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ABSTRACT

An ε-coreset for k-Gaussian Mixture Models (k-GMMs) of an input set P � Rd of
points, is a small weighted setC � P , such that the negative log-likelihood LpP, θq
of every k-GMM θ is provably approximated by LpC, θq, up to a multiplicative
factor of 1� ε, for a given ε ¡ 0. Existing coreset [NIPS’11, JMLR’18] approxi-
mates only "semi-spherical" k-GMMs, whose covariance matrices are similar to the
identity matrix. This work provides the first randomized algorithm that computes a
coreset for arbitrary large k-GMMs. This is by forging new links to projective clus-
tering and modern techniques in computational geometry. Experimental results on
real-world datasets that demonstrate the efficacy of our approach is also provided.

1 INTRODUCTION

This paper suggests a coreset for the fundamental machine learning problem of fitting a given set of n
inputs points (the dataset) by Gaussian mixture model. In this section, we formally define this model,
and a coreset that approximates its input dataset for any given model. Due to space constraints, most
of the technical parts, and discussions, including most of the proofs and pseudo-codes, appear at the
appendix, while the main text serves as its summary.

Gaussian mixture models. A multivariate GaussianpΣ, µq in the d-dimensional Euclidean space
Rd consists of a positive definite matrix Σ P Rd�d, called covariance matrix, and a mean µ P Rd.
The probability density function (pdf) of such a multivariate Gaussian (or Normal) distribution at a
data point p P Rd is

N pp | µ,Σq :� 1a
detp2πΣq exp

�
�1

2
pp� µqTΣ�1pp� µq



,

where detp�q denotes the determinant of a matrix, and exppxq :� ex for x P R.

A k-Gaussian mixture model (k-GMM) θ is a distribution ω P r0, 1sk over a set (“mixture”) of such
k Gaussians. Formally, k ¥ 1 is an integer,

°k
i�1 ωi � 1, and θ is a set that consists of k three tuples

θ :�  pωi,Σi, µiq
(k
i�1

:�  pω1, µ1,Σ1q, � � � , pωk, µk,Σkq
(
, (1)

where µi P Rd is the mean and Σi P Rd�d is the covariance matrix of the ith Gaussian, for every
i P rks :� t1, � � � , ku. The GMM likelihood that a given point p P Rd was generated by a k-GMM θ
is the pdf

Prpp | θq :�
ķ

i�1

ωiN pp | µi,Σkq.

The likelihood that a given non-empty finite set P � Rd, was generated by θ is thus

PrpP | θq :�
¹
pPP

Prpp | θq �
¹
pPP

ķ

i�1

ωiN pp | µi,Σkq

�
¹
pPP

ķ

i�1

ωi
1a

detp2πΣiq
exp

�
�1

2
pp� µiqTΣ�1

i pp� µiq


.

(2)
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In a GMM fitting problem, the input is an integer k ¥ 1 and a dataset P � Rd. The goal is to
compute a k-GMM θ that maximizes the likelihood in equation 2, possibly together with constraints,
or, more generally, regularization function λ : Θ Ñ R that depends only on θ Schölkopf et al.
(2002) and incorporates prior structural knowledge. For example, the sparsity of θ Fop et al. (2019),
the ratio between its eiganvalues, restricted zones or means Qiao and Li (2015), or in a deep
generative approach Manduchi et al. (2021). Since the likelihood involves multiplying many small
probability density values, the result can become extremely small, leading to numerical underflow
issues. Therefore, it is more common and practical to work instead with the negative log-likelihood

LpP, θq :� � ln PrpP | θq � �
¸
pPP

ln
ķ

i�1

ωia
detp2πΣiq

exp

�
�1

2
pp� µiqTΣ�1

i pp� µiq


. (3)

A k-GMM θ that maximizes equation 2 with a regularization function then becomes

min
θPΘd,k

LpP, θq � λpθq, (4)

where Θd,k is the (possibly infinite) set of feasible k-GMMs, which may capture arbitrary constraints
for the fitting problem at hand.

The set Θd,k. We assume that all the eigenvalues of the inverse covariance matrices Σ�1
1 , � � � ,Σ�1

k
of every k-GMM θ P Θd,k are at least 1. Otherwise, we multiply them by the same scaling factor
(which is independent of the input P ), and update λpθq accordingly; see Lemma C.1 and Feldman
et al. (2011); Lucic et al. (2017). Such a lower bound on the eigenvalues is essential to avoid division
by zero in equation 3 and degenerate solutions by taking arbitrarily small eigenvalues; see discussions
e.g. in García-Escudero et al. (2018); Rocci et al. (2018); Ingrassia (2004) and implementations
details in Shental et al. (2003); Athey et al. (2019). However, unlike Feldman et al. (2011); Lucic
et al. (2017), no upper bound is assumed on these eigenvalues or their mutual ratios.

Coresets. A possible approach for solving the k-GMM fitting problem and its many variants above,
is to develop new algorithms from scratch, or improve existing heuristics such as the common
EM-algorithm (Expected Maximization) that is used to find a local optimum Shental et al. (2003);
Athey et al. (2019). Instead, we suggest coresets for this and related problems. In this paper, a coreset
for a given finite input set P of points is a subset C � P with a (“weight”) function w : C Ñ r0,8q,
such that, for every k Gaussian Mixture Model θ P Θd,k, the negative log-likelihood LpP | θq that θ
generated the input set is provably approximately the same as the negative log-likelihood

L
�pC,wq, θ� :� �

¸
pPC

wppq ln
ķ

i�1

ωi
1a

detp2πΣiq
expp�1

2
pp� µiqTΣ�1

i pp� µiqq.

that θ generated C. More precisely, the approximation is up to a given multiplicative factor of 1� ε,
i.e.,

L
�
P, θ

� ¤ L
�pC,wq, θ� ¤ p1� εqL�P, θ�. (5)

The goal is to have a small coreset, i.e., to have a good trade off between ε and the size of the
coreset C. Running any (possibly inefficient) optimization algorithm to minimize equation 4 on the
coreset, would then yield provable p1� εq-approximation to the original (full) data set P . In practice,
we may run existing heuristics many times on the small coreset and take the best solution, in the
hope to improve the result at the same running time. Combining such a coreset for in-memory data
with existing techniques that we formalize in the appendix, enable support for streaming/dynamic
distributed data (see Section F) “embarrassingly in parallel” Régin et al. (2013), in near-logarithmic
time Bentley and Saxe (1980); Har-Peled and Mazumdar (2004); Indyk et al. (2014), and support
hyper-parameter calibration Jubran et al. (2021); Maalouf et al. (2020); Mirzasoleiman et al. (2020).

Projective clustering. This paper forges a link between the family of k-GMM problems and the
family of projective clustering problems, where the goal is to “cover” the points by strips or linear
“slabs” of smallest width. Formally, the fitting cost distpP, Sq of a given set S of k hyperplanes (d�1
dimensional affine subspaces) to P is the maximum over the n distances between every point to its
closest hyperplane. An optimal projective clustering S� is the set of k hyperplanes that minimize this
fitting cost, i.e., smallest width set that covers all the input points. Formally, by letting Hd,k denote
the union over every set of k-hyperplanes in Rd,

distpP, S�q :� min
SPHd,k

distpP, Sq :� min
SPHd,k

max
pPP

distpp, Sq :� min
SPHd,k

max
pPP

min
sPS

∥p� s∥2 .
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This is a generalization of the k-center problem or the Minimum Enclosing Ball (MEB) (k � 1),
where the centers are hyperplanes instead of points.

2 RELATED WORK

The GMM fitting problem is one of the fundamental problems in machine learning which generalizes
the notion of k-means clustering, where the covariance matrix that corresponds to each Gaussian is
simply the identity matrix, i.e., its eigenvalues are all 1 and the Gaussian has the shape of a ball around
some point µ P Rd. It is also strongly related to Radial Basis Networks Alexandridis et al. (2017);
Aljarah et al. (2018) and Radial Basis function Er et al. (2002); Pratiwi et al. (2015); Soundararajan
et al. (2008); Wahba (1996). The problem is NP-hard when k is part of the input Raghunathan et al.
(2017) and many heuristics and approximation algorithms under different assumptions were suggested
over the years; e.g. Gauvain and Lee (1994); Vlassis and Likas (2002); Zhang et al. (2003). The EM-
algorithm is one of the common one in practice and is the one that is used in software libraries Gopi
(2014); Hicks (2017); Kapoor et al. (2015); Townsend et al. (2016), as in our experimental results.

However, there are very little results that provably handle streaming (big) data, or insertions/deletions.
The resulting coreset of this paper aims to change this situation, besides improving quality or running
time, by enabling running existing algorithms on the coreset

Coresets. Coresets for many problems, especially in machine learning, were suggested over the
recent years; see references in Feldman (2020). However, for k-GMMs we are aware of only one
coreset Feldman et al. (2011); Lucic et al. (2017). Its construction is very similar to coresets for
k-mean queries (distances to k-points) and its main disadvantage is that it approximates only “semi-
spherical” Gaussians, which means that every covariance matrix of every k-GMM θ P Θd,k is close
to the identity matrix. More precisely, the eigenvalues are both upper and lower bounded by 1 and
1{ε2 (or ε and 1{ε), respectively.

Projective clustering. A coreset for projective clustering whose size is plog nqOp1q{εd was suggested
in Edwards and Varadarajan (2005) for the case that each coordinate in the input set has a finite
precision (i.e., represented by constant number of bits, such as “float” or “double” in C), and d, k are
constants. The dependencies on d and k, as the assumption on the bounded precision are unavoidable;
see Agarwal et al. (2005) and more references therein. More recently, the result was generalized sum
(and not maximum) of distances Varadarajan and Xiao (2012b;c), a long-standing open problem in
computational geometry.

3 OUR CONTRIBUTION

The primary results of this contribution are threefold: algorithms, experiments, and generalizations of
existing results.

Algorithms. we present the first coreset construction for arbitrarily large k-GMM (Gaussian
Mixture Models), whose size is sub-linear in the size of the input. More precisely, the algorithm
gets as input a set P of n points, each consists of d coordinates in a finite precision, a fixed integer
k ¥ 1 and a constant approximation error ε P p0, 1q. It outputs a pair pC,wq which, with high
probability, satisfies equation 5 simultaneously for every k-GMM θ P Θd,k. Here, “high probability”
means a probability of failure that is less than, say, δ :� 1{n10, the size of the coreset is |C| P
OplogOp1qpnq{ε2q, i.e., near-logarithmic in n, and its construction time is Opn � |C|q � n logOp1q n,
i.e., near linear in n; see Theorem G.6 for exact details and dependencies on the parameters.

Experiments. On the practical side, we implemented our coreset construction and its sub-routines
as open code. Reproducible experimental results are presented in Section 7. The experiments
demonstrate how this coreset outperforms uniform sampling and the existing coreset for semi-
spherical Gaussians, even for small sample size. One of our goals was to show that the theoretical
asymptotical complexity bounds are heavily pessimistic, probably due to the assumption of worst
case (possibly very artificial) input P over any (not just optimal) k-GMM in Θd,k, ignoring any
structure in the data, and including very non-tight analysis (inequalities) in the proofs.

Generalizations.
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In order to use these “folklore” or specific results for our application, we had to formalize and prove
them for the general case first. These results correspond to the purple nodes in Fig. 1, Section A
for bounding the VC-dimension, Section B for constructing coresets via sensitivities, Section E that
reduces ∥8∥ to ∥�∥1 over distances, and Section F for supporting streaming/distributed input.

4 NOVEL TECHNIQUE: REDUCTION TO PROJECTIVE CLUSTERING.

Streaming ε-Coreset for pP,Θd,k, L, ∥�∥1q;
Algorithm F.4, Theorem G.6

Off-line coreset for pQ,Θd,k, L, ∥�∥1q;
Algorithm G.3, Theorem G.5

Coreset via sensitivity and VC-dimension;
Algorithm B.6, Theorem B.5.

Sensitivity bounds for pQ,Θd,k, L, ∥�∥1q;
Algorithm E.4 , Lemma E.7

VC-dimension bound;
Section A

Opkq-Coreset for pQ,Θd,k, L, ∥�∥8q

Opkq-Coreset for pQ,Θd,k, ϕ, ∥�∥8q;
defined in equation 8 and equation 54

Opkq-Coreset for pQ1, Y2d�1,k, cost, ∥�∥8q;
Definition 6.1

p1{3q Coreset for pQ1, H2d�1,k,dist, ∥�∥8q;
Fig. 2, Algorithms G.1 and G.2.

Lemma C.1

Lemma 6.2

Lemma 6.3

Figure 1:
Road-map of techniques & reductions.

The purple blocks in Fig. 1 represent the novel parts of this
work, while the red ones are generalization of existing work.

The main challenge in computing coresets for k-GMMs, and
the main reason that our algorithms are significantly more con-
voluted than the algorithm for semi-spherical Gaussians in Feld-
man et al. (2011); Lucic et al. (2017), is the fact that we cannot
use the triangle inequality: a k-GMM whose eiganvalues have
large mutual ratio behaves in some sense like a line or a hyper-
plane, and not as a point-center: points that are very far from
each other might be close to the same Gaussian in the k-GMM
mixture.

To handle this issue, we use a reduction to projective clustering,
i.e., minimize maximum distance from a set H of hyperplanes;
see the linear grids in Fig. 2, Lemmas 6.2 and 6.3, and Sec-
tion G. However, even though coresets for projective clustering
exist Edwards and Varadarajan (2005); Varadarajan and Xiao
(2012a;c), and are arguably the most complicated type of core-
sets, the reduction is not easy: handling sum of exponential
and ln functions over matrices is different from maximum over
Euclidean distances to hyperplanes. Moreover, we had to use
multiplicatively weighted hyperplanes.

To this end, in Definition 6.1 the notion of k-SMM y (subspace
mixture models) in the higher dimensional space R2d�1 is
introduced, inspired by the kernel trick for distances Schölkopf
(2000). This is also related to the tedious technical challenges
that we had to deal with in e.g. Lemma 6.3 via case analysis:
we observed that there is a specific threshold (e�γr there) such
that if the weight ωi of one of the Gaussians in θ is larger than this threshold, then we can adopt our
coreset for k-SMMs. Otherwise, we can ignore this Gaussian and can use, by induction on k, the fact
that the coreset hold for pk � 1q-SMMs.

