© N o O AW N =

- o ©

12

21
22
23
24
25
26
27
28

29
30
31
32
33
34
35
36

No-Regret Safety: Balancing Tests and
Misclassification in Logistic Bandits

Anonymous Author(s)
Affiliation
Address

email

Abstract

We study the problem of sequentially testing individuals for a binary disease
outcome whose true risk is governed by an unknown logistic regression model. At
each round, a patient arrives with feature vector x, and the decision maker may
either pay to administer a (noiseless) diagnostic test—revealing the true label—or
skip testing and predict the patient’s disease status based on prior observations.
Our goal is to minimize the total number of costly tests while guaranteeing that the
fraction of misclassifications does not exceed a prespecified error tolerance o, with
high probability. To address this, we develop a novel algorithm that (i) maintains
a confidence ellipsoid for the unknown logistic parameter 6*, (ii) interleaves
label-collection and distribution-estimation to estimate both 6* and the context
distribution, and (iii) computes a conservative, data-driven threshold 7; on the
logistic score |z, 0| over 6 in the confidence set to decide when testing is necessary.
We prove that, with probability at least 1 — §, our procedure never exceeds the

target misclassification rate and incurs only O(ﬁ ) excess tests compared to
the oracle baseline that knows both 8* and the patient feature distribution. This
establishes the first no-regret guarantees for error-constrained logistic testing, with
direct applications to cost-sensitive medical screening. Simulations corroborate our
theoretical guarantees, showing that in practice our procedure efficiently estimates
0* while retaining safety guarantees, and does not require too many excess tests.

1 Introduction

Modern machine learning has recently provided solutions to real-world automated decision-making
systems in various fields such as drug discovery [46, 9], recommendation systems [2} [49], online
ad-allocation [43]], and portfolio selection [37]]. Bandit algorithms [30] and reinforcement learning
[44] play a significant role in building interactive decision-making systems that collect feedback
from users and improve their performance with each interaction. Two primary challenges exist
in the aforementioned applications: the first is the learning challenge, determining which problem
parameters are vital for decision-making; the second is the decision-making challenge, where effective
performance is required concurrently with learning.

Although machine learning systems perform exceptionally well in practice, sometimes even sur-
passing human performance, when applied in human-centric scenarios safety constraints are
paramount [21} [19]. Many mathematical formulations have been proposed to characterize what
safety means in sequential decision making settings. The first one is based on satisfying cost con-
straints and is characterized by the requirement of playing actions that belong to a safe set as specified
by a cost signal [34} 148, |18]]. The second one, also known as conservative bandits, requires the learner
to play actions that achieve a reward level comparable or superior to a fixed baseline [28]. In sequen-
tial decision making problems learning while satisfying a safety criterion typically makes reward
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acquisition more challenging. Thus the main challenge in these scenarios remains to understand how
to optimally manage these tradeoffs.

Inspired by the COVID-19 pandemic, and more broadly medical triage application, we study an
online learning problem with a different type of safety constraint. In our setting, patients sequentially
arrive with an associated feature vector (fever, loss of smell, fatigue, blood oxygen saturation), and a
latent unobserved disease state (whether they have COVID or not). The hospital has limited COVID
tests due to resource constraints, and wants to minimize their usage. However, they want to ensure
that they properly quarantine sick patients. Here, we posit a latent (unknown) logistic model between
the patient’s feature vector and their disease status; as more patients are observed, the hospital can
learn that a low blood oxygen saturation and a high fever correspond to a high likelihood of COVID,
and so the patient does not need to be tested but can immediately be classified as sick. Thus, the
hospital must, as the data is being collected, learn a) the distribution of patients, b) the parameters of
the logistic model, and c) the rule of when to test.

More generally, the objective is to produce accurate guesses of the disease status of an incoming
stream of patients while minimizing the number of tests required. This problem belongs to the
rich tradition of the active learning and selective sampling literature [41} 23} 133} 16} |17, 42]]. These
study settings where context information may be abundant but the labels are hard to come by [[13]].
More formally, in the active learning or online selective sampling literature at the start of every
round the learner observes a context vector X; € R? and has the option to query or not the label
Zy € {0,1}. The goal is to build a statistical learning algorithm that achieves similar performance
(i.e., generalization error) to one that observes all the labels while minimizing the expected number
of queries used.

By focusing on the classification task and changing the objective from minimizing the generalization
error to minimizing the cumulative pseudo regret (with respect to the optimal labeling policy),
various algorithms have been developed in the online selective sampling literature, such as [33}
40]], by considering both stochastic and adversarial contexts. The objective in these works is to
achieve sublinear regret while minimizing the expected number of queries made. However, in
real-world scenarios like the one in [5]], it makes sense to ask that the training error remain under
a safety threshold with high probability while minimizing the number of queries. For example in
the streaming patient scenario we described above, where patients arrive one by one and the medical
provider needs to classify them as sick or not. In this problem due to the sensitive nature of making
misclassification mistakes the objective is to devise a selective testing procedure that can guarantee
the total misclassification error remains below a safety threshold o € [0,1]. Since testing every
patient is expensive, the goal is to minimize the number of tests subject to a misclassification error
bound. These objectives can be formalized as:

Is it possible to design a classifier that minimizes the expected number of tests while maintaining a
misclassification error below a specified safety threshold?

Contributions: In this work, we provide a logistic bandit algorithm to tackle the aforementioned
problem with a regret guarantee of O(y/dT log(T/¢)) For a more detailed analysis about the
constants in Theorem [T| we refer the reader to the appendix. We validate our theoretical results
through comprehensive experiments.

2 Preliminaries

Notation We adopt the following notation throughout the paper. The inner product between two
vectors ,y € R™ will be denoted either as 2"y or as (z,y). We denote the £ norm of a vector

z € R?as ||z|, = /(z,z) and ||z|| , = V2T Az for any positive semi-definite matrix 4 € R"*"

The minimum eigenvalue of a matrix A € R™*" will be denoted as Ay, (A). The set {1,2,...,n}

is denoted as [n]. u(z) = 1+e+p(2) is the logistic function. 1 denotes the indicator function of an

'In Theoremﬂwe show that the regret is upper bounded by @( £/ %) where )\ is the minimum eigenvalue

of the covariance matrix of the optimal policy. In case of the uniform distribution over the unit sphere, this
quantity is equal to !/v/d. It is known that in Linear Bandits the dependency on the dimension is linear, so we do

not miss any \/d factor.
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event. For two functions f, g we say that f(z) < g(z) when there exists a constant ¢ > 0 such that

f(@) < cg(x).
2.1 Problem Definition

We consider the following repeated game scenario between the learner and the environment. At every
round ¢ € [T7, the environment generates a context X; € R? such that || X;||, < 1. These contexts
are identically distributed, and are drawn independently from an unknown distribution with density P.
Every patient-context has an unseen random label Y; € {0, 1} that represents their disease status. We
assume that Y; ~ Ber(u (X, 0*)), independent from all other X,/ and Y;. Here, 6* € R? is some
fixed parameter vector unknown to the learner, such that ||6*||, < 1.

