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ABSTRACT

We consider the domain adaptation problem in the context of label shift, where
the label distributions between source and target domain differ, but the conditional
distributions of features given the label are the same. To solve the label shift adap-
tation problem, we develop a novel matching framework named class probability
matching (CPM). It is inspired by a new understanding of the source domain’s
class probability, as well as a specific relationship between class probability ra-
tios and feature probability ratios between the source and target domains. CPM is
able to maintain the same theoretical guarantees as the existing feature probability
matching framework, while significantly improving the computational efficiency
due to directly matching the probabilities of the label variable. Within the CPM
framework, we propose an algorithm named class probability matching with cal-
ibrated networks (CPMCN) for target domain classification. From the theoretical
perspective, we establish a generalization bound of the CPMCN method in order
to explain the benefits of introducing calibrated networks. From the experimen-
tal perspective, real data comparisons show that CPMCN outperforms existing
matching-based and EM-based algorithms.

1 INTRODUCTION

In classification problems, domain adaptation refers to the ability of an algorithm trained on a source
domain with distribution P to successfully fulfill its task in a different, but related, target domain
with distribution ). As one of the most commonly used domain shift assumptions, label shift
(Saerens et al., 2002} |Storkey, [2009) assumes that the class probability varies, i.e. p(y) # q(y),
while the class-conditional probability remains unchanged, i.e. p(z|y) = ¢(z|y). Domain adapta-
tion under the label shift assumption has been utilized in a wide range of real-world applications,
including disease diagnoses (Zhang et al., 2013}, Taschel [2017), visual recognition (Martinez et al.,
2017;|Yang et al.l 2018) and relation extraction (Hong et al., 2022).

One paradigm to solve the label shift adaptation problem are matching methods. An example is
Zhang et al.|(2013). This article extends the kernel mean matching method from Gretton et al.| (2009)
to label shift settings for estimating the class probability ¢(y), assigns weights for samples according
to the class probability ratio ¢(y)/p(y), and retrains a weighted classifier in the source domain that
can be used in the target domain. More recently, network-based methods (Guo et al.,|2020) achieves
high performance via training generative adversarial networks (GANs). These methods are based on
feature probability matching on X. They come with strong theoretical guarantees for the solution,
but suffer from huge computational costs. To reduce the computational complexity, researchers
have sought to match the probabilities of the prediction Y instead of matching the probabilities of
the feature X. To this end, Lipton et al.| (2018); |Azizzadenesheli et al.| (2019)) train a classifier i

on the source domain to obtain predicted labels ¥ = h(x) in the target domain, and then match
the estimated target class probability ¢(7). Recently, motivated by semiparametric models, Tian
et al.| (2023) match the moment of a variable related to the prediction y. However, the cost of
these methods is that the variable 7, on which the probability matching is conducted, suffers from

prediction errors of the fitted classifier h.
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Another paradigm to address the label shift adaptation problem are EM-based algorithms. For in-
stance, (Chan & Ng| (2005) propose an EM-based algorithm inspired by |Saerens et al.| (2002)) to
estimate ¢(y). A corresponding classifier then selects the class label with the maximal estimated
probability ¢(y|x). Furthermore, Storkey| (2009) assumes a prior over p(y) and estimates ¢(y) using
Bayes’ Rule, while |Gretton et al.| (2012) combine anti-causal learning with the label shift assump-
tion to compute ¢(y). However, for most of these methods, the use of intermediate variables like
p(z|y) or p(z), which themselves are difficult to estimate, hinders the estimation performance of the
predictor g(y|z). Their further development has been limited until |Alexandari et al.| (2020), which
combines the calibrated neural networks (Platt, |1999;|Guo et al.,|2017)) and EM methods to estimate
q(y) and gq(y|z). As modern neural networks are no longer well-calibrated, calibration techniques
are introduced to enable estimated conditional probabilities to accurately reflect the true likelihood
of correctness (Guo et al.| 2017). Experimentally, |Alexandari et al.|(2020) demonstrate that without
calibration, EM-based algorithms perform worse than matching methods, while after calibration,
EM-based algorithms can outperform matching methods, validating the effectiveness of calibrated
networks in label shift adaptation problems.

In this paper, we propose a novel matching framework named class probability matching, which
is based on matching the distributions of the label Y. Specifically, we provide new theoretical
understanding on the source domain’s class probability p(y), as well as a specific relation between
the class probability ratio ¢(y)/p(y) and the feature probability ratio p(x)/q(z) under the label shift
assumption. This results in a new matching framework of two probabilities on the label variable Y to
get the class probability ratio. Accordingly, we propose a novel algorithm named class probability
matching with calibrated networks (CPMCN) for label shift adaptation. Our approach consists
of estimating the class probability ratio with the use of calibrated neural networks and obtaining
the classifier for the target domain. We provide rigorous theoretical guarantees for the solution of
our novel class matching framework on Y, as well as the generalization bound of our proposed
CPMCN to demonstrate the benefit of introducing a calibrated network. The proposed algorithm is
not only computationally more efficient than the matching methods on the feature vector X, but also
avoids introducing an additional prediction error in contrast to matching methods predicting Y. The
contributions of this paper are summarized as follows.

(i) To solve the label shift adaptation problem, we develop a novel matching framework named class
probability matching that directly matches on the probabilities of label Y. Based on this framework
we propose a new algorithm called CPMCN for label shift adaptation, which applies the calibrated
neural network. CPMCN has low computational complexity and high theoretical guarantees.

(ii) Theoretically, we provide rigorous theoretical guarantees for our proposed matching framework.
Moreover, we establish a generalization bound for the CPMCN algorithm, which illustrates the
benefit of incorporating a calibrated network in the algorithm.

(iii) Experimentally, we validate that CPMCN outperforms existing matching methods and EM-
based methods, in class probability ratio estimation and target domain classification.

2 PRELIMINARIES

2.1 DOMAIN ADAPTATION

In domain adaptation for classification, the input space X C R¢ and output space Y = [K] :=
{1,2,..., K} of both, source and target domain, are the same, but the distributions of source and
target data, i.e. the corresponding probability distribution P and @ on X x ), differ. In domain
adaptation, we observe labeled source domain data D, := {(X1,Y1),...,(Xyn,,Ys,)} and unla-
beled target domain data Dy = {Xn, 415+, Xn,4n, }. Based on these samples D := (D,, D),
our goal is to find a classifier o, : X — ) for the target domain. It is well-known that the classifi-
cation error of a classifier h : X — Y, i.e. the risk @ (h(X) # Y), is minimzed by the naive Bayes
classifier h,(7) := arg max,c[x] ¢(y|r). For this reason, we aim at finding an estimator g(y|z) of
q(y|x) to get the plug-in classifier given by ﬁq(:v) := arg max,¢ (k] ¢(y|z). In order to evaluate the
quality of an estimator g(y|x), we employ the cross-entropy loss £(y, ¢(-|x)) := — log q(y|z). Then,
the corresponding risk is given by R,(q(y|z)) := f){xy L(y,q(+|x)) dg(x,y) and the minimal risk
is defined as R}, := ming(y|.) R¢(q(y|z)). The conditional probability ¢(y|z) is the optimal (or
true) predictor which achieves the minimal risk with respect to £ and Q, i.e. R; = R,(q(y|z)) =
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< b, to denote that there

~

—Ezng Zke[K] q(k|z)log q(k|x). Moreover, we use the notation a,,
exists a constant ¢ > 0 such that a,, < ¢ b,,, forall n € N.

2.2 LABEL SHIFT

In this paper, we consider the label shift setting (Saerens et al., 2002} [Storkey}, 2009).

Assumption 2.1 (Label shift). Let P and @ be two joint probability distributions defined on A" x ).
Suppose that P has non-trivial class probabilities, i.e. p(y), ¢(y) € (0,1), Vy € [K]. We say that
P and (@ satisfy the label shift assumption if the class-conditional probabilities of P and @ are the
same, whereas their class probabilities differ, i.e.

p(zly) = q(zly)  and  p(y) # q(y). ¢))

To better illustrate label shift, we provide a real-world example. Imagine that z € X" represents
symptoms of a disease and that the label y € ) indicates whether a person has been infected with the
disease. Moreover, assume that the distributions P and () defined on X' x ) correspond to the joint
distribution of symptoms and infections in different hospitals, e.g. in different locations, that adopt
distinct prevention and control measures so that the disease prevalence differs, i.e. p(y) # q(y).
At the same time, it is reasonable to assume that the symptoms of the disease and the mechanism
that symptoms caused by diseases are the same in both places, i.e. p(z|y) = ¢(z|y). To make
a diagnostic model based on data from one of the hospitals work in the other hospital it becomes
therefore crucial to study label shift adaptation.

The goal of label shift adaptation is to estimate ¢(y|z) in the target domain. Estimating ¢(y|x) can
be converted into estimating the class probability ratio w* := (w; ), c[x] between ¢(y) and p(y), i.e.

wy :=q(y)/p(y), vy €[K] 2)

To be specific, given the label-shift assumption [2.1} ¢(y|z) can be expressed in terms of the true
predictor p(y|x) in the source domain and the class probability ratio w*:

wy T
dole) = - PUD G)
2= wi p(K[)
For a detailed proof of Eq. (3) see [Saerens et al.| (2002)); [Alexandari et al.| (2020) or Appendix
Note that the predictor p(y|x) can be learned by fitting a calibrated ReLU network with a softmax
output layer on the labeled samples in the source domain. Thus, in order to estimate the optimal
predictor ¢(y|x) in the target domain, it suffices to estimate the probability ratio w*.

In addition to label shift adaptation, the label shift assumption also exists in long-tailed learning (Zhu
et al., [2023)) and imbalanced semi-supervised learning (Kim et al.l [2020; Wei et al.| [2021). While
these two problems often assume a balanced class probability for test data, certain methods still
require the estimation of the class probabilities for pre-trained data (Zhu et al.| [2023) or unlabeled
training data (Kim et al.l |2020) to enhance the quality of pseudo-labels of data. Consequently,
studying label shift adaptation can contribute to address the challenges in these two problems.

3 CLASS PROBABILITY MATCHING FRAMEWORK

In this section, in order to estimate w*, we introduce a novel matching framework named class
probability matching that motivates the proposed algorithm for label shift adaptation in Section [4]
Before we proceed, we first revisit the existing feature probability matching framework.

Revisit of feature probability matching methods. Many existing methods that aim at estimating
the ratio w* are based on matching two probability distributions of the feature variable X. To be
specific, under the label shift assumption, it is shown in|Zhang et al.| (2013); |Garg et al.| (2020) that
the marginal probability ¢(z) has the following representation

K

K K
g(x) = > aWaly) =D wip@)aly) = > wip(y)p(zly). €)
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In order to determine w*, feature probability matching methods (Zhang et al.| [2013; |Guo et al.,
2020) aim to find a weight vector w := (wx)e[x] such that

K
g(x) = wyp(y)p(xly) (5)

holds. In other words, they get w* by matching ¢(z) with a weighted combination of p(z|y). Theo-
retically, Garg et al[(2020) prove that w = w* is the unique solution of Eq. (5) under the assumption
of linear independence of the set of distributions {p(z|y) : y € [K]}.

Unfortunately, existing methods that match probability distributions on X suffer from computational
inefficiency. For example, the method proposed in |[Zhang et al.| (2013) suffers from the computa-
tional complexity of O(nf}). Moreover, training GANs to implicitly learn the distribution of X in
Guo et al.|(2020) is computationally extremely costly. Thus, in order to avoid the above problem, we
develop a method that matches probability distributions of the label variable Y to get w*. It is easy
to see that the class probability p(y) is the only probability distribution of Y that can be estimated
from the available data. Consequently, we investigate the method of matching p(y) to get w*.

