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ABSTRACT

We introduce algorithms based on natural actor-critic and analyze their sample
complexity for solving two player zero-sum Markov games in the tabular case.
Our results improve the best-known sample complexities of policy gradient/actor-
critic methods for convergence to Nash equilibrium in the multi-agent setting.
We use the error propagation scheme in approximate dynamic programming, re-
cent advances for global convergence of policy gradient methods, temporal differ-
ence learning, and techniques from stochastic primal-dual optimization. Our algo-
rithms feature two stages, requiring agents to agree on an etiquette before starting
their interactions, which is feasible for instance in self-play. However, the agents
only access to joint reward and joint next state and not to each other’s actions or
policies. Our complexity results match the best-known results for global conver-
gence of policy gradient algorithms for single agent RL. We provide numerical
verification of our methods for a two player bandit environment and a two player
game, Alesia. We observe improved empirical performance as compared to the
recently proposed optimistic gradient descent-ascent variant for Markov games.

1 INTRODUCTION

We study two-player zero-sum Markov game framework which is a key model with broad applica-
tions in competitive reinforcement learning (RL), robust RL, and many others |[Zhang et al.| (2019a;
2021). This framework is introduced by [Shapley| (1953) as stochastic games and popularized in RL
with [Littman| (1994). In its basic form, two agents with competing interests interact in an environ-
ment where the reward and the state transition depend on the actions of both players. Even with this
simplicity, such systems achieved impressive success in game-playing and robotics (Kober et al.,
2013 Silver et al., [2017; [Mnih et al., 20155 | Vinyals et al., [2019} |Brown & Sandholm, 2019).

While value-based methods offer near-optimal guarantees (Sidford et al.|[2020; Bai et al., 2020} Bai
& Jinl, 2020} Xie et al.| [2020; |Tian et al., 2020)), policy gradient (PG) methods, including actor-critic
(AC) and their natural counterparts natural PG (NPG) (Kakade} [2001) and natural AC (NAC) (Pe-
ters & Schaall, [2008)), only have limited guarantees, despite their model-free and easy-to-implement
structure, flexibility and generality (Schulman et al.,[2015; 2017 Wang et al.,[2016).

The PG methods (Kakade, [2001}; Sutton et al., [2000) directly optimize the value function in the
policy space— a non-convex optimization problem even in the basic single agent, tabular setting.
Intriguingly, recent results demonstrate globally optimal convergence of PG methods by identifying
a hidden convexity structure for single agent RL (Agarwal et al.| 2020; Cen et al., [2020; Mei et al.,
2020; Bhandari & Russol,[2019;2021; Xu et al.,2020b; |Lan, |2021; [Khodadadian et al.| 2021b;|Hong
et al.,2020; Xu et al.,|2020a; Khodadadian et al., 2021b)), and multi-agent RL (MARL) (Daskalakis
et al.l [2020; Wei1 et al.| 2021 Zhao et al., [2021)).

The existing results on PG methods for tabular two-player zero-sum Markov games mostly focus
on decentralized algorithms with sample complexities O(e~2-%) (Daskalakis et al., 2020), O(¢~%),
and even (7)(6’4), yet with some limitations (Wei et al., [2021); see Sectionfor the details. With
function approximation,|Zhao et al.| (202 1)) obtains @(6_6) sample complexity when given access to
unbiased sampling oracles of the value functions.
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On the other hand, the best-known sample complexity for global optimality for single agent problem
is @(672) in the tabular case (Lan, |2021). As this complexity is achieved by value-based/model-
based methods in the multi-agent setting (Sidford et al.l |2020; Zhang et al., [2020), one expects a
similar complexity for policy-based methods. Our work precisely bridges this gap and develops
policy gradient methods whose performance for MARL is closer to their single agent counterparts.

Contributions. We propose algorithms based on natural actor-critic (NAC) framework for solving
two-player zero-sum Markov games in the tabular case. Our sample complexity results match the
best-known ones for global optimality in the single agent setting (Lanl 2021} Khodadadian et al.|
2021b; Hong et al.l [2020; Xu et al.l 2020b). In particular, we show that by using inner loops for
policy evaluation and a carefully designed algorithm, the sample complexity to get an e-approximate
Nash equilibrium, is O(e~?2), by assuming a uniform lower bound on the policies. Without this
assumption, we show O(e~4) complexity

Surprisingly, we achieve these results—to our knowledge, for the first time with policy gradient
methods—mostly by a careful adaptation of the recent results for policy gradient methods in single
agent setting, temporal difference learning, two-stage error propagation framework of policy itera-
tion (Perolat et al., |2015)), and by employing techniques from stochastic primal-dual optimization.

These developments require a careful algorithm design and analysis. In particular, two-stage nature
of the algorithm incurs biases between the stages that we have to control carefully. Obtaining O(e~2)
complexity requires a tighter analysis for both stages of the algorithm, with strict control on the
aforementioned bias. Therefore, it requires more advanced techniques and algorithms, inspired
from the stochastic primal-dual optimization literature. We explicitly highlight our important new
techniques as insights in the sequel. The full proofs are included in the appendices.

1.1 RELATED WORKS

Policy gradient methods. There is growing interest in global convergence of PG methods in the
single agent setting. Several works showed convergence rates of natural policy gradient (NPG) in
the tabular setting by assuming access to exact value function oracle (Agarwal et al.| [2020; |Cen
et al.| 2020; Mei et al., [2020; Bhandari & Russol [2019;2021)) or when value functions are estimated
from the data (Shani et al., 2020; Xu et al., 2020b; |[Lan, 2021} [Khodadadian et al., |2021b; |Hong
et al.l [2020; Xu et al., 2020a; |[Khodadadian et al., 2021b). To our knowledge, the best sample
complexity for NPG methods with inner loop for policy evaluation (which we refer to as NAC)
is @(6’2) and is due to (Lan, 2021). For single loop NAC with online policy evaluation, the best
sample complexity is 0(6_4) as obtained in (Khodadadian et al.,|2021b;|Hong et al.;,2020; | Xu et al.,
2020b) (see (Khodadadian et al., [2021al Table 1)). For a general overview of results in MARL we
refer to|Zhang et al. (2019a)).

Policy gradient methods for two-player zero-sum Markov games. With the positive results on
global convergence of PG methods, translating these results to the competitive MARL has been the
goal of many recent works. In particular, independent policy gradient methods with the agents inter-
acting symmetrically has been considered in |Daskalakis et al.| (2020); [Wei et al.| (2021)). The work
of|Daskalakis et al.|(2020) built on|Agarwal et al.|(2020) by using REINFORCE estimator (Williams},
1992) and obtained sample complexity of O(e~12-5) for reaching to one-sided Nash equilibrium.

The algorithm of Wei et al.| (2021) built on optimistic gradient descent-ascent (OGDA) method
combined with a running estimate of the value function, obtaining O(¢~%) sample complexity for
finding a policy pair with small duality gap. In addition, Wei et al,| (2021) showed improved com-
plexity O(e~*) when restricted to Euclidean projections onto the simplex with metric subregularity
assumption. There are two subtleties about this result: First, as pointed out in |Daskalakis et al.
(2020), metric subregularity constant can be arbitrarily small, resulting in degradation of the rate.
Second, as also pointed out by |[Wei et al.[(2021), this result is limited to Euclidean setting and cannot
be extended to the NPG with softmax policy update, which requires projection with KL divergence.
The algorithm can be seen similar to the gradient ascent algorithm in |Agarwal et al.| (2020). As

'In Appendix @ we design an algorithm based on single loop NAC with the complexity of @(5_4) (and
O(e~") without assuming lower bounded policies). Our results on this algorithm is, to our knowledge, the first
finite-sample analysis of single loop NAC-based methods for two-player zero-sum Markov games.
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Assumption Complexity
“|Daskalakis et al. (2020)  Csqp > ¢ > 0.7 O(e125)
Wei et al.| (2021) max, ;. ..« 57 = & where ¢ > 0.1 O(e78), O(e~ )}
Section Assumption|1] O(e™?)
Section [3.1 Assumption|1}[2 O(e72)

Table 1: *In a game with finite steps, (s,q,5 is the probability that the game will end at state s, after taking
actions a, b (Daskalakis et al., 2020, Section 2). TTijsl is the time that it takes to go from state s to state
s by using policy pair z,y (Wei et al,[2021, Assumption 1). ¥This O(e~*) complexity by Wei et al. (2021)
requires using Euclidean projections onto the simplex instead of softmax updates and depends on the metric
subregularity constant. Hence it is not applicable to NPG.

shown in|Agarwal et al.| (2020) for single agent problems, NPG methods have much better conver-
gence properties than Euclidean projected gradient ascent methods. For comparison with the works
in|Daskalakis et al| (2020); Wei et al| (2021), we also refer to Remark [2.1] and Table [T}

Another very related work to ours is by [Zhao et al.|(2021) which considered (i) tabular setting
with exact value functions and (ii) online setting with function approximation, also using the error
propagation scheme of [Perolat et al.| (2015). Building on |Agarwal et al.[(2020), this work showed
@(676) sample complexity with function approximation, with access to unbiased samples of the
value functions. In contrast, we focus on the tabular setting and we do not assume access to unbiased
value function oracles. Indeed, lack of unbiased samples for value functions required us to use new
insights described in the sequel, to derive the tighter complexities O(e~2) and O(e~%).

Policy gradient methods for linear quadratic regulator (LQR). For zero-sum LQR, |Zhang et al.
(2019Db)); Bu et al.|(2019) showed global convergence of PG with exact value function oracles. These
methods have a nested structure where one player computes best-response and the other does policy
gradient updates. Recently, [Zhang et al. (2021) built on Zhang et al.| (2019b)) to derive sample
complexities when value functions are estimated from data.

2 PRELIMINARIES

Notation. We consider the tabular setting with finite state and action spaces denoted by S, A, B and
the discount factor v < 1. The policy of the min agent is = and the max agent is y, with action sets
A, B, respectively. At state s, both agents take actions independent of each other: a ~ z(:|s) and
b ~ y(-|s). Based on the actions, the environment transitions to the next state s’ ~ P(-|s,a,b) and
the agents receive reward |r(s,a,b)| < 1. Given a policy pair x,y, we denote the induced steady-
state distribution as p™¥. Let U/ denote the uniform distribution for states that we also take as the
initial state distribution for simplicity. We denote the probability simplex as A. Given a policy =z,
we sometimes use the notation 2° for 2(-|s) in the proofs. We use e(s;) € RI°! to denote the vector
such that e(s) = 1if s = s; and e(s) = 0, if s # s;. We use the same notation for e(s;, a;). The
value function for state s is defined as

V&Y(s) = E, thr(shat,btﬂso =s|,
t=0

where E, , is over random variables s;,as, b, for all ¢ > 0 as a; ~ z(:|s¢), by ~ y(-|ss)
and s;y1 ~ P(-|s¢,as,be). Similarly, the action value function is defined as Q™¥(s,a,b) =
Egy (Yoo vr(se,a,be)|so = s, a0 = a, by = b]. With these definitions, we can state the formal
problem. For all s € S, we aim to solve

min  max V%Y(s).
z(|s)EAY(-|s)EA

We denote the information needed in algorithms as oracles. We provide the background on NPG,
NAC, TD(0) in Appendix [A]

Nash equilibrium. We assume the existence of a pair of policies z*, y* that are Nash equilibrium,
namely, for all s, V" ¥(s) < V*(s) := V* ¥ (5) < V¥¥ (5). We are interested in finding a one-
sided Nash equilibrium, similar to|Daskalakis et al.|(2020); Zhao et al.[(2021); Zhang et al.|(2019b);
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Bu et al.[(2019). As mentioned in [Daskalakis et al.| (2020), for the other player, one can re-run the
algorithm by switching roles to have the guarantee for both players. In particular, for the initial state
distribution U4, we seek for x,,; such that

Egsyu[max VFout:¥ (s9) — V*(s0)] < e.
y

It is easy to prove that this quantity on the LHS is 0 if and only if x,,; is a Nash equilibrium.

Interaction procedure. We use the interactions of the agents with the environment to estimate the
value functions and related oracles for the running of the algorithm. At each interaction, agents have
access to (s, a;, r(8:,a4,b;), 8;101) and (s, b, 7(84, a4, b;), si+1), respectively. In terms of access
of agents, our oracle model is similar to Daskalakis et al.| (2020); Wei et al.| (2021). However, one
difference is that we require a game etiquette: Our algorithms have two stages where the agents have
to behave differently. As long as this etiquette is respected by the agents (for example embedded to
players in the beginning of the game), they do not need further communication.

Softmax update rule/NAC. Given Kullback-Leibler divergence KL and action-value function Q*,

w41 (c]s) = PFU(xe(]s), Q7' (s, ) »= arg o(n (@7(s, ), 2([s)) + KL(&(]s), :u(-]s)), (D

is known as NPG with softmax parameterization (Agarwal et al., 2020, Lemma 5.1). When there
is a critic estimating QQ**, along with actor updating z; with NPG, this algorithmic framework is
called natural actor-critic, in short, NAC. We focus on KL divergence for simplicity and its wide
use. Our developments also hold for more general Bregman divergences as|Zhan et al.| (2021)).

Assumption 1. There exists p such that, for any policy iterate pair xy,y;, for any state s, it holds
that p*+¥t(s) > p > 0, where p™*¥* is the stationary state distribution induced by the policy pair.

Assumption2. There exist z,y such that, for any policy iterate pair x, ys, for any state action tuple
s,a,b, it holds that x¢(als) > x > 0,y,(b|s) >y > 0.

Our rationale on the assumptions. Assumption|[I]and 2] essentially mean positive definiteness of
the sampling matrices in policy evaluation (see eqs. (30), (34) and (@2)). To our knowledge, some
form of this assumption is required in most of the existing work on temporal difference (TD) (in-
cluding TD(0)) methods for policy evaluation (Bhandari et al., 2018 Xu et al., |2020bj; Khodadadian
et al.| 2021aj|Lan, 2021} Hong et al.l 2020; | Xu et al., [2020a; |Wu et al., [2020; Zou et al., 2019) (see
App. @ The complexity @(672) requires Assumption even for single agent problems (see (Lan,
2021, Rem. 1, Sec. 5.2)).

Remark 2.1. As summarized in Table[l} similar assumptions to Assumption[l|are used in\Daskalakis
et al.|(2020); |Wei et al.|(2021)). In particular, each of these assumptions ensure that all action-state
pairs are observed with nonzero probability throughout the game. Moreover, by additionally requir-
ing Assumption@ we can obtain the complexity O(e~?), matching the single-agent counterpart.

Markovian bias. For simplicity, we assume that we sample from the steady state distribution of a
given policy pair. During normal interaction with the environment, this is not the case and we obtain
a single stream of data. Hence, TD(0) update is biased—commonly referred to as the Markovian
bias. A large body of literature in the single agent literature showed that the effect of this bias in
TD(0) update is essentially additive and can be handled by assuming uniform mixing of the induced
Markov chain (Wu et al.| [2020; Bhandari et al., [2018};/Zou et al.| [2019; Khodadadian et al., [2021b}
Xu et al.| |2020bja). These analyses apply to our policy evaluation routines, extending them to the
Markovian setting. For simplicity, we show our techniques with i.i.d. assumption and then illustrate
how the extension with Markovian data follows with the uniform mixing assumption in Appendix[D}

Error propagation for approximate dynamic programming. Perolat et al.|(2015) proposed error
propagation analysis for approximate version of generalized policy iteration for zero-sum Markov
games (see Appendix [C). The authors showed that the following two-stage algorithm converges:

e Stage 1: Given a fixed value function V},_1, find the policy pair which is an e-equilibrium.
min max 3 2(als)y(als) Q-1 (s,a,b) = 2°Q}_ ", @)

zS€Ays€A
a,b
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Algorithm 1 Reflected NAC with a game etiquette and (-greedy exploration

Require: PXL defined in in Sec. [2} Exploration parameter ¢ > 0 (with equality if Assump-
tion [2] holds). Subroutines Policy-Eval-V, Policy-Eval-f, Policy—-Eval-v (see
Alg. |2} Eﬁand note 3%, BY, % are potential step sizes for this routine). Initial policies
%0, Y0, Jo- *, y* denote outer, x;, y;, denote inner loop’s iterate.

1: fork=0,1,... do

2. Stage 1 // Approximately solve a matrix game

3: fort=0,1,...,7—1do

4: V&, V¥ ] =[Policy-Eval-V(zF~1 y*~1 N,B%), Policy-Eval-V(z*F~1 yk~1 N, Bv)]
// Both players compute their own estimations of Vj,_, denoted as V* and VY

5: 07,4, 67, ,] = [Policy-Eval-0(z,yi, N, Vi1, 8%), Policy-Eval-0(z,y, N, Vi 1, B9)]

6w (1) = PR (mils)n (2084(s,) = 02 (s, ) )

oy Cls) = PRE (uils) = (20 (s,) — 0(s.)))

8 OutputzF =L ST .

9: Stage?2 // Approx1mately find best response

10: fort=0,1,..., 7T —1do
11: Dip1 = Policy-Eval-v(z*, 4, N, 3 = BY)
12: Yer1([s ) PEEG(]s), =041 (s, )

13:  Output y* = 7j;, where { € [T] is selected uniformly at random.

Algorithm 2 Vy = Policy-Eval-V (x, y, N, f)
Require: Policy pair z,y, iteration counter N, step size [, initial value function estimate Vj.
2(-]s) = (1= Qa(ls) + 5. 8C1s) = (1= Qu(-ls) + 157
I: forn=0,1,...,N —1do
2: Sample Sp Pw’y('), Ap ~ 5%(|Sn)s bn ~ Q('|3n)’ Sn+4+1 ™~ P('|3ny Qn, bn)
3: Vn+1 = Vn - ﬁne(sn)(vn(sn) - T(Sru Ay bn) - ’YVn(Sn+1))

where Q. —1(s,a,b) = r(s,a,b) +~v>_, P(s'|s,a,b)Vi_1(s"). When it is clear from the context,
we drop the subscript of Q1. This is a matrix game and is the sample-complexity bottleneck (Per-
olat et al., 2015)). Let ¢, denote the accuracy and «¥ the output of this stage at iteration k:

k : k
E[Ewu[;{igg(x )*Qk—1y” — min Inax °Qr_1y°]]l = €7, 3)

where the outer expectation is over the randomness of the algorithm used to generate x*.

e Stage 2: This step finds an approximate best response. The fixed policy (z*), can be viewed as
a part of the environment. Denote 3* as the approximate best-response computed in this stage, at

iteration k. The resulting value functlon Vi = Vet s fed to stage 1 in the next iteration. Let €.
be the accuracy for this stage, y* the output of this stage:

E[Esu [myax Vzk’y(s) Ve (9)]] = 6]5, )

where the outer expectation is over the randomness of the algorithm used to generate y*. Then, Pero-
lat et al.|(2015| Theorem 1), Zhao et al.[(2021) show that the following holds (see also Appendix Q)

K -
E[E oy [max V" ¥ (s) = V*(s)]] < |S|O< sup €} + sup 62) + O(|S|’y ) 5)
vea I—v \k<k k<K 1-—

3 REFLECTED NAC ALGORITHM WITH A GAME ETIQUETTE

QOur approach. We introduce NAC-based algorithms (Konda & Tsitsiklis| [2000; [Peters & Schaal,
2008) to solve these two stages in an alternating fashion to obtain an approximate Nash equilib-
rium, in view of (3). We leverage primal-dual algorithms to solve the matrix game in Stage 1
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Algorithm3éN = Policy-Eval-f(x, y, N, V, B) for player y
Require: &(-|s) = (1 - Q)a(|s) + g7, 9(1s) = (1 = Qy(|s) + -

1: forn=0,1,...,N —1do

2: Sample Sp pm,y(.)’ Ay ~ j?(|5n>, bn ~ Z)('|Sn), Sn+4+1 ™~ P('|Sna G, bn)~
3: 9n+1 = en - Bne(sna bn)(en(sna bn) — T(Sn,an, bn) - ’YV(SnJrl))

Algorithm4 vy, = Policy-Eval-v(x, y, N, () for player y

Require: &(-|s) = (1= Q)a([s) + 137, 9(-1s) = (1= Qy(-[s) + -
I: forn=0,1,...,N—1do
2: Sample Sn pr7y(‘)’ (079 NIE("SH), bn N?}("Sn)s Sn+41 NP("Sny Ap, bn)s bn,+1 Ny('|5n+1)~
3: ﬁn—l—l = l;n - 6716(571; bn)(ﬁn(snv bn) - 7'(577,» Ap,y bn) - Fyﬁn(sn—&-l; bn+1))

efficiently (Malitsky & Taml 2020; Nemirovski et al,[2009) and NPG for the single agent problem
in Stage 2. For estimating value functions that are used as oracles in these algorithms, we employ
TD(0) (Tsitsiklis & Van Roy,|1997; Bhandari et al., 2018} Sutton, | 1988). To our knowledge, the best
complexities in the single agent setting are obtained with this approach (Lan, 2021)).