5 ALGORITHM OVERVIEW

In this section, an ε-coreset C for pP,A, f, ∥�∥8q implies that C approximates maxpPP fpp, aq for
every a P A, up to a factor of ε. Similarly, ∥�∥1 instead if ∥�∥inf implies

°
pPP fpp, aq. See formal

Definition B.2.

The negative log-likelihood LpP, θq of a k-GMM θ to a set P of n points in a finite precision is
defined in equation 3. The generic streaming Algorithm F.4 computes the desired ε-coreset pC,wq
for pP,Θd,k, L, ∥�∥1q whose size and update time per input point insertion is near-logarithmic in
n, so total of near-linear time for all the points in P ; see Theorem G.6. This is by Opnq calls to
our slower (quadratic time in n) Algorithm G.3 that computes an ε-coreset for pQ,Θd,k, L, ∥�∥1q of
small logarithmic-sized subsets Q of P ; see Theorem G.5. The technique is called merge-reduce
tree Bentley and Saxe (1980); Har-Peled and Mazumdar (2004); Indyk et al. (2014) and is formalized
in Section F.

Algorithm G.3 computes the importance of each point in Q, and then uses importance sampling,
known as the Feldman-Langberg framework Feldman and Langberg (2011a), in Algorithm B.6, to
sample the desired coreset for pQ,Θd,k, L, ∥�∥1q; see Theorem B.5. We formalized and generalized
this framework in Section B. The importance for our specific case of k-GMMs is computed in

4
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Algorithm E.4 as proved in Lemma E.7 via Op|Q|q calls (iterations) to an Opkq-coreset construction
for pQ,Θd,k, L, ∥�∥8q that is removed from Q in each iteration, until Q is empty. The sensitivity (im-
portance) of an (unweighted) point that was removed in the ith iteration is defined to be approximately
1{i. This reduction from ∥�∥ to ∥�∥8 is based on a general framework that we formalize in Section E,
based on algorithms from modern computational geometry Agarwal et al. (2008); Varadarajan and
Xiao (2012a). Since the sensitivities are computed for input coresets, we generalize Algorithm E.2
for weighted input set in Algorithm E.4.

It is left to compute an Opkq-coreset for pQ,Θd,k, L, ∥�∥8q. Lemma C.1 proves that it is an Opkq-
coreset for pQ,Θd,k, ϕ, ∥�∥8q, where ϕ is defined in equation 8 and equation 54, as a scaled version
of L, similarly to Feldman et al. (2011); Lucic et al. (2017). In Definition 6.1, we introduce the union
Yd,k over every k-SMM, which is a combination between Gaussian and subspaces in some sense, and
its corresponding cost function. Lemma 6.2 and its proof in Section D implies that an Opkq-coreset
for pQ1, Y2d�1,k, cost, ∥�∥8q is the desired coreset for pQ,Θd,k, ϕ, ∥�∥8q, where Q1 is the lifting of
every point Q � Rd to R2d�1 by zero padding. By letting H2d�1,k denote the union over every set of
k-hyperplanes in R2d�1, in Lemma 6.3 we prove that a p1{3q-coreset for pQ1, H2d�1,k,dist, ∥�∥8q
is the desired Opkq-coreset for pQ1, Y2d�1,cost,k, ∥�∥8q.
Finally, it is left to compute anOp1{3q-coreset for pQ1, H2d�1,k,dist, ∥�∥8q, also known as projective
clustering. This is the goal of Algorithm G.1 and its sub-routine Algorithm G.2, which is summarized
in Fig. 2.

(a) Compte a coreset (in red)
for pk � 1q GMMs queries,
recursively.

(b) For each coreset point v0,
partition the input into expo-
nential increasing balls around
v0. Compute a coreset for
k � 1 GMMs in each ring.

(c) For each point v1 in the
last coreset, run the remaining
steps while ignoring points in
balls that contain v1.

(d) Partition the segment
between v0 and v1 into
Op1{εq intervals. Compute
a k � 1 coreset for each in-
terval.

(e) Split the data into strips us-
ing exponential growing parallel
strips around the line between v0
and v1. Compute k � 1 coreset
for each such strip.

(a) For each point v2 in the third
coreset, consider only points in
the strips up to the one that con-
tains v2.

(b) Compute the projection of v2
onto the segment between v0 and
v1.

(c) The segment and the projec-
tion of v2 on it form a rectangle
that contains all the points (after
scaling by a factor of 2).

(d) Split the rectangle into small
scaled Op1{ε2q rectangles of the
same shape. Compute a pk � 1q-
coreset for each rectangle.

Figure 2: Visualization of Algorithm G.1 and its sub-routine Algorithm G.2 in the appendix.

6 MAIN REDUCTIONS

This section presents the main reductions from the family of k-GMM from machine learning to
k-SMM and then for hyperplanes in the context of projective clustering.

Definition 6.1 (k-SMM). The Euclidean distance between a point p P Rd and a set S � Rd is
denoted by

distpp, Sq � inf
sPS

∥p� s∥2 .

Its squared is denoted by dist2pp, Sq � �
distpp, Sq�2. Let k ¥ 1 be an integer. A subspace k-mixture

model in Rd, or k-SMM for short, is a tuple y � pW,ω1, � � � , ωk, S1, � � � , Skq where W ¥ 1, ω is a

5
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distribution vector, and each Si is an affine linear subspace of Rd, for every i P rks. We also define
Spyq � �k

i�1 Si. The squared distance from a point p P Rd to the k-SMM y is defined by

costpp, yq :� � ln
ķ

i�1

ωi expp�Wdist2pp, Siqq. (6)

Similarly, costpP, yq :� °
pPP costpp, yq for a finite set P � Rd. The set Yd,k is the union over every

k-SMM y in Rd that satisfies Wdist8pP, Spyqq ¥ 1.

The following lemma enables us to compute coresets for k-SMMs instead of k-GMMs, while assuring
a lower bound on the distance between the farthest point from the subspace.
Lemma 6.2 (From k-GMM to k-SMM). Let θ P Θd,k be a k-GMM in Rd. Then there is a k-
SMM y :� pW,ω11, � � � , ω1k, S1, � � � , Skq P Y2d�1,k that satisfies, for every p P Rd and p1 :�
pp; 0; � � � ; 0q P R2d�1,

Wdist2pp1, Spyqq ¥ 1, (7)
and

ϕpp, θq :� � ln
ķ

i�1

ω1i exp

�
�1

2
pp� µiqTΣ�1

i pp� µiq � 1



� costpp1, yq. (8)

For every k-SMM y , let
cost8pP, yq � max

pPP
costpp, yq, (9)

be the point in P with the maximum cost to y. For a set P � Rd of points, and a union S �
S1 Y � � � Y Sk of k subspaces in Rd, we define

dist8pP, Sq � max
pPP

distpp, Sq (10)

to be the distance of the farthest point in P from S. Recall that Hd,k is the union over every set of
k-hyperplanes in Rd.
Lemma 6.3 (From k-SMMs to hyperplanes ). Let P be a finite set of points in Rd, and k ¥ 1 be an
integer. Then a p1{3q-coreset for pP,Hd,k,dist, ∥�∥8q is an Opkq-coreset for pP, Yd,k, cost, ∥�∥8q.

Proof. Let ψ :� p1 � 1{3q2. Suppose that C � P is a p1{3q-coreset of pP,Hd,k,dist, ∥�∥8q. In
particular, for every k-SMM y P Yd,k,

dist28pP, Spyqq ¤ p1� 1{3q2dist28
�
C, Spyq� � ψdist28

�
C, Spyq�. (11)

Let ξ :� 1, and hpkq :� p4kq{ξ2 � ψ � 1. We will prove that every k-SMM y P Yd,k satisfies

cost8pP, yq ¤ hpkqcost8pC, yq, (12)

which will prove the lemma, since hpkq P Opkq.
Indeed, let y :� pW,ω1, . . . , ωk, S1, . . . , Skq P Yd,k, and p� P argmaxpPP costpp, yq. Without loss
of generality, assume that

distpp�, S1q � distpp�, Spyqq. (13)
That is, S1 is a closest subspace to p� in Spyq. We first upper bound r :� cost8pC, yq by

r � cost8pC, yq ¥Wdist28pC, Spyqq ¥
Wdist28pP, Spyqq

ψ
¥ ξ

ψ
, (14)

where the first inequality is by the definition of Spyq (See Lemma D.2), the second inequality is
by equation 11, and the third is by the definition of Yd,k. The rest of the proof of equation 12 is by
induction on k.

Proof of equation 12 for the base case k � 1. In this case, y � pW, 1, S1q P Yd,1, and for every
p P P we have

costpp, yq � � ln
�
1 expp�Wdist2pp, S1qq

� �Wdist2pp, S1q �Wdist2pp, Spyqq, (15)

6
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where the first equality holds by equation 6. Hence, equation 12 follows as

cost8pP, yq � costpp�, yq � max
pPP

costpp, yq � max
pPP

Wdist2pp, Spyqq (16)

�Wdist28pP, Spyqq ¤Wψ � dist28pC, Spyqq ¤ ψr ¤ hp1qcost8pC, yq, (17)

where the equations in equation 16 hold by the definition of p� and equation 15, the first in-
equality in equation 17 is by equation 11, and the second inequality of equation 17 holds since
Wdist28pC, Spyqq ¤ r by equation 14. This proves equation 12 for the case k � 1, as desired.

Proof for the case k ¥ 2. Inductively assume that equation 12 holds for k � 1. That is, for every
pk � 1q-SMM y1 P Yd,k�1,

cost8pP, y1q ¤ hpk � 1qcost8pC, y1q. (18)

We will use the bound

Wdist28pC, Spyqq �W max
cPC

dist2pc, Spyqq � max
cPC

�
� ln

ķ

i�1

ωi expp�Wdist2pc, Spyqqq



(19)

¤ max
cPC

�
� ln

ķ

i�1

ωi expp�Wdist2pc, Siqq


� cost8pC, yq � r, (20)

where equation 19 holds since Spyq is independent of i, and equation 20 holds since distpc, Spyqq ¤
distpc, Siq by definition, for every i P rks. Therefore,

Wdist2pp�, S1q �Wdist2pp�, Spyqq ¤Wdist28pP, Spyqq ¤Wψdist28pC, Spyqq ¤ ψr, (21)

where the derivations are, respectively, by equation 13, equation 10, equation 11, and equation 19.
Let α ¡ 0 be a parameter that will be defined later, and

γ :� 1� lnp1� e�αrq
r

, (22)

which is well defined since r ¡ 0 by equation 14. The rest of the proof is by the following case
analysis on the weight ω1 of the closest subspace S1 P Spyq to p�: Case (i) ω1 P re�γr, 1s, and Case
(ii) ω1 P p0, e�γrq.
Case (i): ω1 P re�γr, 1s. In this case,

cost8pP, yq � costpp�, yq � � ln

� ķ

i�1

ωi expp�Wdist2pp�, Siqq



(23)

¤ � ln

�
ω1 expp�Wdist2pp�, S1qq



¤ � ln pω1 expp�ψrqq (24)

� � ln pexpp�ψr � lnω1qq � ψr � lnω1 ¤ ψr � γr � pψ � γqcost8pC, yq. (25)

where equation 23 is by the definition of costpp�, yq,the second inequality of equation 24 holds
by equation 21, and the inequality of equation 25 holds by the assumption of Case (i).

Case (ii): ω1 P p0, e�γrq. We prove that in this case ω1 can be replaced by ω1 � 0, so that y can be
replaced by y1 P Yd,k�1. We have ω1   e�γr ¤ 1, where the first inequality is by the assumption
of Case (ii), and the second holds since γ, r ¥ 0. Hence, β :� 1{p1 � ω1q is well defined. Since°k

i�1 ωi � 1,
ķ

i�2

βωi � 1

p1� ω1q
ķ

i�2

ωi � 1,

so the tuple y1 :� pW,βω2, . . . , βωk, S2, . . . , Skq is a pk � 1q-SMM. For every vector z �
pz1, � � � , zkq P r0,8qk whose maximum is ∥z∥8 � z1, we have

ķ

i�1

ωizi �
ķ

i�2

βωizip1� ω1q � ω1z1 �
ķ

i�2

βωizi � ω1pz1 �
ķ

i�2

βωiziq

¥
ķ

i�2

βωizi � ω1pz1 � ∥z∥8q �
ķ

i�2

βωizi, (26)
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where the first equality holds since β � 1{p1 � ω1q, the inequality in equation 26 holds since
βpω2, � � � , ωkq is a distribution over z P p0,8qk, and the last equality holds by the definition of z1.
Taking the � ln of both sides in equation 26 yields

� ln
ķ

i�1

ωizi ¤ � ln
ķ

i�2

βωizi. (27)

We can now obtain the bound

cost8pP, yq � cost8pp�, yq � � ln
ķ

i�1

ωi expp�Wdist2pp�, Siqq (28)

¤ � ln
ķ

i�2

βωi expp�Wdist2pp�, Siqq (29)

� costpp�, y1q ¤ cost8pP, y1q ¤ hpk � 1qcost8pC, y1q, (30)

where equation 28 is by the definition of costpp�, yq, equation 29 holds by substituting zi :�
expp�Wdist2pp�, Siqq for every i P rks in equation 27, the first inequality of equation 30 is by the
inductive assumption equation 18. It is left to bound cost8pC, y1q by cost8pC, yq.
Let c� P argmaxcPC costpc, y1q. Hence,

e�r ¤ e�costpc�,yq �
ķ

i�1

ωi expp�Wdist2pc�, Siqq ¤ ω1 �
ķ

i�2

ωi expp�Wdist2pc�, Siqq, (31)

where the first inequality holds since r � cost8pC, yq ¥ costpc�, yq, and the second inequality
holds since Wdist2pc�, Skq ¥ 0. Subtracting ω1 from both sides of equation 31 and multiplying by
β yields

