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Abstract

Simulating long-range interactions remains a sig-
nificant challenge for molecular machine learning
potentials due to the need to accurately capture in-
teractions over large spatial regions. In this work,
we integrate the multipole expansion into equiv-
ariant ML potentials to model long-range interac-
tions in QM/MM simulations more accurately. By
incorporating the multipole expansion, we capture
structured environmental effects beyond scalar
electrostatic descriptors. Benchmark evaluations
on solvated QM/MM systems demonstrate that in-
cluding higher-order multipole features improves
the accuracy of predicted energies and forces com-
pared to scalar Coulomb descriptors and Ewald-
based approaches, with low-order terms providing
a favorable accuracy cost trade-off. Furthermore,
we show that transfer learning from foundational
models trained without explicit environmental in-
formation improves data efficiency in QM/MM
settings. These results demonstrate the effective-
ness of our approach for accurate and scalable
simulations of complex molecular systems with
long-range interactions.

1. Introduction

Modeling long-range interactions remains a central chal-
lenge for molecular machine learning. While graph neural
networks (GNNs) and equivariant message-passing archi-
tectures have achieved strong performance on molecules
and materials, most existing models rely primarily on local
neighborhoods and therefore struggle to represent slowly de-
caying electrostatic effects (Sauceda et al., 2022; Deng et al.,
2023; Gao et al., 2020; Ko et al., 2021; Batzner et al., 2022b;
Schiitt et al., 2021). This limitation is particularly important
in settings where a small reactive region is strongly influ-
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enced by a large surrounding environment, such as solvated
systems, biomolecules, and heterogeneous interfaces (Re-
ichardt, 2007; Reichardt & Welton; Go & Taketomi, 1978;
Sagui & Darden, 1999; Ambrosetti et al., 2014; Kang et al.,
2024). In such systems, purely local representations can
miss weak but cumulatively important long-range interac-
tions, leading to systematic errors in energies and forces.

A key challenge in modeling long-range interactions is bal-
ancing expressiveness and scalability. On one end, sev-
eral approaches augment local architectures with physics-
inspired scalar descriptors, such as electrostatic potentials
or related corrections, to expose the model to environmen-
tal information (Anstine & Isayev, 2023; Gao & Remsing,
2022; Gastegger et al., 2021; Song & Yang, 2025). These
methods are computationally efficient, but a scalar potential
provides only a compressed view of the external environ-
ment and cannot fully resolve anisotropic or higher-order
electrostatic effects. On the other end, learned long-range
coupling schemes, including message passing or attention
over all atoms in the system, can represent richer interac-
tions (Batatia et al., 2023; Frank et al., 2024; 2022; Maziarka
et al., 2024). However, these approaches can become pro-
hibitively expensive when the environment is large.

This trade-off is especially clear in electrostatically embed-
ded QM/MM, where a small quantum-mechanical (QM)
region interacts with a classical molecular-mechanics (MM)
environment represented by fixed point charges (Tzeliou
et al., 2022; Boereboom et al., 2018; Senn & Thiel, 2009;
Chung et al., 2015). In this setting, scalar descriptors are
often too restrictive, while full QM-MM learned coupling
is unnecessarily expensive because MM atoms do not re-
quire the same high-dimensional learned representations as
atoms in the quantum region. An effective ML architecture
for QM/MM should therefore capture structured long-range
information from the environment without introducing pair-
wise learned interactions over all QM/MM atom pairs.

In this work, we introduce Field-MACE, a long-range ex-
tension of the MACE architecture that incorporates the mul-
tipole expansion into an SO(3)-equivariant neural network.
The central idea is to summarize the MM charge distribu-
tion through a hierarchy of multipole features and inject
these features into the equivariant message-passing stack
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of the QM region. Because multipole moments naturally
decompose into angular channels, they are well aligned
with spherical-harmonic-based architectures such as MACE
and NequlP (Edmonds; Thorne, 1980; Batatia et al., 2022;
Batzner et al., 2022a). This yields a representation that
preserves directional and higher-order information beyond
a scalar potential while avoiding full pairwise long-range
message passing over the environment.

We evaluate Field-MACE on solvated QM/MM benchmarks
and compare it against scalar Coulomb descriptors and
Ewald-based long-range features. Across four benchmark
systems, we find that low-order multipoles already provide
substantial gains, with truncation at £ = 2 or { = 3 yield-
ing a strong accuracy-cost trade-off. We further show that
initializing the short-range blocks of Field-MACE from a
vacuum-trained foundation model substantially improves
data efficiency in the embedded QM/MM setting. Our main
contributions are:

* We introduce Field-MACE, a multipole-based long-
range extension of an SO(3)-equivariant molecular ar-
chitecture for QM/MM learning.

* We show that multipole features provide a favorable
trade-off between expressiveness and scalability, out-
performing scalar Coulomb descriptors and Ewald-
based features on solvated benchmarks.

* We demonstrate that low-order multipoles capture most
of the empirical gains, making the approach practical
for large MM environments.

* We show that transfer learning from vacuum-trained
foundation models improves data efficiency even when
the downstream task includes explicit environmental
effects.

2. Method

In this section, we first introduce background information
on the multipole expansion and equivariant architectures
constructed from a spherical-harmonic basis.

2.1. Message-passing

Atoms in a molecular system are characterized by their posi-
tion vector r; € R?, and atomic number, Z,. These systems
can be represented as a graph in which atoms correspond
to nodes V;. Edges connect nodes within a cutoff neighbor-
hood,

N(@@) = {Villrijlla = l[ri = rjlla <rews}, (D

where 7.y is a predefined cutoff radius. The categorical
atomic numbers are mapped to learnable invariant embed-
dings X; € R¥. During message passing (Gilmer et al.,

2017; Jgrgensen et al., 2018), each node i is associated
with features hl(-t) € RF and each edge (i, j) is assigned
the vector between the two atoms r;; = r; — r;. Features

are initialized with the atomic embeddings h\” = X; and
updated iteratively:

m{) = o (0,0, x;)) @)
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This three-step cycle (message construction, aggregation,
update) is applied repeatedly. The messages mz(-;) are cre-
ated for each edge using a learnable function ¢, the vector
r;; and the node features for atoms h; and h;. Subsequently,
they are aggregated over the neighborhood of each node.
Finally, the node features h; are updated using another learn-
able function @ypgare, Which combines the node features with
the messages passed to it.

As illustrated in Fig. 1b, after one iteration h(*) incorporates
information from its immediate neighbors. After two itera-
tions, it contains information from neighbors-of-neighbors,
and so on. Depending on the architecture, ml(;) may repre-
sent scalar and/or higher-order (tensorial) information.

2.2. Equivariance

Vectorial and tensorial molecular properties depend on the
orientation of the system in space; i.e., if the system is ro-
tated globally, the associated properties must transform ac-
cordingly, which is known as equivariance (Esteves, 2020).
Formally, the set of features h; is equivariant under a group

G if

D(R)hi(rl? "'>rn) = hi(RO (1‘1, ~-~7rn)) ; (5)

where R € G and D(R) is the equivalent operation acting
on h;. The main focus of this paper will be on the special or-
thogonal group SO(3). In the case of SO(3), the equivariant
features can be decomposed into irreducible representations
(Thomas et al., 2018) that transform like spherical harmon-
ics Y (0, ¢) with degree ¢ and order m (m € {—¢, ..., £}).
Under a rotation R € SO(3), the spherical harmonics trans-
form via Wigner-D matrices

Yo (0,6') = Dy (R)Yem(0,6) . (6)

Using a spherical-harmonic basis, a generic two-body equiv-
ariant message construction for atom 7 and its neighbors can
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Figure 1. Overview of the model architecture and message-passing framework. (a) High-level overview of the model architecture. The
system is divided into a quantum-mechanics (QM) region and a molecular-mechanics (MM) region. QM atoms receive initial node
features through an embedding block, which are passed to the short-range and long-range interaction blocks. The MM region contributes
only to the long-range block. Iterative message passing updates the QM features, which are then aggregated to predict the target properties.
(b) Schematic illustration of the iterative message-passing procedure. Columns of blocks represent node features associated with each
atom, and the shaded region indicates the receptive field from which atom O can obtain information at each iteration. (c) Construction of
multipole features from the MM point-charge environment, which are used as long-range inputs in panel (a).

