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Abstract

In this paper, we study the feature learning ability
of two-layer neural networks in the mean-field
regime through the lens of kernel methods. To
focus on the dynamics of the kernel induced by
the first layer, we utilize a two-timescale limit,
where the second layer moves much faster than
the first layer. In this limit, the learning prob-
lem is reduced to the minimization problem over
the intrinsic kernel. Then, we show the global
convergence of the mean-field Langevin dynam-
ics and derive time and particle discretization er-
ror. We also demonstrate that two-layer neural
networks can learn a union of multiple reproduc-
ing kernel Hilbert spaces more efficiently than
any kernel methods, and neural networks aquire
data-dependent kernel which aligns with the tar-
get function. In addition, we develop a label noise
procedure, which converges to the global opti-
mum and show that the degrees of freedom ap-
pears as an implicit regularization.

1. Introduction

Although deep learning has achieved great success in var-
ious fields, the theoretical understanding is still limited.
Several works studied the relation between deep learning
and kernel medhods, which are well-studied in the machine
learning community. A line of work has shown that the
training dynamics of infinite-width neural networks can be
approximated by linearized dynamics and the corresponding
kernel is called neural tangent kernel (NTK) (Jacot et al.,
2018; Arora et al., 2019b). Furthermore, generalizability of
neural networks is shown to be characterized by the spec-
tral properties of the NTK (Arora et al., 2019a; Nitanda &
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Suzuki, 2020). However, the NTK regime is reffered as a
lazy regime and cannot explain the feature learning ability
to adapt the intrinsic structure of the data since neural net-
works behave as a static kernel machine in the NTK regime.
On the other hand, several works have shown the superiority
of the neural networks to the kernel methods in terms of
the sample complexity (Barron, 1993; Yehudai & Shamir,
2019; Hayakawa & Suzuki, 2020). Thus, as shown in sev-
eral empirical studies (Atanasov et al., 2021; Baratin et al.,
2021), neural networks must acquire the data-dependent
kernel by gradient descent. However, it is challenging to
establish a beyond NTK results on the feature learning of
neural networks with gradient-based algorithm due to the
non-convexity of the optimization landscape.

One promising approach is the mean-field analysis (Mei
et al., 2018; Hu et al., 2020), which is an infinite-width
limit of the neural networks in a different scaling than the
NTK regime. In the mean-field regime, the optimization
of 2-layer neural networks, which is non-convex in general,
is reduced to the convex optimization problem over the
distribution on the parameters. Exploiting the convexity
of the problem, several works (Nitanda & Suzuki, 2017;
Mei et al., 2018; Chizat & Bach, 2018) have shown the
convergence to the global optimum. Recently, quantitative
optimiztion guarantees has been established for the mean-
field Langevin dynamics (MFLD) which can be regarded as
a continuous limit of a noisy gradient descent (Chizat, 2022;
Nitanda et al., 2022). Moreover, very recently, uniform-in-
time results on the particle discretization error have been
obtained (Chen et al., 2023; Suzuki et al., 2022; 2023a).
This allows us to extend results effectively from infinite-
width neural networks to finite-width neural networks.

Although the mean-field limit allows us to analyze the fea-
ture learning in neural networks, the connection between
mean-field neural networks and its corresponding kernel is
still unclear. To establish the connection to the previous
works (Jacot et al., 2018; Suzuki, 2018; Ma & Wu, 2022) on
the relationship between neural networks and kernel meth-
ods, we address the following question:

Is it possible to learn the optimal kernel through the MFLD?
Futhermore, can this kernel align with the target function
by excluding the effect of noise?

To analyze the dynamics of the kernel inside the neural net-
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works, we adopt a two-timescale limit (Marion & Berthier,
2023), which separates the dynamics of the first layer and
the second layer. Then, we establish the connection between
neural networks training and kernel learning (Bach et al.,
2004), which involves selecting the optimal kernel for the
data. We provide the global convergence gurantee of the
MFLD by showing the convexity of the objective functional
and derive the time and particle discretization error. Then,
we prove that neural networks can aquire data-dependent
kernel and achieve better sample complexity than any linear
estimators including kernel methods for a union of multiple
RKHSs. We also investigate the alignment with the target
function and the degrees of freedom of the acquired kernel,
which measures the complexity of the kernel, and develop
the label noise procedure which provably reduces the de-
grees of freedom by just adding the label noise. Finally, we
verify our theoretical findings by numerical experiments.
Our contribution can be summarized as follows:

* We prove the convexity of the objective functional with
respect to the first layer distribution and the global
convergence of the MFLD in two-timescale limit in
spite of the complex dependency of the second layer
on the distribution of the first layer. We also derive the
time and particle discretization error of the MFLD.

* We show that neural networks can adapt the intrinsic
structure of the target function and achieve a better
sample complexity than kernel methods for a variant
of Baron space (Ma & Wu, 2022), which is a union of
multiple RKHSs.

* We study the training dynamics of the kernel induced
by the first layer and show that the alignment is in-
creased during the training and achieve (1) align-
ment while the kernel alignment at the initialization
is O(1/+/d) for a single-index model, where d is the
input dimension. We also show that the presence of the
intrinsic noise induces a bias towards the large degrees
of freedom. To alleviate this issue, we propose the label
noise procedure to reduce the degrees of freedom and
prove the linear convergence to the global optimum.

1.1. Related Works

Relation between Neural Networks and Kernel Methods
Suzuki (2018) derived the generalization error bound for
deep learning models using the notion of the degrees of
freedom in the kernel literature. Ma & Wu (2022) charac-
terized the function class, which two-layer neural networks
can approximate, by a union of multiple RKHSs. However,
they did not give any optimization gurantee. Atanasov et al.
(2021) pointed out the connection between training of neural
networks and kernel learning, but their analysis is limited to
linear neural networks with whitened data.

Mean-field Analysis Chen et al. (2020) conducted NTK-
type analysis using mean-field limit. However, their analysis
relies on the closeness of the first-layer distribution to the
initial distribution. Several works have shown that the supe-
riority of the mean-field neural networks to kernel methods
including NTK with global optimization guarantee. For
example, Suzuki et al. (2023b) derived a linear sample com-
plexity with respect to the input dimension d for k-sparse
parity problems although they requires exponential time for
optimization. On the other hand, kernel methods require
Q(d*) samples. In addition, Mahankali et al. (2023); Abbe
et al. (2022) showed the superiority of the mean-field neural
networks to the kernel methods for even quartic polymonial.
However, these works fix the second layer during the train-
ing to ensure the boundedness of each neuron. Unlike these
studies, we consider the joint training of the first and second
layer, and focus on the relationship between neural networks
and kernel machines and its implication to the feature learn-
ing ability of neural networks. We remark that Abbe et al.
(2022) considered two-layer neural networks in the mean-
field regime with the learnable second layer and showed
the superiority to kernel methods, but their analysis utilized
two-phase training, where the second layer is fixed in phase
1 and the first layer is fixed in phase 2.

Two-timescale Limit Two-timescale limit is introduced
to the analysis for training of neural networks in Marion
& Berthier (2023). They provided the global convegence
gurantee for simplified neural networks but their analysis
is limited to the single input setting and the relation to the
kernel learning was not discussed. Bietti et al. (2023)
leveraged the two-timescale limit to analyze the training of
a non-parametric model with a linear feature extractor and
show the saddle-to-saddle dynamics. However, their model
differs from neural networks.

Feature Learning in Two-layer Neural Networks Aside
from the mean-field analysis, there exists a line of work
which studies the feature learning in (finite-width) two-layer
neural networks (Damian et al., 2022; Mousavi-Hosseini
et al., 2022). For instance, Damian et al. (2022) show that
the random feature model with the first layer parameter
updated by one-step gradient descent can learn a certain
subset of p-degree polynomial with O(d?) samples while
kernel methods require 2(dP) samples. However, most
of these works consider two-stage optimization procedure,
where the first layer is trained before proceeding to train the
second layer.

Implicit Bias of Label Noise Implicit bias of label noise
has been intensively studied recently (Damian et al., 2021;
Li et al., 2021; Vivien et al., 2022). For example, Li et al.
(2021) developed a theoretical framework to analyze the
implicit bias of label noise in small noise and learning rate
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limit and prove that the label noise induces bias towards
flat minima. On the other hand, we elucidate the implicit
regularization of label noise on the kernel inside the neural
networks.

1.2. Notations

We write the expectation with respect to X ~ by Ex,,[/]
or E,[-]. KL denotes the Kullback-Leibler divergence
KL(v | p) = flog(ﬁ%ﬁ)d,u(w) and Ent denotes the
negative entropy Ent(p) = E,,[log p]. N (v, ) denotes the
Gaussian distribution with mean v and covariance ¥ and
v(9) for S € R denotes the uniform distribution on S. P
denotes the set of probability measures on RY with finite
second moment. For a matrix A, [|A[|,, denotes the operator
norm with respect to ||-||, and || A|| denotes the Frobenius
norm. For an operator A : L*(u) — L*(p), || Al|,,, denotes
the operator norm with respect to [|-|| ;2 ,,,- For { : R? — R,
01l denotes the partial derivative with respect to the first
argument. For a symmetric matrix A, A\pin(A) denotes the
minimum eigenvalue of A. With a slight abuse of notation,
weuse f(X)for f : R — Rand X = [z, ... 2(™]T €
R™*4 to denote [f(z™1),..., f(z(™)]T.

2. Problem Settings

2.1. Mean-field and Two-timescale Limit in Two-layer
Neural Networks

Given input = € RY, let us consider the following two-layer
neural network model:

N
flaa fwadll) = 5 Y ash(aiw)
i=1

where a; € R, w; € R? and h(x;w;) is the activation
function with parameter w;.

