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Abstract. We consider a Gaussian process (GP) bandit optimiza-
tion problem when the objective function lives in a reproducing
kernel Hilbert space (RKHS), assuming that the payoffs follow a
heavy-tailed distribution with a bounded (1 + ¢)-th moment for some
e € (0,1]. Existing algorithms for this setting face practical chal-
lenges due to their significant computational demands and inconsis-
tent theoretical guarantee to translation of noise distribution. To ad-
dress these issues, we introduce two robust algorithms. The first algo-
rithm utilizes a truncation estimator, achieving the same regret bound
as that of the existing algorithm up to logarithmic terms with reduced
time complexity. The second algorithm employs a median-of-means
estimator and achieves more stable regret bound to alteration of noise
distribution with lower time and space complexities compared to ex-
isting methods. Finally, we empirically validate the performance of
our proposed algorithms against previous methods in both synthetic
and real-world datasets.

1 Introduction

Black-box optimization is the problem of finding an optimum of
an unknown target function with expensive and noisy evaluations,
which generally arises in numerous real-world applications, such as
experimental design [32], hyper-parameter optimization [31], mate-
rial discovery [12]], and robotics [20]. Gaussian process (GP) bandit
optimization, which is one of the most popular method to solve this
problem, leverages a surrogate model in a reproducing kernel Hilbert
space (RKHS), evaluates the target function to update the surrogate
model, selects the next evaluation points by using some specific sam-
pling strategy, and repeat this process towards reaching the optimum
of the target function. Many GP bandit algorithms generally aim to
design an efficient sampling strategy that allows reaching the opti-
mum with the minimal evaluations.

To design an efficient sampling strategy, algorithms in GP bandit
optimization often make assumptions on noise distribution that rep-
resents inherent uncertainty and randomness present in real-world
applications. Previous studies in GP bandit optimization have com-
monly assumed sub-Gaussian noise characterized by a light-tailed
distribution [32} 22 [8} |9} [19]. However, the sub-Gaussian noise as-
sumption may not entirely encompass the range of real-world scenar-
ios encountered in practice, where heavy-tailed noises often occur. In
addition, it is known that algorithms designed for the sub-Gaussian
noise often suffer from a decrease in convergence speed or a failure
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to find an optimum when applied in heavy-tailed noise settings [6].
This issue has been addressed by a significant body of researches in
bandit literature from multi-armed bandits to GP bandit optimization
(61261130, 137, 1231125 2]]. Pioneeringly, Chowdhury and Gopalan [[10]
were at the forefront of addressing this challenge within the context
of GP bandit optimization. Chowdhury and Gopalan [10] proposed
two robust algorithms designed to handle heavy-tailed noise: the
truncated GP-UCB (TGP-UCB) and the adaptively truncated approx-
imate GP-UCB (ATA-GP-UCB). These algorithms employ strate-
gic truncation of extreme observations contaminated by heavy-tailed
noise through carefully calibrate truncation thresholds, which allows
heavy-tailed observations to be treated like sub-Gaussian noise.

The robust algorithms in [10] have reached a sub-linear regret
bound with respect to total trials 7", which ensures convergence
to the optimum. Despite this progress, each algorithm still suffers
from its own drawbacks. First, the regret bound of TGP-UCB, de-
noted as O (17171% 'YTT% , leaves a theoretical gap with the
lower bound suggested in [10]]. Here, v is a maximum informa-
tion gain, U is a raw moment of noise distribution, and € € (0, 1].
To eliminate this gap, Chowdhury and Gopalan [10] introduced the
ATA-GP-UCB whose regret bound, denoted as O(ﬁ%ﬂ'yTTll?),
matches the lower bounds in terms of 7. Despite matching the op-
timal regret bound, ATA-GP-UCB incurs substantial computational
costs due to its approximate truncation technique using Nystrom
approximation [38]]. Unlike TGP-UCB, which truncates raw obser-
vations directly, ATA-GP-UCB adaptively trims weighted observa-
tions using truncation weights. This delicate approach allows ATA-
GP-UCB to achieve the tight regret bound. However, when defining
the truncation weights, ATA-GP-UCB utilizes features which repre-
sent a mapping from input space to high-dimensional space (in this
case, RKHS). Then, ATA-GP-UCB truncates all historical weighted
observations across all dimensions of the features. This technique
presents a challenge in RKHS where the feature space can be infinite-
dimensional. Thus ATA-GP-UCB necessitates an additional step to
embed the infinite-dimensional features into a finite-dimensional
space for calculating weights, which induces extra computations and
the Nystrom approximation is used for this feature embedding step.
Moreover, the regret bounds of both TGP-UCB and ATA-GP-UCB
depend on the raw moments of the noise distribution 7, making the
algorithms sensitive and unstable to translations in the noise distribu-
tion, potentially impairing their performance. These constraints have
motivated us to devise algorithms with lower computational com-
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plexity and a more stable theoretical guarantee.

In this paper, we introduce two GP bandit optimization algorithms
for handling heavy-tailed noise. The first algorithm, named contex-
tual adaptive truncated GP-UCB (CA-TGP-UCB), deals with heavy-
tailed noise using a truncation method [6]]. Importantly, it has been
shown that adaptively truncating weighted rewards leads to a better
regret bound compared to directly truncating raw rewards [30, 37].
While both CA-TGP-UCB and ATA-GP-UCB employ the adaptive
truncation method, the primary distinction lies in the definition of
the truncation weights. In particular, the truncation weights of CA-
TGP-UCB can be directly computed by using a kernel function. The
basic idea is to adjust them differently for each input along with the
truncation threshold. By doing so, it is possible to define more re-
fined weights and truncation thresholds for different inputs, achiev-
ing a similar effect to the weights in ATA-GP-UCB with more re-
duced time complexity. However, although CA-TGP-UCB achieves

the tight regret bound of O(DWTT%FG), it still scales with the raw
moment of the noise, similar to other truncation algorithms.

The second algorithm, median-of-means GP-UCB (MoM-GP-
UCB), which employs the median-of-means estimator [6]], addresses
this problem. Importantly, the median-of-means estimator has been
widely used in various fields such as heavy-tailed bandits [6, 26, [30,
37, regression [16} [17], and robust kernel density estimation [18]],
but it has not been utilized in GP bandit optimization previously. The
basic idea is to divide all trials into multiple episodes, repeatedly per-
form a fixed input within each episode to obtain means corresponding
that input, and then update the surrogate model for the target function
based on the median of the obtained means. When using the median-
of-means (MoM) estimator, the performance of algorithms depends
on how means are defined. For example, in cases of stochastic ban-
dits [6] and linear bandits [26] where the MoM estimator is used,
the mean is defined as the empirical mean. While this formulation
ensures robustness against heavy-tailed noise, it fails to yield a tight
regret bound. Similar to truncation-based methods, we set mean of
MoM-GP-UCB as weighted mean where the weight has a depen-
dency on input. This technique allows us to achieve a tighter regret
bound. Furthermore, MoM-GP-UCB requires updating the surrogate
only once per episode, resulting in lower computational complexity
compared to truncation-based algorithms that need updates at every
time step. Additionally, in contrast to truncation-based algorithms
where the regret bound grows with raw moments, the regret bound of
MoM-GP-UCB increases with central moments of noise distribution.
The complete paper with supplementary and corresponding code are
available at this reference [1]. Now, we highlight our contributions
as follows:

e We introduce CA-TGP-UCB, a robust GP bandit algorithm with
a truncation estimator. It achieves a cumulative regret bound of

O(DWTTTIH ), where € € (0, 1] and & represents a raw moment of
heavy-tailed noise. This algorithm reduces time complexity com-
pared to previous methods while keeping the same regret bound,
up to logarithmic terms.

e We develop MoM-GP-UCB, a robust GP bandit optimization al-
gorithm that uses the median-of-means estimator. MoM-GP-UCB
achieves a regret bound of O(V%‘F‘ 'yTTl%-f ), where v repre-
sents a central moment of heavy-tailed noise. Additionally, MoM-
GP-UCB improves time and space complexities compared to
truncation-based algorithms.

e We experimentally demonstrate that CA-TGP-UCB and MoM-
GP-UCB perform better than TGP-UCB and ATA-GP-UCB under
heavy-tailed noise, both in synthetic and real-world datasets, with

reduced execution times.