be written as range interaction block in the following section. MACE

L) _ extends this construction to many-body interactions, which

Rflml (rij) szlml (9 ¢)h§277rgz) )

My is discussed in the Supporting Information (SI) in section
0t m Lyt
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The multipole expansion decomposes complex electromag-
netic fields into hierarchical terms. This approach is particu-
larly useful for analyzing fields far from their sources, where
higher-order contributions become negligible. Constructed
in terms of spherical harmonic functions, the multipole ex-
pansion integrates naturally into equivariant neural networks
that employ a spherical harmonic basis. In Field-MACE,
its inclusion is motivated by the limited expressiveness of

L= (gl’EQ)v M = (mlamQ) )

where angles 6 and ¢ correspond to the directionality of the
vector r;; between atoms ¢ and j and r;; is its length. To
preserve the correct equivariance for each order of spherical
harmonics, we must include the standard Clebsch Gordan
coefficients C “ (Smorodinskii & Shelepin, 1972). The

values w!, correspond to learnable linear transformations

across the channels of the representation corresponding to
the degree and order of the spherical harmonics. An addi-
tional non-linear function can be placed alongside the linear
transformation. The equations form the basis of the short-

purely scalar electrostatic descriptors: Evaluating only a
scalar electrostatic potential at the QM atoms does not pro-
vide a complete description of the MM environment, as
different configurations of MM charges can produce iden-
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tical scalar potentials at a given QM atom. In contrast, the
multipole expansion resolves this problem by offering a
more complete description of the surrounding environment.

A scalar potential ®(r) generated by a charge distribution
p(r"), where r is the field point and r’ is the source point, is
defined by Coulomb’s law as

= 10
dreg ) |r—1| (19)

The function =l ’I can be expressed as a sum of spherical
harmonics assuming r << r’:

Z Z 2€+w+1yfm<9 8)Yin" (0, )
(11)

The condition r << 7’ reflects the standard convergence
requirement of the multipole expansion. In Field-MACE,
the truncated series is used to construct equivariant feature
tensors rather than to compute exact electrostatic potentials,
S0 strict convergence is not required.

Ir*r’l

Substituting this expansion into Coulomb’s law yields

Yy
where the multipole moment (), is defined as
Y. (0, ¢

Each term in this expansion corresponds to a specific multi-
pole order, with higher-order terms decaying more rapidly
with distance. Together, these terms provide a structured
representation of how the MM charges influence the QM
region. The monopole term (¢ = 0) represents the total
charge contribution, the dipole term (¢/ = 1) encodes the
orientation and strength of the resulting electric field, and
the quadrupole term (¢ = 2) captures the curvature in the
field. Higher-order terms (¢ > 2) describe progressively
finer topological variations of the electrostatic field gener-
ated by the charge distribution. These multipole moments
centered at each QM atom can be used as feature vectors,
as shown in the next section.

2.4. Multipole Moments

The QM/MM approach splits a chemical system into a QM
and an MM region as shown in Fig la, where the MM atorns
are described by their positions r M and partial charges q

as assigned by a classical force field. The correspondmg
charge distribution surrounding the QM region is

MMt ! = MM,
=G ! I 14
Plr’) {O, otherwise 14

This simplifies the multipole moments, eq. (13), into a sum
over discrete charges:

:ZQ;m:
j

The values 65™, ¥ correspond to the angles of the MM
charges in spherical coordinates. To maintain translational
invariance, we must first shift all coordinates such that the
center of mass of the QM region lies at the origin before
computing the multipole moments. The electrostatic poten-
tial consists of a single scalar value, but the terms in the
expansion are used to construct higher order tensors, which
we use as features when building the long-range messages.
These are defined as follows,

w Yo (0™, 03™)
(T?AM)Z+1

Qém (15)

i,QM

i /.QM 1 sz £m
o (15 >=QZ . (16)
J

20+ 1 (riQM)Z+1

Additionally, it is worth noting that the multipole moments
themselves can be used as feature vectors for each atom
to avoid centering the QM region, but they need to be con-
structed for every QM atom in the region. These features
would be given by,

i MM Zm, (GMM (bMM)

J QM
€o j (T?’/IM_ % )l+1

Ql (rM) = (17)

In practice, Eq. (16) corresponds to a global multipole expan-
sion of the MM charge distribution around a single reference
point at the center of the QM region. This representation
is computationally efficient and well suited for medium
to long range electrostatic interactions, but it reduces the
spatial resolution for very short range interactions at the
QM/MM boundary, because the MM information is first
aggregated at the QM center. To improve the description
of such local interactions, we also consider the local vari-
ant in Eq. (17), where multipole moments are constructed
with respect to each QM atom. In this per-atom expansion,
an MM atom approaching a particular QM atom gives a
dominant contribution to the moments associated with that
atom, so its short range effect is not averaged out at the
QM center of mass. Additionally, Eq. (17) is advantageous
for larger QM regions or cases where the center of mass is
not well defined, such as systems with periodic boundary
conditions. Furthermore, since the number of terms in the
multipole expansion is infinite, a user-defined cutoff must
be introduced in order to limit the number of higher-order
terms. For very large MM regions, the spatial resolution
of a single global multipole representation may decrease,
as more components are required to distinguish between
large charge distributions. This limitation can be mitigated
by defining multiple multipole expansions over a series of
shell like regions around the QM subsystem (e.g., 0-5 A,
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5-10 A), which might provide finer spatial resolution of the
electrostatic environment. In the next Section, we will incor-
porate the multipole moments and terms from the multipole
expansion terms in the message construction. A high-level
illustration of the process that was described can be seen in
Fig. 1c).

2.5. Message Construction

In Field-MACE, multipole-derived long-range information
augments the short-range equivariant messages (Fig. 1b).
Concretely, after the short-range message construction in
Eqg. (8), we add a long-range contribution, as can be seen in
Fig. 1a) by incorporating the multipole expansion terms,
my Y =m0 ™). as)

m,i

Equivalently, with the multipole moments:

my Y = mp b0 ™. a9)
The node features are then updated in the same way as in
Eq. (9). Injecting the multipole information at the mes-
sage level ensures that MM electrostatics can influence the
learned many-body interactions among QM atoms, rather
than entering only as a correction to each QM atom inde-
pendently. While one could alternatively couple multipole
tensors to equivariant features via explicit tensor products,
this would scale less favorably with both the number of mul-
tipole components and feature dimensionality; we therefore
use a direct sum in Field-MACE to preserve low-scaling
computational cost.

3. Results
3.1. Effect of Higher Order Moments

We extend the established MACE framework to include mul-
tipole features while keeping the remaining hyperparameters
and the total number of irreducible representations fixed for
consistency across models. Details on the MACE-relevant
hyperparameters are provided in the Appendix.

We quantify the effect of truncating the multipole expansion
at Loy € {0,...,5} on four solvated datasets: benzene,
uracil, retinoic acid, and the transition state of the reaction
of S-adenosylmethionine with cytosine (SAM). We report
mean absolute errors (MAEs) for energies and forces and
use five-fold cross validation throughout. The systems are
visualized in Fig. S1, and further details are provided in the
Appendix. Results are shown in Tables 1 and 2.

Across all systems, increasing /.« yields a consistent re-
duction in error up to {yy.x =~ 3. Beyond that, improve-
ments stagnate: higher-order multipole components rapidly
decrease in magnitude, with £ = 5 having values close to
10~7, leading to minor improvements in predictive accuracy.

A more detailed analysis of the components can be seen in
the Appendix. For the energy MAEs, the most pronounced
improvement is observed when going from ¢,,,, = 0 to
fmax = 2; higher orders provide only minor additional
gains, except for SAM, where /,,,x = 3 performs best.
This is consistent with the SAM system having the largest
and most complex MM environment among the considered
systems, thus prompting the need for higher order compo-
nents. QM/MM sizes are summarized in Table 3. Force
MAE:s exhibit the same trend, with larger and more flexi-
ble systems (retinoic acid and SAM) showing the strongest
improvements with increasing £.

