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Abstract

Unlike classical control theory, such as Linear Quadratic Control (LQC), real-world
control problems are highly complex. These problems often involve adversarial
perturbations, bandit feedback models, and non-quadratic, adversarially chosen
cost functions. A fundamental yet unresolved question is whether optimal regret
can be achieved for these general control problems. The standard approach to
addressing this problem involves a reduction to bandit convex optimization with
memory. In the bandit setting, constructing a gradient estimator with low variance
is challenging due to the memory structure and non-quadratic loss functions.

In this paper, we provide an affirmative answer to this question. Our main con-
tribution is an algorithm that achieves an O(\/T ) optimal regret for bandit non-
stochastic control with strongly-convex and smooth cost functions in the presence of
adversarial perturbations, improving the previously known O(T 2/ 3) regret bound
from (Cassel and Korenl, [2020). Our algorithm overcomes the memory issue by
reducing the problem to Bandit Convex Optimization (BCO) without memory and
addresses general strongly-convex costs using recent advancements in BCO from
(Suggala et al., |2024). Along the way, we develop an improved algorithm for BCO
with memory, which may be of independent interest.

1 Introduction

Optimal control lies at the heart of engineering and operations research, with applications ranging
from launching spacecraft to stabilizing economies. The theory of optimal control is a well-established
field with a rich history, dating back to 1868 when James Clerk Maxwell analyzed governors, and
flourishing in the mid-20th century with the development of dynamic programming by (Bellman)
1954) and the Kalman filter by (Kalman, |1960).

Classic optimal control theory studies the problem where a controller interacts with an environment,
according to a (partially observable) linear time-invariant (LTI) dynamical system:

Tep1 = Axe + Bug +wy, yr = Cxy + ey, (nH

where A, B, C' are the dynamics governing the system, xy, us, ¥z, We, €; represent the system state,
control input, observation, perturbation, and observation noise at time ¢, respectively. At each time ¢,
the controller observes y; and chooses a control w;, incurring a cost ¢;(y;, u;) based on the current
observation and control. The system then evolves according to Eq. (T) to reach the next state x; 1.

The theory of optimal control (e.g., LQC) typically relies on three key assumptions on the setting:
the perturbation wy; is stochastic, the cost function ¢; is quadratic and known in advance, and the
function ¢; is observable to the controller. The linear-quadratic regulator (LQR) (Kalman et al.,|1960)
provides a closed-form optimal solution under these conditions, representing a pinnacle of classical
control theory.

However, these assumptions are often too idealistic for practical scenarios. In real-world control
problems, the perturbations can be adversarial, the feedback model can be bandit, and the cost
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function can be non-quadratic. This is evident in applications such as autonomous vehicle navigation,
advertisement placement, and traffic signal control. This discrepancy between theory and practice
raises a fundamental question for developing a more general control theory:

Can we devise algorithms with provable guarantees for LTI control problems with
adversarial perturbations, bandit feedback models, and non-quadratic cost?

Recent research in online non-stochastic control (see (Hazan and Singh| 2022) for a survey) aims
to address this broader goal by relaxing two of the standard assumptions: (1) the cost ¢; can be
time-varying, non-quadratic convex functions unknown to the controller; (2) the perturbation w; and
the observation noise e; can be adversarially chosen.

The natural performance metric in this context is regret, defined as the excess cost incurred by the
controller compared to the best control policy in a benchmark policy class 11:

T

T
Regret!! troller) = — mi T our 2
egrety (controller) ;Ct(ytvut) ggﬁl;cﬁ(yt UL ), 2

where (y¢,u;) is the observation-control pair reached by executing the controller at time ¢, and

(yF,uF) is the observation-control pair under the policy 7 at time ¢. An optimal O(v/T') regret was
obtained by (Agarwal et al.,|2019a)) with the Gradient Perturbation Controller (GPC) algorithm.

Several works in online control have made further progress towards the general question. (Cassel and
Koren| [2020; |Sun et al.} 2024) obtained optimal regret under bandit feedback for strongly convex and
smooth cost when the perturbation w; and observation noise e; are semi-adversarial (i.e. they contain
an additive stochastic component that admits covariance matrices with least singular value bounded
from below). (Cassel and Koren, |2020) also showed a sub-optimal O(TZ/ 3) regret bound for fully
adversarial perturbations. More recently, the advancement of (Suggala et al.,[2024) showed for the
first time that an optimal regret of O(+/T) is achievable for strongly convex and smooth quadratic
costs in the presence of adversarial perturbations and observation noises.

Still, no previous work has simultaneously addressed all three challenges with an optimal regret
guarantee, which was left as an open problem by (Suggala et al.,|2024)). The main challenge lies in
how to construct a low-variance gradient estimator under bandit feedback, with the memory structure
and non-quadratic cost. Due to the Q(TQ/ 3) regret lower bound for general BCO with memory by
(Suggala et al.| 2024), exploiting the special affine memory structure in control problems is crucial to
achieving optimal regret for general convex cost.

In this work, we provide the first affirmative answer to this general question by devising an algorithm
that handles all three challenges with an optimal O(\/T) regret bound. Our approach involves
reducing the problem to no-memory BCO, which circumvents the high-dimensional estimator issue
for non-quadratic costs. We then leverage a special curvature structure of the loss function induced
by general strongly convex and smooth costs to obtain the optimal regret guarantee. Our result serves
as a preliminary step toward fully solving the general control problem.

1.1 Technical Overview

Several previous works have addressed the bandit non-stochastic control problem, but none achieved
optimal regret across all three generalities due to the following technical challenges:

1. The necessity of curvature: The first work tackling the bandit non-stochastic control
problem was (Cassel and Koren, 2020), which achieved an O(TQ/ 3) regret bound for
smooth convex cost. However, such sub-optimality is arguably inevitable due to the Q(TQ/ 3)
regret lower bound for BCO-M with smooth convex[ﬂcost (Suggala et al.,[2024): all existing
results on bandit non-stochastic control relies on reduction to BCO-M! Indeed, the algorithm
of (Cassel and Koren, [2020)) is based on online gradient descent (0GD) and ignores the
geometry of cost. This is the reason why we introduce the assumption on strong convexity.

2. Strong convexity is not enough: Does strong convexity alone become an easy remedy to
the control problem? Unfortunately, even if we assume the cost functions ¢; in the control

'In fact, the lower bound proved in (Suggala et al.l [2024) even holds for quadratic loss functions.



Regret Perturbation | Feedback Loss type
7Agarwal et al.:2019a) O( \/T) adversarial full strongly-convex
jAgarwal et al.: 2019b) | O(log” T) | stochastic full convex
7Cassel and Koren, 2020) O(T 2/ 3) adversarial bandit convex smooth
7Cassel and Koren:2020) O(\/T ) stochastic bandit strongly-convex smooth
B (Sun et al.l 2054) O(\/T ) semi-adv bandit str-conv smooth quadratic
iSuggala et al.:2024) O(\/T) adversarial bandit str-conv smooth quadratic
N This work O(VT) adversarial bandit strongly-convex smooth

Table 1: Comparison of results. This work is the first to address all three generalities with an O( VT)
optimal regret: (Agarwal et al.l [2019a)) addressed perturbation + loss, (Cassel and Koren, 2020)
addressed feedback + loss, (Suggala et al.| |2024) addressed perturbation + feedback. (Cassel and

Koren, [2020) also obtained a sub-optimal O~(T2/ 3) regret for perturbation + feedback + loss.

problem are strongly-convex, the induced loss functions in the BCO-M problem are not
necessarily strongly-convex! It was observed by (Suggala et al., 2024) that the induced
loss functions satisfy a property called x-convexity, allowing for low-variance estimation of
Hessian matrices, which is a key ingredient in Newton-based second-order update to exploit
the curvature.

3. Going beyond quadratic: However, finding a low-biased first-order estimation of gradients
remains a challenge for BCO-M, because the nice property on the unit sphere domain
Sa—1 := {z € R? | ||x||2 = 1} of the exploration term is not preserved under Cartesian
product: Sg_1 X Sg_1 # Sgxq—1. To handle this issue, (Suggala et al.| [2024)) relies on
the quadratic cost assumption which admits an unbiased estimator of the divergence of the
induced loss function. It’s unclear how to handle general x-convex smooth cost in BCO-M.

Similar to its full-information counterpart, we reduce the bandit non-stochastic control problem to
bandit convex optimization with memory (BCO-M). To overcome these challenges, we further reduce
the BCO-M problem to a no-memory BCO problem following (Cassel and Koren, |2020), to avoid
the issue on the Cartesian product of S;_;. This allows for the use of a Newton-based BCO-M
algorithm similar to (Suggala et al.| 2024), which can handle general x-convex smooth cost because
the exploration domain is now S;_1. Besides this new approach, our method also includes novel
algorithmic components and analysis.