2 Related Work

Gaussian process (GP) optimization can be approached in two ways:
the Bayesian setting, with functions sampled from a GP prior, and
the frequentist setting, assuming functions lie in a reproducing kernel
Hilbert space (RKHS). While this paper primarily focuses on the fre-
quentist setting, our methods can be easily extended to the Bayesian
setting using similar techniques as in [32]. This section introduces
research on the frequentist setting.

GP optimization involves iteratively selecting points and optimiz-
ing an unknown objective function based on the feedback obtained
at those points. Thus the classification of GP optimization depends
on the form in which feedback is provided during this process, such
as Thompson sampling [9! [34], expected improvement [[7, [15], and
upper confidence bound (UCB) [32] |9]. In particular, the formula-
tion of GP optimization with UCB-style bandit feedback was first
introduced by Srinivas et al. [32]]. They proposed a GP bandit opti-
mization algorithm called GP-UCB and analyzed it in both Bayesian
and frequentist settings, establishing O(v/Tyr) and O(v/Tyr) re-
gret bounds where O ignores dimension-independent logarithmic
terms, yr is a maximum information gain and 7" denotes total tri-
als. Building upon this research, the subsequent studies have focused
on improving the regret bound of GP-UCB [36, 9} [19] or extending
its application to more general settings; e.g., contextual GP bandits
[22], corruption-tolerant GP bandits [S]], misspecified GP bandits[4],
and more on. In particular, Chowdhury and Gopalan [9]] designed
two GP bandit optimization algorithms, named IGP-UCB and GP-
TS which are designed under frequentist and Bayesian settings, re-
spectively. The regret bounds of both algorithms are improved from
that of GP-UCB by a factor of O(InT"). Following this work, Janz
et al. [19] introduced a GP bandit algorithm that ensures a sublin-
ear regret bound for the Matérn kernel with specific kernel param-
eters, although its practicality is compromised by a large constant
factor multiplied to the regret bound. In discrete action spaces, Valko
et al. [36] introduced SupKernelUCB, a sublinear GP bandit algo-
rithm based on SupLinUCB [11]. Recent practical methods in GP
optimization, such as tree-based domain shrinking [28]], pure explo-
ration [33]], and batched pure exploration [24} 35], have achieved re-
gret bounds of O(y/77T). Additionally, Scarlett et al. [29] and Cai
and Scarlett [8] proposed kernel-specific lower bounds for GP bandit
algorithms under sub-Gaussian noise.

We emphasize that attempts to improve the regret bound of GP-
UCB typically rely on the sub-Gaussian noise assumption. However,
in GP bandit optimization, Chowdhury and Gopalan [10] recently
proposed robust algorithms for heavy-tailed payoffs, a topic less ex-
plored in GP bandits compared to other bandit fields. Chowdhury and
Gopalan [10] adapted GP-UCB using truncation estimator [6]], origi-
nally employed in stochastic bandits to deal with heavy-tailed noise,
to develop two robust GP bandit algorithm: TGP-UCB and ATA-
GP-UCB. These algorithms achieve the cumulative regret bounds
O~(z71%6 yrT ﬁ) and O~(z71%6 ~yrT T+ ). respectively. However,
TGP-UCB shows a gap in regret bounds compared to kernel-specific
lower bounds [10], and, while ATA-GP-UCB closes this gap, it de-
mands significant computational resources.

3 Problem Formulation

We now introduce Gaussian process (GP) bandit optimization with
bandit feedback under heavy-tailed payoffs. Let us define a com-



pact set X C R? for some d € N and let f : X — R be the
objective function. Then we define a positive definite kernel func-
tion k : X Xx X — R and a feature mapping ¢ : X — H where
‘H is a Hilbert space. In particular, the Hilbert space H is called a
reproducing kernel Hilbert space (RKHS) associated to a kernel k if
k(z,2") = {(¢(z), ¢(z"))# holds forall z,z" € X and the reproduc-
ing property (f, k(-,z))x = f(z) is satisfied for all f € H where
(-, )2 is an inner product on H. Throughout this paper, we assume
that the objective function f lies in a RKHS associated with squared
exponential (SE) kernel and Matérn kernel, which are widely-used
ones in GP optimization [21] and defined by

[z — ']
ks(z,z") = exp (— 5 (1)
2= V|l — 2|\ V2w||x — 2’|
/ j—
kML\tern(w7x ) - F(OJ) ( 1 ) Ju.) ( I .

©))

Here, [ denotes the characteristic length scale, w is a smoothness
parameter, and J,, is a modified Bessel function. We now present
the standard assumptions in GP bandit optimization [32] and heavy-
tailed bandits [6].

Assumption 1 (Boundedness). There exists a positive constant B
such that ||f||n < B forall f € H.

Note that this assumption implies /k(z,z) < B since
[k(@, )l = V/k(z, ).

Assumption 2 (Heavy-tailed noise). Let F; be a filtration generated
by {xi}ﬁzl U {m}ﬁzl, where x; is an action played and n); is a noise
at round i € [t] respectively. Then xy and n, are Fi-measurable,
respectively. Suppose that E[n:|F:—1] = 0 holds and there exists
some constant v < oo such that E[|n:|*T¢|Fi—1] < v forany € €
(0, 1). In addition, define v = (v + B)**<. Then, E[jy:|'T¢|F—1] <
U holds for all t € N.

Assumption [2| represents the (1 + €)-th moment assumption on
noisy observations, where € € (0, 1]. It is worth noting that Assump-
tion[Zlencompasses the sub-Gaussian noise assumption posed in [32],
especially when p = 2. Based on Assumptions [T]and 2] GP bandit
optimization is formulated as follows: at each time step ¢t € [T, the
learner (i.e., bandit algorithm) selects an action x; € X" and observes
anoisy reward y; = f(x¢) + n: where f € H is an (fixed) unknown
objective function and noise 7, follows Assumption 2] Then the goal
of the learner is to minimize a cumulative regret over total rounds
T, Rr = Z;‘le f(zs) — f(x+), where x, is an (not necessarily
unique) optimal point of f. We note that minimizing the cumula-
tive regret is equivalent to maximize the expected cumulative reward
Zz;l f(x¢). Forany n € N, let [n] := {1,2,.. .ln}. Further, we
will denote by || - || the p-th norm for any p € N. O indicates big O
notation that hides logarithmic terms.

4 Algorithms

In this section, we propose two Gaussian process (GP) bandit op-
timization algorithms under heavy-tailed payoffs. Both algorithms
employ upper confidence bound (UCB) strategy [3] to select an ac-
tion and utilize a Gaussian likelihood as the surrogate model for the
objective function. In this context, the objective function is sampled
from GP prior GP(0, k) and specified by posterior mean x and co-
variance o functions where k is a kernel function. Note that the GP
surrogate model is only used for algorithm design and we still as-
sume that the fixed objective function f lies in RKHS. Particularly,

Algorithm 1 Contextual Adaptive Truncated GP-UCB (CA-TGP-
UCB)
Input: T, X, a: € R, A > 0,k, e € (0,1],5 € (0,1], B
Initialization: Set /io = 0 and 0 (z) = k(z,z) forallz € X
fort=1,2,...,7Tdo
1—e

Setar = BAV230T (20712, /2 (v +1n (3)) +7)

Play action x; = argmax_ ¢y fit—1 () + a:0¢—1(x) and ob-
serve payoff y;
6:  Set truncation threshold h(z¢) = ||k¢(2)T(K; + M) ™ ||l14c

B

7:  Compute §; = YeL{|brys|<h(we)} where b; is the ¢-th element
of kt(x)(Kt + )\[t)_l and set Y; = [:l)l, ’gg, e ,Qt}

8:  Compute jit(x) = ki(x)T(K; + A)~'Y; and o4(z) =
VE(@, x) — ke (2)T(K: + M)~ ke ()

9: end for

previous GP bandit algorithms in sub-Gaussian noise setting select
an action based on the following rule:

¢ = argmax pi—1(z) + aror—1(x) 3)
reEX

where ui(z) = ki(x)T(K: + AI)"'Y; is the posterior mean,
oi(z) = k(z,z) — K] (z) (K¢ + M) 'k () is the posterior vari-
ance when ¢ observations are given, and « is a confidence param-
eter. Here, we denote by the kernel matrix K = [k(zs, ;)] jef
stacked kernel functions ki (x) = [k(z,z;)]], ()» and a vector con-
taining observations Yz = [y, ..., y¢]T, respectively. In addition, we
formally define the maximum information gain that is used to repre-
sent the regret bounds in GP bandit optimization as follows.