In addition to measuring the test error depending on the
truncation level of the multipole expansion, we also timed
the different models. Table 3 reports the average time per
batch for each system (batch size fixed across #y,,5). Com-
paring benzene and uracil, which have the same QM size
but substantially different MM sizes, shows that N MM
only a minor impact on training time in our implementation.
This is consistent with the multipole-moment accumula-
tion in Eq. (15) being a lightweight sum performed at the
beginning of the prediction of the MACE model, requir-
ing little computational effort. Increasing ¢, also leads
only to a modest increase in cost. The dominant cost is
associated with the equivariant message passing over QM
atoms, consistent with an overall scaling dominated by the
QM representation and message passing (empirically close
to O(NM) per batch for fixed local neighborhood sizes).
Additional timing comparisons between the foundational
MACE-MPO model and Field-MACE are provided in the
Appendix.

3.2. Benchmarks to existing approaches

We benchmark the multipole-based long-range representa-
tion against two commonly used alternatives: Ewald sum-
mation (Kosmala et al., 2023; Toukmaji & Board Jr, 1996)
and scalar Coulomb-potential descriptors (Gastegger et al.,
2021). For the Ewald summation method, the solvated
QM/MM systems are treated with three-dimensional pe-
riodic boundary conditions, such that the classical Ewald
construction applies. For each system, we compare energy
and force MAEs. Both Ewald and Coulomb descriptors
were implemented within the MACE architecture as long-
range inputs, and we use identical MACE hyperparameters
across all models to ensure a fair comparison. Results are
shown in Fig. 2.

Across all systems, Ewald summation outperforms ¢, =
0 and achieves an accuracy comparable to fp.x = 1,
while Field-MACE with £,,,,x = 2 consistently outperforms
Ewald. The scalar Coulomb potential performs comparably
to fmax = 0 in larger and more complex systems, but is
substantially worse than higher-/,,,, Field-MACE models,
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Table 1. Mean Absolute Errors (MAEs) for energies (meV) of Field-MACE models evaluated on different molecules in solution. Results
are shown for varying multipole expansion truncation levels (¢/ = 0 to £ = 5).

System =0 ¢=1 (=2 (=3 (=4 (=5
Benzene 20.8 9.2 6.0 5.0 49 4.9
Uracil 11.7 7.4 5.4 4.8 4.8 4.7
Retinoic Acid  62.2 54.5 36.9 35.3 35.0 34.2
SAM 75.6 71.5 66.7 50.3 51.7 50.8

Table 2. Mean Absolute Errors (MAEs) for forces (meV/A) of Field-MACE models evaluated on different molecules in solution. Results
are shown for varying multipole expansion truncation levels (¢{ = 0 to £ = 5).

System (=0 ¢=1 (=2 (=3 (=4 (=5
Benzene 323 236 174 154 15.1 15.2
Uracil 392 287 236 217 217 215
Retinoic Acid 78.1  70.8 503 428 442 425
SAM 716 763 735 646 655 64.6

indicating that a purely scalar descriptor can be insufficient
to resolve complex, anisotropic solvent environments. How-
ever, for smaller and relatively rigid solutes such as benzene
and, to a lesser extent, uracil, the Coulomb descriptor can
match or exceed the force accuracy of higher-¢,,,,, models.
This can be explained by the relatively small size and re-
stricted conformational flexibility of these molecules. Even
though uracil is polar, the resulting solvent induced electro-
static environment is comparatively less complex since there
is little configurational flexibility. In this situation, the scalar
Coulomb potential at each QM atom already captures most
of the relevant environmental information, such that includ-
ing higher order multipoles provides little to no additional
benefit. In contrast, the SAM system and retinoic acid are
larger and more flexible, and their conformational ensem-
bles are more strongly modulated by the solvent interactions,
making higher-order angular information more beneficial.
More generally, molecules with greater conformational flex-
ibility and stronger, non-uniform solvent interactions are de-
scribed insufficiently by a purely scalar Coulomb potential
and, therefore, benefit more from the inclusion of higher-
order multipoles. In practice, this suggests using ¢ = 0 for
small, rigid solutes such as benzene and uracil, and includ-
ing multipoles up to £ = 2 (or 3 for particularly complex
environments) provides a robust accuracy-cost trade-off for
flexible, strongly solvated systems.

3.3. Transferability of Ground State Foundational
Models

In practice, Field-MACE can be trained on data generated
with any of the standard strategies used for machine learning
potentials, such as short QM or QM/MM molecular dynam-
ics runs, Wigner sampling, enhanced sampling schemes, or
uncertainty based approaches. For QM/MM applications,

however, a key bottleneck is that such QM/MM reference
data are typically much scarcer than ground state QM data
without environmental effects. In this section, we therefore
analyze how this burden can be reduced by initializing Field-
MACE with weights of pre-trained foundational ground
state models that have not been trained on data including
explicit environment effects. Concretely, we leverage the
foundational MACE-OFF model’s pre-trained representa-
tions as initial parameters for the short-range modules of
Field-MACE and then fine tune them on a comparatively
small set of embedded QM/MM configurations. As shown
below, this transfer-learning strategy substantially reduces
the amount of system-specific QM/MM data required to
reach a given accuracy. Full details on models and train-
ing can be found in the Appendix; additional transfer tests
across related systems and solvents are reported in the Ap-
pendix.

Fig. 3 shows learning curves for three solvated molecu-
lar systems trained with varying amounts of fine-tuning
data. The short-range blocks are initialized with the weights
from the foundational model and the long-range blocks with
random ones, which reduces the amount of training data
required to achieve comparable accuracy to models trained
from scratch, particularly for force predictions (panels d-f
in Fig. 3). Across all systems, the pre-trained initializa-
tion demonstrates a clear advantage, leading to improved
accuracy compared to random initialization, even though
the foundational model was trained without any solvent or
environmental terms.

The advantage of using the foundational representation is
most pronounced in systems with few strongly electronega-
tive atoms, as is the case in benzene, see Fig. 3a) and d), or
retinoic acid, see Fig. 3 ¢) and f). These molecules exhibit
comparatively weak and unspecific solute-solvent interac-
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Table 3. Training times per batch in seconds for Field-MACE models (¢ = 0) to (¢ = 5) on various molecular systems in solution.

System MM Size QMSize (=0 (=1 L=2 (=3 (=4 (=5

Benzene 250 12 0.069 0.076 0.084 0.092 0.101 0.110

Uracil 1600 12 0.068 0.075 0.082 0.088 0.098 0.108

Retinoic Acid 2600 50 0.335 0344 0.350 0.357 0369 0.380

SAM 3500 63 0444 0453 0461 0469 0482 0.495
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Figure 2. Comparison of energy and force prediction accuracy for solvated molecular systems. (a) Energy and (b) force MAEs for
benzene, uracil, retinoic acid, and SAM in solution comparing Ewald summation, Coulomb potential, and Field-MACE with different
multipole truncation levels. The dashes on the error bars represent the error for each of the cutoff values in the multipole expansion going

from O with the top dash and 5 with the bottom dash.

tions in water. Hence, much of the short-range chemistry
learned by the vacuum-trained foundational model remains
relevant, and fine-tuning primarily needs to adjust the re-
sponse to the environment through the added long-range
terms.

In contrast, for polar systems like uracil (Fig. 3 b) and
e)), which feature strong hydrogen bonding and complex
electrostatic interactions, the benefits of the pre-trained ini-
tialization are less pronounced. While transfer learning still
outperforms the randomly initialized model, the benefit is
smaller compared to the other examples. This suggests that
the foundational model’s learned parameters need a larger
adjustment in systems that interact more strongly with the
MM environment. In such cases, additional task-specific
pre-training or a larger fine-tuning set with embedded struc-
ture may be required to fully realize the potential of transfer
learning.