Mean-field limit of the above model is defined as an integral
over neurons:

flz; P) := /ah(m;w)P(da,dw), (D

where P is a probability distribution over the parameters of
the first and second layers. However, in this formulation,
the first and the second layer are entangled, and thus it is
difficult to characterize the feature learning, which takes
place in the first layer. To alleviate this issue, we consider
the following formulation:

Flasau) = / a(w)h(z; w)dp(w),

where a(w) = [aP(da | w) and p(w) = [ P(a,w)da
is the marginal distribution of w. Similar formulation can

be found in Fang et al. (2019). This formulation explicitly
separates the first and the second layer, which allows us
to focus on the feature learning dynamics in the first layer.
More generally, we consider the multi-task learning settings.
That is, f(x;a, p) : RY — RT is defined by

filwsa,p) = / a9 (w)h(z; w)dpu(uw),

where a : R? — R is the second layer and a(?) is the i-th
component of a. Note that the first layer p(w) is shared
among tasks.

Let p be the true or empirical distribution of the pair of
input and output (x,y) € R*7T, and px be the marginal
distribution of z. Then, for A > 0, the (regularized) risk is
defined by
1 X
L(a7 M) = T Z]Ep[ll(fl(x7 a, /’L)ﬂ y)]a
i=1
F(a,p) = L(a, ) + AE, [r(a(w), w)],

where [; is the loss function for the i-th task, and r is the reg-
ularization term. In this paper, we consider [2-regularization
r(a,w) = 22 37 0@ 4 2u|jw||2, where a = ()T,
and A\,, A, > 0. We define A\, = A\, Ay, = Ay, and

v = N(0,1/)\,) for notational simplicity.

To separate the dynamics of the first and second layer, we
introduce the two-timescale limit (Marion & Berthier, 2023),
where the second layer moves much faster than the first layer.
In this limit, the first layer (") converges instantaneously to
the unique optimal solution of min, E,[I(f(x;a, i), y)] +
Za ||a||i2(u) since F'(a, p) is strongly convex with respect

to a. As shown in the next section, Ha||2Lz( ) corresponds
to the RKHS norm for the kernel induced by the first layer.
Since the optimal second layer is a functional of the first
layer distribution y, we write a,, for the optimal solution.
Then, the learning problem is reduced to the minimization
of the limiting functional G () = F'(a,, ). We also define

X 2
U(p) by U(p) = Llay, 1) + grBu[lla(w)]3]
Throughout the paper, we assume that h(z;w;) satisfies
Assumption 2.1. For example, tanh(u - z + b)(w = (u, b))
satisfies the assumption if E, [||x||§], E,. [||x||;1] are finite.
Assumption 2.1. h(z;w) is twice differentiable with re-
spect to w and there exist constants cr,c;, > 0 such
that sup,, [h(z;w)| < 1,E,[sup,, [Vuh(z;w)|3] <

2

B E b, [ V2 h(w50)|2 ) < .

2.2. Kernel Induced by the First Layer

Let us define the kernel induced by the first layer as follows:

ky(z,2') = /h(m;w)h(x’;w)du(w).
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Obviously, this is a symmetric positive definite kernel. It is
well-known that there exists a unique RKHS H,, correspond-
ing the kernel k,. Furthermore, the RKHS norm || f Hf,q,
is equal to the minimum of [|a| 2, over all a such that
f(z;a,p1) = [ a(w)h(x;w)du(w) (Bach, 2017). Then, the
learning problem of the second layer is equivalent to the
following optimization problem:

T

.
min Ep[zi<fi(a:),y>]+Z%Hﬁlliu~ @
=1

iEH
Hi=1

Therefore, learning first layer is equivalent to kernel learn-
ing (Bach et al., 2004), which choosing suitable RKHS H,,.

2.3. Mean-field Langevin Dynamics

We optimize the limiting functional G () by the mean-field
Langevin dynamics (MFLD):

5G (k)

dt + V2X\dB;,
o

dwt = —Vw

where wg ~ o = v, (By);>0 is the d’-dimensional Brow-
nian motion, and 5%—(”) is the first variation of G(u). The

Fokker-Planck equation of the above SDE is given by

oG
Oppy = NApy + 'V - {Mtv(s(u)} )
o
where (i, is the distribution of w;. It is known that the
MFLD is a Wasserstein gradient flow which minimizes the
entropy-regularized functional: G(u) := G(u) + A Ent(u).

To implement the MFLD, we need time and particle dis-
cretization (Chen et al., 2023; Suzuki et al., 2022; 2023a).
For a set of N particles W = {w;}¥,, we define the empir-
ical distribution yuyy = &= SN 6, Let Wy, = {w{™}¥ |
be a set of N particles at the k-th iteration, and ,u;CN)
distribution of W), on R% N . Then, at each step, we update
the particles as follows:

be a

0G
ot =l o ) + B

where 7 > 0 is the step size and §§k) ~ N(0,1) are i.i.d.
Gaussian noise. This can be regarded as a noisy gradient
descent. For more detailed discussion, see Hu et al. (2019);
Suzuki et al. (2023a) for example.

3. Convergence Analysis

As shown in Nitanda et al. (2022); Chizat (2022), the con-
vergence of the MFLD depends on the convexity of the
functional and the properties of the proximal Gibbs distri-

bution, which is defined as p,, (w) o exp (—% 56;5:‘) (w))

In the training of neural networks, the convexity is usually
ensured by the linearity of f with respect to distribution as
in Eq. (1). On the other hand, in the two-timescale limit,
f(x;p) :== f(x;a,,p) is not linear with respect to  be-
cause the second layers a,, depend on y in a non-linear way.
However, we can prove that the functional G(1) is convex
and its first variation can be written in a simple form if
{l;}X_, are convex.

Theorem 3.1. Assume that the losses {li},»T:l are convex.
Then, the limiting functional G(u) is convex. That is, it
holds that

G

Gl + [ TS ) ) — s )k < Gl
forany pi, ps € P. In addition, the first variation of G(1)
is given by

0G ( Aa

Aw
) =3 (gl + i) o

See Appendix B.1 for the proof. We remark that the convex-
ity holds for general regularization term r which is strongly
convex with respect to a.

The convergence rate of the MFLD depends on the constant
in the log-Sobolev inequality for the proximal distribution
Pu-

Definition 3.2. We say a probability distribution 4 satisfies
log-Sobolev inequality with constant « > 0 if for all smooth
function g : R? — R with E,,[¢%] < oo,

2
Ey,[9” log g°] — Ep[g?] log E,[g?] < EEM[HVQHQ]'

To derive the LSI constant «v, we assume either of the fol-
lowing conditions on the loss functions:

Assumption 3.3. [; is squared loss. That is, [;(z,y) =

+(z — y)?. In addition, |y;| < ¢; a.s. for some constant

c > 0.

Assumption 3.4. [; is convex and twice differentiable
with respect to the first argument and |01l;(z,y)] <
c,|031i(z,y)| < 1forany z,y € R.

The latter assumption is satisfied by several loss functions
such as logistic loss. Then, using the formula for the
first variation, we can derive the LSI constant applying
the Holley-Stroock argument (Holley & Stroock, 1987) for
bounded perturbation.

Lemma 3.5. Assume that each l; satisfies Assumption 3.3
or 3.4. Then, the proximal distribution p,, for any |1 € P

2
satisfies LSI with constant o = Ay, €Xp (—2)‘;%).

The proof can be found in Appendix B.2. Unfortunately, the
LSI constant is extremely small if A is small, which reads to
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exponential computational complexity with respect to 1/A.
We remark that similar dependency also appears in some
previous works (Chizat, 2022; Nitanda et al., 2022; Suzuki
et al., 2023a), which consider models with the fixed second
layer.

Remark 3.6. In the standard formulation (1), the first varia-
tion of F(P) =E,[I(f(z; P),y)] + AEp[r(a,w)] is given
by 35 = E,[01l(f(z; P), y)ah(z;w)] + Ar(a, w). Then,
E,[011(f(x; P),y)ah(x; w)] is not bounded nor Lipschitz
continuous with respect to (a,w), even if 9;l and h is
bounded. Therefore, without two-timescale limit, it is diffi-
cult to obtain a LSI constant even for the single output set-
ting. Indeed, previous works fix the second layer or clip the
output using some bounded function (Chizat, 2022; Nitanda
et al., 2022; Suzuki et al., 2023a) to ensure the boundedness
or Lipschitz continuity of the output of neurons.

Combining above results, we can show the linear conver-
gence of the MFLD.

Theorem 3.7. Let p* be the minimizer of G(u) and
GV (") = NEy, o0 [Glaw)] + AEnt(uf). Then,

for the constant o in Lemma 3.5, py satisfies

G(ue) — G(p") < exp(—2aXt)(G(po) — G(u"))

for any 0 < . Furthermore, for any n <
min {1/4,1/(4 )}, uéN) satisfies

1
¥ W) =6

< exp(—adik/2)(GN (1) = G(1*)) + byons
where 6, n = O(% +1).

See Appendix B.3 for the proof and the concrete expression
of discretization error 5777 ~- The proof is based on the frame-
work in Suzuki et al. (2023a). To obtain discretization error,
we prove some additional conditions on the smoothness of
the objective functional via the optimality condition on a,.
This is far from trivial due to the non-linear dependency of
a,, on pi. Note that we cannot apply the arguments in Chizat
(2022); Nitanda et al. (2022); Suzuki et al. (2023a) without
two-timescale limit since they assume the boundedness or
Lipschitz continuity of each neuron. See also Remark 3.6
for detailed discussion.

Furthermore, the convergence of the loss function in the
discretized setting can be transferred to the convergence of
the function value of the neural networks as shown in the
following proposition.

Proposition 3.8. Assume that h(x; w) is cg-Lipschitz con-
tinuous with respect to w for any x € S, where S is some

subset of R%. Let A = %(QN(/L,(CN))—NQ(M*))A—@.

