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ABSTRACT

Quantum Neural Networks (QNNs) have been recently proposed as generaliza-
tions of classical neural networks to achieve the quantum speed-up. Despite the
potential to outperform classical models, serious bottlenecks exist for training
QNNs; namely, QNNs with random structures have poor trainability due to the
vanishing gradient with rate exponential to the input qubit number. The vanish-
ing gradient could seriously influence the applications of large-size QNNs. In this
work, we provide a first viable solution with theoretical guarantees. Specifically,
we prove that QNNs with tree tensor and step controlled architectures have gra-
dients that vanish at most polynomially with the qubit number. Moreover, our
result holds irrespective of which encoding methods are employed. We numer-
ically demonstrate QNNs with tree tensor and step controlled structures for the
application of binary classification. Simulations show faster convergent rates and
better accuracy compared to QNNs with random structures.

1 INTRODUCTION

Neural Networks (Hecht-Nielsen, 1992) using gradient-based optimizations have dramatically ad-
vanced researches in discriminative models, generative models, and reinforcement learning. To effi-
ciently utilize the parameters and practically improve the trainability, neural networks with specific
architectures (LeCun et al., 2015) are introduced for different tasks, including convolutional neural
networks (Krizhevsky et al., 2012) for image tasks, recurrent neural networks (Zaremba et al., 2014)
for the time series analysis, and graph neural networks (Scarselli et al., 2008) for tasks related to
graph-structured data. Recently, the neural architecture search (Elsken et al., 2019) is proposed to
improve the performance of the networks by optimizing the neural structures.

Despite the success in many fields, the development of the neural network algorithms could be
limited by the large computation resources required for the model training. In recent years, quantum
computing has emerged as one solution to this problem, and has evolved into a new interdisciplinary
field known as the quantum machine learning (QML) (Biamonte et al., 2017; Havlicek et al., 2019).
Specifically, variational quantum circuits (Benedetti et al., 2019) have been explored as efficient
protocols for quantum chemistry (Kandala et al., 2017) and combinatorial optimizations (Zhou et al.,
2018). Compared to the classical circuit models, quantum circuits have shown greater expressive
power (Du et al., 2020a), and demonstrated quantum advantage for the low-depth case (Bravyi et al.,
2018). Due to the robustness against noises, variational quantum circuits have attracted significant
interest for the hope to achieve the quantum supremacy on near-term quantum computers (Arute
et al., 2019).

Quantum Neural Networks (QNNs) (Farhi & Neven, 2018; Schuld et al., 2020; Beer et al., 2020)
are the special kind of quantum-classical hybrid algorithms that run on trainable quantum circuits.
Recently, small-scale QNNs have been implemented on real quantum computers (Havlicek et al.,
2019) for supervised learning tasks. The training of QNNs aims to minimize the objective function
f with respect to parameters 6. Inspired by the classical optimizations of neural networks, a natural
strategy to train QNN is to exploit the gradient of the loss function (Crooks, 2019). However, the
recent work (McClean et al., 2018) shows that n-qubit quantum circuits with random structures and
large depth L = O(poly(n)) tend to be approximately unitary 2-design (Harrow & Low, 2009),
and the partial derivative vanishes to zero exponentially with respect to n. The vanishing gradient
problem is usually referred to as the Barren Plateaus (McClean et al., 2018), and could affect the
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trainability of QNNs in two folds. Firstly, simply using the gradient-based method like Stochastic
Gradient Descent (SGD) to train the QNN takes a large number of iterations. Secondly, the esti-
mation of the derivatives needs an extremely large number of samples from the quantum output to
guarantee a relatively accurate update direction (Chen et al., 2018). To avoid the Barren Plateaus
phenomenon, we explore QNNs with special structures to gain fruitful results.

In this work, we introduce QNNs with special architectures, including the tree tensor (TT) structure
(Huggins et al., 2019) referred to as TT-QNNs and the setp controlled structure referred to as SC-
QNNs. We prove that for TT-QNNs and SC-QNNS, the expectation of the gradient norm of the
objective function is bounded.

Theorem 1.1. (Informal) Consider the n-qubit TT-QNN and the n-qubit SC-QONN defined in Fig-
ure 1-2 and corresponding objective functions frr and fsc defined in (3-4), then we have:

1+ logn

Tg . a(pin) < EQHVQfTT”2 <2n -1,
1+mn.
Sirn, " (pin) < Bol[ Ve fsc|® < 2n -1,

where n. is the number of CNOT operations that directly link to the first qubit channel in the SC-
ONN, the expectation is taken for all parameters in 0 with uniform distributions in [0, 27, and
o(pin) > 0 is a constant that only depends on the input state p;,, € C*"*2". Moreover, by preparing
pin using the L-layer encoding circuit in Figure 4, the expectation of o(py,) could be further lower
bounded as Ea(p;,) > 272E.

Compared to random QNNs with 2-C(®°ly(n) derivatives, the gradient norm of TT-QNNs ad SC-
QNN is greater than Q(1/n) or 2(27 ™) that could lead to better trainability. Our contributions are
summarized as follows:

* We prove Q(1/n) and (27"<) lower bounds on the expectation of the gradient norm of
TT-QNNs and SC-QNNS, respectively, that guarantees the trainability on related optimiza-
tion problems. Our theorem does not require the unitary 2-design assumption in existing
works and is more realistic to near-term quantum computers.

* We prove that by employing the encoding circuit in Figure 4 to prepare pi,, the expectation
of term a(pj,) is lower bounded by a constant 2~2%. Thus, we further lower bounded the
expectation of the gradient norm to the term independent from the input state.

* We simulate the performance of TT-QNNs, SC-QNNs, and random structure QNNs on
the binary classification task. All results verify proposed theorems. Both TT-QNNs and
SC-QNNs show better trainability and accuracy than random QNNSs.

Our proof strategy could be adopted for analyzing QNNs with other architectures as future works.
With the proven assurance on the trainability of TT-QNNs and SC-QNNs, we eliminate one bottle-
neck in front of the application of large-size Quantum Neural Networks.

The rest parts of this paper are organized as follows. We address the preliminary including the
definitions, the basic quantum computing knowledge and related works in Section 2. The QNNs
with special structures and the corresponding results are presented in Section 3. We implement
the binary classification using QNNs with the results shown in Section 4. We make conclusions in
Section 5.

2 PRELIMINARY

2.1 NOTATIONS AND THE BASIC QUANTUM COMPUTING

We use [N] to denote the set {1,2,---, N}. The form || - || denotes the || - ||2 norm for vectors. We
denote a; as the j-th component of the vector a. The tensor product operation is denoted as “®”.

The conjugate transpose of a matrix A is denoted as AT. The trace of a matrix A is denoted as Tr[A].
We denote Vg f as the gradient of the function f with respect to the vector 8. We employ notations

O and O to describe the standard complexity and the complexity ignoring minor terms, respectively.
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Now we introduce the quantum computing. The pure state of a qubit could be written as |¢) =
al0)+b|1), where a, b € C satisfies |a|>+|b|?> = 1,and {|0) = (1,0)7, [1) = (0,1)T}, respectively.
The n-qubit space is formed by the tensor product of n single-qubit spaces. For the vector € R2",
the amplitude encoded state |x) is defined as ﬁ Z?; x;|j). The dense matrix is defined as

p = |z) (x| for the pure state, in which (x| = (]z))?. A single-qubit operation to the state behaves

like the matrix-vector multiplication and can be referred to as the gate —{J— in the quantum circuit

language. Specifically, single-qubit operations are often used including Ry (6) = e~¥X, Ry () =
% _ o —ibZ.

e ,and Rz(0) = e :

(20 D)o )

Pauli matrices {I, X, Y, Z} will be referred to as {oq, 01, 02,03} for the convenience. Moreover,
two-qubit operations, the CNOT gate and the CZ gate, are employed for generating quantum entan-
glement:

CNOngz 10)(0] ® ¢ + [1)(1| ® o1, CZ:I: [0)(0] ® o0 + [1){1] ® o3.

We could obtain information from the quantum system by performing measurements, for example,
measuring the state |¢) = a|0)+b|1) generates 0 and 1 with probability p(0) = |a|? and p(1) = |b|?,
respectively. Such a measurement operation could be mathematically referred to as calculating the
average of the observable O = o3 under the state |¢):

(03)19) = (losle) = Trl|)(¢] - 03] = |al* — b]* = p(0) — p(1) = 2p(0) — 1.
The average of a unitary observable under arbitrary states is bounded by [—1, 1].

2.2 RELATED WORKS

The barren plateaus phenomenon in QNN is first noticed by McClean et al. (2018). They prove that
for n-qubit random quantum circuits with depth L = O(poly(n)), the expectation of the derivative
to the objective function is zero, and the variance of the derivative vanishes to zero with rate expo-
nential in the number of qubits n. Later, Cerezo et al. (2020) prove that for L-depth quantum circuits

consisting of 2-design gates, the gradient with local observables vanishes with the rate O(Q’O(L)).
The result implies that in the low-depth L = O(logn) case, the vanishing rate could be O( po%yn )

which is better than previous exponential results. Recently, some techniques have been proposed to
address the barren plateaus problem, including the special initialization strategy (Grant et al., 2019)
and the layerwise training method (Skolik et al., 2020). We remark that these techniques rely on
the assumption of low-depth quantum circuits. Specifically, Grant et al. (2019) initialize parameters
such that the initial quantum circuit is equivalent to an identity matrix (L = 0). Skolik et al. (2020)
train parameters in subsets in each layer, so that a low-depth circuit is optimized during the training
of each subset of parameters.

Since random quantum circuits tend to be approximately unitary 2-design' as the circuit depth in-
creases (Harrow & Low, 2009), and 2-design circuits lead to exponentially vanishing gradients (Mc-
Clean et al., 2018), the natural idea is to consider circuits with special structures. On the other hand,
tensor networks with hierarchical structures have been shown an inherent relationship with classical
neural networks (Liu et al., 2019; Hayashi et al., 2019). Recently, quantum classifiers using hierar-
chical structure QNN have been explored (Grant et al., 2018), including the tree tensor network and
the multi-scale entanglement renormalization ansatz. Besides, QNNs with dissipative layers have
shown the ability to avoid the barren plateaus (Beer et al., 2020). However, theoretical analysis of
the trainability of QNNs with certain layer structures has been little explored (Sharma et al., 2020).
Also, the 2-design assumption in the existing theoretical analysis (McClean et al., 2018; Cerezo
et al., 2020; Sharma et al., 2020) is hard to implement exactly on near-term quantum devices.

3  QUANTUM NEURAL NETWORKS

In this section, we discuss the quantum neural networks in detail. Specifically, the optimizing of
QNN is presented in Section 3.1. We analyze QNNs with special structures in Section 3.2. We

"We refer the readers to Appendix B for a short discussion about the unitary 2-design.
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introduce an approximate quantum input model in Section 3.3 which helps for deriving further
theoretical bounds.