Definition 1 (Maximum Information Gain [32]). Let f be a function
sampled from Gaussian process prior GP(0, k) adding with i.i.d.
Guassian noises N'(0, \) where k is a kernel function and X > 0.
Then the maximum information gain is defined as

T =

‘= max 1ln|I—&->\_1KA\ 4
ACD:|A|=T 2

where D C R® is compact and convex set.

Contextual Adaptive Truncated GP-UCB. The first algorithm,
named Contextual Adaptive Truncated GP-UCB (Algorithm[T) lever-
ages the truncation estimator [6]]. The intuitive idea underlying this
method is to trim extreme-valued rewards. Therefore, determining
which term to trim and what threshold to use becomes a crucial fac-
tor in the performance of the algorithm. Specifically, CA-TGP-UCB
truncates heavy-tailed rewards as follows:

Ut = Yt L{|byye|<h(ze)} )

where 1 is the indicator function, b; is a truncation weight, and
h(z) is truncation threshold defined as h(z:) = ||k¢(z)T (K +
M) 7} |14e with € € (0,1]. Then, by using the truncated rewards,
CA-TGP-UCB select an action, at every round ¢ € [T, with the
following selection rule:

¢y = argmax fit—1(z) + aror—1(x) (6)
reEX

where fi;(x) = k;(z)T(K; + A;) 'Y, is the truncated posterior
mean with truncated observations Y; = [J1,...,9¢)" and oy is a
confidence parameter defined in Lemma3]

In the case of TGP-UCB [10]], raw observations are truncated di-

rectly, such as g = Yel{|y1<g3- Here, g is a truncation threshold



1
defined as g = pTHE L2079 where 7 is a raw moment of heavy-
tailed rewards and € € (0, 1]. This approach leads to a loose regret

~ 2+e€

bound in terms of T, O(f/ﬁe yrT 2(r5e) ), leaving a gap with kernel-
specific regret lower bounds for squared exponential (SE) and Matérn
kernels. To overcome this problem, Chowdhury and Gopalan [10]] in-
corporated a dimension-wise truncation method, which was given by
Shao et al. [30] in linear stochastic bandits, into GP bandits and in-
troduce a novel GP bandit algorithm ATA-GP-UCB. In constrast to
TGP-UCB, ATA-GP-UCB trims rewards in each feature dimension
considering all historical rewards. Note that, in GP bandit setting,
where a feature ¢(z) can have an infinite-dimension, such trunca-
tion technique cannot be directly applied. Therefore, Chowdhury and
Gopalan [[10] employed Nystrom [38] and QFF projection techniques
[27] to embed infinite-dimensional features into finite-dimensions
before the applying truncation. More precisely, let [u],. .., ul,,]
be the rows of \7;1/ 2<ﬁtT where ¢~>t denotes the embedded fea-
ture, m; is the dimension of ¢;, ®] = [de(z1),..., P:(x:)], and
Vi = ®]®; + AL, . Then the truncated reward is calculated as fol-
lows:

t

i = Zui’TyT]l\“i,ryrlﬁat‘ @)

=1

where a; = (7/In(4mT/9) T tﬁ) is a truncation
threshold. While ATA-GP-UCB achieves a tighter regret bound
O(ﬁﬁfyTTﬁ) using the dimension-wise truncation method, this
approach comes with extra computational costs. It requires embed-
ding feature vectors and calculating the weight matrix \7;1/ % which
cannot be updated online using the Sherman-Morrison formula [14].

We point out that utilizing an adaptive truncation technique () for
features can reduce the computational cost of ATA-GP-UCB, while
still achieving a favorable regret bound O~(17'yTT e ). In contrast to
TGP-UCB and ATA-GP-UCB, the weighted truncated term b;y; and
truncation threshold h(z.) of CA-TGP-UCB depend on the action
played (i.e., the feature ¢(x+)), which helps us to obtain the tight re-
gret bound in terms of 7". Specifically, employing an adaptive thresh-
old for features results in a narrow confidence interval.

Lemma 3 (Confidence interval of Algorithm [I). Suppose thar As-
sumptions [I| and 2| hold. Let § € (0,1] and ¢ € (0,1], and let

ar = B+ V243059 (202 /203, + n(1/3)) + 7). Then,

the confidence interval of Algorithm|l|is as follows, with probability
at least 1 — 6, uniformly over all t > 1,

lie(z) — f(2)| < awoe(z). ®)

The complete proof is deferred to the supplementary. It is worth
noting that in GP bandits, the regret bound takes the form of
O(at ZtT:I ot—1(x¢)), where o—1 represents the posterior stan-
dard deviation and a; serves as a confidence parameter. Notably, the
summation of the posterior standard deviations over 7' rounds can
be bounded by O(\/qT ). Therefore, the order of «; determines
the regret bound of GP bandits. For instance, TGP-UCB has a

~ 1 . .
confidence parameter ci,;rgp = O(¢2(+9) , /47) which induces a

suboptimal regret bound O(T% ~r) in terms of 7. Addition-
ally, while ATA-GP-UCB obtains the same order of confidence
parameter as ours in terms of ¢, o ata = O(tﬁ VAT), it
requires additional feature embedding steps for ensuring the desired
order, resulting in additional computational costs. We argue that the
feature adaptive threshold can simply yield the confidence parameter

~ l1—e
at.ca = O(t20+9) , /47) which deduces the favorable regret bound,

~ 1

O(T'™<~r), in terms of T and can be obtained without extra
computational costs. For the sake of completeness, we present a
proof sketch of Lemmal3]

Proof sketch of Lemma[3] By the definition of fi; and triangle in-
equality, we have

|fie (@) = f(2)| < 16(@) W, STN| = | f(2) = Ge(w)| (9)

where (;(v) = ke(z)T(K: + A;) " fy forall x € X and f; =
[f(z1), f(z2),..., f(z:)]T is a vector of evaluations of f up to time
step ¢. Then, the second term of RHS of (9) bounded by Bo¢(x)
where B is some constant such that || || < B (Assumption[l). The
first term of (@) can be decomposed by

|6(@) "W, ST

t t
<> b —E [szﬁzgt,u +E
i=1 i=1

t
> bmﬂgt,u]
=1

10)

where b is the 4-th element of k; ()T (K, 4+ AI;) ™!, 7 is a truncated
noise, and Gy » = o({z1,x2,..., 2} U {y1,92,...,yr}) is a o-
algebra with 7 € [t]. To bound the first term of RHS of (TI0), we em-
ploy the self-normalized inequality [13]], which yields O(h(mt)\/%)
regret upper bound where h(z:) is a truncation threshold for the
played action x¢. Furthermore, the second term of (I0) is bounded
by 7h(x:) where U is the (1 + €)-th moment of noisy observations
as defined in Assumption [2] Recall that the truncation threshold is
defined as h(z:) = ||k. ()T (K + M) " "||14c. Then we have that
h(z) < A~V/2¢3tEe o¢(z) for all t € [T]. By using this property
of h(z+) and combining the inequalities (9) and (T0) with their upper
bounds, the lemma is established. O

Intuitively, truncating rewards introduces bias and this can be con-
trolled mathematically by (I0). Since both TGP-UCB and ATA-GP-
UCB employ the truncation technique, similar to our approach, they
also have a form of in their proofs. However, the method of
bounding this inequality varies depending on the definition of the
truncation threshold and the term to be truncated, thereby altering
the order of ¢ in confidence interval. For instance, TGP-UCB bounds
the second term of RHS of (T0) by using the property of their trunca-
tion threshold g+ = DT £ 2079 where 7 is the (14 €)-th moment of
noise (Lemma 8 in [[10]]) and the fact that raw reward observation ¥

