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Abstract001

Large language models (LLMs) demonstrate002
strong capabilities across a wide range of com-003
plex tasks and are increasingly deployed at004
scale, placing significant demands on inference005
efficiency. Prior work typically decomposes006
inference into prefill and decode stages, with007
the decode stage dominating total latency, espe-008
cially in reasoning-intensive tasks. To reduce009
time and memory complexity in the decode010
stage, a line of work introduces sparse-attention011
algorithms. In this paper, we show, both em-012
pirically and theoretically, that sparse attention013
can paradoxically increase end-to-end complex-014
ity: information loss often induces significantly015
longer sequences, a problem that we term “Less016
is Less” (Lil). To mitigate the Lil problem,017
we propose an early-stopping algorithm that018
detects the threshold where information loss019
exceeds information gain during sparse decod-020
ing. Our early-stopping algorithm reduces to-021
ken consumption by up to 90% with a marginal022
accuracy degradation of less than 2% across023
reasoning-intensive benchmarks.024

1 Introduction025

Large language models (LLMs) (OpenAI; Dai026

et al., 2024) exhibit strong capabilities across a027

wide range of complex tasks, such as automatic028

code generation (Wang et al., 2023) and creative029

writing (Bai et al., 2024a). Users interact with030

LLMs through natural-language-based prompts—031

sequences of tokens1. This combination of usabil-032

ity and capability has driven rapid and widespread033

adoption. As a result, LLMs must now be deployed034

at scale to handle an increasingly large and di-035

verse set of requests, including long-input requests036

(e.g., document-question answering (Bai et al.,037

2024b,a; Beltagy et al., 2020; Wu et al., 2024)),038

long-output requests (e.g., chain-of-thought rea-039

soning (AIME; Hendrycks et al., 2021; Yao et al.,040

1Tokens may be thought of roughly as words.

2023), long-form writing (Bai et al., 2024a), code 041

generation (Wang et al., 2023)), as well as requests 042

requiring both (Wu et al., 2025). Longer inputs 043

and outputs significantly increase inference latency 044

and resource consumption, posing substantial chal- 045

lenges for large-scale deployment. 046

To address these inference challenges, prior 047

work typically decomposes inference into two 048

stages: prefill and decode. In the prefill stage, the 049

model processes tokens given by users. It computes 050

the Key (K) and Value (V) vectors for all tokens, 051

stores these vectors in the KV cache, and gener- 052

ates the first output token to initiate the decode 053

stage. In the decode stage, the model iteratively 054

processes each newly generated token. It computes 055

the KV vectors for the new token, appends these 056

vectors to the KV cache, and generates the next to- 057

ken. This process repeats until a specified stopping 058

criterion is met. This paper focuses on accelerating 059

the decode stage, which dominates total inference 060

time (Hu et al., 2024; Yao et al., 2023), especially 061

in reasoning-intensive tasks. 062

To optimize the decode stage, a major line of 063

work introduces sparse-attention algorithms2, aim- 064

ing to reduce both time and memory complex- 065

ity (Zhang et al., 2023; Xiao et al., 2024b; Tang 066

et al., 2024; Hu et al., 2024; Chen et al., 2024). 067

First, sparse attention reduces time complexity. 068

Full attention requires each decode token to attend 069

to all previous tokens. In contrast, sparse attention 070

requires each decode token to attend to only the 071

top-k most relevant tokens, substantially reducing 072

computation while maintaining accuracy. Second, 073

sparse attention may reduce memory complexity. 074

Some algorithms reduce memory by discarding ir- 075

relevant KV vectors during decoding (Zhang et al., 076

2Although sparse attention also applies to prefill, this work
focuses on the decode stage. We also emphasize post-training
sparsity. Training-aware sparsity algorithms such as DeepSeek
NSA (Native Sparse Architecture) (Yuan et al., 2025) fall
outside our scope and are discussed in related work.
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2023; Xiao et al., 2024b; Hu et al., 2024), while077

others retain the full KV cache (Tang et al., 2024;078

Chen et al., 2024), but therefore cannot reduce the079

memory footprint.080

Although sparse attention algorithms appear ben-081

eficial, we find that they often increase end-to-end082

time and memory complexity due to frequent loss083

and recomputation of information, a problem that084

we term as Lil (Less-Is-Less)3. First, sparse atten-085

tion increases end-to-end time complexity. While086

each decode step becomes faster, the information087

lost during sparse attention forces the model to088

generate longer sequences to compensate. Sec-089

ond, sparse attention increases end-to-end memory090

complexity. Although each step may store fewer091

KV vectors, the extended generation process in-092

creases memory residency time, negating potential093

savings.094

This paper identifies and mitigates the Lil095

problem—the “elephant in the room” of sparse096

attention research—in three steps. First, through097

systematic empirical study, we demonstrate that098

widely used sparse-attention algorithms consis-099

tently increase output length by up to 90% on100

reasoning-intensive datasets compared with full at-101

tention. The outputs exhibit a clear pattern of infor-102

mation loss followed by attempted reconstruction103

(Section 3). Second, we further analyze the outputs104

through the lens of information theory (Section 4).105

We establish a quantitative relationship between the106

information of a sentence and its compression ratio,107

and further observe that, under sparse attention, the108

information of generated sequences does not neces-109

sarily increase as generation proceeds. Third, mo-110

tivated by these empirical and theoretical findings,111

we propose Guardian, an early-stopping algorithm112

that halts decoding when the information of the113

generated sequence ceases to increase (Section 5).114

Such unnecessary continued generation arises in115

two cases: (i) the model fails to solve the task and116

generates indefinitely due to lost context, and (ii)117

the correct answer has already been produced, but118

the model continues verification and subsequently119

forgets that the answer has already been generated.120

We implement a unified framework that supports121

the integration and comparative evaluation of di-122

verse sparse-attention algorithms. We also incor-123

porate Guardian into this framework. Our evalua-124

tion yields two key findings (Section 6). First, on125

3Lil abbreviates “little” (dropping “tt” and ‘e”). It also
suggests that sparse-attention algorithms yield “little” benefit.
Pronunciation resembles “Leo.”

