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Abstract

In this work, we consider a variation of the stochastic multi-armed bandit problem
in which the learner is not necessarily trying to compete with the best arm, whose
performance is not known ahead of time, but is satisfied with playing any arm that
performs above a known satisficing threshold S. [Michel et al.| (2023 considered as
respective performance measure the satisficing regret, that scales in terms of the
gaps between the expected performance of an insufficient arm and the threshold
S, rather than in terms of its gap with the best arm. While [Michel et al| propose
an algorithm that achieves time-independent satisficing regret, their results suffer
when arms are too close to the threshold. Is this dependency unavoidable? The first
contribution of our work is to provide an alternative and more general lower bound
for the K-armed satisficing bandit problem, which highlights how the position
of the threshold compared to the arms affects the bound. Then, we introduce
an algorithm robust against unbalanced gaps, which enjoys a nearly matching
time-independent upper bound. We also propose an alternative definition of the
satisficing regret, which might be better tailored to measure algorithm performance
in these difficult instances and derive a lower bound for this regret. Finally, we
include experiments to compare these different regret measures and our proposed
algorithms empirically.

1 Introduction

The stochastic multi-armed bandit problem is one of the most fundamental frameworks when
it comes to studying the trade-off between exploration and exploitation in sequential decision-
making (Thompson, |1933} [Auer, 2002; Bubeck & Cesa-Bianchil 2012} Slivkins}, 2019; [Lattimore &
Svepesvaril [2020). In the standard version of the problem, the learner’s goal is to achieve performance
as close to the performance of the best arm in expectation as possible. However in practice when
faced with repetitive tasks, it is very common to focus on achieving a sufficient performance rather
than an optimal one. One way to formulate this problem is by considering a satisficing threshold
and modifying the objective of the learner to be satisfied with playing any arm that has an expected
performance above the threshold. Many problems can fit this framework such as problems where a
learner has to stay under a given budget when commissioning work from service providers, dynamic
resource consumption where electric vehicles have to charge at night when electricity is cheap while
ensuring a certain battery charge rate in the morning, or the average student aiming to get a passing
grade rather than the best grade.

This notion of a satisficing threshold has been studied in the literature, mainly in the bandit framework,
but a recent work generalized these results towards reinforcement learning. Early evaluations of
this notion of satisfiability in multi-armed bandits include the works of [Kohno & Takahashi (2017);
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Tamatsukuri & Takahashi (2019)), which show that if the satisficing threshold, called aspiration
level, is placed between the best arm and the second best arm, then it is possible to achieve a
time-independent regret as the notions of satisficing and optimizing converge.

Recently, Michel et al|(2023) generalized this result and considered as performance measure the
satisficing pseudo-regret. This measure evaluates the satisficing performance by taking into account
only the gaps between ‘insufficient arms’ and the satisficing threshold S rather than the gaps between
these insufficient arms and the best arm. The main downside of this approach is that this measure
can only be optimized in the realizable setting, meaning that we have to know ahead of time that
there exists a satisficing arm. Otherwise, if all the arms are below the threshold then the satisficing
pseudo-regret would necessarily scale linearly with the time horizon 7'. To counter this issue, |[Michel
et al.|(2023) propose an algorithm that enjoys time-independent satisficing regret in the realizable case
while also ensuring a rate-optimal logarithmic upper bound on the pseudo-regret in the non-realizable

case. In the realizable case, the algorithm of Michel et al.|achieves an O (Z i< ﬁi + f + E; )

satisficing regret guarantee, where Ay=5-— (i is the insufficiency gap and A, = max; p; — S
is the gap between the best arm and the threshold. This bound is time-independent, but it also
scales inversely proportionally to both A; and A,. This means that if either of these gaps is small,
for example of order %, then this satisficing regret bound would be vacuous whereas the standard
pseudo-regret bound is still of order O (ZZ A;>0 IOAL_T), and the standard suboptimality gaps A; can

be large even when A, or ﬁi is not. Michel et al.| (2023) also propose a lower bound that scales as

Q (Zl A,>0 i) In its construction, this lower bound assumes that the gaps EZ = A, are the same

for all arms ¢ below the threshold.
The first contribution of our work is a novel derivation of this lower bound that specifically focuses

on cases where the gaps can be unbalanced. We consider a satisficing bandit problem in the realizable

Ay

case and show a lower bound on the regret of (2 (ZZ A,>0 A% )

Then, we propose an alternative definition of the satisficing regret which offers a smoother transition
between the non-realizable case, the realizable case with a unique sufficient arm, and the realizable
case with multiple sufficient arms. This regret definition measures the insufficiency gap in terms
of the gap between a bad arm and the worst of the sufficient arms rather than the gap to the
threshold S. Focusing on the two-armed case, we derive a lower bound on this regret measure of

og( A
order () <1g(AA*)> which better captures the challenge of unbalanced gaps. We propose a novel

algorithm, uncertain-UCB, and show that it enjoys near-optimal time-independent guarantees with
respect to this novel satisficing regret measure. The proof of this bound is shown confined to the
two-armed setting. However, we present experiments that indicate that the analysis should generalize.
These experiments compare the performance of uncertain-UCB and SAT-UCB (Michel et al., 2023)
against the baseline UCB1 (Auer, 2002) in terms of the standard pseudo-regret, the satisficing regret
of Michel et al.| (2023)), and our novel satisficing regret.