~ 1
is truncated. In their proof, that term is bounded by O(¢20+9) | /v;),

which is less tighter than our bound O(tﬁ Ve)-

On the other hand, ATA-GP-UCB shares the same bound as ours
up to logarithmic terms. The bound of the inequality in ATA-GP-
UCB is O~(at_5|\u¢\|ii§), where u; is a truncation weight such that

luilliTe < #2079 and ar = O(tﬁ) is a truncation thresh-
old. Thus the order of truncation threshold is same as ours and the
truncation weight u; plays a role of the context adaptive trunca-
tion weight in our algorithm. However, as earlier mentioned, the
weight u; is defined as the i-th column of \7;” 2T where &7 =
[Gf;t(xl), cee ¢~7t (x1)], Vi = iﬁ&?t + AL, , and my is the dimension
of embedded feature ¢, (z). Therefore, an additional step is neces-
sary for embedding all arms, which requires O(m; + m?|X|) time
complexity. Additionally, constructing Vi requires O(mft) time, and
computing V,”*/? takes O(m3) time. Hence, the inclusion of embed-
ding steps to achieve a tighter bound increases the time complexity of
ATA-GP-UCB. In contrast, by employing context-adaptive weights



which serve as the embedded weight in ATA-GP-UCB, we can attain
the same regret bound with much less time complexity as follows.

Theorem 4 (Cumulative regret bound of Algorithm[I). Suppose that
Assumptions[I|and 2| hold. Let 5 € (0,1] and € € (0,1]. Then, for
any T € N, the cumulative regret bound of Algorithm |I| after T
rounds is

Rr < O ((Byr + pyAr)TT7 ) an
with probability at least 1 — 6.

The complete proof is deferred to the supplementary. This the-
orem shows the cumulative regret bound of CA-TGP-UCB. Ignor-
ing logarithmic and constant terms that are independent of dimen-

sion d, we can write the regret bound as O~(7TT1741%). This regret
bound is same as that of ATA-GP-UCB up to logarithmic terms in
terms of 7'. In addition, when variance is finite (¢ = 1), the regret
bound becomes O(’VT \/T ) which matches the previous best result
in GP bandits [32} 9] under sub-Gaussian noise. The kernel specific
lower bounds for GP bandits under heavy-tailed payoffs have been
proposed by Chowdhury and Gopalan [10], particularly for SE and
Matérn kernels. For the SE kernel, the regret bound of CA-TGP-UCB

is O((InT)T 17}#6) which closes the gap between the lower bound

Q((InT) ﬁTﬁ) up to (InT) T+< . For the Matérn kernel, the re-
gret bound of CA-TGP-UCB is O(T' 7 * 22 (In T') %27 ), which
is sublinear when % < w is satisfied. Compared to the lower bound

RS T S
Q(T e " wQ+e)?+de(i+e) ) it still has a gap.

Computational complexity of CA-TGP-UCB. Recall that the
truncation threshold of CA-TGP-UCB is defined as ||k¢(z)(K: +
M) 7|14, where € € (0, 1]. The truncation threshold can be com-
puted in O(t> 4-¢|X|), where | X | denotes the cardinality of the input
space X. Using the computed value k(z)(K; + AI;) ™", we can es-
timate the mean and posterior variance in O(t) and O(t|X|) time,
respectively. Consequently, the per-step time complexity is O(t> +
t|X]). Since we need to store k;(z), K; and k¢ (z)(K; + M) ™*
for all z € X, the per-step space complexity is O(t* + t|X]).
Therefore the total time and space complexities over 1" rounds are
O(T* + T|X|) and O(T® + T|X|), respectively. In comparison,
the total time complexity of ATA-GP-UCB is O(m3(T? + T|X))),
where m; is the dimension of the embedded feature vector z;;t(:r)
It is important to note that ATA-GP-UCB requires both feature em-
bedding and the construction of a weight matrix V; that defines the
truncation weight, which is a row vector of V;. These steps lead to an
additional time complexity of O(m} + m?|X| + m#t). Moreover,
since ATA-GP-UCB needs to store the square inversion of weight
matrix \7;1/2 and feature embedding ¢; (z) for all z € X, it incurs
additional per-step space complexity O(m¢(m.; + |X])).

If m: is much smaller than 7', the overall time complexity is lower
than ours in terms of big-O sense. However, when m; is too small,
performance of ATA-GP-UCB degrades because the embedded fea-
ture space fails to adequately capture the information from the origi-
nal feature space. As a result, ATA-GP-UCB needs to keep m; suffi-
ciently large, which incurs significant additional computational costs,
particularly when m; =~ T. This demonstrates that the time com-
plexity of CA-TGP-UCB is an improvement over ATA-GP-UCB, as
empirically shown in experiment section 5]

Median-of-means GP-UCB. Another way to handle heavy-tailed
payoffs is to use the median-of-means estimator [6] and the second
algorithm (Algorithm ), median-of-means (MoM) GP-UCB, takes
this approach. For a given total time step 7', MoM-GP-UCB first

Algorithm 2 Median-of-means (MoM) GP-UCB

I: Input: T, X, a; € R¥, A > 0, k, e € (0,1],6,8 € (0,1], B

2: Initialization: Set ¢ = 8In(2F), N = | T], io =0

3 forn=1,2,...,Ndo

4 Setay = nﬁ(@/)ﬁ (23,\*% vn +In(L) + %) +

B
Select action ,, = argmax, ¢y fin—1(z) + anon—1(x)
Play z,, with ¢ times and observe payofts ¥y, 1, Yn,2, - - -, Yn,e
Compute k,, (z)T(K,, + A\I,) 'Y, for each j € [/
Compute jin (z) = median{k, (z)(Kn + A.) Y iz,

9:  Seton(z) = kn(z)T(Kn 4+ A) " kn ()

10: end for

divides T into N = || episodes where ¢ is the length of each
episode. Then, for each episode n € [N], MoM-GP-UCB plays the
chosen arm ¢ times and observes ¢ rewards. After that, MoM-GP-
UCB finds the median of means as follows:

fin () = median{k,, ()T (K, + \[,) 'Y }ioy (12

where Y == {y1,j,92.4,- - Yn,j} forany j € [€]. It is worth not-
ing that the definition of means, k., ()T (K, +\I,,) 'Y}, is used to
derive a tight confidence interval. In other words, similar to the trun-
cation method, adaptively considering raw rewards within the con-
text, rather than directly, helps in achieving a tight regret bound as
follows.

Lemma 5 (Confidence interval of median-of-means estimator). Sup-
pose thatAssumptionsandE]hold. Let§,8" € (0,1], and € € (0, 1].
Let us denote the median of means estimator in the n-th episode of
Algorithm[|by fir, for any n € [N). Then the following holds for all
x € X and uniformly over all n > 1,

P{|fin(2) = f(2)| < anon(z)} 2 1-6"/T (13)
_l—e 1 _1 1 1
where o, = n20+F) (4y) T+e (ZBA 24/ +1In(3) + Z) + B.

The complete proof is deferred to the supplementary. Note that

the order of confidence parameter o, = O(nﬁ \/Yn) is same
as that of CA-TGP-UCB (Lemma ), resulting in the same order of
regret bound with respect to T' (Theorem [6). However, unlike CA-
TGP-UCB, where the regret bound scales with the (1 4 €)-th raw
moment of noise 7, MoM-GP-UCB has the regret bound scaled with
the (1 4 ¢€) central moment of noise v. Due to this property, MoM-
GP-UCB obtains a regret bound that is invariant to the translation of
the noise distribution. Now, we present a proof sketch of Lemma 5]

Proof sketch of Lemma[3] Before proving the confidence interval of
median-of-means, we need to establish the confidence interval of the
means. In MoM-GP-UCB, the mean represents a weighted observa-
tion fin,; () = kn(2)T(Kn + M) 1Y, ie., the posterior mean
for each j € [¢] evaluations. Then, by the same argument in the proof
of Lemma[3] we have forall z € X,

i (x) = f(@)] < [$(@)T W, RLNG| + |f(2) = Cul2)] (14)

where N = [1,5, 72,5 - -, Tln,5]T With 7 j = yn,; — f(n,;) for
alln € [N]and j € [€], and (n(x) == kn(2)T(Ky + M) 7 fy
with f, = [f(z1), f(z2),..., f(xz.)]". Again, with Assumption

the second term of RHS of (T4) can be bounded by Bo, ;(x) where
on,j(z) is a posterior standard deviation of the j-th mean in the n-th
episode. The proof strategy of bounding the first term of (T4) differs



from that of truncation method. Note that for some ¢ € R

Z bifli,;

i=1

|p(z)"W,, ' ®LND| =

<D bittid i s1<ey — Ebifig L 1<} |Gis]