βpe�r � ω1q ¤
ķ

i�2

βωi expp�Wdist2pc�, Siqq � e�costpc�,y1q � e�cost8pC,y1q. (32)

Therefore,

cost8pC, y1q ¤ � lnpβpe�r � ω1qq ¤ � lnpe�r � e�γrq (33)

� � lnpe�r � e�r�lnp1�expt�αruqq � � ln
�
e�rp1� p1� e�αrq� (34)

� � lnpexpp�r � αrqq � rp1� αq � p1� αqcost8pC, yq, (35)

where the inequalities in equation 33 hold by taking the ln of both sides of equation 32 and multiplying
by p�1q, and since β ¡ 1, respectively. The left equality of equation 34 is by definition equation 22
of γ, and the last equality is by the definition of r. Plugging equation 33 in equation 35 yields a
bound of cost8pP, yq with respect to cost8pC, yq

cost8pP, yq ¤ hpk � 1qcost8pC, y1q ¤ p1� αqhpk � 1qcost8pC, yq. (36)

Calibrating α. By equation 25 and equation 36, in order to prove equation 11 it is left to bound
ψ � γ and p1� αqhpk � 1q, respectively, by hpkq � p4kq{ξ2 � ψ � 1. Let α :� 1{k. Hence,

p1� αqhpk � 1q ¤ k

ξ2
p1� αq � k

ξ2
p1� 1

k
q � k

ξ2
� 1

ξ2
� k � 1

ξ2
¤ hpkq. (37)

To bound γ, note that pt� 1q{t ¤ ln t ¤ t� 1 for every t ¡ 0. We thus have, for every x ¡ 0,

� lnp1� e�xq ¤ e�x

1� e�x
� 1

ex � 1
¤ 1

x
, (38)

by substituting t � 1� e�x in the first inequality, and t � e�x in the second inequality. Therefore,

ψ � γ � ψ � 1� lnp1� e�r{kq
r

¤ ψ � 1� k{r
r

� ψ � 1� k

r2
¤ ψ � 1� 4k

ξ2
� hpkq, (39)

where the inequality holds since by substituting x :� �r{k in equation 38. Plugging equation 37
and equation 39 in equation 36 and equation 25, respectively, proves equation 12 for k ¥ 2.
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Figure 3: Results for three reconstructed experiments on three real datasets, two from Feldman et al. (2011) and
a third from Lucic et al. (2017). For every fixed sample size, our coresets enjoy smaller approximation errors.

7 EXPERIMENTAL RESULTS

We implemented our main coreset construction and its subroutines into an open sourced Python’s
library removed due to anonymization (2025). Our experiments were applied on three public real-
world datasets from Feldman et al. (2011); Lucic et al. (2017); CSN cell phone accelerometer data
contains n � 40, 000 feature vectors in d � 17 dimensions, MNIST handwritten digits contains
n � 60, 000 grayscale 784-pixel (28x28) images of handwritten digits which were projected to
d � 100 feature vectors, and Higgs high-energy physics dataset which contains n � 11, 000, 000
instances in d � 150 dimensions describing signal processes which produce Higgs bosons and
background processes which do not Baldi et al. (2014). See appendix and Feldman et al. (2011);
Lucic et al. (2017) for more details.

We trained a k-GMM Gorg using each dataset P with a common python library (Pomegranate), with
k � 6, k � 10, and k � 15 GMMs, respectively, for the CSN, MNIST, and Higgs datasets, and then
computed the negative log-likelihood ℓpGorg, P q. We used the entire data set several times to train a
target GMM Gtrg, and computed the average log-likelihood ℓpGtrg, P q of P using Gtrg. Finally, we
defined the optimal log-likelihood as ℓopt :� |ℓpGorg, T q � ℓpGtrg, T q|. We then compare the results
on uniformly sampled subsets of sizes between 20 and 5000, using k � 10 and fit GMMs using EM.
Unlike the theoretical and very pessimistic worse-case bounds (for all these types of samples), we
use the algorithms only for compute the distribution on the input points in P . Then we sample the
desired number of points, independently of the actual bounds and their dependency on d, k, and ε.

The coreset’s construction time was similar to Lucic et al. (2017) for every dataset and coreset size.
For a coreset of size 20 (first point in 3 ), the approximation error using CSN dataset was 10 times
smaller than Lucic et al. (2017) and 40 times smaller than uniform sampling, and using MNIST Lucic
et al. (2017) coreset approximation error was twice than our approximated error. For some coreset
sizes on Higgs dataset, our approximation error was up to 3 times smaller than Lucic et al. (2017).

8 CONCLUSION AND OPEN PROBLEMS

We provided algorithms that compute, with high probability, an ε-coresets for the family of mixtures
of k Gaussian models. The coreset can be maintained for streaming, distributed and dynamic input
data using existing techniques. The key idea is a serious of reductions from likelihood of Gaussians
to maximum distance to k subspaces, known as the projective clustering problem.

Due to the applications of projective clustering for many other types of measures and shapes via
“linearization” Agarwal et al. (2004); Har-Peled (2006); Marom and Feldman (2019), we expect
that the reduction in this paper would open the door for many other related techniques such as
kernels Scholkopf and Smola (2018), Deep Gaussian Learning Viroli and McLachlan (2019), Deep
Autoencoding Gaussian Mixture Model Zong et al. (2018), Gaussian Mixture Convolution Net-
works Celarek et al. (2022), or in computer vision for registration Yuan et al. (2020) or Gaussian
Splatting, where the input (and not output) is a set of Gaussians Wu et al. (2024).

9
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A VC-DIMENSION BOUND

Coreset construction for a tuple pP, Y, f, lossq using the Feldman-Langberg framework, is based on
the following general result that bounds the VC-dimension of a set via the time it takes to answer a
query, i.e, the time to compute fpyq for a specific y P Y .
Definition A.1 (basic operations). Let P and Y be two sets, and f : P � Y Ñ R be a function that
can be evaluated by an algorithm that gets pp, yq P P � Y and returns fpp, yq after no more than z
of the following operations:

1. the exponential function α ÞÑ eα on real numbers,

2. the arithmetic operations �,�,�, and { on real numbers,

3. jumps conditioned on ¡,¥, ,¤,�, and � comparisons of real numbers.

If the z operations include no more than k in which the exponential function is evaluated, then we
say that the function f can be evaluated using z operations that include k exponential operations.

The dimension of a coreset for a tuple pP, Y, f, lossq in the Feldman-Langberg framework depends
on and the dimension of the first three items pP, Y, fq, and is strongly related to VC-dimension; see
Definition B.3. The following is a variant of (Anthony and Bartlett, 2009, Theorem 8.14) that bounds
the VC-dimension of a pair pP, rangesq, adapted for our version of dimension (in particular, we
exchange d and m in (Anthony and Bartlett, 2009, Theorem 8.14)). It provides a not-so-tight but
very generic upper bound for the case where P � Rd, Y 1 � Rm, and fpp, y1q can be computed via
small (less than |P |) basic operations, as proved in Corollary A.3.
Theorem A.2 (Variant of (Anthony and Bartlett, 2009, Theorem 8.14)). Let h : Rd � Rm Ñ t0, 1u
be a binary function that can be evaluated using Opzq operations that include Opkq exponential
operations; see Definition A.1. Then dimpRd,Rm, hq P Opm2k2 �mkzq; see Definition B.3.

Corollary A.3. Let P � Rd, Y 1 � Rm and f : P � Y 1 Ñ r0,8q. If, for every p P P and y1 P Y 1

the value fpp, y1q can be computed in Opzq arithmetic operations that include Opkq exponential
operations, then dimpP, Y 1, fq P Opm2k2 �mkzq.

Proof. It suffices to prove the desired bound on the dimension of pRd,Rm, fq, i.e. assume that
Y 1 � Rm, since the VC-dimension, as the dimension of pP, Y, fq, is monotonic in the cardinality of
the set Y 1 of queries and set P . Suppose that S is the largest subset S � Rd such that

|  rangeS,f py, rq | r P R, y P Rm
( | � tp P S | fpp, yq ¤ ru � 2|S|; (40)

see Definition B.3. We need to upper bound the size of S.

Define h : Rd � Rm�1 Ñ t0, 1u such that hpp, xq � 0 if and only if there is y1 P Rm and r P R
such that x � py1; rq and fpp, y1q ¤ r. We then have, for every such x :� py1; rq in Rm�1,

rangeS,hpx, 0q � rangeS,hppy1; rq, 0q �
 
p P S | hpp, py1; rqq ¤ 0

(
�  

p P S | hpp, py1; rqq � 0
( �  

p P S | fpp, y1q ¤ r
( � rangeS,f py1, rq.

Hence,

|  rangeS,hpx, r1q | x P Rm�1, r1 P R
( | ¥ |  rangeS,hpx, 0q | x P Rm�1

( |
� |  rangeS,f py1, rq | r P R, y1 P Rm

( | � 2|S|,
(41)

where the last equality is by equation 40. Since rangeS,hpx, r1q is a subset of S, and there are at most
2|S| such subsets, equation 41 implies

|  rangeS,hpx, r1q | x P Rm�1, r1 P R
( | � 2|S|. (42)

By Theorem A.2, the dimension of pRd,Rm�1, hq is d1 P Opm2k2 �mkzq. Hence, the size of the
largest subset S � Rd that satisfies equation 42 is |S| ¤ d1. By equation 40 and Definition B.3, d1
also an upper bound for the dimension of dimpP, Y 1, fq ¤ d1 P Opm2k2 �mkzq.
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The following corollary generalizes Theorem 12 in Lucic et al. (2017) from cost to f , and from
semi-spherical Gaussians instead of any Gaussian, using similar approach.
Corollary A.4 (Generalization of (Lucic et al., 2017, Theorem 12)). Let k ¥ 1 be an integer and
pP,wq be a weighted set such that P � Rd is finite. Let f : Rd �Θd,k Ñ r0,8q be the function that
maps every p P Rd and θ P Θd,k to

fpp, θq � ϕpp, θq
ϕppP,wq, θq , (43)

if the denominator is positive, and fpp, θq � 0 otherwise. Then dimpP,Θd,k, fq P Opd2k4q.

Proof. For every p P Rd, let p1 :� pp; 0; � � � ; 0q P R2d�1. Let ξ � 1 and P, :� tp1 | p P P u. For
every k-SMM y � pW,ω1, � � � , ωk, S1, � � � , Skq P Y2d�1,k and p, P P 1, define (as in equation 6)

costpp1, yq � � ln
ķ

i�1

ωi expp�Wdist2pp1, Siqq,

and

gpp1, yq � costpp1, yq°
qPP wpqqcostpq1, yq

,

if the denominator is positive, and gpp1, yq � 0 otherwise. We first prove that

dimpP,Θd,k, fq ¤ dimpP 1, Y2d�1,k, gq. (44)

Indeed, let S be the largest subset of P that satisfies

| tS X range | range P rangespP,Θd,k, fqu | � 2|S|, (45)

where rangesp�, �, �q is defined in equation 49. Hence,

2|S| � | tS X range | range P rangespP,Θd,k, fqu |
� |  rangeS,f pθ, rq | r ¥ 0, θ P Θd,k

( |. (46)

Let S1 � tp1 | p P Su. Let θ P Θd,k be a k-GMM. By Lemma 6.2, there is a k-SMM y P Y2d�1,k

that satisfies ϕpp, θq � costpp1, yq for every p P Rd. Hence, for every p P S, there is a corresponding
point p1 P S1 that satisfies

fpp, θq � ϕpp, θq°
qPP wpqqϕpq, θq

� costpp1, yq°
qPP wpqqcostpq1, yq

� gpp1, yq.

Here we assumed ϕpp, θq ¡ 0, otherwise fpp, θq � 0 � gpp1, yq still holds. In particular, for every
r ¥ 0, the set

rangeS,f pθ, rq � tp P S | fpp, θq ¤ ru
has a corresponding distinct set

rangeS1,gpy, rq �
 
p1 P S1 | gpp1, yq ¤ r

(
.

Therefore,

2|S| � |  rangeS,f pθ, rq | r ¥ 0, θ P Θd,k

( | ¤ |  rangeS1,gpy, rq | r ¥ 0, y P Y2d�1,k

( |, (47)

where the first equality is by equation 46. Since the last expression is a set of subsets from S1, its size
is upper bounded by 2|S

1| � 2|S|. Together with equation 47 we obtain,

2|S
1| � |  rangeS1,gpy, rq | r ¥ 0, y P Y2d�1,k

( |,
so |S1| ¤ dimpP 1, Y2d�1,k, gq by the definition of dimpP 1, Y2d�1, gq. The last inequality proves equa-
tion 44 as

2dimpP,Θd,k,fq � 2|S| � 2|S
1| ¤ 2dimpP 1,Y2d�1,k,gq,

where the first equality is by the definition of S and dimpP,Θd,k, fq.
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Next, we upper bound dimpP 1, Y2d�1,k, gq. Indeed, for fixed r ¡ 0 and r1 :�
r
°

qPP wpqqcostpq1, yq,

 
p P S | gpp1, yq ¤ r

( �
#
p P S | costpp1, yq°

qPP wpqqcostpq1, yq
¤ r

+
�  

p P S | costpp1, yq ¤ r1
(
,

and the equalities trivially holds for r � 0. Hence, it suffices to bound the dimension of
pP 1, Y2d�1,k, costq which has the same dimension if the function costp�, �q is replaced by cost1 �
ecostp�,�q, i.e.,

dimpP 1, Y2d�1,k, gq � dimpP 1, Y2d�1,k, costq � dimpP 1, Y2d�1,k, cost
1q. (48)

For every y P Y , let y1 P Rm denote the concatenation of the parameters W,ω and the orthogonal
unit vectors and translations of S1, � � � , Sk into a single vector of length m � Opdkq. Let cost1 :
P 1 � Y2d�1,k Ñ R be a function that maps every pp, yq P P � Y2d�1,k to

cost1pp1, y1q � ecostpp,yq � �
ķ

i�1

ωi expp�Wdist2pp, Siqq,

which can be computer via z � Opmq operations that include k � 1 exponential operations; see
Definition A.1. Applying Corollary A.3 yields that the dimension of pP 1, Y2d�1,k, cost

1q is

dimpP 1, Y, cost1q P Opd2k4 � dk3q � Opd2k4q.
Combining this with equation 48 and equation 44 proves the corollary as

dimpP,Θd,k, fq ¤ dimpP 1, Y2d�1,k, gq � dimpP 1, Y2d�1,k, cost
1q P Opd2k4q.

