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ABSTRACT

First proposed by [Seide et al.| (2014) as a heuristic, error feedback (EF) is a
very popular mechanism for enforcing convergence of distributed gradient-based
optimization methods enhanced with communication compression strategies based
on the application of contractive compression operators. However, existing theory
of EF relies on very strong assumptions (e.g., bounded gradients), and provides
pessimistic convergence rates (e.g., while the best known rate for EF in the smooth
nonconvex regime, and when full gradients are compressed, is O(1/ T2/ 3), the rate
of gradient descent in the same regime is O(1/T")). Recently, Richtarik et al.| (2021)
(2021) proposed a new error feedback mechanism, EF21, based on the construction
of a Markov compressor induced by a contractive compressor. EF21 removes the
aforementioned theoretical deficiencies of EF and at the same time works better in
practice. In this work we propose six practical extensions of EF21, all supported by
strong convergence theory: partial participation, stochastic approximation, variance
reduction, proximal setting, momentum and bidirectional compression. Several of
these techniques were never analyzed in conjunction with EF before, and in cases
where they were (e.g., bidirectional compression), our rates are vastly superior.

1 INTRODUCTION

In this paper, we consider the nonconvex distributed/federated optimization problem of the form

. def 1 n
win {7022 32 i) | 1)
rERE i=1

where n denotes the number of clients/workers/devices/nodes connected with a server/master and
client 7 has an access to the local loss function f; only. The local loss of each client is allowed to
have the online/expectation form

fl(‘r) = EEiNDl [f& (1‘)} ) (2)

or the finite-sum form
m

filz) = &= ; fij(x). 3)

Problems of this structure appear in federated learning (Konec¢ny et al., 2016; Kairouz, [2019)), where
training is performed directly on the clients’ devices. In a quest for state-of-the-art performance,
machine learning practitioners develop elaborate model architectures and train their models on
enormous data sets. Naturally, for training at this scale to be possible, one needs to rely on distributed
computing (Goyal et al., 2017} [You et al., 2020). Since in recent years remarkable empirical
successes were obtained with massively over-parameterized models (Arora et al.l | 2018), which puts
an extra strain on the communication links during training, recent research activity and practice
focuses on developing distributed optimization methods and systems capitalizing on (deterministic or
randomized) lossy communication compression techniques to reduce the amount of communication
traffic.

A compression mechanism is typically formalized as an operator C : R? — R¢ mapping hard-to-
communicate (e.g., dense) input messages into easy-to-communicate (e.g., sparse) output messages.
The operator is allowed to be randomized, and typically operates on models |Khaled & Richtarik
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(2019) or on gradients |Alistarh et al.| (2017); [Beznosikov et al.| (2020), both of which can be
described as vectors in R%. Besides sparsification (Alistarh et al.,[2018), typical examples of useful
compression mechanisms include quantization (Alistarh et al.l 2017 Horvéth et al., 2019a) and
low-rank approximation (Vogels et al.,|2019; Safaryan et al.,[2021).

There are two large classes of compression operators often studied in the literature: i) unbiased
compression operators C, meaning that there exists w > 0 such that

E[C(z)] =z, E [||C($) — x||2] < waHQ, Vz € R%: 4)
and ii) biased compression operators C, meaning that there exists 0 < « < 1 such that
Eflc@) 2] < (1-a) |al’,  VeeR )

Note that the latter “biased” class contains the former one, i.e., if C satisfies (Ef[) with w, then a scaled
version (1 + w)~!C satisfies (B) with & = 1/(1+w). While distributed optimization methods with
unbiased compressors @D are well understood (Alistarh et al.,[2017; Khirirat et al.,[2018; Mishchenko
et al., [2019; Horvath et al., |2019b; |Li1 et al.l 2020} L1 & Richtarik, [2021a}; |Li & Richtarikl 2020;
Islamov et al|[2021;[Gorbunov et al., 2021)), biased compressors (5)) are significantly harder to analyze.
One of the main reasons behind this is rooted in the observation that when deployed within distributed
gradient descent in a naive way, biased compresors may lead to (even exponential) divergence
(Karimireddy et al.,|2019; |Beznosikov et al.,|2020). Error Feedback (EF) (or Error Compensation
(EC))—a technique originally proposed by [Seide et al.[|(2014)—emerged as an empirical fix of this
problem. However, this technique remained poorly understood until very recently.

Although several theoretical results were obtained supporting the EF framework in recent years (Stich
et al., 2018; |Alistarh et al., [2018}; | Beznosikov et al., [2020; Gorbunov et al., |2020; |Q1an et al., [2020;
Tang et al.| [2020; [Koloskova et al.l [2020), they use strong assumptions (e.g., convexity, bounded
gradients, bounded dissimilarity), and do not get O(1/aT) convergence rates in the smooth nonconvex
regime. Very recently, Richtarik et al.|(2021) proposed a new EF mechanism called EF21, which uses
standard smoothness assumptions only, and also enjoys the desirable O(1/aT) convergence rate for
the nonconvex case (in terms of number of communication rounds 7" this matches the best-known
rate O((1+«/vm)/T) obtained by |Gorbunov et al.{(2021) using unbiased compressors), improving the
previous O(1/(aT)?/?) rate of the standard EF mechanism (Koloskova et al., 2020).

2  OUR CONTRIBUTIONS

While Richtarik et al.[(2021) provide a new theoretical SOTA for error feedback based methods, the
authors only study their EF21 mechanism in a pure form, without any additional “bells and whistles”
which are of importance in practice. In this paper, we aim to push the EF21 framework beyond
its pure form by extending it in several directions of high theoretical and practical importance. In
particular, we further enhance the EF21 mechanism with the following six useful and practical algo-
rithmic extensions: stochastic approximation, variance reduction, partial participation, bidirectional
compression, momentum, and proximal (regularization). We do not stop at merely proposing these
algorithmic enhancements: we derive strong convergence results for all of these extensions. Several
of these techniques were never analyzed in conjunction with the original EF mechanism before, and
in cases where they were, our new results with EF21 are vastly superior. See Table[T|for an overview
of our results. In summary, our results constitute the new algorithmic and theoretical state-of-the-art
in the area of error feedback.

We now briefly comment on each extension proposed in this paper:

© Stochastic approximation. The vanilla EF21 method requires all clients to compute the exact/full
gradient in each round. While |Richtarik et al.|(2021) do consider a stochastic extension of EF21,
they do not formalize their result, and only consider the simplistic scenario of uniformly bounded
variance, which does not in general hold for stochasticity coming from subsampling (Khaled &
Richtarik, 2020). However, exact gradients are not available in the stochastic/online setting (2)),
and in the finite-sum setting (3) it is more efficient in practice to use subsampling and work with
stochastic gradients instead. In our paper, we extend EF21 to a more general stochastic approximation
framework than the simplistic framework considered in the original paper. Our method is called
EF21-SGD (Algorithm[2)); see Appendix [D]for more details.
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[ Setup [ Method [ Citation Compl. (NC) Compl. (PL) Comment ]
’ ; o ‘ EF21 Richtrik et al.|(2021) L, L ‘
Choco-SGD Koloskovaetal)(2020) & + G, t <> N/A IVfi(z)|| < G
2 ae3 . ned 2
Stoch. EF21-SGD Richtdrik et al.| (2021) L+ 5 i e UBV (Ex. |
gds | EF21-SGD NEW L+ Ay Ly an IS (Bx
EF21-PAGE NEW YRR gy SRR pm fi(@) = % fis(e)
=
[P ] EF21-PP [ NEW ot o O+ Full grads ‘
sc | DoubleSqueeze Tang et al] (2020) L +4+ N/A E[|C(z) — ||| < A
EF21-BC NEW —1 —1__ Full grads
awaNIaz Qo (T H
Mom. M-CSER Xie et al.[(2020)® 5+ ﬁ N/A IVfi(z)|| <G
EF21-HB NEW F(Z5+1) N/A Full grads
Prox [ EF27-Prox [ NEW ﬁ (71“(3) Full grads

(D Red term = number of communication rounds, blue term = expected number of gradient computations per client.

@[Xie et al.| (2020) consider Nesterov’s momentum. Moreover, they analyzed the version with stochastic gradients, bidirectional compression
and local steps. However, the derived result is not better than state-of-the-art ones with either stochastic gradients or bidirectional compression.
Therefore, to maintain the table compact, we do not include the results of Xie et al.|(2020) in the other parts of the table.

© This result is obtained under the generalized PE-condition for composite optimization problems (see Assumptionfrom Appendix.

Table 1: Summary of the state-of-the-art complexity results for finding an e-stationary point, i.e., such a
point & that E [|[V f(2)[|*] < €, for generally non-convex functions and an e-solution, i.e., such a point
Z that E [f(2) — f(2*)] < e, for functions satisfying PE.-condition using error-feedback type methods. By
(computation) complexity we mean the average number of (stochastic) first-order oracle calls needed to find an
e-stationary point (“Compl. (NC)”) or e-solution (“Compl. (PL)”). Removing the terms colored in blue from the
complexity bounds shown in the table, one can get communication complexity bounds, i.e., the total number
of communication rounds needed to find an e-stationary point (“Compl. (NC)”) or e-solution (“Compl. (PL)”).
Dependences on the numerical constants, “quality” of the starting point, and smoothness constants are omitted
in the complexity bounds. Moreover, dependencies on log (/<) are also omitted in the column “Compl. (PL)”.
Abbreviations: “BC” = bidirectional compression, “PP” = partial participation; “Mom.” = momentum; 7" = the
number of communications rounds needed to find an e-stationary point; #grads = the number of (stochastic)
first-order oracle calls needed to find an e-stationary point. Notation: o = the compression parameter, ., and
ar = the compression parameters of worker and master nodes respectively for EF21-BC, 02 = % > o?

(see Example , Alnf — pinf _ % > mil ZT;I Z‘;’f (see Example , p = probability of sampling the client
in EF21-PP, 7 = momentum parameter. To the best of our knowledge, combinations of error feedback with
partial participation (EF21-PP) and proximal versions of error feedback (EF21-Prox) were never analyzed in

the literature.

¢ Variance reduction. As mentioned above, EF21 relies on full gradient computations at all clients.
This incurs a high or unaffordable computation cost, especially when local clients hold large training
sets, i.e., if m is very large in (3). In the finite-sum setting (3), we enhance EF21 with a variance
reduction technique to reduce the computational complexity. In particular, we adopt the simple and
efficient variance-reduced method PAGE (Li et al., 2021} L1, [2021b) (which is optimal for solving
problems (3)) into EF21, and call the resulting method EF21-PAGE (Algorithm [3). See Appendix [E]
for more details.

< Partial participation. The EF21 method proposed by Richtarik et al.[(2021) requires full partici-
pation of clients for solving problem (T)), i.e., in each round, the server needs to communicate with
all n clients. However, full participation is usually impractical or very hard to achieve in massively
distributed (e.g., federated) learning problems (Konecny et al., 2016} |Cho et al., [2020; Kairouz, |2019;
Li & Richtarik}, [2021b; Zhao et al.,2021). To remedy this situation, we propose a partial participation
(PP) variant of EF21, which we call EF21-PP (Algorithm ). See Appendix [F|for more details.

¢ Bidirectional compression. The vanilla EF21 method only considers upstream compression of the
messages sent by the clients to the server. However, in some situations, downstream communication
is also costly (Horvath et al.l 2019a; [Tang et al., [2020; |Philippenko & Dieuleveut, |2020). In order
to cater to these situations, we modify EF21 so that the server can also optionally compresses
messages before communication. Our master compression is intelligent in that it employs the Markov
compressor proposed in EF21 to be used at the devices. The proposed method, based on bidirectional
compression, is EF21-BC (Algorithm[5). See Appendix [G]for more details.
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Update [ Method [ Alg. # c2 Comment l
EF21 Alell (V£ @ETTY —g¢))
EF27-SGD | Alg.p) C(3: (=" — gD) gi (") satisfies As.2f
b; ~ Be(p),
wh =t =gt t:li:;rl ZtVfii(xHrl)’ifbg =t£r,1
=1 t v, =+ X Vi@t
9= 29 EF21-PAGE | algps Clut*t = gt T et
gitt =gl +cl —L % Vfi(ah).ife] =0,
jeI;
I} is a minibatch, |I7| = ;
_ CV i@ —gh) ifi € S
EF21-PP Alg. Wi 0 i iti g S
Pria R p———
gi Tt =gt + bt Master broadcasts b1,
bttt = Cus (§t+1 —g"), EF21-BC Alg. |5 Cw(Vfi (mt+1) — ﬁ;) C. is used on the workers’ side,
§t+11=1% Zé‘:l gitt, C is used on the master’s side
g =gt
T — 27 — ot
1t t+1
&1 7_£71)Z,?L ggt+’1 EF21-HB Alg.|6] C(Vfi(z'Th) — gb) n € [0,1) — momentum parameter
=w2i=19
e
AFT T T
z = prox,. (' —~vg°), ]
For problem
t+1 _ 1 n t+1 _ oty p @
g 9?11%: g;=+1 gtz‘ , EF21-Prox | Alefil  C(Vfi("*") - g) prox.,,.() is defined in
i i i

Table 2: Description of the methods developed and analyzed in the paper. For the ease of comparison, we also
provide a description of EF21. In all methods only compressed vectors c! are transmitted from workers to the
master and the master broadcasts non-compressed iterates 2! (except EF21-BC, where the master broadcasts
compressed vector b*™1). Initialization of g9, 4 = 1,. .., n can be arbitrary (possibly randomized). One possible
choice is ¢? = C(V f;(z°)). The pseudocodes for each method are given in the appendix.

o Momentum. A very successful and popular technique for enhancing both optimization and
generalization is momentum/acceleration (Polyakl [1964; Nesterovl [1983; Lan & Zhoul 2015} |Allen-
/hul 2017; |Lan et al.,|2019; |Li, 2021a). For instance, momentum is a key building block behind the
widely-used Adam method (Kingma & Ba, |[2014). In this paper, we add the well-known (Polyak)
heavy ball momentum (Polyakl, (1964} Loizou & Richtarik} [2020) to EF21, and call the resulting
method EF21-HB (Algorithm [6). See Appendix [H|for more details.

< Proximal setting. It is common practice to solve regularized versions of empirical risk minimiza-
tion problems instead of their vanilla variants (Shalev-Shwartz & Ben-David, 2014). We thus consider
the composite/regularized/proximal problem

min {(I)(x) &f 1 é File) + r(x)} , ©)

zERC

where 7(z) : R? — R U {400} is a regularizer, e.g., ¢; regularizer ||z||; or {5 regularizer ||x|3. To
broaden the applicability of EF21 to such problems, we propose a proximal variant of EF21 to solve
the more general composite problems (6)). We call this new method EF21-Prox (Algorithm[7). See
Appendix [I| for more details.

Our theoretical complexity results are summarized in Table[I] In addition, we also analyze EF21-
SGD, EF21-PAGE, EF21-PP, EF21-BC under Polyak-t.ojasiewicz (PL) condition (Polyak, |1963;
Lojasiewicz, [1963)) and EF21-Prox under the generalized PL-condition (Li & Li, [2018)) for composite
optimization problems. Due to space limitations, we defer all the details about the analysis under the
PL.-condition to the appendix and provide only simplified rates in Table|l} We comment on some
preliminary experimental results in Section[5] More experiments including deep learning experiments
are presented in Appendix [A]

3 METHODS

Since our methods are modifications of EF21, they share many features, and are presented in a unified
way in Table[2] At each iteration of the proposed methods, worker i computes the compressed vector
c! and sends it to the master. The methods differ in the way of computing ¢! but have similar (in case
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of EF21-SGD, EF21-PAGE, EF21-PP — exactly the same) update rules to the one of EF21:

n n
ot = 2t — gt gfﬂ =gt +d, _ % Z gty % S, (7)
i=1 i=1

The pseudocodes of the methods are given in the appendix. Below we briefly describe each method.

o EF21-SGD: Error feedback and SGD. EF21-SGD is essentially EF21 but instead of the full
gradients V f;(z'*1), workers compute the stochastic gradients §;(x**!), and use them to compute
ct = C(g:(z**1) — gt). Despite the seeming simplicity of this extension, it is highly important for
arlous applications of machine learning and statistics where exact gradients are either unavailable or
prohibitively expensive to compute.

o EF21-PAGE: Error feedback and variance reduction. In the finite-sum regime @, variance
reduced methods usually perform better than vanilla SGD in many situations (Gower et al., |2020).
Therefore, for this setup we modify EF21 and combme it with variance reduction. In particular, this
time we replace V f;(z t‘“) in the formula for c with the PAGE estimator (Li et al.,[2021) vt“ With
(typically small) probablhty p this estimator equals the full gradient th Vfi(z t“), and with
probability 1 — p it is set to

=0t 4 LY (Vi) — V()

JEI}

where I} is a minibatch of size 7;. Typically, the number of data points m owned by each client is
large, and p < 1/m when 7; = 1. As a result, computation of full gradients rarely happens during
the optimization procedure: on average, once in every m iterations only. Although it is possible to
use other variance-reduced estimators like in SVRG or SAGA, we use the PAGE-estimator: unlike
SVRG or SAGA, PAGE is optimal for smooth nonconvex optimization, and therefore gives the best
theoretical guarantees (we have obtained results for both SVRG and SAGA and indeed, they are worse,
and hence we do not include them).