1.1 Related Literature

Reverdy et al.[(2017) introduced the notion of satisficing bandits in the Bayesian setting. Following
the same approach in a frequentist setting, [Hityiik & Tekin|(2021)) propose a reduction of the satisficing
bandit setting to bandits with lexicographically ordered objectives. In this setting, they show that
log %

their algorithm achieves a satisficing pseudo-regret bound of order O (Zz A0 &> . We also
note that similar results can be obtained when running the algorithm of |Garivier et al.[(2019) using

the satisficing threshold instead of the optimal mean reward to tune the algorithm.

Recently, the first generalization of satisficing bandits to reinforcement learning has been made by
Hajiabolhassan & Ortner| (2023)). They consider the reinforcement learning problem in a communi-
cating MDP with finite state and action spaces and propose the SAT-RL algorithm, which achieves
time-independent satisficing regret when a satisficing policy exists.

For the lower bounds, Bubeck et al.| (2013} Theorem 5) and |Garivier et al.| (2019, Theorem 7) consider
a two-player bandit game where the mean of the best arm p* is known and show that an asymptotic



dependency on % is unavoidable, even when the gaps are unknown. We generalize this result to
K-armed bandits problems where the learner knows the satisficing threshold S, which includes
knowledge of p* in a regular bandit game as a special case, where S = p*.

2 Problem Setting and Notation

We consider a bandit problem with K arms played over the course of 7" rounds. Following the setting
proposed by Michel et al.|(2023)), we assume that the environment generates rewards by sampling
them from the class of sub-Gaussian distributions. We recall that for a sub-Gaussian distribution v
with mean p and empirical estimate fi,, computed from n samples it holds for any € > 0:

Pl > pte) < e/,
Pli, < p—e] <e /2, (1)

We note that any bounded distribution is sub-Gaussian and refer to [Vershynin| (2018)) for further
properties of sub-Gaussian distributions.

In the classic multi-armed bandit problem, the performance of the learner after 7" rounds is evaluated
in terms of the pseudo-regret, defined as:

Rr:= Y NE[N(T)], 2

:A; >0

where A; := p* — p; is the gap between the optimal mean reward and the mean reward of arm 4, and
N;(T) denotes the number of times arm ¢ is played in T rounds. In this work, we consider variations
of the bandit problem where the focus is placed on achieving a sufficient performance rather than
an optimal one. In Section 3] we focus on the setting as defined by Michel et al.| (2023), where the
learner knows the satisficing threshold .S ahead of time, and performance is evaluated in terms of the
satisficing pseudo-regret (short S-pseudo-regret), defined as:

R = Y AE[N(T)], 3)

i:Z,;>O

where A; := max {S — p;, 0} measures the gap between an insufficient arm ¢ and the threshold S.
Furthermore, we also define A, := p* — § as a shorthand for the gap between the mean reward of
the best arm and the threshold S.

Remark 2.1. As above, in the following we use the terms sufficient (resp. insufficient) to denote
whether the expected reward of an arm is above (resp. below) the threshold S. We also use the term

unbalanced gaps to refer to a problem setting where the order of magnitude of A, or A; is very
small compared to A;. We also use the following notations: P, (resp. EE,) defines the probability
(respectively the expectation) of an event happening in the bandit problem v.

Remark 2.2. Ttis easy to see that when all the arms are below the threshold S and min; (S — ;) =
A > 0, then
RI > AT.

This means that studying the S-pseudo-regret only makes sense when there exists at least one
sufficient arm.

Definition 2.3. A bandit problem is S-realizable if there exists an arm ¢ € [K] such that ;; > S.

3 A Lower Bound for the Satisficing Pseudo-Regret

In this section, we focus on the setting proposed by Michel et al.| (2023) and derive a generalized

lower bound that holds for K arms and does not assume that the gaps A, and A; are equal. This
result highlights that the algorithms of Michel et al.| enjoy tighter guarantees than initially anticipated,
even though there is still a gap when the rewards are unbalanced.

We introduce the following definitions to formalize this result.



Definition 3.1. An algorithm is considered stable if for any bandit problem v and arms ¢, j € [K]
with p1; = p; it holds for all ¢:

This constraint is quite mild as most algorithms are stable by permutation over the arms. We also use
another definition, which ensures that insufficient arms are only played a constant number of times.

