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Abstract

We propose an anytime online algorithm for the problem of
learning a sequence of adversarial convex cost functions while
approximately satisfying another sequence of adversarial on-
line convex constraints. A sequential algorithm is called any-
time if it provides a non-trivial performance guarantee for any
intermediate timestep t without requiring prior knowledge of
the length of the entire time horizon T . Our proposed algo-
rithm achieves optimal performance bounds without resorting
to the standard doubling trick, which has poor practical perfor-
mance due to multiple restarts. Our core technical contribution
is the use of time-varying Lyapunov functions to keep track
of constraint violations. This must be contrasted with prior
works that used a fixed Lyapunov function tuned to the known
horizon length T . The use of time-varying Lyapunov func-
tion poses unique analytical challenges as properties, such
as monotonicity, on which the prior proofs rest, no longer
hold. By introducing a new analytical technique, we show that
our algorithm achieves O(

√
t) regret and Õ(

√
t) cumulative

constraint violation bounds for any t ≥ 1.
We extend our results to the dynamic regret setting, achiev-
ing bounds that adapt to the path length of the comparator
sequence without prior knowledge of its total length. We also
present an adaptive algorithm in the optimistic setting, whose
performance gracefully scales with the cumulative prediction
error. We demonstrate the practical utility of our algorithm
through numerical experiments involving the online shortest
path problem.

1 Introduction
We consider a natural generalization of the standard Online
Convex Optimization (OCO) problem, called Constrained
Online Convex Optimization (COCO), where in addition to
a convex cost function, a convex constraint function is re-
vealed to the learner after it chooses its action at each round
for a horizon of T rounds. The goal is to design an online
algorithm which achieves a small regret (w.r.t. the cost func-
tions) while ensuring a small cumulative constraint viola-
tion or CCV (w.r.t. the constraint functions) for all rounds
t ≥ 1. The COCO problem arises in many practical settings,
including safety-aware contextual bandits (Sun, Dey, and
Kapoor 2017), autonomous driving (Gao et al. 2024), budget-
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constrained bandits (Immorlica et al. 2022), and learning
safety constraints in LLMs (Chen, As, and Krause 2025).

The COCO problem has been extensively studied in the
literature over the past decade (Guo et al. 2022; Yi et al.
2023; Neely and Yu 2017). Recent work by Sinha and Vaze
(2024) introduced a simple algorithm which yields O(

√
T )

regret and Õ(
√
T ) CCV guarantees, which are also shown to

be tight when the horizon length T is known. These results
are established by leveraging a Lyapunov function-based
technique that constructs a surrogate cost function by linearly
combining the cost and constraint functions at each round,
and then passes it on to a standard OCO algorithm. The
analysis is also refreshingly elegant in stark contrast to prior
works that rely on primal-dual-based approaches and achieve
only suboptimal guarantees (Guo et al. 2022; Yi et al. 2021,
2023; Sun, Dey, and Kapoor 2017).

However, a major drawback of their result is that their
proposed algorithm is not anytime as it needs to know the
length of the horizon T a priori. In particular, although their
algorithm achieves O(

√
t) regret for any t ≥ 1, the CCV

guaranteed by their algorithm is not time-uniform as it only
achieves a CCV of Õ(

√
T ) for any time t ≥ 1, however small

(Sinha and Vaze 2024, Theorem 1). This raises a natural
and important question - is it possible to design a COCO
algorithm which simultaneously achieves O(

√
t) regret and

Õ(
√
t) CCV for any t ≥ 1?

In this paper, we affirmatively answer this question by in-
troducing a sequence of time-varying Lyapunov functions
{Φt(·)}t≥1, which replace the fixed, horizon-dependent Lya-
punov function Φ(·) employed by Sinha and Vaze (2024).
Their analysis crucially utilized the monotone non-decreasing
property of the {Φ(Q(t))}t≥1 sequence, where Q(t) is the
CCV up to round t. Unfortunately, it turns out that with the
new Lyapunov functions, Φt(x) is actually monotonically
decreasing pointwise in t, and hence, the previous arguments
do not apply. The key technical novelty in our analysis is
in ensuring that the sequence {Φt(Q(t))}t≥1 remains mono-
tonically non-decreasing even though Φt(x) < Φt−1(x), ∀x.
This is achieved by defining Q(t) to be a suitable upper
bound to the current CCV while adequately exploiting the
exponential form of the Lyapunov functions (see Eqn. (6)).

In summary, we make the following contributions in the
paper:



• We propose a simple anytime algorithm for COCO that
achieves O(

√
t) regret and Õ(

√
t) CCV for any t ≥ 1.

Our algorithm does not need multiple restarts and com-
pletely avoids the impractical doubling trick (see section
A for more details).

• The above results are obtained by introducing a se-
quence of time-varying Lyapunov functions in both our
algorithms and their analysis. Compared to the prior
works, which use time-invariant Lyapunov functions, time-
varying Lyapunov functions pose non-trivial technical
challenges, as the key monotonicity property is lost. We
address this challenge by working with a suitable upper
bound to CCV and appropriately tuning the parameters of
the Lyapunov functions.

• We show that our techniques extend naturally to the dy-
namic regret and optimistic settings. In particular, we
design algorithms with performance bounds that adapt
to unknown parameters, such as the total path length PT

or the total prediction error ET , without resorting to the
practically unwieldy doubling trick.

• Finally, we demonstrate the superiority of our algorithm
through a number of numerical experiments.

2 Related Works
Online learning with long-term constraints was first stud-
ied by Mannor, Tsitsiklis, and Yu (2009). In the context
of two-player infinite-horizon stochastic games, they estab-
lished a fundamental impossibility result: it is not possible
to simultaneously achieve sublinear bounds for both regret
as well as cumulative constraint violation (CCV) against the
best fixed offline action that satisfies the long-term constraint
over the entire horizon. This negative result motivated subse-
quent works to consider a weaker benchmark, in which the
benchmark satisfies the constraints at every round (Mahdavi,
Jin, and Yang 2012; Neely and Yu 2017; Guo et al. 2022).
The goal in this line of work is to obtain the tightest regret
and CCV bounds under this assumption. For time-invariant
constraints, Mahdavi, Jin, and Yang (2012) were the first to
use Online Gradient Descent (OGD) and mirror prox-based
online policies to obtain sublinear regret and sublinear CCV
guarantees. Later, Castiglioni et al. (2022) proposed a uni-
fied meta-algorithm that achieves O(T 3/4) bounds for both
approximate regret and CCV in the non-convex setting with
long-term constraints. However, they made an additional
Slater’s condition (strict feasibility) assumption and the as-
sumption that the constraint functions change no faster than
O(T−1/4). Guo et al. (2022) studied the problem with adver-
sarial constraints, and achieved O(

√
T ) regret and O(T 3/4)

CCV in the general setting without assuming Slater’s condi-
tion. The closest to our work is the paper by Sinha and Vaze
(2024), which achieves optimal O(

√
T ) regret and Õ(

√
T )

CCV bounds by reducing the problem to the standard on-
line convex optimization on a sequence of surrogate cost
functions. However, they assumed apriori knowledge of the
horizon T and also their violation bound was suboptimal
in the sense that even for an intermediate timestep t, they
could only establish Õ(

√
T ) bound as opposed to the Õ(

√
t)

that we present. This was primarily because the definition
of the surrogate costs required the knowledge of the horizon
length T . Follow-up works, such as Lekeufack and Jordan
(2025), which generalized Sinha and Vaze (2024)’s algorithm
to the optimistic and dynamic regret setting, required the
knowledge of other problem-dependent parameters, such as
path length or error bounds, which prevented their algorithms
from being truly adaptive. All of the above papers relied
on the doubling trick to estimate these problem dependent
parameters. However, as noted in a number of prior works,
the doubling trick is impractical and wasteful as it relies on
restarting the algorithm from scratch every time the problem
dependent parameter exceeds the estimate (Zhang et al. 2024;
Kwon and Mertikopoulos 2014; Luo and Schapire 2014).
Consequently, the data from the previous learning phases are
not utilized for prediction in the subsequent phase, which
leads to unsatisfactory practical performance. We have dis-
cussed the doubling trick in more detail in Section A in the
Appendix.