Notice that unlike VR-MARINA (Gorbunov et al., [2021)), which is a state-of-the-art distributed
optimization method designed specifically for unbiased compressors and which also uses the PAGE-
estimator, EF21-PAGE does not require the communication of full (non-compressed) vectors at all.
This is an important property of the algorithm since, in some distributed networks, and especially when
d is very large, as is the case in modern over-parameterized deep learning, full vector communication
is prohibitive. However, unlike the rate of VR-MARINA, the rate of EF21-PAGE does not improve
with increasing n. This is not a flaw of our method, but rather an inevitable drawback of distributed
methods that rely on biased compressors such as Top-k.

o EF21-PP: Error feedback and partial participation. The extension of EF21 to the case of
partial participation of the clients is mathematically identical to EF21 up to the following change:
ct =0forallclients i € Sy C {1,...,n} that are not selected for communication at iteration ¢. In
practice, ¢; = 0 means that client ¢ does not take part in the ¢-th communication round. Here the set
Sy € {1,...,n} is formed randomly such that Prob(i € S;) =p; > 0foralli=1,...,n

o EF21-BC: Error feedback and bidirectional compression. The simplicity of the EF21 mecha-
nism allows us to naturally extend it to the case when it is desirable to have efficient/compressed
communication between the clients and the server in both directions. At each iteration of EF21-BC,
clients compute and send to the master node ¢! = C,,(V f;(#*1) — g!) and update gi ™' = gt + ¢!
in the usual way, i.e., workers apply the EF21 mechanism. The key difference between EF21 and
EF21-BC is that the master node in EF21-BC also uses this mechanism: it computes and broadcasts
to the workers the compressed vector b*+1 = Cp/(g'*! — g*) and updates g+ = gt + b'+1, where
gitt=1 Zl 1 ngr Vector g’ is maintained by the master and workers. Therefore, the clients are

able to update it via using ¢'t1 = g* + b1 and compute 2’ = 2t — ~g* once they receive b1,

© EF21-HB: Error feedback with momentum. We consider classical Heavy-ball method (Polyakl
1964) with EF21 estimator g:

n

t+1 _ .t t _ t+1 t+1 _ t t _ 1 t+1 _ t 1 t

=zt — ', =m'+g 9, =g+, —52 + o2 G
i=1 i=1

xT

The resulting method is not better than EF21 in terms of the complexity of finding e-stationary point,
i.e., momentum does not improve the theoretical convergence rate. Unfortunately, this is common
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issue for a wide range of results for momentum methods [Loizou & Richtarik (2020). However, it is
important to theoretically analyze momentum-extensions such as EF21-HB due to their importance in
practice and generalization behaviour.

o EF21-Prox: Error feedback for composite problems. Finally, we make EF21 applicable to the
composite optimization problems (6)) by simply taking the prox-operator from the right-hand side of
the '+ update rule (7): 2! = prox,, (¢' — vg") = argmin,, cpa{yr(x) + le—="+v9"I1*/2}. This
trick is simple, but, surprisingly, EF21-Prox is the first distributed method with error-feedback that
provably converges for composite problems ().

4 THEORETICAL CONVERGENCE RESULTS

In this section, we formulate a single corollary derived from the main convergence theorems for our
six enhancements of EF21, and formulate the assumptions that we use in the analysis. The complete
statements of the theorems and their proofs are provided in the appendices. In Table[I]we compare
our new results with existing results.

4.1 ASSUMPTIONS

In this subsection, we list and discuss the assumptions that we use in the analysis.

4.1.1 GENERAL ASSUMPTIONS

To derive our convergence results, we invoke the following standard smoothness assumption.
Assumption 1 (Smoothness and lower boundedness). Every f; has L;-Lipschitz gradient, i.e.,
IVFi(2) = V@) < Li |l =yl for alli € [n], 2,y € RY and £ < inf, g f(z) > o0,

We also assume that the compression operators used by all algorithms satisfy the following property.

Definition 1 (Contractive compressors). We say that a (possibly randomized) map C : R* — R?
is a contractive compression operator, or simply contractive compressor, if there exists a constant
0 < a < 1 such that

E[lC@) - |?] < (1 —a) [le]?, Ve R ®)

We emphasize that we do not assume C to be unbiased. Hence, our theory works with the Top-k
(Alistarh et al.||2018) and the Rank-r (Safaryan et al.,|2021) compressors, for example.

4.1.2 ADDTIONAL ASSUMPTIONS FOR EF21-SGD

We analyze EF21-SGD under the assumption that local stochastic gradients V fgfj («?) satisfy the
following inequality (see Assumption 2 of Khaled & Richtarik|(2020)). '

Assumption 2 (General assumption for stochastic gradients). We assume that foralli =1,... n
there exist parameters A;,C; > 0, B; > 1 such that
E IV e, )17 | 2] <245 (fia") = ) + BV £ @I + Ci, ©)

wher it =inf, cpa fi(z) > —oc.

Below we provide two examples of stochastic gradients fitting this assumption (for more detail, see
(Khaled & Richtarik, [2020)).

Example 1. Consider V f¢: (x') such that

E Vf&fj (z") | 2" =V fi(2") and E |:va£fj (z') — Vfi(z?)

2
\Ixt]sﬁ

for some o; > 0. Then, due to variance decomposition,@l) holds with A; =0, B; =0, C; = 012.

'When A; = 0 one can ignore the first term in the right-hand side of (@}, i.e., assumption inf, erd fi(x) >
—oo0 is not required in this case.
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Example 2. Let f;(x) = mi Z;ﬂ:l fij(x), fij be L;j-smooth and fl‘;lf = inf cga fij(x) > —o0.
Following|Gower et al.|(2019), we consider a stochastic reformulation

fl(x) = EUiNDi [fvl (LE)] = ]EUiNDi |fi g:il f'Uz‘j (LE)‘| ) (10)
j=

where B, p, [vi;] = 1. One can show (see Proposition 2 of Khaled & Richtdrik (2020)) that under
the assumption that E,, .p, [v? ]] is finite for all j stochastic gradient V fEt (zt) =V for (@ ) with

v} sampled from D; satisfies (O) with A; = max; L;;E,, .p, [vm] B, =1, C; = 24, Amf where
APt = 3T (FM = [0, In particular, if Prob(V fe: (x b =V fij@h) =
Ai=1L; = ;-3 Lij, Bi =1, and C; = 2A; A}

then

Lij
ST L

Stochastic gradient g;(«") is computed using a mini-batch of 7; independent samples satisfying (9):
N def
dilat) & L z Ve ().
]_

4.1.3 ADDITIONAL ASSUMPTIONS FOR EF21-PAGE

In the analysis of EF21-PAGE, we rely on the following assumption.
Assumption 3 (Average £-smoothness). Let every f; have the form (). Assume that for all t >
0, i = 1,...,n, and batch I} (of size T;), the minibatch stochastic gradients difference ﬁf &

=3 ert (Vfig(a'™h) = V fij(a')) computed on the node i, satisfies E [ﬁf | xt,m“‘l} = Al and

E U]ﬁi — A 2t (11)

2 2
L3
|xt,xt+1] < =z

Ti

with some L; > 0, where At Vf (') — Vfi(2*). We also define L = L1 ) D (- ff)ﬁ

This assumption is satisfied for many standard/popular sampling strategies. For example, if I is
a full batch, then £; = 0. Another example is uniform sampling on {1,...,m}, and each f;; is
L;;-smooth. In this regime, one may verify that £; < maxi<j<m Li;.

4.2 MAIN RESULTS

Below we formulate the corollary establishing the complexities for each method. The complete
version of this result is formulated and rigorously derived for each method in the appendix.

Corollary 1. Suppose that Assumption[I)holds. Then, there exist appropriate choices of parameters
for EF21-PP, EF21-BC, EF21-HB, EF21-Prox such that the number of communication rounds T' and
the (expected) number of gmdlent computations at each node #grad for these methods to find an
e-stationary point, i.e., apomt 2T such that E[|V f(27)||?] < & for EF21-PP, EF21-BC, EF21-HB
and E[||G, (27)||?] < &2 for EF21-Prox, where G (x) = 1/~ (z — prox.,,.(x —yV f(x))), are

EF21-PP: T =0 (%), #grad=0 (L)

paeg? ae?

Ay ajw&‘z

EF21-BC: T = #grad = O ( Ls° )

EF21-HB: T = #grad = O (L“O (i + ﬁ))

0
EF21-Proc: T = #grad = O (L),
where L % NI def f (@) — finf (for EF21-Prox §° = ®(20)— @), p is the probability
of sampling the client in EF21 PP, au, and oy are contraction factors for compressors applied

on the workers’ and the master’s sides respectively in EF21-BC, and n € [0,1) is the momentum
parameter in EF21-HB.
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If Assumptions[I|and 2] in the setup from Example [l hold, then there exist appropriate choices of
parameters for EF21-SGD such that the corresponding T and the averaged number of gradient
computations at each node #grad are

EF21-SGD: T =0 (3‘50) , Fgrad =0 (5—52 + Z5§“2> :

ae? ae ase?

2

i

—_ 1N
whereo = -3 " o

If Assumptions|[I|and Bl hold, then there exist appropriate choices of parameters for EF21-PAGE such
that the corresponding T and #grad are

EF21-PAGE: T =0 (<Z+Z)5° + ‘/”755()) , Hgrad=0 (m + L0 m550) :

ae? €2 €2

where L = \/1%2?:1/.3?, n=17=1

Remark: We highlight some points for our results in Corollary [1|as follows:

e For EF21-PP and EF21-Prox, none of previous error feedback methods work on these two settings
(partial participation and proximal/composite case). Thus, we provide the first convergence results
for them. Moreover, we show that the gradient (computation) complexity for both EF21-PP and
EF21-Prox is O(!/ae), matching the original vanilla EF21. It means that we extend EF21 to both
settings for free.

e For EF21-BC, we show O(1/a,,ane?) complexity result. In particular, if one uses constant ratio
of compression (e.g., 10%), then a ~ 0.1. Then the result will be O(1/s?). However, previous
result of DoubleSqueeze is O(A/<?) and it also uses more strict assumption for the compressors
(E[|IC(x) — z|]] < A). Even if we ignore this, our results for EF21-BC is better than the one for
DoubleSqueeze by a large factor 1/e.

e Similarly, our result for EF21-HB is roughly O(1/<?) (note that the momentum parameter 7 is
usually constant such as 0.2, 0.4, 0.9 used in our experiments). However, previous result of M-CSER
is roughly O(G/<?) and it is proven under an additional bounded gradient assumption. Similarly, our
EF21-HB is better by a large factor 1/c.

e For EF21-SGD and EF21-PAGE, we want to reduce the gradient complexity by using (variance-
reduced) stochastic gradients instead of full gradient in the vanilla EF21. Note that o2 and A in
EF21-SGD could be much smaller than G in Choco-SGD since G always depends on the dimension
(and can be even infinite), while o and A™™f are mostly dimension-free parameters (particularly, they
are very small if the functions/data samples are similar/close). Thus, for high dimensional problems
(e.g., deep neural networks), EF21-SGD can be better than Choco-SGD. Besides, in the finite-sum
case (3)), especially if the number of data samples m on each client is not very large, then EF21-PAGE
is much better since its complexity is roughly O(v7/=2) while EF21-SGD ones is roughly O(o?/=4).

5 EXPERIMENTS

In this section, we consider a logistic regression problem with a non-convex regularizer

(3

N d 2
min {f(x) =% > log (1 +exp (=biajz)) + A > 1-@? } , (12)

rER4 1 j=1

where a; € R b; € {—1,1} are the training data, and A > 0 is the regularization parameter, which
is set to A = 0.1 in all experiments. For all methods the stepsizes are initially chosen as the largest
stepsize predicted by theory for EF21 (see Theorem [I), then they are tuned individually for each
parameter setting. We provide more details on the datasets, hardware, experimental setups, and
additional experiments, including deep learning experiments in Appendix [A]

Experiment 1: Fast convergence with variance reduction. In our first experiment, we showcase
the computation and communication superiority of EF21-PAGE (Alg. [3) over EF21-SGD.

Figure@illustrates that, in all cases, EF21-PAGE perfectly reduces the accumulated variance and
converges to the desired tolerance, whereas EF21-SGD is stuck at some accuracy level. Moreover,
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EF21-PAGE turns out to be surprisingly efficient with small bathsizes (eg, 1.5% of the local data )
both in terms of the number of epochs and the # bits sent to the server per client. Interestingly, for
most datasets, a further increase of bathsize does not considerably improve the convergence.
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(b) Convergence in terms of total number of bits sent from Clients to the Server divided by n.

Figure 1: Comparison of EF21-PAGE and EF21-SGD with tuned parameters. By 1x,2x,4X (and so
on) we indicate that the stepsize was set to a multiple of the largest stepsize predicted by theory for
EF21. By 25%, 12.5% and 1.5% we refer to batchsizes equal |0.25N; |, |0.125N; | and [0.015N, |

for all clients ¢ = 1,...,n, where IN; denotes the size

Experiment 2: On the effect of partial participation of clients.

of local dataset.

This experiment shows that

EF21-PP (Alg. ) can reduce communication costs and can be more practical than EF21. For this
comparison, we consider n = 100 and, therefore, apply a different data partitioning, see Table 5] from

Appendix [A] for more details.

It is predicted by our theory (Corollary [T that, in terms of the number of iterations/communication
rounds, partial participation slows down the convergence of EF21 by a fraction of participating
clients . We observe this behavior in practice as well (see Figure 2a). However, since for EF21-PP
the communications are considerably cheaper it outperforms EF21 in terms of # number of bits sent

to the server per client on average (see Figure[2).
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Figure 2: Comparison of EF21-PP and EF21 with tuned parameters. By 1x,2x,4x (and so on) we
indicate that the stepsize was set to a multiple of the largest stepsize predicted by theory for EF21. By
50%, 25% , 12.5% and 6.5% we refer to a number of participating clients equal to |0.5n], [0.25n ],

[0.125n] and |0.065n .
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A EXTRA EXPERIMENTS

In this section, we give missing details on the experiments from Section [5] and provide additional
experiments.

A.1 NON-CONVEX LOGISTIC REGRESSION: ADDITIONAL EXPERIMENTS AND DETAILS

Datasets, hardware and implementation. We use standard LibSVM datasets (Chang & Lin, 2011)),
and split each dataset among n clients. For experiments 1, 3, 4 and 5, we chose n = 20 whereas for
the experiment 2 we consider n = 100. The first n — 1 clients own equal parts, and the remaining part,
of size N — n - [ N/n], is assigned to the last client. We consider the heterogeneous data distribution
regime (i.e. we do not make any additional assumptions on data similarity between workers). A
summary of datasets and details of splitting data among workers can be found in Tables [3]and [3]
The algorithms are implemented in Python 3.8; we use 3 different CPU cluster node types in all
experiments: 1) AMD EPYC 7702 64-Core; 2) Intel(R) Xeon(R) Gold 6148 CPU @ 2.40GHz;
3) Intel(R) Xeon(R) Gold 6248 CPU @ 2.50GHz. In all algorithms involving compression, we
use Top-k (Alistarh et al [2017) as a canonical example of contractive compressor C, and fix the
compression ratio */a ~ 0.01, where d is the number of features in the dataset. For all algorithms, at
each iteration we compute the squared norm of the exact/full gradient for comparison of the methods
performance. We terminate our algorithms either if they reach the certain number of iterations or the

following stopping criterion is satisfied: |V f(z?) ||2 <1077,

In all experiments, the stepsize is set to the largest stepsize predicted by theory for EF21 multiplied
by some constant multiplier which was individually tuned in all cases.

Dataset n N (total # of datapoints)  d (# of features) k N;
mushrooms 20 8,120 112 2 406
w8a 20 49,749 300 2 2487
a%a 20 32,560 123 2 1,628
phishing 20 11,055 68 1 552
real-sim 20 72,309 20,958 210 3615

Table 3: Summary of the datasets and splitting of the data among clients for Experiments 1, 3, 4, and
5. Here N, denotes the number of datapoints per client.

Experiment 1: Fast convergence with variance reductions (extra details). The parameters p;

of the PAGE estimator are set to p; = p = Iy ;> Where 7; is the batchsize for clients
i=1,...,n (see TableM]for details). In our experiments, we assume that the sampling of Bernoulli
random variable is performed on server side (which means that at each iteration for all clients b} = 1
or b} = 0). And if b} = 0, then in line 5 of Algorithm [3]I{ is sampled without replacement uniformly

at random. Table [d]shows the selection of parameter p for each experiment.

For each batchsize from the se]
{95%, 50%, 25%,12.5%, 6.5%,3%} ,
we tune the stepsize multiplier for EF21-PAGE within the set

{0.25,0.5,1,2,4,8,16, 32, 64, 128, 256, 512, 1024, 2048} .

The best pair (batchsize, stepsize multiplier) is chosen in such a way that it gives the best convergence
in terms of #bits/n(C — S). In the rest of the experiments, fine tuning is performed in a similar
fashion.