Definition 3.2. An algorithm is S-satisficing if for any sub-Gaussian bandit problem v there exists a
constant C' such that:

i S5 <C.
Jim B < ©

This constant C' can be problem-dependent and in particular may scale with A; or ﬁi.

With these definitions, we can move on to state the following result, whose proof follows |Garivier|
et al. (2019, Theorem 7).

Theorem 3.3. For any stable S-satisficing algorithm, there exists an S-realizable bandit problem
with sub-Gaussian distributions for which this algorithm admits the following lower bound:

A

lim RS > ——t

T—o0 T = Z A?
2:; >0

Proof of Theorem[3.3] 'We consider a bandit problem v with a unique sufficient and optimal arm ¢*,
where all the arms follow Gaussian distributions: for all ¢ € [K], v; = N (u;, 1). In this proof, we
use KL(P, Q) to denote the standard Kullback—Leibler divergence between distributions P and @
and kl(p, ¢) to denote the Kullback—Leibler divergence between two Bernoulli distributions with
respective parameters p and q.

Following the definition of the S-pseudo-regret in Equation (3), we want to lower bound the number
of times each suboptimal ¢ arm is played in v. To do so, for each such arm 7 we consider another
bandit problem v defined such that V;j # i, v; = v; and v; = v;~. This choice of v fulfills two
important properties. First, the two problems differ only on arm 7, meaning that:

K
D BN (T)] KL(vj, ) = B [Ni(T)] KL(vi, 1)) > KI(E, [Z], Ewv[2]), 4)

j=1

where the last step follows from |Garivier et al.| (2019} Equation 6) and holds for any bandit problems
v, v' and o(Ir)-measurable random variables Z with values in [0, 1], where I contains all the
past information obtained by the algorithm up to round 7'. This holds in particular when picking
Z = N;(T)/T, as we will do in the following.

_ A

As v; = N (i, 1) and v; = N'(p-, 1), we can ensure that KL(v;, ;) = 5+. Combining these two
statements with Equation (Ef]} we obtain:

A? E, [N, (T)] E, [N;(T

EUR, INUT)] = B [NAD) KL /) > K ( R B ”) | )

Then, in setting v/, we know that both arm ¢ and 7* have the same distribution, meaning that
Definition [3.1] ensures that E, [N;(T)] = E,[N;«(T))]. As these arms are the two only sufficient
arms and our algorithm is S-satisficing, all the other arms are played at most a constant number of
times and we have:

E, [Ni(T)] _ 1

e | ©



Rearranging Equation (3] and taking the limit on 7" gives:

lim E,[N;(T)] > l lim kI (EV[NZ'(T)] E, [Nz(T)}>

T—00 A% T—o00 T ’ T
2
4 (BN EyNi(T)]
- A% T—00 T T
4 (. EJIN(T)] . E N(D)]®
> P S
> o (i 2 i

Y
B
I/

o

|
| —
S~
(o]

where the first step reorganizes Equation (3)), the second step applies Pinsker’s inequality, which
ensures that for any p, ¢ € [0, 1], kl(p, q) > 2(p — ¢)?. Then, the third step uses the properties of the
w E [Ni(T)] _ 1

= 0 and limy_, o, =5~ = 5 are finite, and the square function

limit: as both limp_, o 5

is continuous, we can move the limits inside the square function.

Repeating this bound for all suboptimal arms finishes the proof. O

4 A Novel Definition of the Satisficing Pseudo-Regret

In this section, we consider a novel variation of the satisficing pseudo-regret, which measures the
gaps between the smallest sufficient arm ji = min;.,;~s it; and the insufficient arms:

Ri= Y (5—m)E[N(T)]. @)
i:A;>0

We note that by construction, this novel satisficing regret is always larger than the S-pseudo-regret
of Michel et al.| (2023)), and no larger than the standard pseudo-regret. It offers a smooth transition
between the realizable case and the non-realizable case. This definition is particularly interesting in
cases where there exists a single sufficient arm, as then i = p*, and for all insufficient arms j we
have fi — 1; = Aj and RS = Rr, meaning that the novel satisficing regret matches the standard
pseudo-regret. Furthermore, when the gaps are balanced, both definitions of satisficing regret are
almost equivalent and only differ by a small constant factor.

4.1 Lower bound

In this section, we present a lower bound for this novel satisficing pseudo-regret.

Theorem 4.1 (Lower Bound for Two Arms). For any S-satisficing algorithm, there exist two-armed
bandit problems v and V' and a time horizon T such that for all t > T':

max {1,log AA*}
8A ’

where A, is the gap between the best arm and the threshold and A is the sub-optimality gap between
the two arms.

max (ﬁf(y), ﬁts(yl)) >

Proof. Consider a two-armed bandit problem v and a threshold S where the arms follow Gaussian
distributions such that v; = N(u;,1) for ¢ = 1,2, and the means fulfill 4y = S + A, and
Mo = U1 — A < S.