Stage 1. In this step, at iteration k, we compute an approximate equilibrium of the matrix game (2)).
As Vi, is fixed, this is a standard matrix game and throughout this loop, we omit the dependence
of @ on k and leave it implicit. Our discussion here is for x player and it would be symmetric
for the y player. Due to its simplicity and generality, we use forward-reflected-backward (FoRB)
algorithm (Malitsky & Tam, ZOZO)E] FoRB takes a reflected step rather than using Ey..,,, Q(s, -, b)
directly, which 1s the case in gradient descent-ascent (GDA). The FoRB update is

xt+1("s) = PKL(xt('|S)7 n (2Eb~th(57 * b) - EbNyt—lQ(s7 * b)))

In standard matrix game notation, we can view 6 , = Ey,, Q(s, -, b) as the matrix-vector multipli-
cation between the dual vector y; and game matrix ). To get this oracle, we have to solve a linear
equation by sampling the policies x¢, ;. The linear equation is obtained by using the definition of @),
given after . However, the difficulty is that we do not have access to Vj,_1. Given that Vj,_1 is the
value function of policies 2*~1, 4%, in Step E], we use TD(0) to learn this value function and obtain
a biased estimation Vk,l (see Algorithm . Using this estimation, we can then proceed to solve
the linear equation by sampling the policies z¢, y; to find an estimate for 05 , = Ey,, Q(s, -, b), in
Step [5] (see Algorithm [3). This step is similar to stochastic approximation/SGD approaches (Ne-
mirovski et al., [2009; [Lan| 2021). Using the oracle, we perform one FORB step for each player, in

Steps |6|and

As we detail in App. [F] for Steps ] 5] and corresponding policy evaluation routine Alg.[3] = agent
only accesses sy, (8¢, at, bt ), s¢11 and its own action a, to form the stochastic oracle and y accesses
S, 7(8t, at, by), s¢4+1 and its own action b;. We have additional bias coming from the approximation

of V1 by Vie—1, the estimation of which is important for getting our complexity results. We take

special care for the stochastic dependency to make sure to decompose bias and variance of Vie—1
estimate (See Insight[I)). Markovian data would bring additional bias as mentioned before.

Remark 3.1. For the best complexity, we use fresh estimates of Vie_1 at every iteration (see Algo-
rithm |1 and Insight El) This gives a tight bound for the bias to get the @(6_2> complexity. This
insight is in contrast to the black box view of |Perolat et al.| (2015), which uses an estimate of Vi;_1
Jfrom the stage 2 within the stage 1. Our analysis behooves both agents to remember the output
policies of stage 2 instead, so that they can recompute Vi1 with a lower bias in the stage 1.

Stage 2. In this step, at iteration k, x player fixes its policy and y computes an approximate best
response by solving the single agent problem in () by using NPG in (Lan| 2021} [Agarwal et al,
2020). Value function V},_; that was used in stage 1 is precisely the value function of the policies

outputted at this stage in iteration k — 1. For NPG update, y player needs EaNzk(,“g)ka’gt (-ya, ).

’In principle, this part can be replaced with mirror-prox (Nemirovski, [2004) or OGDA.
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This is the joint () function after taking the expectation over the actions of player x. Since x player’s
policy is fixed, we only use policy z* in this loop, whereas 1 player continue to update its policy ;.

We can write Bellman equation for learning this oracle and then use TD(0) as in |Bhandari et al.
(2018) (see Algorithm El]), which is similar to learning a Q-function. In particular, as long as
S, at, by, Sp41 are sampled using the interaction procedure described earlier, there is no need for
7J; update to see the actions or policy of 2*. A similar formulation for policy evaluation in MARL is
considered in Perolat et al.| (2018) in a slightly different setting.

Greedy exploration. If Assumption [2| does not hold, one way to lower bound the policies is
to use (-greedy exploration which we incorporate into our algorithm. The idea of the analysis
will be to pick the exploration parameters depending on the final accuracy. Since the bounds have
inverse dependence with this parameter, using greedy exploration will result in a worse complexity
compared to what we get when Assumption[I|holds. In the former case, we can take ¢ = 0.

3.1 MAIN RESULT

Theorem 3.2. (Overall performance bound with Assumption(l| 2)) For Alg.[I\with ¢ = 0,

Bl madgx V74 () = VA (s0)]) £ O (o)

K|SP(A] v |B) | ] )
O (N(1 —7)%(p(1 —7))? ((pmin{x,y})2 v (py(1 — 7))2)) +0 ().

In particular, the overall complexity is O(|S|*(JA| V | B|)e~2(1 — ¥) 2 p~ 0y 2 (min{z,y}) ).

In this bound, the first term is for solving the outer loops in stages 1 and 2. The second term is due
to the bias and the variance of the stochastic oracles that we got by sampling the policies. The final
term is due to approximating generalized policy iteration in the outermost loop (Perolat et al.,[2015).

Theorem 3.3. (Overall performance bound with Assumption[l| see App. Let Assumption

hold. Let ¢ = (e in Alg [1]

]E[Eswu[mjx ViR (sg) = V*(s0)]] < O (T(l—”/)?’

Consequently, the sample complexity is O(|S|*(|A| v |B|)%(1 — v) " Petp).

Ks KISPUAIV B | o
) o (o) o)

As summarized in Table [I] Theorem [3.3] matches the best-known existing complexity from Wei
et al.| (2021), without using the metric subregularity constant and without restricting to Euclidean
projections. For natural policy gradient, this result improves O(e~%) in|Wei et al.| (2021). We refer
to Remark for a more detailed comparison. Moreover, Theorem matches the best-known
complexity in single agent RL under Assumption[I] 2]

3.2 CONVERGENCE ANALYSIS

Proof sketch. Next, we show how to obtain the required bounds for this final guarantee, in view
of eq. (3), @), (). Our strategy is to characterize the error of each stage by using the outer/inner
structure given in the algorithm. The innermost algorithms (see Alg. [2)) are estimating the required
oracles depending on value functions, by sampling the policies, and applying either SGD or TD(0).

As per (3)), the next lemma will characterize the error of stage 1 (see (3)): solving the matrix game.
A critical point to derive the fastest rate as observed by [Lan| (2021)) in the single agent setting is to
characterize the bias and variance separately. As the algorithm in [Lan| (2021)) is akin to gradient
descent, we extend the ideas there to the more complicated FORB algorithm.

Insight 1. The existing analyses for stochastic FORB are not suitable for us. In the stochastic
variant in|Malitsky & Tam|(2020), deterministic oracle is computed at each iteration. |Bohm et al.
(2020) uses unbiased oracles with bounded variance and decreasing step size. In our case, we
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have biased oracles and we use inner loops to decrease bias and variance. Next, we develop an
analysis with constant step size and characterization of the bias and variance explicitly.

Lemma 3.4. (Bound for stage 1) Let Assumption @hold. Denote x,,; = % 23:1 zy and Yoy =
S ye and let ) = Y52, Then, it holds that

T
~ (1 1
B |Buvas [maxa2,Q7" — Qo] | =0 () +0 (T > EIE 0l - e*,tn)
T

T
1
+0 (;Z S 61— 0ol + BN~ e ||2> BB max 31614 () + 0]
t=1 =Y

Remark 3.5. When bias and variance are 0, this reduced to 1/T rate as in |Zhao et al.|(2021)).
Bounding ¥ (see (E])) is via bounding LHS of Lem. This allows to bound the suboptimality
thanks to ). To this end, we bound the second term in RHS of Lem.[3.4]in Lem. 3.7 and the third
term in Lem.

We drop the superscripts from 6, Vie_1 (see Alg.|1) as estimations are symmetric. For a free variable
z = (x,y), define & 4 (2)+E2,¢(2) = N(Or1([8) =E[br41(-[s)|2e], 2(s) —2e(:|s)) = (011 (-]5) =
E[0F 1 C19)lyel, y(ls) — we(-]9))-

Insight 2. The last error term in the lemma involving &, +, Es ¢ is due to the coupling between the

free variables x°,y® and randomness of the algorithm. For this error, we adapt the “ghost iterate”
trick from|[Nemirovski et al|(2009) for stochastic primal-dual algorithms (see Lemma [F.6).

This lemma analyzes the behavior of FoRB for solving the matrix game with biased oracles. The
bound therefore reflects the bias and variance of these oracles. For simplicity, we suppress some
dependencies in the following bounds, however we include them in Thm.[3.2]and in the appendices.

Next is the the variance estimation, which is similar to |Lan| (2021), except handling the error term
coming from Vie—1 asin Insight Apart from that subtlety, this part is similar to SGD-type analysis
with a biased oracle, where we measure the squared distance of the iterate to the solution.

Lemma 3.6. (Variance estimation for step ﬁ) Let Assumption hold. Let B¢ =
forng > 1. Then, for Algorithms[I|and 3]

1 1 1 -
EHGN - 0*,t||§ < O(m + m (N +EHVk—1 - Vk‘—l”ic) )

Insight 3. Different from the standard critic analyses (Hong et al., |2020; |Khodadadian et al.,

202 1b), we account for the additional bias coming from having Vi,_1 instead of real Vi,_1 (see ,
Step H). We exploit structure of the underlying problem to make sure the error term appears as
E||Vi—1 — Vi_1||% in the bound instead of E||Vi—1 — Vi—1|| 0o, which would deteriorate the rate.

-2
pmin{y,z}(ntno)

The next estimation is critical for obtaining the complexity result. In particular, we bound the bias
of 0;41. Since in Lemma [3.4] we need a tight bound for |[E[041]x¢] — 0. ¢]| = [[E[0n]|xe] — 0.,
we have to be careful with the additional bias from Vj,_;. This part is similar to SGD-type analysis
with a biased oracle, where we measure the distance of the expectation of the iterate to the solution.

Lemma 3.7. (Bias estimation for step ) Let Assumption hold, [ m, ng =

@) (m) For Algorithmsand
1 1 .
E[0 —0.4P <05+ ——F—51EVic1lzd] — Viea 2 ) - 6
B o] = 0,07 <O (5 + ot B o] = Vel ). ®

Insight 4. The reason to use fresh estimates for Vie_1 at each t as in Algorithm|l|is the result of
this lemma (see Remark[3.1). Since the bias term in the algorithm’s analysis is | E|0y |x:] — 6,.||

in Lemma we take the square root of the result of Lemma If Vi._1 is estimated before
x4, then we will have E||Vi—1 — Vj;_1|| in the bound of Lemma which will have the rate
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o/ VN ). On the other hand, if we estimate Vi1 freshly as in Algorithm then we will be able
to use the improved bias bound |E[Vi_1|zt] — Vi—1|| < O(1/N) as in the next lemma.

The next lemma is for the estimation of the value function V},_; using the policies z*~*, y*~! with
TD(0). Therefore, this is an analysis for TD(0), similar to [Lan| (2021)).

Lemma 3.8. (Variance/Bias estimation for step @) Let Assumption [I} 2] hold and B% =
2
p(1=7)(n+no)’
rithm[I] satisfies

with ng = O (m) The variance and bias of Vie_1, computed as in Algo-

IEVi-tlae ye] = Vieall3 < O (N72), E[Vier = Vi3 S O (N7 (p(1 =) 7%).

Unlike stage 1, the stage 2 (finding the best response) mirrors the single agent analysis closely. Due
to space constraints, we defer the details to App.[F} Combining Lemma 3.4 with the result of stage 2
(which is of the same order) in (5] gives Theorem The main idea of Thm. [3.3|is to use (-greedy
exploration to replace the policy values z, y (see Theoreml’.’azl, Lemmas @ 3.7, [3.8), which might
be 0 without Assumption2|(see App|[G.2.2).

4 NUMERICAL VERIFICATION

We validate our algorithm in tabular domains comparing against OGDA (Wei et all [2021) and
REINFORCE (Daskalakis et al.l [2020). More results , implementation details and environment
description are given in Appendix [Hl We emphasize that our main contribution is theoretical; the
preliminary computational results are for verification purposes.

ReflectedNAC
— OGDA
—— REINFORCE

ReflectedNAC
— OGDA
—— REINFORCE

Suboptimality gap

ReflectedNAC
— OGDA
—— REINFORCE

ReflectedNAC
— OGDA
—— REINFORCE

Probability optimal action
Suboptimality gap

%5 %0 75 w0 s 1o s 200 T 25 s 75 10 15 1o 15 20 3 £ o £ 50 150 ) E) o E) [
Environment steps (x 100) Environment steps (x 100) Environment steps (x 7000) Environment steps (x 7000)

(a) Bandits x player (b) Bandits y player (c) Alesia x player (d) Alesia y player

Figure 1: Bandits We plot the probability of action a* for the = policy and b* for the y policy. Results are
averaged over 10 seeds. Alesia: Experiments in a Alesia with length L = 3 and coin budget C' = 6. The
suboptimality gap on the vertical axis is max, V¥ (so) — V™ (s¢) for z and | min, V*¥(so) — V*(so)| fory
where so is the initial state that is deterministic in Alesia. Results are averaged over 5 seeds.

Observations. Both the domains challenge theoretical assumptions. Therefore, our best complexit
result @(6_2) from Theoremdoes not apply in this setting. Similarly, the assumptions in Table
do not hold. The assumption of (Wei et al. 2021) and our Assumption |I| do not hold because in
Alesia the players can only lose coins. Therefore the initial state cannot be reached in finite time
from any state. Finally the assumption of Daskalakis et al.| (2020) does not hold since in Alesia the
game ends only when either one player wins or both players finish their coin budget. The game ends
with probability O in all other cases. Thus, it follows that we cannot lower bound the termination
probability at any state. Nevertheless, we observe that all the algorithms converge. Figures
shows the value of the bandit player policies evaluated at the NE actions (a*,b*), i.e. z(a*) and
y(b*). Reflected NAC converges faster than OGDA (Wei et al.,2021) and REINFORCE (Daskalakis
et al.| 2020). Similar conclusions arise from Figures [Ic| [Id where we plot the suboptimality gap in
Alesia.
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A BACKGROUND ON NPG AND NAC

Natural policy gradient and natural actor-critic.  As we work in the tabular setting, in this
paper, we focused on the natural policy gradient (Kakadel 2001) in softmax parameterization which
admits a simple update rule. In particular, the update rule for NPG in single agent setting is (Agarwal
et al.,[2020, Lemma 5.1)
Teg1(ts) o< m(-|s) exp(nQ@T (s, ),

which is the closed form solution of the update in (). To get a sample-based version of this algo-
rithm, one needs to learn Q™ typically in an inner policy evaluation loop as in [Lan| (2021). This
is also called natural actor-critic (NAC) since the actor updates the policy ;41 and critic learns the
value function Q™.

Note that the update rule in (Agarwal et al.| 2020, Lemma 5.1) is written with the advantage function,
however, due to softmax parameterization, it is equivalent to the form we give.

We can also generalize (I)), by using Bregman distances instead of the KL divergence

21 (|s) = P(ai(-]s), Q% (s,)) = arg_min (Q™(s,), z([s)) + D(x(|s), z:(:|s)),  (7)

z(-|s)EA

Finally, for the formal setup of Bregman distances, we refer to [T'seng| (2008)); Nemirovski et al.
(2009). Throughout the paper, we focus on the case when D is KL divergence, so that the update
rule corresponds to NPG rule. This choice corresponds to the distance generating function of D
being strongly convex in ¢; norm which gives the standard inequality

1
D(a,y) 2 Sl = yllt, (8)

that is used frequently throughout the proofs.

Single loop NAC. Unlike the previous case, single loop NAC (Hong et al., 2020; Khodadadian
et al.| 2021b)) does not have an inner loop for computing Q™* at iteration ¢. In contrast, single
loop NAC keeps a running estimate for this oracle (which corresponds to one iteration of policy
evaluation) and due to its two time-scale nature, still converges. In the tabular case, the simplest
single loop NAC update takes the form

Orr1 = 0r — Bre(se, ar) (Oc(se, ar) — (e, at) — V0 (St41, a41)) )
T (0|s) o me(+|s) exp(nebesa (s, -)),
with properly selected S, 7, generally with n; /3; — 0.

Temporal difference learning.  For constructing state or action value functions from samples, we
will use temporal difference learning and in particular TD(0) (Sutton, |1988; Bhandari et al., 2018;
Tsitsiklis & Van Roy, [1997)). This algorithm can be seen as a stochastic approximation scheme for
solving a linear equation (Tsitsiklis & Van Roy, 1997} |Lan, [2021). In particular, by denoting the
stationary state distribution under 7 as p™, we define

F™(0)(s,a) = p™(s)m(als) (9(8, a)—r(s,a) — v Z P(s'|s,a)m(a’|s")0(s, a’)).

First, we note that F'™(6*) = 0 where 6* = Q™. Under Assumption F™ is strongly monotone
(see (Bhandari et al.| 2018, Lemma 3), (Lan, 2021, Section 5.2). The main tools to show this are As-
sumption(I] 2] and Bellman operator being ~y-contraction. Then, one can use for example (Bauschke
et al.,[2011}, Example 22.6, Example 20.7).

One can sample s; ~ p™, a; ~ 7(-|s¢) and $¢41 ~ P(-|st, at), az41 ~ 7(-|st+1) and one step of
TD(0) corresponds to (9). Note that under i.i.d. assumption, the update in (9) is an unbiased estimate
of the update that we would get by using the true operator F'™. The results for TD(0) can be extended
to Markovian setting without the i.i.d. assumption by using a uniform mixing assumption (Bhandari
et all 2018) (see also Appendix D).
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B BASIC RESULTS ON RL AND OPTIMIZATION

Some notation. We say that an operator § — F(f) is A\pin-strongly monotone if (F'(6;) —
F(eg), 01 — 92> Z /\min||91 — 62”% and )\maX-LipSChitZ if ||F(91) — F(02)||2 S )\max||91 — 92”2.
These conditions can be defined with other norms, but we stick to £5-norm for simplicity.

Lemma B.1. Define 0; recursively as 0,11 = 60, — &F(Gt, &) where r(s,a,b) < 1and F(Qt, &) =
e(s’,a’)(0:(s',a") — r(s,a,b) — v0:(s",a")) and recall the definition of Q(s,a,b) = r(s,a,b) +
v P(s|s,a,b)Vi(s"). Then, it follows for any t, k

1

[10¢]lo0 < —,
[eS) 1_7

101> < YIS

1—v 7

IN

Vi 1lloc

1F(0r, &) 12

IN

HQk(Svaab)Hoo < —.

Proof. The first inequality is proven by induction, for example see (Khodadadian et al.| 2021b|
Lemma C.10). Following inequalities are either basic consequences of the first inequality or directly
follow from definition. O

A classical result that we use frequently in the proofs is performance difference lemma by [Kakade
& Langford! (2002). The statement of the lemma is slightly different due to multi agent setting, but
since one policy is held fixed while changing the other one, the original proof of the lemma extends
straightforwardly. The proof for this case is given in|Daskalakis et al.| (2020).

Lemma B.2 (Performance difference lemma. See Kakade & Langford| (2002); Daskalakis et al.
(2020)). For any policies x,y1,y2 and any state sg

1
VEL(sg) — VY2 (s0) = ﬁEswd:r’]yl (Eqma( Q@2 (s,a,-),y1(-[s) — y2(-]s))

1

A standard result that we use is Lipschitzness of y — V®¥(sp). For example, see (Hong et al.,
2020, Lemma 7). We provide proofs as we use the precise constants and use them slightly differently
than|[Hong et al.[(2020).

Lemma B.3. For any policies x, vy, yo,

[VE% =Vl < e mexllontle) = sallodlh

Proof. By the performance difference lemma |Kakade & Langford (2002) and Cauchy-Schwarz in-
equality, for any s,

VEP (s0) = VI (s0) = 7 Bonary (Bana(1n @77 (5, 0,), 11.(1s) = 12([s))

IN

T Eenazyi Bana( 1@ (5,0, oo [y1(-]s) = y2(-|s)ll1-

Next, we are going to further upper bound the right hand side using Lemma [B.T]
x €T 1 x
VEI(s0) = V¥2(s0) < ﬁmSXHanus)Q 2(8,a5 ) loollya (+15) — w2(-[s)llx
2
< g max|[[y(ls) — ya(:s)l1-
(1—=n)? s

We take maximum over s to conclude. L]

17
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Lemma B.4. We have

2y
Q7 — Q" | < =2 max y1(-[8) = y2(-[s)]l1-

Proof. We note that by the definition of Q*¥" it follows that for all s, a, b

|Q:v,y1 (S, a, b) _ Qz,yz (S, (I,b)| =7 ZP(S,|S7 a, b) (Vl’,yl (5/) — VY2 (S/)) .