3 Problem formulation
We consider a repeated game between an online player and
an adaptive adversary. In this game, on each round t ≥ 1, the
player chooses a feasible action xt from a decision setX . The
set X is assumed to be non-empty, closed, and convex with a
finite Euclidean diameter of D. Upon observing the current
action xt, the adversary chooses two convex and G-Lipschitz
functions - a cost function ft : X → R and a constraint
function gt : X → R. The constraint function gt corresponds
to an online constraint of the form gt(x) ≤ 0. Since the
constraints are adaptively chosen, they cannot be expected
to be satisfied by the player every round. Consequently, the
player incurs a cost of ft(xt) and an instantaneous constraint
violation of max(0, gt(xt)). Our objective is to design an
online policy that achieves a small cumulative cost while
incurring a small CCV for each t ≥ 1. The (static) regret
of any policy is computed by comparing its cumulative cost
against that of a fixed feasible action x⋆ ∈ X that satisfies all
constraints on each round. Specifically, let X ⋆ ⊆ X be the
set consisting of all actions satisfying all constraints:

X ⋆ = {x ∈ X : gt(x) ≤ 0, ∀t ≥ 1}. (1)

We assume that the feasible set is non-empty, i.e., X ⋆ ̸= ∅.
We then define the Regret and the CCV of any policy as

RegretT = sup
x⋆∈X⋆

T∑
t=1

(
ft(xt)− ft(x

⋆)
)
, (2)

CCVT =

T∑
t=1

(gt(xt))
+, (3)

where we have defined (y)+ ≡ max(0, y), y ∈ R.
In the standard OCO problem, only the cost functions are

revealed on every round and there is no online constraint
function. The goal for the standard OCO problem is to only
minimize the regret. Hence, the standard OCO problem can
be seen to be a special case of COCO where gt = 0, ∀t, and
hence, X ⋆ = X .



4 Anytime bounds on Regret and Cumulative
Constraint Violation

4.1 Technical Overview
Our approach builds upon the Lyapunov-based framework
recently proposed by Sinha and Vaze (2024). They reduce
the COCO problem to an instance of the standard OCO prob-
lem on a sequence of surrogate cost functions that linearly
combine the cost and constraint functions at each round. The
coefficients of the linear combinations are chosen accord-
ing to a fixed Lyapunov function Φ(x) := eλx − 1, where
the parameter λ depends on the length of the time horizon
T. Hence, their algorithm is not anytime and the resulting
bounds are not time-uniform. To overcome this, we use time-
varying Lyapunov functions, Φt(x) = eλtx − 1, where the
parameter λt is a decreasing function of the current time step
t.

Although the time-varying Lyapunov functions obviates
the need to know the horizon length T , their analysis presents
a significant challenge: the sequence Φt(Q(t)) is no longer
guaranteed to be monotonically non-decreasing, a property
that was critical to the analysis in Sinha and Vaze (2024).
Our key technical novelty is to restore this monotonicity by
redefining the variables Q(t). Instead of the standard additive
update, which leads to an exact expression for CCV, we
introduce a multiplicative factor, defining Q(t) = λt−1

λt
Q(t−

1) + g̃t(xt). Since λt is decreasing, the factor λt−1

λt
≥ 1

precisely compensates for the shrinking Lyapunov function,
ensuring that Φt(Q(t)) ≥ Φt−1(Q(t− 1)). Furthermore, the
new definition also ensures that Q(t) remains an upper bound
to the CCV for any t ≥ 1.

Finally, we construct a surrogate cost function f̂t based on
the time-varying Lyapunov functions, which are then passed
to a standard adaptive OCO algorithm like AdaGrad. This
procedure allows us to derive the desired anytime bound
of O(

√
t) for regret and Õ(

√
t) for cumulative constraint

violation.

4.2 Preliminaries: Lipschitz-Adaptive OCO
Algorithms

Algorithm 1: AdaGrad: Online Gradient Descent with Adap-
tive step sizes

1: Input : Convex decision set X , sequence of convex cost
functions {f̂t}Tt=1, sequence of learning rates {ηt}Tt=1,
diam(X ) = D, PX (·) = Euclidean projection operator
on the convex set X .

2: Initialize : x1 ∈ X arbitrarily.
3: for t = 1 : T do
4: Play xt and compute ∇t = ∇f̂t(xt)
5: Set xt+1 = PX (xt − ηt∇t)
6: end for

In this Section, we briefly recall the family of first-order
methods (a.k.a. Projected Online Gradient Descent (OGD))
for the standard OCO problem, which will be used as a sub-
routine in our proposed COCO algorithm. These methods

differ from each other in the way the step sizes are chosen.
For a sequence of convex cost functions {f̂t}t≥1, a projected
OGD algorithm selects the successive actions as (Orabona
2019, Algorithm 2.1):

xt+1 = PX (xt − ηt∇t), ∀t ≥ 1, (4)

where ∇t ≡ ∇f̂t(xt) is a subgradient of the function f̂t at
xt, PX (·) is the Euclidean projection operator on the set X
and {ηt}t≥1 is an adaptive step size sequence. The (diagonal
version of the) AdaGrad policy adaptively chooses the step
size sequence as a function of the norm of the previous sub-
gradients as ηt =

√
2D

2
√∑t

τ=1 G2
τ

, where Gt = ||∇t||2, t ≥ 1

(Duchi, Hazan, and Singer 2011). 1 Importantly, the Ada-
Grad policy does not need to know the horizon length T or a
uniform upper bound to the Lipschitz constants of the cost
functions. This policy enjoys the following adaptive regret
bound.
Theorem 4.1. (Orabona 2019, Theorem 4.14) The AdaGrad
policy, with the given step size sequence, achieves the follow-
ing regret bound for the standard OCO problem:

RegretT ≤
√
2D

√√√√ T∑
t=1

G2
t . (5)

4.3 Design and Analysis of the COCO Algorithm
To simplify the analysis, we pre-process the cost and con-
straint functions as follows.

Pre-processing: On every round, we clip the negative part
of the constraint to zero by passing it through the standard
ReLU unit. Next, we scale both the cost and constraint func-
tions by a factor of α ≡ (2GD)−1. More precisely, we define
f̃t ← αft, g̃t ← α(gt)

+. Hence, the pre-processed functions
are αG = (2D)−1-Lipschitz with g̃t ≥ 0,∀t.

In the following, we will derive the Regret and CCV
bounds for the pre-processed functions. The corresponding
bounds for the original functions are obtained upon multiply-
ing the bounds by α−1.

Surrogate cost functions: Let {λt}t≥1 be a monotonically
decreasing sequence which will be specified later. We define
Q(t) using the following recursion:

Q(t) =
λt−1

λt
Q(t− 1) + g̃t(xt), t ≥ 1, (6)

with Q(0) = 0. Since λt−1

λt
≥ 1, Q(t) is an upper bound to

the CCV up to round t. Thus, an upper bound to Q(t) also
implies an upper bound to CCV. Consequently, we proceed
to control Q(t).

Towards this, let Φt : R+ → R+ be a sequence of non-
decreasing convex Lyapunov functions such that Φ0(0) = 0.
Using the convexity of the function Φt(·), we have

Φt(Q(t)) ≤ Φt(
λt−1

λt
Q(t− 1)) + Φ′

t(Q(t))g̃t(xt). (7)

1We set ηt = 0 if Gt = 0.



Algorithm 2: Anytime Online Policy for COCO

1: Input: Sequence of convex cost functions {ft}Tt=1 and
constraint functions {gt}Tt=1, an upper bound G to the
norm of their (sub)-gradients, Diameter D of the admis-
sible set X

2: Parameters: λt =
1

4
√
t
√
log t+1 (log(log t+1)+1)

,Φt(x) = exp(λtx)−1, α =

(2GD)−1.
3: Initialization: Set x1 = 0, Q(0) = 0.
4: for t = 1 : T do
5: Choose xt, observe ft, gt, incur a cost of ft(xt) and

constraint violation of (gt(xt))
+

6: f̃t ← αft, g̃t ← αmax(0, gt).

7: Q(t) = λt−1

λt
Q(t− 1) + g̃t(xt).

8: Compute f̂t as per (9)
9: Pass f̂t and ηt =

√
2D

2
√∑t

τ=1 ||∇τ ||22
to Algorithm 1.