As stated in Feldman et al. (2011); Lucic et al. (2017), the lower-bound of Ωpkd2q was established by
Akama and Irie (2011) for the dimension of pP, Y, fq above. It is an open problem whether this gap
can be closed further in the general setting.

B FROM CORESETS TO SENSITIVITY AND VC-DIMENSION

Our next goal is to compute coresets for k-SMMs, which would be used for k-GMMs as explained in
the previous chapter. To this end, we introduce an existing generic framework for coreset construc-
tions.

A coreset is problem dependent, and the problem is defined by four items: the input weighted set,
the possible set of queries (models) that we want to approximate, the cost function per point, and
the overall loss calculation. In this paper, the input is usually a set of points in Rd or R2d�1, but
for the streaming case in Section F we compute coreset for union of (weighted) coresets and thus
weights will be needed. The queries are either Gaussians or subspaces (for projective clustering), the
cost/kernel f is the ϕ function, negative log-likelihood L, or Euclidean distance, and the loss would
be either maximum or sum over costs in Sections E and D respectively.

Definition B.1 (query space). Let Y be a (possibly infinite) set called query set, P 1 � pP,wq be a
weighted set called the input set, f : P � Y Ñ r0,8q be called a kernel or cost function, and loss
be a function that assigns a non-negative real number for every real vector. The tuple pP 1, Y, f, lossq
is called a query space. For every weighted set C 1 � pC, uq such that C � tp1, � � � , pmu � P , and
every y P Y , we define the overall fitting error of C 1 to y by

flosspC 1, yq :� lossppwppqfpp, yqqpPCq � losspwpp1qfpp1, yq, � � � , wppmqfppm, yqq.

A coreset that approximates a set of models (queries) is defined as follows, where equation 5 is a
special case. A weighted set is defined as s a pair that consists of a set P and a (weight) function
w : P Ñ r0,8q. We define p1� εq :� r1� ε, 1� εs for ε ¡ 0, and aX � tax | x P Xu for every
set X and a P R.
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Definition B.2 (ε-coreset). Let P 1 � pP,wq be a weighted set. For an approximation error ε ¡ 0,
the weighted set C 1 � pC, uq is called an ε-coreset for a query space pP 1, Y, f, lossq, if C � P , and
for every y P Y we have

flosspP 1, yq P p1� εqflosspC 1, yq.
The dimension of a query space pP, Y, fq is the VC-dimension of the range space that it induced, as
defined below. The classic VC-dimension was defined for sets and subset and here we generalize it to
query spaces, following Feldman and Langberg (2011b).
Definition B.3 (Dimension for a query space Vapnik and Chervonenkis (1971); Braverman et al.
(2016); Feldman and Langberg (2011b)). For a set P and a set ranges of subsets of P , the VC-
dimension of pP, rangesq is the size |C| of the largest subset C � P such that

| tC X range | range P rangesu | � 2|C|.

Let Y be a set and f : P � Y Ñ R. For every query y P Y , and r P R we define the set

rangeP,f py, rq :� tp P P | fpp, yq ¤ ru .
and

ranges :� rangespP, Y, fq :�  
rangeP,f py, rq | y P Y, r P R

(
. (49)

The dimension dimpP, Y, fq is defined as the VC-dimension of pP, rangesq.
We use the general reduction for computing coresets for sum over the cost of each point, by bounding
its sensitivity (importance) as defined below. The size of the coreset then depends near linearly on
the sum of these bounds via Braverman et al. (2016) following the quadratic bound in Feldman and
Langberg (2011b). The rest of the paper will be devoted mainly to compute such a bound.
Definition B.4 (sensitivity). Let P 1 � pP,wq be a weighted set, and ppP,wq, Y, cost, ∥�∥1q be a
query space. The function s� : P Ñ r0,8q is the sensitivity of pP 1, Y, costq if

s�ppq � sup
y

wppqcostpp, yq°
qPP wppqcostpq, yq

,

for every p P P , where the sup is over every y P Y such that the denominator is non-zero.

The function s : P Ñ r0,8q is a sensitivity bound for pP 1, Y, costq if sppq ¥ s�ppq for every p P P .
The total sensitivity of s is defined as

t �
¸
pPP

sppq.

The following theorem proves that a coreset can be computed by sampling according to sensitivity of
points. The size of the coreset depends on the total sensitivity and the complexity (VC-dimension) of
the query space, as well as the desired error ε and probability δ of failure.
Theorem B.5 (coreset from sensitivities Braverman et al. (2016); Feldman and Langberg (2011a)).
Let

• ppP,wq, Y, cost, ∥�∥1q be a query space, and n :� |P |.
• f : P � Y Ñ r0,8q such that for every p P P and y P Y ,

fpp, yq �
#

wppqcostpp,yq°
qPP wpqqcostpq,yq

°
qPP wpqqcostpq, yq ¡ 0

0
°

qPP wpqqcostpq, yq � 0,

• s : P Ñ r0,8q be a sensitivity bound of ppP,wq, Y, costq, and t � °
pPP sppq be its total

sensitivity.

• ε, δ P p0, 1q,
• c ¡ 0 be a universal constant that can be determined from the proof,

•

m ¥ cpt� 1q
ε2

�
dimpP, Y, fq logpt� 1q � log

�
1

δ




, and
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• pC, uq be the output weighted set of a call to CORESETpP,w, s,mq; see Algorithm B.6.

Then piq–pvq hold as follows.

(i) With probability at least 1� δ, C is an ε-coreset of ppP,wq, Y, cost, ∥�∥1q.
(ii) |C| � m.

(iii) pC, uq can be computed in Opnq time, given pP,w, s,mq.
(iv) uppq P rwppq,°qPP wpqq{ms for every p P C.

(v)
°

pPP wppq �
°

qPC upqq.

The last two properties would be required to support streaming in Section F, and keep the overall
weight of the coreset, that depends on sum and maximum over input weight.

Algorithm B.6: CORESETpP,w, s,mq
Input: A weighted set pP,wq, where

°
pPP wppq ¡ 0, s : P Ñ r0,8q, and an integer m ¥ 1.

Output: A weighted set pC, uq that satisfies Theorem B.5.

// Add small importance to each point to bound coreset’s
weights

1 s1ppq :� sppq � wppq°
qPP wpqq

// Add very important points to the coreset

2 C :�
!
p P P | s1ppq°

qPP s1pqq ¥ 1
m

)
3 for every p P C do
4 u1ppq :� wppq
5 Q :� P zC
6 for m iterations do

7 Sample a point q from Q, where p P Q is chosen with probability Prppq :� s1ppq°
p1PQ s

1pp1q
8 C :� C Y tqu
9 u1pqq :� wpqq

m�Prpqq

10 for every p P C do
// sum of weights in the coreset and input set should be the

same

11 uppq :� u1ppq �
°

p1PP wpp1q°
qPC u

1pqq
12 return pC, uq

C FROM LIKELIHOOD TO ϕ APPROXIMATION

In this section we continue the discussion in Section 1. Recall that a k-GMM

θ :�  pωi,Σi, µiq
(k
i�1

:�  pω1, µ1,Σ1q, � � � , pωk, µk,Σkq
(
, (50)

was defined in equation 1. Inspired by Feldman et al. (2011), let

Zpθq :�
ķ

i�1

ωiea
detp2πΣiq

, (51)

and, for every i P rks, let
ω1i :�

ωie

Zpθqadetp2πΣiq
. (52)
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Hereby Z is a normalizer that asserts that ω1 is a distribution vector. As was shown in Feldman et al.
(2011), the negative log-likelihood of a point p P Rd and a k-GMM θ P Θd,k can be decomposed
into two parts, where one of them depends only on θ, and not on p, as follows:

Lpp, θq � ϕpp, θq � lnZpθq, (53)

where

ϕpp, θq :� � ln
ķ

i�1

ω1i exp

�
�1

2
pp� µiqTΣ�1

i pp� µiq � 1



. (54)

Letting ϕpP, θq :� °
pPP ϕpp, θq and summing equation 54 over every p P P yields

LpP, θq �
¸
pPP

Lpp, θq � ϕpP, θq � n lnZpθq. (55)

Since LpP, θq might be negative, it does not make sense to consider coreset or multiplicative ap-
proximation for L. Instead, we approximate ϕpP, θq which is always positive. If lnZpθq   0, then
LpP, θq ¡ ϕpθq, so in this case we also have a coreset on approximation for LpP, θq. We consider
the conditions for this case in the following paragraph and lemma.

For a weighted set pC, uq, we generalize the above definitions, by letting

ϕppC,wq, θq :�
¸
cPC

wpcqϕpc, θq �
¸
cPC

�wpcq ln
ķ

i�1

ω1i exp

�
�1

2
pc� µiqTΣ�1

i pc� µiq � 1



,

and
LppC,wq, θq :�

¸
cPC

upcqLpc, θq � ϕppC,wq, θq �
¸
cPC

upcq lnZpθq. (56)

The coreset for the ϕ cost function is similar to the log-likelihood as explained above. Nevertheless,
for the case of ϕ we would have coresets for any k-GMM. Moreover, it would be easier to work with
this function in the rest of the paper. The justification and reduction for the likelihood is explained in
the next section.

As noted in (Feldman et al., 2011, Section 2), Zpθq can be computed exactly and independently of
the set P . Furthermore, the function ϕ captures all dependencies of LpP, θq on θ.

Moreover, if either the input set P or the k-GMM θ is scaled such that Zpθq ¤ 1, then the right
hand side of equation 55 is non-negative and a p1� εq-approximation to ϕpP, θq is indeed a p1� εq-
approximation to LpP, θq. This occurs e.g. if all the eigenvalues σi,1, � � � , σi,d of Σi are greater than
e1{d{p2πq for every i P rks. That is, if Zpθq ¤ 1, then for every weighted set C 1,

ϕpC 1, θq ¤ ϕpP 1, θq ¤ p1� εqϕpC 1, θq
implies

LpC 1, θq ¤ LpP 1, θq ¤ p1� εqLpC 1, θq.
This gives the following reduction that motivates the definition of Θd,k in Section 1 that consists of
k-GMM whose corresponding eigenvalues are at least 1. Otherwise, we multiply them by the same
scaling factor (which is independent of the input P ), and update λpθq accordingly; see Lemma C.1
and Feldman et al. (2011); Lucic et al. (2017). Such a lower bound on the eigenvalues is essential to
avoid division by zero

construction of coresets of pP,Θd,k, ϕ, ∥�∥1q for the rest of the paper.

Lemma C.1. Let P � Rd, and ε ¡ 0. Then, an ε-coreset of pP,Θd,k, ϕ, ∥�∥8q is an ε-coreset of
pP,Θd,k, L, ∥�∥8q.

Proof. Let C be an ε-coreset of pP,Θd,k, ϕ, ∥�∥8q. Let θ P Θd,k, p� P argmaxpPP ϕpp, θq, and
c� P argmaxcPC ϕpc, θq. By the definition of C,

max
pPP

ϕpp, θq ¤ p1� εqmax
cPC

ϕpc, θq.

In particular,
ϕpp�, θq � ϕpc�, θq ¤ εϕpp�, θq. (57)
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Therefore,

max
pPP

Lpp, θq �max
cPC

Lpc, θq � max
pPP

ϕpp, θq � lnZpθq �max
cPC

�
ϕpc�, θq � lnZpθq� (58)

� max
pPP

ϕpp, θq �max
cPC

ϕpc, θq � ϕpp�, θq � ϕpc�, θq ¤ εϕpp�, θq (59)

� ε lnZpθq � εLpp�, θq ¤ ε lnZpθq � εmax
pPP

Lpp, θq, (60)

where the equalities in equation 58 and equation 60 hold by equation 53, and the inequality in equa-
tion 59 holds by equation 57.

For every i P rks, let σi,j ¥ 1 denote the jth largest singular value of Σi. Ties broken arbitrarily. We
then have

detp2πΣiq � exppln detp2πΣiqq � exp

�
ln

d¹
j�1

p2πσi,jq
�

� exp

�
ḑ

j�1

lnp2πσi,jq
�

� exp

�
d lnp2πq �

ḑ

j�1

lnpσi,jq
�
¥ exppd lnp2πqq ¥ e2, (61)

where the first inequality in equation 61 is by the assumption σi,j ¥ 1, and the last inequality uses
the assumption d ¥ 2. Hence,

Zpθq :�
ķ

i�1

ωiea
detp2πΣiq

¤
ķ

i�1

ωie?
e2
� 1. (62)

That is, lnZpθq ¤ ln 1 � 0, as desired. Substituting the last inequality in equation 60 yields

max
pPP

Lpp, θq �max
cPC

Lpc, θq ¤ ε lnZpθq � εmax
pPP

Lpp, θq ¤ εmax
pPP

Lpp, θq.

Since we assume arbitrary θ P Θd,k, C is the desired coreset.

D FROM k-GMMS TO k-SMMS TO PROJECTIVE CLUSTERING

In this section we prove Lemma 6.2 from the main text that matches a corresponding k-GMM to
k-SMM, as in Definition 6.1. Then, in Lemma D.2, we reduce the problem of fitting k-SMM to the
input dataset P to the classic problem of projective clustering in computational geometry, which is
covering the points of P by k “slabs” (between parallel hyperplanes) of the smallest width. Recall
that ϕ and cost were defined in equation 54 and equation 6, respectively.
Lemma D.1 (From k-GMM to k-SMM (restatement of Lemma 6.2)). Let θ P Θd,k be a k-GMM
in Rd. Then there is a k-SMM y :� pW,ω11, � � � , ω1k, S1, � � � , Skq P Y2d�1,k that satisfies, for every
p P Rd and p1 � pp; 0; � � � ; 0q P R2d�1,

Wdist2pp1, Spyqq ¥ 1, (63)

and
ϕpp, θq � costpp1, yq.