S

Jensen’s inequality, and the previous lemma gives the result. O
Lemma B.5. Let z; be defined as for all s,

ze41(c[s) = P(2e(-[8), neOe41(s, ),
where P is defined in ({I). In particular,

P(2e(cs), 0r+1(s,)) = argz(ﬂgi)relA<m9t+1(8, ), 2(:18)) + D(2(:|s), z¢(-[s)).
Then, it holds that for all s,

lze1(-[s) = 2 (-[8)ll1 < 0el|Or41 | oo

Proof. By the update rule of z, it holds for all z that (for example, see (Tseng} 2008, Property 1))

(VD(ze41(:l5), 2¢(-]s)) + mebeya(s, ), 2(-]s) — ze41(-[s)) > 0.
By plugging in z = z; and using three point identity gives

D(z41(:[8), 2e(-[s)) + D(2e(:[s), ze41(0[)) < me{Orea(s, ), 2e(0]s) — ze41(c]s))-
By (8) and Cauchy-Schwarz inequality gives

[ze41(18) = 2: ()l < mell0r41(s, ) lloo-
The result follows by [|0:11(S, ) |loo < [|0¢+1l00- O

Lemma B.6. We have that max, V™Y — VY = 0 iff x}, is in the set of Nash equilibrium points.
Proof. Recall that we say that (z*, y*) is a Nash equilibrium if for any z, y

x*QIHyy S x*Ql*,y*y* S an%y*y*.

In particular, it is true when we plug in x = x,y = yx.

Next, by definition of min operation, one can bound min, zQ*¥*y;, and by the definition of max
operation, z; Q"% Yy, < max, ;Q"*Yy. In sum, we have

min 2Q“ Yy, < 2, Q" Yy < 2, Q7 Yy, < 2pQTF Yy, < maxxp QM Yy (10)
T y
Of course, by definition, for any x, y, V*Y = xQ%Yy.
This is easy to see: let 23, = x, for any x, which is a Nash equilibrium, then max, V¥ = V®¥x,

Now assume that max, V¥ = V*+¥~ then by (I0) it must be that max, V*+¥ = V& =
V¥« Hence xp = x4. ]

18
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C ERROR PROPAGATION FRAMEWORK
Error propagation of generalized policy iteration for Markov games is given in|Perolat et al.|(2015).

Notation. We define the Bellman operators following [Perolat et al.[(2015)
T, yV(s)=>_ a(als)y(bls)r(s,a,b) +~ Y x(als)y(bls)P(s'|s,a,b)V(s")

a,b s’ a,b

T,V (s) =maxT, ,V(s)
y

TV(s) = minmax T, ,V(s).
z oy

It is easy to derive that these operators are contractions in /., norm with constant . See also|Perolat
et al.| (2015); Zhao et al.| (2021)).

We find the one-sided Nash equilibrium as [Daskalakis et al.| (2020) and |Zhao et al.|(2021)).
max V5Y(s) — V*(s) <.
y
This is in contrast to [Wei et al.| (2021) that shows the rate in the duality gap. Two phases are
characterized in [Perolat et al.|(2015) as

e Phase 1: T}, Vj,—1 = T'V},_. By using the definitions of T, T}, this corresponds to

max Ty, Vi—1 —minmax Ty ,Vi_1, (1n
y z oy
where
Ty yVi—1(s) = Zx(a|s)y(b|s)r(s, a,b) + Z x(a|s)y(b|s)P(s'|s,a,b)Vi_1(s").
a,b s’ a,b

As Vj,_1 is fixed, this will give a standard matrix game for all s. By using a stochastic algorithm, we
are going to make the output x, to be an approximate solution in expectation, therefore we write

Em&xxi@‘zflys — rrgnmyaxstzflys = €N(s), (12)
where the expectation is over the randomness of the specific algorithm used to generate xy.

In our analysis, we bound the stronger quantity, which is called duality gap
E | max#}Q}_y" — mina" Qf 1] = € (s),
by the definition of a Nash equilibrium since min, x*Q%_,y; < min, maxy 2°Qj_,y°.

e Phase 2: Vi, = (T, )™Vji—1. Since T,, is a contraction |Perolat et al.| (2015); Zhao et al.| (2021),
as m — oo, forany V, T,V — max, V"¥. Let us denote the best response as y; and the
approximate best response as yj,. We want to bound

VR () — BV Yk (s) = e (s), (13)
where the expectation is over the randomness of the algorithm used to generate yy.

Then (Perolat et al| [2015, Theorem 1) states that (where max,z;Q;_y° —
min, max, ©5Q5_,y° = €,(s), VZE¥i(s) — VIRUk(s) = ¢1,(s))

, 2(y — 9"
> uls) (m3X VIEY(s) - V*<s>) < WC&%’“O o el
s J€(0,k—
1 — A*)COk:0 2~k .
- ((17—)7)2 o €5 111,0 + ﬁciskﬂ’o min(|[do|[1,0. [[boll1,0),
JeL,
where
k—1 oo
(1—9)? p
O™ =g 2 2 " eli +d)
i=l j=i
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with
d(uPr, yy - Prj ;)
do

¢q(j) =  sup

T1,Y1sees Zj,Yj

q,0
For given state distributions (, o, let us define the concentrability coefficient |Perolat et al.| (2015)):

/’LP$17y1 c Pﬂ”jvyj

sup sup
J T1,Y1,--%5,Y5

=00 < +00.

o oo

In particular, by upper bounding ¢,(j) < C,, , for simplicity (one can also use the tighter bounds;
we use the loose upper bounds for simplicity as they only affect the final bound slightly), the bound
becomes

2
Souts) (max v+ 2() < v(9)) < T sy e
Y

2
1,0
=7 j€l0,k—1]

kC, » 7kC, &
+ M, sup ||€/’||17U 4 M, ,
(1-7) jeE1,k] / 1—7
where we also used an estimation from (Zhao et al., 2021, Lemma 2).

One important point here is that we will be making sure the inequalities in these stages hold in
expectation. This is also pointed out in [Zhao et al.| (2021) with a short explanation. We describe
here the details needed to ensure that these bounds hold in expectation. For this, we have to track
the analysis in [Perolat et al.| (2015) and in [Scherrer et al.| (2012) where the derivations in [Perolat
et al.[| (2015) build on. In particular, the relations in (Perolat et al., 2015, Lemma 1) are linear and
therefore, would also hold in expectation. Then, in derivation of (Perolat et al., 2015, Theorem 1),
the arguments in (Scherrer et al., 2012, Lemma 2, Lemma 3) are used. Tracking (Scherrer et al.,
2012, Lemma 3), we see that after taking the total expectation, the bounds become

2kC), & i
Z,u(s) (Emax Ve (s) — V*(s)> < =R sup €,
- Y =7 jepk-1] '
kC, o ; 29%C o
+ B2 sup ||| + —2F, (14)
(1—=7) FE,K] ezl I—»v

where €, ; and €. ; are as defined in (12), (T3).

Remark C.1. For simplicity, throughout the paper we take o, i to be the uniform distribution and
hence replaced C,, , by its worst case value |S|. As mentioned in Munos|(2003), this value can be
much smaller in general.

D MARKOVIAN BIAS

As mentioned before, in this setting, the Markovian error is essentially additive in our arguments for
policy evaluation steps, and can be bounded by using uniform mixing assumption. In particular, this
assumption holds when the induced Markov Chain over the states, for any policy pair is aperiodic
and irreducible (Lan} |2021; |Khodadadian et al.l[2021b). In this chapter, we give an informal expla-
nation to illustrate how Markovian sampling can be incorporated into our proofs with the uniform
mixing assumption. The main references for this kind of analysis is [Lan| (2021)); Bhandari et al.
(2018) for Algorithm E] and [Khodadadian et al.| (2021b));|Zou et al.| (2019) for single loop NAC.

We are going to sketch the arguments for Appendix [F.I|which will be applicable also to other policy
evaluation routines.

Recall that by using the oracle for stage 1, we can write
F(62)(s,0) = p ¥ (s)z1(als) (0n(s,@) = 3 su(bls)r(s,a,b)
b

=7 Y wbls)P('|s,a, )V () (15)
s’,b
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and 3 R
F(Gnvgn) = 6(5n7an) (an(sfu an) - T(5n7an7 bn) - FYVk—l(Sn—i-l)) .

This time we have a Markovian data stream and we denote &,, = (Sy,, an, by, Sp+1). Unlike the i.i.d.
case E¢, F'(0,,,&,) # F(0,).

Now we inspect the place in the proof of Lemma [3.6| where we used this estimation. Recall that the
term we have

_<F(9n7§n)79n - 9*>7

where we take conditional expectation in Lemma[3.6] As we can no longer compute the expectation,
we are going to identify the error term

—(F(0,,60), 00 — 0,) = —(F(0,,), 0, — 0,) —(F(0,,,&,) — F(0,),0, — 6,) .

err(n)

We now separate the error of Vi—1 and identify the Markovian error, since we sep-
arately handled the error due to Vi_; in Lemma Let us define F (On,&n) =
e(5n7 an) (en(sna an) - T(Sn, An, bn) - vafl(anrl))
err(n) = =(F(0p,&n) — F(0),0n — 0.) —(F(6n,6n) = F (6, 60), 0 — 04).
C(0n:&n)

We notice that the last term in the above bound is simply —~v{e(sn,an)(Vi—1(Snt1) —

Vi1 (Sn+1)), 0n — 0x) which can be bounded as in LemmaE Therefore we focus on the Marko-
vian error which is defined as {(6.,, ;).

We will argue as in |Bhandari et al.|(2018)). First, it is easy to see that as in |Bhandari et al.| (2018)),
0, — F(Qn, &n), 0n — F(0,) and 6 — 6,, — 0, are all Lipschitz. Therefore, it follows for some
constant C'; that

|C(9n7£n) - C(@n,ﬂfnﬂ S C1H9n - 9n~r”2o
By triangle inequality and using the update rule 6,, 1 = 0,, — B, F (6n, &) along with Lemma

give

C n—1
0nr60) < COur &) + 7o 3 B

t=n—T

Next, we bound EC(6,,—-, &, ) as in|Lanl(2021). Let F,,_; be the filtration generated by &g, ..., &,—1
and note that ,, depends on the same randomness as F,,_; for all n. In particular, by tower property,

EC(@n_.,-,ﬁn) - E<F(9n—‘r) - F(an—fa€7l)7 On—r — 0*>
= E<F(9nf‘r) - E[F(9n777gn)|]:n7771]70n77' - 9*>

v

S QEHF(HTL—T) - E[F(on—ﬁgn”‘/—:n—‘r—l]”
<Cp’,

for some C', where the last bound can be derived the same as (Lan, 2021, Lemma 16) under the
assumption that the induced Markov chain is aperiodic and irreducible.

Then, one can use the arguments in Bhandari et al| (2018) by picking 7 ~ 7™M ~ }gg((i;;)) if

n > 7™ and 7 = n if n < 7™ and using the step size rule of 3,, which decays as 1/n, the same
as [Bhandari et al.| (2018]); [Lan| (2021) which will only add logarithmic spurious terms to the final
complexity.

In the case of single loop NAC, the arguments are slightly more involved, however, they are well-
studied. In particular, |[Zou et al.| (2019) introduced the technique to handle Markovian noise for
SARSA. These arguments are used for single loop NAC in |[Khodadadian et al.| (2021b)); [Wu et al.
(2020); Xu et al.[(2020a), which also applies in our setting for AlgorithmE], similar to how the above
arguments apply in our setting for Algorithm I}
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Algorithm 5 Single loop NAC with a game etiquette

Require: Vj such that ||V — VZowo |2 < ¢
fork=1,2,... do

Stage 1

fort=0,1,...,7 — 1do
Sample (s¢, at, be, S¢11), with policy pair x¢, y; observe s, by, 7(s¢, at, be), St4+1
07,1 = 607 — Bre(se, ar) (07 (s¢, ar) — (s, ap, b)) — YWi—1(5141)))
eiyﬂ = 0] — Bre(st, bt)(ﬁf(st, by) — (8¢, a1,by) — ’kafl(StJrl)))
[e+1(18)s Yer1(C18)] = [P(4(|8), n0F 1 (s, 7))s P(ye(-ls), =m0 (s, )]

Output o = & 21 a4

Stage 2

fort=0,1,...,T —1do
Sample (s¢, at, be, S¢11, bey1) with policy pair xy, §r, observe s, by, (S, at, bt), St11, b1
Viy1 = Vg — 5f€($t, bt) (Vt(5t7 bt) - T(St; Qg , bt) - ’YVt(St+1, bt+1))
w1 = wr — Bre(se) (wi(se) — 7(8t, ar, br) — ywi(se41))
Y1 (c[s) = P(Ge(|s), =nbes1(s, )

Output yy, = §;, Vi = w; 1, where £ € [T7] is selected uniformly at random and Vj, = V=,

E SINGLE LOOP NAC WITH ETIQUETTE

Theorem E.1. Let Assumption [I} 2| hold and i be a state distribution. For Algorithm [5] for the
output of x-player

EE50~M[maXV“’y(so)] _ V*(SO) kCM . ){ |S|(|A\ vV |B|) . 1
Yy

THA(1 - (1—9)? Auin (1 =)
L ISWVIAIVIBL - VISIGAIVIBD | ISIVIAIV IB]
( ))‘fmn X;)nm)‘renm(l - 7) ( )3)\fmn
LVSIBL, 1 S |o(20)
1=7)? Mm@-=77 1-9)* 11—~
A .
which gives ) ( o C%Lﬁ‘( ;é,.nlxi“,’illﬁ,.n)“) sample complexity.
Proof. Inserting the results of Lemmas and [E.T4Jto gives the result. O

E.1 PROOFS FOR STAGE 1 OF SINGLE LOOP NAC WITH ETIQUETTE IN

In this part, we are going to formulate and present the results for solving stage 1 with single loop
NAC. Unlike |Zhao et al.| (2021)), we do not assume to have an unbiased access to Vj,_1. Therefore,

we have a stochastic oracle involving Vk,l which is an estimate of V,_;. We characterize the error
from this term and note that the goal of stage 2 will be to provide this oracle V},_; with small error.
Therefore, the results in this part will contain the error term E||Vy_1 — Vi_1]|%

E.1.1 FORMULATION

Notation. The problem is for all s

mln ma. $)Qr-1(s,a,b) = 2°Q}_1y°,
(19 o) £
where Qx_1(s,a,b) = r(s,a,b) +72P(s’|s,a7b)Vk,1(s’),

where we also defined z°, y°, Q7.
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Here, Vj,_; is fixed (independent of x,y and iteration counter t), therefore the problem is stan-
dard matrix game, with a restricted access to game matrix Qx_1(s,a,b). In particular, V,_; =~
V*e=1.9k-1_For all s, the equilibrium condition is for all z, y

Q1Y < 2 Qr_qyr < 2Qf_v5-

For lighter notation, we refer to Q;_1 as () since it is fixed during the loop.

At iteration ¢ of solving this matrix game, we will need the oracles EbNyt(.|s)Q(s,a,b) and
Eq~z,(.|s)@(5, a, b) for the x player and y player, respectively. This part is symmetric.

Let us write the oracle for x variable by using the definition of Q(s, a,b) = Qx_1(s, a, b):
Qfﬁt(s,a) = Epy, (s )Q(s a,b) (16)
= Zyt b|s)r(s,a,b) —|—’yZyt b|s)P(s'|s,a,b)Vi_1(s).

s’,b

Given the sampling matrix diag(z:) ® diag(p™¥*) as in (Lan} 2021} Sec. 5.2), where p®*-¥t is the
steady state distribution under x¢, y;; for the critic, define the operator

F7(0)(5,) = p™ " (s)ze(als) [0, )= (s, a.b
— 7Y _w(bls)P(s'|s,a,b)Vioa ()|, (17)

which, by Assumptlon 1s strongly monotone with A\’ ; and we would like to find 6, ; such that
FE(07,) = 0. By (1 9* (s,a) = By, (5)Q(8,a,b). Since sampling matrix is positive definite
due to abovementioned assumptions, the solution of @) is unique.

As we do not have access to true Vi1, we have the stochastic operator with the estimate Vk_l and
by sampling & = (s¢, @, by, Se1), S¢ ~ p™0Y, ap ~ x4 (-|S¢), be ~ Y (:|st), Se1 ~ P(|s¢, ar, by)

Fy(00,&) = e(se, ar) (at(staat) —r(se,a,b) — VVk—1($t+1)) .
By assuming we can sample from the stationary state distributions p®*¥¢,

Ee, [Ft(atvgt) +e(se,an)y (Veo1(se41) — Vk—l(st-i-l))}

= Fy(6;) + Z p Y (s)x(als)y: (b]s)P(s|s, a,b)e(s, a) (Vk,l(s') — Vk,l(s’))
s,a,b,s’
=t F(0;) + Y Payy, (Vie1 — Vo) = F(61) + 600, (18)
where we defined the matrix P,

Tt Yt

Above, the first equality is due to

Eg, [e(st, ar) (01(st, ai) — 7(st, ar, b)) — YVi—1(se+1))]
= Z PI"(S, a,b, Sl)e(s’ a) (Gt(sv a) - T'(S, a, b) - ’ykal(s/))

s,a,b,s’
Z TeVt(s)xy(als)y(bs)P(s]s, a,b)e(s, a) (0:(s,a) — r(s,a,b) —yVi_1(s"))
a,b,s
_ me,yt s)zi(als)e (s’a)<9t(s,a)—zyt(b\s)r(s,a,b)—vat(b|s)P(s/‘s,a,b)kal(s/)>,
b s’,b

where the last line is due to 3, . y(b]s)P(s'[s,a,0)0:(s,a) = 0i(s,a) >, o Pr(s’,b]s,a) =
0:(s,a) and
Do Yt (b]8)P(8]s,a,0)r(s,a,b) = 37, yi(bls)r(s,a,b) >3- P(s']s,a,b) = 37, yi(b]s)r(s, a,b).
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E.1.2 PROOFS

We will drop the superscript on 6%, #Y as the algorithms are symmetric, so we will only analyze one
case.

Lemma E.2. Under AYSW”PUO"I EI let By = ﬁ and ny = tg% Then for the critic computed
in stage 1 of Algorithm[3)

1 & 2 2(1 +logT)

Y B0 — 0uill2 < =101 — 0, 4]|3

thzl ” t+1 *,t”? = \/T” 1 *,t||2 ()\?mn)z( )2\/*

16|S[|A|(1 +1ogT) = 4~*|S|A|
\/T(]- - 7)4 (Arenm)

Corollary E.3. Extracting only the dependence on Amin, |S|, |A|, 7, T gives

s o () i) 2 ((240)

- ’1S]14]
E[[Viy — Va0 (L2 .
+ || k—1 k 1“00 <()\0 )2)

min

E[ Vi1 — Vi1l

Remark E.4. Different from the standard critic analyses, we have to account for the additional bias
coming from only having Vi,_1 instead of real Vj,_1.

Remark E.5. Important point here is to exploit strong monotonicity of F defined in ({I7), to make

the error term E||Vi,_1 — Vi1 ||2, appear instead of the worse term E||Vi,_1 — Vi1 || so which would
deteriorate the complexity.

Remark E.6. With some extra work, we can obtain a step size 3; not depending on N2 . , similar
to|Khodadadian et al.|(2021b). We do not pursue this for brevity and keeping the analysis simple.

Proof. Let us recall 0, ;(s,a) = Epy, (s yQ(s,a,b) (16) and that F} (6, ;) = 0 by the definition of

F} in ( . Moreover, 011 = 0; — 5,5Ft(0t, &:). Analyzing the update rule of critic in the standard
way (for example see (Hong et al.,|2020, Proof of Thm. 3)), gives

10011 = Ostll3 = 1100 = Ox 13 — 280 (Fy(01,€0), 00 — Oxa) + BEIFL (01, &) 13- (19)

We will take expectation w.r.t. to the sample & = (s, at, by, St+1), conditioned on 6y, ¢, y;, and
therefore on 0, ; and use s; ~ p®*"Y*. We also note 1j to separate the error due to V;_; and derive

— BiBe, (Fy(04,&), 0 — Out) = —Be(F(04), 0 — Out) — Be(Oust, O — Ot)
Biy?
/\9

min

C 5 m1n
< —BilEL(0,), 00 = 00) + 53— Pree Vemr = Vi) + =522 16, — 0,417,
where P, ,, is the matrix denoting the probability matrix multiplying Vie1 — Vi_q in and
dvt = VPr, 4, (Vik—1 — Vi—1) and we used Cauchy-Schwarz and Young’s inequalities. We can use
standard inequalities to estimate |\Pzt7yt(Vk_1 — Vi3 < |S||A||\Pzt,yt(‘7k_1 —Vii)|% <
|S||A]||Vik—1 — Vk—1||% and take E¢, in by using the two estimations above to get

5t72|5| |A‘
/\?nln

+ BeXNinllOr — Oull3 + BPEe, | Fu(0:,€0)]3. (20)

For the inner product, we would use F;(6,.) = 0 and strong monotonicity of F; (an estimation
similar to (Bhandari et al., 2018, Lemma 3)) to get

2B:(Fy(01),0; — Ost) = 2B:(Fy(0:) — Fir(0x ), 0 — s ) > 280501105 — Osc]|3. 21

Ee,[0e1 = 0s,tll3 = Ee,110¢ — 0utll3 — 28¢(Fe(604), 0¢ — 0 ) + Vo1 = Vi %
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Using this estlmate takmg total expectation in (20) and using Young’s inequality on the term in-
volving ||0; — 0, +||* gives,

E[l0e11 — 0xell3 < (14 @) (1= BeAGi) EN6r — 0s 113

2 2| £ 2 5t’72|5‘|f4| > 2
+(1+1/a) (1= BN E[0x e — 0y i1 15+ 5; E|\Ft(9t7§t)||2+)\97EHVk71 —Vi—1ll5%-
Picking o = % with ensuring 3; < L due to 3; choice, and using |0+ — 04 4—1]|2 =

1225 (42 (0ls) — 41 (0]$))Q(s,a,b)[l2 < \/|5||A 1226 (4e(0ls) — y:-1(0]$))Q(s,0,b) [l <
2\/ISTTAT/(1 — 7) max, ys (1) = o1 (19)]l with LemmaB. 1] give

N .
s — 0nel} < (1 2500 ) Bl — 0. + SZENF(G 6)1B

SSUAL g (wma 1) — 1 () 1)+ 2150

¥ 2
=20 V8 My Wt = Vel

We only need to show that E (max, ||y (-|s) — ye—1(-|s)||1)* is small. This is easy since we use
small step sizes 7, for the policy update. In particular, the update rule of z; will give by Lemma B3]

lze1([s) = ze(-[8) 1 < mellOr+1lo0s

and by the symmetrical update for y;, it holds that ||ys+1(-|s) —v: (:|8)|l1 < 7¢]|0¢41]| o - This is a de-
terministic inequality holding for all s, so we can take its maximum over s, square it, use Lemma[B.T]
and plug it into the main inequality.