Then, we have

2 A
EW;CNH;.N) (Smu;)) ‘k#wk (x,y) — ku= (, y)‘ = O(N)’
eSxS

In addition, if |; satisfies Assumption 3.3, then we have

B[SO o) — i)
k zeS
_ O(cg()\g +1) A)

A4 N

See Appendix B.4 for the proof. Note that this result is not
covered by Lemma 2 in Suzuki et al. (2023b) since their
analysis relies on the Lipschitz continuity of each neuron.
In the following sections, we consider infinite-width neural
networks trained by the MFLD for simplicity, but the results
can be transferred via this proposition to the finite-width
neural networks trained by the discretized MFLD.

4. Generalization Error for Barron Spaces and
Superiority to Kernel Methods

In this section, we provide the separation of the general-
ization error between neural networks and kernel methods
which cannot adapt the intrinsic structure of the target func-
tion.

Let D = {(z¥, y(i))}?zl be training data sampled from
the true distribution in an i.i.d. manner. We define X =
[m(l), . ,x(”)]T e R™x4 Y, = [yl(l), . ,ygn)]—r e R"”
and 3, = E,[h(X;w)h(X;w)T]. In the following, we
write the true distribution by p and the empirical distribu-
tion by p. In addition, to distinguish the empirical risk
and population risk, we write U, (1), G,(1) for the (regu-
larized) population risk and U (), G5(p) for the empirical
risk. Then, we assume the following.

Assumption 4.1. the output y; for each task is generated by
yi = f2(x) + &;, where f? : R? — R is the target function
and ¢; is the noise, which follows v([—o, o]) independently
for some o > 0.

To see the benefit of the feature learning or kernel learning,
we consider the following function class.

Definition 4.2 (KL-restricted Barron space). Let Py, =
{neP|KL(v|u) <M} for some M > 0. Then, we
define the KL-restricted Barron space as

B = {f(z;a,p) | p € Pyoa € L*(p)},

and the corresponding norm as

{llall s | 9(@) = flwsa,m) }.

— inf
||g||BM HEPN,aEL2(p)
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This can be seen as a variant of Barron space in E et al.
(2019); Ma & Wu (2022). Similar function classes are
also considered in Bach (2017) but they consider Frank-
Wolfe type optimization algorithm, which is different from
usual gradient descent. We remark that Barron space can
be regarded as a union of RKHS: By, = | LEPA ‘H,, and
the norm | f| 5, is equal to the minimum of ||f||HM over
all 4 € Py (Ma & Wu, 2022).

To obtain the generalization guarantee, we utilize the
Rademacher complexity. The Rademacher complexity of a
function class F of functions f : R — R is defined by

where o;; is an i.i.d. Rademacher random variable (P(c;; =
1) = P(0y+ = —1) = 1/2). Then, we have the following
bound for the mean-field neural networks.

Lemma 4.3. Assume that h(x; w) satisfies Assumption 2.1.
Define a class of the mean-field neural networks by

Fr = {f@a,m) | KL [ 0) < M, all32 ) < R}

Then, the Rademacher complexity of Fr nr is bounded by

R(Fru) < \/R(‘W +2Tlog2) _ O(R(M + T)>_

nT nT

This is a generalization of the result in Chen et al. (2020).
See Appendix C.2 for the proof.

Then, we can derive the generalization error bound for the
empirical risk minimizer /i = argmin G;(u). Note that the

empirical risk minimizer ji can bg obtained by the MFLD
as shown in Theorem 3.7.

Theorem 4.4. Assume that Assumption 2.1 and 4.1 holds
witho =0, T =1, and f7 € B, || f1|5,, < R for given
M, R > 0. In addition, let \ = 1//n, and A\, = 2M/R.
Then, with probability at least 1 — & over the choice of
training examples, it holds that

n

1£Ci ) = £l o) = o((R+ 1)\/1‘“1“%1/5)_

See Appendix C.3 for the proof. Therefore, if R = O(1),
the mean-field neural networks can learn the Barron space
with n = O(M) samples.

Next, we show the lower bound of the estimation error for
kernel methods. For a given kernel k, a kernel method
returns a function of the form f(z) = Y7 | a;k(x, z;) for
a; € R. This type of estimator is called linear estimator.
The following theorem gives the lower bound of the sample
complexity for any linear estimators.

Theorem 4.5. Fix m € N and let d > max{2,m} and px
be the uniform distribution on {—1,1}% and h(z;w) =
tanh(u - ¢ +b), where w = (u,b) € R In addi-
tion, let H,, C L?(px) be a set of functions of the form
Z?:l a;hi(z) and d(f, H,) = inffeHn If = f||L2(PX)'
Then, there exist constants c1,co > 0 which is independent
of d, such that, for every choice of fixed basis functions
hi(x), ..., hy(x), it holds that

sup  d(f, Hp) >
feBulfllE,, <R

| =

ifn < N/2and M = cidlogd, R = cy where N = (1) =
Q(d™).

The proof can be found in Appendix C.4. The key obser-
vation for the proof is that we can construct a function in
the Barron space that approximates a single index model
with certain regularity by taking a measure which concen-
trates on a line toward a certain direction. This theorem
implies that any kernel estimator with n = o(d™) cannot
learn the Barron space with M = Q(dlogd). This is in
contrast to the mean-field neural networks which can learn
the Barron space with n = O(dlogd) samples as shown
in Theorem 4.4. This is because the kernel methods can-
not adapt the underlying RKHS under the target function.
Therefore, feature learning or kernel learning is essential to
obtain good generalization results.

5. Properties of the Kernel Induced by the
First Layer

In the previous section, we proved that feature learning is
essential to obtain good generalization results and two-layer
neural networks trained by the MFLD can excel over kernel
methods. In this section, we study the properties of the
kernel trained via the MFLD. We show that in regression
problem, the kernel induced by the first layer moves to in-
crease kernel and parameter alignment. We also proved that
the presence of the noise ¢ induces bias towards the large
degrees of freedom. To overcome this issue, we provide
the label noise procedure, which provably converges to the
global minima of the objective functional with the degrees
of freedom regularization.

5.1. Kernel and Parameter Alignment

For simplicity, we consider the single output setting 7' = 1
and define f° = f7. In addition, we consider tanh activa-
tion h(x;w) = tanh(u-x +b) (w = (u,b)) and assume
that px = N(0, I). To measure the adaptation of the kernel
to the target function, we define the kernel alignment Cris-
tianini et al. (2001), which is commonly used to measure
the similarity between kernel and labels.
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Definition 5.1. For ;o € P, the empirical and population
kernel alignment is defined by

v PO
n) = —
STH AN

Eunpx iz mpx [ (@) Ry (2, 2") f°(2)]
A — PX, p © .
() Epx [ (2)2V/Eampx o/ mpx k{2, 27)?]

Note that A(y) and A(y) satisfy 0 < A(u), A(u) < 1 and
larger A(p) means that the kernel is aligned with the target
function.

In this section, we consider the regression problem with
squared loss. If o = 0, the limiting functional U () has
the following explicit formula.

)\a o S 3 —1 po
Up() = 517 (X) T (S + ndal) HF2(X),
From Jensen’s inequality, we have

i > el OlE 5
A(H)ZW Aa-

See Lemma D.2 for the detailed derivation. Therefore, the
minimization of U; (1) is equivalent to the maximization of
the lower bound of the kernel alignment.

To derive a concrete expression of the kernel alignment, we
assume that the target function f° is a single-index model
, which is a common structural assumption on the target
function (Bietti et al., 2022).

Assumption 5.2. There exist f R — R, uf €
R? (lu®|l, = 1) such that f is differentiable, ||f'||cos
[ flloe < 1L E.n(olf(2)] =0,and f°(z) = f(u® - z).

We also define the parameter alignment, which measures

the similarity between the first layer parameters and the
intrinsic direction of the target function.

Definition 5.3. For ;4 € P, the parameter alignment is
defined as

’U,TUO 2
P(/”L) = E(u,b)wp, [( ) ‘| .

2
il

T, 0\2
Here, we define (“”ui“l; =0foru=0.
This is the expected cosine similarity between parameters
and the target direction, and thus 0 < P(u) < 1. Note that
larger P(1) means that the first layer parameters are aligned
with the intrinsic direction of the target function.

Then, we have the following result on the kernel for empiri-
cal risk minimizer fi.

Theorem 5.4. Assume that Assumption 5.2 holds. Then,
there exists universal constants cs,cq,cs satisfying the
following: Let [i be the minimizer of Gs(p) with n >
cs(dlogd+log1/d), A = cy/(dlogd), and A\, = czdlogd
for0 < < 1andd > 2. Then, the kernel and parameter
alignment for the initial distribution g and the empirical
risk minimizer [i satisfies

Alpo) = O(1/Vd), A(p) = Q(1),
P(po) = O(1/d), P(fr) = (1),

with probability at least 1 — § over the choice of samples.

See Appendix D.2 for the proof. In high-dimensional setting
d> 1, A(i), P(ir) = (1) is a significant improvement
over P(ug) = O(1/d), A(uo) = O(1/1/d) at the initial-
ization. For the parameter alignment, similar results are
shown in Mousavi-Hosseini et al. (2022), but they train only
the first layer and use the norm of the irrelevant directions
as a measure of the alignment. On the other hand, we con-
sider the joint learning of the first and second layers and
use the cosine similarity as a measure of the alignment. In
addition, Atanasov et al. (2021) studied the kernel align-
ment of NTK, but their analysis is limited to linear neural
networks. Furthermore, Ba et al. (2022); Wang et al. (2024)
studied the alignment of the conjugate kernel of two-layer
neural networks after one-step gradient descent, but their
frameworks cannot deal with full training dynamics.