3.1 THE OPTIMIZING OF QUANTUM NEURAL NETWORKS

In this subsection, we introduce the gradient-based strategy for optimizing QNNSs. Like the weight
matrix in classical neural networks, the QNN involves a parameterized quantum circuit that math-
ematically equals to a parameterized unitary matrix V' (0). The training of QNNs aims to optimize
the function f defined as:

78 ) = 5 + 5T [0 V(B) - pu - V(O)] = 5 + 5(0)vie) 1)
where O denotes the quantum observable and pj, denotes the density matrix of the input quan-
tum state. Generally, we could deploy the parameters € in a tunable quantum circuit arbi-
trarily. A practical tactic is to encode parameters {6,} as the phases of the single-qubit gates
{e~"%ix k € {1,2,3}} while employing two-qubit gates {CNOT, CZ} among them to generate
quantum entanglement. This strategy has been frequently used in existing quantum circuit algo-
rithms (Schuld et al., 2020; Benedetti et al., 2019; Du et al., 2020b) since the model suits the noisy
near-term quantum computers. Under the single-qubit phase encoding case, the partial derivative of
the function f could be calculated using the parameter shifting rule (Crooks, 2019),

af 1 1
20— §<O>V(9+),pm - §<O>V(9_),pi“ = f(0+;pin) — f(0—; pin), )
J

where 6 and 6_ are different from 6 only at the j-th parameter: 6; — 6; 4= 7. Thus, the gradi-
ent of f could be obtained by estimating quantum observables, which allows employing quantum
computers for fast optimizations using stochastic gradient descents.

3.2 QUANTUM NEURAL NETWORKS WITH SPECIAL STRUCTURES

In this subsection, we introduce quantum neural networks with tree tensor (TT) (Grant et al., 2018)
and step controlled (SC) architectures. We prove that the expectation of the square of gradient ¢-
norm for the TT-QNN and the SC-QNN are lower bounded by €2(1/n) and Q(27"<), respectively,
where n. is a parameter in the SC-QNN that is independent from the qubit number n. Moreover, the
corresponding theoretical analysis does not rely on 2-design assumptions for quantum circuits.

Now we discuss proposed quantum neural networks in detail. We consider the n-qubit QNN con-
o)
structed by the single-qubit gate Wj(k) = ¢~ 72 and the CNOT gate oy @ [1)(1] 4 oo @ |0)(0].

We define the k-th parameter in the j-th layer as Hj(-k). We only employ Ry rotations for single-
qubit gates, due to the fact that the real world data lie in the real space, while applying Rx and Rz
rotations would introduce imaginary term to the quantum state.

We demonstrate the TT-QNN in Figure 1 for the n = 4 case, which employs CNOT gates in the
binary tree form to achieve the quantum entanglement. The circuit of the SC-QNN could be divided
into two parts: in the first part, CNOT operations are performed between adjacent qubit channels; in
the second part, CNOT operations are performed between different qubit channels and the first qubit
channel. An illustration of the SC-QNN is shown in Figure 2 for the n = 4 and n. = 2 case, where
n. denotes the number of CNOT operations that directly link to the first qubit channel. The number
of parameters in both the TT-QNN and the SC-QNN are 2n — 1. We consider correspond objective
functions that are defined as

1 1

frr(0) = 3 + §Tr[03 @ I DV51(0) pin Ve ()], 3)
1 1

fsc(0) = 5t iTr[ag @ I DVsc(0) pin Ve (0) 1], )

where Vrr(0) and Vsc(0) denotes the parameterized quantum circuit operations for the TT-QNN
and the SC-QNN, respectively. We employ the observable o3 @ I®("~1) in Eq. (3-4) such that
objective functions could be easily estimated by measuring the first qubit in corresponding quantum
circuits.
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Main results of this section are stated in Theorem 3.1, in which we prove (1/n) and Q(27"¢)
lower bounds on the expectation of the square of the gradient norm for the TT-QNN and the SC-
QNN, respectively. By setting n. = O(logn), we could obtain the linear inverse bound for the
SC-QNN as well. We provide the proof of Theorem 3.1 in Appendix D and Appendix G.

T e o e
2 2
o, [ A :

U(pin) U (pin)
o ol —— W
[0) {W{“) - [0) {Wf“)

Figure 1: Quantum Neural Network with  Figure 2: Quantum Neural Network with the Step
the Tree Tensor structure (n = 4). Controlled structure (n = 4, n. = 2).

Theorem 3.1. Consider the n-qubit TT-QNN and the n-qubit SC-QNN defined in Figure 1-2 and
corresponding objective functions frr and fsc defined in Eq. (3-4), then we have:

1+ logn

5y (o) < Eol| Vo frrl|* < 2n -1, 5)
14+ n,
Sirne  pin) < ol Vo fsc|® < 2n -1, (6)

where n. is the number of CNOT operations that directly link to the first qubit channel in the

SC-ONN, the expectation is taken for all parameters in @ with uniform distributions in [0, 27],
pin € C¥"*2" denotes the input state, o(p;,) = Tr [0(1’0,... 0) -pin]Z + Tr [0(3)0’_. 0) p,-nf, and

O(i,ig, - yin) = Oip @ 04y @+ & 04,

From the geographic view, the value Eg|| Vg f||? characterizes the global steepness of the function
surface in the parameter space. Optimizing the objective function f using gradient-based methods
could be hard if the norm of the gradient vanishes to zero. Thus, lower bounds in Eq. (5-6) provide
a theoretical guarantee on optimizing corresponding functions, which then ensures the trainability
of QNN on related machine learning tasks.

From the technical view, we provide a new theoretical framework during proving Eq. (5-6). Different
from existing works (McClean et al., 2018; Grant et al., 2019; Cerezo et al., 2020) that define the
expectation as the average of the finite unitary 2-design group, we consider the uniform distribution
in which each parameter in @ varies continuously in [0, 27]. Our assumption suits the quantum
circuits that encode the parameters in the phase of single-qubit rotations. Moreover, the result in
Eq. (6) gives the first proven guarantee on the trainability of QNN with linear depth. Our framework
could be extensively employed for analyzing QNNs with other different structures as future works.

3.3 PREPARE THE QUANTUM INPUT MODEL: A VARIATIONAL CIRCUIT APPROACH

State preparation is an essential part of most quantum algorithms, which encodes the classical in-
formation into quantum states. Specifically, the amplitude encoding |x) = 212;1 x;/||x|||) allows
storing the 2" -dimensional vector in n qubits. Due to the dense encoding nature and the similarity
to the original vector, the amplitude encoding is preferred as the state preparation by many QML
algorithms (Harrow et al., 2009; Rebentrost et al., 2014; Kerenidis et al., 2019). Despite the wide
application in quantum algorithms, efficient amplitude encoding remains little explored. Existing
work (Park et al., 2019) could prepare the amplitude encoding state in time O(2") using a quantum
circuit with O(2™) depth, which is prohibitive for large-size data on near-term quantum computers.
In fact, arbitrary quantum amplitude encoding with polynomial gate complexity remains an open
problem.
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Algorithm 1 Quantum Input Model

Require: The input
the learning rate

vector i, € R?",
{n(H}/

the number of alternating layers L, the iteration time 7', and

Ensure: A parameter vector 3* which tunes the approximate encoding circuit U (3*).

1: Initialize {5;“}755? ! randomly in [0, 27]. Denote the parameter vector as B(0).
2: fort € {0,1,--- ,T— 1} do
3:  Run the circuit in Figure 3 classically to calculate the gradient Vg finpu| B=B using the

parameter shifting rule (2), where the function finpy is defined in (7).

ook

end for

a

Output the trained parameter 3*.

Update the parameter 3¢+ = 38() — p(¢) - Vg finputl g=p -

_{Wu) (1)%#‘,[/;1) : 10) —{X H -
—wP W s A 0 —xXH —
— [ P A W A 0 -
\ \ )
i — wi® brwid feHws A o wEt|
" ® ] & L e -
‘{Wl | W, | \Ws |0)
_{Wl(e) ‘ W2(6)} {Wéﬁ) 0) -
_{Wlm W(v)} {Wm 0) -
‘%W(s) w® 4w H_- 10) —
Alternating Layer U(Bsr)

Figure 3: The parameterized alternating layered circuit ~ Figure 4: The encoding circuit U (3*),
W(B) (n = 8, L = 1) for training the corresponding ~ where W (3*) is the trained parameter-
encoding circuit of the input xj,. ized circuit in Figure 3.

In this subsection, we introduce a quantum input model for approximately encoding the arbitrary
vector x;, € R2" in the amplitude of the quantum state |x;,). The main idea is to classically train an
alternating layered circuit as summarized in Algorithm 1 and Figures 3-4. Now we explain the detail
of the input model. Firstly, we randomly initialize the parameter 3(°) in the circuit 3. Then, we train
the parameter to minimize the objective function defined in (7) through the gradient descent,

n

finpul(/@) = l Z<OZ>W(ﬁ)|mm -

n -
=1

Zmeuz Tt[O; - W(B) - winzi, - W(B)'], ()

where O; = 05"V ® 03 ® 0" Vi € [n], and W () denotes the tunable alternating layered
circuit in Figure 3. Note that although the framework is given in the quantum circuit language, we
actually calculate and update the gradient on classical computers by considering each quantum gate
operation as the matrix multiplication. The output of Algorithm 1 is the trained parameter vector 3*
which tunes the unitary W (3*). The corresponding encoding circuit could then be implemented as
U(B*) = W(B*)T - X®" which is low-depth and appropriate for near-term quantum computers.
Structures of circuits W and U are illustrated in Figure 3 and 4, respectively. Suppose we could
minimize the objective function (7) to —1. Then (O;) = —1,Vi € [n], which means the final output
state in Figure 3 equals to W (8*)|zi,) = |1)®™.2 Thus the state |z;,) could be prepared exactly
by applying the circuit U(B8*) = W (B8*)T X®" on the state |0)®™. However we could not always
optimize the loss in Eq. (7) to —1, which means the framework could only prepare the amplitude
encoding state approximately.

>We ignore the global phase on the quantum state. Based on the assumptions of this paper, all quantum
states that encode input data lie in the real space, which then limit the global phase as 1 or -1. For the former
case, nothing needs to be done; for the letter case, the global phase could be introduced by adding a single qubit
gate e~ "% = —gy = —I on anyone among qubit channels.
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Algorithm 2 QNNs for the Binary Classification Training

Require: Quantum input states {p"}5_ for the dataset {(2", y;)}5_,, the quantum observable

O, the parameterized quantum circuit V' (), the iteration time 7', the batch size s, and learning
rates {no (1)}, and {n(t)}; -
Ensure: The trained parameters 8* and b*.
I: Initialize each parameter in 8(°) randomly in [0, 27] and initialize b(®) = 0.
2: fort € {0,1,---, T — 1} do
3:  Randomly sample an index subset I; C [S] with size s. Calculate the gradient
Vol1,(0,b)]gp—p pv» and VL1, (8,b)]g p—g() pv using the chain rule and the parameter
shifting rule (2), where the function ¢;, (0, b) is defined in (8).
4:  Update parameters 6+ /(1) = @) /b — g (4) - Vg 1401,(0,b)]g y—p0) p0)-
5: end for
6: Output trained parameters 8* = 0(7) and b* = b(7).