N 3
Bl — 0018 < (1= 2500 ) B0, - 6,113 + BZELF1, )1

8ISI[AMZ IO 1113, Biy*ISIA

E( Vi1 — Vi1l

Bt(li )2)\fn1n )\fnm
We plug in the bounds from Lemma [B-T]
BeA?; 2 287 8|S Aln
E|fi41 — 0, 4] < (1 — 222 ) R6, — 6, 4
e =0 = (1= 250 Bl =0l 2 +
218114 N
+ P, iz,

min

Picking 7, = 7 and 8, = 5775 the recursion will be w1 < (1 —co/Vt)us + +Cy + 0.

Therefore the final bound is

T
1 4(1+logT)

= E|6 0, )% < 01 — O, 0> +

Tt§:1 16211 = Ouell” < ﬁ|| e V21— T

min

16]S]|A[(1 +1ogT) | 49*|S]|A]

E|Vi 1 — Viil%.
N RS TR Ui cR MGG

O

Lemma E.7. Denote x,, = % Zthl zy and Yo = % Zthl ys. Let Assumption hold and
Ny = ta% For the actor computed in stage 1 of Algorithm

s 5 S s 1Og|‘/4||B| x
E oo ?a}:{,y)m"”’Q ~ 2@ ou | < T1/4 (1- 2T3/4 ZEH@H_HM”“

+ = ZEH@H 0 o (22)
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Corollary E.8. By plugging in the bound for % Zthl E||0t+1 — Ox tl|co from Lemma after
Jensen’s inequality and by noting 6% and 0] admit the same bounds, and by extracting only the
dependence on Amin, |S|, |A|,~, T gives

1 [SI(IA[ v B]) L L
E s 5,8 s
Sﬁzni?;(’y) 2o, Q%Y rQ yout:| T1/4O ( (1—~)2 + T1/4O Amin(1 =)

+VEIVi s — Vi 1|20 (7 'SK'AW'B')>. (23)

)\0

min

Remark E.9. We make sure IE||V;€,1 — Vi—1lloo is small by the estimation of Vi in stage 2,

in Lemma LemmalE-T]]

Proof. Recall the notation z°Q°y* = >_, , z(a|s)y(b|s)Q(s, a,b). First by definition of 24y and
the standard arrangement for duality gap, it holds for all s

T

1
xgthsyS - xSstgut Z ar~xy( S)Q S, a,

t:l

1 T
Z IE)bwyt S)Q 55y )ax( ‘3)>
t:1

M:

a~a:t S)Q S, a, ) y(|8) - yt(|s)> - <Eb~yt(-|s)Q(s> ,b),l‘(|5> - l‘t<|8)>] . (24)

t:l

We are going to bound the inner products in RHS. From the update rule of 41, for all s, z(+|s) € A,
it holds that (see (Tseng, |2008| Property 1))

(VD(zi11(-[s), we(-]8)) + nebesa(s, <), 2(-|s) — zes1(t]s)) = 0.
By three point identity and using the notation
D(a(-]s), ze1(ls)) < D(@(:|s), wi(-[8)) 4+ 1(0x.1 (s, ), 2(-[s) — w41 (-[5))
+0(01(s, ) = Oui(s, ), 2(t|s) = g1 (c]s5)) — D(@esa(-]s), ze(-]5)).  (25)

We bound the inner products using Cauchy-Schwarz and Young’s inequalities and Equation (8},
since z(-|s) € A),

Ne(Or41(8,°) = Oxt(s, ), 2(|8) — g1 (|8)) < 20e[|0p1 — Os | oo
N (Ot (8,7), 2([s) — $t+1( 5)) = Me(0x i (s, ), w(o8) — 21 (+|8)) + Me(Os i (5, ), Te(|8) — 441 (¢]5))

2
n
< {0xi(s, ), 2([s) = 2 (l9)) + S l10welS + Dl@esa (fs) wi(:]s))
Using these estimations in gives with 0, ;(s,-) = Eyy,(.s)@(s, -, b) gives

(Epoy 1) @5, ), 22 (s) — 2(-|5)) + %D(w('\8)7$t+1('|s)) < %D<x<~|s>7xt<-\s>>

+ 2011 = Oetllow + o100l

We sum the inequality, use Lemmaand maxy o, D(z(-|s), z:(-|s)) < log|A].

T 1 log | A]
7 2B (1@ (1) = (1) < m—TD<x<~|s>7x1<-\s>>+ i

2 0 Z?:l Nt

We use the same estimation for the other player, since it is symmetric, to bound the RHS of ([24).
Then, we take maximum of both sides w.r.t. s, 2, take expectation and bring back superscripts of
x,y to B, since we will have error from both players. [
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E.2 PROOFS FOR STAGE 2 OF SINGLE LOOP NAC WITH ETIQUETTE

Remark E.10. Stage 2 is asymmetric for both players. As we are computing best response to xy,
player’s policy remains fixed in this phase, it only computes Vi_1 to be used in its next stage 1 step.

First, we are going to show that while running this step, y-player can construct its stochastic oracle
without access to policy or actions of z-player. Then, as the best response problem is essentially
a single agent problem where the other player is part of the environment, our proofs are similar to
the results for single agent setting (Khodadadian et al.,[2021b; Hong et al., [2020). Let us denote the
approximate best response as y;. Main goal in this step is that we have to characterize explicitly the

error ||V — V#*% | as it is used in the stage 2.
Note that this is generally not done in single agent setting as the goal is to compute a policy. How-
ever, here our main goal is to have access to an oracle approximation Vi, = V**¥¢_ rather than the

output policy ¥;, therefore, we keep track of w; that tracks this value function with an explicit error
estimate (see Lemma|E.11)).

E.2.1 FORMULATION

Notation. Here, the problem is to compute best response where the other player fixes its strategy.
Let us fix 73, and denote the best response as y;.. Here, since xy, is fixed, it is a part of the environment
for y-player and single agent MDP analyses will go through. We only need to be careful to make
sure the “gradient” for ¢, updates can be calculated by not knowing policy or actions of x.

For NPG updates, we will need to compute at iteration ¢, v, (s,0) = Equa, (.|s)@7* Y (s, a,b).
Writing the Bellman equation and using the definition of value functions

Q**Y (s,a,b) =r(s,a,b) +’yZP (8'|s, a, b)V*rYt(s")

(s,a,b) +’yZP "Is, a,b) Za:k (a'|s") e (b)) Q™ ¥ (s, a’, V)

a’ b’

We note v, ;(5',b") = Eqrrg, (s @7V (s',a’, V') and take expectation of previous equality with
a~ xg(]s),

Vit(8,0) Zxk (a|s)r(s,a,b) +~ Z P(s|s,a,b)xk(als)ye (b8 v i(s', V)

s’ a,b’

We use the sampling matrix (as (Lan, 2021, Sec. 5.2)) diag(p®*¥) ® diag(y;) and define the
operator

FY () (5,8) = 9™ (5) ) [(5.0) = 3 elala)r (s 0.1
D> xk<a|s>P<s’\s,a,b>yt<b'|s’>vt<scb'>],

s’ a,b’

such that FY(v.:) = 0. Strong monotonicity of FY with constant A2, follows

from Assumption and that the operator T, v(s,b) = > xp(als)r(s,a,b) +
Yo ap Tr(als)P(s]s,a,0)y: (b'|s")v(b', s") is v contraction in (o norm, (Zhao et al., 2021}
Lemma 1) (Bauschke et al| 2011, Example 22.6 and 20.7). We define the stochastic opera-
tor after sampling & = (s¢, az, by, Se11,be11) With s¢ ~ p® % ay ~ xp(-|se), br ~ Gi(-|st),
Si41 ~ P(e|sg, a8, 00), beyr ~ Ge(-s141),

FY (e, &) = e(st,be) (Vi (52,be) — 154, as, be) — ye(Se41, bes1))

and as we assume we can sample s; ~ p™7, B, [F¥ (v, &)] = F¥ (). In particular, we see that
as long as s, at, by, S¢+1, bey1 are estimated in the prescribed way, there is no need for 7; update to
see the actions or policy of . for F}' (14, &) to be unbiased estimate of F} (14). It only needs to see
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its own actions bt, bt+1, 'I’(St7 ag, bt) and St+1-

EEt (Vtvgt)
= Z Pr(s; = s,a; = a,by = b, 8411 = 8", b1 = b)e(s, b) [vi(s,0) — (s, a,b) — v (s, V)]
s,a,b,s’ b’
= > p(s)an(als)gi(bls) P(s'|s, 0, 0)gi(V[s)e(s,b) [vi(s, b) — r(s, a,b) — yui(s', b))
s,a,b,s’,b’

= Zp”’gt(s)yt(b\s)e(s [I/t s,b) Z:L’k (s,a,b)
s,b

= Y alals)P(s'|s,a,b)g (V| ) (s, )| (26)

s’,a,b’

The same estimations as Lemma without the bias from Vk_l, as we have unbiased samples will
give Lemma[E.T1]

Let us define the corresponding operator for learning state-value function
VIRl (s) = ka(a|s)§t(l)|s)r(s, a,b) + Z x1,(als) gy (b]s)P(s']s, a, b)V =kt (s).
a,b s’ a,b

Similar to the () function, we can define w, ; = V*r¥t and the operator

F2(wi)(s) = ™7 (s) (wis) = 3 alals)se(bls)r(s, a,0)
a,b

=7 Y anlals)i(bls)P(s'|s. 0. blun(s)).

s’,a,b

By Assumption ' l this operator is strongly monotone with A\¥. . the justification of which is
the same as the F} operator defined above. We also note that F(w, ) = 0. The corresponding
stochastic operator is defined as

F(we, &) = e(se) (welse) = 7(se, ar, be) — ywi(si41))

where s; ~ p" Y, ay ~ x(¢|s), by ~ F¢(-]5), S¢41 ~ P(:]s,a,b) and as we assume we can sample
Sp ~ p-”ﬂlwyt,

Ee, [y (we, &)] = F (we).
E.2.2 THEORETICAL RESULTS
First, we characterize the critic of stage 2 in Algorithm@ denoted by 14, w; for action value function
and state value function, respectively.
Lemma E.11. Let Assumption !hold Let By = tl/g, By = W and ny = ﬁ% Then

for the critic computed by stage Algorithm 3]

zf{<><><>}

Remark E.12. Using the same samples for 0; and V, does not seem to cause a problem since
the analysis in Lemma only takes conditional expectations conditioning on 0, and uses that
max, ||z¢(-|s) — w11 (:|s)||? is small directly by small step sizes 1.

Remark E.13. V; is not used in the stage 2, but it is estimated to be used in the stage 1 and also
to make the bound ofLemma@small since the bound implies E||w;, , — V**Yi||? = E||Vj_1 —
V1|2 < O (1/7Y?).
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Proof. Let us recall v, (5,0) = Eqrg, (5@ ¥ (s,a,b) and w, , = V¥,
We expand the squared norm

V41 = vetll3 = e — vasll3 — 2B (FY (e, &), ve — view) + BEIIEY (v, &0)113-
We take expectation w.r.t. the randomness of {; = (s, at, by, St+1, bi+1) and use from ( that
Ee, [FY (v, &)] = FY ().

e, [visr = viull3 = Ive = vtll3 = 286(FY (ve), ve — vit) + B Be, | FY (v, &) I3
By strong monotonicity and F} (v, ;) = 0, it follows that

28 (Fy (vt),ve — V*,t> = 2B(F} (v¢) — Ff (Vet), ve — V*,t>

2
2 2B A inllve = vial3-
We use this estimation and then Young’s inequality to obtain

Ee, ves1 — vill3 < (1= 28:X0i) 1ve — vell3 + BEe, | FY (ve, &) |13
9 3
WHV*J — Vee—1lls + BPEe | FY (v, &)Il5 (27)

We now have to bound the second term on RHS. For this, we will use Lemma|[B.4] but first we have
to transform the term into the form of Lemma We recall v, 1(5,0) = Equp,(|) @7V (s, a,b)

Vet = ve—1ll2 < VISIB| Vit — Va—1llo

|S||B| max ’EQNM(.M (Q”’yf(s,a, b) — Q**¥-1(s,a, b))|
< +/|5]|B| maanNzk ’Qm’“’y' s,a,b) — Q"FY-1(s, a, b)‘

VISTIBIIQ % — @77
SNEIL]

- maXHy( $) = Gi—1(-|9) I

< (1 - /BtAll;]in) ||Vt - V*,t-l”% +

IN

| /\

where the second inequality is by Jensen and the last inequality is by Lemma[B:4]

As used in the proof of LemmalE.2] update rule of 3¢ (-|s) gives ||7:(:|s) = Ge—1(-[s) |1 < nellves1lloo
by Lemma[B.3] Using these estimates in after taking total expectation gives

8ISI1BIv*ni Ellvet |3
ﬂt}‘rynin(1 - 7)4
+ BLE|EY (v, &0)3-
We get the result by using the same argument as the end of the proof of Lemma [E2] by also us-
ing LemmaB.1]to bound || F¥ (v, &) |3 and |41 %

The proof of the second inequality is exactly the same except that in (27)), instead of ||v, 1 — Vs ¢—1]]
we will have ||w, ; — w, ¢—1]| and we will therefore use Lemma|[B.3]

Ellves1 — viell3 < (1= BeXoin) Ellve — vii—all3 +

Next, we will upper bound V**¥ — V/®x¥k which is a single agent problem as xy, is fixed and we
showed in this section how to do the policy evaluation without knowing the actions of x. The next
lemma will be proven similar to single agent settings (Hong et al.,[2020; Khodadadian etal. 2021b)

Lemma E.14. Let Assumptlonl E|hold Let By = W, BY = 5o t1/2 and n; = . Then
for stage 2 of Algorithm[3]

min min

1 —_— _— log | B 2
J— Ik — iyt <
T ZEESO”" (V ‘o) =V (SO)) T (A=) - (1 —7)373/4

t=1
2 T
+ = ]E”Vt+1 —
T(1—-7) ;1

{25) (o) 45

<
=t \a—p) T\ ae) T oy
where the second inequality follows by using the results in Lemma[ET]]
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Proof. By the update rule of g4 for all s, y(+|s) € A, (see (Tseng, 2008}, Property 1))

D(y(:|s), Gr1(:|s)) < D(y(-[5), §e(-]5)) = mewesa (s, ), y(ls) = Gera (-15)) = D(Geg1(-[s), 5e(-]5))
= D(y(-[5), 9e(-|s)) = me(wae(s, ), y(ls) — Geqa (]s))
= MeVe1(8, ) = Vit (8,), y(Cls) = Yo (o[8)) — D(Gesr (-[s), e (+]))
We estimate the inner products by Cauchy-Schwarz, Young’s inequalities and Equation (8)
Ne(ve1(8, ) = via(8,), y(s) = yea1(ls)) < 2mellvisr — vielloo,

and
= eVt (8,), y(ls) — Gea1(]8)) = —=ne(ve (s, ), yCls) — Ge(:[s)) — me(vae(s, ), Ge(-[s) — G (-]5))

2V*t2 _ _
< nfpeas, ). C1s) - 1) + T D, s 1),

Consequently, by using the definition of v, ;(s,0) = Eqg, (.1s)@"* Y (s,a,b)

Tr,Yt = 1 — 1 _
(Eamay(1s) Q@Y (5,a,b),y(-[s) — 5:(+|s)) + ED(yHS),ym(-IS)) < ED(y('|5)ayt("3))
2
Vi tllao
2 — vl + 2t )

We sum the inequality and use max,, ,, D(y1(:|s), y2(-|s)) < log |B| with KL divergence, to get

T
1 T Yt 1 B 1
T ;<anmk('|S)Q kY (Saa;b)vy(~|5) - yt(‘s» < ﬁp(y(‘s)’y1(|s)) + mlog |B‘

2 E : Z =17
t=1"It

+ — v _ 4 == = 29

T pot ” t+1 V*ytHOO 2T(1 7)2 ( )

Let us recall that y; is a best response policy. By the performance difference lemma
T, Yr T, Yt 1 T Tt * _
VR Y (50) — Ry (50) = E]Eswdzg«yz <Ea~wk(~\s)Q Y (Sa a, )7yk(|5) - yt('|s)>'

As xj, and yj; are independent of ¢ and fixed throughout the loop, in (]215[) we plug in y = y;, and take
oyt - O

swdSO
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Algorithm 6 Reflected NAC with a game etiquette. (See Algorithm

Require: Subroutine Policy-Eval (see Algorithm[2] Algorithm[3] Algorithm[d]). Initial policies

Zo, Yo, Yo
fork=0,1,... do
Stage 1
fort=0,1,...,7 —1do
Vi, V¥ ] =[policy-Eval(zk—1,yk—1,N,5Y), Policy-Eval(zk_1,yk—1, N, 5)]

[atx—i-l? 9%—0—1} = [POliCyiEval(xtv Yt, Na ‘A/]g;l? BZ)? Policnyval(It, Y, N7 Vk;y_la ﬂz)]

ri11(-]s) = P(xs(-|s),n (29f+1(5’ ) —0f (s, )))
yt+1<'|s) = P(yt(‘8)7 -n (20?-{-1(87 ) - 93&!(87 )))
Output z, = 7+ ST
Stage 2
fort=0,1,...,7 —1do
Vit1 = Policy-Eval(xg, g, N, B = BY)
Yre1(t1s) = P(@e(:ls), —nvega(s,-))
Output yj, = §;, where ¢ € [T7] is selected uniformly at random.

Algorithm 7 Policy-Eval (See Algorithm[2] Algorithm[3] Algorithm 4)

Require: Policy pair z, y, iteration counter IV, oracle Vk,l, step size 3
forn=0,1,...,N — 1do
Sample s, ~ p™Y(-), an ~ x(-[sn), b ~ Y(:|8n)s Sn+1 ~ P(-|Sn, an, by ).
if ﬁ~: B¢ then
F((bnv gn) = e(sn)<¢n(8n) - T(Snv Qn, bn) - ’Y(bn(SnJrl))
else if 3 = 3% then
F(¢n,&n) = e(sn, bn)(‘bn(snv bn) — (S, @n,bn) — 'YVk—l(Sn-&-l))
else if 3 = 37 then
Sample also b1 ~ Y(-|Snt1)-
F(¢TL7 {n) = E(Sn, bn) (¢7L(37L7 bn) - T(STH Qn, bn) - ’Yﬁbn(sn+17 b7z+1))

¢n+1 = ¢n — /BWF(¢7H€TL>
Output: oy

F PROOFS FOR REFLECTED NAC WITH A GAME ETIQUETTE

F.1 PROOFS FOR STAGE 1 OF REFLECTED NAC WITH A GAME ETIQUETTE

F.1.1 FORMULATION

For single loop actor-critic in the previous section, it was acceptable to do rough analysis since we
used small step sizes. With inner-outer structure, as |[Lan| (2021), we can do tighter analysis with
constant step sizes for the outer loops (updates of x,y). Therefore, we can no longer use GDA
that we used for single loop NAC, and the techniques from |Lan| (2021) are not sufficient as the
algorithm therein would correspond to GDA in min-max setting. We will have to use a convergent
algorithm for the matrix game solver, such as Mirror Prox (Nemirovski, [2004; Korpelevich, [1976)
or FORB ((Malitsky & Taml [2020)) and extend the ideas from |Lan| (2021) to these more advanced
algorithms to characterize the bias and variance separately. Also, we would have to do a tighter

analysis for V}; estimation.
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To obtain the desired oracle 0, ¢(s,0) = Eqg,(.5)Q(s,a,b), as in ,
F(0)(s,6) = o™ (s)y (bls) [0, )= Lailols)rts.ann

—vzxt(a|s)P(s’|s,a,b)Vk_l(s’) . (30)

We recall that F} is strongly monotone with A\’ . under Assumptlonl l 2l Moreover F} is Lipschitz
with Apax. We refer to Appendix [EI.1] for how the oracles in the algorithm can be computed
without accessing to other agent’s policy or actions. Moreover, we do not put subscripts 8%, 0 as
the estimations will be symmetric again.