1=1

n
> E[bidii g Lyjpia, 1<cy 9]

i=1

+ +

n
Z E[biﬁiﬂjlﬂbiﬁi,j [>c} 1G]

=1

s)

where G, j == o ({z1, ..., 2 })U{M1,j, .-, Tn—1,;}) Withn € [N]
and j € [{]. Then, by using Cauchy-schwartz inequality and the self-
normalized inequality, the first term of RHS of (I3 can be bounded
by O(2¢,/7x) with probability at least 1 — . By applying Holder’s
inequality and Markov’s inequality, we can bound the second term
by h(wn) T ve™® where h(zn) = (S0, [bi, | ) T € € (0, 1]
and v is the (1 + €)-th central moment of noise distribution. For the
third term of RHS of @, we show that the following holds:

P{Hi S [n] s.t. |b1ﬁl7]| > Clgi,j} < 1/4. (16)

This implies that we can bound the third term of RHS of (I3) by 0
with probability at least 1 — i. In particular, by using union bound
and Markov’s inequality, we have

1+€
P{3i € [n] s.t. [bifis;| > c|Gis} < ”h(c‘”li’f

a7
Then, by setting ¢ = (41,)1%5 h(zr), the inequality (T6) is satisfied.
Combining the inequalities and (T3) with their bounds, we have,
with probability at least 1 — 7 — 9,

|kn,i () = f(@)] < anom,(2)

1—e
where o, = n20+9) (4,/)#5 (28)\71/2\/7n +1In(1/0) + 471)+
B. Now, we define the indicator function X, ; =
]]'{|I—Ln,j*f(z)\>anl’n,j (z)} and Pn,j = P{Xn,j = 1}. Note
that p, ; < T + 6 holds by (T8). Then applying Azuma-Hoeffding’s
inequality and union bound yields for all x € A" and uniformly over
alln > 1,

(18)

B{liin(2) — f(2)] < auou(@)} <1-8/T  (19)

with §" € (0,1]. O

Theorem 6 (Cumulative regret bound of Algorithm[d). Suppose that
Assumptions 1| and 2| hold. Let 6,5’ € (0,1] and let € € (0, 1]. For
a given total rounds T, Algorithm 4| proceeds N = L%J episodes
where £ = (82)In(2T/4') denotes the length of each episodes.
Then, for any N € N, the cumulative regret bound of Algorithm
over N episodes is bounded by

Ry < O(ByTreyrT T In(T)) (20)

with probability at least 1 — §'.

The complete proof is deferred to the supplementary. This
theorem presents the cumulative regret bound of MoM-GP-UCB.
We would like to note that unlike CP-TGP-UCB, TGP-UCB, and
ATA-GP-UCB, whose regret bounds scale with raw moments 7, the
regret bound of MoM-GP-UCB is scaled with central moments of
noise distribution, v. This attribute makes MoM GP-UCB robust
to translations in the noise distribution. Disregarding dimension-
independent logarithmic and constant terms, the above bound can

be written as O(I:ﬁe ~r). Note that if we set e = 1, the regret
bound becomes O(v/T~r) which recovers the regret bound of
GP-UCB in sub-Gaussian noise setting [32 [9]. For the Matérn

kernel, the bound is O~(Tﬁ+ % (InT) 2 ). For the SE kernel,

the bound is O(Tlﬁif (InT)%). These are the same results as those
of CA-TGP-UCB.

Computational complexity of MoM-GP-UCB. By employing the
median-of-means estimator, MoM-GP-UCB achieves better compu-
tational complexity than truncation-based algorithms. A key property
is that MoM-GP-UCB divides the total rounds 7" into N episodes.
This division reduces the size of the kernel matrix from O(T?) to
O(N?), resulting in reduced computational costs. In lineof Algo-
rithm f] MoM-GP-UCB computes a posterior mean ¢ times, where
£ is a length of each episode. Note that k,, ()T (K, + AI,,) " need
to be computed only once in each episode, requiring O(n® + n|X|)
time, where | X'| is the cardinality of the input space X. Therefore, the
computation of £ means has a time complexity of O (n®+n|X|4+nf).
Then, in line the median-of-means estimator is obtained in O(¢?)
time. Finally, in line [9) we can compute o, () for all z € X in
O(n|X|) time by using already computed k., ()T (K, + Al,) ™"
and k,,(z)T. Since we need to store k,, (), K, and k,, (z)(K,, +
AI,,) ™, the space complexity is O(n?). Therefore, the total time and
space complexities over N episodes are O(N*) and O(N?), respec-
tively. This can be rewritten in terms of 7" as O(T*(8 In(27'/8")) %)
and O(T?(81n(27/6'))~2). Importantly, we claim that the term
(81n(27°6")) ~* multiplied by T distinctly reduces the actual execu-
tion time of MoM-GP-UCB. Additionally, unlike truncation-based
algorithms where |X'| is multiplied by 7" in time and space complex-
ities, in MoM-GP-UCB, they are multiplied by N. This minimizes
the impact of | X'| on the execution time of MoM-GP-UCB. We show
this experimentally in section 5}

5 Experiment

In this section, we present the experimental results of the proposed al-
gorithms, CA-TGP-UCB and MoM-GP-UCB. The experiments were
conducted in both synthetic and real-world datasets. The comparison
algorithms include GP-UCB [32] proposed in the sub-Gaussian set-
ting, and TGP-UCB and ATA-GP-UCB [10] proposed in the heavy-
tailed setting. For both synthetic and real-world datasets, we generate
a heavy-tailed noise by using a Pareto random variable z; with the
moment parameter «. and the scale parameter A.. In addition, we
define a Redemacher random variable ¢; with a 1/2 probability of
being 1 and a 1/2 probability of being —1. Then, the synthetic noise
n¢ is defined as (¢ (z: —E[z¢]), whose support is (—o0, co) and mean
is zero. We set o, := (14¢)40.01 to make the (1+-¢)-th moment of
n¢ is bounded. In our experiments, we test all algorithms for e = 0.2
and € = 0.8. For 1d function, we generate the target function f € H
on [—10, 10], partitioned into 1000 equally spaced points. Especially,
= 2;21 a;k(-, ¢;) is randomly generated by sampling a; and ¢;
from the normal distributions, 10(—1 + 2A/(0, 1)) and A/ (0, 3), re-
spectively. For a d-dimensional, we define the Griewank function as
f(@) =14 555 S 22 —TI, cos (%) When d = 2, we set
the input space X’ as [—5, 5]%, where the interval is partitioned into
400 evenly space points along both the z and y axes. In addition,
for 5d function, we define X" as 5000 points randomly sampled from
N(0,1) with 5 dimensions.

Fig. [ presents the experimental results on the synthetic datasets.
Overall, the algorithms CA-TGP-UCB and MoM-GP-UCB outper-
form TGP-UCB and ATA-GP-UCB across 1d, 2d, and 5d function



5000

20| —a— ATA-GP-UCB 200
2 MoM-GP-UCB = 2
- - 8. B oo
> —e— CATGP-UCB o = >
% | —o— TGP-UCB - < o
2 ~=- GP-UCB 2 2
S 2om S | 5
E 'é,é-'/;i_./_._.: g g
3 10000 3 10004 3 1000
o (] o
Step Step Step
(a) IDRKHS, € = 0.2 (b) 2D Griewank, € = 0.2 (c) 5D Griewank, € = 0.2
2000
o o o
L o000 S o o
T g 3
o -4 e 3000
g v v
Z som0 kS Lo
£ oo g E e
(] O (]
o .

(d) 1IDRKHS, ¢ = 0.8

(e) 2D Griewank, ¢ = 0.8

0
Step

(f) 5D Griewank, ¢ = 0.8

Figure 1: Cumulative regret for synthetic datasets.