By 50%, 25% (and so on) we refer to a batchsize, which is equals to [0.5N;], [0.25N; ] (and so on) for all
clientst =1,...,n.
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Dataset 25% 12.5% 1.5%

mushrooms 0.1992 0.1097 0.0146
w8a 0.1998 0.1108 0.0147
a9a 0.2 0.1109 0.0145
phishing 02 0.1111 0.0143

real-sim 0.1999 0.1109 0.0147

Table 4: Summary of the parameter choice of p.

Experiment 2: On the effect of partial participation of clients (extra details) In this experiment,
we consider n = 100 and, therefore, a different data partitioning, see Table E]for the summary.

Dataset n N (total # of datapoints)  d (# of features) k  NN;
mushrooms 100 8,120 112 2 81
w8a 100 49,749 300 2 497
a9a 100 32,560 123 2 325
phishing 100 11,055 68 1 110

Table 5: Summary of the datasets and splitting of the data among clients for Experiment 5. Here IV;
denotes the number of datapoints per client.

We tune the stepsize multiplier for EF21-PP within the following set:

{0.125,0.25,0.5, 1,2, 4,8, 16, 32, 64, 128, 256, 512, 1024, 2048, 4096} .

Experiment 3: On the advantages of bidirectional biased compression. Our next experiment
demonstrates that the application of the Server — Clients compression in EF21-BC (Alg. [5)) does not
significantly slow down the convergence in terms of the communication rounds but requires much
less bits to be transmitted. Indeed, Figure [3aillustrates that that it is sufficient to communicate only
5% — 15% of data to perform similarly to EF21 (Alg. E] Note that EF21 communicates full vectors
from the Server — Clients, and, therefore, may have slower communication at each round. In Figure
@] we take into account only the number of bits sent from clients to the server, and therefore we
observe the same behavior as in Figure @ However, if we care about the total number of bits (see
Figure[3c), then EF21-BC considerably outperforms EF21 in all cases.

3The range 5% — 15% comes from the fractions ¥/ for each dataset.
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(b) Convergence in terms of total number of bits sent from Clients to the Server divided by n.
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(c) Convergence in terms of total number of bits sent from Clients to the Server plus the total number of bits
broadcasted from Server to Clients divided by n.

Figure 3: Comparison of EF21-BC and EF21 with tuned stepsizes . By 1x,2Xx,4x (and so on) we

indicate that the stepsize was set to a multiple of the largest stepsize predicted by theory for EF21
(see the Theoremm) .

For each parameter £ in Server-Clients compression, we tune the stepsize multiplier for EF21-BC
within the following set:

{0.125,0.25,0.5, 1,2, 4,8, 16, 32, 64, 128, 256, 512, 1024, 2048} .

Experiment 4: On the cheaper computations via EF21-SGD.  The fourth experiment (see Fig-

ure[4a) illustrates that EF21-SGD (Alg. [2) is the more preferable choice than EF21 for the cases when
full gradient computations are costly.

For each batchsize from the setE|

{95%, 50%, 25%,12.5%, 6.5%,3%} ,
we tune the stepsize multiplier for EF21-SGD within the following set:

{0.25,0.5,1,2,4,8,16, 32, 64, 128, 256, 512, 1024, 2048} .

Figure [alillustrates that EF21-SGD is able to reach a moderate tolerance in 5 — 10 epochs.

*By 50%, 25% (and so on) we refer to a batchsize, which is equals to [0.5N; ], [0.25N;] (and so on) for all
clientsi =1,... n.
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(b) Convergence in terms of the number of bits sent from Clients to the Server by each client.

Figure 4: Comparison of EF21-SGD and EF21 with tuned stepsizes. By 1x,2x,4x (and so on) we
indicate that the stepsize was set to a multiple of the largest stepsize predicted by theory for EF21.
By 50%, 25% (and so on) we refer to a batchsize, which is equals to |0.5N; |, [0.25N; | (and so on)
for all clients ¢ = 1,... n.

However, due to the accumulated variance introduced by SGD, estimator EF21-SGD is stuck at some
accuracy level (see Figure b)), showing the usual behavior of the SGD observed in practice.

Experiment 5: On the effect of heavy ball momentum. In this experiment (see Figure[5), we
show that for the majority of the considered datasets heavy ball acceleration used in EF21-HB
(Alg. [6) improves the convergence of EF21 method. For every dataset (and correspondingly
chosen parameter k) we tune momentum parameter 7 in EF21-HB by making a grid search over
all possible parameter values from 0.05 to 0.99 with the step 0.05. Finally, for our plots we pick
n € {0.05,0.2,0.25,0.4, 0.9} since the first four values shows the best performance and 7 = 0.9 is a
popular choice in practice.

For each parameter 7 from the set
{0.05,0.1,0.15,0.2,0.25,0.3,0.35,0.4,0.45,0.5,0.55,0.6,0.65,0.7,0.75,0.8,0.85,0.9,0.95,0.99 } .
we perform a grid search of stepsize multiplier within the powers of 2:

{0.125,0.25,0.5,1,2,4, 8,16, 32, 64, 128, 256, 512, 1024, 2048} .
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Figure 5: Comparison of EF21-HB and EF21 with tuned parameters in terms of total number of bits
sent from Clients to the Server divided by n. By 1x,2x,4x (and so on) we indicate that the stepsize
was set to a multiple of the largest stepsize predicted by theory for EF21 (see the Theorem E[) .

Experiments on a larger dataset. In these additional experiments, we test our methods on larger
problem and dataset. The dimension of the dataset used in these experiments is d = 20958. Each
method is run for 500 epochs. In this case, we observe a similar behavior as in our previous
experiments.
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Figure 6: Comparison of EF21-PAGE and EF21-SGD with tuned parameters. By 1x,2x,4X (and so
on) we indicate that the stepsize was set to a multiple of the largest stepsize predicted by theory for
EF21. By 25%, 12.5% and 1.5% we refer to batchsizes equal |0.25N; |, |0.125N; | and [0.015N; |
for all clients ¢ = 1,...,n, where IN; denotes the size of local dataset.
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Figure 7: Comparison of EF21-BC and EF21 with tuned stepsizes . By 1x,2x,4x (and so on) we

indicate that the stepsize was set to a multiple of the largest stepsize predicted by theory for EF21
(see the TheoremT).

Comparison to non-compressed methods. In addition, we compare EF21-PAGE and EF21-SGD
to the baseline methods without compression: PAGE (Figure [8a) and SGD (Figure 9a). In these
experiments, we observe that EF21-PAGE and EF21-SGD require much less information to transmit

in order to achieve the same accuracy of the solution as the methods without compression (PAGE,
SGD).
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(a) Convergence in terms of total number of bits sent from Clients to the Server divided by n.

Figure 8: Comparison of EF21-PAGE and PAGE with tuned parameters. By 1x,2x,4x (and so on)
we indicate that the stepsize was set to a multiple of the largest stepsize predicted by theory for EF21.
By 25%, 12.5% and 1.5% we refer to batchsizes equal [0.25N; |, [0.125N; | and |0.015V; | for all
clients ¢ = 1,...,n, where N; denotes the size of local dataset.
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(a) Convergence in terms of total number of bits sent from Clients to the Server divided by n.

Figure 9: Comparison of EF21-SGD and SGD with tuned parameters. By 1x,2x,4x (and so on) we
indicate that the stepsize was set to a multiple of the largest stepsize predicted by theory for EF21.
By 25%, 12.5% and 1.5% we refer to batchsizes equal [0.25N; ], [0.125N;] and [0.015N; ] for all
clients ¢ = 1,...,n, where N; denotes the size of local dataset.

A.2 EXPERIMENTS WITH LEAST SQUARES

In this section, we conduct the experiments on a function satisfying the PE-condition (see Assump-
tion[). In particular, we consider the least squares problem:

min < f(z) = 1 Zn:(aTx — b;)?

;pe]Rd n gt 7 K] 9
where a; € R% b; € {—1,1} are the training data. We use the same datasets as for the logistic
regression problem.

Experiment: On the effect of heavy ball momentum in PL-setting. For PL-setting, EF21-HB
also improves the convergence over EF21 for the majority of the datasets (see Figure[I0). Stepsize and
momentum parameter 7 are chosen using the same strategy as for the logistic regression experiments

(see section[A:T).
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Figure 10: Comparison of EF21-HB and EF21 with tuned parameters in terms of total number of bits
sent from Clients to the Server divided by n. By 1x,2x,4x (and so on) we indicate that the stepsize
was set to a multiple of the largest stepsize predicted by theory for EF21 (see the Theorem |2[) .

A.3 DEEP LEARNING EXPERIMENTS

In this experiment, the exact/full gradient V f;(x**1) in the algorithm EF21-HB is replaced by its
stochastic estimator (we later refer to this method as EF21-SGD-HB). We compare the resulting
method with some existing baselines on a deep learning multi-class image classification task. In
particular, we compare our EF21-SGD-HB method to EF21 +-SGD-HEf|, EF-SGD-HEﬂ> EF21-SGD

’EF21+-SGD-HB is the method obtained from EF21-SGD-HB via replacing EF21 by EF21+ compressor
SEF-SGD-HB is the method obtained from EF21-SGD-HB via replacing EF21 by EF compressor
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and EF-SGD on the problem of training ResNet18 model on CIFAR-10
[2009) dataset. For more details about the EF21+ and EF type methods and their applications in

deep learning we refer reader to (Richtarik et al.,[2021). We implement the algorithms in PyTorch
(Paszke et all, [2019)) and run the experiments on a single GPU NVIDIA GeForce RTX 2080 Ti.
The dataset is split into n = 8 equal parts. Total train set size for CIFAR-10 is 50,000. The test
set for evaluation has 10,000 data points. The train set is split into batches of size 7 = 32. The
first seven workers own an equal number of batches of data, while the last worker gets the rest.
In our experiments, we fix £ =~ 0.05d, 7 = 32 and momentum parameter 1 = O.9E| As it is
usually done in deep learning applications, stochastic gradients are generated via so-called “shuffle
once” strategy, i.e., workers randomly shuffle their datasets and then select minibatches using the
obtained order (Bottou, 2009} [2012; Mishchenko et al] [2020). We tune the stepsize v within the
range {0.0625,0.125,0.25,0.5, 1} and for each method we individually chose the one +y giving the
highest accuracy score on test. For momentum methods, the best stepsize was 0.5, whereas for the
non-momentum ones it was 0.125.

The experiments show (see Figure[TT)) that the train loss for momentum methods decreases slower than
for the non-momentum ones, whereas for the test loss situation is the opposite. Finally, momentum
methods show a considerable improvement in the accuracy score on the test set over the existing
EF21-SGD and EF-SGD.

10
@ EF214+-SGD-HB
—f- EF21-SGD-HB
V- EF-SGD-HB 2% 100
A~ EF21-5GD
—~& EF-SGD

100

Train loss
Test loss

107!

Test accuracy

@ EF214+-SGD-HB
k-

100

EF21-5GD-HB
20 V- EF-SGD-HB
A~ EF21-5GD 1072,
& EFSGD
0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000
communication rounds communication rounds communication rounds

Figure 11: Comparison of EF-SGD and EF21-SGD with EF-SGD-HB, EF21-SGD-HB, and EF21+-
SGD-HB with tuned stepsizes applied to train ResNet18 on CIFAR10.

"Here, d is the number of model parameters. For ResNet18, d = 11,511,784.
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EF21
EF21-SGD | Rt = ||at*! — %, 6 = f(at) — fif
EF21-PP

erorpace | B = [l — a8t = flat) —

2 2
Pl = Vi) —vill ", Vi = |loi — gl

EF218C | Pf = gt = VA R = [l — a7, ' = fat) - ™
EF21-HB | R = (1 —p)? ||2t*2 — 21|, 6! = f(a!) — ff
R! = Ha:”l — xt||2, ®(x) = f(x) +r(z), 6 = ®(at) — &N/,

g’Y(I) = % (IE - pI'OX,YT(‘T B ’va(x))>

EF21-Prox

Table 6: Summary of frequently used notations in the proofs.

B NOTATIONS AND ASSUMPTIONS

We now introduce an additional assumption, which enables us to obtain a faster linear convergence
result in different settings.

Assumption 4 (Polyak-Lojasiewicz). There exists y > 0 such that f(z) — f(z*) < i IV f ()|

for all z € RY, where x* = arg min,cpa f.

Table [6] summarizes the most frequently used notations in our analysis. Additionally, we comment on
the main quantities here. We define ¢ & f(ah) ffin Y |t — 2t ||2 In the analysis of EF21-
HB, it is useful to adapt this notation to R & (1 — 1)? |zt - 2t ||2 where {z'};>¢ is the sequence
of virtual iterates introduced in Section [Hl We denote G &V fi(at) — g%, Gt & IS G
following |Richtarik et al.[(2021), where g; is an EF21 estimator at a node 7. Throughout the paper

o def . ; .
L2 = LS | L2, where L; is a smoothness constant for f;(+),i = 1,...,n (see Assumption .

81f, additionally, Assumption holds, then £ can be replaced by f(z*) for 2* = arg min,cga f(x).
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C EF21

For completeness, we provide here the detailed proofs for EF21 (Richtarik et al.| [2021).

Algorithm 1 EF21

1: Input: starting point 2° € R%; g0 € R fori = 1,...,n (known by nodes); ¢° = * ZZ 1 g’
(known by master); learning rate v > 0
2: fort=0,1,2,...,T — 1do

3: Master computes z¢t! = 2t — v¢* and broadcasts z'*! to all nodes
4: for all nodes i = 1,...,n in parallel do
5: Compress ¢! = C(V fi(z'™!) — g!) and send ¢! to the master
6: Update local state g/t = gf + ¢t
7: end for
8 Master computes g'tt = 23" gl viagttl = gt + LS50 o
9: end for
Lemma 1. Let C be a contractive compressor, then foralli =1,...,n
E[GI] < (1= 0B [GY] + BLIE [[|o"+! —o'[*] , and (13)
E[G"*] < (1-0)E [GY] + BL*E [th“ - xt\ﬂ , (14)

where 0 % 1 — (I—a)(1+s), ﬁd:ef(l —a)(1+s7)  foranys>0.

Proof. Define Wt & gt ... bt 2t then
E[GT] = E[E[GT W]
sl -sr o 1]

E[E[llgf + (Vi) = gh) = Vi )|” | W]

- ar[[vaee g
(@)
< (- +E [V - g|]
+(1—a) (1+s7Y) | VA = V@] (15)
Y i-a)a+sE [V i) = gt

H1- ) (14 57) ZE a1 ]

<0 0E[IVAGH — ol + BL2E [ 7]

where (i) follows by Young’s inequality (TT8), (i) holds by Assumption[l] and in (iii) we apply the
definition of § and . Averaging the above inequalities over ¢ = 1, ..., n, we obtain (T4). O

C.1 CONVERGENCE FOR GENERAL NON-CONVEX FUNCTIONS

Theorem 1. Let Assumption[l|hold, and let the stepsize in Algorithm[I|be set as

-1
0<7<<L+f\/§> ) (16)

Fix T > 1 and let T be chosen from the iterates z°, z', ..., 7~ uniformly at random. Then
21 2(f(2%) —f") E[G]
E { BT } < , 17
IVF@HI] < T T er (17)
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where L= /15" [2.0=1—(1—a)(1+s),B=(1—a)(l+s)foranys>0.

Proof. According to our notation, for Algorithm Rt = th*l —at H2 By Lemma we have

E[G"'] < (1-60)E[G'] +BL*E[R]. (18)

Next, using Lemma[I6and Jensen’s inequality (IT9), we obtain the bound

n

DL

=1

+7
2

t t t 1 L
Fe) < s - Vil - (5 - 5 ) R+

< 6= Vs (55 ) B g Sl - vaEO)
_ (xt)—%HVf(xt)H (217—2) R'+ 2Gt. (19)

Subtracting fi“f_ from both sides of the above inequality, taking expectation and using the notation
§t = f(xt) — finf, we get

B[] < E[]-1E|[vF@)|*] - ( - §>E R]+1E[CT]. QO

Then by adding (20) with a 5 multiple of (I8) we obtain
¥ 2 1 L v
B[]+ LE[G] < E[6] - JE|[VF@)*] - < = 2) E[R] + SE[G']

52 (BLE[R] + (1 - OE [¢"])

E[§"] + 5B [G"] - 2E || V£@")|]

_ (217 - g - BL2> E [R']

< E[]+LE[¢] - JE[|VF@)]].

The last inequality follows from the bound v2 L + L~ < 1, which holds because of Lemma and
our assumption on the stepsize. By summing up 1nequahtles fort =0,...,7 — 1, we get

0<E[6"+£6"] <o+ E[G"] - ZE[HW I°]-

Multiplying both sides by 7%, after rearranging we get

T

|
—

IE [G°]
H } ’yT oT

E [V 5!

t

I
o

It remains to notice that the left hand side can be interpreted as E [HV f(@T) ||2} , where 27" is chosen

from 20, 2!, ..., 271 uniformly at random. O

Corollary 2. Let assumptions of Theorem|l|hold,
V fi(29), i=1,...,n,

(L + Z\/B%> B

9!