1.2 Related Work

Optimal control theory (Bellmanl [1954) concerns finding a control for a dynamical system such that
some objective function is optimized. The basic form of optimal control is linear quadratic control
(Kalman), [1960), in which a quadratic function is minimized in a linear first-order dynamical system
with stochastic noise, whose solution is given by LQR.

Online non-stochastic control generalizes classic optimal control by considering adversarial pertur-
bation and cost, with the metric of regret to compete with the best fixed policy in some benchmark
class. The first work (Agarwal et al., 2019a) obtained an optimal regret bound for general convex
cost by reduction to online convex optimization with memory (Anava et al.,[2015)), under stability
assumptions on the system. For the line of works on the full information feedback setting, see (Hazan
and Singh} 2022) for a survey.

Online non-stochastic control with bandit feedback were first considered by (Cassel and Koren, [2020;
eradu et al. 2920). Under a smoothness assumption on cost functions, the two works showed an
O(T?/3) and O(T?/*) regret bound respectively. When the cost functions are additionally strongly-

convex quadratics, (Sun et al., 2024) obtained an O(\/T) regret, under semi-adversarial perturbations.
(Yan et al., 2024) showed sublinear regret for cost functions with heterogeneous curvatures under the



same semi-adversarial perturbations. This restriction on perturbation was later removed by (Suggala
et al.| 2024) which achieved the same regret for adversarial perturbations.

Recent advancements on BCO (Lattimore and Gyorgy}, [2023; Suggala et al., 2021} [Lattimore}, [2024)
considered Newton step updates to achieve improved regret bounds. In particular, (Suggala et al.|
2024]) also showed an Q(TQ/ 3) lower bound for bandit quadratic optimization with memory (BQO-M)
without strong convexity. When making use of the affine memory structure, (Suggala et al.| [2024)
obtained an O(+v/T) regret bound for BQO-M.

2 Preliminary

2.1 Online non-stochastic control with bandit feedback

Consider the linear dynamical system in Eq. (I). At time ¢ € N, the learner receives observation y;
and outputs control u;, to which the learner receives a scalar instantaneous cost ¢;(yt, u¢) depending
on both the current observation and the control, and no other information about ¢; is available.
The perturbation w; and observation noise e; can be adversarially chosen. The learner’s goal is to
minimize regret over a fixed time horizon 7' € N defined in Eq. (2).

Throughout this paper, all cost functions we consider are assumed to be twice continuously differen-
tiable. Consistent with past literature (Sun et al., 2024} Suggala et al.| |2024), we make the following
assumptions on the cost functions.

Assumption 1 (Cost curvature and regularity). Let d, d,, € N denote the dimensions of observation
and control, respectively. The control cost function ¢, : R% x R% — R satisfies that

1. (Curvature) c; is c.-strongly convex and f3.-smooth over some compact set Y x U C R% x
R% for some ., B. > 0, i.e., Vey(12) T (z1 — 22) + %Hxl — 133 > ci(w1) — () >
Vei(xo) T (21 — 22) + Sl — xo||3 for any x1, 10 € Y X U.

2. (Gradient bounds) There exists some G, > 0 such that the gradients satisfy ||Vee(y, u)]|2 <
Gell(y, w)ll2 foranyy € ¥V, u € U.

We also make stability assumption on the LDS in Eq. (I)) as well as norm bound on the perturbation
and noise. These assumptions are standard in literature (e.g. (Hazan and Singh||2022)) and necessary
for deriving meaningful regret guarantees.

Assumption 2 (Strong stabilizability and bounded dynamics). (A, B, C) that governs the LDS in
Eq. (1) satisfies that max{||Al|op, | Bllop: |Cllop} < Ksys for some positive constant kgys. There exists
K € R¥u*dy 5t A+ BKC = HL™'H for some H = 0 and max{| K||2, | H|2, ||H |2} < &,
IL||l2 < 1=~ forsome k > 0,0 <~ < 1. Such K is called a (k,~)-stabilizing linear controller for
the LDS.

Assumption 3 (Bounded perturbation and noise). The perturbation and observation noise sequences
satisfy the norm bound maxc ) {max{||w||2, [|e||2}} < Ry, for some Ry o > 0.

We assume the adversary chooses the cost functions and noise sequences in an oblivious way, i.e.
they are chosen independently of the learner’s decisions.

Assumption 4 (Oblivious adversary). The sequence of cost functions {c; }1—_, and the noise sequences
{wiYE |, {e;}1_, are chosen by an oblivious adversary and does not depend on the control played
by the learner:

For partially observable systems, the standard comparator class in literature (Simchowitz et al., |2020)
is the class of Disturbance Response Controllers (DRC). Essentially, this class considers controllers
that choose linear combinations of past signals and observations. The signals are simply the would-be
observations had a stabilizing controller K been used from the beginning of the time. Formally, the
class of DRC is given by the following definition:

Definition 1 (DRC). (1) A disturbance response controller (DRC) is a policy 7, parametrized by
m € N matrices M = M0 —1] jn R%*dy gych that the control at time ¢ according to 7y is

m—1

ut(mar) = Ky + Z MUy, _;(K),
=0



where K is a (r,)-stabilizing linear controller, and 3 is the would-be observation had the linear
policy K been carried out from the beginning of the time.

(2) A DRC policy class M(m, Rq), parameterized by m € N, Ry > 0, is the set of all DRC
controller of length m and obeys the norm bound || M ||¢, op := Z;”:_Ol [MV1||op < Rg.

A DRC policy always produces controls that ensure the system remains state bounded, the DRC class
is expressive enough to approximate the class of linear policies of past observations (see Theorem 1
in (Simchowitz et al.| [2020)).

2.2 Bandit convex optimization with memory (BCO-M)

We start with the general protocol of bandit convex optimization with memory (BCO-M). In the
(improper) BCO-M problem, at each time ¢, the learner is asked to output a decision z; € R, to
which a scalar loss f(z;—m+1.¢), depending on the learner’s most recent m € N decisions is revealed.
Given a convex compact set IO C R? as the domain of comparators, the regret is measured on the
best single point z € IC over a time horizon of 7" € N, formally given by

Regret? = Imax E
ze

Z ft(Zt—m+1:t) - ft(Z7 T 72’)] .

In non-stochastic control, the learner’s past decisions affect future states through an affine structure,
therefore we are interested in BCO-M problems with such structure. This leads to the following
structural assumption on the induced loss function with memory. We will show in Lemma [J]that the
bandit control problems with the standard regularity conditions satisfy Assumption 5]

Assumption 5 (Affine memory structure). At time t € N, the loss function with memory length m
takes the form of f; : (RY)™ — R given by the following structure

m—1
ft(zt—erl:t) =/ (Bt + Z Gmy;:iztz) s 3)
i=0

with parameters B, € R", Y;_; € RP*% and G = G 4 sequence of m matrices where
Glil e R™ P for some n,p € N. We denote G; = ZZ_OI GlilY,_;, € R4 and H, =
G/ Gy € R4 There exists some Ry > 0 such that max{1,||G¢|2, |Yell2, [|H¢|2} < Ra.
In addition, we assume that G satisfies positive convolution invertibility-modulus, i.e. k(G) =
infznZO lunli2=1 2=n>o0 |l S o Glilu,_i||2 = Q(1). We assume that the learner receives Hy every
step after they incurred the loss.

We make two standard curvature and regularity assumptions on each of the instantaneous loss f;, that
ft is strongly-convex and smooth, with its subgradient norm bounded by some constants, following
the previous work of |[Suggala et al.| (2024).

Assumption 6 (Curvature). Consider a loss function f; satisfying Assumption[S|and the set

m—1
Z = {Bt + Z G[i]Yt_izt_i D Zt—mals 52t €K +Bd} Cc R",
i=0

where By, G, Y;_ 1.4 are the parameters, and {y : R™ — R is the function associated with f; in
Assumption|5| We assume that {; is o ¢-strongly-convex and [3p-smooth, i.e. oyl = Vzﬁt(z) = B¢ln,
over Z, with0 < ay <1< By hereﬂ

Assumption 7 (Regularity). For d € N, denote By := {x € R? | ||z|2 < 1} as the unit ball in R%.
We assume that at time t, the with-memory loss function f; : (R4)™ — R with memory parameter
m € N obeys the following gradient bounds over K+ By :={x +y |z € K,y € B4}:

IVfi(z1,. o zm)lle < Gy, Ver,...,2m € K+ By.
Additionally, we assume that K has Euclidean diameter D > 0.

’Here we could write G th,i with a single parameter, but the current form matches that of control.
*Any « strongly convex function is also min(1, &) strongly convex and similar for 3.



We consider an oblivious adversary model, given by Assumption [§]

Assumption 8 (Oblivious adversary). For a BCO-M instance, we assume that the adversary is
oblivious. In particular, let z; denote the algorithm’s decision at time t, then the loss function f;
chosen by the adversary does not depend on 2 .;.