reasoning-intensive benchmarks (Hendrycks et al., 126

2021; AIME; Cobbe et al., 2021), Guardian re- 127

duces total token wastage by up to 90% compared 128

to decoding without early stopping, with less than 129

2% accuracy drop. Second, experiments show 130

that Guardian can also be applied to general cases 131

of prolonged Chain-of-Thought (CoT) generation 132

even without sparse-attention algorithms4. 133

In this paper, we make the following three main 134

contributions: 135

• We identify and characterize the Lil prob- 136

lem in existing sparse-attention algorithms 137

through a systematic empirical study. 138

• We establish a connection between the infor- 139

mation of a sentence and its compression ratio 140

using entropy-based compression algorithms. 141

• We propose Guardian, an early-stopping al- 142

gorithm (for the decode stage) that reduces 143

token usage by up to 90% with less than 2% 144

accuracy drop on reasoning-intensive bench- 145

marks. 146

2 Background and Motivation 147

This section reviews the LLM inference pipeline 148

and existing sparse-attention algorithms, and high- 149

lights the key challenges that motivate our study. 150

2.1 Autoregressive Generation and KV Cache 151

LLMs generate tokens autoregressively, involving 152

two stages: the prefill stage and the decode stage. 153

In the prefill stage, LLMs process the entire user- 154

provided input (prompt or a sequence of tokens) 155

(x1, x2, . . . , xn). LLMs compute the Key (K) and 156

Value (V) vectors for all tokens, store these vectors 157

in the KV cache, and generate the first output token 158

to initiate the decode stage. The prefill stage can 159

be slow for long inputs, and the time to generate 160

the first token is measured by the Time-to-First- 161

Token (TTFT) metric. In the decode stage, LLMs 162

generate one token at a time. The model computes 163

the probability of the next token xn+1, selects the 164

most likely token, and appends its key and value 165

vectors to the KV cache. This process repeats until 166

a specified stopping criterion is met. The latency 167

between consecutive tokens is measured by the 168

Time-Between-Tokens (TBT) metric. 169

4Prolonged CoT arises from ill reasoning patterns induced
by data quality issues, human preference biases for long sen-
tences, or reward hacking, rather than from the information-
loss-and-reconstruction characteristic of the Lil problem; de-
spite related, it lies beyond the scope of this work.
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(a) Accuracy vs. Cache Budget (b) Output Length vs. Cache Budget

Figure 1: Accuracy/output length vs. cache budget for five algorithms (legends) across three datasets (rows) and
three models (columns). DSR, DSL, and Qwe denote DeepScaleR-1.5B-Preview, DeepSeek-R1-Distill-Llama-8B,
and Qwen1.5-MoE-A2.7B-Chat, respectively. The x-axis shows varying cache budgets. In (a), the y-axis shows the
proportion of correctly solved problems over 200 test cases. In (b), the y-axis shows the average output length over
the same 200 test cases. For sparse-attention algorithms, the maximum generation length is capped at twice
that of the full-attention baseline to prevent non-terminating generation.

2.2 Cost of Long-Prefill and Long-Decode170

Inference171

Both long-prefill and long-decode inference in-172

cur substantial memory and time overheads. In173

terms of memory, processing 128k tokens with174

the LLaMA 3.1 8B model in FP16 requires up175

to 16 GB, in addition to the 16 GB of model pa-176

rameters5. In terms of time, inference on 32k to-177

kens can take from tens to thousands of seconds178

on vLLM 0.6.1 with the same model (Hu et al.,179

2024), with large variance driven primarily by the180

decode stage: longer generations incur proportion-181

ally higher latency.182

The decode stage dominates end-to-end in-183

ference time, especially for reasoning-intensive184

tasks (OpenAI; Wang et al., 2024; Zhao et al.,185

2024; Wei et al., 2022). For instance, the Ope-186

nAI o1 (OpenAI) may spend tens to hundreds of187

seconds in internal “thinking” before producing a188

final answer6. Accordingly, this paper focuses on189

optimizing long-decode inference.190

2.3 Post-Training Sparse-Attention191

Algorithms for Long-Decode Optimization192

To reduce memory and time complexity in LLM in-193

ference, a substantial body of work proposes sparse-194

5https://huggingface.co/blog/llama31
6https://www.reddit.com/r/OpenAI/comments/

1frdwqk/your_longest_thinking_time_gpt4_o1_
o1mini/

attention algorithms (Xiao et al., 2024b; Zhang 195

et al., 2023; Tang et al., 2024; Chen et al., 2024; 196

Yuan et al., 2025), which restrict attention computa- 197

tion at each decode step to a small subset of critical 198

tokens—often fewer than 10% of the context (Tang 199

et al., 2024). First, sparse attention reduces time 200

complexity. Full attention requires each decode 201

token to attend to all previous tokens. In contrast, 202

sparse attention requires each decode token to at- 203

tend to only the top-k most relevant tokens. Second, 204

sparse attention may reduce memory complexity. 205

Some algorithms reduce memory by discarding ir- 206

relevant KV vectors during decoding, such as H2O 207

and Sink (Zhang et al., 2023; Xiao et al., 2024b; Hu 208

et al., 2024), while others retain the full KV cache, 209

such as infLLM and Quest (Tang et al., 2024; Chen 210

et al., 2024; Xiao et al., 2024a), but therefore can- 211

not reduce the memory footprint. 212

Sparse-attention algorithms can be broadly cate- 213

gorized into two types. Training-aware algorithms 214

incorporate sparsity directly into the model archi- 215

tecture and training procedure. Despite being effec- 216

tive, they require architectural modifications and 217

incur substantial training costs, and their sparsity 218

is difficult to disable once deployed. Represen- 219

tative examples include DeepSeek Native Sparse 220

Attention (NSA) and DeepSeek Sparse Attention 221

(DSA) (Dai et al., 2024; Liu et al., 2024). In con- 222

trast, post-training algorithms apply sparsity to 223

fully trained dense models at inference time. These 224
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algorithms are plug-and-play and training-free, and225