10: end for

We now choose the Lyapunov function to be Φt(x)
(def)
=

eλtx − 1. Hence, we have Φt(
λt−1

λt
x) = Φt−1(x), ∀x. Sub-

stituting this in the bound (7), the one-step change (drift) of
the potential function Φt(Q(t)) can be upper bounded as

Φt(Q(t))− Φt−1(Q(t− 1)) ≤ Φ′
t(Q(t))g̃t(xt). (8)

Recall that, in addition to controlling the CCV, we also want
to minimize the cumulative cost (which is equivalent to mini-
mizing the regret for the cost functions). We combine these
two objectives into a single objective of minimizing a se-
quence of surrogate cost functions {f̂t}Tt=1 obtained by tak-
ing a positive linear combination of the drift upper bound
(8) and the cost function ft. More precisely, we define the
surrogate cost function at round t as

f̂t(x) := f̃t(x) + Φ′
t(Q(t))g̃t(x), t ≥ 1. (9)

Our proposed policy for COCO, described in Algorithm 2,
simply runs the AdaGrad algorithm on the surrogate cost
function sequence {f̂t}t≥1, for a specific choice of the param-
eter sequence {λt}t≥1 as dictated by the following analysis.

The Regret Decomposition Inequality Let x⋆ ∈ X ⋆ be
any feasible benchmark action as defined by Eqn. (1). Using
the drift inequality from Eqn. (8), the definition of surrogate
costs (9), and the fact that gτ (x⋆) ≤ 0,∀τ ≥ 1, we have

Φτ (Q(τ))− Φτ−1(Q(τ − 1)) + (f̃τ (xτ )− f̃τ (x
⋆))

≤f̂τ (xτ )− f̂τ (x
⋆), ∀τ ≥ 1.

Summing up the above inequalities for 1 ≤ τ ≤ t, and using
the fact that Φ0(0) = 0, we obtain

Φt(Q(t)) + Regrett(x
⋆) ≤ Regret′t(x

⋆), ∀x⋆ ∈ Ω⋆, (10)

where Regrett on the LHS and Regret′t on the RHS of (10)
refers to the regret for learning the pre-processed cost func-
tions {f̃t}t≥1 and the surrogate cost functions {f̂t}t≥1 re-
spectively (see Eqn. (2)). From Eqn. (5), the regret bound

for the AdaGrad algorithm depends on the ℓ2 norms of the
gradients of the input cost functions. Since we use AdaGrad
for learning the surrogate cost functions {f̂t}t≥1, we need
to upper bound the gradients of the surrogate functions to
derive the regret expression. Towards this, the ℓ2-norm of the
gradients Gt of the surrogate cost function f̂t can be bounded
using the triangle inequality as follows:

Gt ≤ ||∇f̃t(xt)||2 +Φ′
t(Q(t))||∇g̃t(xt)||2

≤ (2D)−1
(
1 + Φ′

t(Q(t)
)
. (11)

where in the last step, we have used the fact that the pre-
processed functions are (2D)−1-Lipschitz. Hence, plugging
in the adaptive regret bound (5) on the RHS of (10), we arrive
at the following regret decomposition inequality valid for any
t ≥ 1 :

Φt(Q(t)) + Regrett(x
⋆) ≤

√
t+

√√√√ t∑
τ=1

(
Φ′

τ (Q(τ))
)2
. (12)

In the above, we have utilized simple algebraic inequalities
(x + y)2 ≤ 2(x2 + y2) and

√
a+ b ≤

√
a +
√
b, a, b ≥ 0.

Also note that, for our choice of Lyapunov function, Φ′
τ (x) =

λτe
λτx = λτ (Φτ (x) + 1). Hence,√√√√ t∑
τ=1

(
Φ′

τ (Q(τ))
)2 ≤

√√√√ t∑
τ=1

λ2
τ

(
Φτ (Q(τ)) + 1

)2
. (13)

Further note that the recursion Q(τ) = λτ−1

λτ
Q(τ − 1) +

g̃τ (xτ ) implies λτQ(τ) ≥ λτ−1Q(τ − 1) as g̃τ ≥ 0.
Therefore, Φτ (Q(τ)) ≥ Φτ−1(Q(τ − 1)), i.e., the sequence
{Φτ (Q(τ)}τ≥1 is non-negative and non-decreasing. Hence,
upper-bounding all terms within the parentheses in the sum-
mation of the RHS of (13) by the last term, we arrive at the
following simplified bound√√√√ t∑

τ=1

λ2
τ

(
Φτ (Q(τ)) + 1

)2 ≤
√√√√ t∑

τ=1

λ2
τ (Φt(Q(t)) + 1)

Thus Eqn. (12) yields for any t ≥ 1 :

Φt(Q(t)) + Regrett(x
⋆)

≤

√√√√ t∑
τ=1

λ2
τΦt(Q(t)) +

√√√√ t∑
τ=1

λ2
τ +
√
t. (14)

The regret decomposition inequality (14) constitutes the key
step for the subsequent analysis. We finally choose the pa-
rameters

λτ =
1

4
√
τ
√

log(τ) + 1 (log(log(τ) + 1) + 1)
, τ ≥ 1.

Note that
∑t

τ=1 λ
2
τ < 1

4 using simple calculus as given in
Lemma B.1. This lets us conclude from (14) that,

Regrett(x
⋆) +

1

2
Φt(Q(t)) ≤

√
t+

1

2
(15)



Noting that, Φt(Q(t)) ≥ 0, we get,

Regrett(x
⋆) ≤

√
t+ 1

we trivially have Regrett(x
⋆) ≥ −Dt

2D ≥ −
t
2 . Hence, from

Eqn. (15), we have,

exp(λtQ(t)) ≤ t+ 2
√
t+ 1 ≤ 4t

=⇒ Q(t) ≤ 1

λt
log 4t

=⇒ Q(t) ≤ 4
√
t
√
log t+ 1

(
log(log t+ 1) + 1

)
log 4t.

Further, noted above, since {λt}t∈[T ] is a decreasing se-
quence, CCVt ≤ Q(t) based on the definition of the {Q(t)}
sequence. The following theorem summarizes the above re-
sults
Theorem 4.2. For the COCO problem with adversarially
chosen G-Lipschitz cost and constraint functions, Algorithm
2 yields the following Regret and CCV bounds for any t ≥ 1 :

Regrett ≤ 2GD(
√
t+ 1),

CCVt ≤ 8GD
√
t
√
log t+ 1

(
log(log t+ 1) + 1

)
log 4t.

In the above, D denotes the diameter of the decision set X .
Remark 4.3. Theorem 4.2 ensures a regret bound of O(

√
t)

and a violation bound of O(
√
t(log t)3/2 log log t). With a

slightly tighter analysis, one could improve the violation
bound to O(

√
t log t (

∏log⋆ t
k=1 log(k) t)1/2) by choosing λτ

appropriately. Here log(k) represents the logarithm repeated
k times while log⋆ t represents the iterated logarithm.
Remark 4.4. We can derive an adaptive CCV

bound of the form Õ
(√∑t

τ=1 ||∇g
+
t (xt)||22

)
by

choosing the value of λτ appropriately. Concretely,
denoting γt =

∑t
τ=1 ||∇g

+
t (xt)||22 and taking

λτ = 1

4
√
γτ

√
log(γτ )+1 (log(log(γτ )+1)+1)

would suffice.

This bound is tighter because it can adjust itself based on
the problem instance, whereas the Õ(

√
t) bound was a

worst-case bound which remained the same for all problem
instances.

5 Extension to Dynamic Regret Bounds
While in the previous Section, our algorithm ensured a static
regret guarantee against a fixed benchmark, in this Section,
we show that our algorithmic technique also yields a dynamic
regret guarantee against any sequence of time-varying bench-
marks. More importantly, our algorithm does not need to
know any upper bound on the worst-case path length corre-
sponding to the benchmark sequence.