A new class probability matching framework. By the law of total probability, we get a represen-
tation of the class probability p(y) as

ply) = /X p(@)p(y|) dx = /X f]’ggq@)p(ym dr, e [K], ®)

i.e. the class probability p(y) can be written as a weighted integration with the marginal probability
ratios p(x)/q(x) of X as the weight. Moreover, we find that the marginal probability ratio p(x)/q(x)
and the class probability ratios w; = q(y)/p(y), y € [K], are related. More precisely, under the
label shift assumption, the representation of ¢(z) in Eq. (4) together with Bayes formula yields

) plw) 1
T =K T =K . :
a(x) S wip(y)p(ely) Y,y wip(ylr)
From Eq. (7), we can see that under the label shift assumption, the marginal probability ratios
p(z)/q(z) of X can be parameterized by a simple K-dimensional vector w* = (wy),c(x]- By
incorporating Eq. (7) into Eq. (6], we get

_ p(ylz) ) dip — p(ylz)
Ply) = X Eszl wip(k|x) a(@)d Barg (Zke[K] w?gp(klx)> - velkl

Therefore, a new strategy to obtain w* is to find a weight vector w := (wx e[k satisfying

_ p(y|x)

Note that in Eq. we match two class probability distributions: the class probability p(y) and a
weighted expectation of p(y|x) with respect to the target distribution g(x). We therefore call the
aforementioned strategy class probability matching (CPM).

)

Equivalence of class and feature probability matching frameworks. In contrast to matching
two distributions of the d-dimensional feature vector X in Eq. , we match two distributions of
the one-dimensional label Y variable in Eq. (§). Since the label Y only takes K discrete values,
class probability matching only needs to match K equations, thereby allowing for a reduction of the
computational cost of CPM.

The following equivalence theorem provides the theoretical guarantee that the class probability
matching framework on Y™ and the feature probability matching framework on X in Eq. (3) share
the same weight solution under the label shift assumption.

Theorem 3.1 (Equivalence of Matching on X and Matching on Y). Let Assumption[2.1| hold.
Then the weight vector w := (wy,) e[k Satisfies the feature probability matching on X in Eq. (E]) if
and only if it satisfies the class probability matching on'Y in Eq. ().

Through the equivalence between the two matching frameworks, it becomes evident that the class
probability ratio w = w™ is also the unique solution to Eq. under mild assumptions. The class
probability matching framework motivates an algorithm which will be introduced in Section 4}
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4 CLASS PROBABILITY MATCHING ALGORITHM

In this section, based on our proposed framework named class probability matching in Eq. () from
Section [3] we present the empirical version of CPM and integrate calibrated networks to obtain an
algorithm named Class Probability Matching with Calibrated Networks (CPMCN) for label shift
adaptation. The proposed algorithm consists of two parts: the initial phase is to estimate the class
probability ratio, while the second step is to obtain the corresponding classifier for the target domain.

Estimation of the Probability Ratio w*. On the one hand, based on the source domain data, the
left-hand side of Eq. (8)) can be estimated by
~ 1 &
ply) = — o vi=y}, yelK], 9)

P =1

where 1{Y; = y} denotes the indicator function which takes the value 1 if ¥; = y and the value 0
otherwise.
On the other hand, with the aid of target domain samples D¢, the right-hand side of Eq. @ can

be approximated by n; ' Y . (p(y|Xi)/(Zke[K] wip(k|X;))). In order to estimate the class

membership probabilities p(k|X;) of target domain data X; € D}’ in the source domain, we first fit
a calibrated network p(y|z) with source data D,, as an estimator of the predictor p(y|z). Note
that we employ calibrated networks here because ordinary neural networks struggle to provide
accurate estimates of class membership probabilities, even though they are good classifiers. We
construct calibrated networks via bias-corrected temperature scaling (BCTS) (Alexandari et al.
2020). Specifically, let z(x) be the vector of the original softmax logits of the sample . BCTS
introduces a temperature scale 7" and a bias vector b := (bg)re[x] to get the calibrated predictor
p(ylz) == exp(2(z)/T + by) /(X e r) expP(2(2) /T + by)) for y € [K], where T" and b are both
optimized with respect to the negative log-likelihood on the validation data. Then by using the cal-
ibrated network p(y|x) to predict the class membership probabilities p(y|X;) for all target domain
samples X; € DY, the right-hand side of Eq. (8)) can be estimated by

1 plylXi)
pe(y) == — — ) y € [K]. (10)
O e S ki)

Since the probability ratio w* is a solution of matching on Y in Eq. (8), w* can be estimated by
matching the estimates p(y) in Eq. @) and py’ (y) in Eq. . In order to match p(y) and py’(y), we
have to find the solution @ to the following minimization problem

K
~ . ~, 2
@ = argmin Y _|p(y) — by (v)|", (11)
weRK y=1

which can be solved by the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm (Broyden,|1970),
with a computational complexity of O(n,K?) in each iteration. By definition of py’ in Eq. (10),

there holds }°, ¢ @yﬁg’ (y) = 1. Therefore, the weight @ that matches p(y) and ﬁf (y) is required
to satisfy >, oz WyP(y) = 1. Thus, for the solution @ in Eq. li we take the normalized weight
Wy /(3 ek WyP(y)) as the final estimation @y, for all k € [K].

Obtaining a classifier for the target domain. Using the weighted predictor representation in
Eq. (3), the calibrated network predictor p(y|x), and the estimate @ of the ratio w* in Eq. (L)),
we are able to estimate g(y|x) in the target domain by

_ wyp(ylz
o) = e ) 12
Zj:l w;p(j|x)
Based on the estimator g(y|z) in Eq. (12), we obtain the plug-in classifier

ﬁq(m) = argmax q(y|z). (13)
yE([K]

The above procedures for label shift adaptation are summarized in Algorithm I}
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Comparison with feature probability matching methods. CPMCN keeps the same theoretical
guarantee for the weight solution as methods matching on X, but the computational complexity of
CPMCN is much smaller: the computational complexity of Eq. is O(nyK?) per iteration, but
methods matching on X either require inversion of the Gram matrix which has a high computational
complexity of O(nf,) or is computationally very intensive due to implicitly learning the distribution
of X by a GAN model.

Algorithm 1 Class Probability Matching with Calibrated Networks (CPMCN)
?:pl;
Target domain samples D := (X z)?:p::ip
Compute the class probability p(y) from the source domain by Eq. (9);
Fit the calibrated networks p(y|z) with the source domain samples D,, and make predictions
p(y|X;) on target domain samples X; € Dy';
Compute the weighted combination of p(y|X;) to get p (y) as in Eq. ;
Solve the minimization problem in Eq. (11) to match p(y) and py’ (y) and obtain w;
Compute the predictor g(y|x) by Eq. ll and the induced classifier ﬁq by Eq. .

Output: Predicted labels {Eq(Xi)}?:p::jl of samples from the target domain.

Input: Source domain samples D,, := (X;,Y;)

Comparison with prediction probability matching methods. Matching methods on the prediction
y first learn a predictor h in the source domain and then match the probability ¢(%) of the prediction
y = h(z). However, there exists an avoidable prediction error between the learned predictor h
and the true predictor A such that matching ¢(y) is not an accurate approximation of matching
the probability g(h(x)) of true prediction h(x). By contrast, p(y) can be easily estimated using the
labels of source domain data, which do not involve such prediction error of i and therefore matching
p(y) yields a more accurate estimate of w*.

5 THEORETICAL RESULTS

In this section, we present the theoretical results of the proposed class probability matching frame-
work in Section |3| and the CPMCN algorithm for label shift adaptation in Section |4} Firstly, we
prove that the true ratio w* is the unique solution of the CPM framework formulated in Eq. (8),
which justifies the use of the solution @w in the CPMCN algorithm to estimate w*. Secondly, we
establish an upper bound for the estimation error of @w and the generalization error bound for the
classification performance of CPMCN, which aims to demonstrate the benefits of using calibrated
networks in CPMCN.

Our theoretical results build upon the following assumption which is taken from|Zhang et al.|(2013));
Garg et al.[(2020).

Assumption 5.1 (Linear Independence). Assume that the class conditional probabilities
{p(x|y) }ye[k) are linearly independent.

Remark 5.2. Assumption5. l|is a weaker than Assumption A.3 in|Lipton et al.|(2018) which assumes
that the confusion matrix whose (i, j)-th entry is p(y = i,y = j) is invertible.

The following theorem demonstrates existence and uniqueness of a solution to the equation system
Eq. (8). In particular, it shows that the solution corresponds to the probability ratio w*.

Theorem 5.3 (Identifiability). Let Assumptions and [5.1) hold. Moreover, let the probability
ratio w* be as in Eq. (2). Then the equation system Eq. (8) holds if and only if w = w*.

Theorem [5.3]justifies the use of the solution % to the minimization problem in Eq. to estimate
w*, since Eq. is the empirical version of the system of equations Eq. (§). The next theorem
provides an upper bound on the estimation error of w for estimating w*.

Theorem 5.4 (Weight Estimation Error Bound). Ler Assumptions 2.1 and [5.1) hold. Moreover,
denote the function set of calibrated networks as F. Then, with probability at least 1 —2/n, —2/n,,
there holds

@ —w*|3 < (;gﬁ_Rp(f) - R5) + \/VC(]:) logn,/ny, + 24/logny,/n, + 2logng/nyg.

The upper bound of the estimation error of @ on the right-hand side of the above inequality consists
of the upper bound of the bias term (first summand) and the variance term (last three summands).
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The following discussion indicates that the utilization of calibrated neural networks in CPMCN
significantly reduces the bias term while keeping the variance term almost unchanged, thus reducing
the class probability ratio estimation error ||@ — w*||2.

Reduction of the Bias Error. The bias error term measures the approximation ability of the neural
network function to the true p(y|x). As stated in|Alexandari et al. (2020), calibrated neural networks
have significantly lower systematic bias and stronger approximation ability to p(y|x). Specifically,
Alexandari et al.| (2020) proposed a calibrated method called BCTS, which learns bias and scaling
parameters by optimizing the negative log-likelihood on a held-out training set to correct the proba-
bility output of neural networks p(y|z). Therefore, the utilization of calibrated networks in CPMCN
significantly reduces the bias error term of the estimation error of w.

Negligible Increase in the Variance Error. The variance error term is dominated by the term that
includes the VC dimension of the function set F of calibrated neural networks. [Bartlett et al.|(2019)
proved that the VC dimension of a neural network set depends on the number of weights W and
layers L. Compared with the commonly used networks, the calibrated networks used in the CPMCN
algorithm have added only one more layer consisting of K biases and K scaling parameters. As
W and L are usually much larger than 2K and 1, respectively, the increase of the VC dimension
calibrated networks compared to the original networks can be considered negligible. As a result, the
increase in the variance error term is negligible, as well.

Finally, we present the generalization bound of our algorithm in the target domain.

Theorem 5.5 (Generalization Bound). Let Assumptions[2.1jand[5.1|hold. Moreover, let VC(F) be
the VC dimension of the function set of calibrated neural networks F and let q(y|x) be the estimator
in Eq. . Then, with probability at least 1 — 2/n,, — 2/n,, there holds

Rq(qlyl|z)) — Ry S 3(fir€1£r7€p(f) — R;) + 3\/VC(]-') log n,/n, + 6\/lognp/np + 6logng/nyg.

Compared to the error bound of the class probability ratio estimation in Theorem[5.4] the only slight
differences in the generalization error bound in Theorem [5.3]lie in the different constant coefficients
in front of each term. As a result, similar discussions as above yield that the utilization of calibrated
neural networks can improve the generalization performance of the CPMCN algorithm. All the
proofs of the results presented in this section can be found in Appendix [B]

6 EXPERIMENTS

In this section, we present experimental results on three benchmark datasets (MNIST [LeCun et al.
(2010), CIFAR10 |Krizhevsky et al.|(2009), and CIFAR100 |[Krizhevsky et al.|(2009)) to validate the
effectiveness of the proposed CPMCN algorithm in comparison to existing matching and EM-based
methods on label shift adaptation tasks.

Experimental Setups. Based on the original benchmark datasets, the data for the label shift setting
are constructed as follows. We take the training set of the benchmark datasets as the data for the
source domain D), and reserve 10000 samples out of D,, as a hold-out validation set, which is used
to tune the hyper-parameters of the calibrated BCTS model (Alexandari et al., [2020). In order to
generate the data for the target domain, D, we resample the original test set according to the label
distribution ¢(y). By removing the labels, we obtain the unlabeled target domain data D¥. For
repeating experiments of each method, we use the code from |Geifman & El-Yaniv| (2017) to train
ten different network models with different random seeds. For each model, we perform 10 trials,
where each trial consists of a different sampling of the validation set and a different sampling of the
label-shifted target domain data. The total number of repetitions is 100.