In the definition of regret in BCO-M, we compare the cumulative loss of any algorithm with the best
fixed comparator z € K, evaluated on the induced unary form f;(z, ..., z) of the loss f;. Formally,
we have the following definition

Definition 2 (Induced unary form). V¢ € N, let f; : R? — R denote the induced unary form of the
loss ft, given by fi(2) = fi(z,...,z). Then, for f; satisfying Assumption f+ admits the structure

fi(z) =4 (Bt + Z;’;gl G[i]Yt,Z—z).

We note that for f; satisfying Assumption [6] the induced unary form in Definition [2] satisfies a
special curvature called x-convexity introduced in (Suggala et al.,|2024)). To avoid confusion with the
notations with the bound on the dynamics (Assumption [2)), we will call it xo-convexity henceforth.

Definition 3 (x-convexity, (Suggala et al., 2024)). A function f : R? — R is called xo-convex
over a domain K C R? if and only if the following holds: f is convex and twice continuously
differentiable, and moreover 3¢, C' > 0 and a PSD matrix 0 < H =< [ s.t. the Hessian of f at any
z € K satisfies

cH = V*f(z) < CH, < Ko.

o lQ

The benefit that the loss function exhibits an affine memory dependence is that its induced unary
form satisfies ko convexity for some kg > 0, summarized the following observation.

Observation 4 (xo-convexity and gradient bound of the unary loss.). Consider f, : (]Rd)J” - Ry

satisfying Assumption Assumption@ and Assumption@ Then, the induced unary form f, : R —
Ry in Definition 2] satisfies the following two properties:

1. (Ko-convexity) f; is ko-convex with ko = By/ay, H = Hy: ayHy < V2 fi(2) < BpH,y,
where H; = G;'— Gy asin Assumption Vz € R,

2. (Gradient bound) ||Vf,(2)|l2 < Gy/m, Vz € 2.

Proof of Observationid| By our assumption on the affine structure of f; in Assumption Vz € RY,
V2 fi(2) = G V2 (By + G42)Gy. ko-convexity follows from the curvature assumption in Assump-
tionﬁLFor any 21, 20 € R%, we have that | f;(21) — fi(22)| < Gfll(21, -+ ,21) — (22, , 22) ]2 =
Gf mH21 —2’2”2. O

2.3 Notations

For a positive semidefinite square matrix H = 0 € R?*?, define the norm || - ||z on R? so that
lvl|3 = v " Hv. We write ¢; to denote the cost function of the control problem, and f; to denote the
loss function for BCO with memory. For two sets A, B, A+ B={a+b:a € A,bc B}. Fora
set S, |:S| denotes the cardinality of S. We use B4, S4—1 to denote the unit ball and unit sphere in
R4, respectively. For n vectors vy, ..., v, € RY, we slightly abuse notation and shorthand as v1.,, to
denote the concatenated vector (vy, . ..,v,) € R,

3 Improved Bandit Convex Optimization with Memory

In this section, we introduce an improved algorithm for the bandit convex optimization with memory
problem. Our algorithm incorporates the occasional update idea from (Cassel and Koren, |2020) and
the Newton-based update for xg-convex functions from (Suggala et al., 2024)), achieving an optimal
O(V/T) regret bound, improving the previously best known O(72/3) result from (Cassel and Koren|,
2020). Besides the advancement on BCO-M, this result is the key component of our main result in
control. First, we define the BCO-M instance.



Definition 5 (BCO-M instance). Given d € N, a BCO-M instance is parametrized by O =
{K,m, {fi}+>m,ten}, where K C R? is a convex compact set; m is the memory length; f; :
K™ — R, measures the instantaneous loss at time ¢. Given any bandit online learning with memory
algorithm AP, the regret of AZ on O w.rt. 2z € K is given by

T
» _
Regret) *(0) = E fe(zt—mt1:e) — fe(2),
t=m

where z; = z;“B is the decision according to AP at time t. We say a BCO-M instance O is affine
and («, 8, G, D)-well-conditioned if O satisfies Assumption Assumption@with af =a, By = p,
Assumptionwith Gy =G, Dy = D, and the adversary model satisfies Assumption@

3.1 BCO-M algorithm

We describe Algorithm [I] that runs bandit convex optimization for any BCO-M instance O =
{K, m,{fi}t>m.ten}. On a high level, our algorithm employs the occasional update idea from
(Cassel and Korenl [2020). The decisions are updated at most once every m steps, ensured by the
condition by H:’:ll (1—-bi—y)=1 (linein Algorithm , where b; is the Bernoulli random variable
(partially) deciding whether the algorithm will make an update at the current time step. We write o as
the original ideal prediction, v as the random perturbation vector, and z is the actual prediction (as
the perturbed o) of the algorithm.

Algorithm 1 Improved Bandit Convex Optimization with Affine Memory

Input: convex compact set IC C R4, step size n > 0, memory parameter m, curvature parameter «,
time horizon 7.

Initialize: 01 = --- = 0, € K, gO:m—l = 0y, Ao;m_1 =1, 7=1.
Sample vy ~ Sy_; i.i.d. uniformly at random fort = 1,...,m.
Set 2t = 0t + At_—%lvt’ t= 1, ey
Draw b; ~ Ber (%),t =1,...,m.
fort =m,...,T do
Play z;, observe f;(z;—m11:¢), receive Hy = G Gy.
Draw b; ~ Ber (% .
it b, 17" (1 — b;_;) = 1 then
Lets, =t.
Update Ay = A4+ 2= H;.

L1
Create gradient estimate: §; = df(2i—m+1:t) A7 10t € RA.

VR U hHE L D2

—

11:
A ~ ~
12: Update o1 = [[,c ' [ot — nA;lflgSTfl]
13: Sample v441 ~ Sg—1 uniformly at random, independent of previous steps.
A1
14: Set Zt4+1 = O¢41 -+ At 2’0t+1.
15: T+ 174+ 1.
16:  else . .
17: Set Ot41 = Ot, Vg1 = Vg, Zt41 = Zt, At = At—17 gt = gt—l-
18:  end if
19: end for

Such occasional update essentially reduces the BCO-M problem to a new no-memory BCO problem,
whose equivalence will be shown later (see Appendix [A.2). Consistent with the notation used in
(Cassel and Korenl, 2020), we denote the following set

S = {t S [T] L Rt41 7é Zt} (4)
to be the set of time steps where the algorithm updates its decision. We readily have |S| < %
Moreover, we have

ft(ztferl:t) - ft(therl) = ﬁ(zt)a Vt S Sa (5)



since t € S implies by_,41 = - -- = b;—1 = 0. Thus, whenever Algorithm[Tjupdates, it effectively
updates with function value f;(z;).

The occasional update alone only gives a sub-optimal O(T2/ 3) regret as shown in (Cassel and

Koren, [2020). To achieve the optimal O(ﬁ) regret, we use a Newton-based update to exploit the
Ko-convexity of general strongly-convex smooth functions, recently introduced by (Suggala et al.,
2024).

For this improvement we require the knowledge of a Hessian estimator H; as in Assumption
Assumption E} This doesn’t hold in BCO in general, but we will show in the next section that
the control problem indeed satisfies this assumption: thanks to kg-convexity, in the control problem
H,; can be constructed from the knowledge of system, instead of knowledge of loss which would
typically incur a huge variance term.

The regret guarantee of Algorithm|I]is given by the following theorem.
Theorem 6 (BCO-M regret guarantee). Given an («, 3, G, D)-well-conditioned BCO-M instance

O = {K,m, {fi}i>m.ten} with m = poly(log T) and G, D = O(1) (Definition , let (K,np =
O(1/VT), m,a,T) be the input to Algorilhm Algorithmguarantees that

zeK

max E {Regret?lgorithmz(O)] <O <§GD\/T) ,

where O() hides all universal constants and logarithmic dependence in T'.

Theorem EI is the first algorithm to achieve the optimal O(+/T') regret bound for the BCO-M problem
with general smooth convex loss. Compared with the O(TQ/ 3) bound from (Cassel and Koren, [2020),
our improvement exploits the new assumptions on the strong convexity of loss and the affine structure
of memory. We notice that the O(\/T) regret bound of (Suggala et al., 2024) requires the additional
quadratic loss assumption and uses the special structure of quadratic functions to construct low-biased
gradient estimators for the unary form of losses. Algorithm [I]and its guarantee in Theorem [6]thus
improve upon both of these previous results. The proof of Theorem [6]is lengthy, therefore we leave it
to the appendix and include a sketch here.

3.2 Proof Sketch

The theorem is proven via reduction to a no-memory BCO algorithm with Newton-based updates.

Step 1: regret of the base algorithm. We devise a new BCO algorithm with two new ingredients
different from standard algorithms. First, our algorithm adopts Newton-based updates which require
estimating Hessians. In Assumption [5|we assume "free" access to a Hessian estimator Hy, which
holds in the control setting by utilizing the xg-convexity property.