We also consider a modified bandit problem ¢/ such that yf = S — A, and pf = pj + A.

We want to show that for 7" sufficiently large, no algorithm can achieve low regret on both instances
simultaneously. Let 7" and o > 0 be constants that we will set later.



For any instance of a two-player bandit game and any learning algorithm, after ljiff + ﬁ +1

rounds, exactly one of these conditions hold:

1 1 1 1 1 1
N1<oga+ ) or NQ(oga+ >>oga.

IAZ T IAZ) 7 aAz 1AZ TaAZ ) T aAe

Condition 1 Condition 2

If the second condition holds for the bandit game v, then R%.(v) > 11% follows and our result

trivially holds. Thus we want to show that when the first condition holds we cannot obtain low regret
for the bandit game »/'.

Consider a time horizon 7" such that N1(T) = ;&> and Ny(T) < ljjgg‘. Under Condition 1, we
know that such T’ exists.

We recall that Vy > 0,V 7 € {v1,v5} and Vi € {1,2},
Ez[Ni(T)] = v Py[Ni(T) > /. ®)

Following Theorem 14.2 of [Lattimore & Svepesvari (2020), we have:

B [Ni(T) < 5] + Byl N(T) 2 7] > 5 exp (~KL( 1))

- %exp (— (IEV[M(TH%3 + By [N2<T)]4A2)>

2
1 1_'_11
Zexp | (= + =
er 5 20ga

1
> 5 exp (~loga)

1

20’

where the second step follows from Lemma 15.1 of [Lattimore & Svepesvari| (2020) and Proposi-
tion[A.2]in the appendix, where we note that the gaps between the two distributions are 2A, and
2A — 2A, > 2A, respectively. Then, the third step uses the value of N1(T') we picked, and as
exp(—x) is a decreasing function, we can lower bound the second sum by picking an upper bound for
E, [N2(T)] > lffi‘;. The fourth step uses that exp(—x) is a decreasing function and upper bounds
1 4 £ log o by log cv, which holds for any o such that log o > 1.

We pick v = x7 sothat P, [N1(T) < xz] = 0 by definition of T, and we deduce that P,/ [N (T') >

v

IAT
ﬁ] > i Combining this result with Equation , we have:
_ 1 A
R3(V') = AE, [N1(T)] > — —.
F) = AR INUD)] 2 s

This result, combined with our initial assumption, ensures that for all « such that log o > 1:

_ _ 1, - _ 1 /logaa 1 A
max (REW) REW) = § (REW) +REO) = § (B4 o). ©
Then, we note that choosing « such that 2aloga = %ﬁ would maximize the right hand side of
Equation @) Using our condition log o > 1, we deduce that ﬁ—z =aloga < o. This means that
choosing « such that log & = max {1, log AA} both fulfills the condition log o > 1 and is close to

the optimal choice of a without the constraint log o > 1. We deduce that:

- B max {1, log AA }
max (R;(V),R%(V')) > S—A*’
which finishes the proof. O



4.2 Upper Bound

We propose the novel uncertain-UCB algorithm shown as Algorithm[I] Following the structure
of the UCB1 algorithm, the key difference between both methods lies in the construction of the
upper confidence bounds: instead of using the current step count ¢ in the confidence intervals (cf.
Equationbelow), we use a proxy no(t), called the number of uncertain rounds. This value, defined
in Equation (T0), presents the interesting characteristic of only increasing when the learner plays
an arm whose empirical estimate is not sufficiently far above the threshold S. This means that as
long as the learner cannot be reasonably certain that the arms that are played are satisficing, ng(t)
keeps on increasing and remains close to ¢. During this phase, the algorithm behaves like the classic
UCB1. Once the algorithm plays arms that are sufficiently far above the threshold, the number of
uncertain rounds ng(t) stops increasing and the upper confidence bounds of the arms stop growing.
This approach slows the exploration of all arms, and in particular of insufficient arms, which allows
the algorithm to achieve a time-independent satisficing regret.

Algorithm 1: uncertain-UCB

Input: number of arms K, satisficing threshold S.

