i¼1

m4k;i

 !

� 4E WðzðtÞÞ½ � � 4�; t� �T : ð62Þ

By the property of mathematical expectation, we obtain

Ejmk;ij2
h i2

�E m4k;i

� �

�E
XN

k¼1

Xn

j¼1

m4j

 !

� 4�; t� �T :

ð63Þ

Thus

Ejmk;ij2 � 2
ffiffi
�

p
; t� �T : ð64Þ

Similarly, we get

Ej#k;ij2 � 2
ffiffi
�

p
;Ej~hk;ij2 � 2

ffiffi
�

p
; t� �T : ð65Þ

Since mk;1 ¼ lk;1 � #k;1, one has

Ejlk;1j2 � 2Ejmk;ij2 þ 2Ej#k;ij2 � 4
ffiffi
�

p
; t� �T : ð66Þ

Denote l ¼ ½l1;1; l2;1; . . .; lk;1�T and N ¼ ½y1 � yd,

y2 � yd; . . .; yk � yd�T , from (7) and Assumption 1, we can

obtain N ¼ H 
 Ik�kð Þ�1l. Then denoting rminðHÞ as the

minimum singular value of H, we have

Ejyi � ydj2 � ½
ffiffiffiffi
N

p
Ejlj2=rminðHÞ� � ½4

ffiffiffiffi
N

p ffiffi
�

p
=rminðHÞ�, in

finite-time t� T . The proof is now complete. h

Remark 6 The mean square of tracking error Ejlk;1j
2
is

less than 4
ffiffi
�

p
when t[ �T , where � ¼ 4ð C

ð1�sÞDÞ
1

jþ3. As a

result, we can choose small lk;i, bk;i and rk;i to ensure a

smaller C, while large parameters sk;i and rk;i can ensure a

larger D. The smaller C and larger D can ensure the lower

mean square of tracking error Ejlk;1j2, and the closed-loop

system has a faster convergence time from the definition of
�T . Note that although the approximation error ek;i is

unknown, it can be adjusted by choosing proper node

number of FLS. The parameter M is the number of the

fuzzy rules, if M is too small, the approximation may be

under-fitting, while too large M may not reduce the

approximation error but increase the computation burden.

So the parameter M should be chosen properly by trial and

error. At last, [47] gives how to choose the filter gains for

(8), that is 1k;i;2 should be chosen first and 1k;i;1 and 1k;i;2
should be sufficiently large.

Remark 7 As shown in Fig. 1, a composite control

structure based on FTCF (8), auxiliary system (13), error

compensation system (15), and adaptive law (12) is pro-

posed to achieve the desired control performance.

Although the FTCF and error compensation system
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increase the complexity of the control structure, but can

eliminate the complex calculation for the derivative of

virtual control functions, so the computational complexity

is actually reduced compared with the traditional back-

stepping-based algorithms in [41–43]. Further, we use the

estimating of parameter hk;i instead of estimating the

weight vector Vk;i to further simply adaptive updating laws

design. Although the conservatism of the estimation is

increased, it also reduces the complexity of the algorithm

to a certain extent.

Remark 8 Since the FLS is used to approximate the

unknown nonlinear dynamics, and Assumption 3 is needed

to guarantee the application of FLS, only the semi-global

results can be secured, which will bring the limit of the

proposed algorithm. Further study will focus on how to

design the approximation-free algorithm such that the

global results can be obtained.

4 Simulation Results

Example 1 Firstly, we will use a numerical example to

test the suggested approach. Figure 2 shows the commu-

nication topology of a second-order stochastic multi-agent

system with one leader and three followers under a directed

graph. The Laplacian matrix is described as

0 0 0

�1 1 0

�1 0 1

2

4

3

5

and the leader adjacency matrix is described as

1 0 0

0 0 0

0 0 0

2

4

3

5. The system functions are described as

yd ¼ sinðtÞ;
f1;1 ¼ x1;1 sinðx1;1Þ; g1;1 ¼ 0:25x1;1 sinðx1;1Þ;
f1;2 ¼ x1;1x1;2; g1;2 ¼ 0:5x1;1e

x1;2 ;

f2;1 ¼ x2;1 sinð0:5x2;1Þ; g2;1 ¼ 0:25x2;1;

f2;2 ¼ x2;1x2;2; g2;2 ¼ 0:5ex2;2 ;

f3;1 ¼ x3;1 cosðx3;1Þ; g3;1 ¼ � cosð0:5x3;1Þ;
f3;2 ¼ x3;1x3;2; g3;2 ¼ x3;1e

�0:5x3;2 ;

x1ð0Þ ¼ ½�0:1; 0:25�; x2ð0Þ ¼ ½0:1; 0:3�;
x3ð0Þ ¼ ½0:15;� 0:2�:

ð67Þ

The input saturation for ukðk ¼ 1; 2; 3Þ is considered as

uk ¼ sat skð Þ ¼
15; sk � 15

sk;�15\sk\15:
�15; sk � � 15

8
<

:
The control parame-

ters are chosen as tk;1 ¼ 2; tk;2 ¼ 1=3, sk;1 ¼ 10; sk;2 ¼ 60,

kk;1 ¼ 20; kk;2 ¼ 5, rk;1 ¼ rk;2 ¼ 100,

bk;1 ¼ bk;2 ¼ 1; k ¼ 1; 2; 3, and j ¼ 3=5. The number of

fuzzy ruler for FLS is 10, the centers of basis function are

distributed evenly in ½�2; 2� � � � � � ½�2; 2�, and the width

is chosen as 4.

Figures 3, 4, 5, and 6 give the response curves of

Example 1 under the scheme FTCFB. Figure 3 shows the

trajectories of followers yk; ðk ¼ 1; 2; 3Þ and the leader yd
under the proposed control scheme. Figure 4 shows that the

input saturation is not violated by the response curves of uk.

It shows the trajectories of vk;1 and uk;2 based on FTCF in

Fig. 5. Clearly, the intermediate signals may be quickly

filtered out by the filter. Figure 6 shows the curves of

estimated value ĥk;i.
When taking j ¼ 1, the control algorithm degenerates to

the asymptotically convergent algorithm in [35]. To com-

pare with the control effect of the proposed algorithm in

Fig. 2 Communication topology Fig. 3 Trajectories curves of yd and yk , k ¼ 1; 2; 3
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[35], we define an overall tracking error OTE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P3

k¼1

zk;1 � yd
�
�

�
�2

s

and a root-mean-square error

RMSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP3

k¼1

PK

i¼1
zk;1ðiÞ�ydðiÞÞ2ð Þ
K

r

, where K is the total

number of samples and i is the sample index.

Figure 7 shows the state trajectories of j ¼ 1. The OTE

with different j is shown in Fig. 8 and the comparison

results of RMSE are given in Table 1. It can be seen that

the although the convergence rate is faster when j ¼ 1 in

[35], but the steady-state performance is inferior to our

algorithm.

Example 2 Secondly, we further consider the multiple

single-link manipulators system to show the effectiveness

of the proposed algorithm, and the same communication

topology as in Example 1 is chose. For each manipulator,

the dynamics is

MkðqkÞ€qk þ Ckðqk; _qkÞ _qk ¼ uk þ KkðqkÞnk; ð68Þ

where k ¼ 1; 2; 3, qk denotes the arm’s position, _qk is the

angular velocity, uk is the control input subjected to input

constraint, respectively. For each follower, MkðqkÞ 2 R is

the inertia matrix , Ckðqk; _qkÞ 2 R is the centripetal matrix,

KkðqkÞ 2 R and KkðqkÞnk is the random excitation force

caused by the white noise nk, which are defined as

Fig. 4 Trajectories curves of uk; k ¼ 1; 2; 3

Fig. 5 Trajectories curves of uk;2 and vk;1; k ¼ 1; 2; 3

Fig. 6 Trajectories curves of ĥk;i; k ¼ 1; 2; 3; i ¼ 1; 2 Fig. 7 Trajectories curves yd and yk , k ¼ 1; 2; 3 in [35]
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yd ¼ cosð0:75tÞ þ sinð2tÞ;
M1ðq1Þ ¼ m1L1