F.1.2 THEORETICAL RESULTS

Theorem[3.2} Let Assumption[l) 2 hold. For Algorithm[6] for the output of x-player

Cpuok = 1 [S|(JA] v |B])
EE,, . =18 (50) — V*(50)] < 22
S0 H[manV (SO) 14 (50)] = (1 . ’}/)O{T(l _ ) + Argnln( 7)2]\]
N [SP(AI? v IB[?) |1S]14]
(Aranln)QNQ(l - ) ()\ﬁnn) ()\:‘I)un) ( ’Y)QN
i3 L I (st
(L=y)IN? NI =-)*"(Aw)?  (1=7)?N (1=7/"
which gives O( o V)Slig.lﬁ;,!ﬂ});m)z ) sample complexity.

We used Remark [C.T]to bound C,, , for the result in the main text.

Our theoretical results here bring together ideas from single agent NPG analysis of [Lan| (2021)
and stochastic primal-dual optimization techniques from |Malitsky & Tam|(2020); |[Nemirovski et al.
(2009). In particular, we will be using ideas from Malitsky & Taml (2020); Nemirovski et al.| (2009)
in the analysis we develop for extending ideas of [Lan|(2021)) to the stage 1.

We first analyze the policy evaluation routine in Algorithm [6] In particular, we will bound the
variance and bias of ;1 as an estimate of 0, ;(s,b) = E,wz,(.|s)@r—1(5,a,b). As this routine is
in an inner loop (indexed by n), the policies we sample, consequently F} is fixed, therefore we drop
the subscript. The proofs of these lemmas will be similar to [Lan|(2021)), except the additional bias

we have due to Vj,_;.

Lemma. Let Assumpttonll/mld Let 50 = me' no = 1. Then, for Algortthms@
and[/}
S[lA 1 ISHA v
Elloy — .2 < 0 (! E|Vie1 — Vi1 llZ ) -
|| N 7t||2 — ((1 _ ’Y)QNQ + N()\?ﬂln)z( o ) + ()\g’un) || k—1 k 1HOO

Proof. Throughout this proof, E[-] will stand for conditional expectation E[-|x;]. By the definition
of 6,

||‘9n+1 -0 s % = Hen - 9*7t||§ - 26n<ﬁ(9n7§n)v9n - 9*,t> + 631||F0(9n>€n)||§

We will take expectation E, where £, = (Sy, an, by, Sn41) is the sample at iteration n of Algo-
rithm[7]

Eﬁnﬁ(enagn) = F(en) + P)/Pmt,yt (Vk—l - Vk—l)a

as in @) where P,, ,, was also defined. As we stated, we omit the dependence of F; to ¢ as ¢ is
fixed throughout this loop. Thus,

Ein,”@nJrl - 0*,7&”% = Hen — 0 t”% - 25n< ( n) n — Os t>
- 26n7< T, yt(Vk 1— Vk 1) 9 - 9*,t> +5721||F(9n>£n)”§
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We use strong monotonicity (with F'(6, ¢) = 0) for the first inner product and Cauchy-Schwarz and
Young’s inequalities for the second inner product (exactly as in the proofs for policy evaluation with
single loop NAC) to get

Brn?

E§n||9n+1 0. tHQ (1 - 2Bn mm) ||9n 5 + T”Pmt,yt(kal - kal)”g

+ 6n/\19nin||0n - 6*,t||§ + BZE&L ||F(9,,“ fn)”g

715114 ;
w F(0n, )13, B

min

= (1= BuAnin) [10n = Os 13 + Vit = Vi I3 + BREe,

where we estimated ||P%yf (Vie1 — Vie_1)|3 as in Lemma We will use Lemmato upper
bound |\F(9n,§n)||2 ==t We define ©,, such that ©,,(1 Bn min) < On_1 With©®y = 0 =
1. We multiply both 51des of the inequality with ©,, after taking total expectation, to get

S} 219014 ., - e, 32
OnE|0ns1 — Outll3 < On_1E||0, — 0,3 + MEHW& — Vi |% + ivg
)‘mm (1 - '7)
Summing the inequality gives
N
nBny?|S||A 20,,52
ONE| 41— uill3 < Ooll0r — *t||2+2%uznv,1_vk 2 +Zf)2-

Using the definition of 3,, and setting ©,,(1 — B, Amin) = O,,_1 gives O, = O %
Let us use Oy = ©7 = 1 and bounds from Lemmafor 101 — 0x.4]13,

E||on — 0, 4|2 < 2ng(ng + 1)|S|| 4| 8N
NP2 = T 2(N +no) (N + 1m0 —1) (N +n0)(N +no — 1)(1— )2 (A2in)?
372|S||A] 2
g,z Ve = Vil

O

We now analyze the bias for 6,11 in Algorithm @ Let us remark that the bias analysis for Vie—1
in the next lemma is critical and it is the main reason that we get fresh estimates for Vj_; in this

algorithm, in contrast to the stale estimation in the single loop NAC variant.
2
Lemma Let 3, = % where ng = 6/\)‘;7”‘ Then, forAlgorithmHand its subroutine Al-
gorithm|/] -
|S1A| 10[S]|A|
+
1- 2N " (AL,

min

Bivler] — 041 < O IEicalod - Vil ). G2
Remark F.1. Since the bias term in the algorithm’s analysis will be ( Lemma[F2)) ||E[0y |] — 6
we will have to take the square root of the result of this lemma. If Vie_1 is estimated before xy, then
we will have in the main analysis E||Vi,_y — Vi_1 || which will have the rate f On the other hand,

if we estimate Vie1 freshly as in Algorithm @ then we will be able to use the better bias bound
IE[Vi—1|xt] — Vi—1|| = O(1/N) which seems to be enough for our bound.

Proof. We are going to take expectation of the recursion

0n+1 = 9n - BTLF(QYL7€TL)7

first w.r.t. sample &,,, where &, is as in the proof of Lemma [3.6]

Egn9n+1 = en - Bn]Eﬁ,LF(Hnagn)
= en - ﬁnF(an) - 6n7pxt,yt (Vk—l - Vk—1)>

where we used (T8) where P, ,, was also defined.
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We will now take expectation E[-|x;]. We note F" and P, ,, are linear
E[0n11]2:] = E[0n]2:] — BBy (Efn]2]) — Buy Py (B[Vie1]ze] — Vio1).

We denote 0,, = E[0,|z] and § = v P, ,, (E [Vi_1|2¢] — Vi_1) in the above equality which makes
the recursion 9n+1 =0, — B.F(0,) — Bnd. We then have

= Os 4|3 — 280 (F(00), 0, — 0x0) — 2ﬂn<5 On — 0,.1)

HF( W15+ 362116]13,  (33)

where we also used Young’s inequality to split the term 32|/ F'(6,,) + 5%

||9n+1 -0

By strong monotonicity and Lipschitzness of F' along with F'(6, ;) = 0,
26n<F(7n)7 7n - 0* t> = 2ﬁn< (7n) - F(Q*,t)7§n - 9*7t> Z 2ﬁn)\fmnHén - e*,t”%a
Bl F@)lI3 = BRI F (0n) — F(0e)l3 < BiXiuacllfn — Ouell3-

By Cauchy-Schwarz and Young’s inequalities, it follows that 2.3, (3, 6,, — Our) < % 0, —
0,13+ /\%L §||2. Using these three inequalities in gives

s = 001 < (1= 3B+ 382080 ) 1, = 6018 + 21513 + 3621515,
We now use ng = (i?lr“:" and 8,, = W to estimate

35n 3Bu (1o 2\2 _ 3Bn (1 A2
— B, Y o max A o max »
( min B max) < min )\9 (n I nO) = 2 min )\Igmn no 5 min*

min

Therefore, the recursion is

_ 2B = _
111 = Ouall3 < (1= Baduin) 10 — Ouall3 + S5 1011% + 35715113
min _
This recursion is similar to l| in particular, by noting 3, < )\9—_, and bounding ||5]|3 simi-

lar to Lemma [E2} [Py, 4, (E[Vi1]z:] = Vie )3 < [SIAI e,y (B[Vkala] — V1[I <
[SIAIE[Ve-1 |z = Vi |%
)\9

16nr1 = Oue? < (1= BuXiyin) 10 — bsll* +

We finally define ©,, as in the end of the proof of Lemma in particular, ©,, (1=, Amin) = On_1

n A Y
WHE[VHM = Vi %

gives ©,, = O, % where ©g = ©; = 1. We multiply both sides of the inequality
with ©,, and sum to get the result. O

We now have to estimate the bias and variance of the estimation of Vj,_1 in AlgonthmlEI> very similar
to Lan|(2021). Unlike Lan|(2021) that derived O(1/N?) bound for the bias, we are going to derive
a O(1/N#) bound which will be sufficient. Let us also note that the previous two lemmas had addi-
tional bias not present in |Lan| (2021)), however the next result does not have this bias and therefore
the arguments in |Lan| (202 1)) would be enough. We provide a brief proof to be self-contained.

Let us recall that Vj,_; = V®-1¥-1 and by sampling s,, ~ p®*~1¥%-1 q, ~ xp_1(:|s,), bp ~
Yk—1(:|8n)s Snt1 ~ P(|Sn, an, by ), the oracle

£ (Wn,&n) = e(sn) (Wn(sn) = 7(8n, @n, bn) — Ywn(Sny1))
satisfies B¢, F(wy, &) = F*(w,), where F“ is defined as
(

B (@)(s) = g0 (s) (wis) - Zxk 1(als)ye-1 (b]3)r(s,a,b)

- Z xi_1(als)yr_1(b|s)P(s'|s, a, b)w(s’)), (34)

s’ a,b

where F}’ | (Vi,—1) = 0 and also as before F}”_, is strongly monotone with A%, . We will drop the
subscript of F“ since k is fixed in this loop.
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2
Lemma Let Assumption hold and Y = m with ng = (tj\i‘,%. The variance and

min min

bias of Vie—1, computed as in Algorithm satisﬁes

[S114] 1
Ellwny = Vi3 <O ((1 — 4)2N? * NI =72/

min

Bt
[Bonled - Vil < 0 (205 ).

Proof. For the variance, we have by taking expectation w.r.t. &,

Ee, [|wn+1 = Vi1l = llwn = Vio1]l3 — 28 (Ee, [F (wn, €n)], wn = Vie1) + BaEe, | (wn, &) 13-
By E¢, F(wn, &) = F¥(wn), F¥(Vi_1) = 0, and strong monotonicity of F*, similar to our
previous proofs for policy evaluation,

Ellwnt1 = Vie1l3 = (1 = 280X51n) Ellwn — Vi-1ll3 + BAE[ F* (wn, 1) 3-

The end of the proof is the same as Lemma [3.6] except that we do not have here the additional bias
term in Lemma[3.6] Therefore, the result follows.

For the bias, we will argue as in Lemma[3.7] Taking expectation of the recursion w.r.t. &, gives
Ee, wnt1 = wy — BnF“ (wp).
We now unroll the expectation until x; and use linearity of F'“
Elwn i1l = Elwn|z:] — o™ (Elwn |24]).
Denoting @,, = E[wy|z;] gives the recursion @, 11 = @, — B, F*(&,), and therefore

|n 1 = Vietll3 = llon = Vi—1l3 = 28n(Fi1 (@n), @0 = Vi) + BallF* (@n) 13-

We will now use Lipschitzness and strong monotonicity of F* and that F'*(V},_1) = 0 and similar
to Lemma[3.7] we obtain the recursion

[@n+1 = Vic1ll3 = (1 = 2B Amin + BEAZ 2) l|l0n — Vie1 |13

By the choice of ng and j3,,, similar to Lemma it holds that 23, Apmin — ﬁg)\fmx > BrnAmin- By
defining ©,, the same way as Lemma[3.7]and summing the inequality gives the result. O

Now we analyze the outer algorithm for solving the matrix game in stage 1. The algorithm is based
on FoRB from Malitsky & Tam| (2020). The choice of this algorithm is due to its simple update
with one projection and one oracle computation. We note that the existing analyses for stochastic
versions of this algorithm are not suitable for us. In particular, in the stochastic variant in|Malitsky &
Tam| (2020), deterministic oracle is also computed at each iteration. On the other hand, the analysis
in Bohm et al.[(2020) uses unbiased oracles with bounded variance and a decreasing step size. In
our case, we will have biased samples and we will use inner loops to decrease bias and variance of
this oracle. Therefore, we need to develop an analysis with constant step size and that characterizes
the bias and variance explicitly.

Similar to Malitsky & Tam)|(2020), let us define the “Lyapunov-like” function

tr1 = D(@(]s), ep1(-[8)) +0(0xe41(s,) = Ora (s, ), 2([s) — zeqa(:s))

+ 3Dl (l9)aCls). G9)

We call this “Lyapunov-like” since it is not non-decreasing. Moreover, unlike Malitsky & Tam
(2020), ®, is not necessarily nonnegative. However, it is sufficient for our purposes as it is bounded.
Note that we will also use the following error functions

err = N{0ir1(|8) — E[0ip1(-[s)|we], 2(-|s) — 2¢(-|5))
ea,r = (0741 (1s) — E[0F, 1 C18)[yel, ve(-s) — y(-]s))-
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Lema F.2. [Sce Lemma Let Assumption hOld. Denote x,,; = % 23:1 xy and Yo =
% Zle yr and let n = 1_T’Y

T
o — @7 1
BB | mux sty ~ o' Qod] =0 (B0 ) 40 (T > EIE e - mn)
T

T
1 1
+0 (T > nE[0p1 — Ouell® + El|6; — 9*7t_1||2> - T—n]EEsNU max Y _ler +ea]).

t=1 t=1

Remark F.3. When D is KL divergence, we have maxy, ,, D(y1,y2) < log|B| and equivalently
for the other player. Therefore, we have the bound

o5 — 7+ o5, — P73, <O (log|A| + log |B| + ljfy> )

Corollary F.4. We use Lemmas[3.6] B.7]and[F6|

51 VEAL VB,
° (T(l—v)) o <(1 vt BVl - Vk—loo>

min

|S||A] 1 IS||A| . - )
E||Vi_1 — Vi .
O (T * SO (1Tt Vel
We add the bound from Lemma|[3.8]
@(1)+0 VISTAT | VISTAT | /ISTA]
T(1—7) (I=N A |[A=7N
Lo |S||A] L 1 L |S|| Al 1S]|A] n 1
(1=7)2N? N9 )21 =72 (M)? LA =9)2N? N1 —9)2(\aw)? ]/

We now refine the bound by only including the dominant terms

(z=) +© (g rw)
[S1AP sl )

v <N2(1 SO N PO P PN
Remark F.5. By Lemma and Lemma [3.7] the second and third term will bring
O (% +EIEVy-1Jo] - Vk%
and will use the bound derived earlier for E|E[Vi_1|x¢] — Vi_1]|.

. We will see in the next lemma how to handle error terms ey, e

Proof. By the update rule, it follows for all s and z(+|s) € A,
(VD(ze41(:]5), 2e(-]5)) + m(20041(s,-) — Ou(s, ), (:|s) — Teq1(-[s)) = 0.

By three point identity,

D(x(-]s), ze11(|s)) < D(x(:|s), 2:(-]s)) — D(wega(-]s), e (-[s))

+1((20141(s,-) = 0u(s, ), 2(:|s) — ze41(-]5)).  (36)

We now manipulate the inner product by adding and subtracting 6, ;41

M((20e41(s, ) = 0e(s,-)), 2(-]s) = Tea1(ts)) = n(Ors1 — Ou 1 (s, ), 2(-[s) — Tesa (t]s))

+1(0r1(5,) = 0e(s,) + 0w (s, ), 2(-[s) = zeqa(]s))

= 77<9t+1(3a ) - 9*7t+1 (S’ )7x(|5) - xt+1('|5)> + 77<9t+1(5a ) - et(sa ')’x(sv ) - xt(|5>>
+0{0e41(s, ) = 0e(s, ), 2o (+]5) — 21 (s)) + {ue1(s, ), 2(:|s) — Teqa (-]s)). B
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The first two inner products in the final inequality will telescope if we can replace 6;; with 6, ; in
the second one. For this we have to be careful with bias and variance. Let us take the second inner
product

M{0e1(s5-) = Ou(s, ), 2(|s) — i (|s)) = n(Ox(s, ) = Oi(s, ), 2(|s) — x4 (-]s))
+0(0e41(s,) = Oui(s, ), 2([s) — i(:]s))-

Now in this estimation, we will add and subtract terms involving E[f;+1 (s, -)|x] to obtain

N(Oe1(5,) — 0e(s, ), z(-[s) — 4(:[5)) = n{Ose(s5,) — Or(s, ), 2(:[s) — x4(:]5))
+ (E[0r11(5, )2e] — Out, o(-[8) — 20 (-|8)) + 1(Or1(8, ) — E[Or41(s, )@, 2(-[s) — 4(-]5))
<n(Oue(s,0) = Ou(s, ), 2(|s) — 24 ([3)) + 20||[E[0r41 4] — Ostlloo + €16, (38)

where the inequality is due to Cauchy-Schwarz and we use the definition of e ; for the last term.
Next, we use Cauchy-Schwarz and Young’s inequalities for the third inner product in RHS of (37)
to derive

041, ) = 0e(-|s), we(-|s) = w41([8)) < 0°[10es1(s,-) = 0e(]5) |5 +1HIt(~|S)*fEt+1(~IS)II?

<4 [0 ) — O+ 105, ) — Ouema(s, % + [0 (5,) — Ou(s, )2
+ 7 llniCls) ~ e (9l 69
As 0, 1(s,a) = Eyuy, (5 Q(s, a,b), we have
165,7) = (5, o < s |Qs, 0, D) e Cls) = -1 (1)

2
< 75 Iwells) = Gl (40)

1-—-
where the second inequality is by Lemma [B-T] and the first by Jensen. We join (38), (39), and (@0)
in 37)
(20011 (s,°) = 04(s, ), 2(|s) = 241 ([8)) < nOrr1(s,-) = Ouea (s, ), 2([s) = weqa(t]5))
1(0x,6(s,-) = 04(s, ), 2 ([s) = @ (-[8)) + 2nl[E[Orra]e] — Ouilloo + €1t

16n>
4% [[1041 = OxtllZ + 10001 — Ocll3] + Wnyttls) —ye-1(-[s)1?

+ illxt(WS) = @1 ()T + 001 (s, ), 2([s) = zera(fs).  (@41)

We note that by Equation , 2|z (-s) — 241 (]8)||13 < $D(@e41(|s), ¢(-|s)) and similarly for
the term involving difference of y; and y;_.

We insert @1 into (36) by using the definition of ®,

M{0u41(5,) wega(c]s) — z(-[s)) + @7y < F + ere + 20l[E [0y ]xe] — Oelloo
+ 407 (1011 — Ol 2 + 10x0—1 — Oc]12]
32n? 1
+ g D). s (13) = 5 D(@i(s).zioa )

We sum this inequality and use the definition of 6, ;4 to obtain

p T2 s — @, T-1
T (Epmyrsr(1)Q(85 5 0), w1 (]s) — 2(|s)) < ——— + = Zelt
t=0
;T2 a2 &
+ 7 2 20E[bea]ze] — + = D 0e1 = OutllZ + 1100e—1 — 0]|%]
t=0 t=1

1 o 322 1
T 2 T D) 3 (1) = FDC ). mima (1)
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We have to estimate the error terms in the last line. The terms in the second line will be the bias
and variance arising from using 6, instead of the true oracle. First, by the symmetric estima-
tion on the y player, we can obtain the similar inequality. For making the comparison, we will
denote the corresponding oracle as #¥ (6 in the previous estimations correspond to 6%). In particular
9}«:,t+1 (5,0) = Eqg, 1 (15)@(8, @, b), and the corresponding Lyapunov-like function as 7 ,

n T-1 (I)s Ps 1 —1
T Z <]anl’t+1(-\s)Q(Sa a, ')a y(|8) - yt+l("8)> — T + €2t
t=0 t=0

T
4n?
+ 7 ZznnE ok = 0l 7 32 (16210 = Ol + 102, = O]
=1

!