Y
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Then, after T iterations/communication rounds of EF21 we have E [HV f(z") HQ] < €2, It requires

750
T = #grad = O (L(S>

oe?

iterations/communications rounds/gradint computations at each node, where L = /- ) ._ L2

00 = f(0) — .

Proof. Since g0 = Vf;(2°),i=1,...,n, we have G° = 0 and by Theorem

(i) 260 (i1) 260 ~ (i41) 240 ~ (2

#grad Tgigi L+ L é < i L+L{—-1
~e? g2 0 g2 a

260 oL\ () 250 (L 2L 6L6°
— | L+— | £ 5 |-"+—)=—,
g2 a e2 \a « aEg?
where in (i) is due to the rate (T7) given by Theorem([l] In two (ii) we plug in the stepsize, in (iii)
we use Lemma and (7v) follows by the inequalities « < 1, and L < L. O

IN

C.2 CONVERGENCE UNDER POLYAK-LOJASIEWICZ CONDITION

Theorem 2. Let Assumptions[Ijand[@ hold, and let the stepsize in Algorithm|I|be set as

-1
0 <~ < min <L+Z 25) % . @21)

Let Ut % f(at) — f(z*) + ZG". Then for any T > 0, we have
E[07] < (1—~p)"E[¥], (22)

whereZ:Q/%ZLIL%H:1—(17a)(1+5),ﬂ:(1704) (1+s71) forany s > 0.

Proof. We proceed as in the previous proof, but use the PL inequality, subtract f(z*) from both sides
of (T9) and utilize the notation §* = f(z') — f(z*)

t+1 t 7 NI 1 L t )t
R e Al —(27—2>R +lo
< o —u(fa) - 1) - (= - Z) R+ Lat,
- 2y 2 2
1 L 0%
= (1- st—(——-= )R+ G
(1=~ (5~ 5 ) R+ 36
Take expectation on both sides of the above inequality and add it with a 7 multiple of (T8), then
t+1 Tat+1] <« _ t] i _ £ t 2 t
E[F]+E[J6] < (1-ywE[¢) (27 5 | E[R] + JE[G]

+% ((1 —O)E [G'] + BL°E [Rt])

(1 —ywE[8'] + % (1 — Z) E [G']

1 L PBL%>
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T2
Note that our assumption on the stepsize implies that 1 — g <1—ypand % — % — ’(SLT” > 0. The

last inequality follows from the bound ~? @ + vL < 1, which holds because of Lemma|l5|and
our assumption on the stepsize. Thus,

E [61 + th“} < (1—y)E [& n th] .
It remains to unroll the recurrence. O

Corollary 3. Let assumptions of Theorem|2| hold,
V fi(29), i=1,...,n,

9
25\ 0
v = min <L+E f) ,ﬂ

Then, after T iterations/communication rounds of EF21 we have E [ faT)y—f (:v*)} < e. It requires

T 0
T = #grad = O (L log (6)> (23)
ajp 5

iterations/communications rounds/gradint computations at each node, where L = ,/ % S L2,
50 — f(ﬂjo) _ finf.

Proof. Notice that

-1

~ /2 @ ~ 2 -1y A=

min L+ L —ﬁ ,i 4 > ming p L+IV2(=-1 ,704
0 20 @

where in (i) we apply Lernma and plug in = 1 — /1 — « according to Lemma (i) follows
by v1 — a < 1 — a/2, (iii) follows by the inequalities « < 1, and L < L.

Let g) = Vfi(2°),i=1,...,n, then G° = 0. Thus using (22) and the above computations, we
arrive at

log (L) o 1 SO\ AL (6
#grad = T<<)1 < —log () < 710g () )
log (1 — yp) T € ap €

where (4) is due to (122). O
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D STOCHASTIC GRADIENTS

In this section, we study the extension of EF21 to the case when stochastic gradients are used instead
of full gradients.

Algorithm 2 EF21-SGD

1: Input: starting point ° € R%; g9 € R (known by nodes); g° = L ZZ 1 g (known by master);
learning rate v > 0

2: fort=0,1,2,...,T — 1do

3 Master computes z¢t! = 2t — v¢* and broadcasts z'*! to all nodes
4 for all nodes i = 1,...,n in parallel do

5 Compute a stochastic gradient g;(z'T!) = 1 >V fe, (xtt1)
6: Compress ¢! = C(g;(z**1) — g!) and send c! to the master

7 Update local state g/t = gf + ¢t

8 end for

9 Master computes '+t = 23" | gl via gttt = gt + L0 o
10: end for

Lemma 2. Let Assumptions[Ijand2 hold. Then for all t > 0 and all constants p,v > 0 EF21-SGD
satisfies

E [GtJrl} < (1 o é)E [Gt] + BlZZE [thJrl — xt||2}

+ABE [f(2") = 7] + O, 24)
where 6 ¥ 1 - I-—a)(1 + p)Q + v), A o 20—a)(1 + p)(1+1),
By ¥ 201-0)1 + p)(1+1) + (1 n %) A = maxe, ., 2AdLBon)
é 1 n 2(Ai+Li(Bi—1)) inf inf Ci .

L3 (Mt (it g 4 )

Proof. For all p,v > 0 we have

E[GH] = E[|g - ViE)|’]
< 0 oE[le @) - ) - @6 - ) ]
+ (1+ ;) E[[gia"") —Vfi(x“l)Iﬂ
< (1-a)(1+p)E [g! = gi(at )]

+ (1 n ;) E [ Gi(zt*) — sz-(:ct“)HQ]
< (1—a)(l+p)(1+v)E {Hgf - Vfi(xt)m
+2(1—a)(1+p) (1 + i) E [HVfi(wt“) - ﬁi(wt“)Hz]
+2(1—a)(1+p) (1 T 1) VAt = Vi) ]
+ (1 n ;) E [ Gi(zt*) — sz-(:ct“)Hz]
(1 - OF [GF] + B L2E [+ - a'||"]

+B2E [[|g:(=*1) = W hia" ]

IN
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def

where we introduced & 1 - (1—-a)(1 +p) 1 +v), /i € 2(1—a)(1 + p) (1+1),
def

By £ 2(1—a)(1+p) (1+1)+ <1 + %) Next we use independence of V fe: (a!), variance
decomposition, and (]EI) to estimate the last term:

B[G1] < (-OE (G +AE e )]

ZE[HW 2 Y f () H]

= (1-0)E [Gt]mm[nxtﬂ =]

52 > ( [va t+1)H2} -E [HVfi(fUtH)HQD

2 O—Wﬂﬁhﬂﬂmwﬂ“—ﬂﬂ
2P (o) - o) BB Vg [ ey 7] o
< (1-OE[G] +ALIE |||+ — o]

(A +L( ))ﬂQ [f( t+1) inf] +

Averaging the obtained inequality for7 = 1,...,n we get

E [GtH] < (- é)]E [Gt] + B I°E [th-&-l — mt”z}

Z( A +L ))62 [f( t+1) fmf] 1/32>

Cifs
T

Ti Ti

< (1-OE[GY] +AL%E [[|lo+! - o'|]

_,_:LZ( A +LTZ ))ﬁQ [f( t+1) flnf]>

1
+% Z (2(Ai + Li(B; — 1)) (fnf — finf) 4 Cz)
_|_

T Ti

B I°E [Hzt+1 ol } + Ay E[f(x t+1)_finf} +CBy

D.1 CONVERGENCE FOR GENERAL NON-CONVEX FUNCTIONS

Theorem 3. Let Assumptions[Ijand 2| hold, and let the stepsize in Algorithm[2|be set as
-1

0<~< L+L,/ﬂ91 , (25)

where L = DI Hd—dl—(l—a)(l—kp)(l—&—u),,@l d:efQ(l—oz)(l—I—p) (1+ 1), and

p,v > 0 are some positive numbers. Assume that batchsizes T, . .. ,T; are such that %52 < 1, where
A= Max;=1,..n % and,@ = 2(1 —a)(1+p) (1 + %) + (1 + %) FixT > 1and
let &7 be chosen from the iterates x°, ', . .., T~ with following probabilities:

i\’ a
Prob {iT = ! :ﬂ, Wy = 1- 7 2 , Wr= Wy.
{ } W t Y T tz:; t
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Then

”T(l—%’%)T éT(l_ﬂﬁz)T+ 0 (26)

E {va(:%T)Hz} < 2(f(2%) — S0 n E [GO] 632

n

where C = % 3 (M (finf _ fiinf) n %>

i=1

Proof. We notice that inequality (20) holds for EF21-SGD as well, i.e., we have

E[+] < E[]-1E[|vs@)|’] - (—L>E[Rt]+gE (1.

2

Summing up the above inequality with a5 multlple of (24), we derive

E[ww;éc;ﬂ < E[6] - ”E[Hw 7] - (Q)E[R%;E [G']
+s(=OE[GT+ SHIE[R'
+%ﬁ521E (671 + %052
< V;‘?E[Cstﬂ] +E {5%;&@] SE VI + 2508
A T2
(5-4-248)uwm
2 7‘5‘;21& (6] + E {5%;&&] E|[vs@))]’] +2195"BQ,

where § £ 1— (1—a)(1+p)(1+v), b1 € 201-a) (1 +p) (1+1), fo T 2(1-0) (1 +

p) (1 + %) + (14 %) ,and p,v > 0 are some positive numbers. Next, we rearrange the terms

[va )|l } < 2 (]E {5t + fYAGt] - <1 - VA?2> E [5t+1] — g [Gt+1]>
Y 20 260 20
L P
<3 (e )
Y 0 20 20
Cﬁz
sum up the obtained inequalities for ¢ = 0,1, . ..,T with weights w+/wr, and use the definition of &7
ANIL:
B[IvsenI] - fzwtn«: (19 76)]
2 7 -
< E (5t—|— AGt:l — E |:6t+1 +'E Gttt :|>
YWr tz:; (wt [ 20 Wi+t 20 [ ]
L0
0 0
< 26 N EA[G ] CAﬁ
YWr oWy 0
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Finally, we notice

o \T
A
WT—Zwtf T+1) t minth>T<1—Py ?2>

=0,1,..., 20
that finishes the proof. O
Corollary 4. Let assumptions of Theoremhold, p=92, v=als
1
Y= =
L+ L
Ty (A; + Li(B; — 1)) B 8(As 4+ Li(B; — 1)) B s 4Cif3
= max 17 7( i + i( 7 ))ﬂ278( i+ ’LA( % )>62(5;nf, QzBQ 7
0 Oc2 fe2
T =

{ { 1650 SE [G°] H
max ,—— ,
ye? fe?

where 6"t = finf — finf 50— £(20) — it Then, after T iterations of EF21-SGD we have
E {HVf(ﬂACT)HQ} < &% It requires

og?

T:O<B°+E[G%>

iterations/communications rounds,
#grad, = T,T
750+ [GO LO° +E [GO]) (Ai(6° + &) + C;
O( +E[e0) (E°+E(E)) ( )

og? o3et

N (L&° + E [G°])AE [G]
o?(aL + L)et

stochastic oracle calls for worker i, and

. 1 <&
H#grad = EigleiT
[0 +E[)] 1. (B0+E[G]) (A + 6+ C)
=0 7+EZ¢:1 adet
1 <N (L6 + E[G)AE [GO
Ly B+ E[GDAB [
n—= a?(aL + L)e*

stochastic oracle calls per worker on average, where Az =A;+ L;(B; = 1).

e T .
Proof. The given choice of 7; ensures that (1 - % = O(1) and ©82/4 < ¢/2. Next, the choice

of T ensures that the right-hand side of (26)) is smaller than e. Finally, after simple computation we
get the expression for ;7. O

Corollary 5. Consider the setting described in Example (Il Let assumptions of Theorem |3| hold,
p =92, v=1/4

1 402 By 165° SE [G]
Y=——7F7= Ti= |max{l, — , T = |max 5 ,
L+ L2 02 Ve fe?
0
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where 6° = f(2°) — f™. Then, after T iterations of EF21-SGD we have E {HVf(iT)Hq <el It
requires
L&° + E [G°
roo(222le)
Qe
iterations/communications rounds,

L60 + E [G] . (Z§° +E [GO]) o?

#grad, = 7,17 =0 02 =

stochastic oracle calls for worker i, and

= 7850 0 2
g io+eje] (LO+E[G")o
H#Hgrad = -~ ; T =0 > + PP
stochastic oracle calls per worker on average, where o> = + Z
Corollary 6. Consider the setting described in Example |Z| Let assumptions of Theorem 3] hold,
p=f2, v =20y
1
T= —
L+L
2T7L752 8L152 mf 8L Am 52
T = max < 1, , o, ,
fc2 fc2
0 8E [G°
- o]
e fe?
where 61nf fmf fiinf, 60 — f(l‘o) _ finf, zi Zmz L”, Amf nlh Z (fmf 1nf)'

Then, after T iterations of EF21-SGD we have E [HVf (2T) H ] < €2, It requires
Lo + E[G°
oo 22l
Qe

iterations/communications rounds,

#Hgrad, = T,T
L0 1 E[q) (L°+E[G]) (L@ + o) + LAl
=0 +

oe? o3et

N (L8° +E [G°])LE [GY]
a?(aL + L)et
stochastic oracle calls for worker i, and

1 n

I 4 B[] 1 ¢n (D0 +E([G]) (L@ + 1) + Lia})
o LEICL L 1y .
n are

i=1

#grad

1
+=3
n o2(aL + L)t

=1

", (L&° + E [G°))L:E [G°] )
stochastic oracle calls per worker on average.
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D.2 CONVERGENCE UNDER POLYAK-LOJASIEWICZ CONDITION

Theorem 4. Let Assumptions[I] [} and[||hold, and let the stepsize in Algorithm 2] be set as
-1

~ 28 0
0<~y<min{ [L+L b L — 9, 27)
0 2n
~ 1 n def 5 def 1
where L = /= %" | L? 0L 1-(1—a)(1+p)(1+ v),B1=2(1—a)(1+4p)(1+ 1), and
p,v > 0 are some positive numbers. Assume that batchsizes Ty, . ..,T; are such that QAﬁ 2 < %

where A = max;—1,._n

allT > 1
T ~ A
E [5T n YGT] <(1-2"g [50 n YGO] + L85, (8)
2 0 uo

where C = % Zi: (M (flnf fl_inf) n %>

2(A,+L1(B7—1))

and 3 d:ef2(1 —a)(1+p) (l—l- ;) + (1 + ;). Then for

Proof. We notice that inequality (20) holds for EF21-SGD as well, i.e., we have

B[] < B - JB (Ve - (5 - ) BlR) + JE LG
< (- yWE[5] - (;y = 5) B[R] +1E[61.

Summing up the above inequality with a 3 multiple of (24), we derive

efovs 20w < -~ (- L)sim + Je el

+%<1 ~OE[GY] + %@PE [R']

IN

1 AE 1] + 105,

IN
2
o
™
[V
=)
+
i
+
_
o
N
—
|
| >
~
&=
| — ]
=2
Q
—_
+
2
Q
™
[ V]

1 L ’YBIEQ t
‘(m‘f ; )E[R]
2 %E [677] + (1 — yu)E [N + th] + 1(732,

Whereédglf(lfa)(ler)( )BldSQ(lfa)(ler)( )Bgdg (1—a)(1+
p) (1 + %) + (1 + %), and p,v > 0 are some positive numbers. Next, we rearrange the terms

(1 _ 7%52) E {5“-1 + ’th+1:| < E (1 _ 7%52) st 4 %Gt+1

(1—~yp)E [& + th} + %GBQ

IN

and divide both sides of the inequality by (1 — %) :

L—p v gl %
|: +0G 1 — 2AB2 +0 + (1_71‘{52) &
0

i
- )<H2’VA52> [ th] <1+2wgﬂz>g532'

IN
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Since 2482 < £ and v < 2, we have
] I

[~}

/

o) {5#1 + thﬂ] < (1—p)

gty ¢, Y At| L 20 A
< -z = .
< (1 2)E{6+9G +5Ch

Vg lst Y]+ 2 a5
1+2)E{5+éG]+éCﬁ2

Unrolling the recurrence, we get
¥ ¥ 1 I 0 ¥ O- 2')/ ~ ~ -1 5, t
1 Rall < _ e , § _ Ok

t=0
< (1 - w)TIE 50+ 20| + 2—755}% (1 - ﬂ)t
- 2 | 0 | 0 — 2
T T 1 4 ~
= (1= B+ 260 + b,
2 I R
that finishes the proof. O

Corollary 7. Let assumptions of Theoremhold, p=f2, v =2y

: 1 0

7 = mn T~ a9y,
L+ Ly/8 “H
- max 1, 8 (AZ + Lz(?z — 1)) 527 64 (AZ + LAZ(BZ — 1)) 5o (ﬁnf, 32?’152 7
e Ocp Ocp
0 0

T o= Pm (25 +E [QTG }ﬂ :

TH € Oc

where 5t = finf . ginf 50— £(20) — finf Then, after T iterations of EF21-SGD we have
E [f(mT) — fi“f] < e. It requires

reo(fn(% r2[£])

iterations/communications rounds,

#grad, = 7T

7 L(Ai(e+66™) +C; 0 0
of (LM V) (2 e[
po prade € Le

stochastic oracle calls for worker i, and

Ferad = ~S T

L (fli(s—i—éinf) +C’i> N <50 B |:2G0:|)

7es P n2ade € L

I
o
|~
_|_
SE
NE

Le

stochastic oracle calls per worker on average, where fll =A;,+ L;(B; — 1).