At each round, the learner observes the patient’s context X; and must decide whether or not to test
the patient, denoted by Z; € {0, 1}. Then, the learner must predict whether the patient is healthy or

sick, denoted by fft € {0,1}. If Z; = 1, the patient is tested, and the learner observes the true label

Y}, and so can predict Yt =Y,. The random variable Z, can depend on information obtained prior
to that decision, i.e. H; = {X1,Z1Y1, X, Z2Y5, ..., X;} and possibly on internal randomization

of the learner. Similarly, Y, must be F; = o{X1,21Y1, X0, Z5Ys, -+ , Xy, Z;Y: } measurable. The
goal of the learner is to minimize the expected number of tests applied, while guaranteeing that the
misclassification rate is less than a desired threshold « with high probability. This can be summarized
as the safe learning objective below:

T T
min Y EZ st ]P(;Z]l{f’t;é}/}}ga>21—5. 1)
t=1

ey iz i

2.2 Optimal baseline

First, let us consider the case where the feature distribution P and optimal discriminator 8* are known
a priori to the learner. In this case, we can easily devise a threshold decision rule 7 that is a function
of P, 8* and o. More analytically,

0 if X, 0" < —7,
Z,=1{|X,)0*| <7} Y=Y, if|X]0*| <, 2)
1 if X o>
A threshold policy proves to be optimal when the constraint is only required to be met in expectation,
as encapsulated in the following proposition.

Proposition 1. Consider the following variation of our problem where the constraint holds in
expectation, and both the batch of contexts { X}, and the parameter vector 0* are known. The
optimal policy for this problem is a threshold rule:

T T
1 N
minZEZt st. E (TZH{Y; £ Y;}) <a.
t=1

1873 Rt
The proof of this proposition follows by relating this to the fractional knapsack problem, which we
detail in the appendix.

To analyze the performance of a selected threshold 7, we define the function pe,, as the probability
of misclassification incurred by the the threshold 7, if the true underlying 6* was 6, where the
expectation is taken with respect to P:

Perr(0, P, 7) = /(1 +exp(jz ') 11 {|:17T9| > 'r} P(dx). 3)

The term (14 exp(|z " 6]))~! = min { 1+cxpl(a:Te)’ 1— chpl(mw) } is the optimal misclassification

error for fixed , 0. The term 1 {|z 76| > 7} takes the value of one only if we use a threshold rule
and we predict the label § without observing the real label y of the context x.
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From this, we can naturally define the optimal 7* for a given « as the minimum value of 7 (thus
minimizing the number of rejections) that satisfies the c-fraction misclassification constraint. Observe
that both pe,; and 7* can also be evaluated with respect to observed empirical distributions ]5, not
just the true distribution P. This gives an oracle baseline where any algorithm requires an expected
number of tests p*7T’, where

7(0, P, ) = min{1 : per;(6, P, 7) < t} 4)

p*EP(z: lzT0*| < (6%, P, @)). )

This lets us define the “safe regret” of an algorithm as the number of excess tests it takes over this
oracle baseline. An algorithm could trivially sample at each time step and satisfy the misclassification

criterion; the question is, for a given misclassification rate v, and error probability ¢, can a learner
achieve sublinear safe regret in 7', as defined in Equation (6)?

E

T
Z Zy —p*
t=1

To analyze this quantity, we make a few natural assumptions.

T
s.t. P(;Zﬂ{ﬁ;«é}@}ga)zl—é. (6)
t=1

Assumption 1. The optimal baseline tests a nonzero fraction of the time, i.e. p* > 0.

In previous related works, [33]], [40l], p* is a quantity analogous to 7. that describes the number of
times the Bayes optimal classifier outputs a label with confidence less than a fixed parameter £ > 0.
This serves as a measure to quantify the inherent difficulty of the problem instance.

We additionally make two assumptions regarding the density of the contexts P, which are reasonable
for patient data with continuous valued features.

Assumption 2. We assume that the density P is upper and lower bounded by constants [m, M],
where 0 < m < P(x) < M < oo, for all x such that ||z, < 1.

Assumption 3. There exists a constant Ao > 0:

Amin (Exp:x7oej<r [XX]) = Xo.

Past adaptive sampling works [40} 23], and those tackling learning halfspaces, commonly assume
the Tsybakov noise condition [45} [11]. The Tsybakov noise condition with parameters (cv, A) states
that for any 0 < ¢ < 1/2, where () = P(Y (z) = 1), that P, p[n(z) > 1/2 — t] < AtT-=. This
implies that, around the value of 1/2 where the Bayes Optimal classifier is uncertain, the density of the
contexts decays rapidly at a rate controlled by the parameters («, A). In our setting, this assumption
is not necessary or helpful, as near the uncertainty boundary the learner will simply test the patient.
Another assumption in the literature is that the contexts are uniformly distributed over the surface
of the unit sphere (Theorem 2 in [10]). Our assumption is much less stringent, and encompasses
standard distributions such as smooth densities of the form f(x) = g(||x]|), or a truncated Gaussian.

2.3 Logistic Bandits tools

For our algorithm, we leverage existing methods to provide confidence intervals for 8*. [14] provides
two methods (Appendix B.3): the first produces a confidence ellipsoid, while the second provides a

tighter but non-convex confidence set. The advantage of the non-convex one is the lack of dependence

on the quantity k = SUpP(x,6)e(x,0) m that characterizes the non-linearity of the logistic

function over the decision set (X', ©) and scales exponentially with the size of the decision set. In
our setting, we will choose the first method to keep both the analysis and the algorithm simple.
Moreover, we can compute the value of k = m < 6as (X, 0*) <1 by Cauchy-Schwarz

and boundedness assumptions for || X || , ||6*||. Recently, tighter confidence intervals for the logistic
bandit setting were proven by [31]], but the results of [14] are sufficient for our needs. Before stating
our algorithm, we introduce some necessary notation from [14]. Since in our work we only collect a
paired (X, Y;) sample if we test in a given round, we denote the samples collected by the algorithm
prior to round ¢ as S}, where | S| = N¢.
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We define the regularized log-likelihood as £ (6), the maximum (regularized) likelihood estimator

as 0y, the design matrix as V;, and the objective g;(6). The projection of ; to the parameter space
is defined as 6 in Equation . The confidence ellipsoid for 8* is C; in Equation (8) (implicitly a
function of §), which we use solely for the theoretical analysis of our algorithm.

£0) = 3 [Yalogu(aT0) + (1~ Y,) log(1 — u(=70))] — 2]

seS]
0, = argmax £} (6)
HcR?
V, = Z XX + kA
sesg
s€SH
6L £ argmin ’ g:(0) — gt(ét) —1 @
9O Ve
2 {scefo- o], < 5., v
Nt
B, L9, \[\Jr 10g(1/5) + 2dlog (1 + /\(’d) O]
K

Any choice of the regularizer A = ©(1) yields the same results up to constants, so for simplicity we
choose A = 1 for our analysis. This form of confidence interval was studied by [14], which provides
anytime, high probability guarantees:

Lemma 1. [Lemma 12 of [14)].] For any fixed choice of A, 0, the confidence intervals defined in
Equation B)) are valid:
P(Vt>1,0"€C) >1-46.

3 Algorithm design

With these logistic bandit preliminaries, we are now able to define and analyze our algorithm, SCOUT
(Safe Contextual Online Understanding with Thresholds) in Algorithm|[I] At every time step, SCOUT
tests the patient if the inner product between their context and the estimated 6™ is too close to 0, based
on an estimation of the true threshold 7*. To iteratively refine the estimates of #* and 7*, SCOUT
employs a classical sample-splitting trick to avoid dependencies, utilizing data from odd samples for
estimation of the context distribution P (which is used to estimate 7), and data from even samples
where a test was performed for 8* estimation.