2
+ %Z %D(MHS),%&HS)) - %D(yt('|3)»yt71("3))'

t=0

After summing up the two inequalities and recalling that we bound the RHS of (24)), we pick <
I_TV to cancel the last terms in the last lines of the estimations. Since we estimate 6; and 6} in the
same way, their bounds as we derived in Lemma Lemma@] will be the same, therefore in the
bound we do not include both and simply put them under big-Oh. Next, we take maximum over z, y,
take expectation w.r.t. state distribution o and total expectation w.r.t. randomness in the algorithm
and use the definitions of x,y and yoy to conclude the result. O

For the error terms e ¢, e2 ¢, we will use the technique to change the order of maximum and expec-
tation from the literature of stochastic primal-dual methods (Nemirovski et al., 2009, Lemma 3.1,
Lemma 6.1). Let us recall their definitions:

€1t = N{0e1(|s) = E[lr1([s)|ze], 2(-[s) — 24 (:]s))

e, = 0071 (s) = B[O, C19)lyel, we(ls) — w(-[s))
We will derive the bound or e; ; and the bound for e ; is symmetrical.
Lemma F.6. We have

1 d log|Al 1 a
2 2
f]EEsNo' mgxtz:;el,t < 7 + T ;477 E[|0r41 — Ot

Proof. First note that (041 (|$) — E[041(:|s)|z¢], x+(-|s)) does not depend on z and by the tower
property of conditional expectation,

T

> EEsnon{fes1(]5) = Elfesi (|s)ae, 2 (-]s))

) = BE, o n(Elfy41(-|3) 2] — Efr 1 ([8)]e], 22(-]3)) = 0.

Therefore, we have to estimate
T
EE;~o max > 0br41(:1s) = BlOria(-])]we], 2(:]5)).
t=1

Let ny(s,:) = —n(0i+1(:|8) — E[0s41(-|s)|2¢]). First, we note that E[n;(s,-)|z;] = 0. Next, we
define the auxiliary “ghost” process

Ty (ts) = argmin(ng (s, -), 2(-[s)) + D(@(:[s), Z+(-[5))-

Note that Z; and x; depend on the same randomness by definition of Z;, therefore conditioned on
T, Ty is deterministic. Standard mirror descent analysis gives for any x

(ne(s, ), 2(15)) < D(@(‘]s), Ze("]s) = D(x(:|s), Zra1(-]s)) + (ne(s, ), T2 ([5)) + [ne(]5)]3-
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We sum the inequality take maximum and then expectation

T

Mmaxz —ny(s,-),2(-|s)) < EnoD(a([5), 21(15) + D EEsua(—ni(s, ), Zo(-]s))
. T
+ 3 EE . pllne(-19)]%.

By the tower property and that z; is deterministic conditioned on xz;, we have
St E(ma(s, ), (1)) = Tomy E(Elne(s, o) |i], 31( ]5) = 0.
Recall the definition of n; and use Young’s inequality with Jensen’s inequality to get
Ellne(s, )I* = En?[|0e+1(15) — Elfer1(-]s)|ze] 1%
< 2E[0p11(-|s) = Ouell3e + 2En?[|0ne — ElOrra(:3)]2e] 1%
< AED?(|0:41(-[8) — Ot -

F.2 PROOFS FOR STAGE 2 OF REFLECTED NAC WITH A GAME ETIQUETTE

Similar to single loop NAC variant, this part mirror closely the analyses for single agent setting, as
the best response step is like a single agent problem where the other agent (fixed) can be seen as part
of the environment. Therefore, the development in this part will be similar to [Lan| (2021)). Let us
restate that the main concern in this part was to make sure that 4; updates do not require seeing the
policy x, or the actions of z-player. As we showed that it is the case (in Appendix [E.2.T)), we will
only provide the proofs here, with mostly using the arguments of |Lan| (2021). Therefore, the proofs
in this part are included for being self-contained and for easy navigation. Therefore, they will be
brief.

First, we will prove the bias and variance of the estimate 14, similar to Lemma@ Let us recall the

Bellman operator for the oracle v, ; = E,yy (.15) Q%Y (-, a, -) that the update is using:
Vi t(8,0) Zxk (a|s)r(s,a,b) +~ Z P(s'|s,a,b)zk(als)g: (V' |s" ) vui(s', )
s’ a,b’

We use the sampling matrix (as (Lan, 2021, Sec. 5.2)) diag(p®*¥) ® diag(y;) and define the
operator

FY (1) (s,0) = p™ %5y (bls |:Vt s,0) Zxk als)r(s,a,b)

- Z xi(a|s)P(s'|s,a,b) g (V|8 )y (s, b’)], (42)
s’ ,a,b’
such that F(v, ;) = 0. Strong monotonicity of F; follows from Assumptlon! F 2| and that the
operator Tv(s,b) = 3, wx(als)r(s,a,b) +v> o , v zx(als)P(s'|s, a,b)y:(b'|s ', s') being 7y
contraction in ¢, norm (Bauschke et al.l 2011, Example 22.6 and 20.7). We define the stochastic
operator after sampling s; ~ p® ¥, a; ~ xp(-|s¢), by ~ Ge(-|Se)s Se41 ~ P(:|st, as,bt), bey1 ~
Ye(-[se41)

FY (v, &) = e(se,be) (ve(se,00) — r(se, ai, b)) — yve(Se41,bes1)) 5
and as we assume we can sample s, ~ p™ 9, B¢, [F¥ (v, &)] = F¥(v). In particular, as long as
St, G, by, Spy1 are e§timated in the prescribed way, there is no need for y; update to see the actions
or policy of xy, for FY (14, ;) to be unbiased estimate of F¥ (v4).
We note that unlike the NAC case, we are having an inner loop to estimate v, ;. At the point of view
of this loop (runs fromn = 0,--- , N — 1), v, ; is fixed.
Lemma F.7. Let Assumption hold and B, = W

) |5||B] 1
Ellvny —viellz <O ((1 —)2N2 + N1 —79)2(A\0)? ) ’

min

stage 2 in Algorithm |§] satisfies

39



Under review as a conference paper at ICLR 2022

2 B
||E[w|yt1—v*¢||§s0( S5 )

-2

Proof. For the variance, we have by taking expectation w.r.t. &, = (Sn, an, bn, Snt1, bnt1)
Ee, Vny1 — V*,t”g = |lvn — V*-,tHg - 2ﬂn<E£n [Fty(ynvfn)}v Vp — V*,t> + 52E£n||ﬁ‘tu(”na§n)“§-
By E¢, FY (v, &n) = FY (vn), F¥ (v4+) = 0, and strong monotonicity of F}/,

Elvns1 = veulls = (1= 280X 00) Ellvi = vice3 + BREIEY (v, €0) 13-

The end of the proof is the same as Lemma 3.6} except that we do not have here the additional bias
term in Lemma[3.6] Therefore, the result follows.

For the bias, we will argue as in Lemma[3.7] Taking expectation of the recursion w.r.t. &, gives
Ee, vny1 = vn — BuF/ (vn).
‘We now unroll the expectation until y; and use linearity of F}
Elvni1|9:] = Elvn|g:] — B FY (Elvn|g:])-
Denoting 7,, = E[v,,|7:] gives
~ Vietll3 = 280 (FY (7n), 0 — i) + B I Y (7)) 113

We will now use Lipschitzness and strong monotonicity of F} and that F}' (v, ;) = 0 and similar
to Lemma[3.7] we obtain the recursion

| On+1

Hlj’n-‘rl Vx t||2 - (1 - 2B7L min T BQ max) ”l_/” - V*ﬂf”%'
By the choice of ng and 3,,, similar to Lemma it holds that 25, A min B2N2 > BV, . By
defining ©,, the same way as Lemma[3.7]and summing the inequality gives the result. O

We will now give a proof similar to (Lan, [2021, Theorem 2), (Agarwal et al.| [2020) regarding the
NPG algorithm for finding the best response.

Theorem F.8. Let Assumptionl[l] 2| hold and 1) > 0. For the stage 2 of Algorithm|6]

T
1 Tyt T Ut n * T,y Tk, Yt
T2 VT (s0) VR o) < E[Emggwy,:myk(-s>,y1<-|s>>—v I () VR +l<s>]

(1=)T
n 1w 2
P T 2 Bl — vl +—fZE||E Vesal] = veilloo

Corollary F.9. We use the bound from Lemmal|F7|to obtain

Al 1 |SI|B| 1 /ISTBl
O(T(l_ﬂz) +O<(1—7)4N2 TN >+O<(1—7)2N>. )

min

Proof. By the update rule of g, 1, it follows for any s,y (T'seng, [2008, Property 1)

D(G(-15): Gr41(-15)) < D(G(-[5); G (-[8)) =D (Ge1 ([3), G () = (mrea (s, -)717(-\8)—@7t+1(-\8)244)

We manipulate the inner product

=01 (s, ), §(18)=Gera () = =nlvia (s, ), §(|s)=e(|8)) =n(viga (s, ), e (-|s)=Fes (-]5))
= (Ve (s, ), 5(18) = Ge(-[5)) = nwira (s, ), Te(ls) = e (s))
= i1 (s, ) = vai(s,2), 4(ls) = Ti(ls)). (45)
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By the performance difference lemma and using the definition of vy ¢ = Eqz, @“*Y: (-, a, -).

- - 1 g _ -
VIRt (s0) — VFR ¥ (s0) = mESNd‘ﬁg'?tﬂ (Eamay (1)@ (550, ), Jey1(|s) — T (+]s))
1 _
= ﬁEé a3k a1 (Vi (857), Jer1 (o]8) — e (0s))
. ]
= ﬁ]Ewdig’@‘“ _<Vt+1(5a ), Yer1 (1) — e (-[s))
+ (Ve (8,)) = vig1(8, ), Ger1(cls) — Ge(+]5))
1 ] _ _ n 2
> E]Eswd:(l;*yﬂrl W15, ), Gear (18) = e C15)) = Sllpae(s, ) = vera (s, )l
1
- %||z?t+1('|8) — g (1913 ], (46)

where the last step uses Cauchy-Schwarz and Young’s inequalities.
Plugging in § = ¥ in (44) and using Equation (8) gives
“N(Ve1(5, ), Ge(-ls) = Gegar (-[s) = D(@e(-[), Gew1([8)) + D(@Ge41(]5), Ge(-]5))
> (| Gera(-1s) = 5 |s)|13,
which implies that (ve11(s, ), 1 (|s) = 5e(-|5)) = 55 [1Ge41(-[5) — G (-]5) > 0.

Recall that dZ+ ¥ (s) = (1 —~) 332 v‘fPrﬂ”’“gt+1 (st = s|so), therefore 1 —y < dZ+ ¥+ (50) <
1. Using the two previous inequalities in {6) gives

(Wia1(s, ), Ger1(ls) = Ge(]s)) < VPRI (s) = VIRPe(s) + %||ﬂt+1(‘|5) — 5e(-1s)II3

_n _ 2
+ 3T =) Vit = Vil

We use the final inequality, (@3], and (8) in (#4) to get
(Vs t(s,-),4(-1s) = Te(-]s)) + D@(1s), yer1(-]s)) = nV=¥+1(s) < D(G(-]s), y:(-s))

B 2
—nVrE(s) + ﬁ“’#,t — v lZ + 0(vai(s, ) = viga(s, ), 4(-1s) — Ge(-]s)).  (47)

In view of the definition v, ; = gy, (.5)@"* Y (-, a, -), performance difference lemma gives (1 —
NV (s0) = VoI (50) =B e (Vae(5,), 93 ([5) = 9e(']s)). Pluggingin y =y in "
50
and taking E T of both sides give
s~vdsg

N1 = )V (50) = VT (30)) + B [ DWi (1), G (15)) = Vo2 (5)|
S0

7,]2

* — Ti Yt 2
< ESNdfg‘y’: D(yg(-5), ge(v|s)) —nV™ ¥ (s) + m”l/*,t — vl

F0vea(s,) = via(s, ), Gi(s) = Tulls))] - @8)

Now we take expectation w.r.t. the randomness in the algorithm, use tower property, the fact that
conditioned on i, y;(:|s) — §:(-|s) is deterministic, Cauchy-Schwarz inequality, 7(-|s) € A for any

7, s. After those steps, we note that ds, ¥* does not depend on ¢ and sum the inequality over ¢ to get
the result.
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Algorithm 8 Single loop NAC with a game etiquette and (-greedy exploration

Require: Vj such that ||V — Voo |2 < ¢
fork=1,2,... do

Stage 1

fort=0,1,..., T —1do
Sample (s¢, a, by, s¢+1), with policy pair Z;, §; observe s, by, 7(s¢, at, by), St+1
9f+1 = 07 — Bre(st, at)(a‘tr(st, ag) — (8¢, ae,by) — 7Vk—1($t+1)))
9?+1 = 95? — Bre(st, bt)(ﬁf(st, b)) — 7(s¢,ae,by) — ’YVk—l(St+1)))
[Ze41(18)s Yer1(C18)] = [P2e(-]5), n0F1 (55 )y Pye(-ls), —nbYy1(s,-))]

Output z, = % Zthl T

Stage 2

fort=0,1,...,7 —1do
Sample (s, at, by, s¢11, bey 1) with policy pair 2, ¥s, observe sy, by, 7(s¢, ag, by), Se41,bet1
Dpy1 =0 — ﬁfe(st, bt) (ﬁt(st, bt) - T(Staatabt) - ’Yﬁt(8t+1, bt+1))
W1 = Wy — 5?’6(51‘/) (@t(st) - T(St, Qt, bt) - '}/(Dt(st-&-l
Ye1(c[s) = P(@e(-]s), =nPrsa(s, )

Output y = §p, Vi = &5 1, where £ € [T7] is selected uniformly at random and V}, = V' =+,

G GREEDY EXPLORATION TO REMOVE ASSUMPTION/[2]

G.1 SINGLE LOOP NAC WITH A GAME ETIQUETTE AND (-GREEDY EXPLORATION

Remark G.1. In this section, we see how to avoid Assumption |2| as mentioned in the main text.
Essentially the idea is similar to |Khodadadian et al|(2021b) and (Lanl 2021 Remark 1) in the
single agent case. We are going to use ¢ greedy to avoid Assumption[2]

Let us define the modified policies with greedy exploration

N ¢ . ¢
Zi(als) = (1 = Qzi(als) + 4] Ge(bls) = (1 = Qye(b]s) + Bl

Now we are going to sample with the &;, §; and the algorithm will read as Algorithm|g]

G.1.1 STAGE 1 OF SINGLE LOOP NAC WITH A GAME ETIQUETTE AND (-GREEDY
EXPLORATION (SEE ALGORITHM [8])

Let us recall the notation and introduce more notations. At iteration k, we solve
Q*(a,b) = Q(s,a,b) =r(s,a,b) +v Y _ P(s']s,a, ) V"1 (s),
S/

The problem is to find ¢, Your Such that
E max 25, Q"Y" — 2°Q"Your-

Now we define

Q*(a,b) = Q(s,a,b) =r(s,a,b) +v Y _ P(s']s,a, )V 71 (s),

as we sample with greedy policies, at the stage 2 we will learn VZ+-1:9x-1_ So we will have the
oracle V1 such that || Vj,_y — V1951 is small.

In this step, with the abovementioned oracle, we expect to learn

07 (s,a) = Epuge Q%(a,b),  6Y,(s,0) = Equz; Q%(a, ).
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Let us continue with z-player and drop the superscript,
0..(s,0) = By, (15Q°(a,D)
= 5Q%(ab
b
= " Gu(bls)r(s,a,b) + 7Y n(bls)P(s'|s, a,b)VFE-101 (),
b

b,s’
Therefore the operator is

Ey(0))(s,a) = p™ 9 (s)7(als (9,5 s,a) Zy (bls)r(s,a,b)

— Z 3¢ (b|s)P(s'|s, a, b)Vr—1:0k-1 (s)> . (49)

As Z4(+]s) > ﬁ and §:(-|s) > BT B‘ by definition, we have that F} is strongly monotone with p| gy
where p is the lower bound given in Assumptlonm which holds when the induced Markov chain is
aperiodic and irreducible. Let us call this S\ﬁlin = B|7§|'

We state the main result which follows by the results we will prove afterwards.

Theorem G.2. Let Assumption [I] hold. By combining Lemma [G.11) Lemma and their corre-
sponding corollaries, we can show O( ) sample complexity for Algorithm E

Proof. Insert Corollary [G.6]and lemma[G.T1]into (T4) to get the result. O

Remark G.3. In single agent setting, |Khodadadian et al.| (2021D) obtains @(6_6) with greedy
exploration, to avoid Assumption2} Our estimate is an € factor away from this rate.

Below, we analyze the actor in the stage 1 of Algorithm|[g]
Lemma G.4. Let Assumpttonl hold and n; = (t+71)6/7’ ¢ = ﬁ Then, for the stage 1 of Algo-
rithm[8]

1 R s log |A log A R
EmaXTZ<Eb~y?Q(Sﬂ'ﬂb)>xt —2%) < TT|]1 | - ‘ | +27 ZEHet+1 *7t||°°

4€1B]  $1E(AIVIBD) - Sy
(1=2) (1= 2T(1—7)*

Corollary G.5. By using ny, ¢, we get the bound
T
|A| v |B]| 1 1 R .
o ((1 2T Trer v T t_zl 041 — Oxtlloo | -

Corollary G.6. We can plug in the bound of E||0y 1 — é*,t [|? (see C0rollary) and use the same
bound for the other player to get

Egi}}gzoth Y =1 QYour < O ((1—’}/)2T1/7 + T1.5/7 + T2/7(1—’y)2 +T1/7(1—'y) +

OWIS[A|ITY || Vioy — VEs-285-1]|  (50)
Plugging in the bound for the final term from Lemma|G.10)

s es ~ AlV|B \/ S||A 1
E;lgay:{gxothéyé—meéyout§0< Al v 1Bl + ‘+ 511 + )>+

(1 _ 7)2T1/7 T1.5/7 T2/7(1 _ 7)2 Tl/?(l —

O(( 15|y/14] ) 1)

1— 7)1'5,0T1/7
which gives the O(e~") complexity for stage 1.

43



Under review as a conference paper at ICLR 2022

Proof of Lemma|G.4] Let us denote z§ = x,(-|s) and similarly for variables y, &, ¢;,6. Let us
recall (24) with our new notations

T T
28 Q%Y — 28 Q%yS,, = 7 Z ama: Q(s,a, Z Epys Q(s, -, ), %)

T
Z a~xi Q s, a, ) ys - y1f> - <Eb~ny(Sa 'ab)7xs - $§>j| . (52)
We have to convert this to the game when the matrix is Q

T QY — T Q Yoy = TZ[ e @(0),5" = 57) = (B Q°(, 1), 2" — 7))

Bane [Q%(a, ) = @(a )]s 4" = 47) = (Bomy [Q°(, 0)=Q%(a, )], 2° — 7).

HMH

For the error terms note
(Eqnag [Q°(a,-) — Qs(av Ny =) < 2| Eqnas [@*(a,-) - Qs(a7 MNllso
<2Q° - Q%
< 2y max | D P(|s,a, ) (VYR (s]) — VR (6)))|

< 2,}/||Vwk—lyyk—1 _ Vik—lxlh/kfl ”oo
_ 141V |B)
N O L

where the last step is due to the Lipschitzness of the value function due to performance difference
lemma and that the policies Zx_1, yx—1 and x;_1, yx—1 differ at most by (.

(53)

With the similar estimation for the other error term, we have

T
zzthSys - ISQSyc&;ut Z |: ar~xy a, ')a ys - yf> - <]Eb~nys('7 b)7 z° — I§>]

8C(A] v |BY)

1z = Y

Let us denote .

05+ = Epny: Q°(-, D). (55)
Note that this notation is not consistent with previous sections. Here by 6, ; we mean the quantity
we need to upper bound (54).

By the update rule of z;, for any z°
D(2®,z7) < D(2°, 2i1q) — D(@] 1, %)) + 00541, 2° — 2744).
Let us estimate the inner product

S

77t<91?+175”5 - xf+1> = 77t<9ts-|-175'j i) + 77t<9ts+1a zy — $§+1>
= (0 tvxs — ) + Ut<ef+1 - Gf,tvxs — )+ nt<9ts+1a Ty — quf—s—1>

As we will be actually learning 6: ,, we will further manipulate the inner product

*,t°

M0, 2% = aipa) = 06007 5 2 — 2F) + 0 (0740 — 0% 2" — 2f) + (07, — 07, 2% — )

+ 77t<é%g+17 Ty — $§+1>-
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Let us estimate the third inner product on RHS
(030 — 05002 — 7)< 200105, — 63l
=2, maXIZ ye(bls) = 9:(b]5)) Q% (a, b)|

4
L ZL% (bls) — g:(bls)]

141”7 D2 IC(1/1B] = w(ols) |

< 477t|B|C
S

\ N

(56)
We use this estimation and Cauchy-Schwarz and Young’s inequalities to derive

47)t|B|C
Y

(071, 2" — xi0) <m0y, 0° — @) + 20|07, — 07 4l + 1—

77t2 ) 2 1 2
a2+ Sl — il

We use this estimate in the main inequality with strong convexity of Bregman distance to get

4n:C|B| + 77t2

Nel0% ] %) + D) < Dt ) + 20— 0o+ 2 4 5.

