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Abstract

The Hajj pilgrimage draws over 2.5 million pil-
grims annually to Makkah, creating the world’s
largest mass gathering with two coupled public
health risks: crowd crush and infectious disease
transmission. Standard graph models treat pil-
grimage contact networks as random or scale-free,
missing the rigid group-theoretic structure that
Hajj ritual imposes on crowd movement. We in-
troduce TawabDiff, a Cayley-structured Interfer-
ometric Graph Neural Network for joint crowd-
density and epidemic co-diffusion modeling over
pilgrimage networks. Each Hajj ritual phase —
Tawaf, Sa’i, and Mina encampment — induces
a distinct algebraic group structure on the con-
tact network, expressible as a Cayley graph over a
finite group. TawaDiff propagates a dual complex-
valued signal encoding both crowd pressure and
infection probability via phase-coupled interfero-
metric message passing, with constructive inter-
ference modeling crush-amplified transmission
corridors and destructive interference modeling
spatial dispersion. We prove the Crush-Epidemic
Amplification Theorem, bounding the multi-
plicative increase in expected transmission when
crowd density exceeds a critical threshold, ex-
pressed via the Kazhdan constant of the ritual
phase Cayley structure. On HajjRitualBench,
a new synthetic benchmark calibrated to pub-
lished Hajj demographic and spatial data, TawaD-
iff achieves 26.1% lower crowd-density predic-
tion error and 34.8% lower outbreak containment
error versus the strongest GNN baseline, while
uniquely producing coupled forecasts inaccessi-
ble to single-task models.
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1. Introduction

When pilgrims circle the Ka’bah during Tawaf, they do
not move randomly. They move in concentric orbits, an
emergent group action on the sacred space of the Masjid
al-Haram. When millions converge on the Jamarat bridge
in Mina, the crowd organizes along national and linguistic
lines into structured corridor flows. This architecture is not
captured by an Erdos-Renyi random graph. It is not captured
by a scale-free network. It has a structure, and that structure
is algebraic.

The Hajj pilgrimage creates the world’s largest annual mass
gathering, simultaneously a marvel of organized human
movement and an unresolved public health challenge. Two
distinct but deeply coupled risks define the problem: crowd
crush and epidemic transmission. The 2015 Mina crush
killed an estimated 2,431 pilgrims in a single event (Al-Bishi
& Al-Ghamdi, 2017). COVID-19 forced cancellation of
international Hajj in 2020-2021. Despite decades of crowd
management research and renewed post-pandemic urgency,
no computational model captures the coupled dynamics of
these hazards under the algebraic constraints that Hajj ritual
imposes.

Standard approaches model crowd dynamics via agent-
based simulation (Helbing et al., 2000) or fluid analo-
gies (Hughes, 2002), and epidemic spread via compart-
mental SIR models on contact graphs (Kermack & McK-
endrick, 1927; Pastor-Satorras & Vespignani, 2001). Graph
Neural Networks (GNNs) have extended epidemic mod-
eling to learned propagation on structured networks (Cao
et al., 2022; Deng et al., 2020), but none exploit the group-
theoretic symmetry of pilgrimage movement. The result
is systematic misrepresentation: models overestimate inter-
corridor transmission and underestimate the containment
potential of ritual-phase interventions.

We introduce TawaDiff, the first GNN architecture that
jointly models crowd-crush propagation and epidemic diffu-
sion through the algebraic structure of Hajj ritual movement.
Our key contributions are:

» TawaDiff architecture: A Cayley-structured interfero-
metric GNN propagating dual complex-valued signals
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(crowd pressure and infection probability) over ritual-
phase-specific group orbits, with phase coupling capturing
crush-amplified transmission.

* Crush-Epidemic Amplification Theorem: A theoretical
bound on the multiplicative increase in expected outbreak
size when local crowd density exceeds a critical threshold,
expressed via the Kazhdan constant «,, of the ritual phase.

* HajjRitualBench: The first synthetic benchmark for cou-
pled crowd-epidemic modeling on pilgrimage networks,
covering three ritual phases calibrated to Hajj spatial and
demographic data.

* Empirical validation: TawaDiff outperforms four GNN
baselines on all three evaluation tasks simultaneously.