Play each arm once, i.e., for time steps ¢t = 1,..., K choose i(t) = t.
fort=K+1,... do
Compute
no(t) = > T | iy (1) < S+ 0, 8T | (10)
<t Ni(7) (T)
1 i(t I t
Vi e [K] : ui(t):,ai(t)—i—\/Cl og i Ht)og”()( ), (1)

where fi;(t) is the empirical estimate and n;(¢) the count of arm ¢ at time ¢.
Play i(t) = argmax;¢ g u;(t).
Observe 7;(¢) (t) and update the empirical estimate fi(t)-

end for

Theorem 4.2. For any S-realizable bandit problem with means u; € [0, 1], uncertain-UCB with
C1 > 4 and Cy > 6 satisfies forall T > 1,

_ 1 1 1 1
R <O A, <log A + log Ag) + Z kAZF=3 Jog N

k>4

The sum in the bound converges for all A, < 1, and empirical experiments presented in Section 3]
show that small values of A, don’t seem to affect the behavior of the algorithm noticeably, which
suggests that the algorithm obtains a smaller dependency on Ai. The proof of Theorem s given

in Appendix B}

5 Experiments

In this section, we provide some experiments to compare the uncertain-UCB algorithm against the
SAT-UCB algorithm. Here uncertain-UCB is run using C; = 4 and Cy = 6. We also use the UCB1
algorithm as defined by |Auer| (2002) using index values

logt
ni(t)

ui(t) = fui(t) + (12)

in these experiments to serve as a baseline.

Our experiments are run with eight arms and are repeated 10 times. The rewards are sampled
from Bernoulli distributions with respective means [1,0.875,0.75,0.625,0.5,0.375,0.25,0.125].
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Figure 1: First experiment, with four sufficient arms and four insufficient arms and evenly balanced
gaps. The plots are sorted from the largest regret measure to the smallest.

For each of the algorithms, we plot the empirical regret, the empirical satisficing pseudo-regret, and
the empirical novel pseudo-regret. The plots show the average across the 10 runs, and the shaded
areas represent the standard deviation across these runs.

In the first experiment presented in Figure[I] the threshold is the mean between the fourth and fifth
best arms: we have four sufficient arms and four insufficient arms, and the gaps are evenly balanced
around the threshold. As expected, both notions of satisficing regret behave similarly. We observe
that SAT-UCB has an interesting behavior: when evaluating the pseudo-regret, this algorithm suffers
linear regret, whereas it enjoys near-constant satisficing regret. This suggests that the algorithm
identifies and plays satisficing arms fast, but does not perform further exploration to find a better, and
possibly optimal arm. As expected, UCB1 behaves similarly across all regret measures and the same
holds for and uncertain-UCB. It is worth noting that UCB1 outperforms uncertain-UCB, which
we conjecture is due to the term 4(log n;(t) + log ng(t)) being large compared to 2 log ¢ in the initial
rounds, which forces more exploration.

We then performed a second experiment highlighting the limits of the SAT-UCB algorithm. We
consider a problem with the same arms as before, but instead of having .S be centered in between four
sufficient and four insufficient arms, we consider two new cases: one where S is just below the best
arm, and one where the threshold is just below the third-best arm. In both cases, ‘just below’ defines a
gap of 0.001 between the threshold and the corresponding arm, which is orders of magnitude smaller
than the gaps between the arms. As the three performance measures provided similar results, we only
display the results for the novel satisficing regret in Figure 2] These results highlight that SAT-UCB
scales with A, and thus its performance appears linear as the time horizon needed to learn A}
is large compared to the time horizon to distinguish between the arms without use of the threshold.
This experiment highlights that arms being close to the threshold, and in particular of the best arm
are especially challenging for the SAT-UCB algorithm and show use-cases where the robustness of
algorithms such as uncertain-UCB is valuable.

6 Discussion

We characterized the complexity of the satisficing bandit problem by deriving new lower bounds for
the problem, highlighting that satisficing can be a difficult problem to optimize for when the gaps
are unbalanced. We proposed a novel definition of satisficing regret and showed both upper and
lower bounds in the two-armed case. Experiments highlight that our new uncertain-UCB algorithm
should perform well in the standard K -arms bandits problem.

The main direction for future work is to generalize the analysis of this algorithm to more than two
arms.
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Figure 2: For the third experiment we considered two settings. The first (shown on the left) has a
single sufficient arm and seven insufficient arms, where the threshold is just below the best arm (with
a gap of 0.001 with that arm). The second setting has (shown on the right) has three sufficient arms
and five insufficient arms, where the threshold is very close to the third best arm (with a gap of 0.001
between the third-best arm and the threshold, and A, = 0.25 + 0.001). In both examples, the gaps
are unbalanced around .S. Both results are plotted in terms of the novel satisficing regret.
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A Useful Results

We recall some straightforward results useful in the remainder of the paper.

Proposition A.1. Let a,, and b,, be two functions of n such that for all n > 0, we have a.,,, b, > 0.
Then we have:

L Yo etnbn < > om0 €
2. an,nz>0 ean1+bn2 S an >0 et Zn2>0 ebn2

This result is standard and stated here for completeness.