5.1 Adaptive OCO meta-algorithm to minimize
Dynamic Regret

Let {f̂t}t≥1, be a sequence of convex cost functions
and {x⋆

t }t≥1 any feasible comparator sequence such that
gt(x

⋆
t ) ≤ 0, ∀t ≥ 1. In other words, the comparators satisfy

the online constraint functions at every round. Then the dy-
namic regret against the comparator sequence {x⋆

t }Tt=1 of any

Algorithm 3: Anytime Online Policy for Dynamic COCO

1: Input: Sequence of convex cost functions {ft}Tt=1 and
constraint functions {gt}Tt=1, an upper bound G to the
norm of their (sub)-gradients, Diameter D of the admis-
sible set X

2: Parameters: α = (2GD)−1.
3: Initialization: Set x1 = 0, Q(0) = 0.
4: for t = 1 : T do
5: Choose xt, observe ft, gt, incur a cost of ft(xt) and

constraint violation of (gt(xt))
+

6: f̃t ← αft, g̃t ← αmax(0, gt).

7: Q(t) = λt−1

λt
Q(t− 1) + g̃t(xt).

8: Compute f̂t as per (9)
9: Pass f̂t and ηt =

(D+1)(1+Pt)√
2
∑t

τ=1(1+Pτ )||∇τ ||2
to Algorithm

1.
10: end for

online policy which produces an action sequence {xt}t≥1 is
defined to be:

D-RegretT ≡
T∑

t=1

f̂t(xt)−
T∑

t=1

f̂t(x
⋆
t ). (16)

We define the path length PT of a comparator sequence
{x⋆

t }Tt=1 as follows:

PT ≡
T−1∑
t=1

||x⋆
t+1 − x⋆

t ||2. (17)

Note that for the static regret metric defined in (2), we have
x⋆
t = x⋆, ∀t ≥ 1, and hence, the path-length is zero (Hazan

2022). For any round t ≥ 1, let x⋆
t be an optimal feasible

action, i.e., it is a solution to the following constrained convex
optimization problem:

min ft(x), s.t. gt(x) ≤ 0, x ∈ X . (18)
By definition, the worst-case dynamic regret upper bounds
the dynamic regret for any arbitrary feasible comparator se-
quence. Also, the advantage of considering the worst-case
benchmarks is that at the end of each round t, we can compute
the benchmark x⋆

t by solving the problem 18. This enables
us to determine the running value of Pt at the end of each
round t.

For the time being, let us now consider the standard OCO
problem without any constraints. The following theorem
gives an upper bound to the dynamic regret of the adaptive
OGD policy described in Algorithm 1 for the standard OCO
problem.
Theorem 5.1 (Dynamic Regret Bounds for AdaGrad). The
AdaGrad policy, described in Algorithm 1, achieves the
following adaptive dynamic regret bound for the standard
OCO problem against any comparator sequence u1:T whose
path length at time t is known to be Pt, using an adaptive
learning rate schedule ηt =

(D+1)(1+Pt)√
2
∑t

τ=1(1+Pτ )||∇τ ||2
, t ≥ 1 :

D-REGRETT (PT ) ≤ (D + 1)

√√√√2

T∑
t=1

(1 + Pt)||∇t||2. (19)



where ∇t ≡ ∇ft(xt), ∀t ≥ 1 and diam(X ) = D.

Remark 5.2. Our proof of Theorem 5.1 adapts the static
regret analysis of the AdaGrad algorithm from Orabona
(2019, Theorem 4.14) to the dynamic regret setting. See
Appendix C for the details. Recently, Supantha and Sinha
(2025, Theorem 17) also derived a dynamic regret bound for
AdaGrad using similar techniques. The difference between
our bound and theirs is that their bound assumes that the
total path length PT is known in advance, while we only
require knowledge of the path length Pt up to time t. This
makes our approach more practical for settings where the
full comparator sequence is not known beforehand. Further,
our bound is tighter as it incorporates the time-varying path
length Pt inside the summation, whereas their bound uses
the total path length PT as a multiplicative factor outside the
sum. Since Pt ≤ PT for all t, the sum

∑T
t=1(1 + Pt)∥∇t∥2

is smaller than (1 + PT )
∑T

t=1 ∥∇t∥2, resulting in a tighter
overall guarantee. As we shall see, this modified base OCO
algorithm would be pivotal for making our adaptive COCO
algorithm.

5.2 Dynamic Regret Decomposition Inequality
We use the same surrogate loss as defined earlier in Eqn. (9).
This yields

Φτ (Q(τ))− Φτ−1(Q(τ − 1)) + f̃τ (xτ )− f̃τ (x
⋆
τ )

(a)

≤ Φ′
τ (Q(τ))

(
g̃τ (xτ )− g̃τ (x

⋆
τ )
)
+ f̃τ (xτ )− f̃τ (x

⋆
τ )

(b)
= f̂τ (xτ )− f̂τ (x

⋆
τ )

where in step (a), we have used Eqn. (8) and the feasibility
of the benchmark x⋆

τ (which implies gτ (x
⋆
τ ) ≤ 0), and in

step (b) we have used the definition of surrogate costs from
Eqn. (9). Summing up the above inequalities for τ = 1 to
τ = t, we have the following dynamic regret decomposition
inequality

Φt(Q(t)) + D-Regrett(Pt) ≤ D-Regret′t(Pt), (20)

where D-Regrett(Pt) and D-Regret′t(Pt) correspond to the
Dynamic regrets up to round t for the original cost functions
{f̃τ}τ≥1 and surrogate cost functions {f̂τ}τ≥1 respectively
against a sequence of benchmarks with path length at mostPt.
Plugging in the dynamic regret expression for the surrogate
costs from Theorem 5.1, we conclude that:

Φt(Q(t)) + D-Regrett(Pt)

≤
√
1 + Pt

√
t+

√√√√ t∑
τ=1

(1 + Pτ )
(
Φ′

τ (Q(τ))
)2
. (21)

The rest of the analysis is similar to that given in Sec-
tion 4.3 by taking Φτ (x) = eλτx − 1. We now choose
λτ = 1

4
√

τ(1+Pτ )
√

log(τ)+1 (log(log(τ)+1)+1)
. We formally

state our results in the following theorem,

Theorem 5.3. For the COCO problem with adversarially
chosen G-Lipschitz cost and constraint functions, Algorithm

3 yields the following worst-case dynamic regret and CCV
bounds for any t ≥ 1

D-REGRETt(Pt) ≤ 2GD
√

1 + Pt(
√
t+ 1),

CCVt

≤ 8GD
√
1 + Pt

√
t
√
log t+ 1

(
log(log t+ 1) + 1

)
log 4t,

where Pt is the path-length of the worst-case comparator
sequence {x⋆

t }tτ=1 up to time t.

6 An Adaptive Optimistic Algorithm
Generalizing the seminal work of Sinha and Vaze (2024),
Lekeufack and Jordan (2025) presents an optimistic meta-
algorithm for Constrained Online Convex Optimization
(COCO) that leverages predictions of the loss and constraint
functions to achieve superior performance when those predic-
tions are accurate. However, their algorithm requires tuning
a crucial parameter that depends on the total prediction error
over the entire horizon - a quantity that is unknown in ad-
vance. Consequently, to make their algorithm adaptive, they
resort to using the doubling trick. In this section, we propose
a modified algorithm that is both optimistic and continuously
adaptive, obviating the use of the doubling trick.

6.1 Optimistic meta-algorithm

Algorithm 4: Optimistic COCO

1: Input: Sequence of convex cost functions {ft}Tt=1 and
constraint functions {gt}Tt=1, an upper bound G to the
norm of their (sub)-gradients, Diameter D of the admis-
sible set X

2: Initialization: Set x1 = 0, Q(0) = 0, Q(1) = 0.
3: for round t = 1 . . . T do
4: Choose xt, observe ft, gt, incur a cost of ft(xt) and

constraint violation of (gt(xt))
+

5: f̃t ← αft, g̃t ← αmax(0, gt).
6: Predict f̄t+1 and ḡt+1.
7: Compute f̂t as per (26).
8: Update Q(t+ 1) = λt

λt+1
Q(t) + g̃t(xt).

9: Compute prediction ¯̂
ft+1 as in (23).

10: Pass f̂t and ¯̂
ft+1 to Algorithm 5.

