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Abstract

We introduce a flexible and computationally efficient topological layer for general deep learn-
ing architectures, built upon the Euler Characteristic Curve. Unlike existing approaches that
rely on computationally intensive persistent homology, our method bypasses this bottleneck
while retaining essential topological information across diverse data modalities. To enable
complete end-to-end training, we develop a novel backpropagation scheme that improves
computation and mitigates vanishing gradient issues. We go on to provide stability anal-
ysis, establishing stability guarantees for the proposed layer in the presence of noise and
outliers. We integrate the proposed layer into topological autoencoders to enhance repre-
sentation learning through topological signals. We further demonstrate the effectiveness of
our approach through classification experiments on a variety of datasets, including high-
dimensional settings where persistent homology becomes computationally challenging.

1 Introduction

In recent years, machine learning communities have witnessed increasing efforts to incorporate Topological
Data Analysis (TDA) into deep learning workflows, an emerging paradigm known as topological deep learning
(Carlsson & Gabrielsson, [2020; [Papamarkou et al., [2024). This approach integrates tools from TDA to exploit
essential topological features that are often inaccessible to traditional deep learning methods, or to enhance
data representation and model interpretability. Persistent homology (PH), a fundamental tool in TDA,
captures multi-scale topological features of the underlying data structure by tracking the birth and death
of homology features, thereby producing topological summaries such as persistence diagrams or barcodes.
Given that PH is a multiset by nature, a number of strategies have been proposed to transform these PH-
based topological summaries into alternative representations that are more suitable for subsequent machine
learning tasks (e.g., [Bubenik et all, 2015; |Chazal et al., [2014b; |Adams et al.| [2017] see, for example, [Hensel
et al.| (2021)) for a review).

Recent efforts have shed light on the possibility of incorporating PH-based topological summaries as input
features for neural networks, enhancing their ability to learn from the intrinsic geometric structure of the
data. |Hofer et al.| (2017)); |Carriere et al. (2020) introduced parametrized topological layers designed to
learn vector embeddings of persistence diagrams, although the differentiability required for gradient-based
optimization was limited to the layer parameterization and did not extend to layer inputs. |Gameiro et al.
(2016)); |Chen et al.| (2019); |Gabrielsson et al.| (2020); |Carriere et al.| (2021); |[Leygonie et al.| (2022)); |Carriere
et al.| (2024) explored the differentiability of PH-based functions or losses, highlighting the potential of
integrating topological insights into deep learning frameworks. |Kim et al.| (2020) were the first to propose
a generic differentiable topological layer that allows backpropagation, offering flexibility in its integration
within arbitrary network architectures.

Despite its popularity, PH often incurs substantial computational overhead, rendering it impractical for large-
scale deep learning applications. Its time complexity generally scales poorly with the size and dimensionality
of the data; for instance, the standard PH algorithm has a time complexity of O(N?), where N denotes the
number of simplices (Otter et al., |2017). As a result, there has recently been a growing need for alternative
features capable of capturing topological information in a computationally efficient manner. The Fuler
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Characteristic Curve (ECC) is one such feature that can be computed without the need for PH computation.
ECC-based descriptors have recently gained attention for their ability to significantly improve computational
efficiency (Richardson & Werman) 2014} [Beltramo et al., |2021}; |Chen et al., 2022} Dlotko & Gurnari, [2023;
Hacquard & Lebovici, [2023; [Malott & Wilseyl, 2023; |Jiang et al., 2023} [Laky & Zavalaj, [2024). However, prior
works have primarily employed these descriptors in a static fashion, limiting their use to traditional feature
engineering frameworks.

A more recent advancement in this area is the Differentiable Euler Characteristic Transform (DECT) (Roell
& Rieckl 2024)), which is a differentiable topological layer built upon the Euler Characteristic Transform
(ECT), i.e., a collection of ECCs computed along multiple directions (Turner et al., 2014). While promising,
the existing DECT framework is specifically tailored to geometric data such as graphs and meshes. Conse-
quently, it does not generalize naturally to other data modalities, such as images or voxels. Moreover, its
differentiability relies on a sigmoid-based approximation, which incurs considerable computational overhead
and may lead to gradient inconsistency or vanishing effects, issues that will be further examined in Section [4]
In addition, such DECT-based learning methods remain in an early stage of development, and a rigorous
analytical investigation of their theoretical properties has yet to be conducted.