2. Background
2.1. Crowd Dynamics and Epidemic Modeling

Classical crowd models use social force (Helbing et al.,
2000) or continuum fluid approaches (Hughes, 2002); nei-
ther encodes the algebraic regularity of ritual movement.
Epidemic models on contact networks (Newman, 2002;
Keeling & Eames, 2005) do not couple crowd-density dy-
namics. GNN-based epidemic forecasting (Cao et al., 2022;
Deng et al., 2020) learns propagation from data but is ag-
nostic to crowd pressure. Joint modeling of crowd crush
and epidemic transmission in algebraically structured
networks has not been attempted.

2.2. Hajj Public Health

Hajj-specific epidemiological work has documented dis-
ease importation risk (Memish et al., 2014), respiratory
transmission patterns (Benkouiten et al., 2014), and crowd
management failures (Al-Bishi & Al-Ghamdi, 2017). Com-
putational approaches have used agent-based simulation
(Al-Kodmany, 2013) and fluid analogies. No existing work
uses GNNs or exploits the group-theoretic structure of ritual
movement phases.

2.3. Cayley Graphs and Interferometric GNNs

For a group G and symmetric generating set S, the Cayley
graph Cay (G, S) is |S|-regular and vertex-transitive, with
spectral gap Agap > £2/2 where  is the Kazhdan con-
stant (Lubotzky, 1994; Hoory et al., 2006). Interferometric
message passing (Ibrahim, 2026b) treats node signals as
complex-valued waves whose superposition encodes both
amplitude and phase, enabling constructive amplification
and destructive suppression along structured corridors. We
extend this to the dual-signal coupled regime.

Tawaf
Mina

@ =,

Tawaf: Cay(Zn,., {+1,—1})

1 Kgar; = 0.51 KMina = 0
Kawaf = 0.47

Figure 1. The three Hajj ritual phases and their Cayley group struc-
tures. Tawaf forms concentric cyclic orbits; Sa’i is a bidirectional
corridor with Zo direction symmetry; Mina encampment organizes
pilgrims into delegation-structured clusters. Kazhdan constants
are shown below each phase.

3. Algebraic Structure of Hajj Movement

A central contribution of this work is formalizing why Hajj
contact networks are naturally Cayley-structured. Each
ritual phase imposes distinct group-theoretic geometry on
the pilgrimage crowd.

Tawaf (Circumambulation). Pilgrims perform seven
counter-clockwise circuits of the Ka’bah in concentric
orbital bands. Each band r forms Cay(Z,, ,{+1,—1}),
where n, is the number of pilgrims in that orbital layer.
Inter-band movement is governed by a Zp action on the
radial coordinate.

Sa’i (Traversal). Pilgrims walk seven times between Safa
and Marwa, alternating direction. The contact network
on the Sa’i corridor is Cay(Zs X Zn,,,., Ssa'i), Where Zso
encodes direction and Z encodes lateral lane position.

Nlane

Mina Encampment. Pilgrims are organized by national
delegation into tent clusters. Each delegation cluster exhibits
Cayley approximability with respect to a finite abelian group
derived from the delegation’s hierarchical structure, analo-
gous to the community structure identified for African urban
networks (Ibrahim, 2026a).

Definition 3.1 (Ritual-Phase Cayley Approximability).
A contact subgraph C C V for ritual phase p €
{Tawaf, Sa'i, Mina} is e-ritual-Cayley approximable if
there exist a group G, and generating set S, such that the
edge-density overlap between the induced subgraph E[C)|
and Cay(G,, S;) exceeds 1 — e.

Definition 3.2 (Crush Corridor). A crush corridor is a coset
gH C G, for a subgroup H < G, whose local crowd den-
sity pgrr exceeds the critical jam density p* (Fruin, 1971).

Figure 1 illustrates the three ritual-phase Cayley structures
and their group generators.

Sa’i: Cay (ZoMiBa:, Sy (G5, Ss) per delegation
.39
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4. The TawaDiff Architecture

4.1. Dual-Signal Representation

TawaDiff represents each node v at layer [ by a dual complex
signal:

z() = h(D) . ¢t (1
o
probability vector) and (bq(}l) € R encodes the crowd pressure
phase (local density relative to critical threshold p*). The

where hy,’ € R? encodes the epidemic state (infection

magnitude |z,(f) | gives epidemic risk; the phase ¢>Sf) encodes
crowd state. This coupling is the key innovation: a node near
crush density has high ¢, which modulates how strongly it
amplifies epidemic signals to its neighbors.