The testing condition Z; = 1{c; < 0} can be computed as follows: we defer the derivation and
details to Appendix [C.1]

cf 2 (X, 0%)] — (0%, P, av), (10)
et & [(Xe, 00)| = 77 (0F  Proa = G = 284 | Xilly 1) = 2Be | Xilly -2 — eq. an

This can be compared to the optimal rule Z} = 1{c; < 0}, where we see that the two matches
except for the use of the estimated quantities 67, B, as opposed to the true unknown quantities, and
the use of some confidence buffers. (; arises from confidence intervals on our estimates, i.e. that we
only have P, and not P, and B, || X, val arises from the fact that we only have the estimate § and
not 0*. e¢ is a quantization parameter that shows up in our analysis, and should be thought of as

some small quantity like 1/7°2.

(12)

Cté\/dlog(B/sQ)leog(”;f).
2t
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Algorithm 1 SCOUT algorithm
1: Input: Number of rounds 7', target error rate «, confidence level §
2: Initialize: Sp = (), Sy = (). Maintain Np = |Sp|, Ng = |Sy|
3: fort=1,2,...,T do

4:  Observe context X,

5. ift < 2then

6: Set Zt =1

7. else

8: Compute 6 using (7) and ¢; as in equation
9: Set Zt = ]l{Ct < 0}

10:  endif

11: if Z; = 1 then

12: ObserveAYt

13: Predict Y; = Y;

14:  else .

15: Predict Y; = 1{(Xy,0F) > 0}
16:  endif

17: if Z; = 1 and t is even then
18: Set Sp = Sp U{(X¢, Y31)}

19:  end if

20: if ¢t is odd then

21: Set Sp =Sp U {X;}
22:  endif

23: end for

4 Regret Analysis

To derive a regret bound, we begin by analyzing the regret at an arbitrary round ¢ > Tj, where T} is a
constant. For more details we refer the reader to Appendix [D]

Lemma 2. For every round t > Ty, conditioned on the good event G, the regret is bounded as:
1+e Bt
E[Z,—ZF|Gy] < 2nM * 1 A2 2—— 2
[2:=2¢1G1] < 2mM arceos(r* (o) < + 2m7rarccos(7*(a))) < ( G+ \/1%> + EQ) ’
where \*(y) < (v + ()

Theorem 1. With probability at least 1 — 6, the algorithm|I|does not exceed error rate o, and has
expected number of excess tests @) (1 / %)

1+e
2mm arccos(7* ()

Note that § can even scale exponentially in 7" and the algorithm will still have sublinear regret. We
need to notice that in linear bandits literature, the dependency in the dimension is O(d). In our

analysis, this extra O(+/d) is hidden inside the \/% term where in the case that the distribution of the

contexts is the uniform over the unit sphere then this term is equal to ﬁ.

For a more detailed discussion about future directions we refer the reader to Appendix[l|

5 Numerical results

We corroborate our theoretical guarantees with numerical simulations, to show that our algorithm
is able to efficiently compute the testing rule, and converge to the optimal error rate. We generate
simulations varying the dimensionality and the target error rate o, showing the rapid convergence
of our method when p* is large. We see that in all instances our algorithm maintains the desired
error rate, and has sublinear regret. Experiments were run on a 2023 Macbook Pro, and took under 5
minutes.

For our simulations we made some slight modifications with respect to the written algorithm. Chiefly,
we do not recompute 1 in every iteration, but rather cache its computation, and that of the 7, so that
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at each iteration we simply compute whether the inner product of the context with our estimated 6 is
above or below a stored threshold.
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Figure 1: Simulation results
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A Baseline policy

A.1 Proof of Proposition|[I]

Proof. When the value of the parameter 6, and the collection of the contexts { X;}7_; are known, we
can equivalently write the problem as follows. Let p; = 1(X,' 6, ), the labels Y; then are following
the Bernoulli distribution with parameters p;, i.e. Y; ~ Ber(p;).

To compute the expected error, that is E(E;) = E(1{Y; # Y;}), we need to examine the case where
we do not test. Otherwise, when we test, we observe the real label and we occur zero error. For
Z = 0 then, the expected error is

1LIfY; =1then B(1L{Y; #Y;} | V; =1) =1 — p,.

2. Elseif Y; = 0 then E(1{Y; # Y;} | V; = 0) = ps.

The optimal policy then is to compute the prediction with the least error. The expected error then is
equal to

E(1{Y; # Y;}) £ min{1 — p;, p}.

We denote P(Z; = 0) = ;. The optimal policy choice is reduced to the following optimization
problem.

T
. 1 .
min 1—mn st T tE_l min{l —pe,petm <a, 0<mn <1. (13)

Or equivalently can be written as.

T

T

1

lirlza?Zm st > min{l—pypy <a, 0<n <1 (14)
=1 t=1

The solution of this Linear Program is the solution of the Fractional Knapsack problem with budget c.
In order to solve optimally this problem, we must apply a greedy strategy that is to sort the coefficients
min{1 — p¢, p+} in an non-increasing order and assign 1 = 1 to the lowest "error" contexts until we
do not violate the budget constraint . This strategy is clearly a threshold strategy that depends on a.

O
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A.2  Discussion of Assumption

Assumption [3|requires that the covariance matrix of contexts selected by the optimal policy is positive
definite. We now demonstrate that under the distributional assumption in Assumption 2] this positive
definiteness condition is indeed satisfied. While this result does not directly imply Assumption 3] it
establishes that even a uniform testing policy would fulfill this eigenvalue requirement.

Proof. We have assumed that all contexts have bounded £ norm, ||x[|, < B. Let B = {x €
Res.t. |Ix|, < 1}.

Lemma3. Let Y = Ey pxx | and 3y, = fB xx ' mdx. For any arbitrary v € R4 it holds that

viYv > VTZ”V.

Proof. We can write v' Xv as follows

VISV =Ex. pv xx'v (15)
= EXNP(XTV)2, (16)
and analogously v ' X,rv as
v SV = / v xx"vmdx a7
B
= /(XTV)ZCZX. (18)
B

By using our assumption that p(x) > m > 0 we derive that for all x € B

(XTV)Zp(X) > (XTV)Q’ITL (19)

that implies by integrating all over the domain that

= / (x"v)?p(x)dx > / (x"v)2mdx (20)
zeB zeB

viZv>vIiy,v (21)

O

The previous lemma applies for any arbitrary vector v, so ¥ = Y4,.. Let (Amin, Vmin) the eigen-pair
of the corresponding minimum eigenvalue of X. Let us apply the previous lemma for v,;,. Then, we
derive that

)\min vaian Z m/(XTVmin)zdx (22)
B

Let V;(r) the volume of the d-dimensional ball with radius 7. The density of the uniform distribution
of a d-dimensional ball with radius r is 1/V;(r) in the interior of the ball and zero outside. My
multiplying and dividing on the right hand side of the previous inequality with V(1) we derive that

1
)\min Vmin ; > mVg(1 / XTVmin 27dx 23
IVaiall3 2 mVa(1) | (< viin)* s ©3)
1
=mV,(1 / X Vinin )2 ——dx (24)
) uxugg( ) Va(1)

11



as6  The quantity fo”g <1 (X" Viin)? yogydx is equal to E[(X, Vinin)*] when x is uniformly distributed

357 over the unit d-dimensional ball. This quantity can equivalently be written as

E[(x, vmin>2] = E[VT

min
T

min

XXTVmin}

=v ]E[XXT]Vmin

ass  The quantity IE[xx ] is the covariance matrix of the uniform over the unit d-dimensional ball. This
359 matrix can be written as al; due to spherical symmetry.

ss0  To see why, consider the E[x;x;] for i # j.