Contribution. We propose a novel ECC-based topological layer, ECLayr, and make six main contributions.
First, we demonstrate both theoretically and empirically that ECLayr substantially improves computational
efficiency by eliminating the need for PH computation. Second, in contrast to prior ECT-based studies
such as [Roell & Rieck| (2024]), ECLayr accommodates generic differentiable filtrations, offering a flexible and
unified framework that extends naturally to diverse data modalities, including images and voxels. Third,
we introduce an efficient backpropagation strategy that resolves the shortcomings of sigmoid-based differ-
entiability used in earlier approaches. Fourth, we present a rigorous stability analysis characterizing the
stability bounds of the proposed layer under noisy perturbations in the input. Fifth, we showcase the versa-
tility of ECLayr through its application in topological autoencoders. Finally, our classification experiments
reveal that, when the underlying topology is relatively simple, ECLayr achieves performance comparable to
state-of-the-art PH-based layers while being significantly faster. Further experiments show that ECLayr is
capable of effectively capturing topological information even in complex, high-dimensional settings, where
PH becomes computationally prohibitive.

2 Preliminaries

This section provides a brief overview of the essential tools in TDA used throughout the development, as
well as some notations. For further information, see, for example, Hatcher| (2002); |Kaczynski et al.| (2004);
Edelsbrunner & Harer| (2010)); (Chazal & Michell (2021)).

2.1 Definitions

Simplex and Simplicial Complex. A k-simplex is the convex hull of k£ + 1 affinely independent points
ug, ..., up in R4, ie., o = conv{ug,...,ur} (e.g., O-simplex: vertex, 1-simplex: edge, 2-simplex: triangle,
etc.). The dimension of oy is k. 7 is a face of oy, if it is a convex hull constructed from any non-empty subset
of the k + 1 points in 0. A simplicial complex K is a finite collection of simplices such that (i) the face of
any simplex in K is also in K, and (ii) the intersection of two simplices in K is either empty or a face of
both. Commonly used simplicial complexes include the Vietoris-Rips complex and the Alpha complex (see
Appendix for detailed definitions).

Cubical Complex. A cubical complex is an analogue of a simplicial complex that consists of k-cubes (e.g.,
vertices, edges, squares, cubes, etc.), and it provides a suitable framework for analyzing data that naturally
align with a grid structure, such as digital images. For [ € Z, an elementary interval is an interval of the
form I = [I,1+ 1] or I = [I,1], where the former interval is called nondegenerate and the latter degenerate.
An elementary cube is the finite product of elementary intervals, i.e., Q = I; X Iy X --- x I,,. The dimension
of @ is the number of nondegenerate elementary intervals in the product. Given that P and @ are both
elementary cubes, P is a face of Q if P C Q. A cubical complex K is a finite collection of elementary
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Figure 1: Computation of ECC using sublevel set filtration on a filtered cubical complex.

cubes such that the face of any cube in K is also in K, and a filtered cubical complex can be constructed by
assigning a filtration value to each cube (see Appendix [C.2]).

Filtration. A filtration F = {K(t) C K | t € R} is a collection of nested subcomplexes that satisfy
K(t1) C K(t2) whenever t; < ta. A typical way of constructing a filtration is to use a monotonic filtration
function f : K — R, where f is monotonic in the sense that f(7) < f(o) whenever 7 is a face of 0. By
defining K (t) :== f~(—o0,t], we have K(t;) C K(t2) whenever t; < t,.