Proposition A.2. Consider vy = N(u1,1) and voa = N (2, 1) two uni-variate Gaussian distribu-
tions with unit variance, such that |1y — pa| = A. Then,

A2
KL(Vl, 1/2) = 7

B Analysis of the uncertain-UCB Algorithm

While the full proof only holds in the two-armed case due to limitations in the analysis of Lemma|[B.3]
below, we highlight that some parts of the analysis are given for the general K -armed setting.

We consider an S-realizable bandit problem and assume without loss of generality that ;i > S > o
in the two-armed case. We also decompose the number of uncertain rounds and set for any arm j:

o log n; (- (T
no,;(t) = Z]I I = j, fuyry (1) < S+ 02()()] : (13)

= ni(r) (7)

Remark B.1. When needed, we use the notation fi; ,, to denote the empirical mean of any arm 4 built
from n samples rather than the /i;(¢) notation, which represents the empirical mean of arm ¢ at round
t.

The key difference between the standard analysis of UCB1 and the present analysis of uncertain-UCB
comes from handling the uncertain rounds. To contribute to the count of uncertain rounds, an arm has
to be played and remain uncertain, and these two cases cannot happen simultaneously too often. For
the arms closest to the best arm, we show that with high probability, the number of times that arm is
uncertain is bounded by a constant.

Lemma B.2. When Algorithm[I]is run with Cy > 6, the probability that sufficient arm j contributes
to more than n rounds of the uncertain rounds is bounded as:

2exp (—(n — 1)5?/2)

P [no.’j(T + 1) > 'fl] < A2 s
J

where Aj =y — 5.

For the other arms, the number of times they are uncertain is trivially bounded by the number of
times they are played. However, we also show that insufficient arms are played almost exclusively
during uncertain rounds.

Lemma B.3. When Algorithm([l|is run with Cy > 6, the probability that after T rounds insufficient
arm i has been played in more than n rounds that are not uncertain is bounded as:

Plni(T +1) = noa(T +1) > n] € —5—.

11



Then, the number of times an insufficient arm ¢ is played can be decomposed as:

<N+ > Pni(t) > Ni,i(t) = i

t=1

T
<N; + ZIP =4,m;(t) > Ni, ugr < pge — Ay /2] +ZP[i(t) =4,n;(t) > Ny, u; > p + A;/2),
=1

Cases where the best arm ¢* under-performs Cases where arm 7 over-performs

(14)

where each term can be bounded according to the following to lemmas separately. Proofs of the
lemmas are given in the following section.

Lemma B.4. Consider any sub-Gaussian K-armed bandit problem. Using Algorithm[Ijwith Cy > 4
and Cy > 6, for any insufficient arm i and any N; > 1, we have:

T
21
ZIP’[i(t) =i, n(t) > Ny uge < i — Ai/2] < A7 + 16.

t=1

Lemma B.5. Consider any sub-Gaussian two-armed bandit problem. Using Algorithm[l\with Cy > 4
and Cy > 6, sz2> 011 g( gA*>+144CI log (4801) then

T

. 32 .
;P[ng(t) > No,i(t) = 2,ua(t) > pg + Ag/2] < A2 +;m2 210gA

Combining these two results allows to prove Theorem

Proof of Theorem[{.2] Decomposing the number of times suboptimal arm 2 is played using Equa-
tion (T4) as well as Lemma[B.4]and Lemma [B.5] we deduce that:

T
> Pli(t) =2]
t=1

48 log = 144C, 48C, 21 32 ) 1
< —Cilog (3 - 1 16 A?"2]
_A§10g< A2 + A2 Og(A§>+A2+ +A2+KZ>;/@' ogA

1 1
= 1 1 KA2=2]
0 A2(OgA+OgA)+Z ogA

k>4

Plugging this bound in the definition of pseudo-regret, which coincides with the definition of the
novel satisficing regret, finishes the proof. O

12



B.1 Proofs of the Lemmas
B.1.1 Properties of the Uncertain Rounds

Proof of Lemma|B.2] For any sufficient arm j, we set Aj := p; — S and have:

P [n07j(T + 1) > n]

=P [Elt Hi(t) = Jymo(8) =, fi(8) < S+ Czbiﬁ(jt')@}
<MP [at Hi(t) = g,my(t) = ny, fy(t) < S+ m

5 o[ 2B VEEE)

IN

2
nj>n
’I”L]AJQ
< _ 277
nj>n
A2
- 2exp (—(n — 1)Aj/2).