2;C1ðq1; _q1Þ ¼ m1gL1 sinðq1Þ;
K1ðq1Þ ¼ �m1L1 cosðq1Þ;
M2ðq2Þ ¼ m2L2

2;C2ðq2; _q2Þ ¼ m2gL2 sinð0:5q2Þ;
K2ðq2Þ ¼ �m2L2 cosðq2Þ;
M3ðq3Þ ¼ m3L3

2;C3ðq3; _q3Þ ¼ m3gL3 sinð0:5q3Þ;
K3ðq3Þ ¼ �m3L3 cosðq3Þ;
q1ð0Þ; _q1ð0Þ½ � ¼ ½�0:1;�0:25�;
q2ð0Þ; _q2ð0Þ½ � ¼ ½�0:1; 0:3�;
q3ð0Þ; _q3ð0Þ½ � ¼ ½�0:1;�0:3�:

ð69Þ

The parameters of them are chosen as in Table 2. The

input saturation for ukðk ¼ 1; 2; 3Þ is considered as uk ¼

sat skð Þ ¼
50; sk � 50

sk;�50\sk\50:
�50; sk � � 50

8
<

:
The parameters of the

control signals are selected as tk;1 ¼ 2; tk;2 ¼ 1=3,

sk;l ¼ 15; sk;2 ¼ 90, kk;l ¼ 200; kk;2 ¼ 250, rk;l ¼ rk;2 ¼
100, bk;1 ¼ bk;2 ¼ 1; k ¼ 1; 2; 3, and j ¼ 3=5. Similarly to

Example 1, the number of fuzzy ruler for FLS is 10, the

centers of basis function are distributed evenly in

½�2; 2� � � � � � ½�2; 2�, and the width is chosen as 4.

Figures 9, 10, 11, and 12 give the response curves of

Example 2 under the scheme FTCFB, Fig. 9 shows the

state qk; ðk ¼ 1; 2; 3Þ and leader’s output yd, it can also be

seen that qk tracks the desired output yd commendably.

Figures 10 and 11 give the response curves of controller

and command filter; it shows that the input saturation is not

violated and the intermediate signals may be quickly fil-

tered by the filter. Fig. 12 gives response curves of adaptive

law ĥk; ðk ¼ 1; 2; 3Þ. Figures 13 and 14 give the response

curves of Example 2 under the scheme CFB in [35], Fig. 13

shows the response curves of leader and followers, and

Fig. 14 gives the response curves of OTE under FTCFB

and CFB, respectively. The RMSE under different algo-

rithms is given in Table 3. Similarly to Example 1, it can be

seen the proposed FTCFB can obtain the better steady-state

performance than CFB in [35].

Remark 9 Note that the basic principle for choosing the

control parameters and filter parameters have been intro-

duced in Remark 6. Actually, in simulations and applica-

tions, we should first follow the basic principle in Remark

6, then we can test several sets of the control parameters

satisfying Remark 6 by trail and error to achieve a better

control effect.

Fig. 8 OTE with j ¼ 1 in [35] and j ¼ 3=5

Table 1 Performance

comparisons of Example 1
Algorithm RMSE(rad)

FTCFB 0.0256

CFB in [35] 0.0695

Table 2 Parameters in a single-link manipulator systems

Description Values Unit

The mass of the link ½m1;m2;m3� ¼ ½0:5; 0:6; 0:5� kg

The distance of the link ½l1; l2; l3� ¼ ½0:25; 0:3; 0:25� m

Acceleration of gravity g ¼ 9:8 m/s2

Fig. 9 Trajectories curves of yd and qk , k ¼ 1; 2; 3

123

3792 International Journal of Fuzzy Systems, Vol. 24, No. 8, November 2022



5 Conclusion

A new control method based on FTCFB and FLS is pre-

sented in this paper to achieve consensus tracking of high-

order SNMASs under input saturation. At the controller

design stage, the FLS is utilized to approximate unknown

nonlinear dynamics. The FTCFB not only guarantees the

tracking error of high-order SNMASs that is practically

finite-time stable in mean square, but also avoids the

problem of high-gain and the singularity problem. Fur-

thermore, the implementation of the command filter

Fig. 10 Trajectories curves of uk, k ¼ 1; 2; 3

Fig. 11 Trajectories curves of uk;2 and vk;1, k ¼ 1; 2; 3

Fig. 12 Trajectories curves of ĥk;2; k ¼ 1; 2; 3
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Fig. 13 Trajectories curves yd and qk , k ¼ 1; 2; 3 in [35]
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eliminates the POCE of traditional backstepping. The

numerical example verified the proposed theoretical

results. The future research direction will be the output

feedback case with extended state observer.
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