11: end for

The above algorithm is a synthesis of the Optimistic COCO
meta-algorithm proposed in Lekeufack and Jordan (2025)
with our novel methodology of time-varying Lyapunov func-
tions and modified queue recursion. It operates by construct-
ing the true and predicted surrogate cost functions (f̂t and
¯̂
ft+1) using the adaptive queue Q(t) updated via our mul-
tiplicative rule, and then passes these functions to a base
optimistic OCO algorithm, specifically Optimistic Online
Mirror Descent (Algorithm 5), which is detailed in Appendix
D.1. The regret guarantee for this base algorithm is given in
Theorem D.1. The Optimistic Online Mirror Descent algo-
rithm was first proposed by Rakhlin and Sridharan (2014)



and we just restate the algorithm and its associated regret
guarantee in the Appendix. In the following, we provide a
brief overview of the optimistic setting, defining the predic-
tion errors and the predicted surrogate cost function used by
our algorithm, before stating the main theorem which guaran-
tees its regret and constraint violation bounds. The complete
proof is deferred to Appendix D.2.

In the optimistic setting, we assume that at the end of
step t, the learner can make predictions f̄t+1 and ḡt+1. More
precisely, we are interested in predictions of the gradients,
and, for any function h, we denote by ∇h̄t the prediction
of the gradient of h. We denote by h̄t the function whose
gradient is∇h̄t. Moreover, we define the following prediction
errors

ϵt(h) := ||∇ht(xt)−∇h̄t(xt)||2∗,

Et(h) :=
t∑

τ=1

ϵτ (h), (22)

In the previous algorithms, we formed f̂t at the end of
round t using the revealed cost ft and constraint gt. Here,
we will also form the predicted surrogate cost ¯̂

ft+1 using the
predicted cost f̄t+1 and constraint ḡt+1. We assume without
loss of generality that both the actual and predicted functions
have the same Lipchitz constant, which upon pre-processing
is (2D)−1. This also implies that both ϵt(f̃) and ϵt(g̃) are
bounded from above by D−2.

We define the predicted surrogate cost ¯̂
ft+1 as-

¯̂
ft+1 = f̄t+1 +Φ′

t+1(Q(t+ 1))ḡt+1 (23)

However, note that if we were to retain the usual definition
of Q(t), the above equation would imply that we know the
value of g̃t+1(xt+1) at the end of round t. This is not possible,
therefore, Lekeufack and Jordan (2025) has to use delayed
updates, wherein,

Q(t+ 1) = Q(t) + g̃t(xt) (24)

To apply our adaptive technique we have to augment this
with our multiplicative factor to get,

Q(t+ 1) =
λt

λt+1
Q(t) + g̃t(xt) (25)

Note that, this means CCVt ≤ Q(t+1). Further, λt+1 should
be such that it is known after round t.

Also note that for parity with the definition of predicted
surrogate loss, we need to modify our definition of surrogate
loss.

f̂t = f̃t +Φ′
t(Q(t))g̃t (26)

where the Q(t) now has been defined according to Eqn. (24).
We further choose our λτ whose value will be justified in

subsequent analysis.

λτ =
1

c
√
γτ + 1

√
log(γτ + 1) + 1(log(log(γτ + 1) + 1) + 1)

(27)

. where

γτ = Eτ−1(g̃) +D−2 (28)

and

c = 20(

√
B

β
+

B

β
) (29)

We summarize our results in the following theorem.
Theorem 6.1. For the COCO problem with adversarially
chosen G-Lipschitz cost and constraint functions, Algorithm
4, using Algorithm 5 as its base OCO algorithm, yields the
following Regret and CCV bounds for any t ∈ [T ] where
T ≥ 1 is the horizon length:

Regrett ≤ O

(√
Et(f̃)

)
,

CCVt ≤ Õ
(√
Et(g̃)

)
.

For completeness we provide the proof of the above theo-
rem in section D.2.

7 Simulations
We demonstrate the practical efficacy of our algorithm via
numerical experiments on the Online Shortest Path problem
with delay constraints - a constrained version of the classic
online shortest path problem. We perform numerical simula-
tions on a semi-synthetic dataset constructed from real-world
network measurements to model dynamic network condi-
tions with adversarial costs and constraints. Our proposed
anytime algorithm is compared against two key baselines: the
fixed-horizon algorithm from Sinha and Vaze (2024), which
requires advance knowledge of the total horizon T , and its
adaptation to an unknown horizon setting via the standard
doubling trick. The results, presented in Figures 1 and 2 in
the appendix, empirically validate our theoretical claims. The
plots show that our anytime algorithm consistently outper-
forms the doubling trick baseline in both cumulative regret
and constraint violation, while also avoiding the instabil-
ity caused by its periodic restarts. Notably, our algorithm
also achieves superior practical performance compared to the
fixed-horizon baseline, demonstrating the advantages of its
adaptive parameterization. We have detailed the full experi-
mental setup, dataset construction, and analysis of the results
in Appendix E.

8 Conclusion
In this work, we proposed anytime algorithms for online
convex optimization with adversarial constraints (COCO) ap-
plicable across various problems, including the static regret,
dynamic regret, and optimistic settings. Our approach em-
ploys time-varying Lyapunov functions coupled with a novel
multiplicative factor in the virtual queue recursion, a key
technical innovation ensuring essential monotonicity proper-
ties. This methodology circumvents the need for impractical
techniques like the doubling trick and its associated restarts.
The resulting algorithms are more practical and stable, bene-
fits which we confirm through numerical simulations on the
constrained online shortest path problem.
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Supplementary Material
A The Doubling Trick

The doubling trick is a standard technique for adapting online algorithms that require a known time horizon T to a setting where
the horizon is unknown. The method works by running the algorithm in exponentially increasing phases. At the start of each new
phase, the algorithm is restarted, and its internal parameters (which depend on T ) are recalculated using the new, doubled phase
length as the estimate for T .

However, as noted in several prior works, this technique, while theoretically functional, is often criticized for being “aestheti-
cally inelegant and impractical” (Luo and Schapire 2014; Zhang et al. 2024; Kwon and Mertikopoulos 2014). A major line of
critique, articulated by Luo and Schapire (2014), is that the method is “intuitively wasteful, since it repeatedly restarts itself,
entirely forgetting all the preceding information”. Their work, which proposes an alternative adaptive algorithm based on a
“pretend prior distribution” over the horizon, also demonstrated empirically that the doubling trick is “beaten by most of the other
algorithms” in practice.

Similarly, Kwon and Mertikopoulos (2014) developed their continuous-time approach specifically to provide a “unified
any-time analysis without needing to reboot the algorithm every so often”. Their work shows that by using a time-varying
parameter (e.g., ηt ∝ 1/

√
t) rather than a fixed one, one can achieve optimal O(t−1/2) regret bounds without resorting to

restarts.
More recently, Zhang et al. (2024) also motivated their work by designing an algorithm that “does not employ the impractical

doubling trick”. They reiterated that restarting “wastes data” and causes “large jumps" in the decision sequence, which can
be undesirable, and that it performs “considerably worse” in practice. As a solution, they proposed a “refined discretization
argument” from a continuous-time model to preserve adaptivity without restarts.

The consensus from these works is that continuously adaptive algorithms are generally preferable and perform better in
practice. Our own experiments in Appendix E (Figures 1 and 2) confirm this finding, showing that our intrinsically adaptive
method offers distinctive practical performance gains over the standard doubling trick baseline.

B Supporting Lemmas
Lemma B.1. For

λτ =
1

4
√
τ
√
log(τ) + 1

(
log(log(τ) + 1) + 1

) ,
we have

t∑
τ=1

λ2
τ < 1

4 , ∀ t ≥ 1.

Proof. We observe

λ2
τ =

1

16 τ (log(τ) + 1)
(
log(log(τ) + 1) + 1

)2 .
Define

a(x) =
1

16x (log(x) + 1)
(
log(log(x) + 1) + 1

)2 , x ≥ 1.

The function a(x) is positive and eventually decreasing, so we can apply the integral test:

t∑
τ=1

λ2
τ ≤ a(1) +

∫ t

1

a(x) dx.

We compute ∫ t

1

a(x) dx =
1

16

∫ t

1

dx

x(log x+ 1)(log(log x+ 1) + 1)2
.

With the substitution u = log x+ 1 (so du = dx/x), this becomes

=
1

16

∫ log t+1

1

du

u(log u+ 1)2
.