The first step uses the definition of ng ;. As we don’t know how many times j is played, the second
step takes a union bound on all possible values of n;(t), noting that n;(t) > ng;(t) = n. In
the third step, we use the fact that our rewards are sub-Gaussian. In the fourth step, we simplify
using that exp(—=) is a decreasing function of = and that (a + b)? > a? + b? > a? for a,b > 0.
The last step bounds the sum by an integral, as for any ¢ > 0, we have » exp(—cn;) <
exp(=c(n=1))

ni>n
limy oo fs_l exp(—cn;)dn; =

O

Proof of Lemma For any insufficient arm i:

Pni(T+1) —no (T +1) > n]

<y IE”[ﬂt:i(t):i,ni(t)zni7ﬂi(t)ZS+\/@Tim]

n,>n
log n;
ng

IN

Z P [Ht : Z(t) = i,ni(t) = ni,ﬂi(t) Z i + CQ

n;>n

Z exp (CQ log nl>
2

n;>n
2
- nCz/Q*] :

IN

The first step counts the number of rounds where arm ¢ is played and that round is not uncertain, and
we use a union bound on the possible values of n;(t). In the second step, we upper bound by a looser
condition as S > p,. This allows the use of the properties of sub-Gaussian distributions. To finish the
proof, we use that Co/2 > 2 s0 ﬁ can be integrated, and we upper bound the sum by an integral

1 : z 1 _ 1 1 2
Znizn 7C272 < limg oo fn—l 0272 = (Ca/2—1)(n_1)C2/2-1 < (n—1)C2/2-1 < nC2/2-1- O

13



B.1.2 Handling the Insufficient Arms

Proof of Lemma For any insufficient arm i:

T
S OPi(t) = i,ni(t) > Niyuis (8) < e — Ai/2]
t=1
-
- ZIP i(t) = i,m(t) > Ny, fu () + \/Cl log ny- (:L)_ ttl)og no(?) < e — Ai/Q]
t=1 ’*
.o
=1 | i

.
<Y P li(t) =i, ni(t) > Niy fu () + \/C1 log ;- (tzi(lf)gm(tw < e — A2

_1T L

+ > Pi(t) =i, mi(t) > Niynoi(t) < ni(t)/2]. (15)

The first step replaces u;«(¢) by its definition. The second step lower bounds ng(t) > ng;(t).
In the third step, we decompose that probability by taking the cases where ng ;(t) > n;(t)/2 or
no,i(t) < ng(t)/2.

For the first term of Equation (T3), we have:

T
ZP i(t) = i,ni(t) > Ny, fui= () + \/Cl logni*(t)ri(lgg nin)f?
t=1 i

< i — Az‘/Q]

T

T
< Z P |3t 2 fu (t) = frix iz, flix mz + \/Ol

n;=N;+1n;x=1

log n; + logn; /2 < i — A2

75

T

Z P3t: [Li* (t) = ﬂi*’n;‘aﬂi*,n: S M= — Al/2 - \/C

i+1n;«=1

log n;~ + logn; /2
1

To*

T
2
=N;
T T
< Y Yew|y A,;/2+\/0110g”i*+10gm/2
=N;
T
2

2

2 i
i+l mngx=1 v

T
N Cy Ch n;
3 LAy B S P § P
exp( g AV — 5 logn, 5 108 5 )

d n d C n
P A2 1 i
< Z exp (— A Ai) Z exp (—210g2>
nix =1 ni=N;+1
21
S Ea

where we first take an upper bound by taking all the possible values n;+ and n; instead of summing
solely on ¢. Removing the unnecessary dependencies, we can apply our sub-Gaussian assumption
as defined in Equation (1)) and simplify using that exp(—z) is a decreasing function of x and that
(a +b)%2 > a® + b% for a, b > 0. Using Proposition we can decompose the result into a product
of two convergent sums. The first sum is bounded by ,_3 and the second can be loosely bounded as
C1/2 2
S v exp(—Slogn)y =T (;) /2 >, (g) < 2.6 when C; > 4 (note
that we are summing from n; = 2, so each term 0 < 7% < 1 and thus we take an upper bound by
lower bounding the exponent).

14



For the second sum in Equation (T3):
T
D Pli(t) =i, ni(t) > Niyno.(t) < ni(t)/2]
t=1

T
Z =i, n(t) > Niyngi(t) < ni(t) —ni(t)/2]
T

Z [ni(T + 1) = 10,(T + 1) > n;/2]

T
Z n:/2) 02/2 1

§67

—_

where we rewrite n;(t)/2 = n;(t) — n;(t)/2. Furthermore, n;(t) — ng ;(t) is an increasing function
of ¢, so we can rearrange the terms and n,(¢) — ng ;(¢) is upper bounded by n; (T + 1) — ng (T +
1). Then, we take an upper bound by summing on all possible values of n; rather than on the
possible values of t. We can apply Lemma with n = n;/2. For any Cy > 6, we have

T
D mi=Nit1 W <S_w, 1 e = SZn =1 7z < 16.
We conclude that for any N; > 1:
d 21
D OP[i(t) =i ni(t) > Niyuir < pie — 8/2] < 2 16

t=1 g

Proof of Lemma|B.3] Without loss of generality, we assume that arm 1 is the optimal arm and arm 2
is sub-optimal. Then, we have:

> Pna(t) > No,i(t) = 2,us(t) > po + Ag/2

|
(]

[nz(t) — o i(t) = 2, o (t) + \/ 08 ”2“11 Jztl)og ) 5 Ly + A2

IA
M=
&=

lm(t) o i(t) = 2, i (t) + ¢ ¢, Hogna?) *ni‘(’f)”ovl(T D 5 AZ/Z]

R 2logng +logng 1 (T +1
< Puz,er\/Cl a2t OEN01T LD > i+ 22

N 21 + log (3N
< P H2n, + \/Cl BT Og( 0’1) > po + A2/2

n2

R 21 +1 N
+ Z Z]P) (I{—].)N()’l <n011(T+1) <I€N071,/L2’n2+\/C1 o N2 Og(l{ 0’1) ZM2+A2/2

n
na>Na k>4 2

(16)
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2log no + log (3N

< Y P izt \/Cl e g( 01)2M2+A2/2

no>No

2logng + logne
+ Z Z P |(k—=1)Nog <noa1(T +1) < kNoj, fizn, + 1/ Crt———————"— > iz + Ag/2
n2

n2>N2 kina>KkNo, 1

+ > > Plr—1)Noa <noa(T +1) < £Noal, (17)

na>Na king<kNp1

where the first step replaces u;(t) by its definition and the second step replaces no(t). Then, we
re-index the sum in terms of n, rather than ¢. In Equation , we decompose the ng 1 (1') according
to its value compared to some constant Ng ;. This sum is then decomposed again depending on
whether « fulfills ny > xNy 1 or not.

We now bound each of the three terms in Equation (T7) separately.

Focusing on the first sum and following the same approach as before, we re-index the sum by only
considering the values of n;(t) rather than all ¢.

R 21og ng + log(3.N,
> P Mz,n2+\/01 gz + op(370a) > pig + Ay /2

n2
n2>No
< Z exp{—nsA2/4 + 20 logny + C1 log(2Ny 1)}
nz >Nz
<2 Z exp{—nyA3/8}
nz >Nz
< 16
when NV, is large enough. For this condition to hold, we need
21 log(3N,
\/C1 ogn2 +108B3No1) o p /g (18)
N

. 1 . . .
Choosing Ny 1 = 8 A2 , we note that the LHS of Equation is a decreasing function of ns, and

50 it is sufficient to find an initial value of ns that fulfills this condition. Reorganizing the terms gives:

21 log(3.N
na > argmin, \/01 ogna + log(3Ny 1) > A4
T2
16
& ny > FC& (2logng + log (3Np 1)) (19)
2

To upper bound this quantity, we consider two cases: either no < 3Ny 1 or ng > 3Ny ;. When
ng > 3Ny 1 then Equation (T9) implies:

18 48 log %
Ny Z K%Cl log (3N071) Z E%Cl IOg (3 AE .

If ny < 3Np,1 then we obtain from Equation (19):

> 4—801 (logms) . (20)

HQ_A%

16



This expression still needs to be solved for ns. To do so, we use the same approach as Rouyer
et al.|(2022) and use W_; to denote the product log function, as defined by |Chatzigeorgiou| (2013
Theorem 1). We have that for any constant ¢ > e, the solution of n = clognisn = —cW_; (—f).
Then,

s (_i) —av, (_exp <_1Og (g)) - 1) <c (1 + 210g( ) +log( ))

‘We can use this upper bound with ¢ = 48C1 and assuming that ¢ > €2, we have

AZ
( 210g( )—Hog( ))<(1—|—\/ﬁg6—klogc)<310gc7
from which we deduce that:
ny > Vf? log (4Z§1> . 1)
Combining Equation ({20) and Equation (21) allows to pick
Ny = A2 C1 log ( fo i§1> + 14§§1 log (4ZC;> , (22)

which ensures that the terms in Equation can be bounded properly.
Moving on to the second sum in Equation (I7), this can be upper bounded by

. 21 +1
> P [ug,m + \/Clw > po+ Ay /2

n
na3>Na 2

< > exp{—n2A3/4+ 3C) logny}

n2>N>

<2 ) exp{-nyAj/8}
ng>Na
< 16
— A% )
following the same approach as before.

Finally, for the last term in Equation we have

> Y Pl(k—1)Noa <noa(T+1) < kNoa

k>4 na:ma2<kNo 1

<> kNoexp{—(k — 1)No A2} /A2
k>4

é Z HN0’1A3n74
k>4
log &
A, A2k—4
< Z KTA*K )
k>4 *
which converges when A, < 1.

To conclude, we proved that if Ny > C’11 og ( > A* ) + 14401 log (4801 ), then

T
lo
S P [na(t) > Nayi(t) = 2,ua(t) > iz + Ao /2] < +Z A2 gA .

t=1 k>4
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