reportedly have demonstrated strong performance226

in preserving accuracy while reducing latency and227

memory consumption. This paper focuses on Post-228

Training Sparse-attention algorithms in the Decode229

stage (PTSD).230

2.4 Limitations of PTSD231

Although sparse attention algorithms appear bene-232

ficial, we find that they often increase end-to-end233

time and memory complexity due to frequent loss234

and recomputation of information. First, sparse235

attention increases end-to-end time complexity. Al-236

though sparsity reduces the per-step TBT, the loss237

of contextual information frequently forces the238

model to generate longer outputs to compensate.239

The resulting Job Completion Time (JCT),240

JCT ↑= TTFT + decode_length↑× TBT ↓, (1)241

increases (Section 3). Second, sparse attention in-242

creases end-to-end memory complexity. Although243

each decode step may store fewer KV vectors, the244

extended generation process increases memory res-245

idency time, negating potential savings.246

We refer to the length-increasing problem as Lil247

(Less-Is-Less), which is the “elephant in the room”248

for the PTSD community. If left unaddressed, it249

undermines the fundamental motivation for adopt-250

ing sparse-attention algorithms. In the subsequent251

sections, we first analyze the causes of this problem252

and then propose algorithms to mitigate it.253

3 Empirical Study of Lil254

We evaluate five sparse-attention algorithms across255

three datasets and three models (see Section 6 for256

detailed experiment setup), and obtain two key257

findings (Figure 1). First, accuracy increases with258

cache budget. H2O and Sink are less accurate un-259

der fixed budgets because they discard KV vec-260

tors. Once important information is removed, the261

model cannot recover it. Quest and infLLM keep262

all KV vectors. They maintain higher accuracy but263

use more memory. Second, output length falls as264

the cache budget increases, but it remains longer265

than Full attention (by up to 90%). With small266

cache budgets, information loss outpaces informa-267

tion gain, and the model repeats content when try-268

ing to rebuild context (Figure 5 (a)). The model269

may fail to solve the task and generate indefinitely270

due to lost context. With larger cache budgets,271

the model makes partial progress and solves more272

Figure 2: Compression ratio vs. cache budget. No-
tations follow Figure 1. The y-axis shows the aver-
age compression ratio (compressed-sequence length /
original-sequence length) over 200 test cases.

cases; however, the outputs may still be excessively 273

long, as the correct answer is produced early but 274

the model continues verification and subsequently 275

forgets that it has already generated the answer 276

(Figure 5 (b)). 277

4 Compression Theory 278

Section 3 shows the Lil problem: information is 279

lost under sparse attention, and models try to re- 280

gain it by generating more tokens. We next use 281

information theory to analyze this loss and gain. 282

To this end, we adopt LZ77 (Ziv and Lempel, 283

1977), a compression algorithm, which is simple, 284

efficient, and grounded in theory. First, the key in- 285

sight of LZ77 is simple: replace repeated substrings 286

with concise references (e.g., offset-length pairs) to 287

their earlier occurrences. When later segments of a 288

sequence frequently recur in earlier segments, the 289

resulting compression ratio (compressed length di- 290

vided by original length) is small. Second, LZ77 is 291

computationally efficient: compressing a sequence 292

of 128k tokens takes approximately 34 ms (Sec- 293

tion 6), which is comparable to the time to decode 294

a single token (Zheng et al., 2024). Third, LZ77 295

admits strong theoretical guarantees. The achieved 296

compression ratio ρ satisfies 297

ρ− ε(Ls) ≤ h(Ls − 1) ≤ ρ. (2) 298

where h(k) denotes persymbol entropy, and 299

ε(Ls) = O(logLs/Ls). Consequently, ρ estimates 300

information entropy up to a small term. Lower ρ in- 301

dicates less new information and more redundancy. 302

Please refer to the appendix for a comprehensive il- 303

lustration of the LZ77 algorithm and related proof. 304
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Algorithm 1 Guardian Algorithm

1: Input: A sequence X of prefill tokens, a model
M, a frequency f , and a threshold t

2: Output: A sequence Y of prefill tokens plus
decode tokens

3:

4: cnt = 1
5: lastCompress = LZ77(X)
6: curCompress = lastCompress
7:

8: Y = X
9: y = M.forward(Y, “prefill”)

10: while y 6= eos and len(Y) < M.context_len()
and not is_early_stop(Y)

11: Y.append(y)
12: y = M.forward(Y, “decode”)
13: Return Y
14:

15: Function is_early_stop(Y)
16: if cnt % f == 0
17: curCompress = LZ77(Y)
18: if curCompress - lastCompress < t
19: Return True
20: lastCompress = curCompress
21: cnt = cnt + 1
22: Return False
23: End Function

We compress all sequences in Figure 1 and re-305

port their corresponding compression ratios in Fig-306

ure 2, from which we draw two key insights. First,307

despite producing longer outputs, sparse-attention308

algorithms generate sequences with substantially309

less information than full attention. This result indi-310

cates that the model largely repeats earlier content311

to reconstruct lost information, leading LZ77 to312

encode much of the later sequence as references to313

previous segments. Second, as the cache budget314

increases, information gain increasingly outpaces315

information loss. As a result, the model attains316

higher accuracy with fewer tokens, diminishing the317

need for information reconstruction. Correspond-318

ingly, the compression ratio approaches that of full319

attention, reflecting more informative and less re-320

dundant generation.321

5 Early-Stopping Algorithm322

Based on the preceding empirical and theoreti-323

cal analyses and Figure 3, we observe that under324

sparse-attention algorithms, the model may cease325

to gain new information while continuing to gener-326

ate tokens. Motivated by this insight, we propose 327

Guardian, an early-stopping algorithm that detects 328

sustained stagnation in information gain during 329

generation and terminates decoding early to reduce 330

token consumption. 331

The algorithm is shown in Algorithm 1. First, in 332

the prefill stage, the user prompt is processed and 333

compressed to obtain lastCompress, the number of 334

bytes left after compression. Second, the model en- 335

ters the decode stage and stops upon generating an 336

eos token or reaching the maximum context length. 337

Guardian introduces an additional stopping condi- 338

tion: every f decode steps, the current sequence 339

(prefill plus generated tokens) is compressed to 340

obtain curCompress and compared with lastCom- 341

press. If the increase is below a threshold t bytes, 342

we believe that the sequence has gained negligible 343

new information—i.e., the newly generated tokens 344

are largely redundant under LZ77—and stop the 345

generation. 346

We next discuss the choice of f and t. First, the 347

interval f must balance computational overhead 348

and responsiveness: a small f incurs frequent com- 349

pression and excessive overhead, whereas a large f 350

reduces the sensitivity of Guardian and delays ter- 351

mination, thereby diminishing token savings. We 352

set f = 250 in our experiments. In practice, f pri- 353

marily affects token savings and end-to-end latency, 354

but not accuracy, and can be adjusted based on 355

model architectures, sequence lengths, and GPUs, 356

which determine the per-step decoding cost. Sec- 357

ond, given a fixed f , the threshold t is chosen such 358

that t/f lies between the slopes of the initial growth 359

stage and the subsequent plateau stage in Figure 3. 360

Empirically, the slope in the plateau stage is below 361

0.02 across datasets and models, whereas the ini- 362

tial slope exceeds 1, and we set t = 20 such that 363

t/f ≈ 0.08. Because the transition between the 364

two stages is sharp, Guardian is robust to variations 365

in t as long as t/f falls within this range. 366

6 Evaluation 367

We begin by describing the experimental setup, in- 368

cluding implementation details, datasets, models, 369

evaluation metrics, and software/hardware environ- 370

ment. We then present key evaluation results. 371

6.1 Experimental Setup 372

Implementation. We implement Guardian based 373

on Hugging Face (Hugging Face) with 2k lines of 374

Python code. We port the LZ77 algorithm from the 375
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Figure 3: Average compressed length vs. original length for (a) sink (1024 cache budget) and (b) Quest (1024 cache
budget) across three models and three datasets. Each line indicates an individual test case, with green and red curves
denoting correct and incorrect outcomes, respectively. Other notations follow Figure 1. As the model generates
more tokens (i.e., as the original length increases), the compressed length initially grows rapidly and then plateaus.
Green curves denote correct test cases, whereas red curves denote incorrect test cases.