5.2. Degrees of Freedom and Label Noise

To measure the complexity of the acquired kernel, we define
the (empirical) degrees of freedom by

dx(p) = tr [iu(iu +nAl)™!

for A > 0. This quantity is the effective dimension of
the kernel k, and plays a crucial role in the analysis of
kernel regression (Caponnetto & De Vito, 2007). In addition,
it is known that the degrees of freedom is related to the
compressibility of neural networks (Suzuki et al., 2020).

Under Assumption 4.1, each label Y; can be decom-
posed as Y; = f2(X) + €;, where ¢; is the observation
noise. Then, taking the expectation of Uj(u) with re-
spect to ¢ yields E.[U;(1)] = B — V + const., where
B = 55 i Elf2(X) (S0 + ndol) 71 £2(X)) and
V= Agf ds, (14). See Lemma D.3 for the derivation. Here,
B is the bias term, which corresponds to the alignment with
the target function as shown in the previous section, and V' is
the variance term, which corresponds to the degrees of free-
dom. Since —V appears in E.[U;(u)], minimizing U, (u)
leads to the larger variance and the degrees of freedom. We
verify this phenomenon in Section 6.

To obtain good prediction performance, we need to mini-
mize B+V and control the bias-variance tradeoff. Here, we
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consider the following objective functional with the degrees
of freedom regularization:

Here, 6 > 0 controls the strength of the regularization.
Since this regularization is proportional to the variance V,
minimizing £(y) would lead to smaller variance and better
generalization. To obtain the minimizer of the above func-
tional £(u), we provide the label noise procedure, where
we add independent label noise to the training data for im-
plicit regularization. In the discretized MFLD update, we
add independent label noise €; ~ v([—d,5]™) to Y; at each
time step. We use the noisy label ﬁ =Y, + &; to train
the second layer and obtain ELL’) := argmin T%T ?:1 |Y; —
f(X;a,p)|34 22E,.[a(w)?]. Here, the noisy limiting func-
tional G (1) is defined as

T
1 ~
Gelp) = — > ¥i = F(Xsap )l
=1

A ~ 2], A 2

+ S, [llan )] + 2B [lwl3)
Note that we use the clean label Y; to define Giz(11) instead
of Y;. Then, we update the first layer by the following
discretized MFLD.

0G sk
o ) (4 090) 1),

w§k+1) _ wl(k)
where (%) is an independent noise at the k-th iteration. In
fact, the expectation of Gs(u) + A Ent(u) with respect to
€ is equal to £(u) and the above procedure can be seen
as the stochastic MFLD for minimizing £(y). Indeed, the
following theorem holds.

Theorem 5.5. Ler p* = argminC(p). Then,

m
for n < min(1/4,1/(4a))) and 0 < &2/3 <
Amin (% ZiT=1 YiYiT), we have

SELY ()]~ £(x%)
< oxp(~ahk/2)(BILY ()] - £(1°)) + .

where 677’77 ~ = O(n+ =). Here, the expectation is taken
with respect to the randomness of the label noise.

See Appendix D.3 for the proof. Intuitively, the degrees of
freedom represents a metric for quantifying the adaptability
to noise and the first layer performs the robust feature learn-
ing where the second layer is difficult to fit the label noise.
Suzuki & Suzuki (2023) has shown the Bayes optimality
of two-layer linear neural networks which minimizes the
empirical risk with the degrees of freedom regularization.

However, they ignore the optimization aspect and directly
assume that the optimal solution can be obtained. Note that
the condition on 52 is needed to ensure the convexity of the
objective and the multi-learning setting is necessary to set
& > 0 since 7 ZiTzl Y;Y; " must be full rank. However, as
shown in Section 6, the label noise procedure is effective
even for the single output setting.

6. Numerical Experiments

To validate our theoretical results, we conduct numerical
experiments with synthetic data. Specifically, we con-
sider f°(x) = wixo for d = 15. Then, the samples
{(z®, y(i))}?zl are independently generated so that z(?)
follows N(0,1) and y = f°(x) 4+ £®), where () ~
v([o, o]). We consider a finite width neural network with the
width m = 2000. We trained the network via noisy gradient
descent with n = 0.2, A = 0.004, A\, = 0.25, A\, = 0.25
until 7" = 10000. The results are averaged over 5 different
random seeds.

First, we investigated the training dynamics of the kernel by
changing the intrinsic noise o. As shown in Figure 1, kernel
moves to increase the kernel alignment and the degrees
of freedom. In addition, the intrinsic noise increases the
degrees of freedom, which is consistent with our arguments
in Section 5.2.

Next, we demonstrated the effectiveness of the label noise
procedure. Fig. 2 shows the evolution of the degrees of
freedom and the test loss during the training for different &.
As expected, the label noise procedure reduces the degrees
of freedom. Moreover, the test loss is also improved, which
implies that the degrees of freedom is a good regularization
for the generalization error.

0.025
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S %0.020 =15 —— (=6
130 £ - 0=3
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- =,
3 125 ©
£ o 6=0 —— g=45] 20010
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Figure 1. Evolution of the kernel alignment and the degrees of
freedom of neural network optimized by the MFLD

7. Conclusion

In this paper, we studied the feature learning ability of two-
layer neural networks in the mean-field regime via kernel
learning formulation. For that purpose, we proposed to
use the two-timescale limit to analyze the training dynam-
ics of the mean-field neural networks. Then, we provided
the linear convergence guarantee to the global optimum by
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Figure 2. Evolution of the degrees of freedom and the test error of
the label noise procedure

showing the convexity of the limiting functional and derive
the discretization error. We also studied the generalization
ability of the empirical risk minimizer and proved that the
feature learning is essential to obtain good generalization
results for a union of multiple RKHSs. Then, we showed
that the kernel induced by the first layer moves to increase
kernel and parameter alignment and the intrinsic noise in
labels induces bias towards the large degrees of freedom.
Finally, we proposed the label noise procedure to reduce the
degrees of freedom and provided the global convergence
guarantee.
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A. Auxiliary Lemmas

Lemma A.1 (Holley & Stroock (1987)). Assume that a probability distribution p(w) satisfies the LSI with a constant o > 0.
For a bounded perturbation B(w) : RY — R, define p'(w) = p(w) exp(B(w))/E,[exp(B(w))]. Then, p’ satisfies the LSI

with a constant ———.
exp(4]Bl.)

Lemma A.2. The optimal i-th second layer aff) satisfies

a) (w) = —%Ep[alli(fi(w;au,u%yi)h(l’;w)}

a

forany w € R

Proof. From the optimality condition on aff), it holds that

;ﬁﬂMWMMO+MhN%@mwMWO=M&Mﬁ@m94m%M@wMMw+%m9wmww=0

Thus, we have

() = =SB Oul (£ 1) )3 ),

a

which completes the proof. ]
Lemma A.3. Define T : L*(u) — L?(px) by

T(a) = /a(w)h(x;w)du(w)

and its adjoint operator T* : L?(px) — L*(p) by

T (f) = / F(@)h(zw)dp(z).

For 2-loss, the optimal i-th second layer a,(j) has the following explicit formula.

al) (w) = (T*T + X, 1d) ' T* f7
=T*(TT* + X\ Id) "1 f7,

where f{(x") := E,[y; | © = '] is the conditional expectation of y; given x. In addition, if px is the empirical distribution
% i Os,, then, aif) is written by

o) (w) = h(X;w) (8, +nAaD) Vi

Proof. For [-loss, the optimality condition on a is given by
E,[(T(af)) = y)h(z; w)] + Aaaff) (w) = 0.
Using E, [y;h(z;w)] = E, [f7(z)h(x; w)] = T* f7, we have
T*T(a$?) + Xaal) =T f7.
Since A\, > 0 and (T*T + A, Id) is invertible, we arrive at
al) = (T*T + A\ 1d) ' T f7.

Since (T*T + Ao Id)T* = T*(TT* + A\, 1d), we have T*(TT* + A\, 1d)™" = (T*T + A, 1d)~'T*, and thus al;) =
T*(TT* + X\ 1d) "1 f2. O
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Lemma A.4. Assume that l; satisfies Assumption 3.4 or 3.3. Then, for any w € RY, aff)(w) satisfies the following
conditions:

| p[aﬂi(fi(x%awﬂ)ay)h(x;w)”

S
=D
~
S
SN—
Il
|
Sg"r—'

>
Q

In the case of [(z,y) = 3(z — y)? and |y;| < ¢;, Lemma A.3 yields
‘aff)(w)) = |T*(TT* + A, 1d) 5|

_ ’ / B w)[(TT* + Ao 1)~ 1] ()dp()
< (s w) || g2 [(TT* + Aa 1d)
< |(TT* + Ao 1d)

HL?( )
)7 il 2

Here, the last inequality follows from |h(x; w)| < 1. Since the operator norm of (T'T* 4 X\, Id)~! is bounded by 1/),, we
have

1
H(TT* + >\ Id ||L2(p) < /—\7a||gl||L2(p)

Cl

=%
Thus, we have the first assertion.

In a similar way, we have

|Vt @], = 5 1B 01 (50, ), 1) D (s

L[|V h(z; w)])

IA

cic
<<
X

in the case of |011;(z,y)| < ¢;. In addition, for a squared loss, we have

[ W), = H [ h T+ 31 )

119 wh: ) [ 2 | (TT* + Aa Td)~
CICR
Ao

2

IN

Rz HL2(p)

IN

Thus, we have the second assertion.
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Furthermore, we have

, 1
HVfUaff) (w) op THEP[alli(fi(x;a,uap“)vy)vzguh(x;w)]Hop
c
< X—:E[Hvzzuh(x;w)Hop]

CiCy,
— Xa k)

in the case of |011;(z,y)| < ¢;. On the other hand, in the case of /; is a squared loss, we have

[Viap |, =] [ want o + 20w
op
< HHVih(m;w)Hop L2(p)H(TT* + X Id)_lgiHm(p)
< g
<

This completes the proof.
Lemma A.5. Assume that each l; satisfies Assumption 3.4 or 3.3. Then, we have
oU
op

9.5 )

()(w)| < 5 B2

< AaRyBa,

2

forany w € RY.