1 r1=1 zo=v/1—23 zag=y/1—x3——a2 |
Elx;x;| = 7/ / / r;xidry---drodxry.  (25)
[ J] Vd(l) z1=—1Jxo=—1/1—2? Ta=—y/1—a3— - —22 _ !
ss1 By a change of variable x; — —x;:

1 =1 $2—\/17w% Tg= 17;317...713(171
Efx;x,] = — —a)zidag - d(—z;) - - - daod
[x:%;] V(1) /wl_l/m_ (e /wd_ . _ (—z;)z;dzg (—x4) rody

l—zf——zj_,
(26)
= 7E[Xixﬂ (27)
362 As aresult we get E[x;x;] = 0 fori # j.
363 To compute the diagonal entries:
2 L2
Ela?] = ~E[x)
d
1 5 1
= — X 7dX
d Jixpz<r Va(1)
1 / / 2 d-1
= — rer®” “drdo(w
dVa(1) Jsa-1 Jo<r<i )
_Sa(l) 1
Va1 d(d+2)’
se4 where Sy(1) is the surface of the unit sphere and do a surface measure.
365 By combining them all we derive
de(l)Sd(l) 2
)\min min ; 2 min 28
minl > G iy IVl (8)
mSa(1)
Amin > —————= > 0. 29
dd+2) @)
366 O

%7 B Stability of error estimates

ses To analyze our algorithm, we first study the concentration properties of p.. Concretely, the learner
sss  does not a priori know P, 6*, and by extension 7*. Thus, we must show that, as we gradually learn
370 these quantities, our estimates of the error probabilities they induce are not too far off.
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B.1 Stability with respect to context sampling P,

Analyzing Equation (3), we note that we do not know the true distribution P, but only have access to
samples from it. For any fixed 6, 7, (3) becomes a sum of i.i.d. [0, 1/2] bounded random variables,
enabling us to use standard concentration bounds.

Lemma 4. Let P, be the empirical distribution of constructed from [t/2] ii.d. samples from P.
Then, for any fixed 0 and T, with probability at least 1 — § over the randomness in P;:

w2t

log( 35 )
4t '

perr(ayptaT) - perr(evpv T)’ S

We would like this bound to hold over all @ € © and 7 € [0, 1]. However, this would preclude using
a union bound over our estimators. Thus, we utilize an e-net for both 7 € [0,1] and 6 € ©.

B.1.1 Quantization

We define quantized versions of 7 and 6, so that we can safely union bound the failure probability

of our estimators over the countable quantized set. We take an e = T2 covering, at every round

t, of the unit interval for 7 as Q, = N([0,1],e¢), denoting the quantized 7 value as 7o € Q..

We additionally take an ¢ covering of the d dimensional unit sphere for 6 as Qg £ N(SY €Q),
denoting the quantized 6 value as g € Qg. Then, |Q,| = 5521 and |Qy| = O (sé(dfl)).
To this end, we define the quantized optimized 7 as:
75(0, P, o) = min{rg € Q: : pex(, P, 70) < a} (30)
(0, P, o) < 75(0, P, a) < 70, P,a) + g (31)

as Pery 1S Monotonic in 7.

B.2 Stability of 7* with respect to ¢

We now show that our estimate pe,, (6, P, 7) is close to per (6, P, 7) when 0 is close to 6*, for any
distribution p and threshold 7.

Lemma 5. Forall 0,0 € ©, 7 > |0 — 0'|||v;||ly.-1, and distribution p(x) on X
Perr(0, ;) = pere(0', 0,7 = 110 = O'll[ v |2l y=1) <116 = 0" [[vi |l

This indicates that as our estimation of # improves, so will our error probability estimates. To this
end, we define the good event Gy, as:

Gpe,r = { Pere (0, Pr, 7Q) — pene (0, P, 1) | < G = Vit € [T],V0q € Qo, V7 € QT}- (32)
The following lemma shows that this good event G happens with overwhelming probability.
Lemma 6. The good event Gy, defined in (32)) holds with high probability:

]P(Gpe'r'r) >1-9 (33)

Conditioning on the good event G, ., 75 (0q, P,, ) is close to 7(6*, P) when 6, is close to 6*.
(00, Proa) < 7 (07, P = G —2q = 2By | Xillyt ) + 2B |Xillyr + 22, (34)
750, Prya) > 7(0*, P,a + G + 2B, 1ely,-1)- (35)

Thus, we can construct an estimator 7 as below, which satisfies forall ¢ > 1 :

#(0q, Pror) = 1500, Proa) + G
#0g, Py a) < 7 (9*, Poa—( — 2B, thnvfl) + 2B, | Xilly-1 + G+ 20, (36)
(0, Pry0) > 74(0%, Pya+ G+ 281 | Xl 1) + Gio (37)
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B.3 Smoothness of 7* with respect to o

As we have seen, we must be able to control 7 not just for one «, but for similar o. We show that for
small v, 7%(6*, P, « — ) is not too much larger than 7 (6*, P, ). Note that pe, is not continuous
with respect to o when evaluated at P, due to the indicator function. However, utilizing Assumptlonl
the distribution of contexts is upper and lower bounded by constants, and so p.;; which integrates the
distribution will change at an upper and lower bounded rate.

Lemma 7 (Stability of 7* with respect to ). Under Assumptions|[Ijand

(0, Py — ) < 740, Par) + A (7) + €0, (38)
forall 0 and o > v, where X*() = Fro eIl < o _dbe

With these stability arguments in hand, we can now analyze the performance of SCOUT.

C From Stability Analysis to Algorithmic Rules

C.1 Computing Z,

We design our testing rule based on two main principles. First, our testing rule must be "pessimistic",
in that when the baseline police tests, our policy does the same, even for the worst possible 6*.
Second, our testing rule must be computationally efficient. Recall that the oracle policy is

Z; = H{[(X4,07)| < 7(0%, P, ) }. (39)

Our testing rule Z; must adapt to the data collected, that is C; and P. On the good event G when our
estimates are accurate —an event that occurs with high probability— we want to design a policy such

that Z, > Z[. To prove so, we will define a dummy testing rule Z, which considers the worst possible
0 in the confidence set C;, up to the stability analysis terms. We can then show that Z, > Z;, > Z[.
Lemma 8. Let

Zt = QEICI’LI’WHQS ]l{|<X 9>| — 7(9 Pt,a — Ct — QBt ||Xt||V ) + Ct — EQ S 0}

Then, when G holds, Z} =1 = Zt =1, 1ie Zt > Zf a.s.

Another property of our testing rule is that it makes no additional errors beyond the baseline policy,
on the good event. Concretely, our algorithm makes predictions identical to those of the oracle policy
when it does not test.

Lemma 9. Let Y; the prediction of our policy and Y;* the one of the oracle baseline policy. On the
good event G, when Z; = 0 (which implies that Z} = 0) then Y; = Y*.

Now we have achieved the first desiderata of our testing rule (pessimism), but are left with a
computationally intensive procedure. Naively, computing Zy is expensive, as even when we relax
the optimization domain C; N Q; to only the convex confidence set C; we still need to compute the
minimization: .