4.2. Phase-Coupled Interferometric Message Passing

For a node v in ritual phase p with Cayley structure
Cay(Gp, Sp):

n+D) = o[ WO . Re Z O +2070) (O
s€S,

where 02” € R is a learnable base phase per generator,
A(bq(,{)s = ¢>1(,l,)s — @()l) is the crowd-pressure phase differential,
and v - s denotes the neighbor of v along generator s.

When two neighbors have similar crowd pressure (in-phase),
their epidemic signals constructively interfere, amplifying
predicted transmission risk — the computational analog of
crush-amplified respiratory spread. Out-of-phase neighbors
(one near jam density, one sparse) produce destructive in-
terference, modeling the natural dispersion that prevents
crush-amplified transmission from propagating further. This
coupling is strictly absent from AfriCayEpiNet (Ibrahim,
2026a) and all prior epidemic GNNs.

4.3. Ritual Phase Gating

Each ritual phase has a distinct group structure, selected via
a phase gate:

STawat v € Tawaf zone
Scw) = Ssai v € Sa’i corridor 3)
SMina v € Mina encampment

For inter-phase boundary nodes, a learned convex combina-
tion of phase-specific generators is used.

4.4. Prediction Heads

TawaDiff uses three prediction heads: (1) Epidemic trajec-
tory head: predicts {y,(f)}f: , from final node embeddings;
(2) Containment head: predicts 7* using node embed-

Pilgrimage Graph G
(pilgrims + contacts)

Ritual Phase Detection
Tawaf / Sa’i / Mina

Phase-Specific Cayley
Generator Extraction

Dual Signal Init
Zy = hy - etPv

Phase-Coupled
Interferometric MP (L layers)

Containment
Head 7*

Figure 2. TawaDiff architecture. Pilgrimage graphs are partitioned
by ritual phase; phase-specific Cayley generators drive interfero-
metric message passing on a dual crowd-epidemic complex signal.
Three prediction heads produce jointly coupled forecasts.

Crush Risk
P(p>p™)

Epidemic
Trajectory {y(t) }

dings plus Kazhdan constant «,, per ritual phase and inter-
phase edge density pinter; (3) Crush risk head: predicts
P(p, > p*) from the crowd pressure phase trajectory.

The full architecture is illustrated in Figure 2.

5. Theoretical Analysis
5.1. Crush-Epidemic Amplification Theorem

Theorem 5.1 (Crush-Epidemic Amplification). Let G be
a pilgrimage contact network in ritual phase p with Cay-
ley structure Cay(G,, S,) and Kazhdan constant k,. Let
crush corridor gH have local density pgrr > p*. Then the
effective reproduction number satisfies:

Rgrush < Rgase . <1 + pgg2;2p > ) (4)
p

. . .. . 2
The amplification factor is inversely proportional to k.

Proof sketch. In a crush corridor, contact rate scales with
density: Cgp = Chase - (pgr/p*). The Cayley structure
bounds epidemic propagation speed via the expander mix-
ing lemma: the rate at which infected pilgrims encounter
susceptible ones is bounded by \gap > nf) /2. Combining
these bounds and taking the ratio R§Us! /Rbas¢ yields the
stated result. Full proof in Appendix A. O

Corollary 5.2. Ritual phases with larger Kazhdan constant
Ky are more epidemically resilient to crowd crush: the
amplification factor decreases monotonically in k,. This
gives a group-theoretic criterion for crush-safe ritual phase
design.
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5.2. Extended Kazhdan-Containment Correspondence

We extend the Kazhdan-Containment Correspondence of
Ibrahim (2026a) to the coupled crowd-epidemic regime.