Proof. From Theorem 3.1, we have

Thus, Lemma A.4 yields

op

which completes the proof.
Lemma A.6. Assume that each l; satisfies Assumption 3.4 or 3.3. We have

52U

W(M)(wvw') < B

< 2Rq By,

H 52U
2

wa(u)(w, w')

’ 2

<4R2.

op

U /
vaw’ W(M)(wv w )

for any w,w' € RY.
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Proof. Letl!(z') :=E,[0l;(f(2),y:) | x = «']. Define A, AY/2 : L2(p) — L?(p) by

and A% (w) € L?(p) by
AV (w)(2) = aff) (w)h(a; w)l" ()2

for a given w € R? . Note that A, A'/2. A are well-defined since I/ () > 0 from the convexity of [; with respect to the first
argument.

The second variation of U () is given by

T a()
i(sU(:u)( :7?(121 6 H )(w/)

Taking the first variation of the both sides of the optimality condition on all )( ) for a given w, we have

. P 0.1/ U0 WA W 1)1 ) D
Ep[lz (f(a?,a,“u),y) (al(t)(w )h(ﬂ?,w ) + / T(w )h’(m7w )dﬂ(w )) h(wi)] + /\a 5/~L (w )
(T* AT + A Id)‘saf‘i)(')(w’) (w) + [T*A*”A‘“(w’)} (w)
3 a 6” (2
=0.
Thus, we obtain
56U Aam (i, 0ai(w),
N T
:_AT“Z 0l (@) (T AT + X 10) [ T*A}2 A0 ()] (w)
;1 T
_ f% D) (w) [T AP WA + 3, 10) A0 ()] (w)
;1 T
__ % 3 0l (w) / [(A;ﬂTT*A;/? +Xa Id)-lA@)(w')} (@)h(@; w)l" (z)2dp()
i=1
__hay- [ AT a4 50107 )] (@) Atw) )
A £ i i a P

N T
20 S AD (), (AVPTTAY? 4 3, 10) 7 AD ()

The second equality follows from the equality A(A*A +1d)~! = (AA* 4 1d)~! A for any operator A such that (A* A +
Id), (AA* 4 Id) are invertible.
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First, we bound ||| V., A® (w)]|, |}L2(p) and ||A®) (w) From Lemma A.4, we have

HL2(/J)'

|9 | Vel wihtes w) + ol (@) Vbt w)| F@ 2
L2(p
S HVwCL(Z) w H l_/' x 1/2’ w ‘ Vh Tw l_// T 1/2‘
w ()| V() ) IV Az )l @)=,
< 2R,,
A9 (w ‘ = ||laD (w)h(z; w)l" (z 1/2’
[a9w@),, =[e@newre ],
< B,

since we have assumed that 0 < 9?/;(z,y) < 1. The first assertion follows immediately from the above inequality and

H(Aj/?:rT*A;/2 I <1/A.
op
Then, w 526Uu (2“ ) (w,w")|| is bounded as follows:
52U(M) ’ Ao d (z) 1/2prx A 1/2 1 4(3)
Vi g (ww) <Y [ dolw Hv A H ‘ [(AY2TT*AY2 1 3, 1d) "1 AD (w)] (z ))
=1
N T
< fe HHV AD (0 H ‘ H (AY2TT*AY? 4 X, 1d) =1 A ('
- T z:: L2(p) ) W) L2(p)
N T
< e HHV AD (4 H ‘ H (AV2TT*AY? 1 3, 1d)7 Y| [|A® '
T ; L2(p) ) op (w) L2(p)
<2R.B,
Finally, |V, v, £U ST (w, ) , is bounded as follows:

8°U (1)
.
vav“" .

op SATZ / / dp()dp(a' )V AD (w) ()

(AY2TT*AY? 4 2, 1d) (2, 2" )V L AD (w') (z")]

<—Z//dp Ydp(x

(AY2TT*AY2 4 X, 1d) " (z, o)

<*ZHHV A0w|,

< 4R§.

)w)(@)|

w AW (") (')

H (AV2TT*AV? 1 3, Id)‘l‘

L2(p) L2(p)

B. Proofs for Section 3
B.1. Proof of Theorem 3.1

First, we derive the expression of the first variation of G(u). The envelope theorem implies that

_ aF(aua i)
O

aL(aﬂv :u')

w)=—5,

(w) + Ar(ay (w), w).
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In addition, the first variations of L w.r.t. ;1 and a are given by

et ZE OuL( (s ) ) )P (),
% - TEP[alli(fi(x?ayu)vy)h(x;w)]u(w),

respectively. Therefore, we have

OL(au, 1), | xag (w) OL(ay, 1)
T(w)—z ~— (w).

The first-order optimality condition on a,, yields

OL(ay, 1)

9a® (’LU) = 7>‘W”(w)7 @

which implies
DL (ay, 1) L or(au(w),w) |,
TZ(U}) =-A E — 2l 0D ()

Combining above arguments, we arrive at

§G(p)

Sh (w) = =MVar(ay(w), w), au(w)) + Ar(a,(w), w) ®)

>\a 2 )\w 2
(- lan 3 + 5 lwl3).

Next, we prove the convexity of G(u). From the convexity of L(a, 1) w.r.t. a, we have

OL(au,, i) p2(w) i pi2(w)
aulvul /Z ag (i) ! )( 2 a’/Em)(w) - afu)(w) dw <L ,Uj(w) Qugs M1 | = L(aM2>M2>

pa (w)

for any p1, e € P. Therefore, it holds that

- /ZaLaWul )<MIEZ;G()() a&)(w))dw

+ Ar(ag, (W), w)pz(w) — Ar(ay, (w), w)p (w)dw
< G(p2).

Thus, it is sufficient to show that

op p1 (w)
+Ar (a’#z( ) w)pa(w) — Ar(ay, (w), w)p (w)

for any w. To simplify the notation, we denote the LHS by p; (w) and the RHS by p2(w). Substituting Eq. (5) to p1 (w), we
have

(5G([L1)( )( ( ul § i a,umﬂl )(,U'Q('LU) a;(f) (U}) — aﬁl)(w))dw

pr(w) = A[=(Var(ay, (w), w), 4y, (w)) + r(ay, (w), w)] (p2(w) = p (w)).

18
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On the other hand, substituting Eq. (4) to ps(w), we have
p2(w) = =MVar(a, (w), w)(pe(w)au, (w) — ay, (w)pi(w))) + Ar(a, (w), w)ps(w) — Ar(ay, (w), w)p (w).
Therefore,

pa(w) = pr(w) = A (w)[{(=Var(ap, (W), w)(a, (W) = ap, (W) +7(au, (w), w) = r(a,, (w), w)]
> 0.

The last inequality follows from the convexity of (a, w) w.r.t. a. This completes the proof.

B.2. Proof of Lemma 3.5

Using Eq. (3), we have

(w) o exp |~ 29 = exp [ 22 fla(w) 2 = 22 o) 2
erUJO( p A(;u = p 2Taw 2 2 w2 .

The distribution pg(w) exp(—%Hng) satisfies the LST with constant & = )\, since ’%‘”HwHé is Ay -strongly con-

vex (Bakry & Emery, 1985). Thus, Lemma A.1 implies that p,, satisfies the LSI with constant o« = exp@‘%, where
(i)(

B(w) = 2’\—%||au(w)||§ From Lemma A.4, we have ’au < - for any w. Therefore, ||B(w),, < = 2)\2 .

This

w)
completes the proof.

B.3. Proof of Theorem 3.7

The continuous time result follows from Lemma 3.5, Theorem 3.1, and the result in Nitanda et al. (2022).

For the discretized time result, we follow the framework in Suzuki et al. (2023a). First, we prove the following lemma.
Lemma B.1. For any w € R, U () satisfies the following conditions:

8 () (w) — VL (') ()| < Lo (Wap, 1) + o — o[}, [ E2E (w, )| < Ly for Ly = 4R2 + Xo(BuLa +

R?) + B2.

\V%j(u)(w)H < Ry for Ry = AaBaRa.

Proof. From Lemma A.5 and A.6, we have
oU
HV2 ﬁ(w)

< Aa(BoLg + R2),

w S op
2
2w < B2
1

for any w, w’ € RY . Thus, *5% (w) is Ay(BqLa + R2)-smooth and it holds that

v 5 ) - V5

§ S\a(BaLa + RZ)”U’ - w/HQ'

Let g =t + (1 — t)p'. Then, we have

6U
5u

d U
v 5 H )

5 — ut)( w') (' (w') = p(w'))dw’

vam)(w) i

dt
2
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From the definition of W7, for any £ > 0, there exists a coupling 7 of p and p’ such that

/ e — |y (w, w) < Wi, i) + & < Walp i) + .

Thus, we have

|92 ) ) = it

H/( 5 oz /‘t( ")—wag(m)(w,w’)>dw(w,w/)

< [[[vSg e - S o)

2

drm(w,w")
2

< /4Rg||w" — |l ydm(w, )
< 4ARIWy(p, ') + 4Rze.

The second inequality follows from the Lipschitz continuity of V., %% M U () (w, w") from Lemma A.6. Since ¢ is arbitrary,
we have

sU

dt
op

v 5 ) - V5 )| < o ) ) 0) =

< 4R3W2(M7 /1'/)'

This completes the proof. ]

Combining the above lemma and Theorem 3 in Suzuki et al. (2023a), we have for any Aan < 1/2andn < 1/4,

20,
AaN’

FEG G = 6007) < exp(-ran)( FEIGY )] - 67 ) + S L2Cu0m 417 +

. O)
where 72 = B [uf? ] + 3£ [(1+
22212 R2.