Table 1: Comparison of execution time of each algorithm (in seconds) when ¢ = 0.2. The average runtime across 10 seeds is reported, with

standard deviations shown in parentheses.

Problem GP-UCB TGP-UCB ATA-GP-UCB CA-TGP-UCB MoM-GP-UCB

1D RKHS func. 132.24s (£87.61) 73.04s (£8.86) 7745.75s (+£2206.46) 107.24s (£26.50) 70.09s (£7.13)

2D Griewank  98.26s (£35.93) 32.49s (+10.45) 1535.51s (+1285.80) 10.12s (£1.71) 7.63s (+£0.45)

5D Griewank  9564.76s (£7898.22)  9573.52s (£7746.40)  76103.21s (+41673.41)  3598.58s (£155.02)  1893.95s (+40.50)

settings, regardless of the moments of noise distribution. Signifi-
cantly, the cumulative regret of GP-UCB increases linearly across all
problem settings due to its inability to handle heavy-tailed noise. It is
noteworthy that CA-TGP-UCB shows the best performance among
the truncation-based algorithms in all setups. The improved perfor-
mance of CA-TGP-UCB over TGP-UCB aligns with theoretical re-
sults presented in Theorem @ However, ATA-GP-UCB shows worse
performance than TGP-UCB in 1d and 2d function settings while it
marginally outperforms TGP-UCB in 5d function setting. This sug-
gests that the approximation truncation technique does not consis-
tently outperform naive truncation and performance can vary de-
pending on the problem setting. Importantly, MoM-GP-UCB con-
sistently shows better performance than truncation-based algorithms
while it demands much less time and space complexities.

Table [T] provides the execution time of each algorithm when they
are conducted on the synthetic datasets with e = 0.2. Across all
scenarios, ATA-GP-UCB has the slowest execution time due to the
need for additional feature embedding steps. GP-UCB and TGP-
UCB share similar execution speeds because the only additional
step in TGP-UCB compared to GP-UCB is a naive truncation with
O(t) time complexity. MoM-GP-UCB shows the fastest execution
speed across all scenarios, attributed to updating the kernel matrix
per episode. This is in contrast to truncation-based algorithms, which
require updating the kernel matrix at every time step ¢ € [T]. All
algorithms have the longest execution time at 5d function and the
shortest execution speed at 2d function. This difference arises from
the discretization method of the input space in each problem setup.
In the 5d function setting, the domain has 5000 points with 5 di-
mensions, while in the 2d function setting, the domain is partitioned
into 400 points with 2 dimensions. Considering that the cardinality
of the domain &’ is included in time complexities of all algorithms, it
is natural that MoM-GP-UCB, where N is multiplied by |X’|, has
a shorter execution time compared to truncation-based algorithms

Table 2: Experimental results on real-world stock dataset.

Algorithm Cumulative regret (& std.)

GP-UCB 29.27 (£0.088)

TGP-UCB 28.42 (£0.055)
ATA-GP-UCB 29.04 (£0.026)
CA-TGP-UCB 27.79 (£0.002)
MoM-GP-UCB 26.88 (£0.029)

where 7" is multiplied. Table 2] shows the experimental results on
real-world stock dataset. Similar to synthetic data settings, CA-TGP-
UCB performs the best among the truncation-based algorithms and
MoM-GP-UCB outperforms other truncation-based algorithms. The
problem setting of real-world dataset is deferred to the supplemen-
tary.

6 Conclusion

In this paper, we have proposed two Gaussian process (GP) bandit
optimization algorithm under heavy-tailed noise. The first algorithm,
CA-TGP-UCSB, utilizes a truncation estimator and achieves the same
regret bound as that of the best existing algorithm up to logarith-
mic terms with reduced computational complexity. The second al-
gorithm, MoM-GP-UCB, is the first to utilize the median-of-means
estimator in GP bandit optimization. Unlike truncation-based algo-
rithms, where the regret bound is expressed in terms of raw moments,
the regret bound of MoM-GP-UCB is formulated based on central
moments of noise distribution. This characteristic improves the ro-
bustness of the algorithm against shifts in noise distribution. In addi-
tion, we theoretically demonstrate that MoM-GP-UCB shows better
computational complexity than all truncation-based algorithms. We
support our theoretical findings through experimental results validat-
ing the performance of the proposed algorithms.
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Table 3: Notations

Symbol Definition

X action space

H Hilbert space

o(x) feature mapping from X’ to H

Tt selected action at round ¢

Nt noise at round ¢

Yt reward at round ¢

v central moment of noise

v raw moment of noise

f objective function

B positive constant such that || f|| < B

K kernel matrix at round ¢

Y: vector containing observations y; defined as Yz = [y1,...,y¢]T
k¢ (x) stacked kernel functions

i () posterior mean

o?(z) posterior variance

Yt maximum information gain

P, vector containing features defined as [¢1, . . . , ¢¢]
Wy regularized kernel matrix defined as (<I>tT<I>t + Aly)
Nt truncated noise at round ¢

Ny vector containing truncated noises at round ¢

A regularization parameter

Iy indicator function

A Proofs of Lemma and Theorem regarding Algorithm 1]
A.1  Proof of Lemmal3|
Proof. Note that for all x € X and any ¢ € N, the following holds.

fu(x) — f(z) = ¢(2)70: — ¢(x)" f @1
= ¢(x)TW; BTV — d(x)" f (22)
= ()W, DY, — ()W, H (DT D, + ML) f (23)
= ¢(x) W, ' Y; — ¢(x)TW, ' BTD f — Ap(x)TW, L f (24)
= ¢(2)TWi ' Y: — () Wy D] o — Ap(x) WL f (25)
= ¢(x)TWy 1 BTN, — Ap(x)TWy S, (26)

where f; = [f(z1), f(z2), ..., f(x)]T. Nt = [0t 72, . .., 0T with 7} = Yil iy, |<he(a)} — f(x;) for all 5 € [t]. Note that b and hy ()
are a weight of the ¢th observation and truncation threshold, respectively, which will be defined later. By the same argument in the proof of
Lemma 8 in [10]], we have

Ap(2)TWf = f(2) = Gila), @7
where (;(z) := k¢ ()T (K; + M) ™" f:. Then, by using triangle inequality, we obtain
|1 () = f(@)] < [$(@) W, RIN + | () — Co())- (28)

The proof strategy is to upper bound the first and second term in RHS of the inquality (28}, respectively. For the second term of the inequality
28), since f(z) — Ce(x) = MW, 1/2¢(m), W[lpf)H holds by reproducing property, we have for all z € X, by using Cauchy-Schwartz
inequality,

1f(@) = G @) < M@y 1F 1 < A 2llé@) -1 1 lln < Boe(x) 29)

where W;”' < A7'Iy, B is some constant such that || f||» < B (Assumption , and o¢(x) is a poseterior variance defined as o+ () =
A2 () HW;L For the first term of the inequality (28), note that

|6() W RTN| = | ()T (ST D¢ + MH)A‘I’TNtl (30)

= |p(x)TO] (D4 D] + AI;) ' V| 31)

= |ke(z)T (K, + M) N (32)



Now, without loss of generality, let us denote, for a fixed z € X,
B = ¢(x)TW; ' T = k()T (K + M)~ = [by,b7,...,bl], (33)

where, now, we set bi as each element of vector 3. Further, let us define a o-algebra as G; » = o({z1, 22, ..., 2} U {y1,¥y2,...,y-}) with
t € Nand 7 € [t]. Then, B; is G¢,o-measurable. Note that the first term of the inequality @ can be decomposed as follows,

t
ki(2)T(@1®] + AL) ' Ny | = Z i (34)
i=1
= Zbiﬁl —E [Z bifit|Gri—1| +E Zbiﬁl gt,i1:| (35)
=1 =1 =1
<> b —E [szﬁz Gri1 ||+ [E D bin; gt,i_l} (36)
=1 =1 =1