GSM8K MATH-500 AIME

% H2O Sink Quest infLLM H2O Sink Quest infLLM H2O Sink Quest infLLM

D
SR

128 67.8/0.0 68.1/0.0 6.7/0.0 6.4/0.0 81.8/0.0 84.1/+1.5 11.5/0.0 8.3/0.0 93.7/0.0 92.5/0.0 18.4/-0.5 14.1/0.0
256 62.1/0.0 64.9/+0.5 10.2/0.0 5.4/-0.5 78.0/-0.5 79.9/+1.0 11.2/0.0 9.0/-0.5 91.2/0.0 90.9/-0.5 19.7/-0.5 16.8/+0.5
512 49.3/0.0 53.9/+1.0 6.1/-1.0 6.4/-0.5 66.8/0.0 70.9/-0.5 8.6/0.0 10.1/+0.5 86.4/0.0 87.8/-0.5 20.3/0.0 24.1/0.0

1024 36.9/0.0 32.8/-1.5 9.8/-2.5 10.9/-1.5 53.6/0.0 51.8/-0.5 6.0/-0.5 11.9/0.0 79.6/0.0 79.9/0.0 14.5/-1.0 33.2/+0.5

D
SL

128 22.7/0.0 8.1/0.0 1.6/0.0 0.4/0.0 75.5/0.0 47.9/+1.0 15.1/+1.0 3.8/+0.5 91.0/0.0 71.0/0.0 23.2/+0.5 4.8/0.0
256 23.4/0.0 10.2/0.0 3.6/-0.5 0.7/0.0 75.8/0.0 45.8/-0.5 23.9/+2.5 1.7/0.0 87.9/0.0 72.6/0.0 44.9/0.0 3.9/0.0
512 18.5/0.0 6.4/+1.0 2.4/+0.5 0.3/-0.5 71.0/+0.5 35.7/-1.0 26.3/-1.0 3.9/-0.5 87.4/0.0 67.6/0.0 53.9/0.0 10.0/-0.5

1024 9.6/0.0 3.6/-0.5 1.5/-0.5 0.3/0.0 58.8/0.0 29.9/0.0 22.3/+2.0 5.9/0.0 83.6/0.0 65.0/0.0 48.2/-1.0 16.0/-2.0

Q
w

e

128 0.9/0.0 1.1/0.0 0.0/0.0 0.0/0.0 16.7/0.0 14.2/-0.5 0.2/0.0 0.0/0.0 39.5/0.0 36.8/+0.5 1.4/0.0 0.2/0.0
256 0.5/0.0 1.7/0.0 0.0/0.0 0.0/0.0 19.3/0.0 13.7/0.0 0.0/0.0 0.4/0.0 42.7/0.0 31.7/0.0 1.1/0.0 0.8/0.0
512 1.3/0.0 0.1/0.0 0.0/0.0 0.0/0.0 12.5/+0.5 6.0/0.0 0.1/0.0 0.4/0.0 31.6/0.0 16.1/0.0 0.6/0.0 1.1/0.0

1024 0.2/0.0 0.0/0.0 0.0/0.0 0.0/0.0 3.2/0.0 0.8/0.0 0.2/0.0 0.6/0.0 11.0/0.0 6.0/0.0 1.6/+0.5 2.7/0.0

Table 1: Average token savings and accuracy degradation after applying Guardian. Notations follow Figure 1.
Cell entries follow the format Savings/∆Accuracy, representing the percentage of relative token savings and the
corresponding relative accuracy shift. All values are expressed in %. Please refer to Figure 1 for absolute token and
accuracy numbers.

famous compression tool Gzip7.376

Datasets. We take the first 200 test cases377

from each of the following three open-source378

datasets for our benchmarks: GMS8K (Cobbe et al.,379

2021), MATH500 (Hendrycks et al., 2021), and380

AIME (AIME), to test the reasoning ability of lan-381

guage models. First, GMS8k (Cobbe et al., 2021)382

contains 8.5k high-quality, linguistically diverse383

grade-school math problems. These human-written384

problems need solutions that involve multi-step385

reasoning and a series of basic arithmetic opera-386

tions. Second, MATH500 (Hendrycks et al., 2021)387

contains 500 challenging problems sourced from388

high school math competitions with five distinct389

levels based on the Art of Problem Solving (AoPS)390

7https://www.gzip.org/

framework, ranging from level 1 to level 5. Third, 391

AIME (AIME) is a math problem dataset collected 392

from the American Invitational Mathematics Ex- 393

amination (AIME) competition from 1983 to 2024, 394

designed to challenge the most exceptional high 395

school math students in the United States. These 396

problems cover various fields, such as algebra, ge- 397

ometry, and number theory. 398

Models. We evaluate our algorithm using three 399

popular models: DeepScaleR-1.5B-Preview8, 400

DeepSeek-R1-Distill-Llama-8B (DeepSeek-AI, 401

2025), and Qwen1.5-MoE-A2.7B-Chat9. These 402

models span diverse architectures (dense vs. MoE), 403

8https://pretty-radio-b75.notion.site/DeepScaleR-
Surpassing-O1-Preview-with-a-1-5B-Model-by-Scaling-RL-
19681902c1468005bed8ca303013a4e2