Theorem 5.3 (Coupled Kazhdan-Containment). Let G be
a pilgrimage network with e-ritual-Cayley approximable
phase structure, mean Kazhdan constant k, inter-phase
edge density pinger, and initial crush corridor density perush.
Under coupled crowd-SIR dynamics with transmission rate
(B and recovery rate y:

E[r*] < :2111<‘§> + Go(B,7) - (1 ercrush/P*)'

(&)

Pinter

The additional p,ush/p* term is the novel contribution over
the original Kazhdan-Containment bound (Ibrahim, 2026a):
crush events delay containment by inflating the epidemic
constant Cj, modulated by how quickly pilgrims disperse
between phases.

5.3. Expressivity

Proposition 5.4. The function class of TawaDiff with L
layers strictly contains the function class of any standard
L-layer MPNN and of AfriCayEpiNet on the same network,
on pilgrimage graphs with non-trivial ritual phase structure.

Proof. AfriCayEpiNet corresponds to TawaDiff with
A(Z)Sf,)s = 0 (no crowd-pressure coupling) and a single phase
group. TawabDiff strictly extends this class via the phase
differential Agbq(,l,)s, which is generically nonzero in pilgrim-
a%l? networks. Standard MPNNs are the further sub-case
0s° =0. O

6. HajjRitualBench

We construct HajjRitualBench, the first synthetic bench-
mark for coupled crowd-epidemic modeling on pilgrimage
networks. All networks are calibrated to published Hajj spa-
tial and demographic data (Memish et al., 2014; Al-Bishi &
Al-Ghamdi, 2017; Al-Kodmany, 2013).

Network Construction. We model three ritual phase
sub-networks: Tawaf: 7 concentric orbital layers, each
Cay(Zy,,{+1, —1}) with n,. € [200, 800] calibrated to ob-
served Masjid al-Haram capacity tiers; Sa’i: bidirectional
corridor, Cay(Zs X Zso0, Ssari) With lateral lane structure;
Mina: national delegation tent clusters, each e-Cayley ap-
proximable (e < 0.1) with abelian group derived from dele-
gation size distribution. The full network has |V'| = 100,000
pilgrim nodes. Statistics are given in Table 1.

Simulation. For each phase we run 3,000 coupled SIR-
crowd simulations. Crowd dynamics follow a lattice

Table 1. HajjRitualBench network statistics per ritual phase. &
is the mean Kazhdan constant; Cayley Approx. is the fraction of
communities with e < 0.08.

PHASE V| R CAYLEY APPROX.
TAWAF 36,400 0.47 95.1%
SA’I 23,600 0.51 96.3%
MINA 40,000 0.39 91.8%

gas automaton calibrated to Hajj flow velocities (Helbing
et al., 2000). SIR parameters: 3 ~ Uniform(0.07,0.35),
v~ Uniform(0.02,0.15). Crush events (pgg ~
Uniform(1.2,3.0) - p*) are injected at the Mina Jamarat
bridge in 20% of simulations, consistent with observed den-
sity estimates from the 2015 Mina incident (Al-Bishi &
Al-Ghamdi, 2017).

7. Experiments
7.1. Setup

Tasks. (1) Epidemic trajectory — node-level infection
probability ygt), t=1,...,30 days, measured by MAE; (2)
Containment estimation — 7*, measured by MAPE; (3)
Crush risk — P(p, > p*), measured by AUC-ROC.

Baselines. (a) SIR-Net: standard SIR on the contact
graph; (b) GCN-Epi (Kipf & Welling, 2017); (c) GAT-
Epi (Velickovic et al., 2018); (d) AfriCayEpiNet (Ibrahim,
2026a): single-task epidemic GNN without crowd coupling;
(e) Crowd+SIR: pipeline model running crowd simulation
then SIR independently (no coupling).

Implementation. All GNN models use 3 layers, hidden
dimension 128, Adam (Ir = 10~?), 200 epochs, 80/10/10
split. All experiments repeated 3 times; mean =+ std re-
ported.

7.2. Main Results

Table 2 reports results across all three tasks. TawaDiff
achieves the best performance on every metric. On epidemic
trajectory prediction, TawaDiff achieves 26.1% lower MAE
than the strongest single-task baseline (AfriCayEpiNet),
demonstrating that crowd coupling strictly improves epi-
demic forecasting. On containment estimation, TawaD-
iff achieves 34.8% lower MAPE. On crush risk predic-
tion, TawaDiff achieves AUC 0.91 versus 0.76 for the best
pipeline baseline (Crowd+SIR), confirming that epidemic-
aware crowd modeling improves crush prediction too.
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Table 2. Main results on HajjRitualBench. TawaDiff outperforms
all baselines on all three tasks. Bold indicates best result per
column.