. )R?] + Ad’}, L =Ly + A Oy = 8[R + A R2 + d'], and Cy, = 2\Lya +

B.4. Proof of Proposition 3.8
As shown in Lemma 3 in Suzuki et al. (2023a), we have
N) &N 2 x
w3 (™ i) < =GN () = NG ().
Let v be a coupling of ,u,(CN) and p*V. Then, for (W, W*) ~ ~, we have

(k(xvy)ﬁw - k(xa y)/f‘)2 < 2(kﬂw (LL', y) - kltw* (xvy))Q + 2(kllw* ('T7y) - k,u* (xuy))2'

Let k(x,y; w) := h(z;w)h(y;w). This is 2cg-Lipschitz continuous with respect to w for any (x,y) € S x S. Then, for
the first term in the right hand side, we have

N 2
Ky (2,Y) = Ky (2,9))7 < (]1] Z k(x,y;w;) — k(z, y; wf))

2|~

< (k(z, y;w;) — k(x, y; w)))?
i=1
1 N
* (12
< X e~ il
1 2 *
< N deg[|W - W ||F
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+ \/?D < exp(—t)

for any ¢ > 0 by the same argument in Lemma 2 in Suzuki et al. (2023b). From the relation between Gaussian complexity
and Rademacher complexity, and contraction inequality in Bartlett & Mendelson (2001), we have

for any (z,y) € S x S. For the second term, we have

N

1
= > oik(w, y; wi)
N =1

sup

P( sup |kuw* (LU, y) - ku* (Iay)‘ Z 2Eo’,VV"
( (z,y)ESXS

z,y)ESXS

N
E sup Zal z,y;w;)|| < ccgE sup ZZsmww
(z,y)eSxS (m,y)GSxS i=1 j=1
CCR
<E|—
- N
cc
< i
N

where ¢;; is a Gaussian random variable with mean 0 and variance 1, and ¢ is a universal constant. From the optimality of

p1*, we have 22, . | g] < G(1*) < G(1o)- Thus, we have

2
B sup zal vy | < S, [2000)
(zy)esxs | N N Aw
and
L 4G 4t
c“G(po)ch
P sup kuoow(X,y) — ku(z,y — > | <exp(—t
((m,)ewum ) = ke (2. 3)] SR > S| < e

Thus, it holds that

2
E( sup Ikuw*(%y)—ku*(%y)l)

(xz,z")eSXS

2
o) 4 2
S / P ( sup ‘kuw* (x,y) - ku* (xay>|> ‘ g(MO)CR >7|dr
0

(z,2)eSXS

> 4
< —NT1/4 = —.
_/0 exp(—N7/4)dt N

Combining above arguments, we arrive at

8 N 4 4c2G(uo)c?
S REIW W] 4+ I

E t
" N AwN

sup  (k(%,Y)uy — k(x,y)w)ﬂ
(z,y)eSXS

By taking the infimum of the coupling ~, we have

4 4G(po)cy A
e

E (2, )y — K )2 w2 (M) — 7
WNN;(CN) l(z,yiigxs( (‘ray)lw (l',y)u ) ] NCR 2( ,‘U )+ N + >\'wN

For any f € L?(px), we have

(e = S O@] = [ B 2,) = by (.0 @) (@)
< \/ [ ) = B 22 ()
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which yields

1w = T ) D2y < 1172000 / (kpy (2, 2) — ke (2, 2))2dpx (2 )dpx ().

- X, ip < Emlwl[(kuw(x,x’) — ky«(z,2"))?] < A/N. Since f;(z;p) is the optimal so-

lution of mingey, E [li(f(x),y)] + /\TQHfHH“’ where [; is the squared loss, f;(z;u) = Z,(3, + A Id)7y =

z, 2" )a(z")dpx(2"), where o, (z) = + A\ Id)~'7. From the identity A=' — A"~! = —A~ — -

k ! d "), wh " S+ A Id)71y F he id A7t — Al A7HA - AHAE
for any invertible operator A, A’, we have

This implies ||X

122%%

2 < _ - 12
Hauw - O‘u*pr = ||(Euw + Aa 1d) 1(Euw - ZH*)(Z#* + Aa 1d) 13JHL2

2 2
el — -
< O” HWﬁ 12

op
— 4 .
)‘a

(px)

Thus, for any = € S, we have
2
(filw; pw) = filw; p*))? < 2 </ Rur, (@, 2oy, () = ke (2,2 )y, (x’)dpx(x’)>

2
+ 2(/ Ky (@, 2" )y, (27) — ks (2, 2" ) (m’)dpx(m’)>
2
<2 sup (kuy(2,2") =k (xax/))QHO‘ume(px)
x,x'€SXS

2
+ 2y — e pr
2

< 26% Supm,x’GSXS(k#W (‘Taxl) - k#* (‘T,‘T,))Z + 2Cg||zuw - ZM*

op
- N2 Al '
By taking the supremum over z and expectation over W, we obtain the result.
C. Proofs for Section 4
C.1. Lemmas for Section 4
Lemma C.1. Fora given §, 7 > 0, we have
tanh(7z) — (1[z > 0] — 1[z < 0])| < 2271l
forany z € R.
Proof. From the definition of tanh, we have, for any z > 0,
eTF — e~ T?
tanh —(1z>0]-1z<0)|=1- ————
ftanh(72) — (1= > 0] 1 < 0] =1 =
_ 2677'2
T Tz + e T2
S 26_2TZ.
Similarly, for z < 0, we have
h >0 —1z<0) =14+ 2 —¢"
t — >0] — < = —_—
ftanh(r2) — (1 > 0] — 1= < 0)| = 1+ S
_ 267'2
- e’TZ + e—TZ
S 2627—2.
Combining above arguments, we obtain the result. O
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Lemma C.2. Let px be the uniform distribution on [0,1]¢ and S := {sin(27rw cz) |we {0,1}% |lw|, = k} be a subset
of L*(px). Furthermore, for any fixed basis functions {h; };L:l C L*(px), let H,, be a span of {h; }?:1. Then, for any
e € [0, 1], we have

sup d(, Hy) > €
ves

ifn < N(1—¢), where N = |S| = (g)
Proof. Assume that d(¢, H,,) < ¢ for any ) € S. From Theorem 1 in Hsu (2021), we have n > N (1 — ¢) since S is an
orthonormal system in L?(px) and |S| = N. This contradicts n < N(1 — ¢), which completes the proof. O

Lemma C.3. For ,7,7, > 0, let Ay, = 1, h(z;w) = tanh(z-u+0b) (w = (u,b)). Then, for any u® € R* and
f: R = R which is 1-Lipschitz continuous and differentiable almost everywhere, there exists i, a such that KL(v | p) =

2 T _
O(?? + dlog ds ), ||aHL2(#) =rand

N |

[ 2) = oo + 5700+ )| <
for any = € R such that [u°® - x| < r and ||z|| < r,V/d.
Proof. Let a(u,b) = ra(b/T) for a(b) : R — R,|lall,, < 1 and p(w) = p(u,b) = p(u)u(b), where pu(u) =

N(ru®,02I),u(b) = v([—7r,7r]) for 7,0 > 0. In addition, let g(z) = Ep.,_[ra(b/7)tanh(rz - w® + b)]. Then,
we have

9(x) — flwsa. )] < / Ira(b/7)|tanh(z - u + b) — tanh(ra - u + b)|du(@, b)

< / |ra(b/7)||x - u — Tzu®|dp(a, b)

< ¢ / & - (u— ) Pdpa(a)
< \/ / el 2l — 7 | d ()

<rr, \/80.

Let §(a;a) := [°, 2a()(1[u® -z + b > 0] = 1[u® -z + b < 0])d¥'. Since
glz;a) = /rd(b/r) tanh(7z - u® + b)du(b)

Tr 1
= / 2—&(()/7) tanh(7x - u® + b)db
-

"1
= / id(b/) tanh(7(x - u® + b"))d¥,

it holds that
"1
9(x) — g(x)] < / 5la(b)|tanh(7(z - u® + V) — Az - u® +0" > 0] — 1z u® + b < 0])|db

T

oo
1
< / §|tanh(7(x cu+ ) = Uz -u®+ b0 >0 — 1z - u® + b < 0])|dv

— 00

0o
S / e—QTde
0

= 1/(27)
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where we used Lemma C.1 for the last inequality. Since —r < u° -z < r, we have

T

g(z) == [/T a(®)1u® -z +b > 0]db’ 7/ a(b)1u® -z + b < 0]dy

N =

-r -r

_ % V_ a()dy — /__“ a(z;’)azf] .

By letting
i(6) = {f’(—b) ifbe -]
0 otherwise
we obtain
gu;a):;[ [ rema- [ f’(—b')db’]
_ % l/_ W)y _/wow f’(b’)db’]
= f(w® - 2) — 5[F) + F-)

Combining above results, we have

Fw®-2) = flwsa,m)| < |Fw® o) - g@)] + lg(@) - 3(a)]
< T"I‘m\/EO' + i
- 2 2T
<eg

by letting 7 = 1/¢,0 = ¢/ (rr,\/d).

Finally, we show that f(z;a, p) is in By and || f||5,, < R. Since u, b is independent each other when (u, b) ~ p, we have
KL(v | p) =KL (N(0,1) | N(ru®,0%I)) + KL(N(0,1) | u([-r7,77])).

For the first term, we have

1 1
KL (N(0,1) | N(tu®,0%I)) = 3 {dlog — —d+ ru]? + daz]
o
1 7“27"923d r? €
drry, 2
- O(dlog ey 7"2)
€ €
For the second term, we have
T 1 2
KL (N(0,1) | u([—rr,r7])) < / tog 7)1 )7y
—rr E67 /
(r7)?

1
= + 3 log(27) — log(2rT)
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Thus, it follows that

KL(v | p) = o( +dlo dz_”)

In addition, [[a[|, < ryields [|a]| 2(,) < r. This completes the proof.