Proof. The given choice of 7; ensures that % < & and 4532/”@ < ¢/2. Next, the choice of T
ensures that the right-hand side of (28)) is smaller than . Finally, after simple computation we get the
expression for 7;7". [
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Corollary 8. Consider the setting described in Example |I| Let assumptions of Theorem |4| hold,
p =2 v =04,

1 ) 20,3 260 27G°
~ = min 7A7i , T; = |max 1,39162 , T= [l (6 —&—IE{,YAG ])W,
L+1L % 2p Ocp Y € Oc
where §° = f(z°) — f™. Then, after T iterations of EF21-SGD we have . [f(xT) — fi“f] <elt

requires
T 0 0
T=0 Lln(5 HE[?G])
j21ed € Le

iterations/communications rounds,
#grad, = 7T

T T 42 0 0
- o (L m(Z )
poe - pfoce € Le

stochastic oracle calls for worker i, and

. 1 &
d = — E T
fgra - -717

T T2 0 0
() £ + 7La In 0 —+E 2G
pa - ptade £ Le

stochastic oracle calls per worker on average, where o = + ZZ 1 o?
Corollary 9. Consider the setting described in Example |Z| Let assumptions of Theorem |4| hold,
p= a/g’ V= 05/4’
. 1 0
Y= MmNy ————F—, 5 (>
L+I/5% 2u
8Ll Ba 64L;fs sint 64L; Al 3y
7, = |max , o, ,
u@ Heu Geu

2 260 2vGY
T - {m(é +E[ G }ﬂ :
T € Os
where §1nf fmf fiinf’ 50 _ f(IO) o finf’ Zv — miq Zm1 LU’ Alnf 1 Z (fmf 1nf).
Then, after T iterations of EF21-SGD we have E [f(xT) fmf] <elt reqmres

T 0 0
T=0 Lln(é —HEFG )
e € Le

iterations/communications rounds,
#grad, = 7T

L LL; (e + 6" + Al 80 2G°
- o (e B ) (T e 2
po peo’e Le

stochastic oracle calls for worker i, and

. 1<
d = — E T
#gra n s T,

1 n 1 6 + 51nf + Alnf) 60 2G0
— il + 5 In{ —+E | =
n 2o € Le

stochastic oracle calls per worker on average.
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E VARIANCE REDUCTION

In this part, we modify the EF21 framework to better handle finite-sum problems with smooth
summands. Unlike the online/streaming case where SGD has the optimal complexity (without
additional assumption on the smoothness of stochastic trajectories) (Arjevani et al.|[2019), in the finite
sum regime, it is well-known that one can hope for convergence to the exact stationary point rather
than its neighborhood. To achieve this, variance reduction techniques are instrumental. One approach
is to apply a PAGE-estimator (Li et al.,|2021) instead of a random minibatch applied in SGD. Note
that PAGE has optimal complexity for nonconvex problems of the form (3). With Corollary [T0} we
illustrate that this O (m + v™/e2) complexity is recovered for our Algorithm [3|when no compression
is applied and n = 1.

We show how to combine PAGE estimator with EF21 mechanism and call the new method EF21-
PAGE. At each step of EF21-PAGE, clients (nodes) either compute (with probability p) full gradients
or use a recursive estimator v} + Ti Zj crt (V fiy () =V f; (;pt)) (with probability 1 — p). Then
each client applies a Markov compresso}/ EF21-estimator and sends the result to the master node.
Typically the number of data points m is large, and p < /m. As a result, computation of full gradients
rarely happens during optimization procedure, on average, only once in every m iterations.

Notice that unlike VR-MARINA (Gorbunov et al.| [2021), which is a state-of-the-art distributed
optimization method designed specifically for unbiased compressors and which also uses PAGE-
estimator, EF21-PAGE does not require the communication of full (not compressed) vectors at all. This
is an important property of the algorithm since, in some distributed networks, and especially when d
is very large, as is the case in modern over-parameterized deep learning, full vector communication is
prohibitive. However, unlike the rate of VR-MARINA, the rate of EF21-PAGE does not improve with
the growth of n. This is not a flaw of our method, but rather an inevitable drawback of the distributed
methods that use biased compressions only.

Notations for this section. In this section, we use the following additional notations P! &t

2
2 ¢ def def 2 def .

19 £:(a) — ofl%, P& LS v ot = g2 v LSV where of is a PAGE

estimator. Recall that G* & 1 S°" | Gt Gt < ||V () — gt

The main idea of the analysis in this section is to split the error in two parts Gt < 2P + 2V}, and

bound them separetely.

Algorithm 3 EF21-PAGE

1: Input: starting point z° € R%; g9, v? € R?fori = 1,...,n (known by nodes); g° = 1 3% | ¢?
(known by master); learning rate v > 0; probabilities p; € (0,1]; batch-sizes 1 < 7; < m;
2: fort=0,1,2,...,T — 1do

3:  Master computes x't! = 2t — yg?

4: for all nodes i = 1,...,n in parallel do

5: Sample b! ~ Be(p;)

6: If bt = 0, sample a minibatch of data samples I} with |If| = 7;
o[V b =1,

. 1 _ .
7 v =i X (V) = V() ifb =0
jeli'

8: Compress ¢! = C(vi™! — g!) and send ¢! to the master

9: Update local state g:t! = g + ¢

10: end for

11:  Master computes gttt = 1 3% | gl via gttt = gt + LS50 ¢t

12: end for

13: Output: 7 chosen uniformly from {z*},c(7

Lemma 3. Let Assumptionhold, and let v!™" be a PAGE estimator; i. e. for bt ~ Be(p;)

1 vfi(‘rt+l) lf b'f = 17
vt = et LS (V™) = Vi) i =0, (29)
jert
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foralli=1,...,n,t>0. Then

B [Pt+1] < (1 = pmin)E [Pt] 1 2R [th+1 _ xtH2:| 7 (30)

F_ 1N (1-p)c? - mi
where L= -3 | =L, Pmin = Mili=1 . n Pi-

Ti

Proof.
E[P*] = [Hth sz‘(m“rl)”ﬂ
r 2
= (=P ||oh 4 = S (VA - Vi) - Vi)
JEIt

— -k ot - VA + A - VA + O[]
= (1-p)E - vl — Vfi(xh) —&—Ef — Al 2}
() Nt ¢|?
9 (1 pom [t -5l + 0 - e | ¢ - a1
< pom [P + LR [t ]
< (1—pun)E[P] + %E [th-&-l _ thz} ) 31)

where equality (i) holds because E [ﬁf — Al 2t gt vf} =0, and (4i) holds by Assumption

It remains to average the above inequality over: = 1,...,n. O

Lemma 4. Let Assumptionsand hold, let vf+1 be a PAGE estimator, i. e. for bt ~ Be(p;) and
foralli=1,....n,t>0

(v ov=1,
v = el L S (V) = Vfieh) i b=0, G2
jEI!
and let gtJrl be an EF21 estimator, i. e.

gt =girCit —gh), ¢ =C (o)) (33)

foralli=1,....,n,t>0. Then
E[V'*] < (1= 0)E [V'] + 28pmac [PT] + 8 (202 + £2) E [ =o' "], @4

where L = * ZZ 1 (- f; ,pmax =max;=1, nPi 0 =1-(1—a)(1+s), 8 = (1—a) (1 + 5’1)
forany s > 0

Proof. Following the steps in proof of Lemmal[l] but with V f;(z**!) and V f;(z*) being substituted
by their estimators v! ™" and v, we end up with an analogue of (T3)

E[lg =] < a-0E|[|gf—ol] +BE [l =], 63
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where =1— (1 —a)(1+s),8=(1-a)(1+s7!)forany s > 0. Then
BV = B[l -]

(1= O [[lgf - vf|*] + BE [[[of*" = vf|[’]

(1= O [||gf — vi[[*] + BE [E [ = of]|” | v}, 22"

(1= OF [V] + BpiE [|o! — VA

NE|

=
.
=

2

80— p)E || = 3 (Vi) - V(")

' jert

= (L-0E V] + Bk [||of = V|| + 801 - p)E {H&

]

—  (1—0)E[V{] +28p.E [P!] + 28p.E [||At|| } +B8(1—p) [H&g

]
D (1 - K [V!] + 28p:E {Hv = Vii(a)|’]

+28pE || VA1) = VAE|’] + 80— p) [H&E

]
= (1=0)E[V/] +26pE[P]] + B(2p; +1 —p;)E {HAHH
]

< (-0 [V{] +28pE [P] + B+ p) LIE [+ - o* ]

+8(1— pi)E {Hﬁﬁ — A

+5(1 —Pi)ﬁz?]E {th-i-l _ xtHQ}

Ti
< (1=0)E [V}] +28pmaE [P!] + 8 <2L? + W) E|[l* - '],

where in (i ) we use the definition of PAGE estimator (32)), (#¢) applies (I19) with s = 1, (i:%) is due
to bias-variance decomposition (123), (iv) makes use of Assumptions 1] andl and the last step is
due to Di < 1 Pi < Pmax -

It remains to average the above inequality overi =1,...,n.
O
E.1 CONVERGENCE FOR GENERAL NON-CONVEX FUNCTIONS
Theorem 5. Let Assumptions[I|and[3|hold, and let the stepsize in Algorithm[3be set as
-1
48 ~ 30 Pmax 1 ~
Oy (L4 Li2yo(3PPmax L V&) (36)
0 0 Pmin Pmin
Fix T > 1 and let T be chosen from the iterates z°, z', ..., 7~ uniformly at random. Then
2 200
E [ v f(aT" } <= 37
IVFEOI| < 7 (37)

=1,...,

= — 9 s = =
miniy, o pi, I = ,/%ziﬂ 2,0 =1-(1—a)l+s), § = (1-a)(1+s) for any

s> 0.
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Proof. We apply Lemma|16{and split the error ||g! — V f;(z")||* in two parts

F < 1) = JIVIEOI - (5 - ) B+ F = V)
< @)= JIveO - (5 - 5) &
+llg* = |+ [Jo* - V£E)|]
< S - GlIViEh? —<1—L>Rt
7 Zng—th +7;, lev Vi
= f(zh HVf || —(—) R + 4V 4 4P, (38)
where we used notation B! = [[yg"||> = ||«*+! — 2*||*, and applied (TT8) and (TT9).

Subtracting finf from both sides of the above inequality, taking expectation and using the notation
5t = f(xt-‘rl) _ fmf, we get

B < Bl 3R (1] - (5, - 5 ) BRI +aE (] 0o

Further, Lemma 3| and [4] provide the recursive bounds for the last two terms of (39)

E[PT] < (1 - pmn)E[P] +L2E[R)], (40)

E[V'*] < (-0 [V +8 (202 + £2) E[R/] + 2BpuacE [P'] (1)
Adding with a 7 multiple of we obtain

E [§t+1] + ZE [VtJrl]

0

IN

B[] - JE 197 7] - (5 - 5 ) ER) +E (V]
+9E [P'] + 5 (L - 6)E[V'] + Ar' + CE [P'])
o+ 3B - JE[Ivs @] - (- 5 - 5 ) EIR]

+ <1+ i) E[P'],

IN

where we denote A & 8 (252 + 22) o 2BPmax-

Then adding the above inequality with a -2~ (1 + £) multiple of , we get
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E[o] = E[5t+1]+Z]E[V”1]+pIZiH<1+§>]E[Pt“]
< F+JEV]- E[HW( W)= (5 -5 - %) B

(1 + 3) <<1 B[] + 278 [1])
(14 ) P -2 [uvf )

B (e e
27 2 9 pmm

= E[0o'] - JE||VS (@)]’]

1 L ~A
G e

The coefficient in front of E [R!] simplifies after substitution by A and C

AL (OB (P L e
0 Pmin 0 0 0 Pmin Pmin

IA
=
B
_|_
|2
=
&
+

Thus by Lemma 5] and the stepsize choice

—1
438 ~ max 1 e

0<y< (4 BF2 o (30 Pmax | [2 43)
0 0 Pmin Pmin

the last term in @2) is not positive. By summing up inequalities for ¢t = 0,...,7 — 1, we get

0<E[37] <E[3"] - 7ZIE:[HW ]

Multiplying both sides by WLT and rearranging we get

S Le v < 22

t=0

It remains to notice that the left hand side can be interpreted as E [HV (@7 HQ} , where 27 is chosen
from 20, !, ... 27! uniformly at random.

O
Corollary 10. Let assumptions of Theorem 5] hold,

v? = g?:Vfi(xO), i=1,...,n,

-1

4 3 max 1 Y
v o= L+ '6L2+2<6p+>£2 ,
0 Pmin Pmin
Ti .
i = , =1,...,n.
D Ti—i—mi (3 n

Then, after T' iterations/communication rounds of EF21-PAGE we have E [HVf(i“T) Hﬂ <el It

requires
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7o LHL [Pmax Tk
Ot€2 pmin 52

iterations/communications rounds,

(T + \80 _ 750
#gradi — O (mz 4 T’L(L + ‘C)(S Pmax + Tz\/@ﬁ )

0452 Pmin

stochastic oracle calls for worker i, and

aEQ Pmin 52

Zorad = O <m+ T(E+E)50 \/pmax T\/mmaxﬁé )

stochastic oracle calls per worker on average, where T = % Z?:l T, m = % Z?zl My, Mmax =
maxX;—1,...n Mi, Pmax = MaX;=1,...n Pi) Pmin = Mil—1 . D;.

Proof. Notice that by Lemma[I7] we have

max 1 Y 1 12 max 1 Y
L+\/L2+2 35p )c? L+ 6L2+2(p +),c2

< 2
9 Pmin pmin Q% Pmin Pmin
4~ 24 pmax 2 ~
< L4 L4 Sl 27
& Q% Pmin Pmin
4~ 24 max s 2 =
< Ly ipa YV [ereg, V25
« « Pmin 4/Pmin
5~ 24 max 2 ~
< 2@+ Puax V2 7
@ « Pmin v/ Pmin
5 max (7 ~ 2
< 2 /F (L + £) + V2 L
o Pmin 4/ Pmin
5 max
< P (L + £) + 24/ M L,
« Pmin

where we used L < Z Prmin < Pmax, and the fact that va + b < /a + Vb for a,b>0.

Then the number of communication rounds

0
T o< 20
<
250 5 pnlax
< ZZ (=
< 5 (a -~ (L+£)+2\ﬁmaxc)

_ o ZAD [pma Tl
B ae? Pmin g2 .

At each worker, we have

#tgrad, = m; +T (pimi + (1 —pi)7)
2mi7'2-
Ti + My
< m;+27,T.
Averaging over i = 1, ...,n, we get
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#grad < m+ 27T
_ O (m + T(Z + E)(SO \/pmax 7-\/Tnmanc£5 ) )

ae? Pmin €2

O
E.2 CONVERGENCE UNDER POLYAK-LOJASIEWICZ CONDITION
Theorem 6. Let Assumptions[Ijand[@ hold, and let the stepsize in Algorithm[3|be set as
9 min
0 < < min {w, £ } (44)
2u’ 2u
. -1
where g Yo < v < <L+ \/?L2+4(5fpp’:?: +pnﬁ> 52) L= /230 12 6 =
l1—-(1-a)(l+s),B=01-a)(1+s?t) foranys > 0.
Let W' d:eff(xt) — fla*) + 2V + 292—7 (1 + W%) Pt. Then for any T > 0, we have
E W] <(1—yu)"E[w]. (45)

Proof. Similarly to the proof of Theorem 3] the inequalities (39), @0), @T) hold with &' = f(x*) —
f@).
Adding with a 27” multiple of we obtain

L

N - (5 - 5) IR+
PE[P]+ 2 (1 0)E[V] + 4 + CE[P])
< ot 271@ VY] (1—)
S3ellvr @I - (5 -5 - 57 ) EIR

20 .
de’r

= 2ﬁpmax

B[+ 2BV < B[] - 1E[|vS

where A ! B8 (252 + E2>

Then adding the above inequality with a - (1 + 2C) multiple of lml we get
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E [\I/t+1} = E [5t+1} + %VIE [V”l] i p?i (1 n 25) E [Pt+1]
< o+ 38 (v (1-5) - JE (19 @] - (5 - 5 - 5 ) Elm]
+ (1 + 25) E [P!]
+ 2 (120 (1 e [P + 22 ()
< s e (=) 2 () s (0-2)
Bl (5 2 (142) 2) i

(46)

PL inequality implies that 6* — 1 ||V f(ah) H2 < (1 — yp)d. In view of the above inequality and our
assumption on the stepsize (v < < Zu’ v < pé“;“ ), we get

1 L 274 27y 2C
EPH) <Q-qyuE[¥] - (-2 -=F—- 1+ L2
) < - 9] - (5 - 5 - 550 - 25 (14 ) 2 R,
The coefficient in front of E [R'] simplifies after substitution by A and C

2vA 2y 20\ x» 48+ 2[3 2 88 Pmax \ =2
0 M Pmin <1 0 ) £ N 0 L * 9 - Pmin * 0 Pmin £
< 472 4o (5BPmax | 1\ 7
0 0 Pmin Pmin

Thus by Lemma T3] and the stepsize choice
-1

T max 1 e
0<y< (L4 P pg(Bbune | 1 )15 47)
0 0 Pmin Pmin

the last term in (@6) is not positive.