From the definition of a filtration Gy, E[|ys|*™¢|Gs,i—1] < ¥ holds for all i € [t]. Since the sampling processes of noise are independent of
the arm played, we can simply write E[|y;|*"¢|G;—1] < 7, which is the same representation in Assumption Now, consider the second term
of the inequality (36) as follows,

t t
E {Z bii gm‘l} = | > E[bh 2 gogyaiznecon — F(@) |G 37)
i=1 i=1
t
= ZE[bi YL iy > he ) gw‘—l] (38)
1=1
t .
< S E [T g1,y 9151 (39)
i=1
t
i - i e . . .
< Z(E[|biyi|l+e|gt,i,1}) e P(|byys| > he(x)|Geim1) TF¢ (Holder’s inequality) (40)
i=1
t i |1+e <
; E[|biy: i—1] Tt . .
< Z bt | v e [Ibey |ht(|mg)tg 1] (Markov’s inequality) 41
i=1
t _
< [ Assumption (42)
= ;l t| ht(a:)f ( ED
= Ghy(z) 43)

where ¢ (2) = [|¢(z)TW,; @ [l1e = (0, |bE'T€) = Here, now, we define h;(x) as the same as in the Algorithm For the first term
of the inequality (36)), we have

t
S bt — Elbini]Gei-a)| = | 6(2) W 07, (“4)
i=1
= |o@)T @7, + A1) 0IE (45)
_ ’¢(x)T(¢)}q>t + ML) RTE, (46)
= (W, 2 o), W, P RTE ) x| (47)

where & = [€},€2,... €] with & = 7} — E[f}|Ge.i—1] = §i — E[§i|Gr.i_1] for all i € [t] and some fixed ¢. Then, by Cauchy-Schwartz
inequality, we obtain

t
S bl — EBfIGe ]| < 19 |y -1 [97E]y 48)
=1

=20y (a)| 0] 49)

”Wt*l

Note that |€}| < 2h () holds for all i € [¢] and some fixed ¢ € N. This shows that £} is 2h (z)-sub-Gaussian random variable conditioned on
Fi—1 with zero mean. From the definition of a filtration F%, x; is F;—1-measurable for all ¢ € [¢ — 1]. In addition, since y; is F;-measurable



@)% is also Fy-measurable. Thus, applying Lemmayields, for any 6 € (0, 1], uniformly over all ¢ > 1,

. 1

- m(z)\/z (% In |1, + ALK, + 1n(1/5))

with probability at least 1 — §. By combining the (in)equalities (36), @9), (31), and @#3), we have

|p(z)TW, T OTN;| < 2)\_1/20t(x)ht(1:)\/2 (% In |l + \1K| + ln(1/5)) + Dhy(x).

Note that we have,

B> Vk(z,x) > ov(x)

= X2 (=)

Hwt*1

NS W (@1, AW 6la)

> N2 o) W (@10 W ()
= A2 o)Wy 0]

e—1
> N24205 T || g () Wy T |14

1—e
where the last inequality follows from Hélder’s inequality. Then h(z:) < A™Y/2¢20+9 gy (x) holds for all ¢ € N, which implies that

|6(2) W, BT Ny| < A~ 20, (z)t 2T <23,\1/2\/2 (% In [T + ALK, | + 1n(1/5)) + u> :

By substituting the inequality (39) and (29) to the inequality (28), we have, with probability at least 1 — 4,

lfie(z) — f(z)| < oe(x) {B A2 <23,\1/2\/2 (% In|l; + A\1K| + 1n(1/5)) + 17> } :

1—e
y defining ave41 == + AT/t B sn|l; + \71K¢| +1n + 7 ) ¢, the lemma is established.
By defini B+ \"Y22059 (2BATY2 2 (L In |+ ALK + In(1/0 he 1 blished

A.2  Proof of Theorem
Proof. By Lemma for any 6 € (0, 1] and uniformly over all ¢ > 1, the following holds
re = fwx) = f(@e)
< fir—1(2x) + aror—1(xs) — f()
< fit—1(wt) + aror—1(ze) — f(xe) (the selection rule of Algorithm|[T))

< 206t0't—1(37t)

1—e
with probability at least 1 — &. Then, from the definition of 7, it is clear that a; < (B 4+ A™Y/2¢2(0%9 (2BA™Y2, /v, + In(1/5)) +

(50)

(51

(52)

(53)
(54)
(55)
(56)
(67
(58)

(59)

(60)

(61)
(62)
(63)
(64)

7). In

addition, by Lemma(9[and Cauchy-Schwartz inequality, we have 37| ov—1 () < \/2(1 + A\)7.T. Hence, for any § € (0, 1], the cumulative

regret of Algorithm gafter total round 7" is as follows,

T T
Z e < Z 201041 (ﬂft)
t=1 t=1

T
<ar Z 0t71(33t)
t=1
< 2(B 4+ A"V 2BAY2 /4 + In(1/0) + #)v/2(1 + N T

<O ((B’YT +v ’YT)Tﬁ)

with probability at least 1 — 0.

(65)

(66)

(67
(63)

O



B Proofs of Lemma and Theorem regarding Algorithm 4]
Lemma 7 (Confidence interval of the j-th evaluation). Suppose thatAssumptionsandhold. Lets € (0,1], € € (0,1], £ == (&) In(2T/ (5+
1/4)) and o, == n 7T (41/)1%‘ (23)71/2 Yn +1In(1/6) + 471) + B. Then the j-th mean estimate in the n-th episode un ; satisfies,
forallxz € X and j € [{], and uniformly over allm > 1,

3 (@) = F(@)] < s (2) (©9)
with probability at least 1 — % — 0. Here, o ; () is a posterior standard deviation of pir,;.

Proof. Note that, by the same argument in the proof of Lemma we have forall z € X and j € [¢],
lpn,3 (@) = f(@)] < 16(@)TW, ' @LNG| + | £ () = Gn(2)] (70)

where N2 = [fj1,,72j - 7ing]T With Gl = ynj — f(xn;) for all n € [N], and ¢ = kn(z)T (K, + M) fn with fr, =
[f(z1), f(x2), ..., f(zn)]T. From the Assumption[l} | f(x) — (n(2)| is bounded by Bo, ;(x) where B is some constant such that || f||2 < B
and 0, ; is a posterior standard deviation of the j-th evaluation in the n-th episode. Now, let us consider the first term of RHS of the inequality
({70). Choose some ¢ € R and denote the i-th element of ¢(x)TW,; 1 ®], as b; for all i € [n]. Then we can decompose the first term as follows:

|6(2) "W, LN = | > bidii (1)
=1
<Y bidii g Lpa,1<ey — Bbiflis Lo, 1<e3 |G| + | D Blbidli s 1iba, 1<} Girs) (72)
i=1 i=1
+ ZE[biﬁi,jl{\bimd\>c}|gi,j] (73)
=1

where Gn; = o({z1,...,2n}) U{f1,j,. -, Tn—1,5}) withn € [N] and j € [¢]. By using Cauchy-Schwartz inequality, the first term of the
inequality (73) can be bounded as follows:

D bitlii Lo s1<ey — Ebiflig L, ji<erGidl| < | D bikis| = ’qﬁ(w)TWJl@L@ (74)
i=1 i=1
<A Vo (@)]|RTEL - 75
<A 20,5 (@) |@1E 75)
where &, = [€1,...,&n ] and & ; = 7li; — E[f; ;|G ;] for all i € [n)]. Since |7j: ;| < 2¢ holds for all i € [n], by a similar argument in the
proof of Lemma 3]and applying Lemma 8] we obtain
PrEl <2¢([2 (21T, + A1 K, +1n (& 76
19180 s < 26q/2 (3 Il + A1 K 0 (5 )). a6)
For the second term of the inequality (70), notice that
n n
D Elbidi L s 1<etGisl| = | = D Ebifli s Lijpin s1>c31Gis] 7
i=1 i=1
< ZE[|b¢ﬁi,j|1{|biﬁi,j\>c}\gz‘,j] (78)
=1
~ ~ € 1 - _€
< >~ Ellbeius | 741Gu ) T B b 5| > |G} T (19
i=1
- o e L E[|bidii g | €|Gig) T
< Sl gy 7 L 50)
i=
<7 b = hwn) eve 81
,;H = hlza) " ve 1)
where we define h(z,) = (3., |bi|1+€)%+e, and the second inequality follows from Holder’s inequality and the third inequality uses