52”}|<X 0) — 7(0, Prya — (¢ — 2B; ||Xt||‘/;1)+§t—|—5Q. (40)

We simplify this in two steps. First, observe that the threshold 7 (8, Pt, «) is not concave in 6, and so
maximizing it is highly nontrivial. However, we do not need to precisely compute it: we can simply

upper bound 7 (6, B, «) for all 6, to yield a more conservative testing condition (testing more often),
retaining correctness guarantees and enabling a computationally efficient implementation at the cost
of some excess testing. Thus, for all § € C; N Qy, 0’ € C;, we have:

#(0, P, — G — 2By 1 Xelly—1)
= 715(0, Pio— ¢ — 2B, HXt”v 1)+ G
<70, Py — G = 2B || Xilly 1 — 20) + 20 + G
<70 Prya =G —eq — 4By [ Xilly-1) + 2B | Xelly, 1 + G + 2 41
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Now, the evaluation of 7* is constant with respect to 6 (only depending on ¢, e.g. the MLE). Then,
the minimization is of |(X, §)| (a convex function) over a convex set C;. However, we can simplify
this even further, by noting that

i - N < —0)| < -
min [(X, 0)] — [(X, ]| < max (X, 6" — 0)] < 2B, [| Xily,- 42)
Since HXtHv;l is decaying in ¢, as given by [31} 1], this allows us to simply utilize [{X, 6’)| as our
statistic to threshold instead of the minimization problem described at Equation (40).

To summarize, we have relaxed the testing condition, allowing for efficient computation at the expense
of some additional tests. However, as we show in our regret analysis, this is very few additional tests,
as we learn 6*, P, and 7* sufficiently fast. As we lower bounded the Equation ({0}, under the good
event G it holds that Z; = 1{¢; < 0} > Z; and since Z; > Z}, we see that Z; > Z}.

D The good event

A common technique in Multi-Armed Bandit works is to define a "good event" under which all
concentration arguments hold and to condition on this event for the remainder of the analysis. To
implement this approach, we first define a collection of high-probability events under which our
algorithm performs as anticipated.

Our first goal is to prove that the confidence intervals C; are valid, i.e., 0* € C; for all ¢ and prove that
we have collected enough samples to form them. Although we cannot determine the exact distribution
of context, label pair samples to estimate 6*, we can demonstrate that our policy is pessimistic and
triggers testing whenever the optimal policy would do so. We remind that by the assumption [I] the
probability that the optimal policy conducts testing at any given round is p,. Recall that N} = [S§|
denotes the number of samples (X, Ys) collected to estimate 6* up to round ¢, and Nj = |S%| for
the contexts respectively. The good event comprises the following constituent events.

Definition 1. Af round t the good event G holds that

1. Ggl): The confidence sets C, are valid, i.e. 0* € C, for all t.

2. ng): The estimates (0, P, &) are valid, i.e. |7*(0,P,a) — (0, P, a)| < ( for all
9cO,reQ,t>1

3. G§3): the confidence sets C; gets enough samples, that is N} > p*t — 1/ M.

4. G§4): The minimum eigenvalue of the empirical covariance matrix formed by our testing
policy grows linearly in t. Let \! 2 \nin (ZSESp(t) XSXI) Then, forall t > 1:

min

3 t 10 2t2
t, > — — — —_ -
Auin = £tho \/2 (dlog()\o +1) +10g< 5 ))

Let G = ﬂleGEi). The good event G is the intersection of G, i.e. G = GMNGA NGB NGW,

The first event, ]P(G(l)) > 1 -9, follows from Lemma i.e. the concentration inequality proven by
[14]. P(G®)) > 1 — §, is proved by Lemma@ To prove that G®) holds with high probability, we
utilize the fact that when the optimal policy tests, then when G*) and G hold our policy does the
same, as proved in Lemma Observe that on Gf’), we have that IV, g > p*t/2forall t > T for some
constant Tj (only a function of 9). For the last event, IP(G(4)) > 1 — § we use a covering argument
to bound the minimum eigenvalue of the covariance matrix. For sufficiently large constant 7} (only a
function of §) we have that for all T > Ty, that A’ . > tA\nin/4. We see that G occurs with high
probability in the following Lemma.

Lemma 10.
P(G) =P(GYNGD NGB nGW) >1 - 56
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E Safety Analysis

Before moving to the regret guarantees of our algorithm we must first show it satisfies the safety
constraints. Our primary tools to prove so are Lemma|[8|and Lemma[9} In the first lemma, we proved
that when the baseline policy tests our policy tests too. In the second one, we proved that when the
baseline policy predicts, our policy outputs the same prediction.

More formally, we define the Bernoulli random variable {; = 1{Y; # Y;}, that denotes whether
the algorithm made a mistake at round ¢, and & = 1{Y;* # Y;} respectively for the baseline
policy. When the algorithm tests (i.e. Z; = 1) then we observe the label and it holds that £&; = 0.
Conditioning on the good event, &; < & a.s. This implies a total error probabiltiy bound.

Lemma 11. On the good event G, the total error probability of the algorithm is upper bounded by o
with probability at least 1 — §.

F Stability analysis of p...(0, p, 7)

F.1 Stability of 7* with respect to B,

We remind the reader that for a fixed value of 6, P, represents the empirical distribution of contexts
selected from Sp to estimate the unknown distribution P, specifically its projection onto the vector 6.

F.1.1 Proof of Lemmald]

Proof. First, we collect a context as a sample at every odd round, so at round ¢ it holds that
T —
Spl = [t/2].

Pere(0, Pr,7) — pere(0, P, 7) = /(1 +exp(lz ") 0|2 70| > 7} Py(dx) — pe(6, P, T)

1 [t/2]

— W 2 ((1 +exp(|$?9|))_1]l {|:E;r9| > T} —pm(Q,P,T))

(43)

As, 0 < (1+exp(z))~! < i The summands are i.i.d. [0,1/2] random variables, so we can apply
Hoeffding’s inequality.

1 A T T 1Og(l)
-1 & '
T tz::l (U exp(la 0N T {|#] 0] > 7} = peu(0, P7)) | > || — 2= | 0.
By taking the union bound over all rounds ¢ > 1 and setting ' £ ﬂ2§2 we derive:
1 [t/2] lo (772t2)
— 1 JoTt{|z) 0 — Pene (0, P. < 302 Vit > 1
a7 2 (@ esp(aT o)L {170 > 7} = pen(0,P))| < | ZEE w2
Here, we apply the well-known result for the Basel series: >, %2 = %2.

16
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490 F.2 Stability of 7 with respect to 0

491 F.2.1 Proof of Lemmalf3
Proof.

Perr (0, p, 7) = /(1 +exp(jz'0))) 'L {|z" 0] > 7} p(dx)
= /(1 +exp(jz’0 +2T(0—0)) 'L {|zT0 +2T(0—0)| > 7} p(dx)

< /(1 +exp(|z 0] = [aT (0 = 0))) L {aT 0| > 7 — [T (0~ )]} pdx)

< / ((1 +exp(|lzT0)) "t + |z (0 — 0’)|) 1 {|xT9’\ >7—|z"(0 - 9')|} p(dz)

= peu(0', 9,7 — T (0 — 0')]) + / @70 =)L {[a"¢'| > 7~ | (0 — 0)]} plda)
< pere(0'p, 7 = |27 (0 = O)) + 110 = O l[v; |y Py (|70 > 7 — [T (0~ 0)])
< Pere(0, p, 7 = 110 = O'l[v, 2]l y;=2) + 110 = O v; |l

492 O

493 F.2.2 Proof of lemmal6

494 Proof. To extend Lemma]to hold universally for all 0 € Qp and 7 € Q,, we define two £g-nets
495 and union bound over them. We need to notice here that there is no need to study the stability of pe,.,.
496 with respect to 6, 7 now and complete the covering argument argument after taking a union bound.

497 By Lemmalfd]we know that for any fixed 0, 7
log("55")
4t

a8 Let Qg =N (Sd_l, €g) an gg-cover of the unit sphere S~1. By Corollary 4.2.13 at [47] we have
499 that the covering numbers of S~ satisfy for any e > 0;

d d
(1) <|Qe|<<2+l) .
€Q €Q

so0  Forany eg < 1itis true that Qp < (%)d. By taking the union bound over all 6 € Qy we have

P{ V1) >1-6.

perr(97 pth) _perr(ev P, T)‘ <

+ log( ”;gQ )
4t

P{

) dlog(Z2)
perr(aQ,Pt,T) 7perr(0Q7P> T)’ S \/ <

Vt>1,0g € Qo) >1—4.