Types of Label Shifts. We consider the following two label shift cases. For Dirichlet shift, we
generate the class probability ¢(y) by a Dirichlet distribution with parameters (aj)le satisfying
a; = « for the first ten classes, i.e. for j € [10]. The class probabilities of the remaining classes
are set to 0. The label shift is more severe with a smaller .. For tweak-one shift, we set the class
probability of the fourth class as a parameter p and the probabilities ¢(y) of the remaining nine
classes among the first ten classes are set to (1 — p)/9. Meanwhile, the class probabilities of all
remaining classes are set to 0. We explore the Dirichlet shift with « € {0.1,0.2,0.5,0.8,1.0,10}
and the tweak-one shift with p € {0.01,0.02,0.05,0.6,0.8,0.9}.

Comparison Methods. We compare the CPMCN method with the following algorithms for label
shift adaptation: the matching methods LTF (Guo et al.l [2020), (Zhang et al., 2013), BBSL (Lip-
ton et al., [2018)), RLLS (Azizzadenesheli et al., |2019), ELSA (Tian et al., [2023)) and the maximum
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likelihood method EM (Alexandari et al., 2020). The LTF method is a feature probability match-
ing method on X, rendering the calibrated networks inapplicable. For the remaining comparison
algorithms, we employ the BCTS method for calibration. For all methods, the calibrated predictor
p(y|z) is reweighted using the ratio estimation @ to determine the predictor g(y|x) in the target do-
main via Eq. and plug-in classifier by Eq. (13). Details on the implementation of all algorithms,
including CPMCN, can be found in Appendix[C.2}

Evaluation Metrics. We assess the efficacy of the algorithms by addressing the label shift adapta-
tion problem from two perspectives. On the one hand, to measure the estimation error of the class
probability ratio w*, we employ two different metrics, MSE_EVEN and MSE_PROP, which means
the original and weighted mean squared error between w* and its estimate w, respectively. On the
other hand, the classification accuracy (ACC) in the target domain is used to directly assess the algo-
rithms’ performances. Note that better performance is indicated by smaller MSE_PROP, MSE_EVEN,
and larger ACC. Detailed information regarding the three metrics can be found in Appendix [C.T]

a | 0.1 | 0.2 | 0.5

Metrics | MSEEEVEN MSE_PROP ACC (%) | MSEEEVEN MSE_PROP ACC (%) | MSELEVEN MSE_PROP ACC (%)

LTF 59Te+] 384c+3 65.30 7736+ 2.07e+3 30.15 27Te+] 9.67c+2 30.35

(10Se+1)  (1.29e+3)  (7.94) (120e+])  (1.03e+3)  (1.63) (8.01e+0)  (3.82e+2)  (2.86)

BESL 1.70e+0 5.02e+1 93.03 1.26e+0 2.64e+1 91.53 $38e-1 T1le+] $9.98

(7.25¢-1) (39le+l) (041 (8.54e+0)  (2.94e+l)  (0.40) (1.02e+])  (L54e+l)  (0.36)

RLLS 1.12¢+0 4.94e+1 93.30 9.17e-1 2.37e+1 92.15 6.35¢-1 1.08e+1 90.50

(1.75e+0)  (1.47e+2)  (0.66) (140e+0)  (1.17e+2)  (0.55) (9.06e-1) (636e+1)  (0.42)

ELSA 543¢+0 6.60c+1 9388 424e+0 733e+1 92.58 2.76e+0 1.62¢+1 90.88

(1.08e+])  (Llde+2)  (0.53) (9.90e+0)  (8.28e+1)  (0.56) (725¢+0)  (3.87e+l)  (0.50)

EM 231e-1 7.95¢+0 94.58 1.82¢-1 7.15¢+0 93.18 1.32e-1 2.11e+0 91.30

(8.31e-2) (4.87e+0)  (0.33) (5.31e-2) (2.49+0)  (0.29) (2.46¢-2) (9.80e-1) (0.25)

cpMeN | 109 3.61e+0 9548 1.31e-1 2.30e+0 94.08 1.02e-1 1.53e+0 92.00

(791e-2)  (4.74e+0)  (0.33) (5.07e-2)  (2.19%+0)  (0.28) (2.37e-2) (9.55¢-1) (0.25)

a | 0.8 | 1.0 | 10

Metrics | MSEEEVEN MSE_PROP ACC (%) | MSEEEVEN MSE_PROP ACC (%) | MSELEVEN MSE_PROP  ACC (%)

LTF T.13e+1 2.18e+2 34.80 1.20e+1 1.64c+2 3645 5.95¢+0 7 42e+1 33.02

(330e+0)  (2.13e+2)  (L.14) (4.76e+0)  (1.6le+2)  (1.55) (329e+0)  (32let+l)  (5.86)

BBSL 8 48c-1 T.07e+1 89.13 9.39¢-1 T1Te+] S372 6.19¢-1 437e+0 8745

(9.67e+0)  (1.49%+1)  (0.35) (820e+1)  (7.10e+0)  (0.36) (142e42)  (7.05e+0)  (0.31)

RLLS 5.40e-1 9.43¢+0 $9.70 57261 8 31e+0 89.52 7.99¢-1 T41e+0 87.50

(5.73e-1) (3.28e+1)  (0.35) (8.52e-1) (325e+1)  (0.38) (6.69-2) (8.97e-1) (0.14)

ELSA 2.87¢+0 1.88e+1 89.43 2.77e+0 1.32e+1 39.85 1.97¢+0 7.55¢+0 37.08

(4.61e+0)  (2.49%+1)  (0.37) (2.84e+0)  (L15e+1)  (0.41) (234e+])  (2.13e+0)  (0.43)

EM [42e-1 1.55¢+0 90.73 [5Te-1 1.55¢+0 90.40 [.53e-1 1.35¢+0 3385

(2.06e-2) (7.21e-1) (0.22) (3.06e-2) (9.69-1) (0.26) (9.63e-3) (1.15e-1) (0.13)

cpvoN | 127ed 1.43¢+0 91.28 1.32¢-1 1.35¢+0 90.80 T.4de-1 1.32¢+0 $9.15

(1.86e-2) (6.67¢-1) 0.22) (3.15e-2)  (1.03e+0)  (0.26) (9.42¢-3) (1.13e-1) 0.13)

Table 1: Performance on CIFAR100 under Dirichlet shift. For each method, the first line corresponds to the
median of the considered metrics among 100 repeating experiments. The second line is the standard
deviation of these 100 values. The best results are marked in bold.

Experimental Results. Table [T] and Table 2] in Appendix provide the results of label shift
adaptation tasks on the CIFAR100 dataset of the above methods for two types of label shift scenarios
and different label shift parameters a and p. Experimental results on the MNIST and CIFAR10
datasets are presented in Tables [5] and [6]in Appendix For all datasets, especially for the
CIFAR100 dataset, Table [I} shows that the proposed CPMCN method has the lowest estimation
error with respect to the class probability ratio and the highest classification accuracy for different
values of «, which shows that matching on Y outperforms the compared methods.

Training Curve. Figure[T|presents the training curve of our CPMCN algorithm and the correspond-
ing curve of MSE of class probability ratio estimation on CIFAR100 under the tweak-one shift with
p = 0.01. Both curves exhibit the same trend: as the number of iterations increases, the objective
function and the ratio estimation error decrease to almost zero. This empirical result validates the ef-
fectiveness of the matching method on Y for estimating the ratio w*. Furthermore, beyond a certain
number of iterations, both criteria maintain their near-zero status.

The effect of the source domain predictor p(y|x) on the performance. We investigate the impact
of the quality of the network predictor p(y|z) trained in the source domain on the performance of
¢(y|z) in the target domain. For this, we vary the number of training epochs for the network in the
source domain and based on p(y|z) trained with different epochs, we compute the corresponding
predictors ¢(y|x) in the target domain. Figure [2| presents the classification accuracy and cross-
entropy loss of p(y|x) in the source domain and that of g(y|x) in the target domain at different
training epochs under tweak-one shift with p = 0.01 on CIFAR100. As can be seen from Figures
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Mean Squared Error
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Figure 1: Training curve of CPMCN and ratio
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estimation error curve.

Figure 2: Effect of the source domain’s network predictor
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the better the network is trained in the source domain, the better the performance of CPMCN in the
target domain. This validates the generalization bound of Theorem [5.3]

Importance of Calibration in CPMCN. To illustrate the role of calibration in CPMCN, we com-
pare CPMCN without the calibrated model component (referred to as ‘None’) and CPMCN inte-
grated with common calibration methods, including vector scaling (VS) (Guo et al.,[2017)), No Bias
Vector Scaling (NBVS) (Alexandari et al., 2020), and BCTS. The comparison is conducted on the
CIFAR100 dataset under the Dirichlet shift with parameter « = 10. As shown in Figure [3 com-
pared to the non-calibrated version, CPMCN combined with different calibration methods shows
significant improvement both in ratio estimation and accuracy in the target domain, demonstrating
the importance of calibration in CPMCN. This aligns with the theoretical explanation of the benefits
from calibration in Section@ Furthermore, besides the BCTS used in this paper, VS and NBVS also
perform well.
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Figure 3: Boxplots for CPMCN using no calibration and various
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Figure 4: Running time on

calibration techniques w.r.t. three different criteria. It is CIFAR100 under the
conducted under Dirichlet shift with o = 10 on CIFAR100. Dirichlet shift with
a=0.1.

Less Running Time than Feature Probability Matching Methods. Given that all compared meth-
ods use pre-trained network predictors, the time spent on pre-training is not included. We also in-
clude the running time of the KMM method fromZhang et al.| (2013) in Figure[d] although it does not
produce any results even after running for over 10,000 seconds. Figure ] shows that compared with
the feature probability matching methods, KMM and LTF, the class probability matching method
CPMCN solved by L-BFGS-B (Zhu et al} |1997) has a significant computational advantage, which
aligns with our complexity analysis. In addition, CPMCN’s running time is comparable to and even
faster than that of prediction matching methods including BBSL, RLLS, and EM-based methods by
using the same optimizer.

7 CONCLUSION

To address the label shift adaptation problem, we propose a novel matching framework called class
probability matching. CPM keeps the same theoretical guarantee as existing methods matching the
distributions of the feature variable X, but is computationally more efficient due to directly match-
ing the probability distribution of the label variable Y. Motivated by the CPM framework, we
develop the CPMCN algorithm by utilizing calibrated neural networks for target domain classifi-
cation. Theoretically, we establish CPMCN’s generalization bound, highlighting the importance of
incorporating calibrated networks. Experimentally, the CPMCN method performs better than other
matching methods and EM-based algorithms. For future research, one research question would be
to extend the method to the relaxed label shift setting in|Garg et al.| (2023)); [Tachet des Combes et al.
(2020), where there is a concurrent shift in the class-conditional probability and the class probability.
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This supplementary material consists of supplementary for both theoretical analysis and experi-
ments. In Section[A] we provide the proofs related to Section[2]and[3] In Section B} the correspond-

ing proofs of Remark % Theorem [5.3] [5.4) and [5.3] are shown in Section [B-1] [B.2] [B.3] and [B-4]

respectively. In Section [C] we provide the supplementary for experiments, including a description
of evaluation metrics and additional experimental results on MNIST and CIFAR10 datasets.

A PROOFS RELATED TO SECTION 2IAND[3]
For the sake of completeness, we provide the proof of Eq. (3).

Proof of Eq. (B). Using Bayes’ Formula, the label shift Assumption 2.1} and the law of total proba-
bility, we get
a(zly)aly) — _  plly)a(y)

Yo alelk)a(k) Yo, plelk)a(k)
__ pGlyp@aw)/py)  __ play)wy

i plelkp(R)atk) /p(k) S plas kyw;
_ (o, y)/p(ﬂr))w __ plylp)wy

Sk (e, k) /p(@)wy Ry p(kleywy

Here, the third equality holds since the nominator is first multiplied and then divided by p(y) and
and the terms in the denominator are first multiplied and then divided by p(k). And the fifth equality
holds since the nominator and denominator are divided by the same p(x). This finishes the proof.