Now let v = log u+ 1 so that dv = du/u. Then

=
1

16

∫ log(log t+1)+1

1

dv

v2
=

1

16

(
1− 1

log(log t+ 1) + 1

)
.



Hence
t∑

τ=1

λ2
τ ≤ a(1) +

1

16

(
1− 1

log(log t+ 1) + 1

)
.

Explicitly,

a(1) =
1

16 · 1 · (log 1 + 1)(log(log 1 + 1) + 1)2
=

1

16
.

Therefore,
t∑

τ=1

λ2
τ ≤

1

16
+

1

16
· 1 =

1

8
<

1

4
.

The bound holds uniformly for all t ≥ 1, proving the claim.

C Proof of Theorem 5.1
Define yt+1 := xt − ηt∇f̂t(xt), where the non-increasing adaptive step size sequence {ηt}t≥1 has been defined in Algorithm 1.
For any feasible comparator action x⋆

t ∈ X , we have

||xt+1 − x⋆
t ||2

(a)

≤ ||yt+1 − x⋆
t ||2 = ||xt − x⋆

t ||2 + η2t ||∇t||2 − 2ηt∇⊤
t (xt − x⋆

t ),

where inequality (a) follows from the non-expansive property of Euclidean projection and the second equality follows from the
definition of yt+1. Rearranging the above inequality, we have:

2∇⊤
t (xt − x⋆

t ) ≤
||xt − x⋆

t ||2 − ||xt+1 − x⋆
t ||2

ηt
+ ηt||∇t||2. (30)

Using the convexity of the cost functions and summing the above inequalities over 1 ≤ t ≤ T , we obtain:

2

T∑
t=1

(
f̂t(xt)− f̂t(x

⋆
t )
)
≤ 2

T∑
t=1

∇⊤
t (xt − x⋆

t ) ≤
T∑

t=1

||xt − x⋆
t ||2 − ||xt+1 − x⋆

t ||2

ηt︸ ︷︷ ︸
(A)

+

T∑
t=1

ηt||∇t||2. (31)

Next we simplify term (A) in Eqn. (31). It can be expressed as

||x⋆
1 − x1||2

η1
− ||x

⋆
T − xT+1||2

ηT
+

T−1∑
t=1

||xt+1 − x⋆
t+1||2

ηt+1
− ||xt+1 − x⋆

t ||2

ηt

=
||x⋆

1 − x1||2

η1
− ||x

⋆
T − xT+1||2

ηT
+

T−1∑
t=1

ηt||xt+1 − x⋆
t+1||2 − ηt+1||xt+1 − x⋆

t ||2

ηtηt+1︸ ︷︷ ︸
(B)

. (32)

We next upper bound term (B) in (32).

T−1∑
t=1

||√ηtxt+1 −
√
ηtx

⋆
t+1||2 − ||

√
ηt+1xt+1 −

√
ηt+1x

⋆
t ||2

ηtηt+1

=

T−1∑
t=1

⟨(√ηt +
√
ηt+1)xt+1 −

√
ηtx

⋆
t+1 −

√
ηt+1x

⋆
t , (
√
ηt −

√
ηt+1)xt+1 −

√
ηtx

⋆
t+1 +

√
ηt+1x

⋆
t ⟩

ηtηt+1

≤
T−1∑
t=1

||(√ηt +
√
ηt+1)xt+1 −

√
ηtx

⋆
t+1 −

√
ηt+1x

⋆
t || ||(

√
ηt −

√
ηt+1)xt+1 −

√
ηtx

⋆
t+1 +

√
ηt+1x

⋆
t ||

ηtηt+1
,

where the last step follows from an application of the Cauchy-Schwarz inequality. Note that the first term in the numerator can
be bounded as:

||(√ηt +
√
ηt+1)xt+1 −

√
ηtx

⋆
t+1 −

√
ηt+1x

⋆
t || ≤

√
ηt||xt+1 − x⋆

t+1||+
√
ηt+1||xt+1 − x⋆

t || ≤ (
√
ηt +

√
ηt+1)D,



where we have used the triangle inequality and the feasibility of the algorithm’s and benchmark’s actions in the last step. Using
this, we have

(B) ≤ D

T−1∑
t=1

(
√
ηt +

√
ηt+1) ||(

√
ηt −

√
ηt+1)xt+1 −

√
ηtx

⋆
t+1 +

√
ηt+1x

⋆
t ||

ηtηt+1

= D

T−1∑
t=1

(
√
ηt +

√
ηt+1)||(

√
ηt −

√
ηt+1)(xt+1 − x⋆

t+1) +
√
ηt+1(x

⋆
t − x⋆

t+1)||
ηtηt+1

(a)

≤ D

T−1∑
t=1

(
√
ηt +

√
ηt+1) [(

√
ηt −

√
ηt+1)D +

√
ηt+1||x⋆

t − x⋆
t+1||]

ηtηt+1

(b)

≤ D

T−1∑
t=1

(ηt − ηt+1)D + 2ηt||x⋆
t+1 − x⋆

t ||
ηtηt+1

= D2
( 1

ηT
− 1

η1

)
+ 2D

T−1∑
t=1

||x⋆
t+1 − x⋆

t ||
ηt+1

(c)

≤ D2
( 1

ηT
− 1

η1

)
+

2DPT (x
⋆
1:T )

ηT
,

where in step (a), we have used the triangle inequality combined with the feasibility of the algorithm’s and benchmark’s actions,
and in step (c), we have used the definition of the path length of the comparator. The non-increasing property of the step sizes, i.e.,
ηt ≥ ηt+1, ∀t ≥ 1 was used in steps (a), (b), and (c). Finally, combining the above bound with Eqns. (31) and (32), we conclude

2(

T∑
t=1

f̂t(xt)− f̂t(x
⋆
t ))

≤ ||x
⋆
1 − x1||2

η1
− ||x

⋆
T − xT+1||2

ηT
+D2

( 1

ηT
− 1

η1

)
+

2DPT (x
⋆
1:T )

ηT
+

T∑
t=1

ηt||∇t||2

≤ D2 + 2DPT (x
⋆
1:T )

ηT
+

T∑
t=1

ηt||∇t||2.

Hence, the dynamic regret of Algorithm 1 can be upper bounded as

D-REGRETT ≤
max(D2, 2D)(1 + PT (x

⋆
1:T ))

2ηT
+

1

2

T∑
t=1

ηt||∇t||2︸ ︷︷ ︸
(C)

. (33)

The dynamic regret bound in Eqn. (33) holds for Algorithm 1 with any non-increasing step sizes. Assuming the path-length is
known to be bounded as PT (x

⋆
1:T ) ≤ PT , using the specific choice of the step size sequence ηt =

(D+1)(1+Pt)√
2
∑t

τ=1(1+Pτ )||∇τ ||2
t ≥ 1,

we can upper bound term (C) as follows

1

2

T∑
t=1

ηt||∇t||2 =
(D + 1)

2
√
2

T∑
t=1

(1 + Pt)||∇t||2√
2
∑t

τ=1(1 + Pτ )||∇τ ||2

≤ (D + 1)

2
√
2

∫ T∑
t=1

(1+Pt)||∇t||2

0

dz√
z

=
(D + 1)√

2

√√√√ T∑
t=1

(1 + Pt)||∇t||2.

Hence, from (33), the dynamic regret for Algorithm 1 can be bounded as

D-REGRETT (PT ) ≤
√
2(D + 1)

√√√√ T∑
t=1

(1 + Pt)||∇t||2. (34)



D Deferred technical details related to the optimistic setting
D.1 Base Optimistic OCO algorithm and regret guarantee

Algorithm 5: Optimistic Online Mirror Descent

1: Input : Convex decision set X , sequence of convex cost functions {f̂t}Tt=1, diam(X ) = D.
2: Initialize : x1 ∈ X arbitrarily.
3: for round t = 1 . . . T do
4: Play action xt, receive f̂t. Compute ∇t = ∇f̂t(xt).

5: Compute ηt+1 = min

{ √
βB√

Et(f̂)+
√

Et−1(f̂)
, β
max1≤τ≤t+1 L̄τ

}
6: x̃t+1 := argminx∈X ⟨∇t, x⟩+ 1

ηt
BR(x; x̃t).