9https://qwenlm.github.io/blog/qwen-moe/
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training recipes, and parameter scales. In this paper,404

we use DSR to denote DeepScaleR-1.5B-Preview,405

DSL to denote DeepSeek-R1-Distill-Llama-8B,406

and Qwe to denote Qwen1.5-MoE-A2.7B-Chat.407

Metrics. We evaluate efficiency and accuracy408

using two metrics. Token savings is defined as409

the ratio of the number of tokens generated without410

Guardian to that generated after applying Guardian.411

Accuracy (Wang et al., 2024) measures the mathe-412

matical equivalence between an LLMs output and413

the ground-truth answer. For each test case, it is414

either correct or incorrect, and the overall accuracy415

is reported as the percentage of correctly solved416

problems across the entire dataset. When reporting417

accuracy changes, we use the absolute difference418

in accuracy, expressed in percentage points.419

Baselines. We compare Full, H2O,420

StreamingLLM, InfLLM, and Quest—spanning421

sparse-attention algorithms from the earliest422

proposals to the state of the art as of October423

2025—with and without Guardian. For each424

algorithm, the cache budget denotes the maximum425

number of tokens that a decoding token can426

attend to. For H2O and Sink, the cache budget427

additionally specifies the number of tokens whose428

KVs are retained, as these algorithms attend to429

only preserved tokens. In contrast, infLLM and430

Quest retain the KVs of all tokens.431

Environment. We run experiments on a sin-432

gle NVIDIA A100 server with one A100-80GB433

GPU available. It has a 128-core Intel(R) Xeon(R)434

Platinum 8358P CPU@2.60GHz with two hyper-435

threads and 1TB DRAM. We use Ubuntu 20.04436

with Linux kernel 5.16.7 and CUDA 12.6.437

6.2 Evaluation Results438

Guardian saves up to 90% tokens with less than439

2% accuracy drop. Table 1 reports the end-to-440

end results after applying Guardian, from which441

we draw four key findings. First, Guardian re-442

duces token usage by up to 90% while incurring443

less than a 2% accuracy drop, demonstrating its444

effectiveness. Second, in some cases, Guardian445

even improves accuracy. This improvement occurs446

when the model generates the correct answer early447

but continues decoding, redundantly re-evaluating448

the solution, and ultimately loses the correct an-449

swer. Early termination prevents such degrada-450

tion. Third, as the sparsity algorithm becomes more451

conservative (e.g., from Sink to Quest, or from a452

cache budget of 128 to 1024), token redundancy453

decreases, resulting in fewer tokens saved. Never-454

GSM8K MATH-500 AIME

DSR 12.5/-0.5 9.4/-0.5 18.3/-1.5
DSL 0.9/+0.5 5.9/0 15.4/-0.5
Qwe 0.0/0 0.0/0 1.3/0

Table 2: Average token savings and accuracy degra-
dation after applying Guardian on the full attention
algorithm. Notation follows Table 1.

theless, even the most conservative sparse config- 455

urations that achieve accuracy comparable to full 456

attention still exhibit measurable redundancy and 457

benefit from early stopping (e.g., the DSR model 458

on GSM8K with Quest and a 1024 cache budget). 459

Fourth, Guardian yields negligible token savings 460

for the Qwen MoE model, which is not specialized 461

for mathematical reasoning and tends to generate 462

short, incorrect responses (Figure 1). For models 463

with limited capability and short chains of thought, 464

such as Qwen MoE, early-stopping provides little 465

benefit. 466

Cost of LZ77. We generate random strings of up 467

to 128k tokens and measure the cost of LZ77 com- 468

pression, which is approximately 34 ms. Because 469

random strings exhibit minimal repetition and are 470

more expensive to compress than natural language 471

text, and because 128k tokens far exceed the se- 472

quence lengths used in our experiments, this mea- 473

surement represents an upper bound. The resulting 474

cost is comparable to the latency of decoding a 475

single token (Zheng et al., 2024). With f = 250, 476

compression is invoked once every 250 decoding 477

steps, making the overall overhead negligible. 478

Token savings on correct and wrong cases. Ta- 479

ble 3 reports token savings separately for correct 480

and incorrect test cases, revealing two key obser- 481

vations. First, Guardian derives most of its ef- 482

fectiveness from terminating incorrect generations 483

that would otherwise continue indefinitely; to avoid 484

overstating this effect, we truncate such generations 485

at twice the length of sequences produced under 486

full attention (see the caption of Figure 1). Sec- 487

ond, Guardian also reduces tokens in correct cases 488

where the model has already produced the correct 489

answer but continues to generate redundant reason- 490

ing, repeatedly rechecking the solution due to loss 491

of earlier context. 492

Token savings on full attention. Figure 2 493

shows that even sequences generated with full at- 494

tention achieve low compression ratios, indicating 495

substantial redundancy. Table 2 further demon- 496

strates that the early-stopping algorithm Guardian 497

reduces token usage under full attention as well. 498

This behavior is analogous to Chain-of-Thought 499
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(CoT) compression approaches that aim to mitigate500