O

q(yle) =

Proof of Theorem[3.1] “Eq. () = Eq. (3)”. Equation Eq. (8) together with Bayes’ formula yields
ply|r p\ry)p\y)/p{T ply)plr|y
N B 1101/t D ) )
> j—1 w;p(jle) 21 wip(z])p(d)/p(@) >oiey wip(i)p(als)

By Assumption 2.1} we have p(y) > 0. Dividing both sides of the above equation by p(y), we get

Ezng plzly) x|y ~q(z)dr = z|y) dx
S wopelp) =/, e S wptpal vl
(14)

Using the law of total probability and p(z|k) = q(z|k) for all k € [K] by Assumption[2.1] we get

K

q(x) = qlk)q(xlk) = Zq p(a|k). (15)

k=1
Plugging Eq. (I3) into Eq. (T4), we obtain

. >zt a(k)p(x[k) dp — el d
/Xp( DS el /Xp< V)

which is equivalent to

. .Zﬁil( (k) — wrp(k))p(x|k) de = 0 16
RS S5 wgp()plals) | e

Multiplying both sides of Eq. by (q(y) — wyp(y)) and taking the summation fromy = 1 to K,
we obtain

xz = 0.

/ (K (g(k) — wip(k))p(x|k))®
x S wip(h)p(al)

13
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By Assumption[2.1} we have p(z|k) = g(x|k) and thus

|
e

/ (K (g(k) — wip(k))q(a]k))®
x K wip()a(l)

Since ZJ 1 w]p( j)g(z|7) > 0, there must hold Zk 1(g(k) — wip(k))g(x|k) = 0 and therefore,

we obtain K _1 q(k)g(z|k) = Zk:l wip(k)q(x|k). Again, using the law of total probability and
Assumption we get

K
q(z) = > aq(k)q(z|k) = Zwkp q(z|k) = Zwkp p(z|k), z e X.

k=1

“Eq. (B) = Eq. (§)”. Using Bayes’ formula and Eq. (3)), we obtain

g Pyl pllp)/e) g pw)p(ly)
S wip(jle) qzﬁlepmj)p(j)/p(x) TS wip(i)p(alj)

_ pplely) p(z[y) wep(R)p (k)
/xzf_lepumm) / > 1w]p<> z)j) <Z et )

:/Xp(y)p(xly) de=ply),  yel[K],

which yields Eq. (8) and thus completes the proof. O

B PROOFS RELATED TO SECTION[3]

B.1 PROOF OF REMARK[5.2]

Proof of Remark[5.2] Suppose that Assumption A.3 in[Lipton et al] (2018) holds, i.e., the expected

confusion matrix C,(h) := p(h(z),y) is assumed to be invertible. By Assumption , we have
p(z|y) = q(z|y). Therefore, we only need to prove the linear independence of {p(x|y)},c(k]- To

this end, we assume that there exist some weights (w,),c[x] such that 25:1 wyp(z|y) = 0. Then
for any ¢ € [K], we have

y=1 { Z}yl

By definition, we have p(ﬁ(X) =ily) = p(ﬁ(X) =1,y)/p(y). Therefore,

Zwy.wzo’ i € [K].

With the notation p(ﬁ( ),y) = (p(ﬁ(X ) =1,y))X, the above K equations can be reformulated as

Since the expected confusion matrix C, (ﬁ) = p(?z\(:z:)7 y) is assumed to be invertible, the vectors

{p(ﬁ(x), Y)}ye[k) are linear independent. Therefore, the coefficients w, /p(y) must be equal to
zero, which implies w,,’s are all equal to zero. Thus, {p(z|y)},e[k] are linear independent and
{a(x|y)}yek) as well. This finishes the proof. O

14
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B.2 PROOF OF THEOREM[5.3]

Proof of Theorem[5.3] “=" Suppose that the equation system Eq. (8) holds for some weight w :=
(wy)ye[x)- The equivalence of Eq. and Eq. in Theorem together with Assumption
yields

q(z) = > wypy)p(zly) = > wyp(y)e(zly).

By Assumption we get w,p(y) = q(y) and thus w, = q(y)/p(y) = wy, y € [K],ie.,w = w".
“«” Plugging w = w* into the right-hand side of Eq. (8), we obtain

E,., plyle) g plelyply)/pl@) o p(y)p(z]y)

S wip(le) S wip(al)p() pa) o wip(h)p(zl))

= [ _peplel) oy e = [ PORER) oy g,
/?«Zf_lq<j>q<a:|j> ) /X @ 1@

= /X p(y)p(zly) dr = p(y),

which proves the conclusion. O

B.3 PROOF OF THEOREM[5.4]

Before we proceed, we provide some basic notations. For 1 < p < oo, the L,-norm of x =
(z1,...,xq)is defined as ||z, := (Jz1[P+. ..+ |z4|?)'/P, and the L, -norm is defined as ||z o :=
max;—1,.. q4|z;|. Forany a,b € R, we denote a A b := min{a,b} and a V b := max{a, b} as the
smaller and larger value of a and b, respectively. In addition, we define the network predictor p(y|x)
trained in the source domain as follows. Within the neural network space F, the empirical risk
minimizer on source domain data D), with respect to the cross-entropy loss is given by

_ 5 .
Dlylx) := argmin R, (f) := arg min —— Z log(fv, (X)), (17)
feF fer M im
where f := ( fj)JK:1 are the mappings from X to the (K — 1)-dimensional simplex AX~! with

fj + & = 0,1}, and f;(x) denoting the estimated probability of the label j given the input x.
With these preparations, we provide the proof sketch of Theorem [5.4|as follows.

Step 1: Prove the identifiablity of w*. In other words, w* is the unique solution of population CPM

(Theorem [5.3).

Step 2: Note that @ is the solution of empirical CPM Egq. (11)). Prove how the difference between w
and w* is affected by the excess risk of the predictor p(y|z) in the source domain (Proposition |B.1).

Step 3: Analyze the excess risk of the predictor p(y|x) by considering its approximation error
infre 7 Ry (f) — R, and sample error related to VC dimension of the network space F (Propo-
sition[B.0).

In Step 1 and 2, we use the label shift Assumption and linear independence Assumption
which establishes linear independene of the class conditional probabilities {p(z|y)},c(x]. We pro-
vide the following example to illustrate Assumption 5.1} If, e.g. « encodes the symptoms of a
disease and y whether a person is infected with that same disease (0 indicating a healthy person and
1 an infected person), dependence of {p(x|y)},e (0,1} means that, for all x, p(x|0) = Ap(x|1). From
this it easily follows that p(x|0) = p(z|1) and due to the label shift assumption ¢(x|0) = ¢(z|1),
i.e. it is impossible in source and target domain to distinguish healthy from infected persons through
consideration of the alleged symptoms encoded in x.

To prove Theorem [5.4] we need the following Propositions [B.T] and [B.6] Proposition shows
that the weight estimation error bound can be upper bounded with the aid of the excess risk of the
predictor p(y|x) in the source domain.
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Proposmon B.1. Let Assumptions [2.1] n and [5.1) hold. Moreover, let the predictor p(y|x) be as in
Egq. . Then with probability at least 1 — 1 np 1/ng, there holds
logn logn

g2 Ng i g Ny )

1% — w*[|3 < Rp(Blylz)) — Ry +

Nq Np

To prove Proposition[B.I] we need the following Lemmas[B.2] [B:3] B4} and [B:3] Lemma [B.2] was
introduced in [Bernstein| (1946) and can be found in many statistical learning textbooks, see e.g.,

Massart (2007); \Cucker & Zhou| (2007)); [Steinwart & Christmann|(2008)).

Lemma B.2 (Bernstein’s inequality). Let B > 0 and o > 0 be real numbers, and n > 1 be
an integer. Furthermore, let &1, ...,&, be independent random variables satisfying Ep&; = 0,
l€illoo < B, and Ep&? < o foralli = 1,...,n. Then forall T > 0, we have

Z 202 7' 2Bt .
( gl - ) S ¢ .
n 3n

Lemma B.3. Let p(y) be the estimate of the class probability in Eq. @) Then with probability at
least 1 — 1/n,, there holds

log n,,

> 1By) - p)* <

Np

Proof of Lemma[B.3] Fori € [n] and k € [K], let the random variables &; , := 1{Y; = k} — p(k).
Then we have EE; , = 0, [|€ x]loo < 1and EE7, = p(k)(1 — p(k)) < p(k). Applying Bernstein’s
inequality in Lemma [B:2] we get

1 & .
= &k = p(k)
Mp i

with probability at least 1 — 2e~7. Using the union bound and (a + b)? < 2(a? + b?), we obtain

éﬁ(m B2 < Z (,/ L )2 < é (47’;’;)7 ; 3;)

with probability at least 1 — 2K e~". Taking 7 := log(2Kn,,), we get

2p(k 2
p(k)T L2
Ny 3ny,

—p(k)| <

K 2
N 4log(2K 41 2K 1
Z |p(k‘) _ p(k‘)|2 < Og( np) + og ( - nl)) 5 og Ny
— ny In, ny
with probability at least 1 — 1/n,,. This proves the assertion. O

The following lemma shows that the Ly-distance between p(y|z) and p(y|z) can be upper bounded
by the excess risk of p(y|x) in the source domain.

Lemma B4. Let p(y|x) be the estimator of p(y|x). Then foranyy =1, ..., K, we have

| @ule) = plole) *pta) do < Ry (plala)) ~ R;,

Proof of Lemma For any k € [K ] there holds

Rp(Byl)) = Ry, = EanyplBlylz) — plyla)|?
K .
. plz) - 2
=E;.~ — 1 — — |p(k|x) — p(k . 18
For any vector u := (uy,...,ux) € (0,1)%, we define
K
Z} plla)log s —ui = plko), ke (K],

16
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To find the minimum of Ay (u) under the constraints Zszl ur = 1, we consider the Lagrange
function

Jeu) 1= i) + a@ w-1)

with the multiplier o > 0. Taking the derivative w.r.t u;, j = 1, ..., K, and setting them to be zero,
ie.
0Jk(u k|z
k() :_p( [2) —2(ug, — p(klz)) + =0, k € [K], (19)
8uk Uk
auj U

Since Zszl p(jlz) =1 and Zszl u; =1, Eq. yields

p(k|lz) = Zp jlz) = Zauj:a(lfuk), ke [K].

ik ik
Therefore, we have a = (1 — p(k|x))/(1 — u). Plugging this into Eq. (I9), we get
k|z 1 k|z
2D u — plfa) + 2D g
Uk 1—uy

which is equivalent to

(ur — p(klz)) (1 — 2up (1 — uy))
uk(l - uk)
and thus (uy — p(k|z))(1 — 2ug(1 — ug)) = 0. Since ux € (0,1), we have up(l — ug) < 1/4,

which implies 2uy (1 — ug) < 1/2 < 1 and thus 1 — 2uy (1 — ug) > 0. Therefore, there must hold
ug, — p(klx) = 0 for any k € [K]. In other words, np is the minimizer of hy, for any k € [K]. As a

result, we have hy(u) > hi(p(y|x)) = 0 for any u € (0,1)¥ satisfying 2511 uj = 1. By taking
u = p(y|z), we get

=0

K .
~ y4awaes ~
B (Bl)) — i (p(el2) = 3 —p(le)log 292 51z) — priz)l? > 0.
~ & (i)
This together with Eq. (I8) yields the assertion. O

Lemma B.5. Let Assumptionhold. Then with probability at least 1 — 1/n,, we have

Np+ng

p(k| X; k 1 N
4’2:‘#QTL7_IW ﬁ&m, < 204 Ry (lylr) - R;,
=1 1" 2,1 Zj:l w;p(j]Xs) 23:1 w;p(jlz) "q
K np+ng = 2
1 P(k|X; k|lx logn N .
D P S . RS S I W L LV T
g i=np+1 Zj:1 wjp(J|Xi) Zj:1 wjp(J|33) g

k=1

Proof of Lemma|B3] First, we have
plklz) — p(klz)
Sy wiplile) 0 wip(il)
_ [Bk[2) 2o wiplle) — p(K|Z) 3o wibUl)] > jex w5 |p(|2)p(k|2) — p(k|2)p(j|)|
(322 wip(ile)) (322, wip(ilx)) T (S wibln) (2, wip(ilr))
o Xk (Ip(Gl=)p(k|x) — p(jl2)p(kla) + p(kl)p(jle) — p(klz)p(j|z)|)
- (s wiblilo)) (25 wip(il))

17
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_ pk|z) —p(klz)| | p(kl2) 305 wilp(ile) — pjl2)]

- Py R (2D
S wip(ile) (X, wip(ile)) (5 wip(ilr))
Since for any & € [K], there exists a constant 6 € (0, 1/K) such that p(k) > § and q(k) > 0, we
getq(k) =1-3,,q(j) 21— (K —-1)dandp(k) =1-3_, . p(j) = 1—( —1)4. Therefore
we have 5 1 (K1)
* q - -
— < = < .
1-(K—1)8 = "%~ pk) = 5