4. Discussion

In this work, we introduced Field-MACE, a multipole-based
extension of an SO(3)-equivariant molecular architecture
for modeling long-range interactions in QM/MM systems.
By replacing purely scalar environmental descriptors with
a hierarchy of multipole features, the model captures struc-
tured electrostatic information from the MM environment
while avoiding the cost of full long-range pairwise cou-
pling. Across solvated QM/MM benchmarks, we found
that multipole features consistently improve energy and
force predictions relative to scalar Coulomb descriptors and
Ewald-based long-range features. In particular, low-order
multipoles already capture most of the empirical gains, with
¢ = 2 or ¢ = 3 providing a strong accuracy cost trade
off. These results show that incorporating directional and
higher-order environmental information can substantially
improve the expressiveness of equivariant molecular ML
models without sacrificing scalability.

We also demonstrated that transfer learning from vacuum
trained foundational models improves data efficiency in the
embedded QM/MM setting, particularly for force prediction.
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Figure 3. Comparison of transfer learning from MACE-OFF foundational model (red curves) against randomly initialized Field-MACE
models (blue curves). Learning curves for energies (top row) and forces (bottom row) of molecules solvated in water: (a) and (d) benzene,

(b) and (e) uracil, and (c) and (f) retinoic acid.

Even though such pre-trained models do not include explicit
environmental effects, their learned short-range representa-
tions remain highly useful when combined with multipole
based long-range features. This suggests that foundation-
model pretraining can be an effective strategy for reducing
the cost of building accurate QM/MM models in low-data
regimes. At the same time, our results highlight important
limitations. While the multipole expansion is effective for
dominant long-range electrostatic effects, truncated expan-
sions are less well suited to very short-range interactions
near the QM/MM boundary, where the response of the QM
region depends sensitively on the precise positions of nearby
MM atoms. In addition, highly polar or structurally com-
plex environments may require either higher-order terms
or more localized treatments of the environment. Overall,
Field-MACE provides a practical route toward accurate,
scalable, and data-efficient ML/MM modeling. Our results
suggest that structured long-range representations based on
multipole features are a promising direction for extending
molecular machine learning to more realistic embedded
chemical systems.

Software and Data

The relevant code and datasets can be found here:
https://figshare.com/articles/dataset/
Models_data_and_code_for_publication_
Incorporating_Long-Range_Interactions_

via_the Multipole_Expansion_into_
Ground_and_Excited-State_Molecular_
Simulations_/28497857 and https://github.
com/rhyanl0/FieldMACE/tree/master , any
additional datasets used can be accessed on request.

Impact Statement

This work advances machine learning methods for molec-
ular simulations, with potential applications in chemistry,
materials science, and drug discovery. By improving the
modeling of long-range interactions in QM/MM systems,
it may enable more accurate and efficient simulations, re-
ducing reliance on expensive computational or experimental
methods.

The work does not involve human data and presents minimal
direct ethical risks. However, improved molecular model-
ing tools could contribute to downstream applications with
dual-use potential, such as the design of harmful chemical
compounds. Additionally, the computational cost of training
machine learning models has environmental implications.

Overall, we believe the primary impact of this work is to
support scientific progress, while highlighting the impor-
tance of responsible use and consideration of computational
resources.
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A. Ground State Dynamics: Nickel Complexes

To illustrate some representative applications, FieldMACE is applied to electrostatic embedding for ML/MM simulations. In
such a scheme, the total energy is written as

Eiot(Rom, Rvm) = Evm(Bym) + Eom(Rom) + Eommm (Rom, Bvm) (20)

where Eyv describes the MM-MM interactions and is evaluated with a classical force field, Fqy is the energy of the QM
region in isolation, and Eqwm/mwm is the coupling term that accounts for the interaction between the QM region and the MM
charges gym. In this work, the neural network models the QM region and the coulomb interaction between the embedded
QM region and the MM region Equm + EgM/MM. The other interactions between the QM and MM regions are modeled
with a classical MM force field. The forces on the QM and MM atoms induced by the coulomb potential are obtained by
differentiating this learned energy with respect to Rom and Ryv. Further details of how the model computes the gradients
of the MM region with respect to the interaction with the QM region are provided in the methods section.
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Figure 4. Nickel phosphine complex with methyl substituents in explicit benzene solvent. (a) Structure of the nickel complex. (b)
Distribution of Ni-O bond lengths and (c) distribution of Ni-P bond lengths over the course of the simulation for the models trained with
and without the methyl substituent. (d) Time evolution of the predicted energy during the molecular dynamics simulation. (e) Distribution
of P-Ni-P bond angles for the models trained with and without the methyl substituent. (f) Projection of the sampled configurations onto
the first two principal components.

As an initial ground-state example, we investigate nickel phosphine complexes, which are widely used as homogeneous
catalysts in cross-coupling and related organometallic transformations (Han, 2013; Diccianni & Diao, 2019). Each complex
consists of two phosphine ligands and a third neutral donor ligand, as illustrated in Figures 4a and 5a. Both systems are
explicitly solvated in benzene. We consider two variants differing in the substituents on phosphorus: methyl and isopropyl.

For each system, the ML/MM dynamics were run at 300 K for 15 ps. To train either model we start from the MACE-MP-0
representation and further train the models using the relevant nickel complexes, all nickel complexes used to train the model
can seen in ref (Pultar et al., 2025). Full simulation details and dataset descriptions are provided in Section S6c of the SI.
Scatter plots of the trained models show accurate predictions for both QM/MM energies and forces Figure S6a. The total
energy traces after 2.5 ps of equilibration are shown in Figures 4d and 5d. In both cases, the total energy fluctuates around
a stable mean without noticeable drift, and the magnitude of fluctuations is similar for both systems. This indicates that
the ML/MM dynamics with electrostatic embedding produces numerically stable trajectories for these relatively difficult
transition metal complexes in an explicit benzene environment.

To evaluate generalization, we assessed performance on these complexes by comparing dynamics obtained from a model
trained with the target system and a model trained without the target system but similar structures. The target systems can be
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Figure 5. Nickel phosphine complex with isopropyl substituents in explicit benzene solvent. (a) Structure of the nickel complex. (b)
Distribution of Ni-O bond lengths and (c) Distribution of Ni-P bond lengths over the course of the simulation for the models trained
with and without the isopropyl substituent. (d) Time evolution of the predicted energy during the molecular dynamics simulation. (e)
Distribution of P-Ni-P bond angles for the models trained with and without the isopropyl substituent. (f) Projection of the sampled
configurations onto the first two principal components.

seen in Figure 4a and Sa. Illustrations of all similar structures can be seen in ref (Pultar et al., 2025). We monitored several
key internal coordinates and compared their distributions between the two cases. First, we examined the Ni-P bond distance
for the phosphine ligands directly coordinated to the nickel center. For both methyl and isopropyl substituents (Figures 4a
and 5a), the Ni-P distributions from the model without the relevant system closely match those from the model that include,
see figures 4c and Sc. Additionally, both models display a shorter Ni-P bond for the methyl-substituted complex, consistent
with the smaller steric size of the methyl group allowing the phosphines to approach the nickel center more closely and form
a slightly stronger bond. Next, we analyzed the Ni-O distance to the neutral donor ligand, see figures 4b and 5b. For both
substituents, this distance remains nearly constant throughout the simulations and agrees closely between models trained
with and without the relevant system, again demonstrating that the model generalizes effectively to unseen systems. Finally,
we examined the P-Ni-P bond angle, see figures 4e and 5e. For the methyl-substituted complex, both models yield nearly
identical angular distributions. In contrast, for the isopropyl system, the model, which was not trained on iospropyl, shows a
slight shift toward larger bond angles. This is likely due to the training data containing complexes with bulkier substituents
and larger bond angles, slightly biasing the model toward predicting larger angles.

Because internal coordinates cannot fully capture the full configuration space, we also performed principal component
analysis (PCA) on SOAP (Himanen et al., 2020) descriptors computed for structures sampled from the dynamics. For both
methyl and isopropyl-substituted complexes, the resulting PCA projections overlap closely, as shown in figures 4f and 5f
confirming that the model generates dynamics highly similar to those obtained with system-specific training. Overall, this
nickel complex case study demonstrates that the electrostatically embedded ML/MM approach yields stable ground-state
dynamics for transition metal systems and generalizes well to new, unseen systems. Additionally, to illustrate the limitations
of our model, we simulated the same system with a cyclohexyl substituent, as shown in the Appendix. In this case, the
difference between the model trained on the cyclohexyl substituted system and the one without substitution was larger, likely
due to the larger size and increased complexity of the interactions in the system. The detailed training errors associated with
the nickel site are provided in Appendix.