ineffective reasoning patterns arising from train-501

ing data artifacts, human preferences for verbose502

explanations, or reward hacking (see Section 7).503

We therefore conclude that Guardian is applicable504

beyond sparse-attention settings and can be used505

more generally to address prolonged CoT genera-506

tion. A direct comparison between Guardian and507

existing CoT compression approaches is left for508

future work.509

7 Related Work510

7.1 Sparse-Attention Algorithms511

Sparse-attention algorithms exploit the fact that512

only a small subset of tokens receives significant513

attention scores, and we categorize them along two514

dimensions. (1) Inference stage. Some algorithms515

primarily accelerate the prefill stage, such as MIn-516

ference (Jiang et al., 2024), FlexPrefill (Lai et al.,517

2025), and SpargeAttention (Zhang et al., 2025),518

while others focus on the decode stage, including519

H2O (Zhang et al., 2023), StreamingLLM (Xiao520

et al., 2024b), Quest (Tang et al., 2024), In-521

fLLM (Xiao et al., 2024a), DuoAttention (Xiao522

et al., 2025), and RaaS (Hu et al., 2024). (2) Train-523

ing dependency. Training-aware algorithms incor-524

porate sparsity into the model architecture and are525

trained jointly with the model, such as DeepSeek526

NSA (Yuan et al., 2025) and DSA (Liu et al.,527

2024). In contrast, training-free algorithms operate528

as plug-ins and can be readily applied to pretrained529

models; examples include H2O, StreamingLLM,530

Quest, InfLLM, DuoAttention, and RaaS.531

In this paper, we focus on Post-Training Sparse532

attention in the Decode stage (PTSD) for three rea-533

sons. First, the decode stage largely determines534

model performance, particularly in long-reasoning535

tasks, making it a critical target for optimization.536

Second, post-training sparsity is plug-and-play and537

can be integrated into existing models without re-538

training, making it practical for real-world deploy-539

ment. Third, abundant sparse-attention algorithms540

fall into the PTSD category, making it a natural and541

impactful focus of study.542

7.2 Chain-of-Thoughts Compression543

Chain-of-thought (CoT) reasoning enhances model544

capability by enabling step-by-step inference that545

incrementally connects the prompt to the final an-546

swer. However, CoT can become unnecessarily547

long and redundant due to suboptimal training prac-548

tices, such as reinforcement learning setups that 549

inadvertently encourage verbose reasoning through 550

reward hacking. Consequently, a line of research 551

has emerged to focus on compressing prolonged 552

CoT sequences. 553

Prior work on CoT compression, often referred 554

to as long-to-short reasoning, can be broadly cat- 555

egorized into two classes. Training-aware ap- 556

proaches integrate compression into the training 557

process, including ThinkPrune (Hou et al., 2025), 558

DLER (Liu et al., 2025), and O1-Pruner (Luo et al., 559

2025). In contrast, post-training approaches oper- 560

ate on pretrained models, such as Answer5 (Liu 561

and Wang, 2025), HALT-COT (Sun et al., 2025), 562

and UnCertT (Zhu et al., 2025). 563

While this paper also targets CoT compres- 564

sion, the root causes of lengthy reasoning dif- 565

fer. First, in our setting, lengthy CoT arises from 566

the use of sparse-attention algorithms, which in- 567

duce repeated information loss and reconstruction. 568

Second, by contrast, in long-to-short reasoning 569

research, lengthy CoT typically stems from ill- 570

reasoning patterns caused by data quality issues, 571

human preference biases, or reward hacking. 572

These two root causes are largely orthogo- 573

nal: when CoT is already lengthy due to ill pat- 574

terns, sparse attention can further exacerbate its 575

length. Although Guardian is designed to com- 576

press lengthy CoT induced by sparse attention, we 577

observe that it also generalizes to ill-patterned CoT 578

(Table 2), which we leave for future exploration. 579

8 Conclusion 580

Sparse-attention algorithms speed up each decode 581

step but can hurt end-to-end efficiency because 582

information loss during sparse decoding leads to 583

repeated generation and longer outputs. We iden- 584

tify this problem as “Lil”, quantify redundancy 585

with compression ratio, and propose Guardian to 586

stop decoding when information loss exceeds infor- 587

mation gain. Guardian reduces unnecessary token 588

generation without harming output quality. Beyond 589

sparse decoding, Guardian can also be applied 590

to general cases of prolonged Chain-of-Thought 591

(CoT) generation. In future work, we plan to study 592

Guardian on the prolonged CoT, which often arises 593

from flawed reasoning patterns rather than the in- 594

formation loss and reconstruction characteristic of 595

the Lil problem. 596
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Limitations597

Our work in this paper has the following major598

limitations.599

Evaluation on a limited set of datasets and600

models. Our evaluation covers only three mod-601

els and three datasets. As such, the results may602

not generalize beyond these specific configurations.603

Although models with longer context lengths (e.g.,604

Qwen2.5-Max, DeepSeek-r1) and datasets such as605

GPQA Diamond and Codeforces exist, exhaustive606

evaluation across all combinations is computation-607

ally prohibitive (Hu et al., 2023). As reported in608

prior work (Zhong et al., 2024), decoding a single609

token can take approximately 30 ms; thus, process-610

ing 16k tokens on an A100-80GB GPU requires611

around 8 minutes. Running 200 test cases would612

take over a day on a single GPU, making large-613

scale evaluation infeasible with limited resources.614

Despite these constraints, we select datasets span-615

ning three levels of difficulty and models covering616

diverse architectures (dense vs. MoE), training617

recipes, and parameter scales. We therefore believe618

that the Lil problem is not an artifact of specific619

configurations but is universal across datasets and620

models.621

Evaluation on a limited set of sparse-attention622

algorithms. Our evaluation covers only four623

sparse-attention algorithms, and thus the results624

may not directly generalize beyond this set. Never-625

theless, we contend that the Lil problem is inherent626

to sparse-attention algorithms, as all assume spar-627

sity patterns—i.e., that a few tokens are important—628

and may lose information (Section 4). We select629

diverse algorithms, including the pioneering H2O,630

the widely-used streamingLLM (recently applied631

in GPT-OSS (OpenAI, 2025)), the state-of-the-art632

Quest, and its counterpart infLLM. Other algo-633

rithms, such as clusterKV and PQCache, differ634

only in how K vectors are grouped and do not alter635

the use of sparsity. Hence, we believe the Lil prob-636

lem is not specific to configurations but universal637

across sparse-attention algorithms.638
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A LZ77 Compression Algorithm859

We describe the LZ77 algorithm in detail. LZ77860

operates using a sliding window buffer of fixed861

length n, divided into two parts:862

• A search buffer of length n−Ls, which holds 863

recently encoded data and acts as a dynamic 864

dictionary. 865

• A look-ahead buffer of length Ls, which con- 866

tains the subsequence awaiting encoding. 867

The encoding process proceeds iteratively. At 868

each step, the algorithm finds the longest prefix 869

of the look-ahead buffer that matches a substring 870

within the search buffer. This match is encoded as 871

a triple (p, l, c), where: 872

• p is the offset (distance) to the start of the 873

match in the search buffer, 874

• l is the length of the matched substring, 875

• c is the first character that did not match (the 876

literal following the match). 877

After encoding, both buffers are advanced by l + 1 878

characters, moving the processed symbols into the 879

search buffer for potential future matches. 880

To concretely illustrate the encoding mecha- 881

nism, Figure 4 provides a step-by-step visualiza- 882

tion of LZ77 compressing the example sequence 883

0040040042304237. The visualization uses dis- 884

tinct color-coded regions: the search buffer (green) 885

holds the recently processed data available for 886

matching; the look-ahead buffer (yellow) contains 887

the pending sequence to be encoded; unprocessed 888

input is shown in blue; and data that has shifted out 889

of the search window is marked in red. 890

The algorithm iterates the same core loop. Below 891

is a trace of its execution: 892

1. The first eight characters (00400400) are 893

loaded into the look-ahead buffer, while the 894

search buffer is filled with zeros. The algo- 895

rithm finds the longest match for the look- 896

ahead buffer’s prefix within the search buffer. 897

The prefix 00 matches at multiple positions; 898

an offset of p = 0 and a length of l = 2 are 899

selected. The first mismatching character is 4, 900

yielding the output triple (0, 2, 4). The buffers 901

then advance by l + 1 = 3 characters. 902

2. After the shift, the new content in the look- 903

ahead buffer is 40040042. The longest match 904

found is 004004, starting at offset p = 5 in the 905

search buffer with length l = 6. The following 906

character is 2, producing the triple (5, 6, 2). 907

The buffers advance by 7 characters. 908
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0 0 0 0 0 0 0 0 0 0 4 0 0 4 0 0 4 2 3 0 4 2 3 7

p = 0 l = 2 c = 4

0 0 0 0 0 0 0 4 0 0 4 0 0 4 2 3 0 4 2 3 7

p = 5 l = 6 c = 2

4 0 0 4 0 0 4 2 3 0 4 2 3 7

p = 0 l = 0 c = 3

0 0

0 0 4 0 0 4 2 3
search buffer

0 4 2 3 7
look-ahead buffer

p = 4 l = 4 c = 7

0 0 4

n = 16
Ls = 8
Input: 0040040042304237
Output: 024562003447

Figure 4: Illustration of the LZ77 algorithm.