Therefore, we can set wy, € [c,1/c] with a constant ¢ € (0,6/(1 — (K — 1)¢)]. Then for any z,
we have Zj 1 w]p(j |z) > ¢ and Z; L w;p(jlxz) > c. This together with the triangle inequality,
Eq. (21), a? + a3 < (a1 + a2)* and > ai < (3 ax)? for ax > 0 yields

K A

p(k|x p(k|x
Z/( P ) o
X ijl w;p(jlz) Zj:l w;p(jlz)

2

j=1
q(z) dz

2

p(k|z) p(k|z)

K .
S wip(ile) S wip(ilr)

I5( k|x (klz)|  p(klz) 30, wilp(ile) — p(jlx)] \? i
/X;;( pn 1wyp(3| ) ! (X5 wiplile)) (5, wjp(jlzr))> )

B(k|z) — p(k|z)|\ 2 p(klx) 32, 25 wilp(ile) — p(le)] \?
2 x)dx
‘<Akf<,1%mm>+<@fwﬁmmzﬁwmmﬂ)“)

K

2

< 33 [ Iobla) —plbe)ata w+/23kx§%mm ko) Pa(e) de
2 - 2

<3 [ o) ki) Pate) o+ 5 [ (X wilptile) - 201001 ) afe) de
C;/p q(z /(; p(j ])

Z/wmz plklo)2a(a m+/(§mmr ﬂmfqu
Z/me p(kle) Po(z) o + o (fmm Bl a(o) d

<Z/mm plklo) q(a) d. @)

Using the law of total probability, we get

q(z) _ ZJK:1 q(x]7)q(7) _ Z] 14(x|5)q(5) \7 u 1—(K—-1) < 1
pl@) Y plipl) Y alip@) L p0) 6 T
This together with Eq. (22) and Cauchy-Schwarz Inequality yields
i/( plklr) —  plkle) )
j=1"& Zf—l w;p(jlz) 1 w;p(j|T)
9 K
Z/mmr Pk p(a) o = &3 19K ~ K1) 0
k=1
K
S D lp(klz) = kL) 17, o0 (23)
Jj=1

18
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In addition, let R R
o WX o g
> wip(i1Xa) > =1 wip(j])
Then we have E,;&; 1 = 0,
1 1

muu_———————+&w———if—
z mwm S wip(jle)

j=1 j=1
and
p(k|z p(k|z
EDc?giQ,k = (EquKp(A).) (1 - Ez~qu(|A).)
> wip(jlz) > =1 wip(j|z)
. K K —1
p(kl|z) 1 . 1
<Eovgmm - S Bovomg—— = Bong | N wy D_00il2) ) < -
ijl w;p(jlr) Zj:l w;p(j|x) j=1  j=1 ¢

Applying Bernstein’s inequality in Lemma|[B.2]to &; & i € [ng], we get

1 & 1 & pk|X; plk|z 2rc=1 4c 7
| = s S B o < e
g i35 i=1 =1 w]p(.le ) Zj:l wjp(.”x) Mg "q

with probability at least 1 — 2e~7. Taking 7 := 2log n,, we obtain
1 - (k| X)) & p(k|) < 4c1logn, N 8¢~ logn,
ng = S0, wipli] X) S wip(jle) ng 3ng

with probability at least 1 — 1/n,. Using (a + b)? < 2(a? + b?), Eq. and Eq. (23), we obtain

K np+n ~,
Z 1 pz:q p(k|Xi) B p(k|z) ’
K . [ ey g )
=1 | " i=np+1 Zj:l w;p(j|X5) Zj:l w;p(jlz)
K np+ng —~, -~ 2
< 22 1 Z p(k|X;) _E p(k|z)
= K —~ . r~q K ~ .
PR L " =1 ;P X5) > j—1 w;p(j| )
K - 2
23 [, PR g el
k=1 Zj:l w;p(j|z) > j=1 w;p(jlz)
K
4c=1logn 8c~tlogn
<9 a a4 2 (k p(k
sy (| g )+j2mm o0
logng

S BN LR, (Blyle) - R,

q

where the last inequality is due to Lemma Applying this result to w := @ and w = w*, we
obtain the assertion. O

With the above lemmas, we are able to prove Proposition [B-T]

Proof of Proposition[B1] Using (a + b+ c)? < 3(a® + b% + c2), Lemma B.5|and [B.3] we get

K

D

k=1

2

plklz) (k)

Equ K ~ .
> =1 Wip(ilz)
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K np+ng ~, 2
< 32 E p(k|z) b p(k|Xi)
— r~q K ~ . K o~ o~ .
k=1 Zj:l wjp(3|m) Mg i=np+1 Zj=1 wjp(]|Xi)
K Np+ng ~, 2 2
1 k| X; .
Y| X s
P LU P ——_t Zj:l wjp(]|Xz‘)
np+ng ~ 2
logn B p(k|X; N logn
< 2L R (Blyle) - R, Z “)—p(k)’ + -2l (25
" = i=np+1 Z — W;p(j|X5) Tp
with probability at least 1 — 1/n, — 1/n,. By Eq. (L] , we get the optimality of @ and thus
np+ng ~ np+ng ~, 2
K~ ~ - K -
111 i 21 WiP(5]X) =117 21 WP | XG)
This together with (a + b+ ¢)? < 3(a? + b + 02) yields
ny+n N Nnp+n —~ 2
PZ‘I (k|X) I’Z‘I (k|X) 7}/,)\(‘1{:)
k= i=np+1 Z] 1 wyp(ﬂX) k= i=np+1 Z] y wip(j1Xs)
K Nnp+ng 2
Z Z p(k|X:) _E p(k|z)
L ey
k=1 i=ny+1 Z =1W; p(]|X ) Zj:l wjp(]|:r)
K 2 K
p(k|z)
+3) [Eenisr +3>_ [p(k) -
k=1 -1 W; p(]|x) k=1
lo N . logn
< 2 +Rp<p<ylx)> ~ Ry + 2L, (26)
Mg Tp

where the last inequality is due to Lemma [B.5]and Theorem[5.3] Combining Eq. (23)) and Eq. (26),
we obtain

K 2
k|x

> oy i)

k=1 Zj:l wip(jlz)

with probability at least 1 — 1/n, — 1/n,. Using Bayes’ Formula, the law of total probability and
Assumption 2.1} we get

plylz) g plypy)/p) g py)p(xly)
xr~q K x~q K ~ . . xr~q .
> = Wip(jlz) > i1 Wip(z]i)p(5)/p(z) S Bp(i)p(=])
xly 2 di — . iy a(i)a(xls) "
|, S ) o [ ‘y)zflwm p(eli)
iy a(i)a(xly) " i (a(G) — Bp(5))g (93|J)dx
ZJK L Wip(d)a(z]d) Z]K L Wip(d)a(z]d)

K
= ply) + pl) Y_(0l) — Wil / i
Jj= le

_ St o [ PORWalatly)
AP ”/X S Bpatel)

Denote the matrix C := (cy;)y,je[x] With

logng log n,,

+ Rp(Plyl)) =Ry, +

Nq p

27)

— () /X a(zly) — () + (W) /X a(zly)

IJ) de
)a(z]7)

- p()r(y)a(zlj)alzly) i1 K

x 3 rp(k)g(xlk)
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Then we have

T e P T 2 el =) (28)

Now we prove that C is invertible by showing that the rows of C are linear independent. Assume that

there exist a1, ..., ax € R such that Z _1 aycy; =0, j € [K], which implies
K
x|y 2y wpyalzly)
O—Zaycw Z / ralely) g, vl ° -p(§)a(z]j) da.
S wip(i)a(eli) ¥ 3y wip(F)gq(x[k)

Multiplying the above equation by «; and taking summation from j = 1 to K, we get

K K 2
0= 0 s opalely) Y — (> =1 ap(y)a(zly))
g / S wpgtale) " /x S wip(k)q(alk)

This implies that 25:1 a,p(y)g(xly) = 0. By Assumption we get a,p(y) = 0 and therefore
a, = 0. This proves that C is invertible. Denote the inverse matrix of C as M = (m”) Kxk- Then
Eq. (28) implies

plylz
— W] = Eonge——— (Al ), —p(y)|-
> j=1 Wip(jlx)

(e INqZK”“i'”C)jlx) S ] < i

j=1 w;p(

This together with (Zle ar)? < K Y1 a2 and Eq. (27) yields
< p(y|z) ’
Z lwj — g |* Z Z rmq—m —p(y)

= > i1 W;p(
:K(yzlj:l Eong —F (y|x)j|z) —p(y)‘)2 S (i

> =1 Wip( y=1
K
kSl Sait

plyle) ’
Bt i) p(y)D

plyle)
Z] L Wip(j|z) P

2

p(y|x)
x~q xr~q

y=1 Z] 1 w]p(]|x)

N . logn logn
S Rp(Blyle)) =Ry + —— + ——

q Tp
with probability at least 1 — 1/n,, — 1/n,. This finishes the proof. O

Proposition B.6. Let p(y|x) be as in Eq. and VC(F) be the VC dimension of the function set
F. Then with probability at least 1 — 1/ny, there holds

VC(F) logny, N \/log p log n,

Np Nq

Rp(Plylz) =Ry S i Rp(f) =Ry + \/

Np

Proof of Proposition[B.6] By the triangle inequality and the optimality of p(y|x), i.e. ﬁp (p(y|z)) <
ﬁp(fo) where fo € F satisfy R, (fo) := inf rer Rp(f), we obtain
Ry(Plylz)) = Ry = (Ry(Blylz)) — Rp(Blyle)) + (Rp(Blylz)) — Ry(fo))
+ (Rp(fo) = Ry(fo)) + (Ry(fo) = R;)
< 2sup(Ry(f) = Ry(£)) + (Ry(fo) = Ry)

= Q;Eg(Rp(f) = Ryp(f)) +)}g§7€ (f) =R,
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Let the calibrated neural networks f € F satisfy fi(x) > § with the constant 6 € (0,1/K) for
any z and y € [K] such that {(y, f(z)) = —log f,(x) is bounded. If we replace one sample

(X;,Y;) with another sample (X, Y]), the change in sup;c z(R,(f) — ﬁp(f)) is not larger than
—logd—(—log(1—9)) = log((1—0)/0). By applying McDiarmid’s inequality McDiarmid| (1989),
we get with probability at least 1 — 1/n,,

sup Ry (1) ~ Ry(f) < By sup Ry (1) — Ry(f) 4 log 150 [E12. (29)

ferF fer
Define the function set G := {g¢(z,y) = —log(fy(x)) : f € F} and its expected Rademacher
complexity

1 n
Rad(G,n) := E(4, y;)~pEe, sup — Eiagr(xi,y:).
( ) (wi,yi)~p éfefn; £ )

By applying the symmetrization in Proposition 7.10 of [Steinwart & Christmann|(2008), we get
Epn sup Ry, (f) = Ry(f) < 2Rad(G, ny). (30)
feF
Since fi(xz) > § and |{(y, f(x)) — (v, f(2")| < 1/68|f(z) — f(2)|, by using Theorem 12 in
Bartlett & Mendelson|(2002)), we get
Rad(G,n,) < 1/6-Rad(F,n,) 31
Moreover, by applying the techniques inMobhri et al.|(2018]), we get
2VC(F)logn,
Tp
This together with Eq. (31)), Eq. (30), and Eq. (29) yields

VC(F)logny, n \/lognp N log n,
np Tp g

Rad(F,n,) <

Ry (plule)) — Rj < int Ry ()~ Ry + ¢
with probability at least 1 — 1/n,,. This finishes the proof. =

Proof of Theorem Combining Proposition [B.T|and [B.6] we get

I I 1 1
1@ — w3 < nf Ry(f) =Ry + WC“) BNy \/ ogny  logm, . ,logn,
S

P
Tp Tp Tp Ngq

1 1 1
< inf Rp(f)—R;—i—\/VC(]:) ognp+2\/ ogny |, ,logng
feF np TLp TLq

with probability at least 1 — 2/n,, — 2/n,,. This finishes the proof. O

B.4 PROOF OF THEOREM[3.3]

Firstly, we present the error analysis of Theorem To derive the excess risk of ¢(y|z), let us
define