E [U!] < (1 —yp)E [¥'].

It remains to unroll the recurrence.

O
Corollary 11. Let assumptions of Theorem[6] hold,
'U? = g?ZVfZ(l‘O), 7::1,...777/,
-1
0 min 8 ) max 1 Py
Y = min{’YOavp }7 Yo = L+ BL2+4<ﬁp +> L2 )
Q,U 2/1 0 Pmin Pmin
Ti .
. = . i=1,....n
p T+ m, (3 n

Then, after T iterations of EF21-PAGE we have E [f(xT) — fi“f] < e. It requires
L Jr ‘C pmax 50
T=0 W F VMmax L |1
<M ( (0% Pmin + B ) . (
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iterations/communications rounds,

(T Ly " 0
#grad, = O (mZ + T <L+£ Pmax + \/mmaxﬁ> In (5 >>
7

a Pmin €

stochastic oracle calls for worker i, and

. L+ ~ 0
#grad = O(m—i—;( —Oiz_C,/];:j:l(—l—\/mmax,C)ln(i))

stochastic oracle calls per worker on average, where T = % S T, m = % S M, Mimax =
max;—1,...n Mi, Pmax = MaX;=1,...n Pi) Pmin = Mili—1 . p D;.
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F PARTIAL PARTICIPATION

In this section, we provide an option for partial participation of the clients — a feature important in
federated learning. Most of the works in compressed distributed optimization deal with full worker
participation, i.e., the case when all clients are involved in computation and communication at every
iteration. However, in the practice of federated learning, only a subset of clients are allowed to
participate at each training round. This limitation comes mainly due to the following two reasons.
First, clients (e.g., mobile devices) may wish to join or leave the network randomly. Second, it is
often prohibitive to wait for all available clients since stragglers can significantly slow down the
training process. Although many existing works (Gorbunov et al.|[2021; [Horvath & Richtarik, 2021
Philippenko & Dieuleveut, |2020; [Karimireddy et al., 2020} Yang et al., 2021} |Cho et al.,[2020) allow
for partial participation, they assume either unbiased compressors or no compression at all. We
provide a simple analysis of partial participation, which works with biased compressors and builds
upon the EF21 mechanism.

The modified method (Algorithm is called EF21-PP . At each iteration of EF21-PP , the master
samples a subset S; of clients (nodes), which are required to perform computation. Note, that all
other clients (nodes) ¢ ¢ S; participate neither in the computation nor in communication at iteration .

We allow for an arbitrary sampling strategy of a subset .S; at the master node. The only requirement
is that Prob (i € S;) = p; > O foralli = 1,...,n, which is often referred to as a proper arbitrary
samplingﬂ Clearly, many poplular sampling procedures fell into this setting, for instance, independent
sampling with/without replacement, 7-nice sampling. We do not discuss particular sampling strategies
here, more on samplings can be found in (Qu & Richtarikl| [2014).

Algorithm 4 EF21-PP (EF21 with partial participation)

1: Input: starting point 2° € R%; g € R fori = 1,...,n (known by nodes); g° = % Sy g?
(known by master); learning rate v > 0
2: fort=0,1,2,..., T —1do

3: Master computes z!*! = 2t — yg?

4: Master samples a subset S; of nodes (|S;| < n) such that Prob (i € S;) = p;
5: Master broadcasts z**! to the nodes with i € S,

6: for all nodes i = 1,...,n in parallel do

7: if i € S; then

8: Compress ¢! = C(V fi(z**1) — g!) and send c! to the master
9: Update local state g/ ' = gt + ¢

10: end if

11: ifi ¢ S; then

12: Do not change local state g = gt

13: end if

14: end for

15:  Master updates g/t = gt, ¢! = 0 fori ¢ S,

16: Master computes g'+t = L 377 | gi* ! via g+l = gt + LS !

n
17: end for

Lemma 5. Then for Algorithm [ holds
E[G"] < (1-6,)E [G"] + BE [[['*" - 2*|] 48)
. def def n _
Wlth 917 = PPmin + epmam —p— (pmaw - pmin)r B = %Zi:l (Bpl + (1 + P 1) (1 - pz)) L?’
Dmaz dzefmaxgignpi, Dmin d:dminlgignpiy f=1-(1+s)(1-a),B=01+1)1-a)and
small enough p,s > 0.
Proof. By in Lemmal[I} we have for all i € S;

E[GH i€ 8] <(1-0)E[GY + BLE {Hl‘t“ —at|*lie St} (49)

°It is natural to focus on proper samplings only since otherwise there is a node 4, which never communicaties.
This would be a critical issue when trying to minimize (I) as we do not assume any similarity between f;(+).
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withd =1— (1+s)(1—a), 8= (1+ 1) (1 — ) and arbitrary s > 0.

Define Wt & {gt,... gt at,at*'} and leti ¢ S,, then
E[Gi[i¢S] = E[E[GT W] ]i¢ 8]

E[E[|lg - VAEY|* W] i ¢S]

< (1+pE[E[|oi = VEE" 1 W] li ¢ 5]

+(1+p HE [ [||Vf Y V) |Wf}\ ¢St}
< (1+pE[G]

+ (4 E[IVAGET) - VA i ¢ 5]
< (+pE[GH + (1+p7Y) LZE [||lo" - 2'["]. (50)

Combining (@9) and (30), we get

slov) = Y EE

_ —sz (G [ i€ 5] %21—@ (G [ i ¢ )]

=1
(X 610) 1 — 1 &
< (1 — 9)7 ZpiE [Gf] (n Z > |:th+1 _ $t||2:|
1+pl (1-p)E[G!]
nz:l
l - . 2 t+1 |2
+(14p! <n§;1 p1L> [[la+1 = a'||%]
(i) "
<

pm,%z E[G!] +5< ZmL?)E{Ith“—th?}
=1

+(1+p) (1= Pmin) ZEGt

+(1+p7") < Z (1-pi L2> [[la+1 = a'|]%]
= ((1 - g)prmzx + (]. + p)(l —pmm)>E [Gt]
+ (111 Z (Bpi + (1+ p—1> (1-pi)) Lf) E [th-&-l _ "Et’ﬂ

= (1 - (ppm’bn + epma:v —p— (pmaa; - pmm)) )E I:Gt}

+ (i zn: (Bpi + (14 p71) (1= py)) Lf) E [fo“ — xt||2} :

i=1

—  (1-0)E[C"]+BE || —a'|’],
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Lemma 6. [To simplify the rates for partial participation] Let B and 0,, be defined as in Theorems|2|
and Theorems[8| and let p; = p > 0 foralli =1,...,n . Then there exist p, s > 0 such that

6, > 2", (51)
2
B (4i\’
0<—<\{—1 . (52)
0, pa
Proof. Under the assumption that p; = p for all t = 1,. .., n, the constants simplify to

0p = pp+ 0p — p,

B=(Bp+ (1+p") (1-p) L%
Pmaz = Pmin = D-
Case I: let o« = 1, p = 1, then the result holds trivially.
Casell:let0 < a < 1,p =1, then B = 552 L0, =0=1- Vi—a > S and@)followsby
Lemmal[l7l
Caselll:letor = 1,and0 < p < 1,then§ =1, =0,B = (1 +p~ ') (1—p)L% 6, = p—p(1—p).

Then the choice p = (ffp) simplifies

Op

_P

5’
B_(L+p)(Q-pL _201-pL? (2 _1> _ A
Op p—p(l—p) p p P

Case IV: let 0 < a < l,and 0 < p < 1.Then the choice of constants § = 1 — (1 — «) (1 + s),

B=(1—-a)(1+1),p= 057§ = agy Vields

ppt+bp—p = plptl-(1-a)(l+s))—p
= pa—p(l—a)s—(1-p)p
1
= (53)
Also
1 4- 4 1 41— 4—p(4— 4
el &IS—,1+7= A-p)+ap 4—p cw_;ﬁ
a le} p pa pa bo
Thus
B pﬂ+(r—m(1+;)52 p—a)(1+1)+(1-p) (1+1)
0,  plp+60)—p 3pa
4 4
- Pﬂ*®a+u*mﬁz2
apa
4 4
444
é T P L2
aba
i ~
S lpa L2
apc
16L2
< o (54)
O
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F.1 CONVERGENCE FOR GENERAL NON-CONVEX FUNCTIONS

Theorem 7. Let Assumption[I|hold, and let the stepsize in Algorithm{|be set as

-1
B
0<7§<L+ ) . (55)
Op
Fix T > 1 and let &7 be chosen from the iterates z°, ', ... xT ' uniformly at random. Then
2] < 2@ — ") E[G]
<
E [HVf(x ) ] < T s (56)

with 91) = PPmin + epma;v —pP— (pmacc - pmin)r B = %
Pmaz = MaX1<i<n Di» Pmin = MiN1<;<,D; 0 =1 — (1 + )
p,s > 0.

Proof. By (20), we have

e[ < E[) - E[|vre))] - (21 §> B[R]+ 1E[C']. 6

Lemma 3 states that
E[GH] < (1 - 6,)E [G!] + BE [R!] (58)
with Gp = PPmin + Hpmaw 2 (pma:z: _pmin)» B = %Z;ﬂ (sz ( +p ) 1 - pl)) L'LQ’
Pmaz = MaX1<i<n Pis Pmin = Mili<i<ppi, 0 =1— (1 +s)(1—a), 8= (14+1)(1 - ) and

small enough p, s > 0.
Adding (57) with a 5}~ multiple of (58) and rearranging terms in the right hand side, we have

E [§1] + QZ]E[Gt“] < E[ét]JrﬁE[Gt]

~2e (195607 - (5 - £ - 20 ) B[R]

< B[+ 5 B[6] - 3E IV

The last inequality follows from the bound 7 + L~ < 1, which holds because of Lemmaﬁ and
our assumption on the stepsize. By summing up inequalities fort = 0,...,T — 1, we get

0<E[6"+-67] <8+ EGOffZIE“Vf I°]-

Multiplying both sides by 7%* after rearranging we get

= Le[Ivse)] < 2 4 Bl

t=0

It remains to notice that the left hand side can be interpreted as E [HV f(@T) HQ} , where &7 is chosen

from 20, ', ... 27! uniformly at random.
O
Corollary 12. Let assumptions of Theorem|[7]hold,
@ = Vi), i=1,...,n,
-1
vy o= (L + Z) )
pi = D, 1=1,...,n,



Under review as a conference paper at ICLR 2022

where B and 0, are given in Theorem|2| Then, after T iterations/communication rounds of EF21-PP
we have E [HVf(ch) HQ} < €2, It requires

7 50
T = #grad = O < Lo ) (59)

poe?

iterations/communications rounds/gradint computations at each node.

Proof. Letg? =V f;(2°),i=1,...,n,then G® = 0 and by Theorem

#grad

(i) 280 (i) 950 ~ (iii) 280 L
T§%<26<L+L 5) : %(L;&L)

2
D 3 yye’

26° AL\ () 280 (L 4L\  5L&°

— | L+— ] < 5| —+—]=—,

g2 pa e?2 \pa pa pag?

where (i) is due to the rate (56) given by Theorem|[7] In two (ii) we use the largest possible stepsize
(33), in (ii7) we utilize Lemma@ and (iv) follows by the inequalities « < 1,p < land L < L. O

F.2 CONVERGENCE UNDER POLYAK-L.OJASIEWICZ CONDITION

Theorem 8. Let Assumptions[I|and[ hold, and let the stepsize in AlgorithmH)be set as

-1
0 <~y <min (L—i— E 79—10 . (60)
V 0,,) 24

Let W' [gf(xt) — f(z*) + %Gt. Then for any T > 0, we have
E[0"] <(1—vp)"E[¥°] (61)
with op = PPmin + apmax —p— (ana;c - anin)r B =

1

oy p
Pmaz = MaX1<i<n Pi» Pmin = miﬂ1§z‘§npz‘, 0=1- (1 + 3)(1 - O‘)) B= 1+ %) (1 - O‘) and
p,s > 0.

Proof. Following the same steps as in the proof of Theorem [2] but using (58), and assumption on the
stepsize (60), we obtain the result. O

Corollary 13. Let assumptions of Theorem[8hold,

gZO = Vfl(fL'O>7 /L: 17...7n7
—1
2B 0
— mi R il )
Y min < + 0p ) ) 2u )
bi = D 7;:1,...,717

where B and 0,, are given in Theorem@ Then, after T iterations/communication rounds of EF21-PP
we have E [ f(z7) — f(a*)] < e. It requires

T 0
T = #grad = O (L log (6>> (62)
pap €

iterations/communications rounds/gradint computations at each node.

Proof. The proof is the same as for Corollary 3] The only difference is that Lemma [f]is needed to
upper bound the quantities 1/, and B/s,,, which appear in Theorem O
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G BIDIRECTIONAL COMPRESSION

In the majority of applications, the uplink (Client — Server) communication is the bottleneck.
However, in some settings the downlink (Server — Client) communication can also slowdown
training. |Tang et al.[(2020) construct a mechanism which allows bidirectional biased compression.

Their method builds upon the original EF meachanism and they prove O ( o7 3> rate for general
nonconvex objectives. However, the main defficiency of this approach is that it requires an additional
assumption of bounded magnitude of error (there exists A > 0 such that E {HC (x) — x||2} <A

for all ). In this section, we lift this limitation and propose a new method EF21-BC (Algorithm[5),
which enjoys the desirable O ( ) and does not rely on additional assumptions.

Algorithm 5 EF21-BC (EF21 with bidirectional biased compression)

: Input: starting point 2° € R%; g%, 8°, g% € R4 fori = 1,...,n (known by nodes); §° =
L5t 1 g2 (known by master) ; learmng rate 7>0

—_

2: fort=0,1,2,..., T —1do

3: Master updates z*+! = 2t — y¢?

4: for all nodes : = 1, ..., n in parallel do

5: Update z!+! = xt — g, gttt = gt + b,

6: compress ¢! = C,, (V fi(z'™1) — gt), send ¢! to the master, and
7: update local state gi ™' = gt + ¢t

8: end for

9:  Master computes g' ™t = 137" . g viagttt =gt + 130 o
10:  compreses b't! = Cys (gt‘H g'), broadcast ' to workers ,

11:  and updates g' Tt = g* + b'*?

12: end for

Note that Cj; and C,, stand for contractive compressors of the type[I|of master and workers respec-
tively. In general, different aps and «v,, are accepted.

Notations for this section: P! & |Gt — Vf;(z!)||°, Pt & L Ly

Lemma 7. Let Assumption Ihold Cy be a contractive compressor, and g M“H be an EF21 estimator

of Vfi(z'*), i e.

gt =g+ Cu(V () —gh) (63)
for arbitrary ¥ and all all i = 1, ... ,n, t > 0. Then
E[P"] < (1 —6,)E [P'] + B, L*E [R'], (64)

where 0, “y (1 —ay)(1+s), Bu déf(l —aw) (1+s7Y)  foranys > 0.

Proof. The proof is the same as for Lemmal[T} O

Lemma 8. Let Assumption I hold Cnr, Cy be contractive compressors. Let g 4+1 be an EF21
estimator of V f;(z*+1), i. e.

3T =g+ Cu(Vile™h) = 3)), (65)
and let g**! be an EF21 estimator of g1 = L 377 Gt i e.
g =g +Cu(@ - 4" (66)
for arbitrary ¢°, g0 and alli = 1,...,n,t > 0. Then
2 2 ~
E [Hgt“ s } <(1—6u)E [||gt ~7| } +88yE [P!] + 88y L°E[R],  (67)
where g' = L350 gl gt =15 gL O =1—(1—oaam)(14p). By =1 —anm) (1+p7})
forany p > 0.
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Proof. Similarly to the proof of Lemma define Wt & {gt, ...
E [Hgtﬂ _ §1+1H2} _

7g'fumt7xt+1} and
E [E [Hgtﬂ _§¢+1||2 | Wt”

E[E[lls +Cu(@ - o)~ 34" | W]

(1 - an)E [+ - o[

A=l

—
INS
S

(1= oa)(1 + E [[7 - o'|]
+(—ang) (L+p7Y) g =

2
= =0 [llg 7] +Bu 7 - 5", ©®
where (i) follows by Young’s inequality (TT8), and in (¢i) we use the definition of 6, and 3p;.
Further we bound the last term in (68)). Recall that
1 n
fian i T NP 69
g g+ Z;cz (69)

where ¢! =

“|~¢+1

7]

Cw (Vfl (ItJrl )

—~
INE
S

IN&

—gl)and gt = %Z?:l gt. Then

2
1 n
+n;01 g
- B 9
ICOIE
ni*l '

n

2 2 [l
ol

92 ZE[ [HC Vfi(zHl)—Ef)f(Vfi( t+1)

|c— Vf t+1 ~t) (sz t+1

)l
-a)” 1w]
ol ZE 95+ -]
20 - )} 3B (1906 -] + 25 3 9 7]
2 an)t ZE[HW o) - gt
it ZE (195 =]
i ZE IV £+~ Vfia) — (3 -
%iugl O + 82 ZE[HW 1) = Vi)

8 ZE [lgt ~ v futa ||

+8L°E [RY],

i)
V(e
O|] +82E [||at+ -
0)

SE [pt]
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where in (i) we use (T19), (ii) is due to v, > 0, (m) holds by Assumptlonl In the last step we
apply the definition of P? = iZz‘=1 gt — Vfi(z )|| ,and Rt = HItH t”

Finally, plugging (70) into (68), we conclude the proof. O

G.1 CONVERGENCE FOR GENERAL NON-CONVEX FUNCTIONS

Theorem 9. Let Assumption|l|hold, and let the stepsize in Algorithm |5\ be set as

16 2 8
0<y< L+L ﬁM_Fﬁ 1+ﬂ 1)
9M aw 0M
Fix T > 1 and let 27 be chosen from the iterates °,x", ..., T~ uniformly at random. Then
2 2E [\IIO]
E[|vr@n|] < 72
V@] < T (72)
. o N )

where W< f(at) = ol L gt — )P4 gL (14 50 ) LT = m W11

) (1+5), B (1 —aw) (1+571), 00 Z1—(1—an)(1+p), Bu £ (1 —an) (1+p7)
forany p,s > 0.