Second, we incorporate a new delay mechanism to decorrelate neighboring iterates such that o, is
independent of recent perturbation vectors, which plays a crucial role in bounding the expectation

of moving cost. Our base BCO algorithm is then shown to have an O(\/T ) regret bound (see
Lemmal TT)).

Step 2: reduction to the base algorithm. We show that the regret of Algorithm[T|can be controlled
by the regret of the base algorithm plus a moving cost term. By the design of Algorithm|[I] it updates
a univariate loss function at most once every m steps. If all the z; across these m steps are the same,
Regret(Algorithm T)) will be exactly the same as m x Regret(base algorithm). When z; are different,

we suffer an additional moving cost E {ZtT:m fe(zt—m—1:t) — ft(zt,m“)] , which can be bounded
by the assumption on the gradient of f; if z; changes slowly.

Step 3: bounding the moving cost. We partition the moving cost f;(2t—m+1:¢) — ft(2t—m+1) into
three terms

fr(Zr—ma1:t) — fr(0p—ma1:4) + fi(Op—my1:4) — ﬁ(ot—m+1) + ﬁ(ot—m+1) - ft(zt—m+1) .

(a) (b) (e)




Here, (a), (c) can be seen as perturbation loss suffered by the algorithm during exploration. (b) is the
moving cost determined by the stability of the algorithm’s neighboring iterates.

For the three terms in the above equation, (c) is bounded by Jensen’s inequality using the convexity
of the unary form of loss. We bound (a) using the curvature assumptions and the affine memory
structure of f;, where we also make use of the delayed updates to decorrelate neighboring iterates for
technical reasons. (b) is bounded by the Lipschitzness of f; and the distance between neighboring
iterates. Theorem [6]is reached by putting the three steps together.

4 Optimal Regret for Bandit Non-stochastic Control

In this section, we show how to achieve optimal regret for the bandit non-stochastic control problem
with a partially observable LTI dynamical system as described in Eq. (I for strongly-convex smooth
loss, by a reduction to the BCO-M algorithm (Algorithm [I) we devise in the previous section.
Previously, the best known regret bound for this problem was O(TQ/ 3) from (Cassel and Koren,
2020), which is also rooted in a reduction to BCO-M. We use a similar reduction, obtaining a
better bound thanks to the improved regret bound of BCO-M (Theorem [6)). We first give the formal
definition of the control problem.

Definition 7 (Bandit non-stochastic control). A bandit non-stochastic control problem of a partially
observable LDS is parametrized by a tuple £ = (4, B, C, z1, (w;)ten, (€t)ten, (¢t)ien, 11), where
A, B, C and (w¢)ten, (et)ten are the dynamics and perturbations in the LDS (Eq. ) with initial
state 1 (we assume x1=0 without loss of generality henceforth); c; measures the instantaneous cost
at time ¢; II is the comparator control policy class. Given any bandit non-stochastic control algorithm
A, the regret of ANC on £ over a time horizon T' € N is given by

T
NC NC NC .
Regrett  (L,1) =) ey ,ui ) —min} en(yf, uf),
t=1 t=1

where (y;“Nc, ug“Nc), (yF,ul) are the observation, control pair at time ¢ following the trajec-

tory of ANC and =, respectively. We say that a bandit non-stochastic control problem L is
(o, B, G, Kgys, £, 7Y, Rw.e,),U)-well-conditioned if £ and II satisfy Assumption [I| with o, =
a,B. = B,G. = G over some centered bounded convex domain ) x Y C R%T%  Assump-
tion [ with riys, #, 7, Assumption 3| with Ry e, and Assumption 4]

The reduction from partially observable bandit non-stochastic control to BCO-M consists of two main
steps. The first step is to construct the would-be signal y;(K') from the observation y;, where y; (K) is
used for updating but not directly observed by the controller. y;(K) is computed by using the Markov
operator of the LDS (Simchowitz et al., 2020). The second step is a standard black-box reduction
from control to BCO-M, which uses the strong stability of the system. Reduction is formalized in the
following definition.

Definition 8 (Approximation). A bandit non-stochastic control instance (Definition[7) £ with some
convex comparator class IT over a time horizon 7" € N is said to be e-approximated (¢ > 0) by a
BCO-M instance (Deﬁnition O with domain K = TI, if the existence of a BCO-M algorithm AB
implies the existence of a bandit non-stochastic control algorithm ANC satisfying

E {Regret?Nc’K(L‘,H)} <E [Regret;}B”C(O)} + eT.

The formal guarantee of the reduction is given below.

Lemma 9 (Control reduction). Every instance of (ac,pBe,Ge,Ksys,K,7, Rw,e, Y, U)-well-
conditioned bandit non-stochastic control problem L over the ball Y x U C R%*% of radius
R E] with comparator class II = M(m, Rym) (Definition |1) is 2G  DmT ~'-approximated by a
(af, By, Gy, D)-well-conditioned BCO-M instance O with

4096/ mG.R2 R2% d%*°k3k8
af =oc, Bf =P D= /mmax{d,,dy}Rm, Gj= we M7w s
fyO
provided that m = ©(log T/ log(1/(1 — ~))).

“See Appendix R=Ru. (1 n @) <\/1 T A2+ R <1 n 7”(“)» —0o(1).

~
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Lemma [9]implies that every well-conditioned bandit non-stochastic control problem can be reduced
to a well-conditioned BCO-M instance, whose parameters are polynomial in those of the control
problem. As a result, any regret bound for BCO-M will directly transfer to the control problem (at the
expense of polynomial dependence on the system parameters). In particular, combining Theorem [f]
and Lemma@, we obtain an optimal O(+/T') regret bound for the bandit non-stochastic control with
strongly-convex smooth cost.

Theorem 10 (Bandit non-stochastic — control regret guarantee). Given an
(o, B, G, Kgys, K, Y, Rw,e, Y, U)-well-conditioned bandit non-stochastic control instance L over the
ball RBg, +4, C R%*du for the same R as in Lemma@ with G, Ksys, K, 7, Rw.e, Az, dy, dyy = O(l
let (II,IC,n,m,T,G, K,«) be the input to Algorithm |2| with m = poly(logT). Algorithm
guarantees that

max E Regret?lgomthmz((?)} <O <5\/T> ,
a

z€K
where O() hides all universal constants and logarithmic dependence in T'.

Theorem[I0] strictly improves Theorem 8 of (Cassel and Koren| 2020) and Theorem 5 of (Suggala
et al., 2024), in the sense that our result achieves the optimal regret with fewer assumptions: all

three results achieve the same O (gﬁ) regret bound, however (Cassel and Koren, |2020) requires

the additional assumption that perturbations are stochastic, while (Suggala et al.,|2024) requires the
additional assumption that costs are quadratic.

Algorithm 2 Improved Bandit Non-stochastic Control

Input: Step size n > 0, memory parameter m, DRC policy class M (m, R ), time horizon T,
system dynamics, (&, y)-strongly stabilizing linear policy K, strong convexity parameter o > 0.

1: Let AP be an instance of Algorithmwith inputs (IC = M(m, Raq),m,m, a, T).
2: Tnitialize: MY = - = Myl = 0q,xa,, ¥ € [m]. Go = - = Gm-1 = Opmaya,» Ao =

Am,—l = mImd“,dy Xmdydy -

3: Initialize AP fort = 1,--- ,m — 1 (lines 1-4 in Algorithm .

4: Sample &, ~ S™@4y—1 i d. uniformly at random fort = 1,...,m.

5: Play control u; = Ky, incur cost ¢ (ys, ut) for t € [m].

6. fort =m,...,T do

7:  Play control /"t = Ky, + Z;”:_Ol Mt[J]yt_j(K), incur cost c; (Y, ut).

8:  Let fy : (M(m,Rnm))™ — R be the induced with-memory loss function via reduction in

Lemma)and H; be the associated Hessian estimator in Assumption [5}
: Update Mt+1 A ‘AB (Mt7 {fS}gzmﬂ {HS }Z:m)

10: end for

5 Conclusion

In this paper, we devise an algorithm with an O(+/T') regret bound for the bandit non-stochastic
control problem with adversarial strongly-convex smooth cost functions. This is the first result with
optimal regret that simultaneously breaks the three assumptions of LQC (1) stochastic perturbation
(2) full-information feedback (3) quadratic cost. Our control algorithm is built upon an improved
algorithm for BCO-M, which may be of independent interest.

As a preliminary step to address the question of a general control theory for LTI, our result comes
with limitations and potential future research directions. Currently, the improvement over the O(TQ/ 3
regret by (Cassel and Koren, [2020) is made under the additional assumption of strong convexity. It’s
unclear whether this assumption is necessary for an O~(\/T) regret, we leave determining the minimal
assumption on the cost functions for optimal regret as an open question.

The assumption that the system parameters are of order 0(1) is consistent with prior works (Hazan and
Singhl [2022).
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A Proof of Theorem

The proof is reduction-based. It consists of three parts

1. We first consider an algorithm for the no-memory BCO problem, which uses Newton-based
updates and a novel delay mechanism. This algorithm will serve as the base algorithm.