An interesting result is that by employing the encoding circuit in Figure 4 for constructing the input
state in Section 3.2 as pi, = U(B)(|0)(0))®"U(B)T, we could bound the expectation of a(pi,)
defined in Theorem 3.1 by a constant that only relies on the layer L (Theorem 3.2).

Theorem 3.2. Suppose the state p;, is prepared by the L-layer encoding circuit in Figure 4, then we
have,
Eﬁa(pin) > 2_2La

where (3 denotes all variational parameters in the encoding circuit, and the expectation is taken for
all parameters in (3 with uniform distributions in [0, 27].

We provide the proof of Theorem 3.2 and more details about the input model in Appendix E. The-
orem 3.2 can be employed with Theorem 3.1 to derive Theorem 1.1, in which the lower bound for
the expectation of the gradient norm is independent from the input state.

4  APPLICATION: QNNS FOR THE BINARY CLASSIFICATION

4.1 QNNS: TRAINING AND PREDICTION

In this section, we show how to train QNN for the binary classification in quantum computers. First
of all, for the training and test data denoted as {(2" y;)}>_, and {25, yj)}?zl, where y; €

K3

{O'7 1} denotes the label, we prepare cprrequnding quantum input states {pgai“}jle and { ptfft}]inl
using the encoding circuit presented in Section 3.3. Then, we employ Algorithm 2 to train the
parameter 6 and the bia b via the stochastic gradient descent method for the given parameterized
circuit V' and the quantum observable O. The parameter updating in each iteration is presented in

the Step 3-4, which aims to minimize the loss defined in (8) for each input batch I}, Vt € [T:

[ T¢]
1 ; 2
(1,(0) = > (£(0; o) — i + D). ®)
i=1
Based on the chain rule and the Eq. (2), derivatives 3;91; and 8;,? could be decomposed into products

of objective functions f with different variables, which could be estimated efficiently by counting
quantum outputs. In practice, we calculate the value of the objective function by measuring the
output state of the QNN for several times and averaging quantum outputs. After the training iteration
we obtain the trained parameters 6* and b*. Denote the quantum circuit V* = V(6*). We do test
for an input state p**' by calculating the objective function f(p') = £ + $Tr[O - V* pt V*)T].

We classify the input ™" as in the class 0 if f(p'') + b* < 1, or the class 1if f(p'!) + b* > 1.

The time complexity of the QNN training and test could be easily derived by counting resources for
estimating all quantum observables. Denote the number of gates and parameters in the quantum cir-
cuit V(@) as Ngae and npar, respectively. Denote the number of measurements for estimating each
quantum observable as n,in and ng for the training and test stages, respectively. Then, the time
complexity to train QNN is O(ngatenparantminT), and the time complexity of the test using QNN
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Figure 5: Simulations on the MNIST binary classification between (0,2). The training loss and
the test error during the training iteration are illustrated in Figures 5(a), 5(e) for the n=8 case, Fig-
ures 5(b), 5(f) for the n=10 case, and Figures 5(c), 5(g) for the n=12 case. The gradient norm
of objective functions and the term «(p;,) during the training are shown in Figures 5(d) and 5(h),
respectively for the n=8 case.

is O(ngateNest). We emphasize that directly comparing the time complexity of QNNs with classi-
cal NN is unfair due to different parameter strategies. However, the complexity of QNNs indeed
shows a polylogarithmic dependence on the dimension of the input data if the number of gates and
parameters are polynomial to the number of qubits. Specifically, both the TT-QNN and the SC-QNN
equipped with the L-layer encoding circuit in this work have O(nL) gates and O(n) parameters,
which lead to the training complexity O(ny,inn?LT) and the test complexity O (neqnL).

4.2 NUMERICAL SIMULATIONS

To analyze the practical performance of QNNs for binary classification tasks, we simulate the train-
ing and test of QNNs on the MNIST handwritten dataset. The 28 x 28 size image is sampled into
16 x 16, 32 x 32, and 64 x 64 to fit QNNs for qubit number n € {8, 10, 12}. We set the parameter
in SC-QNNSs as n. = 4 for all qubit number settings. Note that the based on the tree structure, the
qubit number of original TT-QNNSs is limited to the power of 2. To analysis the behavior of TT-
QNNs for general qubit numbers, we modify TT-QNNs into Deformed Tree Tensor (DTT) QNNS.
The gradient norm for DTT-QNNS is lower bounded by O(1/n), which has a similar form of that
for TT-QNNs. We provide more details of DTT-QNNs in Appendix F and denote DTT-QNNs as
TT-QNNs in simulation parts (Section 4.2 and Appendix A) for the convenience.

We construct the encoding circuits in Section 3.3 with the number of alternating layers L = 1 for
400 training samples and 400 test samples in each class. The TT-QNN and the SC-QNN is compared
to the QNN with the random structure. To make a fair comparison, we set the numbers of RY and
CNOT gates in the random QNN to be the same with the TT-QNN and the SC-QNN. The objective
function of the random QNN is defined as the average of the expectation of the observable o3 for
all qubits in the circuit. The number of the training iteration is 100, the batch size is 20, and the
decayed learning rate is adopted as {1.00, 0.75,0.50,0.25}. We set 7 = 200 and nese = 1000 as
numbers of measurements for estimating quantum observables during the training and test stages,
respectively. All experiments are simulated through the PennyLane Python package (Bergholm
et al., 2020).

Firstly, we explain our results about QNNs with different qubit numbers in Figure 5. We train TT-
QNNs, SC-QNNs, and Random-QNNs with the stochastic gradient descent method described in
Algorithm 2 for images in the class (0,2) and the qubit number n € {8,10,12}. The total loss
is defined as the average of the single-input loss. The training loss and the test error during the
training iteration are illustrated in Figures 5(a), 5(e) for the n=8 case, Figures 5(b), 5(f) for the
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TT-QNN SC-QNN Random-QNN

Class pair test (F1-0, F1-1) test (F1-0, F1-1) test (F1-0, F1-1)
0-1 0.959 (0.958, 0.960)  0.979 (0.979,0.979)  0.920 (0.915, 0.925)
0-2 0.844 (0.852,0.834) 0.859 (0.859, 0.858) 0.738 (0.751, 0.722)
0-3 0.835(0.810, 0.854)  0.859 (0.857,0.860)  0.659 (0.680, 0.635)
0-4 0.938 (0.938,0.938) 0.925 (0.925,0.925) 0.779 (0.796, 0.759)
1-2 0.929 (0.930, 0.927)  0.965 (0.965, 0.965) 0.700 (0.728, 0.666)
1-3 0.938 (0.941, 0.934) 0.881 (0.879,0.884)  0.765 (0.773, 0.756)
1-4 0.821 (0.837,0.802) 0.871 (0.879, 0.862)  0.705 (0.737, 0.664)
2-3 0.814 (0.791, 0.832)  0.820 (0.810, 0.829)  0.709 (0.743, 0.664)
2-4 0.931 (0.928,0.934) 0.935 (0.933,0.937) 0.645 (0.728, 0.487)
3-4 0.931 (0.930, 0.933)  0.944 (0.943,0.945) 0.819 (0.839, 0.793)

Table 1: The test accuracy and F1-scores for different class pairs (qubit number = 10).

n=10 case, and Figures 5(c), 5(g) for the n=12 case. The test error of the TT-QNN, the SC-QNN
and the Random-QNN converge to around 0.2 for the n=8 case. As the qubit number increases,
the converged test error of both TT-QNNs and SC-QNNs remains lower than 0.2, while that of
Random-QNNs increases to 0.26 and 0.50 for n=10 and n=12 case, respectively. The training loss
of both TT-QNNs and SC-QNNs converges to around 0.15 for all qubit number settings, while
that of Random-QNNs remains higher than 0.22. Both the training loss and the test error results
show that TT-QNNs and SC-QNNs have better trainability and accuracy on the binary classification
compared with Random-QNNs. We record the lo-norm of the gradient during the training for the
n=8 case in Figure 5(d). The gradient norm for the TT-QNN and the SC-QNN is mostly distributed
in [0.4, 1.4], which is significantly larger than the gradient norm for the Random-QNN that is mostly
distributed in [0.1,0.2]. As shown in Figure 5(d), the gradient norm verifies the lower bounds in the
Theorem 3.1. Moreover, we calculate the term «.(p;, ) defined in Theorem 3.1 and show the result in
Figure 5(h). The average of «(pi,) is around 0.6, which is lower bounded by the theoretical result %
in Theorem 3.2 (L = 1).

Secondly, we explain our results about QNN on the binary classification with different class pairs.
We conduct the binary classification with the same super parameters mentioned before for 10-qubit
QNNs, and the test accuracy and Fl-scores for all class pairs {4,j} C {0,1,2,3,4} are provided
in Table 1. The F1-0 denotes the Fl-score when treats the former class to be positive, and the
F1-1 denotes the F1-score for the other case. As shown in Table 1, TT-QNNs and SC-QNNs have
higher test accuracy and F1-score than Random-QNNs for all class pairs in Table 1. Specifically,
test accuracy of TT-QNNs and SC-QNNs exceed that of Random-QNNs by more than 10% for all
class pairs except the (0, 1) which is relatively easy to classify.

In conclusion, both TT-QNNs and SC-QNNs show better trainability and accuracy on binary classifi-
cation tasks compared with the random structure QNN, and all theorems are verified by experiments.
We provide more experimental details and results about the input model and other classification tasks
in Appendix A.

5 CONCLUSIONS

In this work, we analyze the vanishing gradient problem in quantum neural networks. We prove that
the gradient norm of n-qubit quantum neural networks with the tree tensor structure and the step
controlled structure are lower bounded by (1) and Q((3)"), respectively. The bound guaran-
tees the trainability of TT-QNNs and SC-QNNs on related machine learning tasks. Our theoretical
framework requires fewer assumptions than previous works and meets constraints on quantum neu-
ral networks for near-term quantum computers. Compared with the random structure QNN which is
known to be suffered from the barren plateaus problem, both TT-QNNs and SC-QNNs show better
trainability and accuracy on the binary classification task. We hope the paper could inspire future
works on the trainability of QNNs with different architectures and other quantum machine learning
algorithms.
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The Appendix of this paper is organized as follows. We shortly introduce the notion of unitary
2-designs in Appendix B. Some useful technical lemmas are provided and proved in Appendix C.
We prove the Theorem 3.1 in Appendix D and Appendix G. The Appendix C, Appendix D, and
Appendix G form the theoretical framework for analyzing the gradient norm of QNNs. We provide
the proof of Theorem 3.2 in the main text and more detail about the proposed encoding model in
Appendix E. All experimental details are provided in Appendix A.

A NUMERICAL SIMULATIONS

In this section, we provide more experimential details about the input model and other binary clas-
sification tasks.

A.1 QUANTUM INPUT MODEL FOR THE MNIST DATASET

training iteration training iteration training iteration training iteration

(a) (V) (©) (d)

Figure 6: The training loss of the input model for MNIST images in class {0, 1,2, 3}.
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Figure 7: The visualization of the encoding circuit for MNIST images in class {0, 1, 2,3, 4}.