Proof. Identify θ �  pωi,Σi, µiq
(k
i�1

. For every i P rks, let σi,1 ¡ 0 denote the largest eigenvalue
of Σ�1

i , and

W :� maxiPrks σi,1

2
¡ 0. (64)

Put i P rks. Since Σi is a positive definite matrix, Σ�1
i {p2W q has a Cholesky Decomposition

ATA � Σ�1
i

2W
, (65)
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where A P Rd�d. The largest singular value of A is bounded by 1, since for every unit vector z P Rd,

∥Az∥2 � zTATAz � zTΣ�1
i z

2W
¤ σi,1

2W
¤ 1, (66)

where the last inequality is by equation 64.

Let QDV T � A denote the thin SVD of A, and Dj,j denote the jth diagonal entry of D (the jth
largest singular value of A) for every j P rds. By equation 66 we have Dj,j ¤ 1, so we can define the
diagonal matrix

?
I �D2 P Rd�d. Here,

?
X is the matrix whose entries are squared roots of a semi

positive-definite matrix X . By letting L :� Q
?
I �D2 P Rd�d, we have

I �AAT � QpI �D2qQT � LLT . (67)
(Alternatively, we could compute a Cholesky decomposition of I � AAT , or the SVD of AAT ).
Similarly, let E :� I�,1:d P R2d�d and Y :� I�,d�1:2d P R2d�d denote, respectively the first and
last d columns of the identity 2d� 2d matrix. Therefore,

I � EET � Y Y T . (68)

Let B :� rE | Y s P R2d�2d. Since BBT � EET � Y Y T � I , where the last equality holds
by equation 68, we have that B is a squared matrix whose rows are orthogonal, i.e., an orthogonal
matrix where BTB � I . By defining U :� BrA | LsT P R2d�d, we obtain

UTU � rA | LsBTBrA | LsT � rA | LsrA | LsT � AAT � LLT � I,

where the last equality holds by equation 67. Moreover,

UTE � UTBI�,1:d � rA | LsBTBI�,1:d � rA | LsI�,1:d � A. (69)

Let i P rks, and recall that µi is the mean of the ith k-GMM, and let Ti � R2d denote the d-
dimensional subspace that is spanned by the columns that are orthogonal to U , and Ti � Eµi :�
tt� Eµi | t P Tiu denote its translation by Eµi. By letting p P Rd, we have

1

2
pp� µiqTΣ�1

i pp� µiq �W pp� µiqTATApp� µiq (70)

�W ∥App� µiq∥2 �W
∥∥UTEpp� µiq

∥∥2 (71)

�Wdist2pEpp� µiq, Tiq �Wdist2pEp, Ti � Eµiq, (72)
where equation 70 is by equation 65, equation 71 is by equation 69, and equation 72 holds by the
definition of Ti.

Finally, let ξ :� 1, and add another entry to every vector t in the affine subspace Ti � Eµi,

Si :�
#�

t;

c
ξ

W

�
| t P Ti � Eµi

+
� R2d�1.

By letting p1 :� pEp; 0q P R2d�1, we obtain

dist2pEp, Ti � Eµiq � ξ

W
� dist2pEp, Ti � Eµiq �

∥∥∥∥∥p0; � � � ; 0q �
�
0; � � � ; 0;

c
ξ

W

�∥∥∥∥∥
2

� dist2p
�
Ep
0



, Siq � dist2pp1, Siq,

(73)

where the first equality holds by the Pythagorean Theorem. Hence,
1

2
pp� µiqTΣ�1

i pp� µiq � ξ �Wdist2pEp, Ti � Eµiq � ξ �Wdist2pp1, Siq, (74)

where the first equality is by equation 72, and the second one holds after multiplying equation 73 by
W . This proves equation 63, as

Wdist2pp1, Spyqq � min
iPrks

Wdist2pp1, Siq

� min
iPrks

1

2
pp� µiqTΣ�1

i pp� µiq � ξ (75)

¥ ξ,
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where equation 75 holds by equation 74, and the last inequality holds since Σ is positive semi-definite.

Recall that ω1i ¥ 0 was defined for every ωi and Σi in equation 52. The k-SMM y �
pW,ω11, � � � , ω1k, S1, � � � , Skq satisfies the lemma as

ϕpp, θq � � ln
ķ

i�1

ω1i exp

�
�1

2
pp� µiqTΣ�1

i pp� µiq � ξ




� � ln
ķ

i�1

ω1i expp�Wdist2pp1, Siqq � costpp1, yq,

where the first equality is by equation 54, and the second is by equation 74.

From k-SMMs to Projective Clustering. In Lemma C.1, we reduce the problem of approximating
L to approximating ϕ, and in Lemma D.1 we reduce the approximation of ϕ to cost. We now reduce
the problem of approximating cost to the problem of approximating the query space pP 1, Y, f, lossq
of projective clustering as explained in Section 1.

Recall that cost8 and dist8 were defined in equation 9 and equation 10, respectively. The following
lemma proves that cost8 for k-GMM is an upper bound for Wdist8 of the corresponding k-
subspaces. It will be used in our main result later.

Lemma D.2 (cost8 upper bounds dist8). For every k-SMM y � pW,ω1, � � � , ωk, S1, � � � , Skq and
a finite set P of points in Rd, we have

cost8pP, yq ¥Wdist28pP, Spyqq.

Proof. We have

cost8pP, yq � max
pPP

costpp, yq (76)

� max
pPP

� ln
ķ

i�1

ωi expp�Wdist2pp, Siqq (77)

¥ max
pPP

� ln
ķ

i�1

ωi expp�Wdist2pp, Spyqqq � max
pPP

� ln exp
�
�Wdist2

�
p, Spyq�	

(78)

�Wdist28pP, Spyqq, (79)

where equation 76 and equation 77 hold by definition, and equation 78 holds since distpp, Siq ¥
distpp, Spyqq � maxiPrks distpp, Siq.

E FROM SENSITIVITY TO ℓ8-CORESET

In order to bound sensitivities, we generalize the reduction that was suggested in Varadarajan and
Xiao (2012a) to compute sensitivities via ℓ8 coreset, where instead of approximating the sum of
fitting costs or distances, we approximate their maximum. We will then use it to bound sensitivities of
k-GMMs via projective clustering. In this section we assume that pP, Y, cost, lossq is a general query
space, i.e., cost may be any real function on P � Y , and Y and P are arbitrary sets (not necessarily
points or even in an Euclidean space).

E.1 NON-WEIGHTED INPUT

The original reduction from sensitivity to ℓ8 coreset in Agarwal et al. (2005) was for a specific
problem and for non-weighted data. For simplicity and intuition, we first generalize it to any query
space and only then reduce non-unit weights to positive weights, following the ideas in Feldman et al.
(2013). The cardinality n of the input set P is replaced by the sum of input weights. Since we are
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interested in multiplicative error factors, it would be useful to normalize this sum and define, for a
weighted set C 1 :� pC,wq,

wpC 1q :�
°

cPC wpcq
minq wpqq ,

where the minimum is over every q P C such that wpcq ¡ 0. If this minimum is 0, we define
wpC 1q :� 0. We now use the following definition of a coreset scheme as an algorithm that computes
coresets.
Definition E.1 (coreset scheme). Let pP, Y, cost, lossq be a query space such that P is an unweighted
set. Let size : r0,8q4 Ñ r1,8q and time : r0,8q4 Ñ r0,8q be a pair of functions. Let
CORESETpQ1, ε, δq be an algorithm that gets as input a weighted set Q1 � pQ,wq such that Q � P ,
an approximation error ε ¡ 0 and a probability δ P p0, 1q of failure. The tuple pCORESET, size, timeq
is called an pε, δq-coreset scheme for pP, Y, cost, lossq and some ε, δ ¡ 0, if (i)-(iii) hold as follows:

(i) A call to CORESETpQ1, ε, δq returns a weighted set pC, uq.
(ii) With probability at least 1� δ, pC, uq is an ε-coreset of pQ1, Y, cost, lossq.

(iii) pC, uq can be computed in timep|Q|, wpQ1q, ε, δq time and its size is

|C| ¤ sizep|Q|, wpQ1q, ε, δq.

Algorithm E.2: SENSITIVITYpP, ε, δ, ℓ8-CORESETq; see Theorem E.7

Input: A finite set P � Rd, an approximation error ε ¡ 0, and probability δ P p0, 1q of failure.
Required: A coreset scheme ℓ8-CORESET for pP, Y, cost, ∥�∥8q.
Output: A sensitivity bound s : P Ñ p0,8q.

1 P1 :� P ; i :� 1
2 while |Pi| ¥ 1 // Pi is not an empty set
3 do
4 Si :� ℓ8-CORESETpPi, ε, δ{|P |q
5 for every p P Si do

6 sppq :� p1� εq
i

7 Pi�1 :� PizSi

8 i :� i� 1
9 return s

The following result shows how a coreset scheme for ℓ8 coresets can be used to bound sensitivity.
The total sensitivity depends on the size of the ℓ8 coreset, which in turn determines the size of the
desired ℓ1 coreset. It is a variant, improvement and generalization of (Feldman et al., 2013, Lemma
49) which is in turn a variant of (Varadarajan and Xiao, 2012a, Lemma 3.1).

Recall that sensitivity bound and total sensitivity were defined in Definition B.4.
Lemma E.3 (generalization of Feldman et al. (2013); Varadarajan and Xiao (2012a)). Let P be a
set of size n � |P |, and pℓ8-CORESET, size, timeq be a coreset scheme for pP, Y, cost, ∥�∥8q. Let
ε, δ P p0, 1{2q, and let s : P Ñ p0,8q be the output of a call to SENSITIVITYpP, ε, δ, ℓ8-CORESETq;
See Algorithm E.2. Then, with probability at least 1 � δ, s is a sensitivity bound for pP, Y, costq
whose total sensitivity is ¸

pPP

sppq P sizepn, n, ε, δ{nqp1� εqOplog nq. (80)

Moreover, the function s can be computed in Opnq � timepn, n, ε, δ{nq time.

Proof. Probability of failure. For i P rns, the event that Si is an ε-coreset for pPi, Y, cost, ∥�∥8q
during the execution of Line 4 occurs with probability at least 1 � δ{n. For the rest of the proof,
suppose that this event indeed occurred for every i P rns, which happens with probability at least
1� δ, by the union bound.
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Correctness. We first bound the total sensitivity and then the computation time of s. Algorithm E.2
implements the algorithm that is described in the following proof. Let i :� 1, and P1 :� P . By its
construction, |Si| ¤ sizepn, n, ε, δq, and for every y P Y

max
pPPi

costpp, yq ¤ p1� εqmax
pPSi

costpp, yq.

Recursively define Pi�1 :� PizSi for every non-empty set Pi. Hence, |Pi�1|   |Pi|, and thus
Pℓ � H for

ℓ ¤ |P1| � n. (81)

Let p P P , and vppq P rℓs such that p P Svppq. Let y P Y such that costpp, yq ¡ 0. Finally, let
j P rvppqs, and sj P argmaxsPSj

costps, yq denote the "farthest point" in Sj from y. Since p P Pj ,

costpp, yq ¤ max
qPPj

costpq, yq ¤ p1� εqmax
sPSj

costps, yq � p1� εqcostpsj , yq, (82)

where the second inequality holds by the definition of Sj . We can now bound costpp, yq by

costpp, yq ¤ p1� εq min
jPrvppqs

costpsj , yq (83)

¤ p1� εq �
°vppq

j�1 costpsj , yq
vppq (84)

¤ p1� εq
vppq

¸
pPP

costpp, yq, (85)

where equation 83 holds by equation 82, equation 84 holds since the minimum cannot be larger than
the average, and equation 85 holds since ts1, � � � , svu � P . Hence,

sppq :� p1� εq
vppq ¥ costpp, yq°

qPP costpq, yq , (86)

where the inequality holds by equation 83. Since y is an arbitrary query, sppq is a sensitivity bound,
as desired by the lemma and Definition B.4. Summing equation 86 over p P P bounds the total
sensitivity

¸
pPP

sppq � p1� εq
¸
pPP

1

vppq

� p1� εq
ℓ̧

j�1

|Sj |
j

¤ p1� εq
ņ

j�1

sizepn, n, ε, δ{nq
j

P p1� εqsizepn, n, ε, δ{nqOplog nq,

where the equality holds since |Sj | points were removed from Pj during the jth iteration of the
algorithm, and each p P Sj was labeled vppq � j, for every j P rℓs. The last deviation holds by the
definition of size equation 81 and the fact that

°n
i�1 1{n � Oplog nq is an harmonic sequence for

every integer n ¥ 1; see Theorem E.5 for exact bound.

Running time. For every i P rℓs, computing Si (whose cardinality is at most n) for Pi takes at most
timepn, n, ε, δ{nq time. By equation 81, computing all the n sets takes n � timepn, n, ε, δ{nq time.
Removing Si from Bi (e.g. using linked lists), as well as computing the values of s, takes Opnq time,
so the dominated time is n � timepn, n, ε, δ{nq.

E.2 WEIGHTED INPUT

In this section we generalize the result of the previous section to non-weighted input. This is a
generalization of the idea that was suggested in Feldman et al. (2013) with little better bounds.

The following constant for approximating harmonic sequences can be approximated very efficiently,
in exponential convergence rate. However, in the next corollary we use it only for the analysis, since
we use it to compute the difference between two harmonic sequences.
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Algorithm E.4: WSENSITIVITYℓ8 -CORESETpP 1, ε, δ, ℓ8-CORESETq; see Theorem E.7.

Input: A weighted set P 1 � pP,wq of points in Rd, an approximation error ε ¡ 0,
probability of failure δ P p0, 1q, and
a coreset scheme ℓ8-CORESET for pP, Y, cost, ∥�∥8q; see Definition E.1.