GSM8K MATH-500 AIME

% H2O Sink Quest infLLM H2O Sink Quest infLLM H2O Sink Quest infLLM

D
SR

128 83.0/67.7 59.3/68.3 0.9/7.7 3.8/6.8 77.4/82.0 79.7/84.3 7.3/11.7 3.0/8.8 89.1/93.7 84.8/92.6 37.2/18.2 17.6/14.1
256 55.9/62.3 27.0/68.4 1.5/18.2 1.1/7.1 68.9/78.7 72.5/80.2 3.4/13.7 1.2/11.1 92.3/91.2 0.0/90.9 0.0/20.0 28.0/16.6
512 23.7/57.9 20.1/64.9 0.3/25.7 0.0/13.2 52.0/67.5 32.0/73.6 2.1/18.4 3.1/14.3 78.1/86.5 90.6/87.8 1.2/24.5 5.2/25.0

1024 15.1/61.9 6.8/63.9 0.0/50.4 0.5/41.4 26.6/64.8 16.7/65.7 0.9/23.6 1.0/26.2 49.8/79.9 30.7/80.6 0.6/25.0 5.0/36.9

D
SL

128 21.6/22.8 3.8/8.6 0.0/2.6 0.0/0.5 83.9/75.2 41.5/48.3 19.8/14.3 1.9/4.0 91.9/91.0 59.2/71.0 30.7/23.1 0.0/4.9
256 17.8/23.8 0.6/19.5 0.3/7.8 0.0/1.4 68.8/76.1 16.6/51.5 12.4/26.3 0.0/2.4 96.9/87.8 88.3/72.4 21.2/45.7 0.0/4.1
512 4.9/29.5 1.1/16.4 0.7/6.0 0.0/0.9 46.5/74.2 7.7/49.7 10.4/35.0 0.1/6.8 73.5/87.6 22.0/69.3 33.8/55.8 6.7/10.4

1024 3.7/20.5 0.8/10.0 0.4/4.0 0.0/1.0 21.0/71.7 8.2/52.0 7.4/42.5 1.1/12.2 60.3/84.2 23.4/69.3 21.6/54.2 2.3/20.7

Q
w

e

128 0.0/0.9 0.0/1.2 0.0/0.0 0.0/0.0 9.6/17.0 7.7/14.6 0.0/0.2 0.0/0.0 66.3/39.3 66.4/36.5 0.0/1.4 0.0/0.2
256 0.0/0.8 0.0/2.5 0.0/0.0 0.0/0.0 7.0/21.2 2.0/15.4 0.0/0.0 0.0/0.5 48.6/42.6 0.0/31.7 0.0/1.2 0.0/0.8
512 0.0/2.8 0.0/0.3 0.0/0.0 0.0/0.0 6.5/14.2 0.0/7.5 0.0/0.2 0.0/0.5 0.0/32.0 0.0/16.2 0.0/0.6 0.0/1.1

1024 0.0/0.5 0.0/0.0 0.0/0.0 0.0/0.0 2.0/3.6 0.0/1.0 0.0/0.2 0.9/0.5 0.0/11.2 0.0/6.2 9.0/1.4 0.0/2.7

Table 3: Average token savings for correct and incorrect cases. Notation follows Table 1. Each cell reports (token
savings on correct cases) / (token savings on incorrect cases).

3. The next character in the look-ahead buffer is909

3, which has no match in the current search910

buffer. This is encoded as a literal with p = 0,911

l = 0, and c = 3, resulting in (0, 0, 3). The912

buffers advance by 1 character.913

4. The final content in the look-ahead buffer is914

04237. The longest match is 0423, found915

at offset p = 4 with length l = 4. The916

subsequent character is 7, yielding the triple917

(4, 4, 7). With the entire input processed, the918

algorithm terminates.919

The complete encoded output is the con-920

catenation of the triples from each iteration:921

024562003447.922

A cornerstone of LZ77 is its theoretical con-923

nection between the compression ratio and the924

information-theoretic entropy of the source. For a925

stationary information source σ over a finite alpha-926

bet A, LZ77 (Ziv and Lempel, 1977) establishes927

the following bound when the buffer is sufficiently 928

long: 929

h(Ls − 1) ≤ ρ ≤ h(Ls − 1) + ε(Ls), 930

where ρ is the achieved compression ratio, h(k) 931

is defined as the per-symbol entropy h(k) = 932

log|A| |σ{k}|/k with σ{k} = {S | S ∈ σ ∧ |S| = 933

k}, and ε(Ls) is asymptotically O(logLs/Ls). 934

This classical result is fundamental to our anal- 935

ysis, therefore we restate its proof in Appendix B 936

for completeness. 937

A simple rearrangement of this inequality yields: 938

ρ− ε(Ls) ≤ h(Ls − 1) ≤ ρ. 939

This inequality confirms that the empirical com- 940

pression ratio ρ provides a direct estimatebounded 941

by a vanishing term ε(Ls)of the true per-symbol 942

entropy h(Ls − 1) of the source. This provides a 943

rigorous, information-theoretic foundation for us- 944

ing compression ratios as quantitative proxies for 945

information content in our analysis. 946
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(a) information loss > information gain (b) information loss < information gain

<think>\nOkay, so I need to figure out which student
has the greatest average speed based on the given

Asymptote graph. ...[about 1000 tokens]...  which is
the slope of the line from (0,0) to their position.\n\nBut
wait, perhaps each student's average speed is ...[details

omitted]...n\nBut perhaps it's better to ...[details
omitted]...\n\nBut since each student is at a single
point, perhaps ...[details omitted]...\n\nTherefore,

perhaps for each student, their average speed is their y-
coordinate divided by their x-coordinate.\n\nTherefore,
let's compute that.\n\nSo, for each student:\n\nEvelyn:

y=4.5, x=1.25? Wait, no.\n\nWait, perhaps each
student's average speed is their y-coordinate divided by

their x-coordinate.\n\nBecause if you start from rest,
then the average speed would be total distance divided
by total time.\n\nTherefore, perhaps for each student,

their average speed is y / x.\n\nTherefore, let's compute
that.\n\nSo:\n\nEvelyn: y=4.5, x=1.25? Wait, perhaps

not.\n\nWait, ...[falls into repetition till the end]...

<think>\nOkay, so I need to figure out which student
has the greatest average speed based on the given

Asymptote graph. ...[about 1000 tokens]...  which is the
slope of the line from (0,0) to their

position.\n\nBut wait, maybe not. ...[about 500
tokens]... Let me compute that: 4.5 divided by 1.25.