In this section, we discuss the training of the input model (Algorithm 1) in detail. We construct
the encoding circuits in Section 3.3 for each training or test data with the number of alternating
layers L = 1. The number of the training iteration is 100. We adopt the decayed learning rate as
{0.100,0.075,0.050,0.025}. We illustrate the loss function defined in Eq. 7 during the training of
Algorithm 1 for label in {0, 1,2, 3} for the n=8 case in Figure 6, in which we show the training of
the input model for one image per sub-figure. All shown loss functions converge to around -0.6 after
60 iterations.

For a better understanding to the input model, we provide the visualization of the encoding circuit
in Figure 7. We notice that the encoding circuit could only catch a few features from the input data
(except the image 1 which shows good results). Despite this, we obtain relatively good results on
binary classification tasks which employ the mentioned encoding circuit.

Apart from the binary classification tasks using QNNs equipped with the encoding circuit provided
in Section 3.3, we perform some experiments such that the encoding circuit is replaced by the ex-
act amplitude encoding, which is commonly used in existing quantum machine learning algorithms.
Figure 8 demonstrates the simulation on MNIST classifications between images (0, 2), which shows
the convergence of training loss (Figure 8(a)) and the test error (Figure 8(b)). The norm of the gradi-
ent is counted in Figure 8(c), in which both the TT-QNN and the SC-QNN show larger gradient norm
than the Random-QNN. Thus, the trainability of TT-QNNs and SC-QNNs remains when replace the
encoding circuit with the exact amplitude encoding.

The training and test accuracy for other class pairs are summarized in Table 2. We notice that
compared with QNNSs using the encoding circuit, QNNs with the exact encoding tend to have better

12
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Figure 8: The training of binary classification task on the MNIST image bettwen classes (0, 2)
using 8-qubit QNNs with the exact amplitude encoding. The training loss and the test error during
the training iteration are illustrated in Figures 8(a), 8(b), respectively. The gradient norm of objective
functions during the training is shown in Figures 8(c).

TT-QNN TT-QNN (exact encoding) SC-QNN SC-QNN (exact encoding)
Class pair  training, test training, test training, test training, test
0-1 0.959, 0.981 0.980, 0.988 0.958, 0.969 0.986, 0.988
0-2 0.850, 0.812 0.902, 0.869 0.840, 0.850 0.881, 0.850
1-2 0.896, 0.909 0.924, 0.925 0.932, 0.943 0.919,0.910

Table 2: The training and test accuracy of TT-QNNs and SC-QNNss for different encoding strategies
and different class pairs.

performance on the accuracy, which is reasonable since the exact amplitude encoding remains all
information of the input data.

A.2 QNNS WITH DIFFERENT QUBIT SIZES

We summarize the results of training and test accuracy for different qubit numbers in Table 3, which
corresponds to the main results presented in Figure 5 in Section 4.2. As shown in Table 3, both the
training and test accuracy of TT-QNNs and SC-QNNs remain at a high level for all qubit number
settings, while the training and test accuracy of Random-QNNs decrease to around 0.5 for the 12-
qubit case, which means the Random-QNN cannot classify better than a random guessing.

TT-QNN SC-QNN Random-QNN
Qubit number training, test  training, test training, test
8 0.850,0.812 0.840,0.850 0.741, 0.765
10 0.865,0.844 0.871,0.859  0.804,0.738
12 0.884,0.884 0.844,0.814  0.497,0.495

Table 3: The training and test accuracy for different qubit numbers {8, 10, 12} on the classification
between (0, 2) classes.

A.3 QNNS WITH DIFFERENT LABEL PAIRS

We summarize the results of training and test accuracy, along with the Fl-score, for QNNs on
the classification between different label pairs in Table 4 and Table 5, for qubit number 8 and 10,
respectively. For all label pairs, TT-QNNs and SC-QNNs show higher performance of the training
accuracy, the test accuracy, and the F1-scores than that of Random-QNNs. Moreover, most of test
accuracy of Random-QNNs drop for the same class pair when the qubit number is increased from 8
to 10, which suggest the trainability of Random-QNNs get worse as the qubit number increases.
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TT-QNN SC-QNN Random-QNN
Class pair training, test (F1-0, F1-1) training, test (F1-0, F1-1) training, test (F1-0, F1-1)
0-1 0.959, 0.981 (0.981, 0.981) 0.958, 0.969 (0.969, 0.969) 0.954, 0.927 (0.923, 0.932)

UJNI\)»—»I—‘»—OOO
AR WRONDREWN

0.850, 0.812 (0.820, 0.804)
0.871, 0.856 (0.845, 0.866)
0.919, 0.894 (0.891, 0.896)
0.896, 0.909 (0.914, 0.903)
0.940, 0.940 (0.943, 0.937)
0.891, 0.938 (0.938, 0.937)
0.805, 0.771 (0.750, 0.789)
0.810, 0.871 (0.873, 0.869)
0.920, 0.926 (0.922, 0.930)

0.840, 0.850 (0.847, 0.853)
0.870, 0.861 (0.853, 0.869)
0.934, 0.910 (0.907, 0.913)
0.932, 0.943 (0.943, 0.942)
0.922, 0.905 (0.912, 0.896)
0.885, 0.915 (0.917, 0.912)
0.824, 0.790 (0.761, 0.813)
0.845, 0.901 (0.899, 0.904)
0.939, 0.901 (0.898, 0.904)

0.741, 0.765 (0.790, 0.734)
0.722, 0.728 (0.734, 0.721)
0.831, 0.766 (0.773, 0.759)
0.627, 0.601 (0.704, 0.390)
0.802, 0.794 (0.826, 0.747)
0.850, 0.871 (0.881, 0.860)
0.684, 0.666 (0.694, 0.633)
0.738, 0.733 (0.752, 0.710)
0.695, 0.701 (0.751, 0.627)

Table 4: The classification accuracy for different class pairs (n=8).

TT-QNN SC-QNN Random-QNN
Class pair training, test (F1-0, F1-1) training, test (F1-0, F1-1) training, test (F1-0, F1-1)
0-1 0.965, 0.959 (0.958, 0.960)  0.959, 0.979 (0.979, 0.979)  0.922, 0.920 (0.915 , 0.925)
0-2 0.865, 0.844 (0.852,0.834) 0.871, 0.859 (0.859, 0.858) 0.804, 0.738 (0.751, 0.722)
0-3 0.870, 0.835 (0.810, 0.854) 0.871, 0.859 (0.857, 0.860)  0.654, 0.659 (0.680, 0.635)
0-4 0.945, 0.938 (0.938, 0.938) 0.938, 0.925 (0.925, 0.925)  0.839, 0.779 (0.796, 0.759)
1-2 0.915, 0.929 (0.930, 0.927)  0.930, 0.965 (0.965, 0.965) 0.693, 0.700 (0.728, 0.666)
1-3 0.944, 0.938 (0.941,0.934) 0.899, 0.881 (0.879, 0.884)  0.759, 0.765 (0.773, 0.756)
1-4 0.844, 0.821 (0.837, 0.802) 0.854, 0.871 (0.879, 0.862)  0.726, 0.705 (0.737, 0.664)
2-3 0.829, 0.814 (0.791, 0.832)  0.855, 0.820 (0.810, 0.829)  0.754, 0.709 (0.743, 0.664)
2-4 0.875,0.931 (0.928,0.934) 0.889, 0.935 (0.933,0.937) 0.649, 0.645 (0.728, 0.487)
3-4 0.940, 0.931 (0.930, 0.933) 0.944, 0.944 (0.943, 0.945) 0.876, 0.819 (0.839, 0.793)

Table 5: The classification accuracy for different class pairs (n=10).

A.4 QNNS WITH DIFFERENT ROTATION GATES

In this section, we simulate variants of TT-QNNs and SC-QNNs such that single-qubit gate op-
erations are extended from {RY} to {RX, RY, RZ}. Results on the binary classification between
MNIST image (0,2) using 8-qubit QNNs are provided in Figure 9. The training loss converges
to around 0.23 and 0.175 for the TT-QNN and the SC-QNN, respectively, and the test error con-
verges to around 0.3 for both the TT-QNN and the SC-QNN. We remark that based on results in
Figures 5(a) and Figure 5(e), the training loss of original TT-QNN and SC-QNN converge at around
0.15, and the test error converge at around 0.20 and 0.15, respectively. Thus, both the TT-QNN and
the SC-QNN show the worse performance than original QNNs when employing the extended gate
set {RX, RY, RZ}. Another result is provided in Table 6 which shows the difference on the training
and test accuracy.

As a conclusion, employing gate set {RX, RY, RZ} could worse the performance of the QNNs on
real-world problems, which may due to the fact that real-world data lie in the real space, while
operations {RX, RZ} introduce the imaginary term to the state.

TT-QNN ({RY}) TT-QNN ({RX,RY,RZ}) SC-QNN ({RY}) SC-QNN ({RX, RY,RZ})
Class pair training, test training, test training, test training, test
0-2 0.850, 0.812 0.656, 0.699 0.840, 0.850 0.785, 0.731

Table 6: The training and test accuracy of TT-QNNs and SC-QNNs for different single-qubit gate
settings.
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Figure 9: The training of binary classification task on the MNIST image bettwen classes (0, 2) using
8-qubit QNN with the extended gate operation {RX, RY, RZ}. The training loss and the test error
during the training iteration are illustrated in Figures 9(a), 9(b), respectively.

B NOTES ABOUT THE UNITARY 2-DESIGN

In this section, we introduce the notion of the unitary 2-design. Consider the finite gate set S =

{Gi}iill in the d-dimensional Hilbert space. We denote U (d) as the unitary gate group with the
dimension d. We denote P, ;(G) as the polynomial function which has the degree at most ¢ on the

matrix elements of G and at most ¢ on the matrix elements of GT. Then, we could say the set S to
be the unitary ¢-design if and only if for every function P, ,(-), Eq. (9) holds:

1
— P (G) = du(G) P+ (G), 9
5 22 (@) | (P ©

where dyu(-) denotes the Haar distribution. The Haar distribution dy(-) is defined that for any func-
tion f and any matrix K € U(d),

/ wmmm=AMW@ﬁmw=wamﬁwm.

The form in the right side of (9) can be viewed as the average or the expectation of the function
P, 1(G). We remark that only the parameterized gates RY = e~%72 could not form a universal gate
set even in the single-qubit space U (2), thus quantum circuits employing parameterized RY gates
could not form the 2-design. This is only a simple introduction about the unitary 2-design, and we
refer readers to Puchata & Miszczak (2011) and Cerezo et al. (2020) for more detail.

C TECHNICAL LEMMAS
In this section we provide some technical lemmas.
Lemma C.1. Let CNOT = 0y ® |0){(0] 4+ 01 ® |1)(1|. Then

CNOT(0j ® 0,)CNOT" =(8;0 + ;1) (Sko + Okz)0j @ ok + (850 + 6;1)(0k1 + Ska)ojo1 @ o,
+ (02 + 953)(Oro + 0k3)0j @ oko3 — (052 + 53) (Op1 + dk2)0j01 @ 0)03.