We divide both sides by 7, to get

(80t = %)+ 2 D(a*\af) < 2D ) 4 2Ws = Bl + T+ 5
We sum this inequality and use (53) to get

1 & log | A| log |A| ! .

T ; Elwy, ), xf —x°) < Tm + Z t+1 - gi,t”oo

T
LS

T Tera =y

We next analyze the critic in stage 1 of Algorithm|§]
Lemma G.7. Let Assumption hold and n; = W (= # Be =
critic of stage 1 of Algorithm|§|

T
1 . 15]14] |52 AP 1
Z N E|6; — 6, 12 < L B el B .
T;:f 10, — 0., 1|2_0(T3/7 +0 () +0 (o oy

815]14]
(Min)?

min

W Then for the

+ [Vioy — V1012 (57)

Corollary G.8. Recall that ¢ = 71 /7 and \°

min

14| [SI?AP? 1
—ZEII@ O, 1|2<0(T3/7 +0 TA7 (1 — ) +0 T2T(1 = )2

+ 8IS|[A[T?7||Viyy — V101|120 (58)
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Proof of Lemma|G.7] As we are sampling with @, §; and learning O,(s,a) = Epgs Q*(a,b), we
have that (see (@9))

Ft(é*,t) =

We also denote )
F(@t,ft) = G(St, at)(et(sh at) - T(Sm G, bt) - ’Ykal)7
where s;, ay, by, s¢+1 are sampled according to &y, y.

Let us derive
1041 — Outll3 = 110 — xtl|3 — 28:(F (B, &), 0y — O.0) + B F (B, &)|13-

Now, by i.i.d. sampling s, ~ p®*¥¢ we have EftFt(0f7£t) ( ) +vPs,, y,(Vk L — VE-1dk-1)

as in . We have by strong monotonicity and Ft(G* t)

QBtEEt <F(0t7§t)v ot - 0*,t> = 2ﬁt<F(9t)a 9t - 0*,t> = 25t<ﬁ(ét) - Ft(é*,t), at - 6*,t>
> 2Bt5\fnin||ét - 0*,15”%'

oH

The recursion becomes
A 52 36 i ioo2
Ee, 1011 — el < (1= 28:M05,) 10: = 0ut13

— 2B (Pr, g (Vo1 — VE=191) 0, — 0, )+ B2Ee, | (6, €)]12.

By Cauchy-Schwarz and Young’s inequalities for the inner product

—278( xf,yt(Vk = VEI) f, 0, ) < 298| Pa, gy (Ve — VI 951) 1510, — 6,
Be8~? |5||A\

< B P i 9, — 0,4 + Wiy — Vo1t |2
Inln

The recursion then becomes

Ee, 1001 = O3 < (1= 38M00/2) 101 — b0l
| BisISIlA
)\9

min

HV_ Vi‘k—l,ﬁk—ngo+BEE&”F(ét,£t)”g
By Young’s inequality,

R R 6 - R
Ee, [|0r41 — x5 < (1 — BiA mln) 16s — 60115+ B 1026 = Oue—1ll3

tAmin
Bt87 |S]1A4]
)\9

min

HV— Viik—la:gk—ngo J,—BtQE&HF(étvft)”g

Now we have to bound ||6, ; — 0, ;1|3

100 = Ox—1ll2 < V/ISIA|6.c — *HHOO
|S]| Al max [Ey.g; @ (a, b) — Epg; ,Q°(a,b)]
< o VISIIAl
=25
|S||A|
L=

max |9 — 54

<2 max ||y — ;11

where we used 4y = (1—C)y:+(/|B|. To show that max; ||y; —y;_; |1 is small, we use Lemma-
and Lemma[B:T]and have the final bound for this quantity
[SPIAP

A A 2
HG*,t - 9*,t—1H2 < 4Wnt'
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By also bounding ||F(6;,&)||2 by Lemma and taking total expectation, the main recursion
becomes

N R 24|S|2|A|?n? 202
E||fys1 — 0, (1= BN B0y — Oy y—1]|3 + —= : -
101 — O3 < 1 Adnin ) E[0xt = Osi-1ll2 BA (1=t (=)
+8ﬁt‘SHA|E”V B Vik717gk71||go~
This inequality gives
1~ 1
=B el < > (10— OuialF — 1011 — 0.013)
Z T tz; BtAfnin
T T
24|SP |Al2m 8ISIIA] ¢ b1 |2
+ ka _ka—lyyk—l o (59)
g P32 (1 - g w7 g ”
Recall that 1, = W and ﬁt = W For the summations, we have Zthl nZ/B? =
@(T3/7()\fnm)2)) th LB = O(T37 X0, ). By using i1 < B, and denoting for simplicity
ar = |6y — 0y ¢—1][3500 < a; < (‘SH )|2 simple estimation gives
D1 - 1
> (100 = 13 = 61— 0.,013) = t:zl 5 (=)

Tri 1 1
B ; {@ 5t+1 Qe+ <5t+1 5t> aﬂrl}

T
IS[|A] | 1 1
< + _
- Z( B 5t+1 e (1—7)2 Bt

)

1 1 |S||A| ( 1)
== — + -
51a1 bry1 e 22 Biv1 B
473
Loy IS, (1S1ATiis,,
B1 (1 —7)2Pr41 (1—7)?

Plugging these estimations into (39)

|S[14] |SI?| A 1
E * < T4/7(1  N\4 A
TZ 10 = .1l < O ( T3/7 O T7(1 — ) O TAT (A ) 2(1 = 7)?

815]14]
(Min)?

min

+ [Vioy — V1012 (60)

O

G.1.2 STAGE 2 OF SINGLE LOOP NAC WITH A GAME ETIQUETTE AND (-GREEDY
EXPLORATION (SEE ALGORITHM [§])

We are now going to estimate ||Vj,_; — V¥ -1:9%-1||2_  First, we need the following lemma for
numerical sequences from Mokhtari et al.| (2020).

Lemma G.9. (Lemma 19 in|Mokhtari et al.|(2020)) Let b > 0, ¢ > 1. Let ¢ be a sequence of real

numbers satisfying
c b
<\ 1l-— 1t 61
o< (1= ) o+ ©b
for some a € [0,1] and tg > 0. Then ¢, converges to zero with the rate

max(¢o(to +1)%,b/(c — 1))
¢e < (t+to+ 1) '
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For the stage 2, let n; = = and §; = and let us analyze the critic for Vk,l.

3
(t+7)6/ 2(t+7)47p

(t+7)0/ 7% AT and recall ;| = Vi,

Lemma G.10. Let Assumptionl hold. Letn, =
and Oy ¢ = V&9t and that we take as output Yy, = y; in Algorlthm

7 and (B =

T
: i 1 |S]
Er |2 _ L . A 2
B[V, — VE]" = ;:1 Ell@i1 —@uell” <O <(1 - 7)3/)2T4/7> : (62)

Proof. Let us develop similar recursion to previous lemma

@1 — @aell3 = |00 — @aell3 — 286 (B (@r, &), Dp — @ae) + BENFE (@, &) 13-

By taking expectation, using that s; ~ ,oﬂ”k’yt we have EgtF (@, &)

strongly monotone with p as it only requires Assumptlon We also have F
recursion becomes

F ( t) and Ft(wt) is
(W4,t) = 0. The main

< (1= 2Bep) o — uel3 + B7Ee, 1E (@1, &0)13.

Ee, [lo¢1 — @,
By Young’s inequality for o > 0
(1=2Bup)l|n =@ ell3 < (1=2Bep) (14 )@ — D a—1l[3+ (1 =28,p) (1+1/a) @1 —u,

Let us set o such that (1 —23;p)(1 4+ «) = (1 — B;p), which gives the choice o = 5 52[3 with the

requirement 1 — 23;p > 0. Recall that since 3; = we have 203;p < 1 and ¢ 2 0. Note

3
2p(t+7)4/7°
also that (1 — 283;p)(1 +1/a) < Wlth out choice of a.

The recursion now becomes
- 2 R . A
Ell@er1 — @aell3 < (1— Bep) Elldy — @ee-1ll3 + ﬂEIIW*,tfl — Qutll3 + BPEIEE (@, &) 3-
ti

Let us estimate the second term on RHS

||4:J*,t—1 - C:)*,t”Q S |S|||(D*,t—1 - a)*,t”oo
— |S|||V5:m?t _ Vfikaﬁt—lnoo
415 N
S =z el = viealloe,

where the last inequality is by Lemma To further upper bound this quantity, use the update
rule of ;, Lemma B.5| and Lemma [B.1[to get for all s [|7} — i_1[l1 < 7. We also use that

yi (b) = (1= Qg (b) +¢/IB]

- - 2|S|m
1 = < -
[@xt—1 — Daell2 < 1—1)
Therefore, in the main inequality we have (after also bounding the last term by Lemma [B.T)

4|S|n? 23}
Bip(1—~)3 (1 —7)%

Ell@rr1 — @aell3 < (1= Bep) Elldy — @ee—1ll3 + (63)

Note that by the definitions of 3;, n;, we have

3 n? 2p 5 9

bup = 2+ VT B, 3(t+ )T b= 4p2(t + 7)3/7

Therefore, we have

3 8/S| 18

El|@i1—«& 2< (1= ——— | E|l&i—de 112 .
||wt+1 W*,t||2 = ( 2(t+7)4/7> Hwt Wit 1||2+3(1 _7)3(t+7)4/7+4ﬁ2(1_7)2(t+7)8/7
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Now, we use Lemma[G.9] with

¢t = El|dir1 — @uell3

b = max 815 18 >0
a 31 =) 4p2(1—7)?) —

3

=->1
c 2>
t():?

a=4/7,

gives

E|l@s 1

5|
2 <O <(1 —7)3p2(t+7)4/7>

T
\SI
ZO( (t+7)4/7>

Sum the inequality to get

e ZE”Wt+1

t=1
T 3/7
<L 1 ZO< |S|T 2)
t=1 )’p
<0

)
(1 _ 7)382T4/7

The accuracy for the stage 2 will follow a similar proof to single agent settings. We would like to
bound

O

VERyE _ VERTe
by sampling &} (a) = (1 — ¢)x}(a) + ¢/|A] and 47 (b) = (1 — C)y; (b) + ¢/|B|.
Let us define the oracles and the operators

Du(5,5) = Eqmas Q%9 (5,0, b).

Fy(01,60)(5,b) = p™ ()i (bls)e(s, b) (#4(s, ) — (s, a,b) — yu(s', 1)),
where s ~ ptF¥t g ~ @5, b~ 35, 8" ~ P(-|s,a,b),b' ~ 5, and

Ey(0y) (s, ) = p™ ¥ (5)ij(b]s (ut 8,b) — Zxk als)r(s,a,b)
—7 Y P(s']s,a.b)an(als)in(b']s) (s, b))

s’,a,b’

and therefore F(#, ;) = 0 and F} is strongly monotone with p¢/|B| =
and ( =

Lemma G.11. Let Assumption|l|hold. Let us set 1, =
of the stage 2 in Algorithm|[35)

Then for the actor

T
1 T,y Tk,Yt 2 1 1
ET i V& Ik(g0) — VY (g9) < O ((1—'7)711/7) +0 <7E||Vt+1 )

w(ﬁ)w(M)

Corollary G.12. By using Lemma we get the overall rate O(1/T"/7).

(t+7)6/7l T1/7
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Proof. By the update rule of the algorithm,
D(y®,9i41) < DW°, 97) — D(Yi41:95) — mlPiy1, ¥ — Yigr)
=Dy, 9;) — D1, 90) — me{08 1o ¥° — Tipn) — me0in — 050 Y° — Uip)-

We now estimate the inner products by Cauchy-Schwarz, Young’s inequalities and Lemma[B.]]

(0 *tay _?jts+1> = _nt@i,tays — ;) — me(¥ *tvyt ?jts+1>

U
11771

s 1, .
< —nl08 Y0 — ) + - + 178 = Gl

17 1, .
= =m0y = 00) =m0 7 = 00) + S 1l + 15— g
n?

s 25 "t 25 —s 1 —s —s 2
< =nulP5 4, y° _yt>+ﬁ“yt =¥l +W +§||yt — Uil

Since 75 (b) = (1 — )y (b) ui — yilli < O(|B|¢). We join everyting in the main

inequality to get

2
s s U "
M (Ve y° = Y1) + D, Fi41) < D, 57) + 20| 07740 — 75 4lloo _tWO(\BIC)Jr :

i 20—
We recall the definition of 7, 4 (s, b) = Eqvz: Q%9 (s, a,b). By the performance difference lemma
I G hiie L 55 RS As
VR (50) — V3D (50) = GESN&:,% (u*’t,yk -5,

where yj, is the best response to x,. Note that by Lemma VUi (50) — VERYE(50) < 2

Therefore, we have
vak s0) V(s <0 () v o (1 Elor, o0l
=\ =T Ty e T P

o (u'BC) ) O (T/ul—w)

Finally due to Lemma VIR (50) = VTt (50) < O (%) , therefore the final inequality

is

T
1 Tr, YL Tk, Yt 2 1 A~
ET;V Yi(s0) — VRt (50) < O <(1 —7)T1/7) +0 < ]E||z/t+1 - *,tloo>

|B|¢ 1
o O\ =7
ro (725 o (mm—
O
We finally analyze the critic for stage 2,
Lemma G.13. Let Assumpti()n hold. For the critic in stage 2 in Alg()rithm let By = W

and recall N/, = p¢/|B|

|S11Bl 1
ZE”” ~rali <0 () +0 () + 0 () 9

Proof. By the same steps in Lemma|[G.10} we can get a similar inequality to (63)
4|B||Sn 23
Bidipin(1 =72 (1 =7)?

Bllopn = Pal3 < (1= Bikisn) Bl — 2o + (65)
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Equivalently,
T T
L& NERWE 44B)|S)7 25,
LS Ejo, 5,3 < 0 () cise . ©6)
T ™) T ; BE N2 (L =) Ay, (1—7)?

‘We can estimate other terms

T
N N P Y 518 |
T ;EHVt - V*,t71||2 S @ (/1—'3/7> + O ((1_7)31_,4/7 + O W (67)

O
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G.2 REFLECTED NAC WITH A GAME ETIQUETTE AND (-GREEDY EXPLORATION

In this section, we give a version of reflected NAC without Assumption[2} in a similar way described
in (Lanl 2021} Remark 1). This algorithm will be Algorithm [I] with nonzero . Since this result is
not derived in Lan| (202 1)) for single agent MDP, we first derive it with single agent MDP.

G.2.1 SINGLE AGENT RESULT WITH (-GREEDY EXPLORATION

The algorithm will be Algorithm 9]

Algorithm 9 Single player case
Require: Vj such that ||V — V@00 |2 < ¢
fort=0,1,..., 7T —1do

Set gi(bls) = (1 = Q)ue(bls) + ¢/|B|
U4 =Policy— Eval(yt,N

Yer1(:[8) = P(ye(-ls), —nie41(s, )

Theorem G.14. Let Assumption[I|hold. For ) > 0, the iterates of Algorithm[9| satisfies

T
1 1
— V* S Vyf S < 7E o+ |:D y*,s,ys :|
7 2V () (o)l < =77 By [P 00)
1 o1&
7]E]E o VyT+1 _Vy1 I E A* o~ 2
* T(1—n) 5 [ () ()] + (1—7)2T ;:1: 1256 = P15
T
2 1 S E|E[ ; 4n|BIP¢* | 4[BI¢
= E|E — D tlloo 68
- 1=9T = =] = Pusllen + A=~ T A= (%)

Proof. Recall the definitions

Vit = Qyta ﬁ*,t = Qyt?

Recall that the update rule of v, implies D(y*,yi, 1) < D(y°,y;7) — D(yi 1, v5) — (P51, v° —
Y;+1) and by plugging in y = y;, we get

D(ytsayf+1) +D(yf+1,yf) < _7)<’>ts+1ayf - yts+1>~
By (8),
0< — (051,95 — i) — ;Hyzll —yilIT < =080, v —yi) — %Hym -yl (69)

By performance difference lemma and Young’s inequality

1
V¥t (sg) — V¥ (sq) = E]Esmd”f“ QU yi1 — yi)

1
= medgﬂ <Vf,tayf+1 —yi)
1 . N
= mEsNd’géﬂ [<Vts+1ayt8+1 -y + <Vf,t - Vts+1>yf+1 - yis>]
1 . n N 1
> 1B [P vt = ) = g i = Pl = 5ol — wi ]

Therefore, we get by using (69) and 1 — v < d¥%: ™" (s9) < 1

(i Yien —y0) SV (s) = VP (s) + 27]Hyf+1 —yilli+ e = Deall3- (70)

_n
2(1 —~
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We use again the definition of y;1

D(y®,yi+1) < DW°, 7)) — D(Yiy1:vi) — 081, ¥° — i)
=Dy, y)) — D(yts+1vyts) - 77<’>ts+1»ys —y) - 77<ﬁts+1ayf - yis+1>~ (71)
Let us use and
(01, y =yl = iyt =) =i —vin Yt =y
on (71) to get (along with (8))

(i ny® —y) + D yi) < Dy y) +n (VY (s) — VVi(s))

n2

+ m“’/*,t — o3 =R — vyt -y (72)
Since by performance difference lemma, V*(sg) — V¥ (sg) = ﬁESN 0’ (Vi i41, "% — yi), we
plug in y = y* and take expectation in Ww.I.L. dg;,
n(1=7)(V*(s0) = V¥ (s0)) < E, g [D(ys,yf) = D(y®, i) | +0E, g VI (s) = VY (s)]

S0
2

n N .
+ m“’/*,t — oyl - B, ar 0 = vie v = yi])

(73)

Next, we take expectation w.r.t. randomness in the algorithm and use tower property to get
n(1 = )(V*(50) = EIV¥(s0)]) < BE, e [D(y™*,55) = D(y™* i)

2
t t 77 7Y
+NEE, g [VVesi(s) = VVi(s)] + =) V)EHV*.,t — Dyl

—EE, g B lye] = v2ay” —yi]). (74)

We also note that by Cauchy-Schwarz inequality —n(E[Z7, 1 [ye] — v,y — 47 ]) < 2[|E[0s41]ye] —

V*,t”oo-

By triangle inequality and Young’s inequality

2 2
n N N n N N
72(1 ) Vi — D% + 20| E[Desa|ys] — Vatlloo < 1— 194t — 298158
2
15 122t = Vil + 20 1]ye] = Petlloc + 20lves — Pl
4n?
IN IN 2 N 2
ST 7HV*J, = D5 + e (max[|g7 —y7|[1)

4n o5 s
W max 97 — v/l

+ 20|[E[Dr1]ye] — Detlloo +

where the last step used Lemma B.4|and definitions v, ; = Q¥*, ¥, ; = QY. We use the estimation
as in (56), to get ||J: — y:||1 < |B]C. With these estimations, (74)) becomes

1
V*(sg) —E[VY(s50)] < ———EE__ = [D vy ) — Dy, gl ]
(s0) — E[V¥(s0)] o1 =) Eaa; ( ¢) — D( 1)
1 1 n A N 2 2 N N
+ﬁEEs~d§g [VZ/tJr (S) _ Vyf/ <5>]+WE”V*,t_Vt+1||oo+ﬁ]E”E[Vt+1|yt] _l/*,t| e}
4n|B|2¢? 4|B
WBPC | ABIC o
(1-7° (11—
We sum over ¢ to conclude. ]
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Note that we will learn 7, ; by sampling with §;. As in Appendix the strong monotonicity
constant of the operator

F¥(v)(s,0) = p" (s)y(b]) (1/(3, b) = r(s,6) =7 > P(s|s,b)ye(t/|s" (s, b’))

is AV = (1— v)pG/(|B|) (see also Lan| (2021)). Moreover, F'V* (v, ;) = 0.

Lemma G.15. Let Assumption hold and 5,, = ﬁ stage 2 in Algorithmlﬂsatisﬁes
min (72T 720

o S|1B] !

E||ony — Dy 5 < o | + ) ’
108 = Dyl < <(1 —7)2N?  N(1—9)2(N,)?
2|5]|B| ) .

. S 2
IE@N|ye] = Pupllz <O ((1—’)’)2]\72

min

where s ~ p¥, b ~ §;(+|s), s’ ~ P(-|s,b), b’ ~ §;(-|s’) to get the result. O

Corollary G.16. Let Assumptionhold. Let ¢ = (1 —v)3¢/|B|. The sample complexity of Algo-
rithm Elfor obtaining globally optimal policy in single agent MDP is O(|B|*|S|(1 — 'y)*“B’Qe*‘l).

Proof. We can use Lemmawith v=0, 0 = A and (1, €) = v(s, b) —r(s,b)—yu (s, b)

Proof.