Hmm, 1.25 is 5/4, so 4.5 divided by (5/4) is 4.5 * (4/5)
= (4.5 * 4)/5 = 18/5 = 3.6. Wait, no, wait: 4.5 / 1.25 is
equal to (4.5 * 100)/(1.25 * 100) = 450 / 1250. Wait,
maybe better to compute it as:\n\n1.25 is 5/4, so 4.5 /
(5/4) = 4.5 * (4/5) = (4.5 * 4)/5 = 18/5 = 3.6.\n\nWait,

perhaps let's compute it as:\n\n1.25 is 1.25 hours? Wait,
no, the units aren't specified, just the coordinates. So

perhaps it's just a ratio.\n\nWait, perhaps it's better to ...
[details omitted]...\n\nWait, perhaps better to ...[details

omitted]... Wait, no.\n\nWait, perhaps I'm
overcomplicating.\n\n...[details omitted]...\n\nBut ...

[about 1000 tokens]... Thus, the student with the
greatest average speed is \\boxed{Evelyn}.

Figure 5: Examples of information loss and gain.

Applying the LZ77 algorithm, we compress all947

model outputs from our empirical study (Section 3).948

The average compression ratio computed across dif-949

ferent stages of the generation process is presented950

in Figure 2. These results allow us to quantify how951

information content evolves—or stagnates—during952

prolonged decoding under sparse attention, directly953

testing our initial observation.954

B Theorical Analysis for LZ77955

To establish the relationship between the compres-956

sion ratio and the entropy rate, we employ the fol-957

lowing insight: since a limited information source958

only has constrained substrings, if the buffer length959

is sufficiently large to accommodate a substantial960

number of such substrings, then we can use the961

constraint to bound the compression ratio.962

Consider a source σ defined over a finite al-963

phabet A, constituted by a collection of strings964

with the property that certain specific substrings965

are prohibited. For each integer k, let σ{k} de-966

note the set of all length-k strings belonging to967

σ. The associated per-symbol entropy is given by968

h(k) = 1
k log |σ{k}|. Observe that it suffices to969

derive a bound for strings in σ{n − Ls}, as any970

such bound automatically extends to longer strings.971

Take an arbitrary message M ∈ σ{n − Ls}.972

Suppose the algorithm partitions M into substrings973

M = m1m2 . . .mN , which are subsequently en- 974

coded into codewords c1, c2, . . . , cN of fixed length 975

dlog|A| Lse + dlog|A|(n − Ls)e + 1 , Lc. The 976

compression ratio is therefore ρ = LcN
n−Ls

. Conse- 977

quently, estimating ρ reduces to bounding N . 978

To estimate N , we analyze the partition in finer 979

detail. For each p, let Kp be the number of 980

substrings among m1, . . . ,mN−1 having length p. 981

Then 982

N = 1 +

Ls∑
m=1

Km. 983

Thus the problem translates to bounding the counts 984

Km. Notice that if two substrings share the same 985

length they must be distinct; i.e., |mi| = |mj | 986

implies mi 6= mj . So set l = Ls − 1 and define 987

λ = dlog |σ{l}|e. We bound Km in three regimes: 988

1. For 1 ≤ m ≤ λ, the trivial bound Km ≤ 989

|A|m , K ′
m holds. 990

2. For λ < m ≤ l, any substring of length m can 991

be extended (in at least one way) to a string of 992

length l in σ{l}. Hence Km ≤ |σ{l}| , K ′
m. 993

3. For m = l + 1, we utilize the total length 994

constraint 995

n− Ls = |mN |+
l+1∑
m=1

mKm, 996
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which yields997

Kl+1 ≤
1

l + 1

(
n− Ls −

l∑
m=1

mKm

)
.998

Substituting the upper bounds K ′
m for Km on999

the right-hand side produces an bound K ′
l+11000

for Kl+1. Observing that the other terms1001

Km (m ≤ l) are individually overestimated,1002

the bound on Kl+1 obtained from the fixed1003

total length constraint might be an underesti-1004

mate. However, because each Km contributes1005

equally to N but the coefficient of Kl+1 in the1006

length sum is largest, the overall effect of sub-1007

stituting the overestimated K ′
m into the bound1008

for Kl+1 still yields an overestimate for the1009

total N .1010

Collecting these bounds, we obtain1011

N ≤ K ′
l+1 +

l∑
m=1

K ′
m , N ′.1012

Now select n as follows:1013

n =

λ∑
m=1

m|A|m +

λ∑
m=1

m|σ{m}|

+ (l + 1)
( λ∑
m=1

(l −m)|A|m

+
λ∑

m=1

(l −m)|σ{m}|+ 1
)
.

1014

With this choice we achieve N ′ = n−Ls
l , leading1015

to the compression ratio bound1016

ρ ≤ Lc

l
=

Lc

Ls − 1
.1017

A trivial lower bound is ρ ≥ Lc
Ls

; hence the derived1018

upper bound is reasonably tight.1019

Furthermore, note that the codeword length sat-1020

isfies Lc ≤ 3 + log(Ls − 1) + log(n− Ls). From1021

the definition of n,1022

n− Ls = l ·

[
λ∑

m=1

(l −m)|A|m

+
l∑

m=λ+1

(l −m)|σ{l}|

+

λ∑
m=1

|A|m +

l∑
m=λ+1

|σ{l}|

]
.

1023

Using the inequality |A|m ≤ |σ{l}| for all m ≤ l, 1024

we simplify to obtain 1025

n− Ls ≤
1

2
l2(l + 1) |σ{l}|. 1026

Substituting this into the bound for Lc gives 1027

Lc ≤ (Ls − 1)
[
h(Ls − 1) + ε(Ls)

]
, 1028

where the error term is 1029

ε(Ls) =
1

Ls − 1

(
3 + 3 log(Ls − 1) + log

Ls

2

)
. 1030

C Checklist-Related Issues 1031

Three datasets, GSM8k (MIT), MATH500 (MIT), 1032

AIME (MIT), and three models, DeepScaleR 1033

1.5B Preview (MIT), DeepSeek-R1-Distill-Llama- 1034

8B (MIT), Qwen1.5-MoE-A2.7B-Chat (tongyi- 1035

qianwen) are used with their intended usage sce- 1036

narios. We retrieve all models and datasets from 1037

Hugging Face, where detailed documentation, in- 1038

cluding parameter sizes and model architectures, 1039

is provided. We manually checked the data and 1040

believe there is no personal information misused. 1041

We used ChatGPT to check the grammar of the 1042

texts. 1043

To the best of our knowledge, we believe our 1044

work does not pose risks that harm any subgroup 1045

of our society. 1046
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