Further for the case o, = o0y,

CNOT(O']' & (J’())C[VOTJr = ((5j0 + 5j1)0’j & o9 + ((5j2 + 5j3)0’j ® o3.

Proof.

CNOT(0; ® 04,)CNOT!
= (00 ® |0){0] + o1 @ [1)(1]) (05 ® %) (00 @ |0){0] + o1 @ |1)(1])
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o9+ o o9 — O oo+ 0 o9 — O
2(00® 02 P ® 02 3>(oj®ak)(ao® 02 2l ® 02 3)

1
=1 (0; ® o) + 01001 @ 0 + 0} ® 030,03 + 01001 @ 030403)
1

+ 1 (ojal QO+ 0105 ® 0 — 001 Q 030,03 — 0105 & Ugak.og)

+ 1 (0j ® o034+ 05 ® 030 — 01001 @ 003 — 01001 Q 030%)

1
+ 1 (0jo01 ® 030 — 001 ® 003 + 010 @ Ok03 — 010 @ 030%)

:(5j0 + §j1)(5k0 + 5k3)0'j XK o + (5j0 + 5j1)(5k1 + 6k2)(7j0'1 R Ok
+ (652 + 9,3) (0o + Ok3)0; ® 0ko3 — (052 + 653)(Sk1 + Ok2)0j01 ® 0403.

For the case o, = 0(, we have,
CNOT(U]' ® O'O)CNOTT = (5j0 + 5j1)(7j ® og + (5j2 + 5j3)aj ® o3.

Lemma C.2. Let CZ = 0y ® |0)(0| + 03 @ |1)(1|. Then
CZ(Uj (24 Ok)CZT :(5j0 + 5j3)(5k0 + 6k3)(7j XK o + (5]'0 + 5j3)(5k1 + 51@2)0']'0'3 X Ok
+ (5j1 + 5j2)(5k0 + 5k3)0'j R oroz — (5j1 + 6j2)(5k1 + 5k2)0'j(73 R or03.
Further for the case o), = 0y,

CZ(O’j X Uo)CZT = (§j0 + (5j3)0’j X oo + (§j1 + (5j2)0’j X o3.

Proof.
CZ(0; @ o3,)CZT
= (00 ® |0){0] + 3 @ [1)(1]) (05 ® o) (00 © |0){0] + o3 @ |1){1])

(e e B oo (e B e )
:% (0; ® o) + 03003 @ 0 + 0j ® 030,03 + 03003 @ 030403)

+ i (0jos ® 0 + 030 ® 0, — 003 ® 030,03 — 030 @ 030%03)

+ % (0j ® o034+ 0j ® 0301 — 03003 @ 003 — 03003 Q 030%)

1
+ 1 (0jo3 ® 0301 — 003 ® 0,03 + 030; @ 003 — 030 @ 030%)

:(5j0 =+ §j3)(5k0 + 6k3)crj X o + (5j0 + 5j3)(5k1 + (5k2)0'j0'3 X ok
+ (051 4 052)(6ro + Ok3)0; @ orog — (051 + 052)(0k1 + Ok2)0 ;03 ® 0403,

For the case o, = 0, we have,
CZ(O’j X (J’())CZ'r = (5]'0 + 5j3)0j X oo + (5]'1 + 5j2)0j X o3.
O

Lemma C.3. Ler 0 be a variable with uniform distribution in [0,2x]. Let A,C : Hy — Hs be
arbitrary linear operators and let B = D = o be arbitrary Pauli matrices, where j € {0,1,2, 3}.
Then

27
EoTr[W AW B|Tr[WCWTD] = 2i / Tr[W AW B]Tr[W CW T D)d6 (10)
T Jo
= B + W] Tr{AB]Tr[CD)] + {—; + 530;’5]"“} Tr[ABoj|Tr[CDoy), (1)

where W = e~"% and k € {1,2,3}.
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Proof. First we simply replace the term W = e~%97% = [ cos @ — io}, sin 6.

1 27
7 / dOTe[W AW B Te[W W D]
™ Jo

2
:QL dOTr[(I cos @ — ioy, sin @) A(I cos 0 + ioy, sin 0) B - Tr[(I cos 0 — ioy, sin 0)C'(I cos 6 + oy, sin 0) D]
T
1 2m
=5 df { cos® 9Tr[AB] — isin 0 cos §Tr[o), AB] + i sin 0 cos 9 Tr[ Aoy, B] + sin® 0Tt[o, Ao, B] }
T

- {cos® OTr[CD] — isin 6 cos §Tr[o,CD] + isin 6 cos §Tr[Coy, D] + sin® 6Tr[o, Coy, D] } .
We remark that:

1 2T A 3
il == 12
or /. df cos™ 0 g (12)
27
1 dfsin 6 = §, (13)
2 0 8
1 21 9 .9 1
— df cos” fsin“ 0 = —, (14)
27T 0 8
1 27
— df cos® Osinf = 0, (15)
27T 0
1 27
— df cos 0sin® 0 = 0. (16)
2 0
Then
The integration term :%Tr[AB]Tr[C’D] + %Tr[okAakB]Tr[akCJkD]
+éTI‘[AB]TI‘[JkCCTkD] + %Tr[dkAJkB]TI‘[CD]
—éTI’[O’kAB]TI‘[O'kCD] - éTI"[AUkB]TI‘[CJkD]
+%Tr[o—kAB]Tr[CakD] + éTr[AakB]Tr[akCD]
=Tr[AB|Tt[CD)] B + W}
1 ; .
+Tr[ABo},]Tr[C Doy [_2 + 530;5“‘] :
The last equation is derived by noticing that for B = o,
Tr[oy Aoy B] = Tt[Aoyo0k]
= [2(6j0 + &jx) — 1] - Tr[Agy]
= [2((5j0 + (Sjk) — 1] -TI‘[AB],
Tr[akAB} — TI‘[AO‘;CB] = TI‘[AO‘jO‘k] — TI‘[AO‘;CG'J‘]
= 2(1 — 5]‘0 — 5Jk) -TI'[AUJ'Jk]
= 2(]. — 5]'0 — 5gk) . TI[ABUk],
while similar forms hold for D = o},
Tr[o,Coy D] = Tr[Coyojoy)
= [2(0j0 + d;x) — 1] - Tr[C'ay]
= [2(6j0 + djx) — 1] - Te[CD],
Tr[oxCD] — Tr[Cow D] = Tr[Cojoi] — Tr[Coyo;j]
= 2(1 (5j0 — 5jk) . TI‘[CUjO’k]
= 2(1 5j0 - 5jk) . TI'[CDO’k]
[

17
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Lemma C.4. Ler 0 be a variable with uniform distribution in [0,2w]. Let A,C : Hy — Hz be
arbitrary linear operators and let B = D = o be arbitrary Pauli matrices, where j € {0,1,2, 3}.
Then

27
EoTr[GAW T B]Tr[GCWTD] = % / Tr([GAW' B|Tr[GCWTD)df
0

- B _ %0+ 0k ;5jk] Tr[AB]Tr[CD] + {—; _ %50+ 05k —12— 6]'}6} Tr[ABoy|Tr[C Do),
where W = e~ 97 G = 68—12/ and k € {1,2,3}.
Proof. First we simply replace the term W = e~ %7% = Jcos@ — ioysinf and G = %—VX =
—Isinf — ioy, cos 6.
% Ozﬂ dOTr[GAW T BITt[GCW ' D]
:% :ﬂ dOTr[(—Isin® — ioy cos 0) A(I cos 0 + oy, sin 0) B]Tr[(—1I sin § — ioy, cos §)C (I cos 0 + ioy, sin 6) D]
:% 0% df {— sin 0 cos Tr[AB] — i cos® §Tr[o, AB] — i sin® 0Tr[ Aoy, B] + cos 0 sin 0Tr[o, Aoy B] }

- {—sin 6 cos OTr[C' D] — i cos® §Tr[o},C D] — i sin® OTr[Coy, D] + cos 0 sin §Tr[o},Coy, D] } .

The integration above could be simplified using equations 12-16,
The integration term :éTr[AB]Tr[CD] + %Tr[akAakB]Tr[akCJkD]
—éTr[AB]Tr[akCakD] _ éTr[akAakB]Tr[CD]
—%Tr[akAB]Tr[akCD] _ gTr[AakB]Tr[CJkD]

1 1
—gTI‘[O'kAB]Tr[CO'kD] — gTI‘[AO’kB]TI'[O'kCD]

—Tr[AB|Tr[CD] B - %ﬁ;@k}
+Tt[ABo|Tt[C Doy [_; _ %;%] .

The last equation is derived by noticing that for B = o,

Tr[or Ao B] = Tr[Aoko o]
= [2(6j0 + k) — 1] - Tr[Aoy]
= [2(dj0 + ;1) — 1] - Tr[AB],
Tr[ox AB] 4 Tr[AoyB] = Tr[Ac ;o] + Tr[Aoyo;]
= 2(6j0 + 6;1@) . TI‘[AUjO’k]
= 2(5]'0 + 5jk) . Tr[ABak],
while similar forms hold for D = o,

Tr[O'kCJkD] = TI‘[CO’]CO'J‘U]C}
(2(6j0 + djx) — 1] - Tr[Co]
= [2(6j0 + &;x) — 1] - TH[C' D],
Tr[oxC D] + Tr[Co D] = Tr[Cojox] — Tr[Coyoj]

= 2(8j0 + ;1) - Tr[Cojo]

= 2(5]'0 + 5jk) . TI[CDO'k].

18
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D THE PROOF OF THEOREM 3.1: THE TT PART

Now we begin the proof of Theorem 3.1.

Proof. Firstly we remark that by Lemma D.1, each partial derivative is calculated as

0 1
aéfj(TkT) 9 (Tr[O - Var(01) pin Vi (04) '] = Tr[O - Vir(6-) pin Vi (6-)1])

since the expectation of the quantum observable is bounded by [—1, 1], the square of the partial
derivative could be easily bounded as:
2
(23) <
J

By summing up 2n — 1 parameters, we obtain

2
Vo frrl|> = Z (afTT> <2n—1.

)
7k \99;

On the other side, the lower bound could be derived as follows,

1+4logn 8f 2
Eo||Vofrrl* > E9< (Tf)> (17)

j=1 99
1+logn 1 2

= ) 4R, (fTT— 2) (18)
j=1
1+ logn 2 2

> B (Tr [0 0 pn] 4 Te (00,0 ] ), (19)

where Eq. (18) is derived using Lemma D.2, and Eq. (19) is derived using Lemma D.3.

Now we provide the detail and the proof of Lemmas D.1, D.2, D.3.
Lemma D.1. Consider the objective function of the QNN defined as

_14(0) _ 14 THO - V(0)puV(0)]]

IOEESS ; ,

where @ encodes all parameters which participate the circuit as e %% 'k € 1,2,3, p;, denotes the
input state and O is an arbitrary quantum observable. Then, the partial derivative of the function
respect to the parameter 0; could be calculated by

af 1

20, ) (Tr[O -V(04)pinV (0+)T] = TH{O - V(e—)PinV(a—)TD )

where 04 =6 + Je;and 0_ = 0 — Te;.
Proof. First we assume that the circuit V(@) consists of p parameters, and could be written in the

sequence:
V(H) = Vp(ep) : Vznfl(epfl) T V1(91),

such that each block V;; contains only one parameter.