7: Compute ¯̂
ft+1 = ∇ ¯̂

ft+1(x̃t+1).
8: xt+1 := argminx∈X

〈
¯̂
ft+1, x

〉
+ 1

ηt+1
BR(x; x̃t+1).

9: end for

Theorem D.1. (Lekeufack and Jordan 2025, Theorem 10) Let Algorithm 5 be run on a sequence of cost functions {f̂t}Tt=1. Let

the corresponding sequence of predicted costs be { ˜̂ft}Tt=1. If L̄t is the Lipchitz constant of the t-th predicted loss, then upon
running Algorithm 5 with the following learning rate schedule

ηt = min

{ √
βB√

Et−1(f̂)+
√

Et−2(f̂)
, β
max1≤τ≤t L̄τ

}
we get the following regret bound

Regrett ≤ 5

√
B

β

√
Et(f̂) + 5

B

β
max
1≤τ≤t

L̄τ

where β is the strong convexity parameter of the regularizer R defining the Bregman divergence, B is an upper bound on this
divergence over the algorithm’s execution and E(f̂) has been defined in (22).
Remark D.2. The original theorem statement from Lekeufack and Jordan (2025) assumed that L̄t ≤ L̄t+1 and thus instead of
max1≤τ≤t L̄τ it only had L̄t. The assumption naturally held true in their case since they made use time-invariant Lyapunov
functions as in Sinha and Vaze (2024) and this implied L̄t = (1 + Φ′(Q(t)))G. In our setting, since L̄t = (1 + Φ′

t(Q(t)))G, the
Lipchitz constants may not be monotonically non-decreasing and to compensate for that, we replace the occurrence of L̄t in the
theorem statement with max1≤τ≤t L̄τ .

D.2 Proof of Theorem 6.1
The proof follows a similar structure to the proof of Theorem 4.2 but incorporates the delayed queue update and the regret bound
for the optimistic OCO algorithm.

Using similar analysis as before,

Φτ+1(Q(τ + 1))− Φτ (Q(τ)) ≤ Φ′
τ+1(Q(τ + 1))g̃τ (xτ )

Let x∗ ∈ X ∗ be a feasible comparator, so gτ (x
∗) ≤ 0 for all τ . Consider the quantity Φτ+1(Q(τ + 1)) − Φτ (Q(τ)) +

f̃τ (xτ )− f̃τ (x
∗):

Φτ+1(Q(τ + 1))− Φτ (Q(τ)) + f̃τ (xτ )− f̃τ (x
∗)

≤Φ′
τ+1(Q(τ + 1))g̃τ (xτ ) + (xτ ) + f̃τ (xτ )− f̃τ (x

∗)

=(f̃τ (xτ ) + Φ′
τ (Q(τ))g̃τ (xτ ))− (f̃τ (x

∗) + Φ′
τ (Q(τ))g̃τ (x

∗)) + Φ′
τ+1(Q(τ + 1))g̃τ (xτ )− Φ′

τ (Q(τ))g̃τ (xτ ))

=f̂τ (xτ )− f̂τ (x
∗) + Φ′

τ+1(Q(τ + 1))g̃τ (xτ )− Φ′
τ (Q(τ))g̃τ (xτ ))

Also note that,

Φ′
τ+1(Q(τ + 1))g̃τ (xτ )− Φ′

τ (Q(τ))g̃τ (xτ )) ≤ Φ′
τ+1(Q(τ + 1))− Φ′

τ (Q(τ))

= λt+1(Φτ+1(Q(τ + 1)) + 1)− λt(Φτ (Q(τ)) + 1)

≤ λ1(Φτ+1(Q(τ + 1))− Φτ (Q(τ)))

≤ 1

4
(Φτ+1(Q(τ + 1))− Φτ (Q(τ)))



where the first inequality follows because g̃τ (xτ ) ≤ 1, the second equality follows due to the form of Φt, the third inequality
follows due to the decreasing nature of λt and the last inequality follows because λ1 ≤ 1

4 . Therefore, we have,

Φτ+1(Q(τ + 1))− Φτ (Q(τ)) + f̃τ (xτ )− f̃τ (x
∗) ≤ f̂τ (xτ )− f̂τ (x

∗) +
1

4
(Φτ+1(Q(τ + 1))− Φτ (Q(τ)))

Summing from τ = 1 to t:

Φt+1(Q(t+ 1))− Φ1(Q(1)) +

t∑
τ=1

(f̃τ (xτ )− f̃τ (x
∗)) ≤

t∑
τ=1

f̂τ (xτ )− f̂τ (x
∗) +

1

4
Φt+1(Q(t+ 1))

Since Q(1) = 0 and Φ1(0) = 0, and recognizing the regret terms Regrett(x
∗) =

∑t
τ=1(f̃τ (xτ )− f̃τ (x

∗)) and Regret′t(x
∗) =∑t

τ=1(f̂τ (xτ )− f̂τ (x
∗)),

3

4
Φt+1(Q(t+ 1)) + Regret(x⋆) ≤ Regret′(x⋆) (35)

Where Regret′t(x
∗) is the regret of the base optimistic OCO algorithm (Algorithm 5) run on the sequence of surrogate costs

{f̂τ}tτ=1. We bound Regret′t(x
∗) using Theorem D.1:

Regret′t(x
∗) ≤ 5

√
B

β

√
Et(f̂) + 5

B

β
max
1≤τ≤t

L̄τ

Substituting this back:

3

4
Φt+1(Q(t+ 1)) + Regrett(x

∗) ≤ 5

√
B

β

√
Et(f̂) + 5

B

β
max
1≤τ≤t

L̄τ (36)

First, we bound the surrogate prediction error Et(f̂) using Eq. (29):√
Et(f̂) =

√√√√ t∑
τ=1

(f̂τ (xτ )− ¯̂
fτ (xτ ))2 =

√√√√ t∑
τ=1

(f̃t +Φ′
t(Q(t))g̃t − f̄t − Φ′

t(Q(t))ḡt)2

≤

√√√√ t∑
τ=1

2(f̃τ (xτ )− f̄τ (xτ ))2 +

t∑
τ=1

2Φ′(Q(τ))2(g̃τ (xτ )− ḡτ (xτ ))2 ≤

√√√√ t∑
τ=1

2ϵτ (f) +

t∑
τ=1

2Φ′(Q(τ))2ϵτ (g̃)

≤
√

2Et(f) + (Φt(Q(t)) + 1)

√√√√ t∑
τ=1

2λ2
τ ϵτ (g̃) (37)

5

√
B

β

√
Et(f̂) ≤ 5

√
B

β

√
2Et(f) + (Φt(Q(t)) + 1)5

√
B

β

√√√√ t∑
τ=1

2λ2
τ ϵτ (g̃)

We choose λτ adaptively based on the prediction error of the constraints as defined before Theorem 6.1. Recall that,

λτ =
1

20(
√

B
β + B

β )
√
γτ + 1

√
log(γτ + 1) + 1(log(log(γτ + 1) + 1) + 1)

. Note that, ϵτ (g̃) ≤ D−2 (as pre-processed functions are (2D)−1-Lipschitz), we can show that Eτ (g̃) = Eτ−1(g̃) + ϵτ (g̃) ≤
Eτ−1(g̃) +D−2 ≤ γτ . Thus:

λτ ≤
1

20(
√

B
β + B

β )
√
Eτ (g̃) + 1

√
log(Eτ (g̃) + 1) + 1(log(log(Eτ (g̃) + 1) + 1) + 1)

=⇒ λ2
τ ≤

1

400(
√

B
β + B

β )
2(Eτ (g̃) + 1)(log(Eτ (g̃) + 1) + 1)(log(log(Eτ (g̃) + 1) + 1) + 1)2

=⇒ 2ϵτ (g̃)λ
2
τ ≤

ϵτ (g̃)

200(
√

B
β + B

β )
2(Eτ (g̃) + 1)(log(Eτ (g̃) + 1) + 1)(log(log(Eτ (g̃) + 1) + 1) + 1)2

=⇒ 2ϵτ (g̃)λ
2
τ ≤

(Eτ (g̃) + 1)− (Eτ−1(g̃) + 1)