Output: s : P Ñ p0,8q
1 wmin � minpPP wppq
2 for every p P P do
3 hppq :�

Q
wppq
εwmin

U
4 sppq :� 0
5 P1 :� P ; i :� 1
6 while |Pi| ¥ 1 do
7 Si :� ℓ8-CORESETpPi, ε,

δ
|P1|

q
8 Set qi P argminpPSi

hppq
9 for every p P Si do

10 hppq :� hppq � hpqiq
11 m :� i� hpqiq � 1

12 sppq :� sppq � p1� εq2
�

1

ij
� ln

�
mj

ij



� 1

2mj
� 1

2ij
� 1

i2j

�

// � sppq � p1� εq2°m
j�i

1
j; see Corollary E.6

13 Pm�1 :� Piz tqiu
14 i :� m� 1
15 return s

Theorem E.5 (Euler–Mascheroni Constant Mortici (2010)). Let n ¥ 1 be an integer. Then there is a
constant γ (independent of n) such that

0   lnn� γ � 1

2n
�

ņ

i�1

1

i
¤ 1

n2
.

Corollary E.6. For every pair pm, iq of integers that satisfy m ¥ i ¥ 2,

� 1

pi� 1q2   ln

�
m

i� 1



� 1

2m
� 1

2pi� 1q �
m̧

j�i

1

j
¤ 1

m2
(87)

Proof. For the left hand side of equation 87, we have by Theorem E.5

m̧

j�i

1

j
�

m̧

j�1

1

j
�

i�1̧

j�1

1

j
  lnm� γ � 1

2m
�
�
lnpi� 1q � γ � 1

2pi� 1q �
1

pi� 1q2



� ln

�
m

i� 1



� 1

2m
� 1

2pi� 1q �
1

pi� 1q2 .

Similarly,

m̧

j�i

1

j
�

m̧

j�1

1

j
�

i�1̧

j�1

1

j
¥ lnm� γ � 1

2m
� 1

m2
�
�
lnpi� 1q � γ � 1

2pi� 1q



� ln

�
m

i� 1



� 1

2m
� 1

2pi� 1q �
1

m2
.

Theorem E.7 (Varadarajan and Xiao (2012a); Feldman et al. (2013)). Let pP,wq be a posi-
tively weighed set of size n � |P |, and pℓ8-CORESET, size, timeq be a coreset scheme for
pP, Y, cost, ∥�∥8q. Let ε, δ P p0, 1s, and s : P Ñ p0,8q be the output of a call to

25



1350
1351
1352
1353
1354
1355
1356
1357
1358
1359
1360
1361
1362
1363
1364
1365
1366
1367
1368
1369
1370
1371
1372
1373
1374
1375
1376
1377
1378
1379
1380
1381
1382
1383
1384
1385
1386
1387
1388
1389
1390
1391
1392
1393
1394
1395
1396
1397
1398
1399
1400
1401
1402
1403

Under review as a conference paper at ICLR 2026

WSENSITIVITYℓ8 -CORESETppP,wq, ε, δ, ℓ8-CORESETq;See Algorithm E.4. Then, with probability
at least 1� δ, s is a sensitivity bound for ppP,wq, Y, costq, its total sensitivity is

¸
pPP

sppq P sizepn, n, ε, δ{nqO
�
log

wpP q
ε



,

and the function s can be computed in Opnq � timepn, n, ε, δ{nq time.

Proof. The probability that the construction of the coreset in Line 7 would succeed during all the n
iterations of the algorithm is at least 1� δ, by the union bound.

Sensitivity bound: Let p P P and consider the values of h, s and wmin during the end of the
execution of Algorithm E.4. We have

x ¤ y �
R
x

y

V
¤ y

�
x

y
� 1



� x� y

for every x, y ¡ 0. Substituting x � wppq, y � εwmin and hppq � rx{ys, yields

wppq ¤ εwminhppq � yrx{ys ¤ x� y � wppq � εwmin ¤ p1� εqwppq. (88)

Hence, by letting s�hppq denote the sensitivity of ppP, hq, Y, costq, we obtain

s�ppq :� sup
yPY :costpp,yq¡0

wppqcostpp, yq°
qPP wpqqcostpq, yq

¤ sup
yPY :costpp,yq¡0

εwminhppqcostpp, yq°
qPP εwminhpqqcostpq, yq{p1� εq � p1� εqs�hppq,

(89)

where the inequality holds by equation 88. It is left to bound s�hppq. Let Q denote the (unweighted)
multi-set that consists of hppq copies of every point p P P . Let s1 : QÑ r0,8q denote the output of
a call to SENSITIVITYpQ, ε, δ, ℓ8-CORESETq; see Algorithm E.2. By Lemma E.3, for a single copy
of a point p in Q we have, with probability at least 1� δ,

s1ppq ¥ sup
yPY,costpp,yq¡0

costpp, yq°
qPP hpqqcostpq, yq

so for all its hppq copies we have

hppqs1ppq ¥ sup
yPY,costpp,yq¡0

hppqcostpp, yq°
qPP hpqqcostpq, yq

� s�hppq. (90)

That is, s�hppq ¤ hppqs1ppq. Next, we bound hppqs1ppq by sppq.
Note that the number of copies of a point p in Q has no effect on the computation of the coreset S1

during the first iteration of the call to SENSITIVITYpQ, ε, δ, ℓ8-CORESETq, so S1 may be computed
on the unweighted set of the n distinct points in Q. Moreover, this number n of distinct points will
remain the same after the first iteration, as well as the following coresets S2, S3, � � � , until all the
copies of some point q1 P S1 will be removed in Line 7 of SENSITIVITY. This point q1 is the point
with the smallest number of duplicates (weights) in S1. During these hpq1q iterations, the value s1ppq
of (one of the copies of) each p P S1 is increased in Line 6 by,

1� ε

1
� � � � � 1� ε

hpq1q � p1� εq
hpq1q¸
j�1

1

j
  p1� εq

�
ln

�
hpq1q
1



� 1

2hpq1q �
1

2
� 1



,

where the last inequality is by substituting i :� 2 andm :� hpq1q in the left hand side of Corollary E.6.
This is indeed the value that is added to sppq in Line 12 of Algorithm E.4.

Similarly, during the ith iteration qi P Si is the point with the smallest number of remaining copies
in Q � Pi. In Algorithm E.4, qi is removed in its jth iteration for some j P rns. Let ij and mj

respectively denote the value of i and m during the execution of the jth iteration. Hence, i1 � 1,
ij�1 � ij � hpqij q and mj � ij � hpqij q � 1 � ij�1 � 1, for every j P rns. We obtain that Si is the
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same for every iteration i P rij ,mjs in Algorithm E.2. During these hpqij�1�1q iterations, until qij is
removed from Q � Pij , the value s1ppq of every p P Si was increased by

hppqs1ppq � 1� ε

ij
� � � � � 1� ε

mj
� p1� εq

mj¸
k�ij

1

k
  p1� εq

�
ln

�
mj

ij



� 1

2mj
� 1

2ij
� 1

i2j

�
,

where the inequality is by substituting i :� ij � 1 and m :� mj in the left hand side of equation 87.

The right hand side of the last inequality multiplied by p1 � εq is the update of sppq in Line 12 of
the jth iteration in Algorithm E.4 that imitates the updates of s1ppq during iterations ij till ij�1 of
Algorithm E.2. Hence,

p1� εqhppqs1ppq ¤ sppq. (91)

This proves the desired sensitivity bound as

sppq ¥ p1� εqhppqs1ppq ¥ p1� εqs�hppq ¥ s�ppq � sup
yPY :costpp,yq¡0

wppqcostpp, yq°
qPP wpqqcostpq, yq

,

where the first inequality is by equation 91, the second is by equation 90, and the third is by equa-
tion 89.

The total sensitivity of s is bounded using the fact that ε ¤ 1, mj � ij�1 � 1 and

ņ

j�1

1

ij
�

ņ

j�1

�
ln

�
ij�1 � 1

ij



� 1

2pij�1 � 1q �
1

2ij
� 1

i2j

�
¤

ņ

j�1

1

ij
�

ņ

j�1

1

i2j�1

�
ņ

j�1

ij�1�1¸
k�ij�1

1

k

(92)

¤
ņ

j�1

1

ij
�

8̧

j�1

1

j2
�

in�1�1¸
k�1

1

k
P Oplogpin�1qq � O

�¸
pPP

hppq
�
� O

�
log

wpP q
ε



.

(93)

where equation 92 is by substituting i � ij�1 andm � ij�1�1 in the right hand side of equation 87,
and equation 93 holds since 2 � °8

j�1 1{j2, and
°m

k�1 P Oplgmq by equation 87. Summing the
accumulated sensitivities over every j P rns iteration, each over |Sij | points yields

¸
pPP

sppq P p1� εq2sizepn, n, ε, δ{nqO
�
log

wpP q
ε



,

where the last derivation is by equation 93 and the definition of Sij in Line 7 of Algorithm E.4.

The running time follows from the fact that in the jth "for" iteration, the point qij is removed from
P , so there are n iterations. The dominated time in each of the n iterations is computing the coreset
Si in timepn, n, ε, δ{nq time.

By combining Theorem E.7 and Theorem B.5 we obtain the following corollary which shows how to
compute coresets with ∥�∥1 loss based on coresets for ∥�∥8 loss on weighted data.

Corollary E.8. Let

• pP,w, Y, cost, ∥�∥1q be a query space.

• f : P � Y Ñ r0,8q such that for every p P P and y P Y ,

fpp, yq �
#

costpp,yq°
pPP wppqcostpp,qq costpp, qq ¡ 0

0 costpp, yq � 0,
(94)

• s, time and size be defined as in Theorem E.7.

• ε, δ P p0, 1q, and m be defined as in Theorem B.5.
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• pC, uq be the output of a call to CORESETpP,w, s,mq; see Algorithm B.6.

Then piq–pvq hold as follows.

(i) With probability at least 1� δ, pC, uq is an ε-coreset for ppP,wq, Y, cost, ∥�∥1q.
(ii) C � P and |C| P Opmq.

(iii) C can be computed in Opnq � timepn, n, ε, δ{nqq time where n � |P |.
(iv) uppq P rwppq,°qPP wpqq{ms for every p P C, and

(v)
°

qPC upqq �
°

qPP wpqq.

F CORESETS FOR STREAMING DATA

In the previous sections we bound the sensitivity and dimension of the desired query space
pP 1, Y, f, lossq. However, as stated later in Lemma G.5, the construction time of the coreset is
quadratic in n. This is due to the computation time of the sensitivity s in Corollary E.7. To obtain
a near-linear time algorithm, we use the well-known streaming approach that is described in this
section. It enables us to compute the coreset only on small subsets of the input n times. Hence, we
use it even if all the input points are given (off-line).

The idea behind the merge-and-reduce tree that is shown in Algorithm F.4 is to merge every pair of
subsets and then reduce them by half. The relevant question is what is the smallest size of input that
the given coreset can reduce by half. The log-Lipschitz property below is needed for approximating
the cumulative error during the construction of the tree. In the following definition "sequence" is an
ordered multi-set.
Definition F.1 (input stream). Let P be a (possibly infinite, unweighted) set. A stream of points from
P is a procedure whose ith call returns the ith points pi in a sequence pp1, p2, � � � q of points that are
contained in P , for every i ¥ 1.
Definition F.2 (halving function). Let ε, δ, r ¡ 0. A non-decreasing function s : r0,8q Ñ r0,8q
is an pε, δ, rq-halving function of a function size : r0,8q4 Ñ r0,8q if for every integer h ¥ 1,
n � sphq, and w1 � 2hn we have

sizep2n,w1, ε{h, δ{4hq ¤ n,

and s is r-log-Lipschitz over rc,8q for some c � Op1q, i.e., for every ∆, h ¥ c we have sp∆hq ¤
∆rsphq.
Definition F.3 (mergable coreset scheme). Let pCORESET, size, timeq be an pε, δq-coreset scheme for
the query space pP, Y, cost, lossq, such that the total weight of the coreset and the input is the same, i.e.
a call to CORESETppQ,wq, ε, δq returns a weighted set pC, uq whose overall weight is

°
pPC uppq �°

pPQ wppq. Let s be an pε, δ, rq-halving function for size. Then the tuple (CORESET, s, timeq is an
pε, δ, rq-mergable coreset scheme for pP, Y, cost, lossq.
The following theorem states a reduction from off-line coreset construction to a coreset that is
maintained during streaming. The required memory and update time depends only logarithmically
in the number n of points seen so far in the stream. It also depends on the halving function that
corresponds to the coreset via sp�q.
The theorem below holds for a specific n with probability at least 1 � δ. However, by the union
bound we can replace δ by, say, δ{n2 and obtain, with high probability, a coreset C 1

n for each of the
n point insertions, simultaneously.
Theorem F.5 (generalization of Feldman et al. (2013)). Let pCORESET, s, timeq be an pε, δq-
mergable coreset scheme for pP, Y, cost, lossq and s be its pε, δ, rq-halving function of size r ¥ 1 is
constant, and ε, δ P p0, 1{2q. Let stream be a stream of points from P . Let C 1

n be the nth output
weighted set of a call to STREAMINGCORESETpstream, ε{6, δ{6,CORESET, sq; see Algorithm F.4.
Then, with probability at least 1� δ,

(i) (Correctness) C 1
n is an ε-coreset of pPn, Y, cost, lossq, where Pn is the first n points in

stream.
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(a) Construct a coreset S0 of size
|S0| � m{2 from the first m
points in the stream.

(b) Read the next m points, merge
their coreset with S0 to obtain S1.

(c) Read the next m points, con-
struct a coreset S0 of size |S0| �
m{2.

(d) Read the next m points, merge
their coreset with S0 then with S1

to obtain S2.

(e) Read the next m points, con-
struct a coreset S0 of size |S0| �
m{2.

(f) Read the next m points, merge
their coreset with S0 to obtain S1.

(g) Read the next m points, con-
struct a coreset S0 of size |S0| �
m{2.

(h) Read the next m points,
merged their coreset with S0 then
with S1 then with S2 to obtain S3.