501 Now, it remains to union bound over 7¢. As 7 lives in [0, 1], an e-net of the unit segment in the real
sz lineis {e,2¢, ..., [ 1]e}. It holds that |Q,| < L. By taking the union bound over all 7 € Q, we
503 have

242
+log(%) + log( 3:; )
4t

Py

. dlog()
perr(eQaPtﬂ—Q) _perr(eQaP77—Q)‘ S E 7VIf Z 170Q S Q@aTQ € QT} Z 1_6

s04 We can choose the values of ¢, € to be arbitrarily small. In fact, any value of order o(1/T") works,
s05 although choosing e = % requires the knowledge of the horizon T' so we choose e = t% At the
so6 analysis of Theorem|[I] we will see why this choice works.

. leg(%H”lOg(%)#’log( 7\-2t2)
507 As stated in the Lemmane use (; = \/ Q Q 3 7

4t
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522

523

Conditioning on the good event (&, we have that

Té(@Q,Pt,a) = min{r € Q- :pen(QQ,pt,TQ) < a}

(a)
< min{r € Q: : per(0g, P, 7) < ¢ — (i}

(b)
<min{r € Q; : pern(8, P, 7 —eg) < —( — e}

(c)
< min {7 € O : pnl0%, P,7) < 00 = G = £ = 10 = 0" i I Xelly 1 |+ 16 = 0, [ Xilly 1 + g
< min {7 € [0,1]: per(6", P,7) S @ =G =g = 10— 0" llv, 1 Xullyr | + 10 = 67 vs Kol -1 + 26

— T* (9*,P,a — Ct — EQ — ||€ — e*Hvt ||Xt||vt—1) —+ ||9 — H*HVt ||XtHVt—1 + 25@
(44)
Where inequality (a) follows from conditioning on the good event G and using the inequality.
For (b) we used that for every g € Qp there exists a § € © such that ||§g — 6|, < g, the
stability in 6 lemma (instead of Holder inequality we used Cauchy-Schwartz) peTT%HQ, P,r) <
Perr(0, P, 7 — (|0 — Oll5 [| X1,) + 10@ = Olly | Xl < perr (6, P, 7 —[10q — 0ll5) + [0 — 0|, <
Perr(0, P, T — €q) + €¢. Finally, (c) follows from the Lemma

Moreover, with a similar method we can derive a lower bound for 77 (0g, B, Q).

Té(HQ,I:’t,a) =min{7 € Q; : perr(0, P, 7) < 0}

(@)
> min{7 € Q; : per(0g, P, 7) < o+ (;}

(b)
> min{T €9, :perr(eaPaT + EQ) <a+ Ct}

> 7150, Pa+ () +eq
Z T*(gvpva + Ct)v

where (a) follows by the good event G, and (b) by the covering argument and Lemma Now, we
will lower bound 7*(0, P, &) in terms of 7*(6*, P, ).

7(0, P,a) = min{7 € [0,1] : perr (0, P, 7) < o} (45)
(a) : * * *
% mingr € 0,11 pere (0, P7 — 0 = 0%y, 1 Xully—1) — 0 = 0%y, [ Xelly 1 < o}
(46)
o
> min{7 € [0,1] : perr (6%, P,7) — 2B; ||XtHV;1 <a} 47)
=770, P,a + 2B; HXtHVfl)v (48)

where (a) follows from Lemma 5] and (b) from monotonicity of p.,, with respect to 7 and the fact
that 6, 0* € C;.

Putting all together we have that for all § € C;:
#(6, P, 0) > 70", Pa+ G + 2B | Xilly 1) + G-

O
F.3 Stability of 7* with respect to o
We begin by defining a lemma bounding the probability in the annulus:
Lemma 12 (Probability in annulus). Under Assumption 2| for all T € [0, 1] we have that
m - 2w arccos(T + M)A < P (7' <|XTO*| <71+ )\) < M - 27 arccos(T)A (49)
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524 Proof. Since the contexts are in R? and the density is bounded between m and M, we simply need
525 to upper and lower bound

Vol (7 < |XT0*| <7+ X)) =Vol (|XT6*| >7) — Vol (| XT60*| > 7+ 1) (50)
526 where ||6*|| = 1, and X lives on the unit sphere.

527 Geometrically, we see that this is simply the difference between two sphere caps: one with radius
ses  arccos(7) and one with arccos(7 + A).

529 The annulus we are trying to study has inner radius arccos(7) and outer radius arccos(r + \). Using
530 the fact that the density is bounded between m and M, we have that we can also bound the surface area
531 of the annulus by the rectangular strip with height A and width 27 arccos(7), or 27 arccos(T + A).

532 Thus, we have that
m - 2 arccos(T + M)A < P (7 < IXTo*| <7+ A) < M - 27 arccos(T)A (51
533 O

s34+ Proof of Lemmal[7l

Proof.
perrw*a P7 T) - perr(e*, P7 T + )‘)

_ /(1 +exp(jzT0*) 1L {r < [z76*| < 7 + A} P(dz)
€ [(1 4+ exp(T + )\))*17 (1+ exp(T))*l] -P (T < |XT9*\ <7+ )\) (52)

535 Relating this back to pe yields
2mm arccos(T + MA(1 + exp(T + N)) 7! < per (0%, P, T) — perc(6%, P, + \)
< 2Mm arccos(T)A(1 + exp(7))~*

536 This means that for all Q,P, and «, on the good event G, we have that

(0, P,a — ) = min{r € N([0,1],20) : per(0, P,7) < ¢ — 7}
< min{r € N([0,1],2Q) : Per(6, P, 7 — \) < o — v + 2m arccos(T)A(1 + exp(7)) "'}
= min{r € N([0,1],0) : per(0, P,7 — \*) < a}

<70, P,a)+ N +eq.

537 where \* is chosen such that 2mm arccos(7)(1 + exp(7)) I \* = 7, i.e.

o= 20

538 ]

(53)

s39. G Other proofs

540 G.1 Proof of Lemma (8

541 Proof. Using Equation , we know that when G holds then for all 8 € C; N Qg and o € [0, 1]:
#(0q, Py ar) > 7(0%, Py + G + 2B | Xilly 1) + G-

se2 By selecting ay £ o — (; — 2B, HXt”V;l we have that for all 8 € C; N Qp:

(0, Prya — G = 2B, | Xelly—1) = G = 76, Pya).
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543 Now, we can lower bound Z; as

Zt = OEICI;[ir?QQ 1{|<X7 9>| - 72(07[:)1&704 - Ct — QBt ||XtHVt—1) —|—Ct —£€Q S 0}

> L{{X, 07) = 7(0", Py = G = 2By | Xelly,-1) + G < 0}
> 1{|(X,6%)| — 7* (0%, P,a) < 0}
= 7"

544 ]

545 G.2  Proof of Lemmal[J]
546 Proof. When Z; = 0 it holds that for all 8 € C; N Qy:

(X6, 0)] = 70, Prya = G = 2By | Xely 1) + G > eq
s47  Using Equation (37), we know that when G holds then for all € C, N Qy:

71(0,.?%,(1 - Ct - 2Bt HXt”Vt_l) - Ct > T*(a*,P, CV)
= [(X,0)| > 770", P,a) + £g.

s4¢ For any 0 € C;, N Qg there exists a 8’ € C; such that ||§’ — || < eg. We can bound then [(X;,0)| <
si9 (X, 0)] + eq.

ss0  Then, it is true that for any 0 € C;

*(0*7P7 Oé),

(X, 0)| = 7
| > 7%(6", P,a) > 0.