~ wip(k|x
(k) = P (32)
Zj:l wjp(J |z)
Then we are able to make the error decomposition for the excess risk of g(y|x) in Eq. as
Rq(@ylz)) — Ry < |Rq(@lylo)) — Re(@lylo))] + Ry(qlylz)) — Ry (33)

The following Propositions[B.7|and[B.9]provide the upper bound of these two terms in the right-hand
side of Eq. (33)), respectively.
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Proposition B.7. Let Assumptions |2.]| n hold. Moreover, let q(y|z) and q(y|z) be defined as in
Eq. (I2) and Eq. (32), respectively. Then we have

Rq(@yl2)) — Ry(@yl2))| < Rp(B(Kl2)) — Ry + [lw* — @3

In order to prove Proposition we first prove the following Lemma[B.§]

Lemma B.8. Forany a = (a1,...,ax),z = (21,...,7x) € RE with ay,z; € (0,1), k € [K]
and Zszl ay = Zszl xp = 1, let f(x) = — Zszl ay log . Then for any x’' = (z,..., %)
withz), € (0,1), k € [K], and Zszl xj, = 1, we have

ZK lag — @] - |2}, — 21| | axl@), — 23)?
_ / k k
(@) = F@)l < 1 ( Tk * g (zg /\1’%) )

/ /

Proof of Lemma[B.8| For any x = (z1,...,zk), 2" = (2f,..., 2% ) satisfying zy,z) € (0,1),
k € [K], and Zszl T = Zszl x}, = 1, there holds

76~ = | [ (1t =) -
= ’ /01 Vi) (z' — z)dt + /01 (Vf(z+ta — ) — Vf(x)))T(a:’ - m)dt’

< ’Vf(a?)T(a:’ — m)‘ + ’/0 (Vf(:c +t(z' —x2)) - Vf(x)))T(a:’ - :v)dt’. (34)

For the first term in Eq. (34), there holds

K K
ag Qg
VH) T = o) = = 3 )| = | X (1 2 ah - )
k=1"k k=1 k
[ g =y e e
— |2 — x| = .
i el k=1 Tk

For the second term in Eq. (34), we have

‘/ i’ — ) —Vf(x))T(ar’—a:)dt‘

ag A /
+ — | (z, — ) dt
‘ 0k1< Tp + t(z), — k) k>(k k) ‘
t 2 K r_ 2
-/ Z et )] < 3o @)
0 x(x) + t(x), — 1)) pot xR A x))
Combining Eq. (34), Eq. (33), and Eq. (36), we obtain the assertion. O

Proof of Proposition|B.7] Using the law of total probability and Assumption 2.1} we obtain that for
any x € supp(P x), there holds

q(z) Zf:l qa(zli)a(i)  >2;
2

14 ( QJ K j
@)~ K plalipl) \z/ p(j)

1(|p]

?WN
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This together with the definition of R, implies

= q(k|z)

[Ro@tole)) = Ra(@wl)] = [Eema 3 —alhle) 08 Zs

S a(klr)
<E.~ —q(k|z)log =
K K .
q(k) q(k|z)
< —= - E,0 —q(k|x)log = . (37
Vo) Ber| 2 mathle) g Zos
Lemma B8 with a := q(y|x) q(y|z) and x := q(y|r) yields
K al
q(k|z)
2 (Kl
K ~ . ~ .
Z la(klz) = q(k|)| - [q(kle) = G(klo)| | a(klo)ld(klz) - alklz)]*
g q(k|z) q(k|x)(q(klx) A g(k|x))
This together with Eq. (37) yields
[Rq(@(yle)) — Rq(a (y\x))\
9(k) o |a(k|x) — q(klz)| - |G(klx) — @klz)| | q(kl2)|g(kle) — Glk|)[?
< — + = > = . (38)
k\:/l o) ; q(kl|z) q(klz)(q(klz) A g(k|))
Using the definition of ¢(y|x) and g(y|x) as in Eq. and Eq. (32), respectively, we then have
wp(k|z wip(k|x
k1) = ki) = | o) - PR
S Bp(ile) S wip(le)
IS ) (g — wgiy)| - k)
(52 @500 10) (52 wiplil))
K * koK k% * N K
o “Wp — N © )
< 2]71(|wj W wkw]| ‘wkwg wkaD ,S Z |w;k _ @j‘- (39)

Ny (w3)2/2 =

Since for any k € [K], there exists a constant 6 € (0,1/K) such that p(k) > ¢ and q(k) > 0, we

have g(k) =13, q(j) 21— (K —1)dandp(k) = 1-3_., p(j) = > 1— (K —1)6. Therefore,
we have
) . qk) 1—(K-1)

(K- =" " p) = o

Therefore, we can set wy, € [c,1/c] with a constant ¢ € (0,6/(1 — (K — 1)4)]. Moreover, we have

o iplkle) (Cu)pkl)
) = SR G i) — S w2l

= c*q(klz) 2 q(k|z) (40)

and
ok ok
M) = DD Wik, @
Zj:l w;‘p(]|x) \/jzl w;
Plugging Eq. (40) and Eq. (#I)) into Eq. (38), we obtain
Rq(q y|$)) (A(y|ff))’

a(k) lg(klz) — Gk - [@(k]z) — G(kj)| . q(kle) @klz) — a(k])]?
S\:/ k “”Z D) T kl) @kle) A (k)

k=1
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K ~ ~, ~ —~,
a(k) q(klz) — q(k|)| - |q(k|z) — q(klz)| | q(k|z) - |g(k|z) — q(k|)]?
Sk\:/lp(k kz wip(klz)/ ey w) q(klz)?
K ~ —~,
< L’@Em lq(klz) — q(k|2)| - |q(k|z) — q(k|x)| | q(klz) - |g(k|x) — q(k|)]?
N,C\:/lpk) pkzl wip(klz)/ Vi wr i (wip(kla)/ Vg wh)?
K ~ ~ ~
lq(k|z) — q(k|2)| - |q(k|z) — q(klz)| | q(klz) - |g(klz) — q(k|)[?
> plkl2) R W
Using the triangle inequality, we get

Sl — okl — | wRPklz)  wip(k|e)
@) — (ko) \ZJ N TER S e

_ Wi |00 wi (pile)plkle) — p(klz)p(ilx)))|

(X5 wip(ile)) (5, wip(ilr))
_ Wk Yo w3 (plil2)|p(klx) — p(k|x)| + p(kl|z)|p(ilz) — Bljlx)|)
B (Ajoy w))?
K
S 2 pGle) = p(il)l- 43)
Moreover, we have
(ko) = i) whpkID) . (44)

* . - K *
Zj:l ’wjp(]|{L‘) /\j:l w;

Combining Eq. @2), Eq. (39), Eq. @3), and Eq. {#4), and using the Cauchy-Schwarz inequality, we
obtain

Rq( ylw)) Rq(q(yl2))|
E.., Z (2 PUle) = pGlo))) - (k) 2wy = @51)  p(kl)(PlklT) 2 [w] = ;)

2 AHT2) A0 32|
N((é Gle) = p(ike)] ) - (E_le;f—@l)+(§lwi—@)2)
J . (é (1) - p(jke) (ilw;@j|)2+<§w;fw]|)
E.. p(fjmx pike) )Z(éw;_@ﬂ)z

VR

S (Bans U12) = pG12)2 + ) — 517)

1

J
= Ry(p(kl|r)) = Ry + |lw* — @3,
where the last inequality follows from Lemma|[B-4] This finishes the proof. O

Proposition B.9. Ler Assumptlonsn hold. Moreover, let ¢(y|x) and p(y|z) be as in Eq. (.) and
Eq. (I7), respectively. Then we have

Rq(qlylz)) — Ry S Rp(Blyla)) — Ry

To prove Proposition we need the following basic lemma.
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Lemma B.10. For any k € [K], let ap, by, > 0, ck,x € (0,1) satisfy Z,ﬁil cr, = 1 and
Zszl 2 = 1. Then we have

> s R < (e ().

Proof of Lemma[B.10} Let the function h : (0,1)% — R be defined by
h(z) = h(zn, .., 2x)

agc fk/(z 2
_Z< kCk 31J3+k10g L Zwk—l
\/j 1 a] Ck/(z 10;5C5)
where A > 0 is the Lagrange multiplier. Then it suffices to prove that h(z) > h(c) = 0 for any =

satisfying Z]K:1 zj =1and 0 < z; < 1, j € [K]. Taking the partial derivative of h(z) w.r.t. xj
and setting it to be zero, i.e.

K
oh 1
8(“7): Otk e % ia—0,  k=1,...,K, 45
Lk Vicia; ¥k 5 Ve X025 Tk

which is equivalent to

K
( ak ) akTr  2je145C
—1 e — .

K K
Visia; 2 a5%;

Taking the summation from k& = 1 to K and using Z,If:l T = Zszl cr = 1, we get

+ Az, =0, k=1,....K.

K K
1 A5C4
Z QfCk _1_2‘]71 ]]_’_)\207

K K
k=1 Vj:l aj Vj:l a;

which implies A = 1. This together with Eq. 3] yields

ak o ar Yo aje
=1 j =1 @ =1 45T

j=1 Jj=1 j=1

If Z]K:l ajc; # Zjil a;x;, then there must exist some ¢ € [K] such that ¢, # x,. Since
Z;il x; = Z]K:l ¢; = 1, there exist some i, j € [K] such that ¢; > x; and ¢; < x;. Without loss
of generality, we assume that Zfil ajc; > Z]K:l a;x;. Therefore, we have both 1 — ¢;/x; < 0
and 1 — Z]K:l a;c;/ Z]K:1 a;x; < 0. Thus we have

a; Ci a; ZK1GCJ
1— 1-S) 2 (1= ) <
Vo1 a; i)\ a4 > jm1 455

which contradicts W1th Eq. for k = 1. Therefore, we have Z _qajc; = Zf{zl ajxj, which
together with Eq. (46) implies ¢, = ay, for any k € [K]. Thus h(z) attains its minimum at the point
x = (c1,...,c;) under the constraint Zk:l zp = 1, 1e., h(x) > h(c) = 0 holds for any x with
Zjil xz; =landz; € (0,1) for any j € [K], which finishes the proof. O

Proof of Proposition Using the law of total probability and Assumption[2.T] we obtain that for
any z € supp(Px), there holds

q(z) Zf:l q(zli)a(j) X2
@) K palipG) X!

K . K
;1( Ja(j) \/ j. (47)
Jj= j=1
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Therefore, we have

K
Ry01) = ;= Ex 3 alb1X) s o 240
7 (k) - q(k|X
\_/1Qk ,; a(klX)lo (kX; (48)

Using the definitions of g(y|z) in Eq (32), respectively, and Lemma [B.10| with a;, := q(k)/p(k),
b :== (1 —q(k))/(1 — p(k)), ek := p(k|x), and xy, := p(k|z), we obtain

= q(k|X)
a(k|X)log =
- (a(k)/p(R)p(k|) Log AB)/PEDD (Kla) /(5 (a() /p(i))p (i)
= @) pG)pGle) T (ak)/p(k)Blk|x) ) S5 (a(i)/p(3)BG )
_ Vi ak)/ok) i( k) /p(k)p(kla) | (b)) ol p(klz) /(S (a() /p())pGile))
T N1 aB)/p(k) = Vi a(k)/p(k) ((q(k) /p(k))B(K|x)/ S5 (a(5) /p(5))B i)
VicaaB)/pth) S~ oo p(kle)
S Ny 208 B
This together with Eq. yields
L (V) ) . _ .
R, r)) =R, < Ry 7)) =R,) SRy r)) — R,
(q(yla)) NI (Ry(Blylz)) — RE) < Ry(Blylz))
which proves the assertion. O

With these preparation, we give the proof of Theorem 5.5}
Proof of Theorem[5.3] Combining Eq. (33)), Propositions [B.7] [B.9)and [B.€] we obtain
Rq(@lylz)) — Ry < 2(Ry(B(klz)) — Rp) + [w* — @3
logn logn
< 3(Ry((k|x)) — Rj) + =t 4 28I

ng np
VC(F)1 1 1 1 1
< 3( inf R, (f) —RZ+\/ (F)logmy | \/ %80 Ognq) 4 28Ta 4 BTl
fer ny Ny Ng Ng Ny
VC(F)1 1 21
<3 <1nfR () =R+ |[VC(F)logn,  , [logn, Ognq>
feFr Ny Ny Mg
with probability at least 1 — 2/n,, — 2/n,,. This finishes the proof. O

C SUPPLEMENTARIES FOR EXPERIMENTS

C.1 EVALUATION METRICS

We consider the following three metrics for the evaluations of label shift adaptation problems. To be
specific, the first one ACC is the classification accuracy in the target domain. The other two metrics,
MSE_PROP and MSE_EVEN, are used to measure the estimation error of w for estimating the class
probability ratio w*.