Consider the observable defined as O’ = VfJrl e V];r OV}, -+ Vj41 and the input state defined as

Py =Viz1--- W4 pinV;f e Vj,l- The parameter shifting rule (Crooks, 2019) provides a gradient

19
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calculation method for the single parameter case. For f;(0;) = Tr[O-U(6;)pl, U (6;)1], the gradient
could be calculated as
df;

wffJ(QJF ) f]( )

Thus, by inserting the form of O and p/,, we could obtain

gg;:%]_fﬂ(ﬁ )=1i(0-7) = %(Tr[O'V(9+)PinV(9+)T]—Tr[O-V(O_)pmV(H_)T]),
O]

Lemma D.2. For the objective function frr defined in Eq. (3), the following formula holds for every
j € {1a27 a1+10gn}

2

1

Eo (jﬁ) :4-]Eg(fn—§)2, (20)
J

where the expectation is taken for all parameters in 6 with uniform distribution in [0, 27].

Proof. First we rewrite the formulation of frr in detail:

1 1
frr = 5 §Tr {0(3,0,~~,0) Vi 1C X - CXi Vi - pia - VIOXT - OXF VY } @D

m ' m+1
where m = logn and we denote
Oir i, in) = Oin & Oig &+ Q0.
The operation V; consists of n-2'~¢ single qubit rotations Wz(j ) = =929 on the (j—1)-21 4 1-
th qubit, where j = 1,2,--- ,n - 21 ¢, The operation C X, consists of n - 2~¢ CNOT gates, where
each of them acts on the (j — 1) - 2¢ 4 1-th and (j — 0.5) - 2¢ 4 1-th qubit, for j = 1,2,--- ,n-27¢.

Now we focus on the partial derivative of the function f to the parameter 9§1). We have:

ofrr 1 OV,
@ = 5T 06,00 Vi1 CXp - —5 - CXaVi pin - VICX] - VI OXT VL
90, 2 9
(22)
1 t vyt ‘WT t
+ 2Tr 0(3,0,+,0) * Vm+1OX V - OXq * Pin * Vl CXl (1) -CX me+1
j
(23)
oV t vyt oyt
=Tr 0'(3’0,... ,0) Vm+1CXm . W s CX1V1 * Pin * V1 CXl s CXme+1
J
(24)

The Eq. (24) holds because both terms in (22) and (23) except p;, are real matrices, and p;, = piTn.
2
The key idea to derive Eg < 8f(T)) =4 -Ey(frr — %)2 is that for cases B = D = o, € {01, 03},

djo+0; 2
2

the term = 0, which means Lemma C.3 and Lemma C.4 collapse to the same formulation:

EgTe(WAW BTt (WCWTD] = EyTr[GAWTBITt[GCW D]
= %TI'[AOl]TI'[CO'ﬂ + %Tl"[AO’g]TI‘[CO’g].

Now we write the analysis in detail.

2
dfrr Lo
Eq <89§-1)> - 4(fTT - 5) (25)

20



Under review as a conference paper at ICLR 2021

2
:Eel .o 'EOmEQU)HTr {0’(3’0’... 0) " Vm+1CXmAmCXmVJL+1} (26)
2
—Egl e -EngeulrlTr |:0'(3’07... ,0) ° Vm+1CXmBmCXmV71Lz+1:| (27)
1 2 1 2
:Egl c. Eem 5Tr [0’(370_’,.. ,0,3,0,+-,0) Am] + §TI' [0(1707.,, ,0,0,0,---,0) Am] (28)
1 2 1 2
—Ee, ---Eo,, §Tf [0(3,0,++,0,3,0,--,0) * Bm] ™+ in (01,0, ,0,0,0,-,0) - Bm] ™ ¢ (29)
where
9V;

Ay =V CXppy -+ - CX\ Vi - pin - Vl*CXI~-~X/;*~--CXJn,1VnE,

Fol

J
B =VuCXppy - Vi~ CX1Vi - pin - V1T0X1T ) VJT ) ..C'Xjn_lvﬂT17
and Eq. (28,29) are derived using the collapsed form of Lemma C.1:
CNOT (0, ® 0¢)CNOT! = 01 ® 09, CNOT(03 @ 0¢)CNOT! = 05 ® 03,
and 6, denotes the vector consisted with all parameters in the /-th layer. The integration could be
performed for parameters {6, 0,1, - - ,0;41}. It is not hard to find that after the integration of
the parameters 6.1, the term Tr[o; - A;]* and Tr[o; - B;]* have the opposite coefficients. Besides,

the first index of each Pauli tensor product o(;, 4, ... ;,.) could only be i; € {1,3} because of the
Lemma C.3. So we could write

2
| () o
3 3

:Egl ~-~Eg] Z Z Z CL{TI‘[U};-Aj}2 —a,-Tr[az- -ij (31)

i1€{1,3}i2=0 1, =0

where
Aj = (%CXj_1 - CXq Vi - pin - V1TOXI e OXj—lva
J

_ (G§.1) ® I®(n—1))A§9;1)(Wj(1)T © [8=D),
B; =V,CX;_1---CX\Vi - pin - VlT(jX1T . ..CXj_lva

oM
_ (Wj(l) ®I®(n—1))A§ J (Wj(l)T ®I®(n—1))7
&) W
and a; is the coefficient of the term Tr [o; - Aj]Q. We denote G§.1) = 8;:{1) and use Agej to denote
J

the rest part of A; and B;. By Lemma C.3 and Lemma C.4, we have

E |:Tl‘ [O‘i . Aj]2 —Tr [O‘i . Bj]2 = 07

0"
since for the case i1 € {1, 3}, the term dijotliyz 0, which means Lemma C.3 and Lemma C.4
have the same formulation. Then, we derive the Eq. (20).

O
Lemma D.3. For the loss function f defined in (3), we have:
2 2
1 T . 0) " Pi + 17T e 0) " Pi
]EB(fTT _ 5)2 Z { r [0(1)07 70) ’On}} Sn{ r [0(370) )0) pn]} , (32)

where we denote
O (i yig, o yin) = Oy @ Oy @ -+ & 04,

and the expectation is taken for all parameters in 6 with uniform distributions in [0, 27).
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Proof. First we expand the function frr in detail,

1 1
frr= 5+ 5T (0600 0 Vit CXon - CXiVi - pin VI OX] - OX VL] 63)

m ' m+1

1

where m = logn. Now we consider the expectation of (frr — 5)2 under the uniform distribution

for 9,(,&1:
1 1
ngil_l (fTT - 5)2 = ZEGSLLJ {Tr |:0'(3,07... ,0) ° Vm+1CXm e CX]_VYl * Pin * ‘/YlTCXI T CX,J;V;L_,'_l
34
1 a2 1 12
= é {TI' [0’(3,0,... 70) . A ]} + g {TI' [0’(170,... )0) . A ]} (35)
1 2 1 2
=3 {Tr (63,0, .030,.0 A} + 3 {Tr[o@,0, 0,0, 0) - 4] } (36)
1 2
> 3 {Tr[o@0, 000 A}, (37
where
A =CXp V- CX\ Vi - pin - ViOXT -V, 0X] (38)
A=Vy - CX1 Vi pin - V] CX] - Vi, (39)

and Eq. (35) is derived using Lemma C.3, Eq. (36) is derived using the collapsed form of
Lemma C.1:

CNOT(O’l X UO)CNOTT =01 ® oy, CNOT(O’g X 0'0)CNOTJr =03 ® 03,

We remark that during the integration of the parameters {9? )} ineachlayer £ € {1,2,--- ,m+ 1},
the coefficient of the term {Tr[o(1.... o) - A]}? only times a factor 1/2 for the case j = 1, and
the coefficient remains for the cases 7 > 1 (check Lemma C.3 for detail). Since the formulation
{Tr[o(1,0,... 0) - A]}* remains the same when merging the operation C X, with o1 ... o), for £ €

{1,2,---,m}, we could generate the following equation,
1 1 2
Ee, - -Ee, ., (frr — 5)2 > (5)"”r2 {Tr {0(1)07... 0 V1 pin- Vﬂ } , (40)

where 6, denotes the vector consisted with all parameters in the /-th layer.

Finally by using Lemma C.3, we could integrate the parameters {Ogj ) ji—1 1n (40):

1 1

Eo(frr — 5)2 =Eg, - Eq,,, (frr — 5)2 (41)

2 2
N {Tr o0, .0 * Pin] }an;iTr (03,0, ,0) * Pin] } 42)

AT [og,0,,0) * pin] V4 {Tr [0500 0 o]}
= . (43)

8n

O

E THE QUANTUM INPUT MODEL

For the convenience of the analysis, we consider the encoding model that the number of alternating
layers is L. The model begins with the inital state |0)®", where n is the number of the qubit. Then
we employ the X gate to each qubit which transform the state into |1)®". Next we employ L
alternating layer operations, each of which contains four parts: a single qubit rotation layer denoted
as Vo,_1, a C'Z gate layer denoted as C'Z,, again a single qubit rotation layer denoted as V5;, and
another C'Z gate layer with alternating structures denoted as CZ;, for i € {1,2,---,L}. Each

. . . . : i 8
single qubit gate contains a parameter encoded in the phase: Wj(k) = ¢ i02h;

qubit rotation layer could be written as

Vi=v;B) =W ew?P e . aw™.

, and each single
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Figure 10: An example of the variational encoding model (L = 2 case).

Finally, we could mathematically define the encoding model:

Ulpin) = Vor41ULUp—1 - U1 X®7,

where U; = CZ1V5;CZ3 V5,1 is the j-th alternating layer.

By employing the encoding model illustrated in Figure 10 for the state preparation, we find that the
expectation of the term «(p;,) defined in Theorem 1.1 has the lower bound independent from the

qubit number.

Theorem E.1. Suppose the input state p;,(0) is prepared by the L-layer encoding model illustrated

in Figure 10. Then,

Eﬁa(Pin) =Eg (T" [0(1,0,-~.,0) 'pin]2 + Tr [0(3,0,--4,0) 'pin]2) > 2_2L7

where 3 denotes all variational parameters in the encoding circuit, and the expectation is taken for
all parameters in (3 with uniform distribution in [0, 2.

Proof. Define p; = U;Uj_1 -+ U1 X®"|0)&"(0[®" X e U] ... UT_ U forj € {0,1,---  L}. We

have:

Ep (Tr (7010, 0) 'pin]2 +Tr [0(3.0. 0) 'pin]2>

(44)

2 2
=Eg, -+ Ep, 1, <Tr {0(1,0,--- 0) V2L+1PLV2TL+1} + Tr {U(S,O,W 0) V2L+1PLV2TL+1} ) (45)

=Eg, ---Eg,, (Tr [0(1’0’... 0) " pL]2 + Tr [0(3’0,... 0) pL]Q) .