(X, 67)

s51 The prediction of our policy is Y; = 1{(X;,0F) > 0} and Y;* = 1{(X,,6*) > 0}. In order to
ss2 Yy # Y itmusthold (X, 0F)(X,0*) < 0. By the Intermediate Value Theorem, or more specifically

553 Bolzano theorem, there exists a &’ € C; such that (X, §’) = 0. This is a contradiction as for all § € C;
ss4 we have that [(Xy,0)| > 7(0*, P,«) > 0.

555 ]
ss6  G.3 Proof of lemma 13

Proof. As the contexts arrive in an i.i.d. fashion, then Ng pT ™~ Binom(py,t). By a Chernoff-
Hoeffding bound, for s > 0

252
IP(|N(t)PT —p*t\ > 8) < 2€Xp(—7)_

By choosing s £ 4/ w we derive

In(7t2/36)t 61
P(Nbpr — pat] > 80

2

Now, by using the union bound for all ¢ > 1,

In(7t2/36)t 6 = 1
>1:|NYpr —pet] >4/ — L2 ) <5=) = =4,
IP(Vt_l INS pr — pat] > 5 )_5”?_1 5 =10

557 O
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G.4 Proof of lemma
Proof. We analyze the four possible outcomes of the binary random variables (Z;, Z;), under the
good event G.

Case 1: (Z},Z;) = (1,1). In this case, both our policy and the oracle baseline observe the true label
and & = £ = 0, i.e. neither method makes an error.

Case 2: (Z},Z;) = (1,0). Under the good event G, by Lemmal|g]this cannot occur.

Case 3: (Z},Z;) = (0,1). When, Z} = 0 and Z; = 1, our policy tests and observes the true label
while the optimal baseline predicts Y;*, in which case 0 = &; < £f a.s.

Case 4: (Z;,Z;) = (0,0). When, Z} = 0 and Z; = 0, from Lemma@it holds that Y; = Y* a.s.,
and so & = & a.s.

Combining these 4 cases together, we have shown that {; < & a.s. Utilizing this, we have that for
any v >0

T T
P(;Z&szcwv) §P<;Z£t2a+7 G) +P(G)

t=1 1t;1
gIP(TZ§;za+7 G) +P(G)

t=1

To bound P (% ST & >aty ‘ G) we will use P(X|G) = P(X N G)/P(G). P(X N G) <
P(X),and P(G) > 1/2. Thus, P (3 S0, & > a+7| G) < 2P ($ £1, & = a+7). Now,
&; are binary i.i.d. random variables with E(¢;) < . Let e = E { ZtT:l ff} , it is true that
1 & 1 &
P (TZ& > a+7> <P (TZ(Q E¢)) > )
t=1 t=1
< exp(—2T77).

By choosing v = 4/ %, we get that
T
1 log(4/s
< E - E§) > 2(T/)>§6/2'

t=1

Here, taking o = o — log( Y/s) yields the desired result, where we use Lemma |16 to get that
P(G) < 4/2.
O

G.5 Proof of Lemmal[13]

Proof of Lemmal[I3] Let the random variable Z = v A,v—E[v Ayv | Fy_1], such thatv € S,
Notice that Z;” is a martingale difference sequence as;

1.
E[|Z] < E[jo" Aww] + E|E[v" A | Fi_1]]
<E[v' Aw] +EE[v" Aw | Fi_q]
<l+1=2<o0.
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580

581

583
584

585

586

588

589

E(Z} | Fioa) =Ep " Aw | Foot]) —Ep T Aw | Fiq] =

By the Azuma-Hoeffding Inequality [7]], as Z}’ € [0,1] a.s., for a fixed ¢ € [T'] we have, ¢ > 0;

P {Z(UTASU —EpT A | Foq]) < —c} < exp (—2:2) )

s=0

Setting the error probability to d;,

¢ log()t
P Z(UTAS’U —EpT A | Feoi]) < — g(;") < 8.
s=0
Thus, substituting d; = 2 and using the union bound we get,
: T T IOg(th) -
PSS (0 Aw B Aw | Foa]) < - —5> - VteNp < > o6 <.
s=0 t=1

Let V(8971 ¢) an e-cover of S?~!. By Corollary 4.2.13 at [47] we have that the covering numbers
of §4-1 satlsfy for any € > 0;

(i)d <N(S8T1e) < (z + 1>d.

By taking the union bound over all v; € V(8?71 &) we have

t 2¢2
dlog(2 1) + log(=-)]t
P A0 e NS0 s S (0] Avs — Bl Ao | Fooa]) < \/[ opfer D2 080N wen <o
s=0
(54)
Let vf 2 argmin,cga—1v' Y 5 o Agv, then there exists an v;, € N(S? ! ¢) such that

v, — vF|l, < & We are going to bound |vF " 3°0_, Avf — vl S, Asvi,| by a function of

|U:TZAU: ZAU“|_|U:TZAUt_Ut ZAUHJ'_U:TZAUH UthAUu
|UtTZA —v;,) ;= v;,) ZA v, |

t

= [(vf —vi)T Y As(vi, +07)]
s=0
t

Z As (Uit + U;)

s=0

< i = wil,

2

t
<ed 114l Uvilly + 107 )

s=0
= 2te. (55)

Using inequality [54] we have

t t 2t2
dlog(2 1) + log(<-)]t
z :U;:As'Uit > § E[U;:AS'UH | }—571] - \/[ Og( /8 - 2) i Og( 2 )] VieN; >1-9§
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seo  where i is a point in the cover N'(S?71, ¢) such that ||Jv;, — v} ||, < e. Equationcan be used to
se1  relate ZS o Vs, Asvi, and X

min?

t t 2t2

dlog(2/e + 1) + log(22)]t
> up T Agof +2te > > Blv, Agvy, | Faoi] - \/[ og(2/e 2) 8T, o N S5
s=0 ~ s=0

min

592 Using the fact that E[U;AS’U“ | Fs—1] > Amin(E[As | Fs—1]) we conclude that,

P,

min

dlog(2 1) + log(22)]¢
+2t5>ZAmm E[A, | Fai]) - \/[ og(/e+2)+og(5)] vienbs1_s
s=0

se3  Finally, the assumption that P (Anin (E[A¢|Fi—1]) > Amin VE € N) > 1 — ¢ and a union bound
s94 allows us to conclude that,

()‘min - 26) — \/[leg(Z/E + 1) + log(%)]t VteN

]P AfI]lIl
2
dlog(2/e + 1) + log(22))¢
2P+ 222 3 Auan(BLAL | Fo]) - \/[ B DT LEEN e N 0P i (BLAIF ) > A
s=0

>1-4.
s95 This finalizes the result
596 O

597 G.6 Proof of Lemmalf2

s98 Proof of Lemma For t < Tj we can bound each term of the regret by one, E[Z; — Z] < 1. For
seo ¢t > T this requires analyzing E[Z; — Z]. For this, we need to essentially lower bound ¢} as a
s00 function of X;. We see that

¢ = gém (X, 0)| —7(0, P, oo — ¢ — 2B, 1Xelly, 1) + G

> |<Xt,9*>|—7'(9* Pt,Oé—Ct—QBt ||Xt||V +<t
> [( X4, 07)] = 77(0", Pya — 2G = 2B, [| Xil,-1) — e (56)

601 In the first line we used the definition of Z; as in Lemmal(§] and in the last line we used Equation (36).
602 We note that in our algorithm we use a relaxation of this minimization problem for computational
603 feasibility, however in our bounds we use its exact definition as it is mathematically equivalent.