C.2. Proof of Lemma 4.3

Since Rademacher complexity is smaller than Gaussian complexity (Wainwright, 2019), it suffices to bound the Gaussian
complexity &(F) := E.,,n(0,1) [supfef =3 Ele aitft(mi)] Let Z;(w) := f Yoi i eith(xi;w). Note that
Z;(w) follows a Gaussian distribution with mean 0 and variance o (w)? := 1 3" | h(x;; w)? < 1 independently. Then, we
have

T n
&(Far,r) :Eel sup anzzfitf(ﬂfi)]

fE-FR,IW t=1 i=1

T n
1
sup —TzZsit/a(t)(w)h(xi;w)du(w)
KL(v|p)<M 1 -7 Ha(t)||2LQ(u)<R i=1 i=1
1| 1 &
— E.| sup swp 23 [aw)ziw)dutw)
Vn KLWIWSM 557 (a2, <r T =1
L 1 —
< —~E.| sup sup ) RICO] N PACOI P
\/ﬁ KL(Vl/L)<M 1 ET ||a(t)||L2(L) R T ; L2 () )
1 | a 2 d
< —=E.| sup sup = 2 la® (W)L 12 (w)| 72
Vvn i KL <M L 53T lat )||L2( <R T ; L2(p) Z:: ()
T
R 1
=1/ —E. sup — Zi(
e B R E DTl ]

wp [ Zzt du(u 1 ©)

KL(V|/L)<JVI

For the last inequality, we used the fact that 1/- is monotonically increasing and Jensen’s inequality. From the Donsker-
Varadhan duality formula of the KL-divergence, we have

1 1 ZT ) 1 5 ZT )
;EE lKL(ilL};))SMPy/ T t=1 Zite) dM(w)‘| - 7{M+EE 10g/exp<T t=1 Zite) )dy(w)‘| }
1 a 2
< 5 M + log/EE exp| tg:l Zy(w) dv(w)
<Yt [ i T Zo(w)?)]d 7
< o [ BT [ew (G 200?) Javtw) 9
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for any v > 0. Since Z;(w) ~ N (0, 0(w)?), we have

v 2 1 372 __z2
EzN©0,0(w [ex (fZ )} = 7/@T e @27
Z~N(0,0(w)?) |eXP| 7 —

~ V2ro(w)? / wir #|%ag
2o (w
vV 27?0(“’)2 20(110)2 -7
N
1—-2Z0(w)?
By letting v = %, we have
1
E 7)) = | —————= < V2. 8
z[exp(vZ?)] o) < V2 (®)

since o(w)? < 1. Combining Eq. (6), (7), and (8), we have

sup / Zzt )2dpu(w 1

KL(v|p)<M

7{M+log/HlE exp(yZi(w)? )]dV(w)}

g\f\/ M+1og/\fdu }
< \/:\/4{M/T—Hog\/§}.

&(Frm) <

<

ﬁ%

This completes the proof.

C.3. Proof of Theorem 4.4

From the definition of Bjy, there exists u° € Py and a® € L2(,u)(||a°||ig(”) < R) such that f°(x) = f(x;a° p°). Let
G = ag. Then, from the optimality of /i and a, we have

G() = L(a,fi) + A(A“na@g(m KL | m)

2
<G(u°)
o , o /\a 2 o
= 106 ) 4 M 22 e [y + KL | )
<22\M

since we set A, = 2M/R. Thus, it holds that
2
HaﬂHL2(ﬂ) <2R,
KL(v | 1) < 2M.

From Lemma 4.3, Rademacher complexity of F>g 237 is bounded as follows:

R(Farom) = O( R<M+1)>

n
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Forany f = [ a(w)h(z; w)dp(w) € Faponm, we have

1l / la(w)]dp(w

SHa”Lz(H)
< V2R.
Thus, for any f € Fopon, [(f(x),y) = 1(f(x), f°(x)) < 4R and [I'(f(z),y)] < 2V2R. Let F' =

{(z,y) = I(f(z),y) | f € Far,2m}. Utilizing the standard uniform bound (Wainwright, 2019), for any § € [0, 1], we have

1 & NG log2/4
_ 2 (@), < / 0g /0
;Q;I{Ep[g(x,y)] n;:lg(m Y )}_2%(f)+12R\/ 5

with probability at least 1 — d over the choice of n i.i.d. samples {(ac(i), y®) }:=1 ~ p. From the contraction lemma (Maurer,
2016), we have

n

sup Zail(f(xi),yi)]

f€Far,2m i=1

< 2V2RR(Far,2m)

:O<R <M+1>>

since I(+, y;) is 2v/2R-Lipschitz continuous in [—v2R, v2R]. Combining above arguments, we arrive at

L(ag, p) < L(ag, i) + 2R%(F) + 12Ry/ 10%2/5
B (M+1) log1/d
~o( 3+ my/OLE D s eI
o((RH)(\/(M;l)ﬂ/log;/é))
:O<(R+1)\/(M+1):10g1/5)7

since we set A = 1/+/n. This completes the proof.

R(F') =E,

C.4. Proof of Theorem 4.5
LetS := {sin(27ru cx) |ue{0,1}*, ull, = k} be a subset of L?(px ). Note that S is an orthonormal system in L?(px ).

Assume that

sup d(f,H,) < 1/4.
fEBM,HfH%M <R

Then, from Lemma C.3, for any ¢ = sin(27u - z) € S (J|u||; = k), there exists a, p¢ such that KL(v | 1) = O(dlog dk +
k?), all 2,y = k. and

[p(x) — f(z)] <1/4
for any z € [0, 1] since |u - x| < ||lu|), ||z, < k and sin(27k) = sin(—2nk) = 0. Therefore, we have

(), Hy) < ¢ = fll g2y + d(f, Hn)
<1/4+1/4=1/2.

This contradicts Lemma C.2. Thus, we obtain the result.
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D. Proofs for Section 5
D.1. Lemmas for Section 5

Lemma D.1. Assume that l; is the 1>-loss and Assumption 4.1 with ¢ = 0. Then, we have

N T
Us1) = o SV (S ndaD) Y,
5\ 1;1
Up(i) = 55 > (22 (S + AaTd) 7).
=1

Proof. From Lemma A.3, we have

) Zmim D7IS(E 4 nA D)

Ualw) = 2nTZ‘

/\2 T ~ _
:n“ZHEJrnA I~ +—ZyTz+nA DTS 4 nA )Y
=1

N T
_ %Zyj(i +ndd) Y,
i=1
1 & py _
Uoli) = g7 2 172 = 2 + 2 1) £ 72 (Z 4 X 1d) ' + X 1) 7)
e e Ao & =
:ﬁ;n(zmald) fi||L2(pX)+ﬁ;<i,(2+>\aId) S(E 4 XN Id) L)

(2, (B + A Id) 71 f2).

I
e

i=1

O

Lemma D.2. Assume that l; is the 1*-loss and Assumption 4.1 with ¢ = 0. Let A'(p) = W and A' () =
2
E[f°(z)k(z,z’) f°(2)]
HfoHi2<pX>

. Then, we have

: Al X2, -

A(N) > A/(ﬂ) > W — A,
Xall folI72
Ap) = A'(p) > ;UP:)(”) — -

Proof. Since HEAJMH < n and E[k(z,2')%] < 1 from |h(z;w)| < 1, we have A(u) > A’(p) and A(u) > A’(p). Let

T = >3, e f; be the singular value decomposition of 7', where e, f,,, are the orthonormal basis of L?(p), L?(p),
respectively. Then, there exists (;);>1 such that >, a? = Land f° = || f°|| ;- (pcici. Utilizing this expression, we have

Ao a?
Uplie) = ez 22725
Aa 1
L) S e w
Aa | poy2 1
> 2 ) _
=7 ||f ||L (")A’(u)+/\a
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The second inequality follows from the convexity of 1/x and Jensen’s inequality. By the same argument, we have
1
o) 2 2 I ||L2(p) nA' () +niq

By transposition of the above inequalities, we obtain the results. O

Lemma D.3. Assume that l; is the 1>-loss and Assumption 4.1 holds. Then, we have

Aa0
E<[Up(1) 2T2f1 T+ ndaD) T2 (X) + S (n = dy, (1))-

Proof.

X T
B [Us ()] = ;\7 DOEAF(X) +e) T (E 4+ nhaD) TN (X) + €0)]

X T
= 20 R0 T 4 AT ) + 20 (8 4, D) )

Aa0?