>272F (Tr (010, 0y Po]” + Tt [0, o) 'p°]2)

— 272L . (02 + (_1)2) _ 272L’

(46)
(47)
(48)

where Eq. (45) is derived from the definition of pr. Eq. (46) is derived using Lemma C.3. Eq. (47)
is derived by noticing that for each j € {0,1,--- , L — 1}, the following equations holds,

Eg, "'EB2H2 (Tr [0(1,0,...,0) 'Pj+1}2 + Tr [0(3,0,...,0) 'Pj+1]2>

2
=Eg, - Eg,; (Tr [0(1,0,--- 0) UjJrlijquLl} +Tr [a(s,o,.-- o - UiripsU)4y

23
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=Be Bouy T :0(1,0,..’0) ' CZlV2j+2CZQV2j+1PszTj+1CszszﬂCZl}2 (51)
4 Eg, - Egy,,Tr :0(3,0,... 0) - CZ1Vay12C 2oV 13V C 2oV +2CZJ ) o
=Eg, -+ Eg,, ,Tr :0(1,3,0,~~ 0)° VQHQC’ZQVQ]-HPJ,V2’9+1022V2Tj+2} 2 .
+Eg, --Eg,,,,Tr :0(3,0,~~. 0) Vo120 Z3Vaj1p4 ‘GTJ'+1CZQX/'2J;+2} 2 .
= Epy - Bpy i, Tr [0(3’0="' 0) V2j+2CZQV2j+1pjV2Tj+1CZ2V2];+2}2 (55)

1 2 1 2
= E,Bl .- -Egzj+1 (QTI‘ {0’(1’0’... ,0) ° OZQ‘/Qj.i_lpj‘/szJrlCZg} + §Tr {0(3’0}... ,0) ° CZQ‘/Qj+1pj‘/2JB+1CZ2:| )

(56)
1 R ok

=Eg, -~ Eg,; 1, (2Tr {0'(1,0,... ,0,3) V2j+lpjv2j+1} + §Tr {0(3’0"" 0) sz"'lpjv2j+1}

(57)

1 e
>Eg, --Eg,,,, §Tr [0(3’0,.,_ 0)° sz+10jv2j+1] (58)
1 2 2

=Eg, - Eg,, 1 (Tr [0(1,0,“ 0) .pj] + Tr [0(3,0’._. 0) -pj} ) ; (59)

where Eq. (50) is derived from the definition of p;11. Eq. (51-52) are derived from the definition
of Uj41. Eq. (53-54) and Eq. (57) are derived using Lemma C.1. Eq. (56) and Eq. (59) are derived
using Lemma C.3.

O

F THE DEFORMED TREE TENSOR QNN

Similar to the TT-QNN case, the objective function for the Deformed Tree Tensor (DTT) QNN is
given in the form:

1 1 _
forr(0) = 3 + §TF[U3 ® I%™ 1)VDTT(0)pinVDTT(9)T]7 (60)
where Vprr denotes the circuit operation of DTT-QNN which is illustrated in Figure 11. The lower
bound result for the gradient norm of DTT-QNNS is provided in Theorem F.1.

Theorem F.1. Consider the n-qubit DTT-QNN defined in Figure 11 and the corresponding objective
Sfunction fprr defined in (60), then we have:

1+ logn

i) < Eo||Vo forr||* < 2n — 1, (61)

where the expectation is taken for all parameters in 6 with uniform distributions in |0, 2],
pin € C¥"*2" denotes the input state, o(p;,) = Tr [0(170)... 0) -pin]Z + Tr [0(3)0’... 0) p,-,,} 2, and

O (i1, iz, vin) = Oiy @ 0iy @ -+~ @ 0y,

Proof. Firstly we remark that by Lemma D.1, each partial derivative is calculated as

0 1
GQ?Z)T =5 (Tr[O - Vorr(81) pinVorr(84) 1] — Tr[O - Vorr(8-) pin Vorr(6-)]) ,
i

since the expectation of the quantum observable is bounded by [—1, 1], the square of the partial

derivative could be easily bounded as:
2
(2] <
J
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Figure 11: Quantum Neural Network with the Deformed Tree Tensor structure (qubit number = 12).

By summing up 2n — 1 parameters, we obtain

2
0
”VGfDTTHQ = Z < fDTT) <2n-—1.

®
Jik 59j

On the other side, the lower bound could be derived as follows,

1+[log n] 8fDTT 2
Eol|Voforrl>> > Ee (80(1) ) (62)
j=1 i
1+[logn] 1\ 2
= Y 4R, (fDTT - 2) (63)
j=1
1+logn 2 2
> —n (Tr (01,0, 0) - Pin] + Tt [0(3,0,.0) * Pin] ) , (64)

where Eq. (63) is derived using Lemma F.1, and Eq. (64) is derived using Lemma F.2.
O

Lemma F.1. For the objective function fprr defined in Eq. (60), the following formula holds for
everyj € {1,2,--- ,1+ [logn]}:

2
o (G ) =1zt ®

where the expectation is taken for all parameters in 0 with uniform distribution in [0, 27].
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Proof. The proof has a very similar formulation compare to the original tree tensor case. First we
rewrite the formulation of fprr in detail:

1 1
forr = 5 + §Tr [0(3,0,..- 0)  Vmt1C Xy - - C X4 V7 - pin - viox]. .. CX;LVJ;H ,  (66)

where m = [logn] and we denote

O(irsiz, e yin) = Tir & Oig & -+ & 04,
The operation V; consists of [n - 21~¢] single qubit rotations We(j ) = =929 on the (j—1)-
2¢=1 + 1-th qubit, where j = 1,2, -+, [n - 2'7¢]. The operation C' X, consists of |n - 27¢| CNOT

gates, where each of them acts on the (j — 1) - 2° + 1-th and (j — 0.5) - 2¢ + 1-th qubit, for
j=12,[n-27¢].

Now we focus on the partial derivative of the function f to the parameter 0](-1). We have:

Ofporr 1 aV;
= 5T 0600 VmHCXm...T;...CXlVl - Pin - VITCXlT...V'jT...CXTTnVnLH
06! 6
(67)
1 A t ot
+ §TI' 0(3707.,, ,0) ° Vm+1CXm cee V} s 'CX1V1 * Pin * ‘/1 CX1 cee 9(1) s CXmeJrl
J
(68)
vV
= Tr [0(3707.”70) . vaCXm...eTg...Clel  Pin - V1TCXI"'V}T"'CXLVTL+1
J
(69)

The Eq. (69) holds because both terms in (67) and (68) except p;, are real matrices, and pi, = piTn.

2
Similar to the tree tensor case, the key idea to derive Eg <g£’gg> =4-Eo(fprr — %)2 is that for
J

cases B =D = o € {01,03}, the term % = 0, which means Lemma C.3 and Lemma C.4
collapse to the same formulation:
EgTe(WAW B]Te(WCWTD] = EyTr[GAWTBTt[GCW D]

_ %Tr[Aal]Tr[CUﬂ + %Tr[Aag]Tr[Cog].

Now we write the analysis in detail.

2
0 1
Eo < aj;?ff ) —4(forr = 3)° (70)
J
2
—Eo, ---Eo, Ey) Tr [0(370,... o) VmHCXmAmCXmV,ILH} 1)
2
7]E91 e EemEe,(llrlTr |:O'(3,07,,, ,0) ° Vm+1CXmBmCXmV7-L+1:| (72)
1 2 1 2
:Egl B ~Egm §TI' [0'(3,07... ,0,3,0,---,0) ° Am] + §TI' [0'(1707... ,0,0,0,---,0) * Am] (73)
1 2 1 2
—Egl . ~E9m §TI‘ [0’(3,0’... ,0,3,0,--- 70) . Bm} + §TI' [0’(170’... ,0,0,0,--- ’()) . Bm} 5 (74)
where
A% toxt. ..yt R
Am =VinCXpo1--- 9(1) - CX V- Pin * Vl CXl T V] T Cmelvmv

J
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B =VuCXpp 1 Vi~ CX1 Vi - pin - VchxlT . VJT . "CX;AVJL-
Eq. (73) and Eq. (74) are derived using the collapsed form of Lemma C.1:
CNOT(O‘l (9 UO)CNOTT =01 ® oy, CNOT(O’g ® 0'0)CNOTJr =03 & 03,

and 6, denotes the vector consisted with all parameters in the ¢-th layer. The integration could be
performed for parameters {6,,,60,,,—1,--- ,6;41}. It is not hard to find that after the integration of
the parameters 6.1, the term Tr[o; - A;]* and Tr[o; - B;]* have the opposite coefficients. Besides,
the first index of each Pauli tensor product o(;, ;, ... ;,) could only be i; € {1, 3} because of the
Lemma C.3. So we could write

2
0 forr Lo
Eo —4(forr — 3) (75)
3 3
=Ee, - - - Eo, Z Z .. Z a;Tr[o; - Ajf —a;Tr[o; - ij (76)
i16{173} i2=0 in=0
where
ov;
Aj = 897({)0-)(]41 - CX Vi - pin - VIOXT - -~CX]-,1VJT
J

_ ) o @1y 4/ DT L 1@t
= (G @ 12 AT (Wi g 20,
B; =V;CX;_1+ CX1Vi - pin - V] OX] - CX; 1 V]

/65"
J

_ (1) ®(n—1) (1)t ®(n—1)
=W, @I JA; 7 (W eI ),

. . awV o
and a; is the coefficient of the term Tr [o; - Aj]Q. We denote Gg.l) = 3(9('71) and use A; ’ to denote

J

the rest part of A; and B;. By Lemma C.3 and Lemma C.4, we have

E [Tr[ai-Aj]Q—Tr[ai-Bj]Q —0,

0§"
since for the case i; € {1, 3}, the term W = 0, which means Lemma C.3 and Lemma C.4
have the same formulation. Then, we derive the Eq. (65).

O
Lemma F.2. For the loss function fprr defined in (60), we have:
2 2
1 Tr|o(1,0,-.,0) " pin] 5 +Ir|0(3,0,--,0) " Pin
E@(fDTT* 5)2 2 { [ (1 0 0) ]} 16n{ [ (3 0 O) }} , (77)

where we denote
O(iryiz, o yin) = Oiy @ Tiyg @+ & 0y

and the expectation is taken for all parameters in 6 with uniform distributions in [0, 27).