ER, = E[Z, — Z|G]
=P ({cf <0} N {[{(Xs,0%)] = 77(6", P)} |G)
< P(7*(0%, P.a) < (X0, 07) 707, oo = 2G = 2B, | Xilly, ) + 20|G)
b * * * Bt
gIP(T (0%, P,a) < (X, 6%)| < (6", P,a — 2@72W)+5Q|G)
éIP(T (0", P a) < (X4, 0% < 70", Py — 2¢; — 2 B )+5Q|G>
- ) \/t/\min
d By
g]P( (0% PLa) < (X0, 6)] < 78" o) + X (26 + 2 )+2eQ)|G>

1+4+e B,
(2 2
2mm arccos(7*(a))> ( (26 + VtAmin

< oM arccos(7*(a)) (1 + ) + 28@) (57)
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a) follows by the upper bounding of the thresholding condition. b) follows by using that || X; ”Vfl <
\/7 1 Xl < \/% and the monotonicity of 7*. c) follows by the sub-event G¥) of the good

event and the bound of lemma d) follows using Lemmal w1th v =2(+ 2 \/L e) follows
from Lemma[12]

O
G.7 Proof of Theorem[Il
Proof of Theorem[I} Let A(m,M,«a) £ 27 M arccos(7*(a)) (1 + WM) By using
the lemma[2} and by conditioning on the good event we have that with probability at least 1 — 4:
T
Regret(T) < Ty + Z ER;
t:TO
T B T
=To+ A(m, M, a) Z A (26 + 2——=2—) + 24(m, M, @) Z €Q
= min =T,
T B, T
<To+ A(m, M, «) (2¢: + 2 )+ 2A(m, M,a) » ¢
R G 2%
To control Et 1 €0 we can either choose £¢ to be small, e.g. £ = 5. However, that requlres the

knowledge of the horizon 7. In order to surpass this obstacle, we can choose {sQ}t:1 ={1/t2}%°,.
In that case, 3.1, e < S22, 1/t = 72 /6 = o(T).

For ZtT=1 A*(2¢ + 2%) we have that:

By 2(1+e) 2(1+e) B;
A*(2 2 =
Z Gt tAmin )= 2mm arccos(T Z Gt 2mm arccos(T Z VtAmin

t=1 t=1
T
< Z Gt + Z 1Vt
t=1

mll’l t=1

We remind that (; = \/2dlog(3T)+212i(T)Hog( ) + 2. As aresult Zt 16 = (\/dT)

On the other side, as B; = 2k (\f/\ + \/log (1/s) + 2dlog (1 + m)) = O(kVd) then
ALy W= O(kVdT), as Yi_, 1V = O(VT).
By putting all together we have that Ry = (7)(,% /\dT ). O

H Good event proof.

In Lemma 8 we proved that , with high probability, our policy tests whenever the optimal one does,
thatis N, > N pp when G, G(?) hold. We must collect enough samples so as the confidence set
provide tight estimates about the value of 8*. Let define the following auxiliary good events.

¢« & ={Vt>1: N> N,pr}.
o & ={Vt>1:Npy > N(t,0)}.

It is true that G®) = {Vt > 1: N} > N(t,d)}, where N(t,0) = pit — 4/ w DENE
when G, G2 hold.
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In lemma Lemmawe proved that P(&; | G, G()) > 1 — § due to pessimism. Now, it remains to
prove the same for the event £2. As the number of samples of the optimal policy follows the binomial
distribution with parameter p* we can use standard concentration inequalities to derive such a bound.

Lemma 13. P(& |G, G?) > 1 .
This implies that, for some T, we have that for all ¢ > T
Nbpp > p't/2. (58)

Lemma 14.
P(G® | ¢W,a?) >1 - 2.

Proof. By taking the union bound
P& NE |GV, GP) >1—26.

By using G®) D & N & when G, G?) hold we conclude the proof. O

To show that P(G™)) > 1 — § we will use a covering argument to derive a lower bound for the
minimum covariance matrix.

Lemma 15. Let § € (0,1). Consider a random d x d dimensional matrix valued process { A+ }32,,
adapted to a filtration F; = o(Ay, | k < t), where each A; € R¥? is symmetric (A; = A]l),
positive semi-definite, satisfies || A¢|lop < 1 almost surely and such that there is a constant Ay > 0
satisfying

P (/\min(E[AtU:t—lD > /\0 Vt € N) >1- 4.

Let \!

min

t 3 2 2t2
P )‘minzt()‘o_zg)_ 5 leg g"—l +10g T vte N 21—5

We will apply this lemma for A; = X;X,". It s true that HXtXtTHOp < [ X¢]|, = 1. We will make

again the same observation, by choosing the covering parameter as € = %, then that for some 7§, we
have that for all T > T}

£ Ain (ZZ:O AS). Then, for € > 0, the following holds:

ALy > tAmin /4. (59)

Lemma 16.
P(G)=P(GY NG Nna® ne®) >1 -5
Proof. By using the product rule we have that

PGV NG?D na®) =PG® | W na@)pGM nG®)

AsP(GMW) > 1 — § from Lemma|[l]and P(G(®) > 1 — § from Lemmal6} by using the union bound
we have P(G(1) N G(®)) > 1 — 24. By using also Lemma|[14 we have

PG | Y NnE@)P(GEY NnG?) > (1 —26)2
1

2
>1—44.

AsP(G™W) > 1 — § by Lemmal15] by taking the union bound again we have that

PGV NG NnG® na®) >1-56.
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I Discussion

In this work we introduced SCOUT, the first algorithm that provably balances no-regret learning
with a high-probability safety guarantee on the empirical misclassification rate in logistic bandits.
Our analysis shows that a simple, efficiently-computable testing rule suffices to achieve the order

optimal 5(\/ T/ )\0) excess-test rate. The empirical results confirm that these bounds translate to
practice on moderately large horizons.

In medical triage — our motivating use-case — SCOUT can be viewed as a “test-or-treat” policy that
automatically calibrates how aggressively to screen as new evidence accrues. Because the policy is
pessimistic by design, it never tests less than an oracle baseline that knows both the patient distribution
and the ground-truth regression coefficients. This property is attractive in any high-stakes domain
where misclassifications are costly (e.g. credit risk, fraud detection, or industrial quality control).

There are several straightforward theoretical extensions. First is anytime guarantees: replacing
the fixed-horizon union bounds with stitched confidence sequences yields an anytime variant with
identical regret up to log factors. Second is unequal Type-I / Type-II control. The threshold-selection
step can be split to cap false positives and false negatives separately by using two one-sided versions
of (3). Finally, here we utilized simple confidence bounds for our logistic bandits. Plugging the
recent radius-free concentration results of [31] into Lemma [I]removes the & factor in B;.

There are several exciting directions of future work that are motivated by this work. First, we have the
setting where the optimal baseline does not need to test, i.e. p* = 0. If the optimal policy never tests,
can one detect fast enough that screening is unnecessary while still retaining the high-probability
safety constraint? The second. is adversarial contexts, or any nonstationary context distribution. Can
the ideas behind SCOUT be combined with online calibration tools to handle non-stationary or even
adversarial X;? Another consideration is to follow the line of work of conservative bandits [28]]
and, given a fixed baseline policy as input to our problem that satisfies the constraints, to compute a
feasible policy for the problem that is competitive with the baseline policy.
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