Markov’s inequality. Now, we claim that the third term of the inequality (73) can be bounded by 0 with probability at least 1 — i To prove
this, we will show that the following inequality holds:

P{a’i (S [n} S.t. |bzﬁw\ > Clgiyj} < —. (82)

N



Note that, by union bound and Markov’s inequality, we have

P{3i € [n] s.t. [bifhi 5| > |G} <D P{|bihis

> c|Gi;} (83)

i=1
 E[|bifi;|'*€|Gi]

<Y T (84)
=1
1 j4e v vh(za)'T

S L s e @5)
i=1

Here, if we set ¢ = (4v) T (), then, the probability can be bounded by 4. This implies that the third term of the inequality (70) can be
bounded by 0 with probability at least 1 — 1. Finally, by combining the inequalities (70), (73), (73), (81), and (82), we have for all z € X and
J € [€), and uniformly over all n > 1,

|tin 3 () = f(2)] < |6() Wy " RLNG| + | f(2) = Gn(2)] (86)
_ 1 _
<A 1/20n,j(a:)2c\/2 <§ In|l, + \1K,| + ln(1/§)> + h(zn) T v 4+ 0+ Boy,j(x) (87)
1
< )\1/2B2(3\/2 (5 In|I, + A\=1K,|+ 1n(1/6)> + h(zn) "¢V + Bon j(2) (88)
< A1/232(4y)1ieh(xn)\/2 (% In |l + ALK, | + ln(1/5)) + 47T T h(2n) + Bow,j(2) (89)
1—e
< 0 () {Wue) (4v) THe (219,\—1/2 e+ In(1/0) + 4—1) + B} (90)
with probability at least 1 — + — 4. Here, the third inequality follows from the fact that h(zn) < n v A1/ 20,5 (z) and definition of ~y,,.
1—e
Letting o, == n20+9) (4u)%+e (QB)\’l/Q\/fyn +1n(1/9) + 4’1) -+ B completes the proof. O

B.1  Proof of Lemma 3]
Proof. By Lemma we have for all z € X’ and uniformly over all j > 1 and n € [N],
lpnj () — f(2)| < anon,;(z) (2]

with probability at least 1 — 3 — 4. Let us define the indicator function X, ; := L{jpp ()= f(2)[>anon ;(x)} and let pnj = P{X, ; = 1} for
alln € [N] and j € [¢]. From Lemma we know that p,, ; < 1 + & holds. Applying Azuma-Hoeffding’s inequality yields for any n € [N],

¥4 ¥4
¢ ‘
P{;Xn,j > 5} _P{;Xn,j ~pas 2 —M} (92)
< exp(— g — 0) < expl(— ) ©3)
6/
=57 94)

This implies that at least half of the j € [¢] evaluations satisfies pn,; () — f(z) > anon,;j(x) with probability at most %. Hence, the median
of the j evaluations in the n-th episode, denoted as fi, satisfies

fin(2) — £(2) < anon () )
, 1—e

with probability at least 1 — 2-. Here, o, := n2(1+) (41/)1741rf (23A71/2\/7n +1In(1/0) + 471) + B. By a similar argument and union

bound, we have

Pfin(@) — £(&)| € anon(@)} <1- %6)

with 8’ € (0, 1]. This completes the proof. O



B.2 Proof of Theorem|[6]

Proof. We define the length of each episode by ¢ := 81n(25—7,“). Then, by Lemma we have that for all z € X, with probability at least
1-46")T,

|/1n(13) - f($)| < anan(m) CH)

where fi,, denotes the median-of-means estimator in the n-th episode and a, is a confidence parameter defined in Lemma 3] Note that the
instantaneous regret can be bounded by

ro = (@) = fon) ©8)
< fin(2+) + anon(z) — f(zn) (Lemma[3) 99
< fin(Tn) + anon(z) — f(xn) (the optimistic selection rule) (100)
< 2anpon(x) (101)

with probability at least 1 — &’ /T Here, z. is an optimal point. Therefore, the cumulative regret bound over N episodes can be bounded by

RN = (Cauchy-Schwartz inequality) (102)
N
< 2an, | N Y od(x) (103)
n=1
<20V Nan+/2(1 + Myw (104)
< 2(\/>{N2<1+e 41/)1+e @2BX?\/yn +In(1/8) +47") + B}V2(1 + M~ (105)
<0 (241\71? (4v) T 12/ Oyn +(1/8)) + 471N + 2£B\/N7N> (106)
< O(BuT+i T4 In(T)) (107)
with probability at least 1 — §’, as desired. O

C Technical Lemmas

Lemma 8 (in [13]]). Let {z:}¢>1 be an R%-valued discrete time stochastic processes such that z; is predictable with respect to filtration
{Gi}i>0, e, 2z is Gi—1-measurable for all t > 1. Let {w:}1>1 be a real-valued stochastic proces such that for all t > 1, wy is (a)
Gy-measurable, and (b) R-sub-Gaussian conditionally on Gy_1 for some R > 0. Then, for any § € (0, 1], with probability at least 1 — 9,

uniformly over all t > 1,
t
12|
> wep(z)|| < Ryf2 1 +1( ) (108)
= 7]
t

where Zy = Z + 30, ¢(2:)(27)T and Z : Hi(R?) — Hy(RY) is a positive definite operator:

Lemma 9 (in [10]). Ifk(z,z) < 1forallx € X, then Y '_ 02 1(ws) < 2(1 4+ A\)7e.

D Experimental setting for real-world stock datasets

We analyze stock market data from Apple, Baidu, and Hawaiian Holdings, all of which are listed on the NASDAQ 100 index. The dataset

includes the rate of change, I+, for open (o), high (h), low (), and close price (c), as well as the trading volume (v) from the time step ¢ — 1 to

t. For each type i € {0, h, 1, c, v}, the change rate I} is calculated as I} = %. We utilize stock market data from January 2010 to January
t—1

2022, with the training and test periods defined as detailed in TableE} The reward at time step ¢ is defined as r: := maxs (I, ;41) — 15/ 144
Here, the first term represents the maximum change rate based on the close price from ¢ to ¢ 4 1 across all stocks s. The second term indicates
the change rate for the close price of stock s’, which is predicted to have the maximum change rate from ¢ to t + 1.

Table 4: Train and Test data split with stock market data of Apple (AAPL), Baidu (BIDU), and Hawaiian Holdings (HA) in the NASDAQ 100
index.

Company Training Period Test Period
AAPL, BIDU,HA  Jan 2010 -Jan 2018  Jan 2018 - Jan 2022




Algorithm 3 Median-of-means (MoM) GP-UCB

1: Input: T, X, a: € R, A >0, k, e € (0,1], 4,8 € (0,1], B
2: Initialization: Set ¢ = 8In(2F), N = | T], io =0
3: forn=1,2,...,Ndo
1—e
4 Set oy, = n¥iTa (4y)THe (QBA*% o +In(}) + i) +B

Select action x,, = arg max, ¢ y fin—1() + anon_1(x)

Compute k, (z)T(K,, + M\,,) 'Y, for each j € [¢]
: Compute fin(z) = median{ky, (z)(Kn + A,)Y; },
9:  Seton(z) = kn(2)T(Kn + M) Tk (z)
10: end for

5
6: Play z,, with £ times and observe payoffs yn. 1, Yn,2,-- -, Yn,e
7
8

Algorithm 4 Gaussian process bandit algorithm

1: Input: T, X, 0, € RT, A >0,k,e€(0,1],6,8 € (0,1], B
2: Initialization: Set ¢ = 8In(27), N = | T], io =0
3: forn=1,2,...,Ndo
1—e
4: Setan:nm(ély)l%f (QBA_%Q/’Ynﬁ’ln(%)ﬁ’%) + B

Select action z,, = argmax ¢y fin—1(z) + anon_1(z)

Compute ky, (2)T(K» + A,) 'Y, foreach j € [¢]
: Compute jin (z) = median{k, (z)(Kn» + A\.) Y] 5=,
9:  Set o, (z) = kn(2)T(Kn 4+ A) " 'kn(2)
10: end for

5
6:  Play x,, with £ times and observe payoffs yn, 1, Yn,2, - ., Yn,e
7
8
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