2. We then show that the regret of our main algorithm [I|can be bounded by the regret of the
base algorithm plus a moving cost, via an improved analysis on kg-convexity.

3. Finally, we bound the moving cost and then put every pieces together.

A.1 Base No-Memory BCO Algorithm and Guarantees

In this section, we prove Lemma|[I 1] which establishes the regret guarantee for the base algorithm
used by Algorithm|I] The base no-memory algorithm is a variant of the Newton-based (improper)
BCO algorithm considered in Algorithm 1 of (Suggala et al.,[2024). The main differences are:

1. Algorithm 1 in (Suggala et al.|,[2024) constructs Hessian estimators from the bandit feedback.
Algorithm[3]doesn’t require Hessian estimators, since the H; determining ko-convexity is
given by the system instead of loss in bandit control problems, and thus it’s computable by
the learner given the system parameters.

2. Algorithm 3]introduces an additional delay mechanism (specified by the delay parameter
dy € N) to decorrelate neighboring iterates, a necessary ingredient to later analysis.

Algorithm 3 Simple BCO-with-delay
Input: convex compact set X C RY, step size n > 0, delay parameter dy € N, curvature parameter
« > 0, time horizon T" € N.

I: Initialize: 01 € K, Ay = Iyxg. Ay = Ogxa, VE < 0. G = 0, Vt < 0.

~ 1
2: Sample v; ~ S4_1 uniformly at random. Set z; = 01 + A, *v1.
3:fort=1,...,Tdo_
4:  Play z, observe f(z;), receive H;.
Update At = At—l + %Ht

— Al
Create gradient estimate: §; = df;(2;) A7 jv; € RY.

Ay_qg +1 A—1 ~
Update 0441 = ] [« ™ [ot = NA; gy 1Gt—do+1 |-

5

6

7

8:  Sample v 1 ~ Sg_1 uniformly at random, independent of previous steps.
0 1

0

Set 2441 = 041 + At V4.

1 end for

Lemma 11 (Base BCO regret guarantee). Suppose that the sequence of loss functions { f;}1-, and
the convex compact set K satisfy the conditions in Assumption[/} Assumption[8} and the properties in
Observationd} and max{1, | H||2} < Ry, Vt. With a = ay in the first condition in Observation 4}
(n, do) satisfying dy < 2/(naRy), Algorithmrun with inputs (IKC, 1, do, ., T) satisfies the following
regret guarantee: Yo € K,

D%dyR
# + 3ndod®G2D?*RyT.

28d

T
E lz; fi(z) = fi(o)| < 77704 log(nRyT + 1) + 2doGD +
t=

In particular, by choosing 7 = ©(1/v/T) and dy = ©(1), the above regret is of order O (%ﬁ)

Proof of Lemma [7_7} First, note that by the condition on 7 and dy, we have that flt = 2At,i, Vi < dp.
To see this, it is equivalent to proving any PSD matrix H with Apax(H) < 1 satisfies that H < I,
which follows from the fact that z T (I — H)z > ||2]|2 — Anaz||z||3 > 0, Va.
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By the convexity and curvature assumption on f; described by the conditions in Observation EL we
have

T T
E lz fie(ze) — fi(oy ] Z [Vfi(or) " A, 1vt] + g ZE[UJA;_ElHtA;}lm],
t=1 t=1

where the first-order term equals 0 since v; is drawn independently of o, f;, A1, and E[v] = 0.
We can further bound the second order term by

T
th zt) — fi Ot‘| BZ]EAt 11 Hy < 25 ZE Affl)];
=1

where the first step follows from E[v " Av|A] = A - E[vov " ] and the cyclic property of trace, and the

last step follows from the definition of flt, the stability condition that At = 24; 1, and a = oy.
Using standard inequalities on log determinant in Newton step analysis (Hazan et al.||2007), we have

28 det(AT) 2pd nasRyT
[Z Flex) = f Ot)] = o7 %8 Qot(Ag) = may OB (2 i 1) :

Moreover, the curvature assumption on ft also implies

T T
E [th(Ot — filo ] < ZE Vfi(or) " (01 — 0)] %Z [lloe — oll3,]
t=1 = t=1
T
Z (4 (0r — 0)] ZE lo: — oll 3,1, 6)

where the second step follows from E[g | 0s] = Vf:(0;) by Stoke’s theorem. By the projection step
in Line[7] of Algorithm 3] we have

llor — 0||i§t

§ ||Ot—1 — 0 — nA;_ldogt—do H?&t—do

1 - -
= |los_1 — OHESHW1 + §||0t_1 — 0”727(1thde — 20§, _q,(0i—1 — 0) + n2||gt—d0||i§;1do
< oo —ol%,_, .+ oy — ollZuyt,_y + 010 — 0111y 11y, — 20y (01—, — 0)
203, 4, (01-ay = 00-1) T 0 1ge-a0 11 .
—a0
where the last inequality follows from that VH = 0, ||z + y||% < 2(||z]|% + [|yl|%)-
Rearranging, we have
~ ay
3 a0ty —0) ~ Lllor-a, —olly,_,,
—oll2
fors —ol,_,
2n

_ 12
, ~lloe—oll,

af 2 ~T M~ 2
+ 7||0t*d0 —or1llE,_yy + 9t—do(0t-dy —01-1) + §||9t7do||,4t—jd0
Note that Vt,
13:1% -+ < (dGD)?v, TA2 A7TAZ v, < (dGD)?,
loe = or-1ll2 < lloe — or—-1ll 4, , < nllGt-aolla-1 < ndGD,
0 t—dg

where the second inequality in the second bound follows from the update rule in Line[7]of Algorithm|3]
which gives ||o; . < ||77A;_1dO G — = 0?|Gt—d, ||124,1 . Thus, we can further
—do t—dg

bound

t—dg

do 2 272 12
(0% « RHdo n-«a dod G*D RH
2f Hot*do - Otfl‘ﬁ{t_do = 4 E ||0t do+i — Ot do+l+1||% < ! 9 ’
=0

1Ge-aoll 42, Nlor—do = 00-1ll4, ,, < 2ndod*G*D?.

IN

91— ay (0t—dy — 01-1)

14



Combining both and using that flt < 2/1t,i, Vi < dg, we have that

T—do o
> al (or —0) = 5o ol
t:do
~ «
= D 9l ay(0—a, = 0) = llo—ay —ol,_,
t=2do
1 ) apdod®G?D? Ry 5y d2GED?
< %Hom_l —oll3, , +nT <2 + 2dod* G2 D? + ———
D2d
< 2701%’{ + 39dod®G2D? Ry T.
As a result,
= . D%doRy
E Z ft(ot) - ft(o) < 2dOGYl) + T + 37}d0d2G2D2RHT.
t=1
Combining, we have
28d D2dyR
lz Filz) = filo ] < n% log(nRyT + 1) + 2doGD + =~ + 3ndgd*G*D* Ry T.

O

A.2 Reduction

In this section, we prove Lemma|[I2] which states that the regret of BCO-M algorithm (Algorithm [T])
can be related to the regret guarantee of the base no-memory BCO algorithm (Algorithm [3)).

We follow the proof idea of (Cassel and Koren, [2020). In the previous section we have proved an
O(\/T ) regret bound for a “no-memory” base BCO algorithm. Our main Algorithm however, has
memory dependence. When z; is changing slowly, Algorithm [I]is approximately a “no-memory”
algorithm, and we can do the following reduction: if all the z; across these steps are the same,
Regret(Algorithm [T)) will be exactly the same as m x Regret(base algorithm).

In this part, we show that when z, are different, we only suffer an additional moving cost

T
E [Z fi(zt—ma1t) — ft(%—m-&-l)] )

which we will bound in Appendix [A3]

Lemma 12 (Lemma 11, (Cassel and Koren! [2020)). Ler (K,n, m,T') be the input for Al ortthml
Suppose that the loss functions { f; }i_,, and the convex compact set K satisfy Assumption|5| Assump-
tion[6] Assumption[7] and Assumptlon@ Then, the regret of Algorithm[I|with respect to any o € K is
upper bounded by

T
_ T
E tZ: ft (Zt—7n+1:t) - ft(o)] S 3m - RAlgorithm@ (m) + E

T
Z ft(zt—'m-l—l:t) - ﬂ(zt—7rz+1)] )

where R pigorithm (%) is the regret upper bound obtained in Lemmal|l I\with time horizon 7% and

dy =2
Proof of Lemmal(I2] First, note that by assumption, the conditions in Lemma|[TT]are satisfied for the
induced unary forms {f;}7_,,. The argument follows by reducing Algorithm|[ito Algorithm [3]

Denote x; = by Hm 1 1( — by, ) as the indicator of whether the algorithm gets updated during round
t. Recall the definition of S = {¢ € [T] : x; = 1} in Eq. (4). The algorithm updates during round ¢ if
te S. Foranyt € S,wehavethat y;—1 = -+ = X¢—m+1 = 0. Therefore, we have z;_,, 11 =+ =
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2 by design of Algorlthml 1l Thus, we have that ft(zt ma1it) = ft(zt m+1) = ft(2¢). Therefore,
constrained to the time steps ¢ € S, Algorithm [I]is essentially running Algorithm 3| with a delay
parameter do = 2 (since in Line [T2]of Algorithm[l] we update with the gradient information at time
$r—1 during round t). Note that since |S| < % (Algorithmupdates at most once every m steps),
we have that Vo € IC,

Ebl:Ty{'Ut}tGS [Z -ft(zt) - Z th(O)

tesS teS
It is left to relate the quantity on the left hand side of the above expression to the regret of Algorithm/[T}

T
< ]EblzT [RAlgorithm@(‘SD] < RAlgorithm@ (m> .