Figure 4: Illustration of Algorithm F.4. Let P be a set of m points, error parameter ε P p0, 12 q and
probability of success δ P p0, 12 q. Assume a coreset function fpP, ε, δq returns a coreset of size 1

2m
with ε error parameter and δ probability of success. This figure shows an algorithm for n � 8m
streaming points. The algorithm maintains a binary tree, where each new n points are added to the
tree as a leaf. Every two nodes with the same level are merged using the coreset function f to a node
in next level. Hence, each level has maximum of one node, and a total of Oplog n

m q nodes.
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Algorithm F.4: STREAMINGCORESETpstream, ε, δ,CORESET, sq
Input: An input stream of points from a set P ,

an error parameter ε P p0, 1{2q, probability of success δ P p0, 1{2q, and
Required: An algorithm CORESET and s : r0,8q Ñ r0,8q such that pCORESET, s, timeq is a

mergable coreset scheme for pP, Y, cost, lossq.
Output: A sequence C 1

1, C
1
2, � � � of coresets that satisfies Theorem F.5.

1 for every integer h from 1 to 8 do
2 Set Si :� H for every integer i ¥ 0
3 Th�1 Ð Sh�1

4 for 2h�1 � sphq iterations do
5 Read the next point p in stream and add it to S0

6 if |S0| � sphq then
7 i :� 0; S :� H
8 while Si � H do
9 S :� CORESET

�
S Y Si,

ε
h ,

δ
4h

�
10 Si :� H
11 i :� i� 1
12 Si :� S

13 C 1
n :� CORESET

���h�1
i�0 Ti

	
Y
��h

i�0 Si

	
, ε, δ

	
14 Output C 1

n

Figure 5: Using coreset function on a corest increase the error. Therefore when building the tree,
instead of using input ε, we use a scaled down ε with respect to the tree hight. However, when stream
size is unknown (or 8) the tree height is also unknown. So, we use several trees with height between
1 and 8. Here we can see five tress, where for each tree we store only the coreset at the head.

30



1620
1621
1622
1623
1624
1625
1626
1627
1628
1629
1630
1631
1632
1633
1634
1635
1636
1637
1638
1639
1640
1641
1642
1643
1644
1645
1646
1647
1648
1649
1650
1651
1652
1653
1654
1655
1656
1657
1658
1659
1660
1661
1662
1663
1664
1665
1666
1667
1668
1669
1670
1671
1672
1673

Under review as a conference paper at ICLR 2026

(ii) (Size) |Cn| P sizepspcq, n, ε, δq for some constant c ¥ 1.

(iii) (Memory) there are at most b � spcq�Oplogr�1 nq points in memory during the computation
of C 1

n.

(iv) (Update time) C 1
n is outputted in additional t P Oplog nq � timepb, n, ε

Oplognq ,
δ

nOp1q q time
after C 1

n�1.

(v) (Overall time) C 1
n is computed in nt time.

Proof. We prove that for a call to STREAMINGCORESETpstream, ε, δ,CORESETq, the theorem holds
if we replace ε with 6ε in properties piq to pvq, and δ with 6δ. This would prove the theorem for a
call to STREAMINGCORESETpstream, ε{6, δ{6,CORESETq.
Let h ¥ 1, and let Ph denote the set of points that are read from stream during the hth "for" iteration
in Line 1. We consider the values of h, Si, and Th during the time that C 1

n was outputted, after
reading the first n points from the stream. We define sphq as in Definition F.2.

The set Ph can be partitioned into equal consecutive 2h�1 � |Ph|{sphq subsets Ph,1, Ph,2, � � � , Ph,m,
each of size sphq by Line 4. We now recursively define a binary complete and full tree that corresponds
to Ph whose height is h levels, where each of its nodes corresponds to an pε{hq-coreset S that is
computed, with probability at least 1� δ{4h, in Line 9; see Fig. 4. The jth leftmost leaf of the tree
for Ph, for every j P r2h�1s, is the pε{hq-coreset of Ph,j . An inner node in the ith level corresponds
to the pε{hq-coreset of the union Si of coresets that correspond to its pair of children and their
corresponding input points. Hence, the root of this tree corresponds to the coreset Sh � Th of Ph;
see Line 3.

The input to each coreset construction call is therefore the union C1 Y C2 of a pair of weighted sets.
In the leaves, each coreset has size of at most sphq{2 points, due to the definition of the halving
function, so the input to the second level is of size |C1 Y C2| ¤ sphq points. The sum of weights in
C1YC2 equals to the number of input points they represent, by Definition F.3 of a mergeable coreset,
and it is at most W � |Ph| � 2h�1sphq. The output coreset has therefore size at most sphq � 1 or
sphq{2, if |C1 Y C2| ¤ sphq � 1 or |C1 Y C2| � sphq, respectively. Similarly, in the higher levels,
the input is a union of coresets, each of size at most sphq � 1, which is also an upper bound on the
size of the output coreset.

The probability that a coreset call fails during the construction of a coreset for the tree of Th in
Line 9 is δ{4h, and the number of such calls is the number 2h � 1 of nodes in this tree. Using the
union bound, one of these constructions will fail with probability at most

δ

4h
� p2h � 1q   δ

2h
¤ 2δ

h2
.

The probability that one of the coreset during the construction of all the trees in the stream would fail
is thus by the union bound,

8̧

h�1

2δ

h2
� 2δ

8̧

h�1

1

h2
¤ 4δ. (95)

Suppose that all the coreset constructions in Line 9 indeed succeed (which happens with probability at
least 1� 4δ). In particular, the input to CORESET in Line 13 is a union of coresets. The construction
of C 1

n in Line refforh12 would fail with probability at most δ, and thus C 1
n is an ε-coreset with

probability at least 1� 5δ ¥ 1� 6δ.

The required memory for storing the Ophq coresets S0, � � � , Sh during the construction of Th and
the previous trees T1, � � � , Th�1, each of size at most sphq is

Ophq � sphq P Ophr�1qspcq (96)

since sphq � spph{cqcq ¤ ph{cqrspcq ¤ hrspcq is r-log-Lipschitz for a sufficiently large constant
c ¥ 1 and h ¥ c2, by Definition F.2. We now prove h � Oplog nq.
We have

sphq ¤ 2r�1psp|h� 1|q � sp|1� 0|qq ¤ 2rsph� 1q, (97)
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where the first inequality follows from the fact that s is r-log-Lipschitz (see (Braverman et al., 2016,
Lemma 6.3)), and the second inequality holds since such a function is non-decreasing by definition,
so sp1q ¤ sph� 1q. Hence,

|Ph| � 2h�1sphq ¤ 2h�1 � 2r � sph� 1q � 2r�1 � 2h�2sph� 1q � 2r�1|Ph�1|, (98)

where the first equality is by Line 4, and the inequality is by equation 97. The value of h is then
bounded by

h � log2

� |Ph|
sphq



� 1 ¤ log2

�
2r�1|Ph�1|

sphq


� 1

¤ log2

�
2r�1n

sphq


� 1 ¤ log2

�
2r�1n

�� 1 ¤ pr � 1q � log2 n� 1 P Oplog nq,
(99)

where the first equality is since |Ph| � 2h�1sphq, and the first inequality is by equation 98.

Plugging equation 99 in equation 96 yields an overall memory as in Claim (iii)

Ophq � sphq P Ophr�1qspcq � Oplog nqr�1spcq � Oplog nqspcq.

The multiplicative approximation error in the coreset for the nodes of the tree Th increases by a
multiplicative factor of p1� ε{hq in each level of the tree Th, by Line 9. We have

ε ¤ 2ε

1� 2ε
¤ lnp1� 2εq (100)

where the first inequality holds since x�1
x ¤ lnx for x ¡ 0, and the last inequality holds by the

assumption ε   1{2. Hence,�
1� ε

h

	h

�
��

1� ε

h

	h{ε

ε

¤ eε ¤ 1� 2ε,

where the last inequality is by equation 100. so the coreset Th � Sh that corresponds to the root
is a p2εq-coreset for Ph. Hence,

�h�1
i�0 Ti is a p2εq-coreset for

�h�1
i�0 Pi. Similarly,

�h
i�0 Si is a

p2εq-coreset for the points that were read from Ph. Hence, in Line 13, C 1
n is an ε-coreset of a union

of p2εq-coresets, which implies that C 1
n is a p4εq-coreset, as p1� 2εqp1� εq ¤ p1� 4εq where in

the last inequality we use the assumption ε ¤ 1{2. This proves Claim (i).

Update time. In the worst case, the "while" loop in Line 8 is executed for all the h levels of Th. In
this case, we construct Ophq coresets, each for input of at most sphq points whose overall weight is at
most n, in overall Ophq � timepsphq, n, ε

h ,
δ
4h
q time. In Line 13 we compute a coreset for the union

of Ophq coresets, each of size at most sphq, which represents n input points, so their overall size is
Ophqsphq and their construction time is time pOphqsphq, n, ε, δq. Substituting in the last expression,
h P Oplog nq and Ophq � Ophr�1qspcq by equation 99 and equation 96, respectively, yields the
update time in Clam (iv), as

Ophqtime

�
sphq, n, ε

h
,
δ

4h



� pOphqsphq, ε, δq � Ophqtime

�
Ophqsphq, n, ε

h
,
δ{4h
4hsphq




� Oplog nqtime

�
spcq logr�1 n, n,

ε

Oplogpnqq ,
δ

nOp1q



.

The overall running time for computing C 1
n is obtained by multiplying the update time per point in

the previous paragraph by n updates, which proves Claim (v).

F.1 HALVING CALCULUS

If we have a coreset of size mpε, δq that is independent of the total weight of the or number of input
points, for every input set P , then sizepn, �, ε{h, δ{hq ¤ n for n � sphq if sphq � mpε{h, δ{hq.
Otherwise the analysis is a bit more involved. In this case we need to solve equations such as
logpnq � n{2 for computing the halving function. There is no close solution for such equations but
the solution can be represented by the following function which can be computed in a very high
precision (a bit for every iteration) using e.g. Newton-Raphson method Chapeau-Blondeau and Monir
(2002).
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Lemma F.6 (Lambert W function Barry et al. (2000)). There is a unique monotonic decreasing
function W�1 : r�1{e, 0s Ñ r�1,�8q that satisfies

x �W�1pxqeW�1pxq,

for every x P r�1{e, 0s. It is called the lower branch of the Lambert W function.

The following lemma would be useful to compute the halving function of coresets whose size depend
on n.
Lemma F.7. For every c ¥ 1 and ε P p0, 1{ecs, if

n ¥
�
4

ε
ln

4

ε


c

, (101)

then

n ¥
�
lnn

cε


c

. (102)

Equality holds for n � e�cW�1p�εq.

Proof. We denote the Lambert W function by w instead of W�1 for simplicity. Multiplying equa-
tion 102 by pcεqc{n yields that we need to prove pcεqc ¥ plnc nq{n. The right hand side is a
non-increasing monotonic function in the range n ¥ 2ec lnp2ecq ¥ ec, as the enumerator of its
derivation is

plnc nq1n� lncpnq � pc lnc�1 nq � plnnq1n� lnc n � lnc�1 npc� lnnq ¤ 0.

By letting x � e�cwp�εq, it thus suffices to prove that (i) pcεqc � lncpxq{x, and (ii) n ¥ x.

Proof of (i): Taking �p1{cq ln of both sides in x � e�cwp�εq yields � lnpxq{c � wp�εq. Hence,

cε � �cp�εq � �c � wp�εqewp�εq � lnpxqe� lnpxq{c � lnpxq
x1{c

,

where the first equality is by the definition of wp�εq. Taking the power of c proves (i).

Proof of (ii): By equation 101, to prove n ¥ x it suffices to prove�
4

ε
ln

4

ε


c

¥ x. (103)

Let a � ε{2 and

b � ln

�
1

a
ln

1

a2



.

By the assumption ε ¤ 1{ec ¤ 1{e, we have

b � ln

�
2

ε
ln

4

ε2



¥ lnp2 lnp4qq ¥ lnp2eq ¥ 1. (104)

Hence,

�a ¤ �a � ln
�
1
a ln 1

a2

�
ln 1

a2

� � ln

�
1

a
ln

1

a2



� a

ln 1
a2

� p�bq � e�b � w�1p�bq, (105)

where the inequality holds since 1{a ¥ lnp1{a2q for 1{a � 2{ε ¥ 1, and the last equality holds
by letting y � w�1p�bq so that wpyq � �b and y � wpyqewpyq by the definition of w. Since w is
monotonic decreasing we have by equation 105 that

wp�aq ¥ wpw�1p�bqq � �b. (106)

This proves equation 103 as

x � e�cwp�aq ¤ ecb �
�
2

a
ln

1

a


c

¤
�
4

ε
ln

4

ε


c

,

where the first inequality is by equation 106.
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Corollary F.8. Let ε, δ ¡ 0, and u : r0,8q Ñ p1,8q such that up�q is r-log Lipschitz function for
some r ¥ 1. Let c ¥ 1 and size : r0,8q4 Ñ r0,8q be a function such that

sizep2n,w, ε{h, δ{4hq ¤
�
uphq lnpwq

hc


c

(107)

for every h, n,w ¥ 1. Let overloading of s : r0,8q Ñ r0,8q be a function such that

sphq ¥ �
4uphq lnp4uphqq�c (108)

for every h ¥ 1. Then s is an pε, δ, 2crq-halving function of the function size; see Definition F.2.

Proof. Let h ¥ 1, n � sphq, and w � 2hn. Then s is a halving function of size as

sizep2n,w, ε{h, δ{4hq ¤
�
uphq lnpwq

hc


c

(109)

�
�
uphq lnp2hnq

hc


c

(110)

¤
�
uphq lnpnq

c


c

¤ n, (111)

where equation 109 is by equation 107, equation 110 is by the definition of w, equation 111 is since
2 ¤ 4u ¤ sphq � n by the definition of s, and the last inequality holds by replacing ε with 1{uphq in
Lemma F.7.