Proof. We apply Lemma and split the error ||g* — V f(z?)|| % in two parts

1
fla™h) < t)—%HVf(fEt)Hz— (27—2) R+ || LV
1 L
< @)= JIveOP - (5 - 5) &
+7|g" — §t||2 +)3t - Vi@
1 L
1 n
+”@ZHQ — 37 +- Zng Vi)
i=1
1 L
= ) - L) - (27—2) R4allg —FIF P, a3
where we used notation Rt = ||yg!||” = [ xtHQ, Pt=L5" gt - V f;(z?)||* and applied
(TS and (IT9).

Subtracting fif from both sides of the above inequality, taking expectation and using the notation
5t = f(xtJrl) _ fmf, we get

v 1 L 2
E [5t+1] < E[0] - 5]}31 {va(xt)H } (27 — 2) E[RY] +1E [Hgt — §¢|| } +1E[P'].
(74)
Further, Lemmam and|§| provide the recursive bounds for the last two terms of @)
E [Pt+1] < (1-6,)E [pt] + 5wz2]14j [R:], (75)

E {Hgt+1 - ?“HQ} < (1-0y)E [Hgt - Zfllz] + 88y LPE[R)] + 8AuE [PY] . (76)
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Summing up (74) with a ;- multiple of (76) we obtain
B+ e[l -] < B - JR[Ivs @] - (5 - 5) B IR
+E [lg* = 7] +E [P]
tor (a=6E[[ls" -]
+% (38uL°E [R'] + $BuE[P'])
< B[]+ B[le 1] - 3E {197 (9)]7]

- ( 1 L 87ﬂME2> & [R]

2y 2 Oy
+7<1+89BM)IE[Pt].
M

Then adding the above inequality with a - (1 + ?Tff) multiple of || we get
v <1+ 8BM) E [Pt+1]
O
L 8v8uL?
'YBM ) E [Rt]

.
B = B[+ grE[let - + 5

E[5'] +5-E|ls - 7] - 3E|

7 @] - (5 - & - 22

+7<1+8£];)E[Pt]
gt (1) (0 -0um )+ T2 )
(1+22) 5 7] - JE 197 )]

IA

B[] - LE[|vf @)
1 L S’yBME2 ’YﬁwEQ SﬂM' t
‘(‘2_ O b (H ))E[R]'

(77)

2y

Thus by Lemma T3] and the stepsize choice
~ /16 2 8
O<7§<L+L\/ aﬁM+aﬂw<1+BM>> (78)
M w

the last term in ({77) is not positive. By summing up inequalities for ¢t = 0,...,7 — 1, we get

0<E[¥7] <E[¥] - L Y E[|vsa)].

Multiplying both sides by ,%T and rearranging we get

X 2F [0]

2B [[V6] < -

|
—

I
=)

t
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It remains to notice that the left hand side can be interpreted as E {HV f(@T) ||2} , where 27" is chosen

from 20, 2!, ..., 271 uniformly at random.

O
Corollary 14. Let assumption of Theorem Elhuld
9 =V

fz
<L+L\/16’BM +2B“’(1+86M>> :
O

Then, after T iterations/communication rounds of EF21-BC we have E [HVf(ch)Hﬂ <& I
requires

= Vfi(zY), i=1,...,n,

)
Il

.50
T = #grad = O (62> (79)
Ay UASE

iterations/communications rounds/gradint computations at each node.

Proof. Note that by Lemma[T7]and aiar, vy < 1, we have
16 2Bw 8 4 4
168, 25, <1+5M) < 16— +2— <1+8>

O O Om 5% az, ady
< 64 8 33
= a2, a2 a
< 64 —&2— 82 33.
oz o0,
It remains to apply the steps similar to those in the proof of Corollary [2] O

G.2 CONVERGENCE UNDER POLYAK-LOJASIEWICZ CONDITION

Theorem 10. Let Assumptions|[l|and[|hold, and let the stepsize in Algorithm[3]be set as

0 <7 < min {70, Oar Do } : (80)
21’ 2u
1
where'yo (L+L\/32BM + 4[3“’ (1 + 125\?1)) L= V2SR L2, 0, y (I—ay) (14
dey def de;
5), Buw j —ay) (1+s), 0 =1—1—am)(1+p), Bu :f(l —an) (14 p7t) forany
p,s > 0.

Let U? deff(wt) — finf 4 7= llg — §t||2 + = (1 + 80671\4) Pt. Then for any T > 0, we have
E [0 <(1—yu)"E[w]. (81)

Proof. Similarly to the proof of Theorem [9]the inequalities (74), (73), (76) hold with &' = f(a?) —
f@).

It remains to apply the steps similar to those in the proof of Theorem [f] O
Corollary 15. Let assumption of Theorem|l0|hold,
@ = V), 3 =Vfi(29), i=1,...,n,
-1
O O 32 4B, L2 16
Y= min Y0, 5 M Yo = L+L 5M+ 5 1+ BM ’
2’ 2 O 0w Om
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Then, after T iterations of EF21-PAGE we have E [f(xT) - fi“f] < e. It requires

T 0
T = #grad = O (L In <5)>
[T e Ys €

iterations/communications rounds/gradint computations at each node.
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H HEAVY BALL MOMENTUM

Notations for this section: R' = [|y¢"[|° = (1 —7)? ||+ — zt||2.

In this section, we study the momentum version of EF21. In particular, we focus on Polyak style
momentum (Polyakl 1964; [Yang et al.,[2016). Let g be a gradient estimator at iteration ¢, then the
update rule of heavy ball (HB) is given by

t+1

T :xt_,ygt_,r_n(xt_xt—l)’

where 71 = 2%, € [0, 1) is called the momentum parameter, and v > 0 is the stepsize. The above
update rule can be viewed as a combination of the classical gradient step
y' =" — g
followed by additional momentum step
I’t+1 — yt + n (I’t _ xtfl) .
Here the momentum term is added to accelerate the convergence and make the trajectory look like a
smooth descent to the bottom of the ravine, rather than zigzag.

Equivalently, the update of HB can be implemented by the following two steps (Yang et al., 2016)):

o S ot
ot = ot 4 gt

We are now ready to present the distributed variant of heavy ball method enhanced with a contractive
compressor C, and EF21 mechanism, which we call EF21-HB (Algorithm [). We present the
complexity results in Theorem[IT|and Corollary [16]

Algorithm 6 EF21-HB

1: Input: starting point 2° € R%; g9 € R? fori = 1,...,n (known by nodes); v° = ¢° =
L5 1 92 (known by master); learning rate y > 0; momentum parameter 0 < 7 < 1

2: fort=0,1,2,..., T —1do

3: Master computes 2T = 2 — yv and broadcasts 't to all nodes

4: for all nodes : = 1, ..., n in parallel do

5: Compress ¢! = C(V f;(z'*1) — g!) and send ¢! to the master

6: Update local state g:t! = g + ¢

7: end for

8 Master computes g*1 = 137" gt via gttt = gt 4+ LS ¢t and vt = ot + gtt!
9: end for

In the analysis of EF21-HB, we assume by default that v—! = 0.
Lemma 9. Let sequences {z'},~ , and {v'},~, be generated by Algorithm@and let the sequence

{2'}15 be defined as 2"+ & b1 %vt with 0 < 1 < 1. Then for all t > 0

Sl ot g gt
I—n
Proof.
J s S OB S /B
1—mn
(44) t t n t
bt — vt — ——w
I—n
(i’i) o4 mn o1 Y ot
1—mn 1—n
_ t_l_n(vt_nvt—l)
o t 0t
- 1 _ 779 )
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where in (i) and (4ii) we use the definition of z!*1 and z?, in (ii) we use the step 2!+ =zt — !

(lmelof Algorlthm . Finally, the last equality follows by the update v'*! = nvt + g**! (line[8|of
Algorithm|[6).

O
Lemma 10. Let the sequence {v'},-, be defined as v'™ = nuv* + ¢"** with 0 < 1) < 1. Then
T-1 ) = )
ll” < =2 2_ Il
; (1—=mn)? ;
Proof. Unrolling the given recurrence and noticing that v~ = 0, we have v’ = ZLO nt~!g'. Define
HES! o' < 72. Then by Jensen’s inequality
T—1 T—1|| ¢ i 2
¢ _ 2 !
H H = H Z 79
t=0 t=0 || 1=0
T-1 t it )
2 !
< YY)
t=0 1=0
T—1 ¢t )
= 1Y > e
t=0 1=0
| Tl
< EZZ# [edl
t=0 1=0
T-1
_ !
DI WG
< o i Jo”
-7 &
O

Lemma 11. Let the sequence {2'},-, be defined as z'*! & g1 %Ut with0 < n < 1. Then

T—1 T-1 T-1
SE[GHY] < E [GY] + 28L%(1 + 41 )ZE[Hth—thQ} :
t=0 t:O t=0

where =1—(1—a)(1+s), B=(1—-a)(1+s"") foranys>O0.

Proof. Summing up the inequality in Lemma [T] (for EF21 estimator) for ¢ = 0,...,T — 1, we have

T-1

T-1 T-1
E[G] < (1-0) Y E[G"] + 8L Y B[l —a'|]. (82)
t=0

t=0 t=0

It remains to bound 3, ' E {th“ - xt‘ﬂ . Notice that by definition of {z'},- . we have

pttl gt = gt ot m ( t t—l).
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2

1—-nV 6

Thus
T—1 T-1 5 _
SB[t -] < 23 B[l - } 7 - mE ZE [I[o* =]
t=0 t=0 t=0
= 1 _ ot 27 n? o112
= 2) E|| M QZE[!Q— ]
t=0
T-1 47 2
< 2ZE [HZM dl } mE ZE 91
)ZE [[lv" 17
0
@ t+1 t12] 4’Y 77 < t))2
< 2ZE[||z+fzu 5 o]
= =0
40 ST
+ E ]
(1—n)2 ; ||g |
T-1 ] 8 T-1
= 2) B[l ] + 2 i 7 2 E [E§
t=0 } t=0
- T-1 ) T-1
@ oS R [t s O [ - ]
t=0 . t=0
T—1
= 201+4) B[ -2
t=0
where in (i) we apply Lemma|I0] and in (i¢) Lemmal[9]is utilized.
It remains to plug in the above inequality into (82) 0O
Lemma 12. Let the sequence {z'},-, be generated as in LemmaEI ie, 2Tl =2t — ﬁgt, then
forallt >0 -
2
V) < 26 + 2 et P
with G* = 5 ST, [V fila) = gl
Proof. Notice that for v > 0 we have V f(z') = Vf(z') — ¢* — 1%’7(2”1 — 2"). Then
2
VSO < 29t - o+ 25 et P
2 o 2(1 —n)?
< 23w -l + 2 e,
i=1
where the inequalities hold due to (IT8) with s = 1, and (TT9). O
H.1 CONVERGENCE FOR GENERAL NON-CONVEX FUNCTIONS
Theorem 11. Let Assumption[I|hold, and let the stepsize in Algorithm[6]be set as
- ~1
0<y< <(1+W)L L% (1+4n 2)) d:erO, (83)

2(1

—n)
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where0 <n<1,0=1—-(1—-a)(l1+5s), =

Fix T > 1 and let &7 be chosen from the iterates x°

T-1

(1-—a)(1+s71), ands > 0.

1 T-1

ST, .., T uniformly at random. Then

01 _ 0 _
B3 0%
where A\ iy % (14 4n?). If the stepsize is set to 0 < vy < /2, then
-« 2 65°(1 — )  E[G] 3(1—n)
ZE {HVf(xt)H } < 7t |2t = (85)
t=0 v ~L % (1+4n?)

. def
Proof. Consider the sequence 2!t = zt+1 —

1-n

n

vt with 0 < 5 < 1. Then Lemma|§|states that

21 = 2t — gt By L-smoothness of f()
FE) = fE) < (VA = ) 4k ot
= (VA g2 (e 4 Hz”’l |
© T ) "H M e Caenta
= (VS - —- )!f“ |
= (Vf@") -4, 2") +(V( zt) V'), 2 = 2")
- (1;” - 5) B
< IS =g+ A = 2 g 195 -
gl - (- ) e -
= o5 996~ o+ 55 VS - V)|
S(EE-F- - )l
I I g -t
-(= —§—§—§)Hzf+l—z’fu2
R e
(5P )T

where in (i) Lemma[9]is
holds due to Assumption (1}

58

t—1

7771]

]

applied, in (47) the inequality @) is apphed twice for A1, Ap > 0, (427)
and (iv) holds by definition of 2! = xt —



Under review as a conference paper at ICLR 2022

Summing up the above inequalities for t = 0,...,T — 1 (assuming v~! = 0), we have

T 0 1 = t ’Y 77 2% = t
JE < &)+ 5 S IVIE = o+ 5 e 2 I I
t=0

1-n L A A £12
—(7—2—;—;);Hztﬂ—zw

(i) 1 = fynL =
S+ g LIV o+ i S
t=0
(l=m L M X t+1 _ b2
(7 2 2 2)?_%” ?
T—1 T-1
(i) 0 i 012 72772L2 (1-mn) t+1 |2
= f(Z)+2)\1§HVf(‘T) g|| +2)\2(1_n)4§ 2 HZ ZH
1-n L X A 2
(b B
1 = 2
= FE) 4 5 D IVAE - o
E—
1= L M X n2L2 =1 a2
(5w B
T—1
AR e’
2\ 5
1-n L M X n?L? = t+1 )2
(5t mi) gl
1Tfl
= [+ = Gt
21t:0
_ 1—’7_£_ﬁ_ nL >T1 t+1 _ _t||?
(Z2-3-%2- % IR
1 = 1-n L X\ L
. 0 L t _7_71_ U t
RAEAE TP I 5535 oo QZR

where (i) holds due to Lemma|10} in (i7) Lemma|§|1s apphed in (4ii) we apply |V f(z!) — g || <
G". Finally, in the last two steps we choose A = 7., and recall the definition R' = H’yg || =

(1—n)? Hzt+1 _ ZtHQ.
Subtracting fi“f_ from both sides of the above inequality, taking expectation and using the notation
§t = f(2) — fi°f, we get

T-1 t B A t
BT < Bp)+ o SE[E]- (- L-2 - ) S SRR

t=0 v t=0
(86)
By Lemma@ we have
T-1 y T
2 L2 1+ 4n?
Z E[G*) <(1-0) Y E[G] + b + " Y E[R (87)
t=0 t=0
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Next, we are going to add (86) with a ﬁ multiple of [87). First, let us "forget", for a moment,
about all the terms involving 2! and denote their sum appearing on the right hand side by R, then
T—1

1 = 1
E[cST]—i—ﬁZE[Gt“} < E[§] +—ZE [G*] + 9)ﬁt:OE[Gt]+R
=
_ 0 t
= IE[(S}—i—Qa)\l Z:E[G]Hz
Canceling out the same terms in both sides of the above inequality, we get
T T 0 0
E[67] + oW E[G"] < E[6]+29)\1E[G}+R
where R & — (1;777 - % (1 + %) - % - ﬁZQ((Jl,\t4n2)) a 1,,)2 _o E[R'].