Proof. First we expand the function fprr in detail,

1 1
frr==4+=Tr |:0'(3707... 0) Vin1C X - - C X1 V7 - pip - VJCXI cee CX:ELVJ;JFI} , (78)

2 2
where m = [logn]. Now we consider the expectation of ( fprr — %)2 under the uniform distribution
for 921_1:
By (forr = %)2 = %Eml {Tr[060..0) Vi1 OXpn - CX1Va - - VICXT - OXL VL
(79
1 77112 1 12
=3 {Tr [0(3’0,..4 0 A ]} + 3 {Tr [0(170,... 0 A ]} (80)
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1 1
=5 {TrloGo 0300+ 4] Voo T 000 0000 A} @31
8

> - {Tr [o(1,0.- N A]} (82)

where
A =CXp Vi -CXiVi - pin - VVOXT -V, OXT (83)
A=V CX\ Vi - pin - VICX] V. (84)

Eq. (80) is derived using Lemma C.3, and Eq. (81) is derived using the collapsed form of
Lemma C.1:

CNOT (01 ® 09)CNOT! = 61 ® 09, CNOT(03 ® 0¢)CNOT! = 05 ® 03,

We remark that during the integration of the parameters {0((87 )} ineach layer £ € {1,2,--- ,m+ 1},
the coefficient of the term {Tr[o(1 ... o) - A]}* only times a factor 1/2 for the case j = 1, and
the coefficient remains for the cases 7 > 1 (check Lemma C.3 for detail). Since the formulation
{Tr[o(1,0,... 0) - A]}* remains the same when merging the operation C X, with o(1.... ), for £ €

{1,2,---,m}, we could generate the following equation,
1 1 2
Ee, -~ Eq,, ., (forr — 5)2 > (§)m+2 {Tr [0(170),,_ 0) " V1 Pin - qu} ) (85)

where 0, denotes the vector consisted with all parameters in the ¢-th layer.

Finally by using Lemma C.3, we could integrate the parameters {(‘)gj ) F—q In (85):

1 1
Eo(forr — 5)* =Ee, - Eo, ., (forr — 5)* (86)
2 2
> {Tr (01,0, 0) " Pin] }27:+§Tr (0(3.0,.0) " Pin] } &7)
S {TI‘ [0'(1,07--- ,0) ° Pin] }2 + {Tr [0(370’.,, 0) pin] }2 38
- 16m ' (88)
O

G THE PROOF OF THEOREM 3.1: THE SC PART

Theorem G.1. Consider the n-qubit SC-QNN defined in Figure 2 and the corresponding objective
Sfunction fsc defined in (4), then we have:

14+ n.
21+nC :

a(pin) < Eg||[Vofscl® <2n—1, (89)

where n. is the number of the control operation CNOT that directly links to the first qubit chan-
nel, and the expectation is taken for all parameters in 0 with umform distributions in [0 2m],
pin € C2"%2" denotes the mput state, a(pim) = Tr[ 0(1,0,--,0) * Pm] + Tr [0(30 0" pm} , and
O (iy,ig, - in) = Oiq X0, D Q0.

Proof. Firstly we remark that by Lemma D.1, each partial derivative is calculated as

;ﬁ:;mml%deM@wnw—HWW@wJ%%dmﬂm

since the expectation of the quantum observable is bounded by [—1, 1], the square of the partial
derivative could be easily bounded as:
2
( 0 fsc )
(k)
00
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By summing up 2n — 1 parameters, we obtain

2
Ve fscl®> = Z <3fsc> <2n—1.

*)
Jik 39j

On the other side, the lower bound could be derived as follows,

2 2
0 " 0
Eo|| Ve ficll? > Eo < ffﬁ) Y B ( ffﬁ) (90)
801 j=n—n.+1 80]
1 2
= (1+TLC) '4']E9 <fsc - 2> (91)
14+ n. 2 2
2 21+TLC ’ (Tr [0(1707'” 70) ’ pin] + Tr [0(3707‘“ 70) ’ pin] ) ’ (92)

where Eq. (91) is derived using Lemma G.1, and Eq. (92) is derived using Lemma G.2.
O

Lemma G.1. For the objective function fsc defined in Eq. (60), the following formula holds for
every j such that 0§1) tunes the single qubit gate on the first qubit channel:

2 2
o (205 ) =450 (e 3) | ©3)
a0, 2

where the expectation is taken for all parameters in 0 with uniform distribution in [0, 27].

Proof. First we write the formulation of fsc in detail:

1 1
fse =5+ 3T [0(370,... 0 VaCXpy--CXaVi - p - ViCXT--OXI_ VI, 94)

where we denote o in) =00y @04, @ -+ @0y, The operation C Xy is defined as,

1,02,

oX, — CNOT operation on qubits pair (n + 1 —¢,n—¢) (1<{<n-—1-n.),
=1 CNOT operation on qubits pair (n +1 — £, 1) (n—m.<fl<n-1).
The operation V; is defined as,
witew® e o w" (t=1),
Vi={ 12-0owH ot (1<i<n—1-n,),
Wl eIele eI (n—ne <L < n).

Now we focus on the partial derivative of the function fsc to the parameter 9;1). We have:

0 1 oV
f(slc) = ~Tr 030, 0) - VaC X1 -+ (713) L OX Vi - ViCXT VJT oxto vl
005" 2 0
95)
1 oyt v R
+ §TI' 0'(3’0’... ,0) ° VnCXn_l ce ij ce CXl‘/l * Pin * ‘/1 CXl te 9(1) s C’Xn_an
J
(96)
oV
=Tr la(g,o’_wo) VuCXpyy - 0(—1; e OXa Vi p - VTOXT VT oxT VT
J
o7
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The Eq. (97) holds because both terms in (95) and (96) except p;, are real matrices, and p;, = pfn,

2
The key idea to derive Eqg (ggfﬁ) =4-Eg(fsc— %)2 is that for cases B = D = 0; € {01,03} in

Lemma C.3 and Lemma C.4, the term W = 0, which means both lemma collapse to the same
formulation:
EgTe(WAW I B|Te(WCWTD] = EaTr[GAWTB]Tt[GCW D]
1 1
= §TI'[AO'1]TI‘[CO'1} + §TI‘[AO'3]TI'[CO'3].
Now we write the analysis in detail.
ofse ) 1\?
Eo ( fﬁ) —4 (fsc - ) (98)
06 )
2
=Eq, - --Eg, ,Eg, Tr [0(3.0,. 0) - VaCXp-14n-1CX,_1 V] (99)
~Kg, -+ o, ,Eg,Tr [0(30...0) VaCXn_1Bn 10X, 1Vi]? (100)
1 2 1 2
=Eg, ---Eo,_, {2Tr (033,00 An—1]” + 5Tr (01,00, ,0) - An—1] } (101)
1 2 1 2

—Eg, ---Eog,_, §Tf [0(3,3,0,--- ,0) ° Bn—l] + §Tr [0(1,0,0,~-- ,0) Bn—l} ) (102)

where
oV;
Ap1=Vy 10X, o Q(TJ) - CX1 VA - pin - VITCXIT ) Vj ) "CXLQVLD
J

Bp 1 =Vy 1CXp_g--Vj---CX1V} - pin - vicxy- VJT ) "CXJI_QVJ—l'
Eq. (101) and Eq. (102) are derived using Lemma C.3 and the collapsed form of Lemma C.1:
CNOT (01 ® 09)CNOT! = 01 ® 09, CNOT(03 @ 0¢)CNOT! = 03 ® 03,

and 6, denotes the vector consisted with all parameters in the ¢-th layer. The integration (99)-
(102) could be performed similarly for parameters {6,,_1,60,,—2,--- ,0,+1}. It is not hard to find
that after the integration of the parameters 6,1, the term Tr[o; - A;]? and Tr[o; - B;]* have the
opposite coefficients. Besides, the first index of each Pauli tensor product o - ,in) could only
be i; € {1, 3} because of the Lemma C.3. So we could write

in iz,

2
dfsc ( 1>2
Eq =4 fsc— 5 (103)
<aa§.” 2
3 3
—Eg, - Eo, 4 D > > aiTr[os- Aj)* —aiTrlos - By)* 3, (104)
i1€{1,3}i2=0 i, =0
where
A% teryt t
A; = WC’XJ*A“'CXNG o VICX] - CX; 4V,
J

_ (Ggl) ® I®(7L—1))A§9;1)(Wj(1)1' ® I®(n—1))’
Bj =V;CX;_1---CX Vi - pin - VlTCXI-"CquVjT

(1)
K
J

_ (1) ®(n—1 (DT ®(n—1
=WV @Al (Wi e ey,
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and +a; are coefficients of the term Tr [o; - Aj]Q, Tr[o; - Bj]2, respectively. We denote G§-1) =

W <
( /68
/5 and use A’
96§ J

(
J

to denote the rest part of A; and B;. By Lemma C.3 and Lemma C.4, we have

E [Tr o3 - Aj)2 = Trlos - Bj]?| =0,

om
since for the case i; € {1, 3}, the term S0tz 0 in Lemma C.3 and Lemma C.4, which means
both lemmas have the same formulation. Then, we derive the Eq. (93).

O
Lemma G.2. For the loss function fsc defined in (4), we have:
2 2 2
1 Tr{og0,-0)  Pin) g+ T7[0(3,0,--,0) * Pin
ST\ S TP | (2 LTS
where we denote
O(iy,iz, in) = Oiq ®0i, Q- ® 0y,
and the expectation is taken for all parameters in 0 with uniform distributions in [0, 27].
Proof. We expand the function fsc in detail,
1 1
fse =5+ 3T [0(3,07___ o) VaCXpy o CXa Vi - pin- ViCX] - CX,TL_lv,j]
1 1
- 5 + iTI' |:O'3,07.,, 0 p(n)i| s
where .
PP =V;COX;_ 1 CX1Vipi - VICX] - OX]_ V], Vj € [n]. (106)
Now we focus on the expectation of (fsc — 1)%:
1\? 1 NE
Eo (fsc—5 ) =Eo,Eo,-Eo,{Tr [o3.0..0 "] (107
1 (n-1)]?
>Eo,Eo, -+ Eo, , Tr [01)07... 0P } (108)
2
> g, Eq, - Eo,_,. WTr [01,0’... 0" p("_"C)} (109)
=Eg,Eg,---E ) (n-ne=1)]" 110
=Ee,Bo, - Eo,_,. 1557 Tr |010,0 P (110)
1 2
= Eg, 357 Tr [0170,.“ 0 p(l)} (111)
1 2 2
= 7o (101000 pul® + T30 0 ul?) (112)

where Eq. (112) is derived from Lemma C.3. We derive Egs. (108-109) by noticing that following
equations hold forn —n.+1 < j <mnandi € {1, 3},

Eg, Tr |04, 0 - P(j)r =g, Tr [Gi,o,~.. 0° VjCXj—lp(jfl)Cx}:lvar (113)
_lnT oX i vext ||

= 3Tt [o10. 0 CX;oap 1] (114)
11 ot 12

+ 5T 050,00 - CXjoapl vext | (115)
1 - . t 2

> STr [0170,.,. 0 C’Xj,lp(j_l)Cinl} (116)

= %Tr 01,0, 0 pYY 27 (117)
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where Eq. (113) is derived based on the definition of p(-j) in Eq. (106), Eqs. (114-115) are derived
based on Lemma C.3, and Eq. (117) is derived based on Lemma C.1.

We derive Eq. (110-111) by noticing that following equations hold for 2 < j5 < n — n,,

112 . 2
B, Tr |01,0,-0 - /’(j)} = Eo, Tr [ol,ow 0 ‘GCXj—lp(J_l)CX;ﬂVﬂ (118)
. 2
=Tt o1, 0+ CXjo1p VOX] ] (119)
. 2
—Tr [01,0,..4,0-;)(?*1)} : (120)

where Eq. (118) is based on the definition of p(j) in Eq. (106), Eq. (119) is based on Lemma C.3,
and Eq. (120) is based on Lemma C.1.

O
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