If gpxq � px lnxqc, then for every x, b ¥ e ¡ 2

gpbxq � pbxqcplnpbq � lnxqc ¤ pbxqcplnpbq lnxqc � px lnxqcpb ln bqc
¤ b2cpx lnxqc � b2cgpxq, (112)

where the first inequality holds since pa � yq ¤ 2y ¤ ay for every y ¥ a ¥ 2, and equation 112
holds since ln b ¤ b. Since sphq � gpuphqq, for every ∆ ¥ e we have

sp∆hq � gpup∆hqq ¤ gp∆ruphqq ¤ ∆2crgpuphqq � ∆2crsphq,
where the first inequality holds since u is r-log-Lipschitz and the second holds by substituting b � ∆r

in equation 112. Jointly with equation 111 we obtain that s is pε, δ, 2crq-halving function of size.

G WRAPPING ALL TOGETHER

In this section we use the previous chapter to give an example coreset for any k-GMM. First we
suggest an inefficient construction (quadratic running time in n). Then we use it in the streaming
setting to obtain time that is near-linear in n.

Michael Edwards and Kasturi R. Varadaraja Edwards and Varadarajan (2005) suggested a coreset for
the projective clustering problem where the fitting cost is the maximum distance over every input
point to its closest subspace in the query. It was also proven in Edwards and Varadarajan (2005);
Har-Peled (2004) that no such coreset of size sub-linear in n exists, unless we assume that the input
can be scaled to be on a grid of integers. The suggested coreset size then depends poly-logarithmically
on the size of this grid. This assumption is usually reasonable in practice, as, unlike the theoretical
RAM model, every coordinate is stored in memory using a small number of bits (e.g. 16 or 32 bits).
The original result is for any ε1 P p0, 1q but due to its usage in Theorem E.7, ε1 � 1{3 or any other
constant – suffices. The impact on the total sensitivity and thus the overall coreset size would be a
factor of p1� ε1q, but the multiplicative approximation error would still be ε P p0, 1q.
Theorem G.4 (Projective ClusteringEdwards and Varadarajan (2005) ). Let M ¥ 2 and k ¥ 1
be two integers. Let gpd, kq be a number that depends only on d and k, and can be com-
puted from the proof. Let P � t�M, � � � ,Mud, and C � P be the output of a call to
ℓ8-PROJ-CLUSTERING-CORESETpP, k, 1{3q; see Algorithm G.1. Then C is a p1{3q-coreset for
pP,Hd,k,dist, ∥�∥8q of size plogMqgpd,kq. Moreover C can be computed in n � plogMqOp1q�gpd,kq

time.
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Algorithm G.1: ℓ8-PROJ-CLUSTERING-CORESETSUBSPACE-CORESETpP, k, εq
Input: A finite set P � t�M,�M � 1, � � � ,Mud for some integer M ¥ 1,

an integer k ¥ 1, and an approximation error ε P p0, 1q.
Required: An algorithm SUBSPACE-CORESETpP, εq that returns an ε-coreset

for pP,Hd,1,dist, ∥�∥8q.
Output: An ε-coreset C � P for pP,Hd,k,dist, ∥�∥8q; see Theorem G.4.

1 if k � 1 then
2 return SUBSPACE-CORESETpP, εq
3 C0 :� ℓ8-PROJ-CLUSTERING-CORESETpP, k � 1, εq
4 for every v0 P C0 do
5 P rv0s :� P
6 Crv0s :� RECURSIVEpP rv0s, k, ε, tv0uq; see Algorithm G.2
7 C1 :� C Y Crv0s
8 C :� C0 Y C1

9 return C

Algorithm G.2: RECURSIONpP, k, ε, V q
Input: A finite set P � t�M,�M � 1, � � � ,Mud for some integer M ¥ 1,

an integer k ¥ 1, an approximation error ε P p0, 1s, and a set V � tv0, � � � , vtu � P .
Output: A set C � P .

1 C :� H; Artv0us :� tv0u
2 if t ¥ 1 then
3 for i :� 1 to t do
4 Artv0, � � � , vius :�

!°i
h�0 αhvh | pα0, � � � , αiq P Ri�1,

°i
b�0 αb � 1

)
// The affine i-subspace that passes through v0, � � � , vi.

5 Set πpvi, Artv0, � � � , vi�1usq P argminxPArtv0,��� ,vi�1us ∥vi � x∥2
// The projection (closest point) of vi onto Artv0, � � � , vi�1us

6 ui :� vi � πpvi, Artv0, � � � , vi�1usq
// The vector from vi to its projection on Artv0, � � � , vi�1us

7 RrV s :� tv0 � a1u1 � � � � � atut | ai P r�1, 1s, i P rtsu // A t-dimensional
rectangle centered at v0 whose ith side length is 2 ∥ui∥.

8 rrV s :� ta1u1 � � � � � atut | ai P r�ε, εs, i P rtsu
// A t-dimensional rectangle whose ith side length is 2ε ∥ui∥

9 RrV s :� A partition of RrV s into 1
εt translated copies of rrV s

10 for each rectangle R P RrV s do
11 CRrV s :� ℓ8-PROJ-CLUSTERING-CORESETpP XR, k � 1, εq

// see Algorithm G.1.
12 C :� C Y CRrV s
13 if t ¤ d� 1 then
14 B0rV s :� P XArV s
15 c :� 1{d3pd�1q{2

16 for j :� 1 to 8d log2M � log2p1{cq do
17 BjrV s :�

 
p P P | 2j�1c{Md�1 ¤ distpp,ArV sq   2jc{Md�1

(
// distpp,ArV sq is the distance from p to ArV s.

18 KjrV s :� ℓ8-PROJ-CLUSTERING-CORESETpBjrV s, k � 1, εq
19 C :� C YKjrV s
20 for every vt�1 P KjrV s do
21 V 1 :� V Y tvt�1u // V 1 � tv0, � � � , vt�1u
22 P rV 1s :� �j

i�0BirV s
23 CrV 1s :� RECURSIONpP rV 1s, k � 1, ε, V 1q
24 C :� C Y CrV 1s
25 return C
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Algorithm G.3: k-GMM-CORESETpP 1, k, ε, δq
Input: A weighted set P 1 � pP,wq of points in Rd, k P NX r1,8s number of clusters,

an approximation error ε ¡ 0 and a probability δ of failure
Output: ε-coreset pC, uq for k-GMMs of P , with probability at least 1� δ; see Theorem G.5.

1 ℓ8ALG :� ℓ8-CORESETpP, k, εq // See Algorithm G.1
2 s :�WSENSITIVITYℓ8 -CORESETpP 1, ε, δ, ℓ8ALGq // See Algorithm E.4
3 t :� °

pPP sppq
4 d1 � k4d3

5 m :� fpε, δ, d1, tq
6 pC, uq :� CORESETpP,w, s,mq // See Algorithm B.6
7 Return pC, uq

The following lemma states our main application which is an ε-coreset that approximates the sum
∥�∥1 of fitting error l for any k-GMM. We apply the reduction from ∥�∥8 to ∥�∥1 from the previous
chapters. The running time is quadratic in n but would be reduced to linear in Section F by applying
it only on small weighted subsets of P in Theorem G.6. This is also the reason why the lemma is
stated for weighted input.
Lemma G.5. Let M ¥ 2 and P 1 � pP,wq be a weighted set of n :� |P | points in
t�M,�M � 1, � � � ,Mud. Let gpd, kq be a number that depends only on d and k, as defined in The-
orem G.4. Let ε, δ P p0, 1{10q, and pC, uq be the output of a call to K-GMM-CORESETpP 1, k, ε, δq;
see Algorithm G.3.

Then, with probability at least 1� δ, pC, uq is an ε-coreset for pP 1,Θd,k, L, ∥�∥1q, where

|C| ¤ plogMqgpd,kq � log
2 wpP 1q
ε2

log

�
1

δ



,

its computation time is
Opn2q � plogMqgpd,kq,

and
°

pPC uppq �
°

pPP wppq.

Proof. Let
D :�  pp; 0; � � � ; 0q P R2d�1 | p P P( .

By substituting C :� S in Theorem G.4, a p1{3q-coreset S1 for pD,H2d�1,k,dist, ∥�∥8q
of size |S1| P plogMqgpd,kq can be computed in time n � |S1|Op1q. Therefore, S �
tp P P | pp; 0; � � � ; 0q P S1u is an Opkq-coreset for pP,Θd,k, L, ∥�∥8q; see formal proof in Theo-
rem G.7 Therefore, pℓ8-CORESET, size, timeq is an ε1-coreset scheme for pP,Θd,k, L, ∥�∥8q where
ε1 P Opkq, sizep�, �, ε1, �q � |S| � |S1| and timepn, �, ε1, �q P n � |S1|Op1q.

Substituting ε � ε1, δ � 0, cost :� L, and Y � Θd,k in Theorem E.7 yields that we can compute a
sensitivity bound s : P Ñ r0,8q for pP 1,Θd,k, Lq, whose total sensitivity is

t �
¸
pPP

sppq P sizepn, n, ε1, 0q�O
�
log

wpP 1q
ε1



� |S1|�O �

logwpP 1q� � plogMqOp1q�O �
logwpP 1q� ,

in time n � |S|Op1q.

By Corollary A.4, the dimension of pP,Θd,k, fq is d1 P Opd2k4q where f is defined there in equa-
tion 43. Plugging s in Corollary E.8 and choosing ε, δ P p0, 1q yields that an ε-coreset pC, uq for
pP 1,Θd,k, L, ∥�∥1q of size

|C| P Op1q � pt� 1q
ε2

�
d1 logpt� 1q � log

�
1

δ





� Op1q � pt� 1q
ε2

�
d2k4 logpt� 1q � log

�
1

δ





� Op1q �
�
t

ε


2

log

�
1

δ
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can be computed inOpnq�n�|S|Op1q � Opn2q�plogMqgpd,kq time, with probability at least 1�δ.

The following theorem improve the running time of the previous lemma to be only linear in n, via the
streaming framework.
Theorem G.6. Let M ¥ 2 be an integer, and stream be a stream of points from
t�M,�M � 1, � � � ,Mud. Let ε, δ P p0, 1q, and for every h ¥ 1 let

sphq � h

ε2
log

h

ε
� log2

�
1

δ



log2gpd,kqM, (113)

where gpd, kq is a function that depends only on d and k as defined in Theorem G.4. Let
k-GMM-CORESET be defined as in Algorithm G.3, and C 1

1, C
1
2, � � � be the output of a call to

STREAMINGCORESETpstream, ε6 , δ6 , k-GMM-CORESET, sq; see Algorithm F.4. Then, with probabil-
ity at least 1� δ, the following hold.

For every integer n ¥ 1:

(i) (Correctness) C 1
n is an ε-coreset of pPn,Θd,k, L, ∥�∥1q and for pPn,Θd,k, ϕ, ∥�∥1q, where

Pn is the first n points in stream.

(ii) (Size)

|Cn| P plogMqgpd,kq � log
2 n

ε2
log

�
1

δ



.

(iii) (Memory) there are

b P 1

ε2
log

1

ε
� log2

�
1

δ



logOp1qpnq log2gpd,kqM

points in memory during the streaming.

(iv) (Update time) C 1
n is outputted in additional t P Opb2q � plogMqgpd,kq time after C 1

n�1.

(v) (Overall time) C 1
n is computed in nt time.

Proof. Let h,w1 ¥ 1 and n � sphq. Substituting P 1 � Pn in Lemma G.5 yields,
pk-GMM-CORESET, size, timeq is an pε, δq-coreset scheme for pPn,Θd,k, ϕ, ∥�∥1q, where

sizepn,w1, ε, δq ¤ plogMqgpd,kq �
�
logpw1q

ε


2

log

�
1

δ



, (114)

and
timepn,w1, ε, δq P Opn2q � plogMqgpd,kq.

Let h ¥ 1, and

uphq �
�
logMgpd,kq � 4h

5

ε2
� log

�
4

δ



1{2

. (115)

Hence,

sizep2n,w1, ε{h, δ{4hq ¤ plogMqgpd,kq �
�
h logpw1q

ε


2

log

�
4h

δ



¤

�
uphq logpw1q

4h


2

,

where the first inequality is by equation 114. Since u is p5{2q-log-Lipschitz, and

sphq ¥ 10u3phq ¥ p4uphq ln 4uphqq2,
by equation 113 and equation 115, substituting r � p5{2q and c � 2 in Corollary F.8 yields that s is
pε, δ, 15q-halving of size. Substituting

sp24q P
�
loggpd,kqM log

�
1

δ



2

� 1

ε2
log

1

ε
,
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and
timepb, n, ε

Oplog nq ,
δ

nOp1q
q P Opb2q � plogMqgpd,kq

in Theorem F.5 then proves Theorem G.6 for the query space pPn,Θd,k, ϕ, ∥�∥1q. Substituting
P :� Pn in Observation C.1, proves the theorem also for pPn,Θd,k, L, ∥�∥1q.

The following theorem proves a reduction from coreset of projective clustering, to ∥�∥-coreset for
k-GMMs based on previous chapters. This coreset might be of independent interest.
Theorem G.7. Let P be a finite set of points in Rd, and k ¥ 1 be an integer. Let D :� pp; 0; � � � ; 0q P R2d�1 | p P P(, and C be a p1{3q-coreset for pD,H2d�1,k,dist, ∥�∥8q. Then,
S � tp P P | pp; 0; � � � ; 0q P Cu is an Opkq-coreset for pP,Ωd,k, L, ∥�∥8q.

Proof. Let θ P Ωd,k. By Lemma D.1, there is a k-SMM y P Y2d�1,k that satisfies

ϕpp, θq � costpx, yq, (116)

for every p P P and its corresponding point x � pp; 0; � � � ; 0q P P . By Summing equation 116 over
every p P P and p P S, respectively, we obtain

ϕpP, θq � cost8pD, yq and ϕpS, θq � cost8pC, yq. (117)

By Lemma 6.3, C is an Opkq-coreset for pP, Y2d�1,k, cost, ∥�∥8q. Hence,

cost8pD, yq P Opkqcost8pC, yq.
Combining the last equality with equation 117 yields

ϕpP, θq � cost8pD, yq P Opkqcost8pC, yq � OpkqϕpS, θq.
Since θ P Θd,k was arbitrary, we conclude that S is an Opkq-coreset for pP,Θd,k, ϕ, ∥�∥8q. By
Lemma C.1, S is thus also an ε-coreset for pP,Θd,k, L, ∥�∥8q.
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