1 1

T
DLV (s0) BV (] < =By DGy, 7)]

=l

T
1 n 1
———EE__,~ [V¥T+i(s) — V¥ = Y Elloes — g |2
+ T(1—7) s~d¥y [ (s) (s)] + (1—4)2T £ ||V*,t Virll5
T
2 1 X X dn|BI*¢*  4|BI¢
+7*E E\E[Ds11]ye] — Dstlloo + + (76)
1— v T p H [ + | ] || (1 — 7)6 (1 — 7)3

By using Lemma in the previous lemma with A\, = (1 — ~) pC/|B| gives

1

ST " S 1 an|BP¢?  4[BIC
217t~ EW 00l <0 (e ) + 255+

U |51 Bl |BI? VISIIBI
+(9<( <( + >+< ) (77

=l

1=7)2 \(1=7)*N?  N(1-—7)p*¢ 1—9)N

By picking 7 = (1—+) and ¢ = (1—v)3¢/|B|, we get the complexity O(| B|*|S|(1—~)~3p~2e~4).
O

G.2.2 REFLECTED NAC WITH A GAME ETIQUETTE AND (-GREEDY EXPLORATION
IN ALGORITHM

We first state the main result in the next corollary. As most of the results depend on previous
sections, we will make heavy use of those estimations and provide a brief proof by highlighting the
differences and extracting the error due to greedy exploration. Algorithm [T] is repeated here for
convenience.

Theorem[3.3} Let Assumption[I|hold. Use the parameter choices from Corollaries|G.20|and[G.21]
use Remark|C.T|and use the estimates in these corollaries with ([4). Then, the complexity for Algo-
rithm m is O(IS|*(|A| v |B])6(1 — )5 *p?).
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Algorithm 10 Reflected NAC with a game etiquette and (-greedy exploration

Require: PXL defined in (1) in Section Exploration parameter ¢ > 0 (equal to 0 if Assumption
holds). Subroutine Policy-Eval (see Algorithm 2} Algorithm 3] Algorithm[). Initial policies
Z0, Y0, Yo
for k=0,1,... do

Stage 1

fort=0,1,..., T —1do
Define Zx—1(als) = (1 — Q)zr_1(als) + T Je—1(bls) = (1 = Qyr—1(b|s) + ﬁ and
correspondingly for £y, ¢, 9r ¢

[‘A/]:Ll? kafl] = [POlicyiEval(jjk—lagk—lva ﬁ’rf)’ POliCY*EVal(ik_l,Z/]k_l,N, /87#)]

0%, 07.,] = [Policy-Eval(En, e, Ny Vi1, B9),Policy-Eval(@ks, Gre N, V¥, BY)]

Ii,tﬂ(') = PKL (IZ,A'),U (29§+1(57 ) = éf(& )))
Ui () = PR (32,0, —n (200 (5,) = 01(s,)))
Output z, = + Zthl Tk t-
Stage 2
fort=0,1,...,7 —1do
#(a) = (1= Qzia) + 57 Ua . (0) = (1= Oz, (0) + 7
D441 = Policy-Eval(@g, 4, N, 8 = BY)
Un o1 () = PRE(GE (), =141 (s, )
Output y = ¥, ;, Where t € [T is selected uniformly at random.

Theorem [3.3] Extended form Let Assumption[I| hold. Use the parameter choices from Corollar-
ies[G.20\and |G.21) use Remark[C1) and use the estimates in these corollaries with (I4). Then the
suboptimality gap is bounded as follows:

Cuok ~ 1
EE;, ., [max V¥ (s5) — V*(s0)] < (’){

; 1-7 T -7
Sl vV IB)® | IsliB] B2 JV/ISTB Cpuon
T a—ypenN TN TR -ype T —’V)N} "o ((1 —w)

Then, the complexityforAlgorithmis O(IS[*(|Al v |B])®(1 — v)"Bep?).

Remark G.17. This result does not require Assumption [} which makes our set of assumptions
similar to |Wei et al.|(2021) which also used greedy exploration. Comparing with (Wei et al.| |2021|
Corollary 5), our result has the same ¢~* dependence, a better dependence on (1 — ). We note that
even though our dependence with | A|V | B| seems worse compared to (Wei et al.|[2021, Corollary 5),
the result in (Wei et al., 2021, Corollary 5) has dependence C~'° where C is the metric subregularity
constant. This constant implicitly depends on dimensions of variables x, vy, therefore it depends on
|Al, | B, |S|. More importantly, this result in|Wei et al.|(2021)) does not cover NPG since it requires
Euclidean projections on the simplex. As a result, the comparison with (Wei et al., 2021, Corollary
5) in terms of | A, | B| is not possible. On the other hand, the result of (Wei et al.| 2021, Corollary 4)
without metric subregularity applies to NPG, and it can be compared with our result, in which case

our sample complexity scales as €=+ whereas (Wei et al.l[2021) Corollary 4) as 8.

Stage 1 of Reflected NAC with a game etiquette and (-greedy exploration in Algorithm[10] We
first recall the discussion in Appendix [G.I.1]and include it here for easy reference. Let us recall the
notation and introduce more notations. At iteration k, we solve

Q°(a,b) = Q(s,a,b) =r(s,a,b) + ’YZP(S/|S, a,b)Vor—1¥k=1 (g,

The problem is to find ¢, Your such that

S s,,S S s,,S
Emax 20,,Q"Y" = °Q Your-
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Now we define

Q*(a,b) = Q(s,a,b) = r(s,a,b) + ’YZP(S/|S, a, b)VE-1:05-1 (g,

S/
as we sample with policies with greedy exploration, at stage 2 we will learn VZ+-1:9x-1_So we will
have the oracle V;_1 such that ||[V;,_; — V#1951 is small.

In this step, with the abovementioned oracle, we expect to learn

07 4(s,a) = Epng Q°(a,b),  0%4(5,0) = Eansy Q°(asb).
Let us continue with x-player and drop the superscript,
é*7t(s, a) = IEbNyt(_‘S)QS(a, b)
= 9:Q°(a,b)
b

- Z 9¢(b]s)r(s,a,b) + v Z 3¢ (b]s)P(s'|s, a, b)VE-1:0k=1(g"),
b b,s’
Therefore the operator is

Fy(00) = p 7 (s)in(als) (éxs, a) = " 9u(bls)r(s.a,b)

b

— Z i (bls)P(s'|s, a, b)VEr-1:0k-1 (s)) . (78)
s',b

As &4(-]s) > ﬁ and g¢(-|s) > ﬁ, we have that £ is strongly monotone with Bﬁ where p is the
lower bound of the stationary state distribution. Let us call this S\ﬁlin = Bﬁ'

As in Lemma@ we introduce notation similar to Malitsky & Tam| (2020), let us define ®, which
is slightly different this time.

s s .8 s s s s 1 s s
Qi = D@, w) ) + (05 411 — 01, 7° — i) + §D(xt+1a ). (79)

We also use the following error functions and recall the definitions
€1t = U<ét+1('|3) - E[ét+1('|5)|$t], z(|s) — z¢(:|s))
ez, = {0741 (-18) — B[O,y (18)lyel, we(]s) — y(ls)),
O1(s,a) = Epny, Q°(a, )
O.1(s,a) = Epny, Q°(a, ).
Lemma G.18. Ler Assumption hOId. Let n = 1—77. Denote xyy; = % Zthl zy and Youu =
T Zthl ys. For stage 1 in Algorithm

T
@S . @S 1 ~ ~
EEs~o {g;ayg 25,Q%Y° — stsyom} =0 (OnTT) +0 (T ZE”E[@H\%] - 0*,16“)
’ t=1

T T
A A A A 1
+0 (; g El|fi41 — buel® + E[|6; — 9*,1&—1”2) + ﬂEEsNU max E le1,e + e2,4])

t=1 t=1
AC(Al v IB]) | A¢|B]
-7 14

Remark G.19. The idea of this lemma is to extract the error due to greedy exploration and make
the errors due to policy evaluation depending on the policies with greedy exploration. In particular,

ét+1 learns HAM, by sampling I, y:. Therefore, we can utilize the results we derived earlier for
policy evaluation steps.
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Proof. We start from the quantity we would like to bound. Recall from (24)

1
s 5,8 5()5,,8
xoth Yy —x Q Your = a~93,
t:l t=1

Mﬂ
é
2

|
N[ =
]~
=

o

3

&

O
=
®
2

IIMH

aNm Q ) - yf> - <Eb~nyS('vb)axS - 1’?)] .

1 T
= =2 [0y — i) = (670" — )] (80)

We will drop the subscript of 8 to denote 6% for lighter notation and derive the part of z-player. The
y-player case will be symmetrical.

By the definition of x4, 1,

D(x57xf+1) < D(z°,z7) — D(;vfﬂ,xf) + n<29‘§+1 - é%ijs - fo). (81)

We manipulate the inner products as Lemma [F2]

(29t+1 07, 2" — xf+1> - *t+1a$s - mf+1> + f+1 — 07,2 — $§+1> + <9i,t+1a$s - 33?+1>
- 07 t+17x8 —xipq) + (O — 07, 2% —af) + (08, — 0f, 28 —x84)

(0
= (0
(0% *,t4+10 T $f+1>
= (07,
+ (67

9
t+
s
t+

_|_

05 1 $t+1> + <9i,t — 07, 2% — ) + f+1 - Hf’t,scs — )

S S S
t+1 gtvxt - S15t-4-1> + <9*,t+17x - xt+1>'

Note that the first two terms will be used while forming ®; and ®7, ;, final term will be what we
bound for (80). The third and fourth terms are the error terms. We first analyze the third term

>%>

(031 — 05000 —7) = (B0 |2d] — 054 0° — a5) + 07y — B0 |2] 0 — a3)

= (B0}l — 054, 2° — 25) + e1e < 2| Efpq1]ze] — Outlloo + ex,e.

Next, by Cauchy-Schwarz and Young’s inequalities

A N N N 1
(O — 07,27 — 2iy) < mllfrar — Oc% + i vl

A A A A A A 1
< 20)10s1 = Oull5e + 40)10ne — i[5 + 40100 -1 — Oel% + @fo e

R R 161 A 5 1 s s
<20 g1 — Oxell2 + WH‘% —yrallZ +4n)10s 1 — 0:]1% + %D(»’Uﬂlaﬂ?%)-

where the last inequality is similar to when 6, v, are replaced by é, 9 and we also used ||gf —
9211 < llyg —yi_, |1 along with . We collect all the estimations in

R 1
n<9i,t+1, x° - $f+1> + D(z*, xf—&-l) +77<9i,t+1 - 929-4-1’ x° - xf+1> < D(2%,27) — §D($§+17 y)

160>

+ (0% — 07,0 — ) + e11 + 2| BlBrs1|24] — Outlloo + WHZJE — it

+ 207101 — Ou 12 + 4071160 — O e[
We use (8) and definition of ®} to get
ﬂ<9i,t+1a$s - :z:f+1> + &7, <Y+ 2||E[041]24] — Ot 0o

3212
(1—7)?

»

) 1 s s
+ 207101 — O, |2 + 402)10r — O pa]|% — §D($%vx%—1)+ D(yi,yi—1)-

+w»

9

-~
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We finally estimate the bias term
IEBrs1]ae) = Outlloo < IEBeralze] = b tlloo + 1650 — Otlloo
= [[Ebrs112e] = Oetlloo + [Eomy; QF — Eong; @ lloo

= [E[frs1]2¢] = Ontlloc + Epmys; Q5 — Eonys Qi lloo + [Bomgs Qf — Epys Q5 lloc
2¢(|A| v |B|) | 2¢|B]
(1—7)? 1—7’

< |E[rr1]2e] — Oa,tlloc +

where the last step is by (33) and (56).

Inserting this estimate leads to

s s s 1 s s 2 N ) )
<9*,t+17$ - $t+1> < 5 ((I)t - ‘I)t+1) + 2[|[E[0r41 4] — Ostlloo + 20|0¢+1 — 9*,tHc2>o

32n s s AC(JAl vV [B|) | 4¢|B|
WD(ytayt—l)_'_ (1) +1_7-

As in Lemma we can derive the symmetrical inequality for the y-player and picking n = 1_77

PN 1
+ 4l — 0. lI3 — oy Pt wia) +

will make the terms (1312;’)2 (D(yi,y;_1) + D(x},x5_4)) disappear.

We sum the inequality along with its y-player counterpart and insert into RHS of (80) to conclude.
O

Corollary G.20. Set ¢ = % and step sizes as from Lemmasto with anin = pC/(|Al vV

|B|), A2, = p¢= %. Then, the complexity for stage 1 ofAlgorithmis O(|SI1*(|A] v
[B°(1 =) "p?).

Proof. First, we notice that both variance and bias terms in Lemma , now we learn é*,t, éft by
sampling 2, 9. Therefore, from the point of view of policy evaluation, we can directly apply the

results we derived earlier with strong monotonicity constants A% . = ¢/ (A Vv |BY), Pr— p-
The bound in Lemma|G. 18| becomes

D3 — B3 - A X
EESNO' |:£I§IEZ}§ xgu[sts - xSstout:| =0 (077TT> + O (T E E||E[9t+1‘$t] - 9*,1&”)
’ t=1

T T
A A - - 1
+0 <; > Ellfer1 — 0.4l* +E)6; — 9*,t1||2> + T—U]EESNU max Y fers + ex.])

t=1 t=1
1€(AlV|B)) | 4¢lB]
=7 T1-y

By using Lemma we can derive the variance of 6 by sampling with &, §;

o silAl i SIAL L5 s
Elfy — 6,43 <O | . + 5 E||Vi_y — V1012 ) |
|| N ,t||2 — ((1 _ ,.Y)ZNQ N(}\ﬁun)Q(l . /7)2 ()\fnin)Q || k—1 ||

For the final term in this bound, we use Lemmato estimate V¥+-1:9x~1 by sampling with £3_1
and 1.

s g 1A 1
EllVi_ 1 — VE-1:0:-112 < © | + _ ;
” k—1 ||2 = <(17)2N2 N(l—’}/)Q()\W )2

min
For the bias of ét+1, we use Lemma

S1A] 10[S][A|
(L=7)2NZ 0 (305)?

B[ + Ls] = Ouil* < O < IE[Ve—1]2:] — VI’“‘“””II@) - (32
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On this bound, we use Lemma[3.§]
: w2 |S11A
H]E[kaﬂﬂft] — VTe—1Yk 1||2 <O ((1 — V)2N2 .

Finally for the error terms e; ; + €2,;, we use Lemma[F.6]

1

d log | Al
—EIESN(,maxE e < g
xT
t=1

T

T
1 21 52
T + 5 ;ﬂ AN°E[|0r+1 — O tl5-

Inserting these estimates and using \? . = ¢/ (A Vv [B]), e = PG = %, Remark
give

3 1 5 (1SE(AlV 1B])°
EE;o out@°Y" — °QYou < 5 ’
e[ v < o) v o (AR

which gives the final result. O

Stage 2 of Reflected NAC with a game etiquette and (-greedy exploration in Algorithm
Recall that in Appendix [F2] we extended the result of [Lan| (2021) on single agent setting to the
stage 2 of our algorithm. Since in the stage 2, x;; is fixed, it is part of the environment and therefore
single agent analysis extends in a straightforward fashion. In this section, similarly we use our results
in Appendix [G.2.T] for stage 2 of the algorithm. Note that our results in Appendix [G.2.T]are similar
to single agent results of [Lan|(2021)), with the difference that we use (-greedy to avoid Assumption
[2l Also recall that the single agent analysis in [Lan (2021) requires Assumption[2] (see (Lan, 2021}
Remark 1)).

For brevity, we do not repeat the arguments in Appendix [F.2]to extend Appendix [G.2.1] for stage 2
in this case. We summarize the result in the next corollary.

Corollary G.21. Let AssumptionE hold. Let ( = &%7');6 and step size from Lemma@with X”min =
(1=7)pC/|B| (see also Corollary G.I§ ). The overall sample complexity for stage 2 ofAlgorithm

is O((JA| v |B)Y[S|(1 — 7)~13p~%e ).

Proof. 1t is straightforward to use the arguments in Appendix [F:2]to extend Appendix [G.2.1|for this
result.

O

H ADDITIONAL EXPERIMENTS

H.1 ENVIRONMENTS DESCRIPTION

Bandit environment. We first consider a two player bandits problem with 100 arms. All the arms
give zero reward except a* that has r(a*) = —1 and b* with r(b*) = 1. The reward of the two player
game is r(a,b) = r(a) + r(b). In this environment there exists a pure Nash Equilibrium given by
z=1la=a"},y=1{b=10"}.

Alesia environment. We also test our algorithms on Alesia(L, C) (Perolat et al.| 2015). Alesia is
a simultaneous move game where the two opponents try to move the wrestler to their extremity of
the board of length L. At each turn, the “wrestler” moves one step in the direction of the player that
bets the higher amount of coins from their budget of size C. The game ends when either one of the
wrestler reaches extremity of the board or both players finish their budget.

H.2 HYPERPARAMETERS SELECTION.

In the following we report the hyperparameters chosen for the experiments to ensure reproducibil-
ity. In addition, we include an additional experiment on Alesia(L,C) with L = 3 and C = 7
in Figure [2| Since the eigenvalues A% .  A\“. ~A\“. are unknown, we cannot compute the values

min’ “'min’ “‘min
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of learning rates 3%, 3% used in the theoretical results. Therefore, we simply set the learning rate
as % suggested by the lemmas and fine tune the hyperparameter C' by grid search. Similarly for
OGDA, we use grid search to replace the optimal learning rate given by (Wei et al.||2021, Theorem
2). Appendix [H reports the chosen parameters. Table[2] Table[3] Table|d|and Table [5summarize

the best hyperparameters found for Reflected NAC and OGDA in the two environments: bandit and
Alesia.

REINFORCE (Daskalakis et al., [2020) only needs two hyperparameters. We chose the exploration
parameter € = 0.1 and the step size = 0.0001. We observe that it was critical to choose small step
size to tackle the high variance coming from the REINFORCE estimator.

Hyperparameter | Value

By 0.01/n
B 0.8/n
3o 0.1/n

n 0.023
Br 0.01/n
K 100
N 10

T 10

¢ 0

Table 2: Hyperparametets for Reflected NAC in the two players bandit environment

Hyperparameter \ Value

n 0.005
oy 0.01/¢t
T 1100
L 50
€ 0.4

Table 3: Hyperparametets for OGDA in the two players bandit environment. The notation used for
the hyperparameters matches the original OGDA formulation in Wei et al.|(2021))

Hyperparameter Value
By 0.01/n
B 0.1/n
n 0.05
Br 0.01/n
K 500
N 70
T 10
¢ 0 for y and 0.2 for x

Table 4: Hyperparametets for Reflected NAC in Alesia(L, C') with L = 3 and C = 6, 7.
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Hyperparameter | Value

n
(67
T
L

€

0.005
0.01/t
1000
3500
0.4

Table 5: Hyperparametets for OGDA in Alesia. The notation used for the hyperparameters matches
the original OGDA formulation in|Wei et al.|(2021)

ReflectedNAC
—— OGDA
—— REINFORCE

o o
[E
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¢
°
®

Suboptimality gap
o o
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e
o
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o
°
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0 100 200 300 400 500
Environment steps (x 7000)

Suboptimality gap

0.04

ReflectedNAC
—— OGDA
—— REINFORCE

0 100 200 300 400 500
Environment steps (x 7000)

Figure 2: left: x player, right: y player. Experiments in a Alesia with length L = 3 and coin budget C' = 7.
The suboptimality gap on the y-axis is max, V*'¥(so) — V*(so) for z and as | min, V*¥(sg) — V*(so)]| for
y where s is the initial state that is deterministic in Alesia. Results are averaged over 5 seeds.

61



	Introduction
	Related works

	Preliminaries
	Reflected NAC algorithm with a game etiquette
	Main Result
	Convergence analysis

	Numerical verification
	Background on NPG and NAC
	Basic results on RL and optimization
	Error propagation framework
	Markovian bias
	Single loop NAC with etiquette
	Proofs for stage 1 of single loop NAC with etiquette in
	Formulation
	Proofs

	Proofs for stage 2 of single loop NAC with etiquette
	Formulation
	Theoretical results


	Proofs for Reflected NAC with a game etiquette
	Proofs for stage 1 of Reflected NAC with a game etiquette
	Formulation
	Theoretical results

	Proofs for stage 2 of Reflected NAC with a game etiquette

	Greedy exploration to remove asmp: lbactionstateprob
	Single loop NAC with a game etiquette and -greedy exploration
	Stage 1 of single loop NAC with a game etiquette and -greedy exploration (See algallacappgreedy)
	Stage 2 of single loop NAC with a game etiquette and -greedy exploration (See algallacappgreedy)

	Reflected NAC with a game etiquette and -greedy exploration
	Single agent result with -greedy exploration
	Reflected NAC with a game etiquette and -greedy exploration in algallnpgtogetherappgreedy


	Additional Experiments
	Environments description
	Hyperparameters selection.  