= (0~ ds, ()

=20 ST o (X) TS ad ) (X) +

D.2. Proof of Theorem 5.4

For r > 0, let

f(2) if 2] < r

f(r) = sgn(f(r)(z =) 1fr<z<7"—|—’f ‘
(=) =2) it —r—|fon)| <2<

otherwise

S
N
oy

|
n
a9
=3
\I

This is continuous, differentiable almost everywhere and its derivative satisfies ‘ f;(x)’ < 1 a.s. From Lemma C.3, there
exists f == [ a(w)h(z;w)dp(w) such that KL(v | p) = O(r? /e? + dlog 4r=), lall 2,y = O(r) and
folu® )= fla)| < e
for any = € R? such that |u° - 2| < r, ||z, < r,V/d. Since f°(z) = f(ue - z) = f,(u° - z) for |u® - 2| < r, we have
[f°(x) = f(@)| < e

for any = € R such that ||z|| < r,v/d and |u - 2| < r. From the tail bound on Gaussian and chi-squared distribution (Wain-
wright, 2019), we have

2
P<il||:1c||2 > %, lu- x| > T) < 2exp(—r?/2) + 2exp(—d(r2 — 1)/8).
Thus, [|f° = fll 12,y 1s evaluated as follows:
12 = FlZ2 (o) < F°Ne + 1 lloe)* Pllll] = Vdra, w2 = 7) + / (f°(x) = f(x))*dpx ()
x| <Vd,Jw-a|<r
< (llall 2,y + 1) <|| ? > \u x| > r) + &2
<1/16:= &2
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by setting ¢ to a sufficiently small constant and r, r,, sufficiently large constants which are independent of d. Thus, there

exists M = O(dlogd), R = O(1) such that || f° — f||2LQ(pX), where f € Fg . By the same argument in the proof of
Theorem 4.4, we have

n

L(a,p) < Ly(a, p) +O<R\/(M+1)+log1/5>

with probability at least 1 — ¢ over the choice of training data. Thus, by setting n > ¢%(dlog d + log 1/6) for sufficiently
large ¢, we have

Lﬁ(a'a :U/) S Lﬂ(a7/’[’) + 52 S 252

From the optimality of /i and @ = a;, we have

Go(A) = L(@, o) + 5 [|al 7 ay + AKL( | )
< G(a, )
<282 4 20\M
< 3¢?

by setting A\ = €2/2M and A\, = M/R. Thus, it holds that
A2
||aHL2(;z) < 12R,
KL(v | i) < 6M.
Then, by the same reasoning as in the proof of Theorem 4.4, we have

A
Uplit) < Bl 1), )] + ol 2o

R A M +1+1logl/s
< Ep(U(f(z;4),y)] + ?”aﬁniz(u) +O< (R+1) n/)

< G, (i )+O<R+1 M“;logl/5>

M+1+logl
§352+O<R+1 “W)

< 422

by setting n = c3(dlogd + log 1/4) for a sufficiently large constant c3 > ¢ with probability at least 1 — ¢ over the choice
of training data. Therefore, it holds that

A(p) = A'(p) =

Let {ui}? | (u1 = u) be an orthonormal basis of R%. Then, the symmetry of o = v implies that [ <7|l\7w1|1\)2> ’ dpo(w) is equal
2

for any 7. Since 37, [ ”““l’z dpo(w) = 1, we have [ & e ”2 duo( ) = 1/d. In addition let f;(z) = f(u; - ). Then, we

lle]
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have E,[f;(x) f;(z)] = 0 for ¢ # j. Thus, we have

2

d
(Zfi(x)fi@’)) E,[k(z,2')?]

IN

Px Zfz x ! fl( )]

_ ZIEI @2 1)) B, k(. 2]

— VA @) ) /Bl 27)7].

Since px and p are rotationally invariant, it holds that

d

I['E/o Z fi(x)klto (I’ x,)fi(xl)

i=1

= dE,[f1(x)kp, (2, 2) f1(2")]

= dE,[f°()kp, (x, 2) £°(2")].

Thus, the kernel alignment at the initialization can be evaluated as follows:

Ep[f° (@) (2, 2) f°(2")]
1@ () VER R (w, 27)?]

A(/,Lo) =
< L
\/E

Let w = ul + ut and z = 2!l + 21 be the orthogonal decomposition of u and z with respect to the space spanned by the
rows of u°. Then, we have

E,[yh(z; w)] /f h(z-u+b)dpx (z)

/f h(u - 2l +u-z —|—b)de( ).

Here, 2/l and 2 follows the normal distribution N (0, I,), N (0, I;_},) independently. In addition, u-z* follows N (0, ||u
Therefore, we have

E,[yh(z; w)] = /f(uo )by (ul - 2l + 7)dug (2.

where h,(z) = E., [h(z + 72)]. For h,, we have the following lemma.

Lemma D.4. For any 7 € R, we have the following results

o hyis L, -Lipschitz continuous with L, = min {1

' T

Proof. From the definition of h., we have

h () = E.on(o,p[tanh’ (z + 72)]
1 e 2
= — tanh’(z + 72)e”* /2dz
\Y4 2 ~/—oo
1 e 2
= — tanh'(rz)e”G%/7)7 /242,
V4 2 [oo
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Thus, A/ (z) is given by

~ 1 oo ,
hl(x) = / (z —x/T) tanh’(rz)e—(z—z/ﬂ 24,

= / ztanh'(x + Tz)e*ZQ/zdz

dz.

1 /OO ze=#/2 ze=%/2

cosh?(z + 72) - cosh?(z — 72)
From the symmetry of cosh, we have

1 1

cosh?(z + 72) ~ cosh? (x—712)

<0

for any = > 0. Thus, we have 2/ (x) < 0 for any z > 0, that is, /., () is monotonically decreasing in [0, cc]. From the
symmetry of A/ (x) and k() > 0 for any z, h,(0) > ‘ET(x)’ for any z. Thus, it suffices to evaluate h’.(0). Here, we have

1 (0) = Earey (1 (b2)]
1 /°° 4 22 d
= Vo (b= + e—bey2 P\ 79 )

e

For the last inequality, we used Mill’s inequality. Obviously, fL’T(O) < 1. This completes the proof. O
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Utilizing the above lemma, we have

2

B, [f° (@) (s w)]|” < | [ Fu® - al)hyp,eyul - 2l +7)dug ()

2
<

=
—
N
(o)
8
—
L
>
S
—
2
+
—
>

Hl -l 1) = (7)) v (al)

2

< /f(UO-xH)(iLT(uH x4+ 1) — he (7)) dvg (2]

IN

T, / (e (ul - 2l +7) = Bor (7)) 2du(21)
< ||fo||§,2(px) /(LTUH . x”)Qdyk(zH)

2
< ||f°||ig(px)/(LT ull[2) dv(z)

o2 2|, 11]|?
< oMy 22|

8l I

w2 ut|*

o012
<

From the boundedness of , we have |E,[f°(z)h(z; w)] 2 < |f° ”iQ(pX)' Combining above arguments, we have

8wl
B, [ ) h(azw)] < ||foi2(,,x)mm{1 M}

2wt

By the way, for any a, b, we have

Therefore, it holds that

2
. . 16 [|w!
E,[f°(@)h(@; )] < £l p2(on) 2 “”wl”z

Recall that A'(11) = Ep[fo(z)E“[th(grl;‘l:)h(z’;w)]fo(z’)} _ Eu[Eq‘[;:ﬁﬁ)h(m;w)P]. Thus, from the definition of P(1), we have
L2(p) L2(p)

D.3. Proof of Theorem 5.5

Tha label noise procedure can be regarded as a SGD-MFLD in (Suzuki et al., 2023a). Thus, as in the proof of Theorem 3.7,
we follow the framework in Suzuki et al. (2023a).
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First, we show the convexity of U (p1) := Ez[Ue(1)]. The functional Uz (1) can be written as

. ;
1 1 ES T o NEI . o T 1l 8 I — -
V) = 7 3 | [¥5 = BB 4 nAaD) 7Ot 80|+ 5 (04 20T (Bt nAaD) T8 (B 0dal) 7 (Vi )

i=1
1A 1
== > S Y Gt mAaD) it - (S + nAaI)lZuéi]
=1 =

Sk A i
ay Ty Y 7)1 a T (¢ I -1z i
‘ 73/1, (E,LL + n)\aI) )/; - ?Ei (E‘u + n)\a.[) g + 2n‘| .

T < ~9Y ~
1 A - A . _ 2
ELUs ()] = 5 D2 5T (S ndal)7Yi = 7 = tr[(EH D) 4 %
=1
Aa 2

where Y = + Z¢T=1 Y;Y;T — 5%1/3. From the assumption on 52, Y is positive semi-definite and thus, U (1) is convex.

Next, we derive an LSI constant for p,, o< exp (7% szt“ ) ) The first variation of F'(u) is given by

>~

51;7(#)(11,) = [ (5 + 1) RO 0) R w0) T (S + nXaD) Y | + %”Ilei
7

Since H?H <7 ZiT:1 [Yill, < nc?, we have
2

L
2 .
a2 I} <

il v

yw‘ o
Q

‘2 tr[(i# +nde) " (X w)h(X;w) T (5, + nﬁaf)—lﬂ ‘ <

Thus, p,, satisfies the LSI with the same constant as in Lemma 3.5.

Let V(u) i= 55 23:1 éj(ﬁ)u +nAI)71&;. Then, V(u) is equal to U () if Y; = &; for any i € [T]. Thus, by the same
argument as in the proof of Theorem 3.7, we have

< Ly (Wap, i)+ w — w'[]), | 22489 (w,w)| < Ly for Ly = 4R2+ Aa(BLL, +

V3 () (w) — V() (')
R?)+ B

L]

op

VY () (w)|| < Ry for Ry = X B, R,
where we define R/, B!, L' by replacing ¢; in R, By, L, with &, respectively. Furthermore, it holds that

V)|, < Ry.

< Ly.
op

VoV Vo S8 (1) (w, w)

S LV, w 52

L]

VL VL )|

Let Lyy = Ly + Ly, Ryv = Ry + Ry. Then, it holds That

/ ! $2U (p) /
SLUV(WQ(M7M)+||w w H)v Sp2 (waw) SLUV7

|V () (w) = V3% (1) (')
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. V 66(;]1,5

(1)(w)| < Ruv.,

s Ve )|, < Rov,

S LUV9

< Lyy.

VoV o 55 () (w, )

w' 52

||V Vi 5 (1) (w)

w dp

op op

since Uz(u) = U(u) — V() + const. Combining above arguments, Theorem 3 in Suzuki et al. (2023a) yields

2 - 4 - 2C,
—L*C1 (A N+ —7T
Ao il 77+n)+/\om +/\04N’

VLY ()] = £0r7) < exp(-Aamh) (EILY ()] - £6x7) +

where R? = E[Hwﬁ‘”Hz] + 3 [(3+ ) Bhy + A0, L= Luy + Au C1 = 8[Ry + A R2 + ), Oy = 2\Luva +
ZAQL?JVRz, and

T = dndy + [Rov + MR + (Lov + X)L+ VA0 Ry + (Rov + Mo R)Ruv (1+ V/A/0)i Ry

This completes the proof.
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