Since x; = Xm (the two random variables equal in distribution), V¢, we have E[x:] = E[x.,]. For
any fixed o € K, we have

Eb.z 001 lz ﬁ(o)

tesS

T T
= Ebyroror [Z (o) xt| =Elxm] - E [Z ﬁ(o)] : (7

For t € N, denote F; to be the o-algebra generated by the randomness of Algorithm ] through
sampling by, v, up to time ¢, i.e. F; = U({bs,vs}s 1). Since z; = z;_y, 41 whenever x; = 1,
bt —m-+1.¢ are drawn independently of z;_,,+1 and x; is independent of F;_,, by definition of x;, we
have

]EblzT,UhT [Z ft(%)] Eb1 T,V1:T l

Zt m+1 t]
tes

(]~ gMﬂ

= Ebl;TWl:T l
t

Il
3

;(Zt7m+1) © Xt | ftm7vtm+1]

T
=Elm] -E | l(zt_mﬂ)] : ®)
t=m
Together, Eq. (7) and Eq. (8) give that
T
- - - T
Ebl;T,{vt}tes [Z ft(zt) - th(o) - ]E Xm : lz Zt m+1 ft(o)] < E[Xm] . RAlgorithm (m> .
tes tes t=m

Therefore, we have that

T T T
E Z ft(Zt—m+1:t) - ft( 1 = [Z JF Zt m+1) ft Z Zt m41: t ft(Zt m+1)]
t=m t=m 71;
S (E[Xm]) RAlgorzthm@ ( ) Z Zt m+1: t ﬂ(zt—m+1)]

T
<3m- RAlgarithm@ <m) +E

T
Z ft(ztferl:t) - f_'t(zthrl)‘| y
t=m

where the last inequality follows from

Bl = Eo] [T B0 -0 = = (1-2) " > 2> L

i=1

A.3 Bounding Moving Cost

Lemma|[TT]and Lemma[T2]almost give the regret guarantee in Theorem[6] We are left with bounding
the moving cost term in Lemma 2]

T
E lz ft(zt—7n+1:t) - ft(%—m—&-l)] .
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(Cassel and Koren, 2020) bounded each of the summands by E[d; + 1], where 6; = ||oz+1 — 0¢]]2,
and vy = ||z; — o¢||2. Making use of the ko-convexity induced by the affine memory structure of
non-stochastic control problems, we can establish a tighter bound that is necessary to obtain optimal
regret in Theorem [6]

Lemma 13 (Movmg cost). Let (IKC,n,m,T) be the input for Algorithm l Suppose that the loss
functions { f;}YI_, and the convex compact set K satisfy Assumption|S| Assumption|6| Assumption
and Assumption|8} Suppose m < 2/(naRyy). Then, the iterates output by Algorithmsatisfy

12m*BRyd - max{2, naRy\/T}

+ m2BdR}NT + ndGD?BT.

In particular, with n = @(\/T), m = poly(log T') and x(G) = Q(1) by Assumption we have that
the above bound is of order O(\/T).

Proof of LemmalI3] We can decompose the moving cost into three terms:

T

+E th 0t—m+1:t) — fr(0t—m+1) | +E

t=m

th Zt—mt1:t) = [e(Ot—m+1:t)
t=m

Z (0t—m+1) — f

4 3
S Fomer) — ft(ztmﬂ)} < P log(naRy + 1) + W

ft(zt—'rn-‘rl) )

(@) (b) (e

and we will bound each of the terms separately. In particular, (a), (¢) can be seen as perturbation loss
suffered by the algorithm during exploration. (b) is the moving cost determined by the stability of the
algorithm’s neighboring iterates. We start with establishing bounds on (a), (¢).

Perturbation loss. As before, we denote F; = o ({bs, vs}._;) to be the o-algebra generated by the
randomness of Algorithmlthrough sampling b, vs up to time ¢. First (¢) < 0by Jensen’s inequality
for conditional expectations. In particular, recall that x; = b II]" 1(1 — b,_;) denotes whether the
decision is updated at time ¢. For every ¢ € N, denote as T'(t) := max{s < ¢ | xs = 1} the last time
that the algorithm updates its decision. It naturally holds that o; = or ()41, v+ = vp(s)41 by design
of Algorithm[I} Therefore, we have

[ft(ot—m+1) - ft(Zt—m+1)] = [ﬁ(OT(t—m+1)+1) - th(ZT(t—m-',-l)-i-l)]

— — Al
= E[ft(or¢—m+1)+1) — [e(0r(t—m+1) + A VT (t—mt1)+1)]-
By the sampling rule in Line [T3] of Algorithm [T} if the algorithm updates its decision at time ¢

(x¢t = 1), then vy is independent drawn from previous steps. On the other hand, o, is measurable
w.r.t. F;. Therefore, we have by Jensen’s inequality for conditional expectations that

E[ﬁ(OT(t—m+1)+1) - ﬁ(OT(t—m+1)+1 + A;_%UT(t—m-s-l)-s-l)]
_ _ A1
= E[fi(ort—mt1)+1) = Elft(0r¢—m+1)+1 + At VT t—m+1)+1) | Fre—m+1)]]

— 1
< E[f (0r(t—m+1)+1) — St(Blor(t—m+1)+1 + A2 VT (t—mA41)+1 | Frt—m+1)])]

E[ t(OT t— m+1)) ft(OT(tferl))]
=0.

Summing up over ¢, we get that (¢) < 0. We move on to bound (a). We start with a (conditional)
independence argument.

Independence argument. Fix ¢. Denote t; = T'(¢) to be the most recent time when the algorithm
makes an update. Additionally, denote to = T'(7'(t)) to be the second most recent time when the
algorithm makes an update. We already have o = o:,+1. By the delayed update rule in Line
of Algorithmm, we have that o¢, ;1 is updated with o;, = 04,41 and gradient information g, and
thus is F,-measurable. On the other hand, consider the sequence of random vectors vy, 41, - . -, V¢.
We have that vs = vy ()41 for every ¢ —m + 1 < s < {. Since the algorithm updates at most once
every m steps, we have that T'(s) > to forall ¢ — m + 1 < s < t. Therefore, v¢_ppy1,...,0¢ 1S
independent of F;,. This observation de-correlates o, with v4_,, 11, ..., v; conditioning on F,.
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For notation simplicity, for matrices A1, ..., 4,, € R?9 and vectors vy, ..., v, € R%, we slightly
abuse notation and denote as Ay.,v1., = (A1v1,..., A,v,) € R™ to be the concatenated matrix-
vector product of the two sequences.

We apply Taylor’s theorem to the function f; and obtain that

T
A1 1 A1 A
(a) = Z E {Vft(ot—mﬂzt)TAtQm:t1'Ut—m+1:t + U:—m—&—l:tAtQm:t1v2ft<qt—m+lit)Atm:t1vt—m+1:t:| )

[SIE

2

t=m
where g;_,,,+1.¢ 1S some point that lies on the line segment connecting 0;_,41.; and 2;_,,+1:¢. By
the conditional independence argument, we have that the first order term vanishes: let to = T(T'(t)),

E [Vft(Ot—m+1:t)TA;%m;tfﬂt—mH:t} =E [E [Vft(Ot—m+1:t)T/A1jm;t717ft—m+1:t | ]:tzﬂ

=E [Vft(Ot*erlit)TAt_—Em:t—l]E [Vt—mt1:t | ]:tz]]

= 0.
The above sum thus reduces to the sum of second-order terms:

T
1 Al .
5 Z E [Ulm+1:tAtf2m:t71v2ft(Qt*ﬂ%klit)Atfm:tflvt*erltt]

[

t=m
1 T A1 ~_1 T2 A1 ~_1
< 5 Z E |:(At_2mvt—m+1; sy At—zmvt) V ft(%—m-{-l:t)(At_Zm'Ut—'rn—‘rla sy At—zmvt) »
t=m
A1l A1l
1 T A2 0 - 0 A2 0 A 0
<-N"E T i~2 V2 (Gt i 2
<3 t_zm . PR 0 A2, ... AP; fe(@t—m+1:4) | O A2 ... Af)l
= 0 0 Az 0 0 Az
2 T A7L 0 0
<5 Z E [V fi(gr—myra)- | O A7, 0 ’
t=m 0 0 A;jm
m2 ) "
= 7 Z E At_—lm : Z[vzft(Qt—m—i-l:t)]ii )
t=m =1

where the first inequality follows from Ay = A, forall s < t; the second inequality follows from
taking maximum over all concatenated unit vectors in R? ; the third inequality follows from the
inequality between trace and spectral norm.