A.1l. Furan Excited State Dynamics

Excited states play a central role in many photochemical and photophysical processes, such as biological light harvesting
(Cerullo et al., 2002; Romero et al., 2017) and converting solar energy (Mazouin et al., 2022; Mathew et al., 2014).
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Figure 6. Model accuracy distributions and photodynamics simulation results. Distribution of (a) energy and (b) force mean absolute
errors (MAEs) for the Field-MACE models, with dotted lines representing errors for each ¢ cutoff value starting from 0 and going down
to 3. The green marker indicates the error associated with the Coulomb potential. (c) Population curves resulting from photodynamics
simulations using the Field-MACE model and (d) quantum chemistry, for the ring-opening reaction of furan following excitation to the
second excited singlet state (S2).

Understanding the potential energy surfaces of these electronic states is essential for accurately modeling how molecules
behave under light exposure or during electronic transitions. As a test case for excited states, we simulate the photodynamics
of furan solvated in water. The key feature of this excited state reaction is the ring-opening reaction involving the C-O bond
in the five membered ring.

Panels a) and b) of Fig. 6 summarize energy and force errors, respectively. For energies, higher multipole truncation levels
achieve the lowest errors, consistent with the increased angular resolution of the environment. For forces, the scalar Coulomb
descriptor yields the lowest MAE among the tested long-range variants; however, although force errors remain uniformly
large across all approaches, indicating either that the dataset may be insufficiently sampled or that the underlying potential
energy surface contains intricate topological features such as conical intersections (points where potential energy surfaces
approach each other and form cusps), which are inherently difficult to approximate accurately.

To assess whether the learned surfaces are nevertheless adequate for dynamics, we performed nonadiabatic molecular
dynamics (NAMD) with Field-MACE using trajectory surface hopping (TSH) (Tully, 1990; 1991). NAMD simulations
describe the behavior of a molecule after being excited by light and are computationally much more demanding than ground
state simulations, especially when an explicit environment is included, since energies and forces are required for multiple
electronic states along each trajectory. In addition, transitions between different excited-state potentials need to be accounted
for, which can be done either via second-order derivatives (Zhao et al., 2023; Shu et al., 2022b) or nonadiabatic coupling
vectors (Mai et al., 2018). TSH recovers the quantum nature of the excited wave packet by averaging over many trajectories
that have different initial conditions (i.e. configurations and momenta). In Tully’s Fewest Switches TSH (Tully, 1990;
Granucci & Persico, 2007), used here, each trajectory changes its active state via so-called hops stochastically. For the
photodynamics simulations, we integrated our Field-MACE approach into the SHARC (Surface Hopping including Arbitrary
Couplings) program suite (Richter et al., 2011; Mai et al., 2023; 2015; 2018). Details on the molecular dynamics, data, and
model training are specified in Section S4 in the SI.

Panels c) and d) of Fig. 6 show the time evolution of the average population of the electronic states obtained from simulations
with Field-MACE (panel c) and the quantum chemical reference method (panel d). The two sets of simulations were initiated
from the identical set of initial conditions. At the beginning of the simulations, the system is excited to the second excited
singlet state, So. Both sets of simulations exhibit rapid non-radiative decay toward lower states, with fast transfer from S
to S followed by relaxation to the ground state .Sy. Field-MACE reproduces both the rapid initial decay of S5 and the
subsequent shift from S; to Sy in close agreement with the quantum-chemical reference: The S state is populated until
around 100 fs, at which point the majority of the trajectories fall back into the ground state. Notably, Field-MACE yielded
stable trajectories across a range of training-set sizes (see next section), whereas existing approaches such as FieldSchNarc
(Tiefenbacher et al., 2025) exhibit much larger sensitivity to hyperparameters and difficulties in obtaining stable dynamics
for this system.

14



Incorporating Long-Range Interactions via the Multipole Expansion into Ground and Excited-State Molecular Simulations

A.2. Transferability to excited states

To further test whether Field-MACE can also benefit from transfer learning in excited-state simulations, we revisit the
furan-in-water system introduced above. Full details on the model and training can be found in Section S4.3 in the SI.
Rather than considering the raw MAE values, we evaluate the learned models by running NAMD for the same set of initial
conditions used previously and compare the resulting population curves as the amount of training data is reduced. Models
trained from scratch with randomly initialized parameters are compared to models whose short-range block parameters are
taken from a MACE-OFF model. We consider training set size of 600, 150, and 30 frames, compared to the 1,900 data
points used in the previous section on furan. Since excited-state data is computationally much more costly to obtain than
ground state data, this is a realistic use case. The results are shown in Fig. 7.
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Figure 7. Population curves of furan starting in the second excited singlet state for transfer learning models using (a) 600, (b) 150, and (c)
30 data points and non-transfer learning models using (d) 600, (e) 150, and (f) 30 data points.

For the largest dataset with 600 data points, Fig. 7 first column, both transfer a) and non-transfer models d) result in similar
population curves that align well with the reference populations (Fig. 6 ¢). Deviations in the Sy, S7, and Sy populations
remain minimal throughout the simulation. When the dataset size is reduced to 150 points (middle column of Fig. 7), the
predictions are reasonable for both transfer (panel b)) and non-transfer (panel e)) models.

In contrast, for the smallest dataset of 30 data points (right-most column in Fig. 7), a stark difference emerges between
the two initialization strategies. The transfer model (panel c)), leveraging the foundational representation, maintains a
reasonable albeit worse approximation of the population curves, but captures the general trends in decay and redistribution
among electronic states. However, the model trained from scratch (panel f)) fails to capture the transition dynamics or the
populations of Sy, S1, and Sp. These results highlight that transfer learning becomes critical in low-data regimes, where
the foundational representation provides a strong inductive bias that enables the model to generalize despite very limited
excited-state training data.

Overall, the results demonstrate that transfer learning significantly enhances the performance of Field-MACE, particularly
when QM/MM training data is scarce. With sufficient data (600 or 150 data points), both transfer and non-transfer models
can perform reasonably well, though transfer learning provides an edge in accuracy. In low-data scenarios (30 data points),
transfer learning is essential for recovering qualitatively correct nonadiabatic population dynamics.

B. Model Inference Timings and Data Generation

The tables below (Tab 4, 5, and 6) compare inference timings of the foundational MACE-MP-0 model (medium size) and the
Field-MACE model for nickel complexes solvated in benzene, using systems with 75, 100, and 125 solvent molecules. The
Field-MACE model and MACE-MP-0 models have similar parameterizations. These correspond to systems of approximately
1000, 1300, and 1600 atoms in total. All timings were measured on a single NVIDIA H100 GPU and averaged over 50
forward passes.
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For the foundational MACE-MP-0 model, the entire system (including both the nickel complex and all solvent molecules) is
treated explicitly. As a result, the computational cost scales roughly linearly with the total number of atoms. This scaling
quickly becomes prohibitive for large solvated systems. In practice, systems exceeding roughly 100 solvent molecules
(about 1300 atoms total) frequently encounter out-of-memory errors when evaluated on a single GPU. For even larger
environments, stable inference would require the parallelization of model partitioning.

In contrast, Field-MACE is applied only to the QM region, while the surrounding solvent is incorporated implicitly through
the multipole expansion of the electrostatic field. During the construction of this field, the MM point charges associated with
the solvent molecules are aggregated into multipole moments at an early stage. Hence, the number of MM atoms has only
a minor influence on the overall computational cost. For a fixed QM region, the inference time of Field-MACE remains
effectively constant as the size of the MM environment increases, in stark contrast to the linear scaling observed for the
foundational model.

Table 4. Comparison of inference times (seconds) for one Field-MACE and MP-0 medium foundational model prediction for nickel
complexes with 75 solvent molecules. Timings were averaged over 50 predictions on an H100 GPU.