Table 3. Ablation study. Each row removes one TawaDiff compo-
nent.

VARIANT MAE| MAPE] AUC?T

MODEL TrRAJ. MAE | CoNT. MAPE| CRUSH APS T TAwADIFF 0.087 17.7% 0.91
SIR-NET 0.201+.011 44.3+2.3% 0.61+.930 CROWD COUPLING 0.099 20.4% 0.74
GCN-Ep1 0.1584+.008 36.1£1.9% 0.674.930 PHASE GATING 0.109 23.1% 0.84
GAT-EPI 0.141£.006 31.8+1.7% 0.71+.820 KAZHDAN FEATURE 0.089 21.8% 0.90
AFRICAYEPINET  0.118%£.005 27.24+1.4% 0.734.920 INTERFEROMETRIC MP  0.121 27.9% 0.82
CROWD+SIR 0.1344.007 30.5+1.8% 0.76+£.930 CAYLEY STRUCTURE 0.138 30.4% 0.79
TAWADIFF 0.087+.004 17.7+1.1% 0.91+.02

T T T

Empirical (500 sims)
——— Thm. 1 Mina (k=0.39)
Thm. 1 Tawaf (k=0.47)

crush base
R /R
[N} w =~
|

r = 0.81, p<0.001

—_
T

| ! !
1.5 2 2.5 3

Crush density ratio pgr /p*

—_

Figure 3. Crush-Epidemic Amplification validation. Empirical
R ratio tracks the Theorem 5.1 bound tightly. Higher « (Tawaf)
yields lower amplification, confirming Corollary 5.2.

7.3. Theorem Validation

Figure 3 validates Theorem 5.1 empirically. We simulate
500 crush events and plot the empirical R ratio against
crush density. The strong positive correlation (r = 0.81,
p < 0.001) and agreement with the theoretical bound con-
firm the Crush-Epidemic Amplification Theorem. We also
observe that Tawaf (higher x = 0.47) yields lower amplifi-
cation than Mina (k = 0.39), consistent with Corollary 5.2.

7.4. Ablation Study

Table 3 reports ablation results. Crowd-pressure coupling
(Ag) provides the largest gain on crush risk AUC. Ritual
phase gating provides the largest gain on epidemic trajectory
MAE, confirming that phase-specific Cayley structure is the
core inductive bias. Removing both returns performance
close to AfriCayEpiNet, validating each component.

8. Discussion

Implications for Hajj Public Health. Theorem 5.1 has a
direct operational implication: x,, is a computable, pre-event
metric for epidemic resilience under crush conditions. Saudi
health authorities could compute «,, for proposed crowd
management configurations before Hajj begins and prefer
configurations with higher &, in the highest-risk zones. This
reframes crowd safety design as a group-theoretic optimiza-
tion problem.

Non-Abelian Extensions. The Mina tent-cluster social
structure may be better modeled by non-abelian groups
encoding hierarchical delegation structures (national leader,
regional group, family unit). Extending TawaDiff to non-
abelian Cayley structures via the Peter-Weyl decomposition
is a natural direction for future work.

Real Data Pathway. Anonymized mobile phone position-
ing data, already collected by Saudi authorities for crowd
management (Al-Kodmany, 2013), offers a natural empir-
ical extension. A federated learning deployment in which
TawaDiff is trained across distributed Ministry of Hajj data
shards without centralizing individual pilgrim trajectories is
aligned with privacy requirements.

Limitations. HajjRitualBench uses synthetic networks.
Real Hajj contact networks may deviate from Cayley ap-
proximability under emergency conditions. The behavior
of TawaDiff under high e (poor approximability) is an open
theoretical question. The critical density p* is treated as
fixed; a learned adaptive threshold would improve clinical
utility.