From this point on, the bound follows almost identically to the proof of Proposition 21 in (Suggala
et al.,[2024)). We will reiterate the proof in a concise manner for completeness.

Note that by the assumption of affine memory structure (Assumption[3)), we can write the following
expression for the Hessian matrix of f; evaluated at g;_,, 1.+ as the following:

) WtT_m_HVQEt (q)Wt_m+1 .. WtT_m_;'_lWét (Q)Wt
\% ft(qt_m+1:t) = ce ce e
WtTvggt(q)Wt,m+1 ‘e WtTVZEt (q)Wt
where ¢ = B; + ZZ’;_Ol GWY;_iq—i, and Wy_ppi = G 3Y;_ 10, V1 < i < m. By the
curvature assumption on ¢; (Assumption [6]), we can further bound the sum of diagonal blocks by

m

S IV fil@r-mir)lis B> W Wi

i=1 i=1

=5 Z Ytimﬂ'(G[m_i])TG[m_i]theri
i=1

= BRu Z Y;Im+iY;—m+i-

i=1
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Therefore, we can further bound

m? & A - m2BRy T i
9 Z E At_—lm : Z[v2ft(Qt—7rz+1:t)]ii] < Y Z E At__lm ( Z YJY;)]
t=m i=1 t=m s=t—m+1
T t
<m’BRy Y E|A ( > YJYS>
t=m s=t—m-+1

Consider v = [v/T| and endpoints k; = y(j — 1) + mforj =1,...,J,and J = LT’T’”J Using
the fact that Trace( AC') < Trace(BC') for any PSD matrices A, B, C' with A < B, we can further
decompose and bound the sum in the above expression by

T t J kjy1—1 t
mQﬁRHzA;-( 3 YSTYS>§m2ﬂRH (S v ey
t=m j

s=t—m-+1 Jj=1 t:kj s=t—m-+1
J kjy1-1
<mPBRpY ALt Y. YYi| +mPBdRy
j=1 ’ t=kj—m+1
2m3BR - Rt
< 2 Ay | BmBRI+ Y Hy |+ mPBydRy,
K(G) j=1 t=k;
kijt1—1
2m3BRy [ s 10m*BR%,dVT
= — AT H — i 2BdRYVT.
H(G) J; k; t_zk t ]+ H(G) +m ﬁ H\F

where the first inequality follows by applying the radius bounds on Y; for the last T — J-~y terms
and using the fact that A; < A, for any s < ¢; the last inequality follows by applying Proposition
4.8 in (Simchowitz, [2020). Therefore, it suffices to bound the sum in the first term in expectation.

First, recall that V¢, x; = thi"!ll (1 — b;) denotes whether Algorithmupdates during round ¢, and
S={m <t<T:x =1} denotes the set of all rounds where Algorithmupdates. To bound the

following, we make use of the facts that (1) Hy is oblivious, and (2) x; is independent of A,;l for any
k <t — m. Then, we have that

J

J F
)Y Y Al | -E|S S A, e
j |

j=1telk;,kjt1-1]NS Jj=1 t=k;
J kjt1-1
:Z E[A/;.l_ Hy] - Elx:]
j=1 t=k;
[ 7 ki1
=E[xm] E | AL, - He
Li=1 t=k;
[ 7 k-1
>E[Xm] E Z A]:]1 Ht
Li=1 t=k;
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Using this and that flt =< 2/1t,m, we have that

—1

J kjt1 J
B Y A m|<E)TE]Y Y A,
t=k;

j=1 j=1 tG[k',k_7’+1_1]mS

6m d N

= g (A o1 — Agy2r)
[

6m - max{2, naR Al . .

< {2,naRpv} .E ZAkjlﬂ—l . (Akﬁlq — Aqu)
na il

< 6m - max{2, naRgvy} E i log det(Akj+1_1)
N no j=1 det(Akj_l)

6m - max{2,naRpy} Eflog det(Ar)]
< o

6dm - max{2, naRyy}

1 R 1

> na Og(ﬁ@ H + )a

where the first inequality follows from Akj -1 2 max{2,naR Hy}flkj , and rest follows from the
standard inequalities used in Newton-step analysis (Hazan et al.,[2007).

Combining all the bounds, we have that

12m*BRyd - max{2, naRy T}
nak(G)

10m*BRY,dV'T
(a) < log(naRy + 1) + Omﬁ(]éf;d +m2BdRIVT.
K

Movement cost. By design, the algorithm updates at most once in every m iterations. Therefore,

(0t—m+1s---,0t) = (Ot—m+1s- > 0t—my1)|2 < 5,

where s is the Euclidean distance between neighboring iterates in Algorithm [3] By analysis in
Lemma[TT} we have s < ndGD. By Lipschitz assumption on f;, we have

(b) < ndGD?*BT.

Combining, we have that the total moving cost is bounded by

T .

- 12m*BRyd - max{2, naRyVT 10m*BR3,dVT

:met(zt—m+1:t) — fe(z—my1) | < 1 naH(C{r') nofuVTy log(na Ry + 1) + TGI;
+ m2BdR3NT + ndGD?BT.

A.4 Proof of Theorem

Combining result from Lemma T[T} Lemma[I2] and Lemma|[I3] we have the regret of Algorithm I]
w.r.t. to any z € K is bounded by

28d D2d,
E[Regret(z)] < 3m (nﬂa lognRuT + 1) + 2do(GD) + #RH + 377d0d2(GD)2RHT)
12m*BRyd - max{2,naRyVT} 10m*BR%,dVT

] T+1
pTe) og(nRuT +1) +

+ m?BdR}NT + ndGBDT,

#(G)

and by choosing n = © (ﬁ) , we have the regret above is bounded by O (gGD\/T )
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B Proof of Lemma

In this section, we prove Lemma[9] We begin by defining the Markov operator (Simchowitz et al,
2020).

Definition 14 (Markov operator). Given a partially observable LDS instance parametrized by dynam-
ics A € Rl=xdz B ¢ Rdexdu (' ¢ R¥w*d= gatisfying Assumptionwith (K, 7)-strongly stabilizing
K, define the Markov operator to be a sequence of matrices G = {G!1},>¢ such that G* = [0; I, ]
and Vi > 0, Gl is given by

Gl = [KCC} (A+ BKC)™'B € Rv+du)xdu,

The next observation (Observation relates y; (K), the signals used by the DRC policies (Defini-
tion[I), to the observations and controls along the learner’s trajectory. This justifies the accessibility
of the signals.

Observation 15. Given a partially observable LDS instance with (k,~y)-strongly stabilizing K,
let G be the Markov operator in Definition Fort,m € N, let My,...,M;_; € Rm*duxdy
be (t — 1) DRC matrices (Definition[l). Let (y;,u;) be the observation-control pair reached by
playing My, ..., M;_1 for time stept = 1,...,t — 1. Let us(K) be the control at time t by executing
the linear policy K, i.e. y(K) = Ku(K), and y.(K) be the would-be observation had K been
executed from the beginning of the time. Then, (y:,u:) and (y:(K),u:(K)) can be related by the
following equality:

ye| _ [ we(K) S [0
[uz]_[K;t(K)]+i_ZlG[] ;Mtj_iytfifj(K) . )

In particular, Eq. @) implies that y;(K) can be computed by the learner through access to the Markov
operator G and the observations along the learner’s own trajectory.

With Eq. (9), we are almost ready to reduce the control instance to the BCO-M problem. One
delicate detail is that the BCO-M problem is defined for vector-valued decisions, and the the space
M(m, Raq) is a space of sequences of matrices. For clarity of presentation, we define the following
embedding operators.

Definition 16 (Embedding operators). For m,d,,d, € N, denote d = mdyd,. The embedding
operator ¢ : (R(®uxdy))ym _ R4 jg the natural embedding of a DRC controller M = M%m~1]
(Deﬁnitionm) in RY. In particular, Vk € [m — 1],i € [d,],j € [d,],
k
(Chdydy+(i-1)d,+j ¢(M)) = Mi[j]'
Lete, : (R%)™ — R%*4 be given by Vi1, -,y € R%, Vi € [d,], k € [m],
ey (Ye—myr:)lijr1j4d, = Ye—ry1, if j=(k—1)dudy + (i — 1)d,,.

Proof of Lemmal9] Let B, = (y(K), Ky, (K)) + Zzzm GUY,_je(M;_;) € R¥tdy Vit Let
Y: = ey (Yt—m+1:¢(K)). Then, by Eq. (9), we have

m—1
ce(ye, ug) = ¢t (Bt + Z GMY}_ie(Mt_i)> .