200(
√

B
β + B

β )
2(Eτ (g̃) + 1)(log(Eτ (g̃) + 1) + 1)(log(log(Eτ (g̃) + 1) + 1) + 1)2



. The above form makes it clear that
∑t

τ=1 2λ
2
τ ϵτ (g̃) is amenable to the integral-sum trick as in Lemma B.1. Overall, we get,

t∑
τ=1

2λ2
τ ϵτ (g̃) ≤

1

100(
√

B
β + B

β )
2

=⇒ 5

√
B

β

√√√√ t∑
τ=1

2λ2
τ ϵτ (g̃) ≤

1

2

Overall, we get that, √
Et(f̂) ≤ 5

√
B

β

√
2Et(f) +

1

2
Φt(Q(t)) +

1

2

Then, we bound max1≤τ≤t L̄τ ,

max
1≤τ≤t

L̄t ≤ (2D)−1 max
1≤τ≤t

(1 + λτe
λτQ(τ)) ≤ (2D)−1 + (2D)−1 max

1≤τ≤t
λτe

λτQ(τ) ≤ (2D)−1 + (2D)−1λ1e
λtQ(t)

Note that, 5B
β λ1 ≤ 1

4D−1 , so (2D)−15B
β λ1 ≤ 1

8 . Overall, we get,

5
B

β
max
1≤τ≤t

L̄t ≤ 5
B

β
(2D)−1 +

1

8
(Φt(Q(t)) + 1)

Substituting the upper-bound of 5
√

B
β

√
Et(f̂) and 5B

β max1≤τ≤t L̄τ in inequality (36):

3

4
Φt+1(Q(t+ 1)) + Regrett(x

∗) ≤ 5

√
B

β

√
2Et(f) +

1

2
Φt(Q(t)) +

1

2
+ 5

B

β
(2D)−1 +

1

8
(Φt(Q(t)) + 1)

Further, note that, Φt(Q(t)) ≤ Φt+1(Q(t+ 1)),

3

4
Φt+1(Q(t+ 1)) + Regrett(x

∗) ≤ 5

√
B

β

√
2Et(f) +

5

8
+ 5

B

β
(2D)−1 +

5

8
Φt+1(Q(t+ 1))

1

8
Φt+1(Q(t+ 1)) + Regrett(x

∗) ≤ 5

√
B

β

√
2Et(f) +

5

8
+ 5

B

β
(2D)−1

Dropping the non-negative Φt(Q(t)) term gives the regret bound for the pre-processed functions:

Regrett(x
∗) ≤ 5

√
B

β

√
2Et(f) +

5

8
+ 5

B

β
(2D)−1

For the CCV bound, use the trivial lower bound Regrett(x
∗) ≥ −Dt/(2D) · α = −t/2. Substitute this into the inequality

before dropping the Φ term:

1

8
Φt+1(Q(t+ 1)) ≤ 5

√
B

β

√
2Et(f) +

5

8
+ 5

B

β
(2D)−1 +

t

2

Φt+1(Q(t+ 1)) ≤ 40

√
B

β

√
2Et(f) + 10 + 20

B

βD
+ 4t

Since Φt(x) = eλtx − 1:

eλt+1Q(t+1) ≤ 40

√
B

β

√
2Et(f) + 11 + 20

B

βD
+ 4t

Q(t+ 1) ≤ 1

λt+1
log(40

√
B

β

√
2Et(f) + 11 + 20

B

βD
+ 4t)

Q(t+ 1)

≤20(

√
B

β
+

B

β
)
√
γt+1 + 1

√
log(γt+1 + 1) + 1(log(log(γt+1 + 1) + 1) + 1) log(40

√
B

β

√
2Et(f) + 11 + 20

B

βD
+ 4t)

where γt+1 = Et(g̃) +D−2.

Overall, we get a bound of O(
√
Et(f̃)) for regret and a bound of Õ(

√
Et(g̃)) for the CCV.



E Numerical Simulations
Setup: We consider a constrained version of the online shortest path problem (Hazan 2022), where the length corresponds to
the latency and the constraint is on the long-term cumulative bandwidth across the path. In this problem, on each round, the
online algorithm first selects a route connecting a source s to a destination d on a graph G(V,E). The latency and bandwidth
of each edge vary across rounds, reflecting dynamic network conditions. The objective is to minimize the cumulative latency
subject to a long-term lower bound on the cumulative bandwidth. Formally, the following sequence of events takes place on the
tth round:

1. The algorithm first chooses a route (randomly or otherwise) pt ∈ Ps,d, where Ps,d is the set of all s− d routes in the graph.
2. A latency of τe(t) and a bandwidth of le(t) is chosen by an adversary for each edge e ∈ E.
3. The algorithm incurs a latency cost of

∑
e∈pt

τe(t) and a bandwidth cost of −
∑

e∈pt
le(t) on round t.

We represent each route p by its corresponding |E|-dimensional binary incidence vector where pe = 1 if the edge e ∈ E
belongs to the route or pe = 0 otherwise. On each round, our online policy returns an element from the convex hull of Ps,d, also
known as the unit flow polytope (Hazan 2022). We use Dijkstra’s algorithm for computing the weighted shortest route. It is
well-known that any element in the unit flow polytope can be efficiently decomposed into a convex combination of at most |E|
number of s− d routes using the flow decomposition lemma (Williamson 2019, Lemma 2.20). These convex combinations can
be used to randomly select a single route on each round, incurring the same expected cost. The experiments are performed on a
quad-core CPU with 8 GB RAM. The experimental setup mostly follows that in Sarkar et al. (2025).

Dataset: For the experiments, we utilize a semi-synthetic dataset designed to simulate dynamic network conditions, constructed
following methodologies established in prior work (Sarkar et al. 2025) for evaluating online network algorithms. The dataset
originates from raw data collected via public probes on the RIPE Atlas global network measurement platform (Staff 2015),
specifically HTTPS measurements capturing bandwidth and latency between network nodes.The resulting graph consists of
n = 191 nodes and m = 1200 edges, where each edge is characterized by latency and bandwidth attributes. The construction
involves centering the graph around a hub node, adding connections based on the RIPE Atlas data, and then introducing additional
random edges, with edge weights determined by latencies relative to the hub and minimum bandwidths between connected
nodes.To mimic real-world fluctuations for the online setting, temporal variations are introduced through random scaling factors
applied at each iteration: latency values are scaled randomly between 0.5x and 1.5x, and bandwidth values between 0.8x and 1.2x.
This process generates the time-varying latency and bandwidth matrices used for evaluating algorithm performance over a horizon
length of T = 1600 iterations. This dataset provides a realistic and challenging testbed for constrained online optimization
algorithms.

Figure 1: CCV comparison between our policy, Algorithm 1 of
Sinha and Vaze (2024) and its doubling trick implementation.

Figure 2: Regret comparison between our policy, Algorithm 1
of Sinha and Vaze (2024) and its doubling trick implementa-
tion..

Results: The empirical results presented in Figure 1 and Figure 2 provide strong validation for our theoretical contributions.
The plots compare the performance of our proposed anytime algorithm against two key baselines: the standard fixed-horizon
algorithm from Sinha and Vaze (2024), which assumes prior knowledge of the total horizon T , and its adaptation to an unknown
horizon setting via the standard doubling trick.

In summary, the simulations reveal a key practical advantage of our approach, demonstrating that our anytime algorithm
outperforms both the fixed-horizon and doubling trick baselines.

The doubling trick based method performs the worst. This is due to the restarting technique that they employ where an
the algorithm has to discard the information it has upto that point and start from scratch. Our observations match those in



(Besson and Kaufmann 2018) where they evaluated several versions of the doubling trick and concluded that performance is
substantially worse than that of an intrinsically anytime algorithm, even one with less favorable theoretical guarantees. Moreover,
this performance gap becomes larger each time the algorithm is restarted.

While the fixed-horizon method is optimal in a worst-case theoretical sense, its use of a single, conservative trade-off parameter
hinders its practical performance. Our algorithm, with its time-varying parameter, is more adaptive; it aggressively penalizes
violations in the early stages, quickly learning the constraints and achieving a superior performance trajectory. This confirms that
our method is not just a tool for handling an unknown horizon, but a fundamentally more effective strategy that also avoids the
instability and performance loss inherent in the doubling trick.