(i) ACC is the accuracy of domain-adapted model predictions in the target domain. Mathematically

speaking, ACC equals - Zf:p::jl 1{hy(X;) = Y;}, where {Yl}zzi?q are the true labels of DY
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(ii) MSE_PROP is the mean squared error weighted by the test set proportion ¢(k) and calculated by
taking the weighted average of the squared differences between the estimated weight Wy, and true

weights wj, i.e. Y, q(k) (W, — wj)?.

(ili) MSE_EVEN is the mean squared error with equal weight and calculated by taking the uniform
average of the squared differences between the estimated and true weights, i.e., 4 >, (W — wy)?,
where the number of classes is denoted by K.

Note that larger ACC and smaller MSE_PROP and MSE_EVEN indicate better performance.

C.2 IMPLEMENTATION DETAILS OF ALL ALGORITHMS
The implementation of the CPMCN algorithm is divided into three parts:

* Training the network on the first 50,000 training points of the source domain data. The
training code and parameters can be found in the obtaining predictions folder
at https://github.com/kundajelab/labelshiftexperiments/tree/
master/notebooks/obtaining predictions. The MNIST, CIFAR10, and
CIFAR100 folders correspond to the networks for the respective datasets. We use the
codes and hyperparameter values from the above github repository to train the network.

* We utilize to correct the output of the network, resulting in the calibrated neu-
ral network. The calibrated method Bias-Corrected Temperature Scaling (BCTS)
is implemented based on the code in https://github.com/kundajelab/
abstention/blob/master/abstention/calibration.py. Itis invoked us-
ing the TempScaling (bias_positions=’'all’) method. The last 10,000 data
points in the training set are used as a validation set to train the calibration parameters
of BCTS.

* Based on the calibrated neural network, we follow Algorith to obtain the target domain’s
classifier. For some target samples X;, the denominator )", , wyp(k|X;) in Eq. may
be close to zero, leading to the computational issue in calculating pj’(y). Conversely, we
observe that w,p¥ (y) = n,* Z?‘"::jl wyp(y|X-)/(Zke[K wyp(k|X;)) falls within the
range of 0 to 1. Fortunately, it is easy to see that w* is also the solution of w,p(y) =
wypq ¢ (). Therefore, to address the computational issue, we introduce }_, ¢, [wyD(y) —

wy Dy (Y )|? as the objective function with respect to w. We optimize the function by using
a variant of sequential minimal optimization (Platt, [1998)) combined with Nelder-Mead
method (Nelder & Mead,|1965).

To implement the compared methods BBSL, RLLS and EM, we use the code in https:
//github.com/kundajelab/labelshiftexperiments| provided by |Alexandari et al.

(2020). For the compared method ELSA, we implement it in Python and use L-BFGS-B (Zhu
et al.,|1997) as the optimization method with the solution of BBSL as its initial value.

C.3 ADDITIONAL RESULTS ON THE CIFAR100, MNIST AND CIFAR10 DATASETS
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P 0.01 | 0.02 | 0.05

Metrics | MSEEEVEN MSE_PROP ACC (%) | MSE.EEVEN MSE_PROP ACC (%) | MSELEVEN MSE_PROP ACC (%)

LTF 8 4Tet0 3 40e+1 3445 7.93¢+0 521e+] 85.20 5.11e+0 5.26e+1 3525

(9.12e+0)  (8.5le+l)  (3.38) (6.23e+0)  (6.8le+l)  (3.04) (343e+0)  (3.6de+l)  (1.06)

BBSL 561e1 3.93¢+0 89.15 5561 3.79¢+0 8375 55661 3.65¢+0 8325

(195e+2)  (9.12e+0)  (0.33) (2.07e+2)  (9.04e+0)  (0.33) (2.18e+2)  (8.77e+0)  (0.32)

RLLS 42661 3.56e+0 89.45 T 17e1 3.30e+0 89.15 421e1 3.15¢+0 8835

(4.75¢-2) (4.91e-1) (0.14) (4.60e-2) (4.74e-1) (0.14) (4.27¢-2) (4.24e-1) (0.14)

ELSA 1.90¢+0 6.85¢+0 39.85 1.82¢+0 7.11e+0 89.40 1.82¢+0 6.74¢+0 33.65

(751e+0)  (1.50e+0)  (0.28) (632e+0)  (1.42e+0)  (0.27) (5.52¢40)  (1.32e+0)  (0.27)

EM T.17e1 932e-1 90.60 1.23¢-1 9301 90.23 T.26e-1 9.76e-1 89.65

(9.63¢-3) (9.08¢-2) (0.12) (9.39-3) (8.81e-2) (0.12) (8.74e-3) (7.92¢-2) (0.12)

cpveN | 106e-T 8.06e-1 90.85 1.07e-1 8.69¢-1 90.50 1.09%-1 8.65¢-1 90.00

(9.77¢-3) (9.19¢-2) 0.12) (9.35¢-3) (8.76€-2) (0.11) (8.53¢-3) (7.57¢-2) 0.12)

P 0.6 | 0.8 | 0.9

Metrics | MSEEEVEN MSE_PROP ACC (%) | MSEEEVEN MSE_PROP ACC (%) | MSELEVEN MSE_PROP  ACC (%)

LTF T 4Ter] 1.44e+3 7232 5.07e+1 3.53¢+3 69.50 578e+1 7.86c+3 66.30

(897e+0)  (2.06e+2)  (2.21) (627e+0)  (3.38¢+2)  (0.80) (4.77e+0)  (3.80e+2) (157

BBSL 2.26e+0 3.56e+1 85.15 3.62¢+0 S 48e+1 85.20 T 44e+0 1.25e+2 85.03

(@3le+l)  (1.56e+l)  (0.35) (2.86e+1)  (3.62e+l)  (0.46) (1.56e+1)  (52le+l)  (0.49)

RLLS 5.09¢+0 2 44e+2 340 9.71e+0 6.45e+2 83.05 [ 22e+1 9.3%e+2 8340

(140e+0)  (8.32e+1)  (0.49) (2.68e+0)  (2.14e+2)  (0.67) (342e+0)  (3.06e+2)  (0.75)

ELSA 6.23¢+0 5.58¢+1 85.18 T.0le+1 .19e+2 34.68 1.25e+1 1.80c+2 85.20

(9.05¢+0)  (3.6%+1)  (0.65) (140e+])  (8.8%+1)  (0.93) (L72e+])  (1.28¢+2)  (0.99)

EM 6.86e-1 2.99e+1 87.75 1.07¢+0 5.53¢e+1 89.90 1.27¢+0 7.69e+1 91.20

(770e-2)  (3.37e+0)  (0.25) (1.20e-1)  (6.96e+0)  (0.29) (138e-1)  (9.09+0)  (0.32)

cPMON | 695e- 2.82e+1 87.98 1.07e+0 5 70e+1 90.30 1.04e+0 6.02e+1 92.18

(7.83¢-2)  (3.45e+0)  (0.25) (L22e-1)  (6.97e+0)  (0.31) (150e-1)  (9.63e+1)  (0.32)

Table 2: Performance on CIFAR100 under the Tweak-one shift. For each method, the first line is the median

of the corresponding metrics among 100 repeating experiments and the second line is the standard
deviation of these 100 metrics. The best results are marked in bold.

a | 0.1 | 0.2 | 0.5

Metrics | MSEEEVEN MSE_PROP ACC (%) | MSEEEVEN MSE_PROP ACC (%) | MSELEVEN MSE_PROP  ACC (%)

LTF 327e2 9.47¢2 97.70 372¢2 1431 96.30 1.94e-2 33862 93.63

(1.25¢-2) (8.20e-2) (0.46) (7.29¢-3) (3.97¢-2) (0.39) (4.98¢-3) (1.33¢-2) (0.39)

BBSL 1133 8.96e3 97.50 3.54¢3 7.60¢3 95.75 2.83¢3 143¢3 94.03

(6.34e-4) (3.99¢-3) (0.15) (5.34e-4) (3.10e-3) (0.16) (2.20e-4) (6.52¢-4) (0.15)

RLLS 3.99¢-3 933¢3 97.50 3.61e3 7.92¢3 95.75 2.83¢3 1433 93.97

(6.35¢-4) (4.01e-3) (0.15) (5.36e-4) (3.11e-3) (0.16) (2.19e-4) (6.47e-4) (0.15)

ELSA 3.81e2 1.0dc-1 96.05 2.01e1 143¢-1 93.85 22261 1.86¢-1 91.78

(440e+2)  (4.08e+3)  (2.29) (5.77e+3)  (645e+3)  (1.32) (198e+])  (5.23e+0)  (0.74)

EM 349¢4 2.14e-3 97.55 1.03¢-3 2.09¢-3 95.88 1.25¢-3 2.03¢-3 93.08

(1.34e-4) (6.44¢-4) (0.15) (2.41e-4) (9.74¢-4) 0.17) (1.65¢-4) (5.44¢-4) (0.16)

CPMON | 842e4 2.14e-3 97.55 1.03e-3 2.11e3 95.88 1.26e-3 2.04c3 93.08

(1.34e-4) (6.38¢-4) (0.15) (2.41e-4) (9.74¢-4) 0.17) (1.64e-4) (5.43¢-4) (0.16)

a | 0.8 | 1.0 | 10

Metrics | MSEEEVEN MSE_PROP ACC (%) | MSE.EEVEN MSE_PROP ACC (%) | MSELEVEN MSE_PROP ACC (%)

LTF 1.93¢2 2.96¢-2 9347 2.10e-2 291e2 92.73 9.94¢-3 9.62¢-3 91.70

(4.29¢-3) (1.11e-2) (0.34) (6.38¢-3) (2.05¢-2) 0.27) (1.37e-3) (1.20e-3) (0.08)

BESL 1.90e-3 275¢3 9320 2.28¢3 3.03e3 93.20 1.68¢-3 1.69%-3 91.70

(2.02e-4) (6.07e-4) (0.13) (1.65¢-4) (4.71e-4) 0.12) (1.03¢-4) (1.23e-4) (0.07)

RLLS 1.90¢3 2.76e3 93.20 2.26e3 3.0e-3 93.20 1.68¢3 1.69¢-3 91.70

(2.02¢-4) (6.07e-4) (0.13) (1.65¢-4) (4.69¢-4) 0.12) (1.03e-4) (1.23e-4) (0.07)

ELSA 6.76e-2 4.90¢-2 92.23 1.98¢-1 1.63e-1 91.88 2.00e-2 1.88¢2 91.53

(4.02e+1)  (1.18e+l)  (0.60) (3.84e+0)  (5.94e-1) (0.34) (6.91e-3) (7.67e-3) 0.07)

EM 1.46e-3 2.10e3 93.25 1.65¢3 2.49%3 93.20 1.57¢3 1713 91.73

(1.25¢-4) (2.68¢-4) 0.13) (1.18¢-4) (2.62¢-4) 0.12) (1.12e-4) (1.33¢-4) (0.07)

cPMON | 14663 2.07¢-3 9325 1.6de-3 251e3 93.20 1.56e-3 1.71c3 91.73

(1.25¢-4) (2.69¢-4) 0.13) (1.18e-4) (2.62¢-4) 0.12) (1.12e-4) (1.32¢-4) (0.07)

Table 3: Performance on MNIST under the Dirichlet shift. For each method, the first line is the median of the
corresponding metrics among 100 repeating experiments and the second line is the standard derivation
of these 100 metrics.The best results are marked as bold.
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o 0.01 | 0.02 | 0.05

Metrics | MSEEEVEN MSE_PROP ACC (%) | MSE.EEVEN MSE_PROP ACC (%) | MSELEVEN MSE_PROP ACC (%)

LTF 3.08¢-2 7.63¢-2 91.55 57662 PRI 91.90 332e2 343e2 91.70

(8.83¢-3) (9.68¢-3) (0.16) (4.97¢-3) (5.14¢-3) (0.16) (4.88¢-3) (5.18¢-3) (0.12)