System Foundational Medium MP-0 Model Field-MACE
Methane 0.146 0.0316
Isobutane 0.655 0.0324
Hexane 0.285 0.0318

Table 5. Comparison of inference times (seconds) for one Field-MACE and MP-0 medium foundational model prediction for nickel
complexes with 100 solvent molecules. Timings were averaged over 50 predictions on an H100 GPU.

System Foundational Medium MP-0 Model Field-MACE
Methane 0.405 0.0319
Isobutane 0.970 0.0329
Hexane 0.658 0.0324

Table 6. Comparison of inference times (seconds) for one Field-MACE and MP-0 medium foundational model prediction for nickel
complexes with 125 solvent molecules. Timings were averaged over 50 predictions on an H100 GPU.

System Foundational Medium MP-0 Model Field-MACE
Methane 0.826 0.0331
Isobutane - 0.0322
Hexane - 0.0321

It is important to note that the total training time for both the foundational and Field-MACE models should include the
cost of generating the underlying QM/MM training data. The data generation typically dominates the total computational
expense, as it requires performing high-level quantum-chemical calculations for representative configurations of the system.
However, the amount of training data required varies substantially depending on the chemical complexity of the system, the
size of the QM region, the chosen level of theory, and the availability of transferable pretrained models. In particular, the use
of transfer learning or model fine-tuning can drastically reduce the number of expensive QM calculations needed, often
by one or more orders of magnitude, while maintaining accuracy comparable to that of a model trained completely from
scratch.

C. Transferability between Similar Systems

In Figure 8 we examine how transfer learning affects the data efficiency of Field-MACE for a small series of related
quinoline dimer systems solvated in dichloromethane. Full details of the underlying QM/MM dataset are reported in
Ref. (Riniker et al., 2024). The molecule in panel (e) is used as the initial system that Field-MACE model is first trained on.
This pretrained model is then fine-tuned on two substituted target systems shown in panels (f) and (g). For each target, we
randomly subsample different fractions of the available QM/MM configurations and compare the resulting mean absolute
errors (MAES) in energies and forces against models trained from scratch on exactly the same data. Panels (a) and (b) report
the learning curves for the system in panel (f), while panels (c) and (d) show the corresponding results for the system shown
in panel (g).

In both cases, pretraining on similar quinoline dimer systems in Figure 8 panel (e) leads to a clear reduction in error in the
low-data regime. The transfer-learned models achieve near-full-dataset accuracy using only a fraction of the target-system
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configurations, whereas models trained from scratch require substantially more data to reach comparable performance. As
one might expect, the advantage of transfer learning diminishes as the fraction of target-system data increases and the models
become increasingly dominated by direct supervision on the target system. This demonstrates that knowledge learned on
one embedded system can be reused to accelerate training on closely related environments.
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Figure 8. Transfer-learning performance for a series of quinoline dimers systems solvated in dichloromethane. Errors in energies and
forces are shown as a function of the fraction of target-system data used for training. In all cases, the transfer-learning models are
initialized from a Field-MACE model pretrained on the system shown in panel (e). (a) Energy MAEs for the target system in panel (f). (b)
Force MAE:s for the target system in panel (f). (c) Energy MAEs for the target system in panel (g). (d) Force MAE:s for the target system
in panel (g).

D. Transferability between Biological and Solvent environments

Figure 9. Structure of the small-molecule inhibitor 19G bound to the protein MCL1.

In this section, we test how well Field-MACE can transfer between two different environments for the same ligand molecule,
namely bulk water and the binding pocket of a protein. As a representative example, we consider the small-molecule
inhibitor 19G bound to the protein MCL1, illustrated in Fig. 9. We used two separate QM/MM datasets, which were obtained
from ref. (Bensberg et al., 2025), one describing the ligand solvated in water and the ligand in the protein pocket.

As a baseline, independent Field-MACE models were first trained from scratch on each dataset. The scatter plots in
Fig. 10b and c show that in both environments the final models reproduce the reference QM/MM energies with small errors,
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confirming that Field-MACE can accurately learn ligand energetics in both solvent and protein environments when trained
directly on the corresponding data.

To assess cross-environment transferability, we then performed transfer-learning experiments in both directions. In Figs. 10d
and e, a model pre-trained on the ligand-in-water dataset is fine-tuned on the protein-bound ligand data and compared to
a model trained from scratch using only protein configurations, while Figs. 10f and g show the reverse scenario, where a
model pre-trained on the protein dataset is fine-tuned on the solvated ligand data. In both directions, the learning curves for
energies and forces remain very similar, with at most a modest improvement at the smallest training fractions. This suggests
that, for this particular system, the protein environment induces interaction patterns that are sufficiently different from those
in bulk solvent that pre-training provides only limited additional benefit. We expect stronger gains from pretraining when
starting from a foundational model representation as seen in the main text.
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Figure 10. Transfer learning between solvent and biological environments for the 19G ligand. (a) Illustration of the MCL1-19G protein
complex with the protein represented by its secondary structure elements and the small ligand in atomistic detail, with hydrogen, carbon,
oxygen, and sulfur atoms in white, gray, red, and yellow, respectively. Parity plots of the predicted energies of the model for (b) the
protein complex and (c) the ligand in water. (d,e) Learning curves for energy and force MAE, respectively, when training on the protein
dataset either from scratch or by fine-tuning a model pre-trained on the solvent data. (f,g) Corresponding learning curves when training on
the solvent dataset, comparing models trained from scratch to those fine-tuned from a model pre-trained on the protein data.

E. Ground State Simulation Details
E.1. Nickel Model Validation

Figures 11 and 12 show scatter plots comparing reference and predicted energies, QM forces, and MM Coulomb forces for
the nickel complexes.

Both the models trained on the full dataset and the model without the target system exhibit good agreement with the reference
data. In particular, energy and QM force errors remain small even when one substituent class is excluded from training,
indicating robust generalization across closely related nickel complexes. The MM Coulomb force errors are several orders
of magnitude smaller than the QM force errors, reflecting the relatively smooth dependence of the electrostatic interaction
on MM atom positions.
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Figure 11. Scatter plots for the nickel complexes with methyl substituents. The upper row corresponds to scatter plots trained on all
systems and the lower row corresponds to models trained without the methyl substituent. (a,b) Reference versus predicted energies. (c,d)
Reference versus predicted QM forces. (e,f) Reference versus predicted Coulomb forces acting on MM atoms.
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Table 7. Mean absolute errors (MAEs) for energies and forces on the validation set. Energies are given in eV and forces in eV A7,

Quantity Full w/o Methyl  w/o Isopropyl
Energy 0.05 0.063 0.059
QM forces 0.037 0.040 0.040
MM forces  0.00032 0.00037 0.00038

E.2. Nickel Dynamics Cyclohexyl Substituent
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Figure 13. Nickel phosphine complex with cyclohexyl substituent in explicit benzene solvent. (a) Structure of the nickel complex with the
hexane substituent. (b) Distribution of the of Ni-O bond lengths and (c) distribution of the of Ni-P bond lengths over the course of the
simulation for the models trained with and without the hexane substituent. (d) Time evolution of the predicted energy during the molecular
dynamics simulation. (e) Distribution of the of P-Ni-P bond angles for the models trained with and without the hexane substituent. (f)
Projection of the sampled configurations onto the first two principal components.

In addition to the methyl- and isopropyl-substituted systems discussed in the main text, we also simulated the cyclohexyl-
substituted system for 15 ps. During the trajectory, we monitored the same internal coordinates as before: the Ni—O bond
length, Ni—P bond lengths, and P-Ni—P bond angles. The distributions of the Ni—P bond distances are very similar between
the two models. In contrast, the Ni-O bond length is substantially larger, leading to a dissociation, for the model that was not
trained on this system. This likely reflects an underestimated dissociation barrier that is not well represented by the other
nickel complexes in the dataset. This, in turn, has an effect on the P-Ni-P bond angle, which spans a much wider range than
in simulations produced by the model that included the system during training.