=0

We can’t directly define our f; as this function because the Zt GUY,_se(M;_;) term in B,

i=m

depends on historical steps, which will lead to an unbounded memory.

To this end, we define

¢ ((yt(K)vat(K)) + i Gth—ie(Mt—i)> = fi(e(My—mi1), ... e(My)),  (10)

=0
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which is independent of M;_,, 1., and Y; is independent of M;.7. Note that by the loss function
with memory has an affine memory structure. Moreover, G and Y;_; are computable by the
learner given system parameters. By the choice of m = ©(log T'), the Lipschitzness of ¢, and the
norm-decaying property of G/ due to the stability of the system, we can bound the distance

1
lee(ye, ut) — fr(e(Mi—me1), .-, e(My))] = O <> .
poly(T)
In particular, we can choose m such that this term is O (%), then any regret bound on f; in the
BCO-M setting directly transfers to the same regret bound on ¢; in the control setting, at a negligible
o(1) cost which will be subsumed by the approximation error term.

We are left with two steps to conclude this lemma. First, we need to show that f; indeed satisfies the
conditions in Definition [5]and specify the constants. Next, because f; is not equal to ¢; while we only
have access to ¢;, the gradient estimator for f; constructed from ¢; is biased. We need to bound this
error and show that it has negligible impact on the regret bound.

Step 1: We denote the unary form to be f, as in Definition . Let O =
{M(m, Rpq),m, { fi}1>m,ten } be the associated BCO-M instance (Definition [5)).

By construction, f; satisfies Assumption [§]and Assumption [5other than the assumption on positive
convolution invertibility-modulus if the truncated vector (y; (K ), Ky (K)) +ZZZ61 GUY, _je(M;_;)
always lives in the RBg, 1 4, and the matrix parameters are bounded. For the positive convolution
invertibility-modulus, Lemma 3.1 in (Simchowitz, [2020) proves that the G [0], e [m=1] induced
by the Markov operator in Definition[I4]satisfies the positive convolution invertibility-modulus, i.e.
(@) = Q(1). By assumption on ¢, the curvature assumption in Assumption []is also satisfied. It is
left to check the diameter bounds in Assumption [5]and Assumption 7}

First, we establish a diameter bound on our learning comparator set X = M (m, Rp).

Diameter bound on K = M(m, Rx¢). The diameter of the set M (m, Raq) is given by

ma. e(My) — e(M: </m ma. ma: M[j] _ M[j]
MI’M2€M>(<m’RM)|| (My) — e(Ma)]]2 < \FMl,MgeM}((m,RM)ogjgyffle I 5 e

s ymmad{ddy} | o max e 1277 = 2 o
< y/mmax{d,, d,} Rum.

Algorithm [2] essentially calls the improper BCO-M algorithm in Algorithm [T} With the diameter
bound on M(m, Rpq), we know that the matrices governing the controls picked by Algorithm
during each round lives in the set M (m, Raq + m). For simplicity, we may assume that Ryq > m
and thus the decisions made by Algorithmlive in M(m, 2R ).

Now, we are ready to prove the gradient bound on f; and the bounds on the observation-control pairs
produced by Algorithm 2]

Gradient bound of f;. First, we bound the sum of operator norms for the Markov operator. By
Assumptionand the fact that VM € R™*"™, || M||op < v/l|M||max < /1| M||2, we have that

S G op < 14+ 37\ JIC(A + BEC)1BI2, + | KC(A + BKC)—1B|3,
=0 =1
<14 Vd (T BRI HL
=1

<1+ Vo (14 K2)kgs > (1—7)°
i=0
Vde (14 H2)I€52ys

v
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The signals y;(K) has the following norm bound:

t—1

C> (A+BKC)wi_i +e
=0

K =
7{2%”%( )2 max

2

00
S Rw,e (1 + V dw“sysz |HLi_1H_1||2>
=1
S Rw,e (1 + m) .
Y

By the unfolding of (y;, u;) in Eq. (9), the observation and control pair (y;, u;) has the following
norm bound: V¢,

t

(e, ull2 < [1(ye (K, Kye (B2 + || > G Z_Miﬂiyt-i_juo

i=1 =0

Vdy
< Ry (1 n ,fy> V1F K2+ 2Rm

2

(]

op
Vd, d (14 K2k
< Ruye <1+ “Sys> (\/1+/€2+2RM <1+()Sys>> =:R.
Y Y
The above bound holds similarly for the truncated (g, ;) = (y(K), Ky (K)) +

Z?;Bl GUY,_je(M,_;) in Eq. , which shows that (7;,@;) € RBg,1q,. This also completes
checking Assumption 5]

By assumption, ¢; obeys the Lipschitz bounds

Ve (y, u)ll2 < Gell(y, w) |2
The gradient bound on f; is given by

IV i(e(Mi—m+1), - .-, e(M))|l2
= H((G[mfuytme)TVCt@t,ﬁt),~~~a(G[O]Yi)TVCt(Z)t,ﬁt) )

2
d 1+ 2 Sys \Y X 'VSyS 2 d 1+ 2 Sys
Vm(l-ﬁ-( H) y)GCRie<l+dHy) (1/1+,€2_~_2RM<1+ ( H) y))
y ’ 0

v

IN

_ 4096\/mG. RS, RS2

,yo

sys

Step 2: Clearly the gradient estimator obtained for f; is biased. We denote this error as a; which
has a norm bound ||a;[|> = O() with the same reasoning on bounding |c; — f;|. Now, we only need
to show that Algorithm [I] can tolerate such perturbation with no loss in regret.

It’s known that the OGD algorithm can tolerate per-round adaptive gradient perturbation with norm
bounded by O(%), with no cost in regret. We will prove a similar argument for Algorithm Suppose
in line 6, the unbiased gradient estimator g, is replaced by a biased estimator §; = g§; + a;, then we
want to extend the regret bound for Algorithm [3]in Lemma@] in this setting with an additional term
depending on the sum of magnitude of a;. The analysis in the proof of Lemma|[TT|remains unchanged
except when we bound the regret for the sequence {o;}7_; in Eq. (@) the inequality becomes

E lth(Ot — filo ] < ZE V(o) (01 — 0)] = <L ZE lloe — oll7,]
t=1 i
T(or— o))~ " Elal (o1 — o) ZE[HOt—OHm
t=1

I\M’ﬂ
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The rest of proof after Eq. (6) is indentical, except that we replace each appearance of g by gq.

Therefore, the regret incurred by using §; instead of g, as the gradient estimator is bounded by
the regret upper bound in Lemma|l1|and the additional term Zthl Ela; (0; — 0)] < aDT, where
a = maxy¢[r) ||at|2. Since a = O(7), the additional regret is bounded by O(1).

Concluding the lemma: Denote
O(f = O, ﬁf = 607 D= \/ mmax{du’ dy}R/\/h

4096 /MG R?,  R5,d> kK8,
Gy = 5 .

We have that by Assumption [ that

E [Regret?Nc (E)}

MeM(m,Rnm) i

= ~max R [Z ce(ye(Mr—1), ue (M —1)) — Ct(yt(M)vut(M))]

where we have

¢ (191t + mi: G[i]}ﬁie(M))> —c ((yt(K), Ky(K)+ > G“Hﬁﬂ(M))
G

i=0 i=0
t , t )
< Ge|| Y YoM < Ge Y IIGTlopl[YemillplI M -
i=m 2 i=m
Recall that
m—1 m—1
1M1 =D IMUP5 < max{dy, dy} Y IMVIZ, < mmax{dy, dy} R34,
j=0 j=0

dyKeys
Yillz = /mdyd? - K)|l2 < \/mdyd? - Ry |1+ —2
e Vil = o - (Bl < iyt R (14 Y225 )

s , ° , dy (14 K2)Kr2(1 — )™
Z ||G[z]||0p < /dm(1+f€2)552y52(1 )i < ( K )/fsys( ) .

Y
We have for m = © (log T/log(1/(1 —7))),

t . 4G mdyd?d, (1 + k?)kE R (1 — 7)™
Ge 3 NG opYiill 1M1 < —— .
< Gcmdydidm/£2f£‘1 R

Sys
¥2T
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Combining, we have

G.md,d?>d,x*k: R
yUu . systtM +GfDm
Y

E [Regret?Nc (E)] <E {Regret?B (O)} +
<E {RegretﬁB (O)} +2G¢Dm,

which concludes the claim that O 2G f DmT ~!-approximates L.
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paper’s contributions and scope?

Answer: [Yes]
Justification: we make sure all the claims are accurate.
Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.
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* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: the paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: the paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: we carefully follow the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: there is no societal impact of the work performed.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: the paper poses no such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: the paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

30


paperswithcode.com/datasets

13.

14.

15.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: the paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: the paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: the paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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