BBSL 1583 1.66e-3 92.05 154e3 1.58¢3 91.98 1.61e3 1.65¢-3 91.73

(9.36e-5) (1.0le-4) (0.06) (8.96¢-5) (9.64e-5) (0.06) (8.38¢-5) (8.76e-5) (0.06)

RLLS 1.5%¢3 1.66c3 92.05 1.54¢3 1.58¢3 91.98 1.61c3 1.65¢3 91.73

(9.36¢-5) (1.01e-4) (0.06) (8.96¢-5) (9.64¢-5) (0.06) (8.38¢-5) (8.76¢-5) (0.06)

ELSA 2.45¢3 2.69¢3 92.00 2.29¢-3 2.43¢3 91.95 2.59¢-3 2.69¢3 91.75

(8.93¢-3) (2.21e-3) (0.07) (4.66e-4) (5.08¢-4) (0.06) (4.40e-4) (4.64e-4) (0.06)

EM 1.53¢-3 1.6de-3 92.00 1.50e-3 1.56e-3 91.93 1.54e3 1.60e-3 91.73

(9.58¢-5) (1.05¢-4) (0.06) (9.18e-5) (1.0e-4) (0.06) (9.09-5) (9.53¢-5) (0.06)

cPMON | 15363 1.64e-3 92.00 1513 1.56e-3 91.93 1.53¢-3 1.60e-3 91.73

(9.56e-5) (1.05¢-4) (0.06) (9.15¢-5) (9.98¢-5) (0.06) (9.06e-5) (9.51e-5) (0.06)

P 0.6 | 0.8 | 0.9

Metrics | MSEEEVEN MSE_PROP ACC (%) | MSEEEVEN MSE_PROP ACC (%) | MSELEVEN MSE_PROP  ACC (%)

LTF 234c2 7.97¢2 93.53 3.09¢-2 1.97¢-1 95.50 344c2 1.84¢-1 96.85

(3.70e-3) (1.43¢-2) (0.15) (4.09¢-3) (2.22¢-2) (0.10) (5.28¢-3) (3.61e-2) (0.08)

BBSL 3.89¢-3 745¢3 9358 6.45¢-3 1.29¢2 9535 6.23¢-3 1812 96.38

(5.56e-4) (2.49¢-3) (0.06) (8.25¢-4) (5.15¢-3) (0.07) (8.69¢-4) (7.40e-3) (0.06)

RLLS 3.89e-3 7453 9358 6.45¢-3 1.29e-2 9535 6.03e-3 1782 96.35

(5.56e-4) (2.49¢-3) (0.06) (8.14e-4) (5.05¢-3) (0.07) (7.82e-4) (6.57¢-3) (0.07)

ELSA 1.98¢3 2.65¢3 93.58 1.87¢3 374¢3 95.55 727e3 7.00¢-3 96.43

(3.26¢-4) (1.53¢-3) (0.06) (1.66¢-3) (8.13¢-3) (0.08) (1.70e+2)  (L13e+2)  (0.13)

EM I.11e3 1.72e-3 93.65 3.6dc 4 1.52¢-3 95.60 5.97¢-4 1.39¢-3 97.00

(1.44e-4) (7.49e-4) (0.06) (8.46¢-5) (5.68e-4) (0.05) (4.77e-5) (3.54¢-4) (0.04)

cpMeN | 11063 175¢3 93.65 8.58¢-4 157¢3 95.60 5.97e-4 143e3 97.00

(L.44e-4) (7.51e-4) (0.06) (8.45¢-5) (5.67e-4) (0.05) (4.78e-5) (3.55¢-4) (0.04)

Table 4: Performance on MNIST under the tweak-one shift. For each method, the first line is the median of the
corresponding metrics among 100 repeating experiments and the second line is the standard derivation
of these 100 metrics. The best results are marked as bold.

a | 0.1 | 0.2 | 0.5

Metrics | MSE.LEVEN MSE_PROP ACC (%) | MSELEVEN MSE_PROP ACC (%) | MSELEVEN MSE_PROP ACC (%)

LTF 6.28¢3 9.24¢3 97.65 1.2662 1582 94.75 3382 4.06e-2 92.55

(2.66e-3) (4.91e-3) (0.57) (1.90e-2) (6.05e-2) (1.49) (9.48e-3) (2.49e-2) (1.04)

BESL 2.88¢3 3.60e-3 97.60 2.80e-3 6.57¢-3 96.12 2.40e-3 3.68¢-3 93.75

(1.82¢-3) (1.54e-2) (0.20) (5.47e-4) (2.94e-3) (0.20) (8.78e-4) (4.44e-3) (0.17)

RLLS 2.84¢-3 823¢3 97.58 2.82¢3 6.53¢-3 96.17 2.44¢3 3.666-3 9375

(1.53¢-3) (1.25¢-2) (0.20) (5.36e-4) (2.90e-3) (0.20) (8.76e-4) (4.44¢-3) 0.17)

ELSA 40261 5.85¢-1 95.60 1.58¢-1 134e-1 94.52 1.87¢-1 1.52e-1 93.08

(2.74e42)  (2.08e+2) (1.68) (9.67e+1)  (2.17e+1) (1.09) (1.26e-1) (3.29¢-1) (0.42)

EM 3.68¢-4 13663 97.70 9.29¢-4 2.15e-3 96.18 1.37¢-3 2.11e-3 93.80

(3.35e-4) (1.73e-3) (0.20) (3.02¢-4) (1.30e-3) (0.20) (1.77e-4) (5.71e-4) (0.17)

CPMCN | 369e-4 1.33¢-3 97.70 9.28¢-4 2.16e-3 96.18 1.37¢-3 2.10e-3 93.80

(3.32e-4) (1.71e-3) (0.20) (3.01e-4) (1.30e-3) (0.20) (1.77e-4) (5.69¢-4) 0.17)

a 0.8 \ 1.0 | 10

Metrics | MSEEEVEN MSE_PROP ACC (%) | MSELEVEN MSE_PROP ACC (%) | MSEEEVEN MSE_PROP ACC (%)

LTF 3592 3.09¢-2 92.85 3.40e-2 6.23¢-2 91.65 1.58¢-2 [.64c-2 90.73

(8.64¢-3) (1.69¢-2) (1.15) (9.83¢-4) (1.36¢-2) (0.75) (4.80e-4) (1.56¢-3) (0.02)

BBSL 2.35¢3 2.93¢3 92.95 1713 2.58¢3 92.90 1763 176e-3 90.80

(5.75e-4) (2.76e-3) (0.16) (3.09e-4) (9.77e-4) (0.16) (1.51e-4) (1.74e-4) (0.09)

RLLS 23563 2.94¢3 93.00 1.69¢-3 2.50e-3 92.90 1.76e-3 1.76e-3 90.80

(5.66e-4) (2.74e-3) (0.16) (3.08e-4) (9.69¢-4) (0.16) (1.51e-4) (1.74e-4) (0.09)

ELSA 6.87¢-2 5.78¢-2 92.23 [71e-1 1.58¢-1 92.23 2372 2.17e2 90.75

(8.30e-2) (1.90e-1) (0.45) (8.17¢-2) (1.81e-1) (0.29) (7.18e-3) (8.04e-3) (0.09)

EM 1.43¢-3 2.01e-3 93.18 1.26e-3 1.52¢3 92.98 1.61e-3 1.68¢-3 90.85

(2.32e-4) (8.18e-4) (0.16) (1.53e-4) (4.45¢-4) (0.16) (1.45e-4) (1.65e-4) (0.09)

cPMON | 1433 2.01e-3 93.18 1.25¢-3 1.51e-3 92.98 1.61e-3 1.68¢-3 90.85

(2.32e-4) (8.17e-4) (0.16) (1.53e-4) (4.45e-4) (0.16) (1.45¢-4) (1.65e-4) (0.09)

Table 5: Performance on CIFAR10 under the Dirichlet shift. For each method, the first line is the median of the
corresponding metrics among 100 repeating experiments and the second line is the standard derivation
of these 100 metrics.The best results are marked as bold.
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po 0.01 \ 0.02 \ 0.05

Metrics | MSE.EEVEN MSE_PROP ACC (%) | MSE.EVEN MSE_PROP ACC (%) | MSE.EEVEN MSE_PROP ACC (%)

LTF 3.83e-2 2432 91.55 3.05e-2 2.3%-2 91.50 2.40e-2 2.25e-2 90.93

(4.69¢-3) (5.04e-3) (0.25) (5.63¢-3) (4.92¢-3) (0.33) (8.41e-3) (9.36¢-3) (0.72)

BESL 1.52¢-3 1.50e-3 92.65 1.55¢-3 1.52¢-3 92.30 1.47e-3 1.42¢-3 91.63

(1.02¢-4) (9.74¢-5) (0.06) (1.12¢-4) (9.63¢-5) (0.06) (1.05¢-4) (9.44e-5) (0.06)

RLLS 1.52¢-3 1.50e-3 92.65 [.55¢-3 1.52¢-3 92.30 1.47¢-3 1.42¢-3 91.63

(9.94¢-5) (9.57e-5) (0.06) (1.12¢-4) (9.63¢-5) (0.06) (1.05¢-4) (9-44e-5) (0.06)

ELSA 2.96e-3 3.16e-3 92.65 2.6%-3 2.75e-3 92.30 2.86e-3 2.76e-3 91.55

(6.32¢-3) (1.42¢-3) (0.06) (4.19¢-4) (4.56e-4) (0.06) (4.10e-4) (4.29¢-4) (0.06)

EM 1.32¢-3 1.41e-3 92.70 141e-3 1.43e-3 92.30 1.44e-3 1.44e-3 91.63

(8.50e-5) (8.98e-5) (0.06) (8.34e-5) (8.55¢-5) (0.06) (7.99¢-5) (7.86¢-5) (0.06)

cpMeN | 13263 1.41e-3 92.70 1.41e-3 1.43¢-3 92.30 1.44e-3 1.43¢-3 91.63

(8.49¢-5) (8.97¢-5) (0.06) (8.33¢-5) (8.54e-5) (0.06) (7.99¢-5) (7.86e-5) (0.06)

p | 0.6 \ 0.8 \ 0.9

Metrics | MSELEVEN MSE_PROP ACC (%) | MSE.EEVEN MSE_PROP ACC (%) | MSE.EEVEN MSE_PROP ACC (%)

LTF 4.13e-3 341e3 91.89 3.18e3 1.23e-2 94.67 4.7Te-3 221e-2 96.65

(4.00e-4) (1.36e-3) (0.08) (1.37e-3) (9.57¢-3) (0.08) (1.45¢-3) (5.73e-3) (0.22)

BESL 6.33¢-3 1.92e-2 91.80 T.12e-2 4.30e-2 9452 1.19-2 6.12e-2 96.23

(1.15¢-3) (5.79-3) (0.06) (2.06e-3) (1.41e-2) (0.07) (2.41e-3) (1.82¢-2) (0.06)

RLLS 6.33¢3 1.92e-2 91.80 1.12e-2 430e-2 9452 1.18¢-2 5.70e-2 96.20

(1.15¢-3) (5.79¢-3) (0.06) (2.06e-3) (1.40e-2) (0.07) (2.41e-3) (1.82¢-2) (0.06)

ELSA 224e-3 4.13e3 91.90 1.29¢-3 3.31e-3 9472 1.29¢-3 5.29-3 96.55

(3.35e-4) (1.59¢-3) (0.06) (1.55¢-3) (4.06e-3) (0.09) (2.44e-3) (1.17e-2) (0.08)

EM 2.12¢-3 5.63e-3 91.90 1.69e-3 6.42e-3 94.75 1.25e-3 4.92¢-3 96.65

(3.57e-4) (1.66e-3) (0.06) (2.97e-4) (1.74e-3) (0.06) (2.43e-4) (1.44e-3) (0.05)

CPMCN | 212e3 5.62e-3 91.90 1.68e-3 6.36e-3 94.75 1.24e-3 497e-3 96.65

(3.57e-4) (1.66¢-3) (0.06) (2.97e-4) (1.74¢-3) (0.06) (2.44e-4) (1.44¢-3) (0.06)

Table 6: Performance on CIFAR10 under the tweak-one shift. For each method, the first line is the median
of the corresponding metrics among 100 repeating experiments and the second line is the standard
derivation of these 100 metrics. The best results are marked as bold.
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