Overall, this example suggests that while the Field-MACE generalizes well to simpler systems, it may struggle to capture
behavior in larger systems than those present in the training set, particularly in cases where dissociation barriers are small
and highly sensitive to modest prediction errors or rare events.

E.3. Molecular Datasets

The configurations, annotated with energies and forces for the four molecules solvated in water in the ground state were
taken from ref (Booselt et al., 2021). Simulation details are briefly summarized here: All simulations were performed using
a QM/MM approach with the DFT functionals BP86 (Becke, 1988) for retinoic acid and the SAM system, wB97X-D3
(Becke, 1993; Grimme et al., 2011) for uracil, and B2-PLYP (Grimme, 2006) for benzene; the def2-TZVP basis set was used
for all calculations. The resolution of identity (RI) approximation (Dunlap et al., 1979), Grimme’s dispersion correction
with Becke—Johnson damping (Grimme et al., 2011), and electrostatic embedding were used to account for long-range
interactions. The MM region consists of water molecules modeled with the SPC/E water model (Berendsen et al., 1987).
The QM/MM Hamiltonian incorporated MM point charges within a cutoff radius of 0.6 nm for benzene and 1.4 nm for
uracil, retinoic acid and the SAM system.

Each solute was solvated in a water box, with the number of MM partial charges included approximately 1600 for uracil,
2600 for retinoic acid and 3500 for the SAM system, while benzene had a smaller number of MM partial charges of 250 due
to the smaller box size. The initial structures were generated using the ATB server (Malde et al., 2011) and relaxed at 0 K

20



Incorporating Long-Range Interactions via the Multipole Expansion into Ground and Excited-State Molecular Simulations

o ©
o % o
o o

b)

Figure 14. The following shows images of the molecules used in the paper, a) benzene, b) uracil c) SAM system, d) retinoic acid

with a gradient descent algorithm until the predicted energy change fell below 0.1 kJ mol~!.

F. Multipole Component Analysis

In order to better rationalize the choice of ¢, we plotted the distribution of coefficient magnitudes for each value as a series
of box plots with a logarithmic scale. Since the coefficients decay steeply as ¢ decreases, every one unit drop in ¢ typically
corresponds to roughly an order of magnitude decrease. For the SAM system, uracil, and retinoic acid, the coefficients
at £ = 5 already fall below 10~7. Numbers in this range brush up against the roughly 7 significant digit resolution of
single-precision (float32) arithmetic, so rounding noise may become non negligible. However, at such small values the
influence of higher ¢ values will be negligible for the prediction, as seen when looking at / = 4 and ¢ = 5 compared to
lower order ¢ values.

F.1. Training and Model Details

In all trainings, a 5 Angstrom cutoff was applied to the ML region to construct the local graph. The training parameters
shown in the Field-MACE section below were also used for the transfer learning, dynamics and the ablation study models
shown, with the exception that the channel size was fixed to 128 for the transfer learning/dynamics models and 32 for the
ablation studies. Additionally the multipole parameter ¢ value was fixed to 3 for the transfer learning study and 1 for the
dynamics models. For the transfer learning and dynamics models (Heydari et al., 2023; Buterez et al., 2024) the short-range
MACE blocks were initialized using the medium size foundational MACE-OFF model parameters for the transfer learning.
Additionally, the other blocks such as the long-range blocks and the readouts were randomly initialized.

All trainings were performed on a single NVIDIA H100 GPU. For all Field-MACE models, we used two sets of short and
long-range layers. We trained models with the initial learning rate of 0.01 with a decay factor of 0.5 occurring after 10
consecutive epochs of no change in validation error. All models used for benchmarking were trained for 1000 epochs. A
weighting of 100:100 was applied to the energies and forces during the training. Additionally, all MACE models were
trained with spherical harmonics up to and including degree 1 and 8 Bessel basis functions.
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Figure 15. Box plot visualization showing the distribution of the multipole moment coefficients (¢ values) for benzene, retinoic acid,
uracil, and the complete system.

All models were trained with the loss function:

n n
L=cp Y (Bihp — ED)hep Y (Flipp — FO)? @1)
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The coefficients cg and ¢y were both set to 100. The optimization was performed using the default optimizer in the MACE
library with an initial learning rate of 0.01 as mentioned previously.

F.2. Point charge gradient computation

As introduced in the main text, the QM/MM reference calculations used to generate the training data represent the MM
environment by a set of fixed point charges (q?’IM7 r?’IM), which enter the electronic Hamiltonian as an external electrostatic
potential. Therefore, in an electrostatic embedding framework, the interaction of the QM and MM subsystems must also be
considered. In particular, because the coupling of the two subsystems gives rise not only to forces on the QM atoms but also
to forces acting on the MM atoms. The forces on the MM atoms are obtained as the negative gradient of the total QM/MM

energy with respect to their positions rl}’[M,
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J

F™ = (22)

In Field-MACE, during training, the model is trained to reproduce the QM/MM energy, QM atomic forces, and, if available,
MM atomic forces. Internally, the forces on the MM atoms are computed through the chain rule, first differentiating the
energy with respect to the multipole coefficients, and then the multipole coefficients with respect to the MM positions.
Formally, this can be written as
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In practice, all derivatives are evaluated automatically using PyTorch’s automatic differentiation engine. Both the MACE
architecture and the multipole feature construction are implemented within a single computational graph, allowing gradients
to be obtained by standard backpropagation without any additional analytical derivations, ensuring that the forces on QM and
MM atoms are consistent by construction. It is worth noting that the MM forces can still be computed even in the absence of
explicit MM force labels during training, albeit with reduced accuracy compared to models trained with full QM/MM force
information. Nevertheless, the availability of gradients with respect to MM coordinates enables stable ML/MM molecular
dynamics simulations within an electrostatic embedding framework.

F.3. Nickel Simulation Details

All ML/MM molecular dynamics simulations were performed on a nickel phosphine complex with a neutral donor ligand
embedded in an explicit benzene environment. The reference data and initial structures were taken from Ref. (Riniker et al.,
2024), with the starting configuration selected to be the first structure of the corresponding dataset.

As an initial preparation step, the isolated nickel complex was relaxed using Field-MACE until the maximum force on any
atom was below 0.1 eV A=, To construct a physically reasonable solvent environment, benzene molecules exhibiting
unphysical overlaps with the nickel complex were removed prior to simulation, full prior construction of the initial conditions
can be found in ref (Pultar et al., 2025). More concretely, any benzene molecule whose closest atom lay closer than 3.5 A to
any atom of the QM region was discarded. The structures obtained this way served as starting points for the subsequent
ML/MM simulations. The spatial extent of all atoms was determined, and uniform vacuum padding of 2 A was added in
each Cartesian direction. A cubic simulation box was then defined with side length equal to the largest system extent plus
twice this padding. The structure was recentered within the box, and periodic boundary conditions were applied in all three
dimensions.

Prior to production dynamics, the QM region was relaxed once more at the ML/MM level in the presence of the frozen MM
environment, using the FieldMACE model trained on the relevant complexes, the same model as in the production MD run.
Geometry optimization was performed using a quasi-Newton algorithm until the maximum force acting on any QM atom
was again below 0.1 eV A~!. This optimized configuration was used as the initial structure for the molecular dynamics
trajectories. The MM region consisted exclusively of rigid benzene molecules such that intramolecular interactions could be
omitted.Intermolecular MM-MM interactions were described by the sum of Lennard Jones and Coulomb potential acting
only on pairs of atoms belonging to different benzene molecules. The MM energy is given by

o Oij 2 Oij ‘ qi9;
Bum =) |deij | (2] — (2] | +he 2|, (24)
) ) )

i<j

where k, = 14.3996 eV A/e? and r; ; denotes the interatomic distance. Lennard Jones parameters for carbon and hydrogen
were chosen to be compatible with a simple OPLS-AA-type benzene parameterization, hydrogen and carbon with an epsilon
parameters 0, 0.0030 and sigma parameters 0, 3.55 respectively. Parameters on the hydrogens were omitted. Partial atomic
charges were assigned such that each benzene molecule remained charge neutral, charges of -0.1299 for the carbons and
0.1299 for the hydrogen, consistent with the dataset for QM training.