9. Conclusion

We introduced TawaDiff, the first GNN architecture for
coupled crowd-epidemic co-diffusion on Cayley-structured
pilgrimage networks, and HajjRitualBench, a synthetic
benchmark calibrated to Hajj spatial and demographic data
covering three ritual phases (Tawaf, Sa’i, Mina). TawaD-
iff’s phase-coupled interferometric message passing jointly
propagates crowd pressure and epidemic signals through
ritual-phase-specific group orbits, capturing crush-amplified
transmission dynamics that existing models miss entirely.
The Crush-Epidemic Amplification Theorem establishes a
group-theoretic bound on transmission amplification under
crush conditions, and the Extended Kazhdan-Containment
Correspondence connects algebraic phase structure to con-
tainment time in the coupled regime. Beyond performance
gains, TawaDiff provides a principled language for design-
ing epidemically safer Hajj crowd configurations, with po-
tential to protect millions of pilgrims annually.
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Impact Statement

This work constructs synthetic pilgrimage contact networks
calibrated to publicly available demographic and spatial data.
No individual-level personal data was collected or used. Ha-
jiRitualBench is designed to support public health prepared-
ness research and does not enable individual surveillance or
tracking. We affirm that this work is motivated by respect
for the safety of Hajj pilgrims and the sanctity of the pil-
grimage. The model’s practical deployment would require
coordination with Saudi health authorities and adherence to
privacy-preserving data protocols.
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A. Proofs
A.1. Proof of Theorem 5.1 (Crush-Epidemic Amplification)
Setup. Let gl C G/, be a crush corridor with density pgr > p*. Let Chase be the mean contact count under normal density.

Step 1 (Contact rate scaling). Under the lattice gas model calibrated to Hajj flow data (Helbing et al., 2000), close-proximity
contacts in a crush corridor scale proportionally with density:

EgH = Cpase ° pgif (6)
Step 2 (Effective reproduction number). Using the standard expression Ry = (¢/7:
RgruSh B CqH _ ng. (7

Rgase Chase P *

Step 3 (Kazhdan bound). The expander mixing lemma on Cay (G, S,) gives: the rate at which infected pilgrims encounter
susceptible ones within g/ is bounded above by the spectral expansion rate. By the Kazhdan property, Agap > /if, /2. The
effective contact rate under crush is modulated by the ratio of actual density to the Cayley-expansion-limited density:

Rcrush S Rbase . ng/p* ] (8)

Step 4 (Combining). Writing pyr/p* = 1+ (pga — p*)/p* and absorbing p* into the Kazhdan normalisation:

R((:)rush < Rlaasc . (1 + Pg§2;2p ) ) 0 (9)
p

A.2. Proof of Theorem 5.3 (Coupled Kazhdan-Containment Correspondence)

The intra-phase mixing bound follows the same spectral mixing argument as in Ibrahim (2026a): tmixp < (2/k2) In(|V]/0).
The inter-phase term Cy (8, ¥)/pinter follows from a coupling on the inter-phase SIR chain. The novel contribution is the
crush amplification factor (1 4 perush/p*) in the epidemic constant, which inflates the effective mixing time proportionally
to the crush density ratio. Combining via a union bound over phases yields the stated bound. [

B. HajjRitualBench Construction Details

Tawaf network. The Masjid al-Haram can accommodate approximately 820,000 worshippers; during Tawaf, the cir-
cumambulation area supports approximately 48,000 simultaneous pilgrims in 7 orbital bands. We model each band as
Cay(Z,,,{+1,—1}) and scale n, to match published orbital density figures. Inter-band edges are added with probability
Pinter = 0.08, calibrated to observed lateral movement rates.

Sa’i corridor. The Sa’i walkway is 394.5m long with a central divider for bidirectional flow. We model it as Cay(Za x
Zs00,{(0,£1), (1,0)}), where the Zy component encodes direction and Zsoo encodes position along the corridor.

Mina encampment. We use published Hajj participation data to set delegation sizes and model each cluster as e-Cayley
approximable (e < 0.1) over a finite abelian group of appropriate order.

Crush injection. Crush events in 20% of simulations are injected at the Jamarat bridge (Mina zone) with p¢rusn ~
Uniform(1.2, 3.0) x p*, consistent with density estimates from the 2015 Mina incident (Al-Bishi & Al-Ghamdi, 2017).