Now choosing A\; = Zw%(l + 4n?) and using the definition of ~, given by (83), i.e., Yo &f

-1
(2((1;”773)@ + —W% 1+ 4772)> , we have

2
<1+ M >)\1 8L 1+477 )
1—n 2
L
2

—_
QM
=
|
VRS
—
+
—
ﬂw
=
=
_
|
h
%‘w
Jr
IS
3,
v

Then
77  def T 1 T
0<E[®"] = IE[(S +20>\1G}
1 11\ 1
< Els ﬂ_<_) E [R'
- [ +29)\1 Y % 1—77; 7]
T—1
_ E[(I)O]_(l_l)l E[Rt]
R VAR S/ B
After rearranging, we get
fly E [9°] (1 —
LS e < 20
750 7(1*%)

Summing the result of Lemma[I2Jover ¢t = 0,...,T — 1 and applying expectation, we get
T—1
S E[|vre) }<2§:EGt+—72ﬁEH
t=0

Due to Lemma the conditions of Lemmalhold with ¢ & QBL2 1+4’72, st =E[GY, rt =
E [R!], thus
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T-1 0
t= t=0

T-1 ) T-1 D) T-1
Y a[lvseF] = 2 B0+ 5 Y B[R]
t=0 t=0 t=0
2E [G] PO\ 1=
< 7 2+ 9> o ; E [R']
2F [G'] 72C\ E [9°] (1-17)
< ot <2+ 7 ) . (1 - %)

-1
Note that for v < vy = (2((1;"7)])% + 4/ %) , we have

2 c
% < C S <1 (88)
(525 5)
Thus
=1 2E [G°]  3E [®°] (1 —
E[HVf(xt)HQ] < [9 ]+ (2] (1 —n)
t=0 ’Y( —%>
0 o E GO o
_ 3%0-m) [9} 2+% 3(1 1)
1(1-3%) t(1-3)

where \; :E\/¥(1+4n2). O

Corollary 16. Let assumptions of Theorem|l 1| hold,

gzo = Vfi(xo)’ i= 1a"'7na
~ —1

_ (1+n)L L 20
T <2(1—77)2 1—n 0(1+4772)> '

Then, after T iterations/communication rounds of EF21-HB we have E [HVf(ch)HQ} <&l It

requires
Lo° (1 1
T=H#grad=0 | —F | -+ — (89)
€ a 1-—n

iterations/communications rounds/gradint computations at each node.

Proof. Notice that by using L < L, n < 1and Lemma we have

(14n)L L /28 L L [108
71 42 < '

2(l=m)? 1-n 9(+ ") < (1—n)2+1—n 0
L ( 1 2\/1())
+ .

1-n\1-—n o
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Using the above inequality, (83), and (83)), we get

210
210

d
7era Ne2 T g2 1-n\1-9

6Z50< 1 +2@>

01 _ 0(1 _ T
7800 —n) _60°(—m) I ( 1

e2 \1—-n¢ a
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I CoMPOSITE CASE

Now we focus on solving a composite optimization problem

1
ireli&% O(x de Z filx) +r( (90)

where each f;(-) is L;-smooth (possibly non-convex), (-) is convex, and & = inf, g ®(x) >
—o0. This is a standard and important generalization of setting (I)). Namely, it includes three special
cases.

* Smooth unconstrained optimization. Set » = 0, then we recover the initially stated
problem formulation (T)).

* Smooth optimization over convex set. Let » = J¢ (indicator function of the set ()), where

Q is a nonempty closed convex set. Then (90) reduces to the problem of minimizing finite a
sum of smooth (possibly non-convex) functions over a nonempty closed convex set

mQ{ Zfz }

e [;-regularized optimization. Choose 7(x) = \||z|; with A\ > 0, then amounts to the
l-regularized (also known as LASSO) problem

;IGHR%{ Zfz +/\||a:1} :

For any v > 0, 2 € R?, define a proximal mapping of function r(-) (prox-operator) as
def . 1 9
prox,,.(z) = argmin § r(y) + ——|ly — =[|" . ©On
yeRd 27
Throughout this section, we assume that the master node can efficiently compute prox-operator at
every iteration. This is a reasonable assumption, and in many cases (choices of r(+)) appearing in

applications, there exists an analytical solution of (9T, or its computation is cheap compared to the
aggregation step.

To evaluate convergence in composite case, we define the generalized gradient mapping at a point
x € R? with a parameter

G,(z) = def ’1y (z— prox.,.(z — YWVi(z))) . 92)

One can verify that the above quantity is a well-defined evaluation metric (Beckl 2017). Namely, for
any z* € R?, it holds that G, (z) = 0if and only if * is a stationary point of , and in a special
case when r = 0, we have G, () = V f(z).

Notations for this section: in this section we re-define 6* & ® (zt) — @inf

Lemma 13 (Gradient mapping bound). Let z'+! & prox.,,.(z* — yv'), then

B [l @I < 52 [l o]+ 28 o - V)] )
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Proof.
E[lg, @)F] = 5B [Jo" - prox,.a’ =1V s)|]
< %E[Hz”l t||]+ ZE |2 — prox,, (z' — 795 (a")|]
= SB[t — ']
+%E (oo, (a* — 701) — prox.,, (a* ~ 79 5(a")|]
< %E[Hzmﬂqﬂ
B [ =) - @ = V)]
_ %E[Hztﬂﬂtnpm[nv - Vi), (94)
where in the last inequality we apply non-expansiveness of prox-operator. O

Lemma 14. Let zt+! d:efmeW (xt — yvt), then for any X > 0,

o (2+) < @ (zt) + ||U —Vf(z H _(_2_2) ||xt+1—xtH2' 95)

Proof. Define 7(z) & r(x)—&—% | — 2 +yv*||*, and note that 2+ = arg min, s {7(x)}. Since
7(+) is 1/~ - strongly convex, we have

Fzt) > F(2'h) + % [ xtH2 ,
r(zt) + i ||71)t||2 > T(xtJrl) + i thJrl gt +,th||2 + i thJrl _ xt||2
2y - 27y 2y '
Thus
,r,(xt-‘rl) _ T(l‘t) < _% th+1 _ thQ . <’Ut,$t+1 o {Et>. (96)
By L smoothness of f(-),
FE) = f (') <(Vf(a"),2" —a') + § e+t =) o7
Summing up (7)) with (96) we obtain
B @) S () e e (T g ) [t
1 2 1 L A 2
< grlvaa o= (2= 5 -5 ) et -

We are now ready to present EF21-Prox and provide its convergence guarantees in general non-convex
case.
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I.1 CONVERGENCE FOR GENERAL NON-CONVEX FUNCTIONS

Algorithm 7 EF21-Prox

1: Input: starting point 2° € R%; g9 € R fori = 1,...,n (known by nodes); ¢° = L 3" | ¢9
(known by master); learning rate v > 0
2: fort=0,1,2,..., 7 —1do

3:  Master computes =/t = prox., (z' —vg")

4: for all nodes 7 = 1, ..., n in parallel do

5: Compress ¢! = C(V fi(z!*1) — g!) and send ¢! to the master
6: Update local state g:t' = g + ¢

7: end for

8: Master computes gttt = L 3% gl via gttt = gt + L3 ot
9: end for

10: Output: 7 chosen uniformly from {z},c (7

Theorem 12. Let Assumptionhold, 7(-) be convex and ®™ = inf cpa ®(z) > —oo. Set the
stepsize in Algorithm[/|as

-1
L — .
0<v<(Lin /2] “., (98)
2 0
where L= /15" [20=1-(1—a)(1+s),B=(1—a)(l+s) foranys>0.
Fix T > 1 and let 27 be chosen from the iterates x°, x', ..., T =1 uniformly at random. Then
s 4(00 — i) 9R [GO 11 /e
E[[lg,@N°] < ( ) EG /=] ©9
y(1-2) T v(1-2) LV 7
Yo Yo
If the stepsize is set to 0 < vy < V0/2, then
21 _ 8(®% — o) 2E [GY] 2 [0
E[[lg,@")]°] < + 1+ =2, (100)
H ’Y( )H 'VT oT 'YL B
Proof. First, let us apply Lemma[14with v* = g, A > 0
1 2 1 L A 2
1 ¢ ¢ 1
B @) <@ () + g o = VF @) - (3= 5 -3) e = aon
Subtract ®f from both sides, take expectation, and define 6 = & (zf) — @™ | Gt =
n 2 2
& i llgf = Vi), R = || — 2|, then
1 L A 1
E[6t] < Ef[§]-(=-=-Z2 E [R! —E[GY]. 102
] < B~ (-5 -3)EIRT+5E[O] (102

Note that the Proof of Lemmall] does not rely on the update rule for 2**', but only on the way the
estimator g/ is constructed. Therefore, (T4) also holds for the composite case

%

E[G'] < (1-60)E[G'] +BLE[R']. (103)
Adding with a o5 multiple of , we obtain
t+1 L t+1 3 i t 1;9 t] l_£_é t
B0 ]+ gy BI67] < B[]+ 5B[6T+ S EIET - {5 -5 — 5 ) EIR]
L sieR Rt
+26)\6LE[R]
_ Ny L e (L_L_A_ B8 ¢
= ]E[ﬂ—i-Qw\E[G] <7 5~ 3 QGAL)E[R}.
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By summing up inequalities for ¢t = 0,...,T — 1, we arrive at

. L ggr Lggy (L L AP :
0<EWT]+ g6 <0+ B (] - (T -5 -3 - gl LEIR]

Thus

= ., 1 1 L A B =)\ "
S E[R] < (50 o [G0]>(7—2—2—2W\L2)

t=0
-1
1 /6 1 L B~
(50 % ﬁE[Gﬂ) (7—2— 9L2>

= ~’F'B. (104)

where in the first equality we choose A = \/§Z2, and in the second we define FO & §0 4+
-1
0 def L BT 2 _ 2\ 1
SR B (- - \f5T) = (v-%)

By Lemma with v* = g* we have

TN e YTy

T-1
< 7 Z E[R]+7 ) E[G]
t=0
(i) 2E[G°] 2 8L* <
< ]EPJ+— +5— ) E[R]
(i) 0 0 T2
2F°B QIE[G] 2 BL 2 EOR

0 2272 0
_ 2F <1+vﬁL)+2]E[G]’
T’y(l—lo) 0 T

def

where in (i) we apply Lemma.w1th cYpr2 st ¥R [G'], rt &g [R']. (i7) is due to (104).

Note that for v < (é + \/gi) , we have

2272 BT2

1 ’gL < 0 (105)

(-4

Thus
4F° 2 E [G°]
E||g,T)|°] < + =
|: ] T,Y (1 _ ’;lo) T 9
0 9E [GO 9E [GO

_ 4 L2EC [6°] 9 (106)

1
T’y(l—%) oT T’y(l—%)é BL2

Set v < 70/2, then the bound simplifies to
T2 860 2K [G] 2 /6
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Corollary 17. Let assumptions of Theorem[I2| hold,
@) = Vi), i=1,...,n,

(L + 2@/%)71 .

Then, after T iterations/communication rounds of EF21-Prox we have E [HV f(@T) ‘ﬂ <eln

requires
750
#grad = O <L5 ) ,

ae?
where L = /1S 12,60 = ®(20) — &,

Proof. The proof is the same as for Corollary 2] O

gl

1.2 CONVERGENCE UNDER POLYAK-L.OJASIEWICZ CONDITION

In order to extend the analysis of Polyak-Lojasiewicz functions to composite optimization, we use
the following Assumption|§]from (Li & Li, 2018;Wang et al., [2018]).

Assumption 5 (Polyak-t.ojasiewicz). There exists u > 0 such that
2 *
Gy (@)]I” = 21 (®(x) — ©(27))

for all x € RY, where * = arg min, ®(z).

Theorem 13. Let Assumptionsand hold, r(-) be convex and ®™ = inf ,cpa ®(x) > —oc. Set
the stepsize in Algorithm[7|as

-1
~ < min (L +2L 25) ,% (107)
7 /2
pu+ 0Ly
Let Ut % &(zt) — ®(a*) + A5G with X = /22 L. Then for any T > 0, we have
T
E[v7) < (1- ) E[e], (108)

wherezz,/%Z?:ng,Gz1—(1—04)(1—!—8),5:(1—04) (1+s71) forany s > 0.

Proof. We start as in the previous proof, but subtract ®(z*) from both sides of (101) and define
5t P (a1) — b (2*) . Recall that G* = L 3" [|gf — V fi(a")|*, Rt = ||a*+! — 2t||°. Then

141 q_(L_L_2 Ny Lgig
E[5*] < E[] (7 LA ER) 4 S E[0]. (109)
By Lemmal[I] we have
E[G'"] < (1-0)E[G'] +BLE[R']. (110)

Then by adding (T09) with a 55 multiple of (TTO0) we obtain
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B[]+ JE[GHY] < E[+ 4 (1 o+ Z) E[¢'] - (1 _ L A) E[R]

T2
+56L E [R']

R N

5
i . 1 0 " 1 L 20 ~ "
@ [5}+9)\<12>E[G]<V2 fL>]E[R]
2 e (1-0)lo) - Lr i) at

where in (i) we choose A = 4/ %EQ, (44) is due to the stepsize choice (the first term in minimum).

Next, combining Assumption 5] with Lemma 3] we have

20" = 20 (00" = #(e")) < [0, < G+ 26,
and
—R' < —py*0' + 4G (112)
Thus (TTT) can be further bounded as

E[¥]

1
E |st+l 4 —gt+l
[(s e }

E [0+ o (1 Z) E[6] - 5-E[R]
(-3

@ E[6]+~ (1- >E[Gf}72“E[5t]+;E[Gt]

Il
/N
—_
|

=2
v |2
N—— >
= >
o
+
|~
/N
—
|
|
)
)
>
S~
e
Q

(113)

IN
/N
—_
|

‘«2
=
N—
&=
2
_l_
—
Q

where the last inequality follows by our assumption on the stepsize (the second term in minimum). It
remains to unroll the recurrence. O

Corollary 18. Let assumptions of Theorem[I3| hold,
q° V fi(29), i=1,...,n,

-1
v = min <L+2z\/295> ,L~
i+ 0Ly /%

Then, after T iterations/communication rounds of EF21-Prox we have E [f(zT) — f(2*)] <e. It

requires
L 0
T — #grad = O (“* o8 (5)> (114)
ap €

iterations/communications rounds/gradint computations at each node, where L = 4/ % Z?Zl L%,
50 = d(20) — oint,
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Proof. Note that by Lemma|[[7| we have

~ /2 4 ~2v/2
HJ’_L 76 < ﬁ_i_Lf
0 0 o o
4(u+z)
<
o

The remainder of the proof is the same as for Corollary [3]
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J  USEFUL AUXILIARY RESULTS

J.1 BAsIC FACTS

Forall a,b,zy,...,z, € R% s > 0and p € (0,1] the following inequalities hold

lall?  sliblf?

11
(a,b) 5 5 (115)
(a=bya+b) = [a]*—[b]? (116)
1
sllall® = 116l* < fla+ I, (117)
la+blI> < (1+s)]all*+ (1+1/s)[b]?, (118)
2
1 n 1 n 2
— i < - il s 11
n;m < n;IIxII (119)
p —1
- = <
(1 2) < 14p, (120)
p p
= _ < _Z
(1+2)(1 p < 1-% (121)
log(1-p) < -p. (122)

Bias-variance decomposition For a random vector ¢ € R? and any deterministic vector z € R?,
the variance of £ can be decomposed as

E[ll¢ - B[] = E[lI€l?] - IE[E)? (123)

Tower property of mathematical expectation. For random variables £, 7 € R? we have

E[§] = E[E[¢ | n]] (124)

under assumption that all expectations in the expression above are well-defined.

J.2  USEFUL LEMMAS

Lemma 15 (Lemma 5 of (Richtarik et al.,[2021)). If0 < v < then a’}/Q + by < 1. Moreover,

1

Va+b’
. . . 1 . 1 1 2

the bound is tight up to the factor of 2 since Jath < min {%, 5} < Tath

Lemma 16 (Lemma 2 of (Li et al., [2021)). Suppose that function f is L-smooth and let z'** &
xt — ygt, where gt € R? is any vector, and v > 0 any scalar. Then we have
1 L 2 2
Pt < 1) = FIVION = (5 = 5 ) et o4 3ot = Tre) . a2

Lemma 17 (Lemma 3 of (Richtdrik et al.,[2021)). Letr 0 < @ < 1 and for s > 0 let 0(s) and 3(s) be
defined as

0s) € 1-(1-a)1+5),  Bls)Z(1-a)(1+s),
Then the solution of the optimization problem
. [ B(s) o
- 0 — 126
wn{ge 0 <5 (120
is given by s* = 1 — 1. Furthermore, 0(s*) =1 — /1 —a, B(s*) = 171\;1@77 and
*) 1 V1= 2
(s 1=+ ¢ 1< (127)
9 s* \/7 a a a

In the trivial case o = 1, we have 2 0( = 0for any s > 0, and (127)) is satisfied.
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Lemma 18. Let (arbitrary scalar) non-negative sequences {s'}1>o, and {r'};>o satisfy

T-1 T—1 T-1
ZStH < (1—9)Zst+CZrt
=0 =0 =0

for some parameters 6 € (0,1], C > 0. Then forall T > 0

T—1 C T—
+5 Z (128)
t=0

St

t=0

Qb‘c”o

Proof. We have

T-1

T—1
st—s" < Zst—l—sT—
t=0
T—1
- T

t=0

t=0

T-1 T-1
s+ C rt
t=0 t=0

T—1 T—1 T—1
= E st—GE st+C§ rt.
=0 t=0 =0

Dividing both sides by # > 0 and rearranging the terms, we get

0 T—
‘ 5 C
< 242

IN
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