The QM region was described using a machine-learned neural network potential evaluated on GPU. In the electrostatic-
embedding scheme, the QM energy depends explicitly on the positions and charges of the surrounding MM atoms, yielding
an embedded QM energy of the form

EwiL(Rom; Bvmt, avm) = Eom(Rom) + Egunm (Bom, Bums avm) (25)

along with forces on both QM atoms and MM atoms arising from the electrostatic interaction. Here
ESM,MM(RQM, Ry, gum) s the interaction energy resulting from the coulomb interaction. The van der Waals inter-
actions between the QM and MM regions were modeled using Leonard Jones parameters taken from the Universal force
field (UFF) (Rappé et al., 1992).

The total potential energy of the system was therefore approximated as

Eiot(Rom; Rvm) = Evm(Bvm) + Eme (Rom; Bvm,; gvm)

(26)
+ Egvovm (Rou, Rum)-
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where the final term denotes the explicit Lennard-Jones interaction between QM and MM atoms. However, this classical
force field scheme can be switched for any other classical force field, this example was taken for simplicity.

All molecular dynamics simulations were carried out using a time step of 0.5 fs. Initial velocities were drawn from the
Maxwell-Boltzmann distribution at a temperature of 300 K. A Langevin thermostat was applied to the QM degrees of
freedom to maintain the target temperature while minimally perturbing the dynamics. For each nickel complex (methyl,
isobutane, and cyclohexyl), trajectories of 15 ps picoseconds were generated.

F.4. Surface Hopping Molecular Dynamics

Trajectory surface hopping (TSH) (Tully, 1990; 1991; Richter et al., 2011; Mai et al., 2015) is a mixed quantum-classical
approach to recover the behavior of the nuclear wave packet after electronic excitation. In this nonadiabatic molecular
dynamics approach, the nuclei positions evolve classically on a single potential energy surface (PES), while stochastic hops
between electronic states occur based on nonadiabatic coupling probabilities. The quantum nature of the system is then
recovered as an average over many different initial conditions. In Tully’s fewest switches surface hopping (FSSH) (Tully,
1990; 1991), electronic state populations are propagated via the time-dependent Schrédinger equation,

d .
%Ck(t) = — ; |:;Hkg +dgy - V:| Cg(t), 27

where ¢ (t) denotes the time-dependent amplitude of electronic state k, Hy, is the electronic Hamiltonian matrix element of
states k and ¢, diy = (¢r|V r|¢p¢) is the nonadiabatic coupling vector between states & and ¢, and v is the nuclear velocity
vector. The probability of a hop from state k to state £ in a time step At is computed according to

(28)

Py = max (O, 2Re (Can [hCI];I;;g +dyy - v]) At) '

At every time step, a random variable ¢ is drawn from the interval [0, 1], and the system transitions from state k to state £ if
£ is less than Py_,, (Tully, 1990). Since calculating nonadiabatic couplings dj directly is resource-intensive, alternative
methods like curvature-driven surface hopping (Shu et al., 2022a) have emerged, which approximate the coupling between
states via second-order time derivatives of the PESs. The curvature-driven surface hopping was utilized in all surface
hopping simulations in this study. These techniques enable efficient propagation of surface hopping trajectories while
accurately incorporating nonadiabatic effects in simulations of excited-state molecular dynamics.

F.5. Excited State Dataset Details

The excited-state data set contains calculations of furan solvated in water (Zenodo archive 10.5281/zenodo.
14536036) and was produced for an ML/MM study using FieldSchNet (Tiefenbacher et al., 2025). Computational
details are briefly summarized here: The furan molecule is solvated in a cubix box (side length 15 A) of TIP3P water (1365
molecules). Initial structures for surface hopping dynamics were obtained from classical MD simulations. These frames
were split into two sets for subsequent excited-state QM/MM simulations. One set contains the initial conditions for those
trajectories that constitute the training and validation sets for model, the other initial conditions were used to compare
dynamics of the trained model to unseen QM/MM simulations. We followed the same scheme to train and evaluate our
models. For more details on the initial conditions generation see (Tiefenbacher et al., 2025).

F.6. Excited State Simulation and Training Details

All nonadiabatic simulations were conducted using an interface between Field-MACE and the SHARC engine (Mai et al.,
2023; Richter et al., 2011). For the transfer learning experiments, the short-range blocks were initialized using the medium-
size foundational MACE-OFF model parameters. The other blocks, such as the long-range blocks and the readouts, were
randomly initialized. Hyperparameters listed below were kept consistent for both the full data set and the smaller subsets
used in transfer learning. These smaller datasets were constructed by subsampling frames randomly from the full training
set. A 5 A cutoff radius was applied along with 8 equally spaced Bessel basis functions. Only two interaction layers were
used, with 128 channels and spherical harmonics up to degree 3. The initial vectors for the MM atoms were constructed
from spherical harmonics up to degree 3, combined with an embedding vector of up to size 16. The readout functions were
modified to produce multiple outputs rather than a single node. In this case, 3 electronic state energies were predicted.
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The loss function was defined as mean squared error over all states for a property (energy and forces)

L= 3 (r - 5

jl'Ll

nr n

e (R~ FO9)? 29)

jlll

where cg and cp were both set to 100. The parameter ny, represents the number of energy states, here 3. For optimization
we used the default optimizer in the MACE library with a learning rate of 0.001. Training was performed on a single
NVIDIA H100 GPU. Full details of the parameters used for the SHARC simulations can be found in (Tiefenbacher et al.,
2025).

F.7. Ewald Sum Implementation

To use the Ewald sum (Wells & Chaffee, 2015) it is necessary to have periodic system thus to evaluate the electrostatic
potential from a set of point charges g; at positions R;, we embed them in a cubic periodic cell whose side length

L =2 max R, (30)
J

ensures every point charge lies within the periodic box. Next the Coulomb interaction is split into three parts, the real term,
the momentum or reciprocal term and the self interaction term. Each term is also given a cutoff value, these are shown below
for the real and reciprocal term,

2a Ll
Tewt = % and Koy ~ — (31)
Here « corresponds to the weighting of the real space to reciprocal part. The idea here being the real part captures the close
range interactions and the reciprocal term captures low frequency momentum wave vectors which normally correspond to
charge distributions at a long distance. In real space, the short-range potential at point R; is

erfc(ar;;
e (Ry) =) g erfelary) H (rew — i), (32)
i i
where r;; is the minimum-image distance to R, i.e r;; = miny¢zs ‘
image, H masks beyond 7¢t.

, where n is the index of the periodic

In reciprocal space, one sums over discrete wavevectors k = 2w (ng, n,, n.)/L with |n| < k. Defining a weight

A o~ IIkl?/(402)

Wk)=— —mm— (33)
Voo llk?
where V is the volume of the periodic box and charge structure factors
= qu cos(k-Rj)7 S(k) = qu sin(k~Rj), (34)
J J
the long-range potential is
PUeP)(Ry) = Y Wk [cos (k-R;) C(k) + sin(k-R;) S(k)} . (35)

k0

A simple self-term

se. «
Plself) _ 7= qu (36)
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removes each charge’s interaction with its own screening cloud.

The total potential is then

®(R;) = 0D (Ry) + ®UP)(R;) 4 &1, (37)

The total potential at each is then embedded with a radial basis function in a similar way as previously done with the
multipole expansion except this time there is only a scalar value and the message becomes,

my Y = mp O WO Rbf(B(Ry)) (38)

m,i

where Rbf is a radial basis function mapping the scalar value to the correct channel size. This tensor of scalar values is then
multiplied with the node features tensor along the channel dimension.

F.8. Coulomb Potential Implementation

As a baseline for long-range interactions, we compute the Coulomb potential of a set of point charges g; at positions R;. At
any QM point R, the coulomb potential induced by a cloud of point charges is simply the sum of pairwise terms as shown:

) — 4
P2 w | >

No cutoff or Fourier space decomposition, every charge contributes directly, and the resulting scalar values are collected for
each QM point. Similar to the ewald sum previously, we embed this scalar value via a radial basis function and construct the
same message as shown in equation 38.
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