Persistent Homology and Persistence Diagram. Persistent homology is a multiscale approach to
capture the topological features of a complex K, and can be represented as a persistence diagram. For a
filtration F and for each nonnegative k, we keep track of when k-dimensional homological features (e.g.,
O-dimension: connected component, 1-dimension: loop, 2-dimension: cavity, etc.) appear and disappear in
the filtration. If a homological feature «; appears at filtration value b; and disappears at d;, we say that «; is
born at b; and dies at d;. Treating these pairs (b;,d;) as points in the plane R? := {(b,d) € (RUo0)? : d > b}
yields the persistence diagram, a finite multiset defined as

D= {(b“dl) : (bl,dl) S Ri}

Euler Characteristic. The Euler characteristic is a topological invariant that provides a single number
summary of the underlying topologicaﬂ structure. Given a complex K, the FEuler characteristic is an
alternating sum of the number of k-cells (e.g., k-simplices or k-cubes) in K. It can equivalently be expressed
as an alternating sum of Betti numbers:

(o) o

D (EDRIER = (-1)k8, (1)

k=0 k=0

where K is the set of k-cells in K, |K*| is its cardinality, and S}, is the k-th Betti number of K.

X(K)

Euler Characteristic Curve. The Euler Characteristic Curve (ECC) C : R — R is obtained by evaluating
the Euler characteristic along a filtration, with the filtration value on the z-axis and the Fuler characteristic
of the corresponding subcomplex on the y-axis (see Figure|l). For ¢t € R, the ECC is given as

C(t) = x(K(1)), (2)
where K(t) = {0 € K : f, <t} is the subcomplex of K at t and f, is the filtration value of o.

2.2 Trade-off between ECC- and PH-based Approaches

Although ECC offers an efficient means of capturing topological information, there exists an inherent trade-
off between ECC- and PH-based approaches. In particular, ECC is generally less expressive than PH in

IDepending on the filtration, both PH and ECC can also capture geometric information.
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Algorithm 1: Computation of ECC: X — &£

Hyperparameters: T,,;n, Tinaz,
Input: data X
Choose a simplicial or cubical complex suitable for the input data and build a filtration.

Set tseq = {t1,...,t,}, an evenly-spaced grid of size v where t; = Ty and t, = Thnaz-
Initialize £ = (0,...,0) € R.
for 0 € K do
if f, > T then
L continue

t* < min{t; € tseq|t; > fo}
E(t*) + E(t*) + (—1)dim(e)
€ « cumsum(&)
Output: £ € R?

capturing fine-grained topological features, as it aggregates information across all homology dimensions,
whereas PH provides dimension-specific summaries. For example, consider point clouds sampled from (i) a
single loop of radius r, and (ii) two disjoint loops of radius r. PH distinguishes the underlying structures
via (8o, 81) = (1,1) versus (2,2), whereas ECC cannot since both have Euler characteristic x = 5o — 81 = 0.
However, when the underlying topology is relatively simple, ECC can be comparably informative to PH.
For instance, in the MNIST handwritten digits dataset, which we will use as a benchmark in Section [6.3
all digits have a single connected component (8 = 1), so discrimination primarily depends on loop counts.
Correspondingly, ECC separates digits with zero, one, and two loops (e.g., 1/0/8) via x € {1,0, —1}, aligning
with the level of information provided by PH in this setting. These observations suggest that ECC can
provide a computationally attractive alternative when aggregated topological summaries suffice, or when
computational efficiency is prioritized over granular topological information. Accordingly, we develop an
ECC-based model tailored to efficiency-critical tasks, such as high-dimensional settings where PH is costly,
and to applications that admit relatively simple topological structures.

3 Layer Construction

The construction of ECLayr involves two steps: (i) computing a vectorized approximation of ECC from
input data, and (ii) passing the output of (i) through a differentiable map. To compute the vectorized ap-
proximation of ECC, we consider an alternative definition of the Euler characteristic. Given the subcomplex
K(t) C K at filtration value ¢, the Euler characteristic in equation [1| can be equivalently defined as

X(E@®) = (=1F Y 1[f, <], 3)

k=0 cEKF

where f, is the filtration value of . The equivalence between equation [1| and equation [3|is straightforward,
as the sum of the indicators in equation [3[ equals the number of k-simplices in the subcomplex K (¢).

Notations. For notational simplicity, let X denote the input, £ the vectorized ECC, and Oy the output of
our layer parameterized by 6.

3.1 Computation of Vectorized ECC: X — &

To calculate the ECC from input data, we must first define a filtration by selecting an appropriate simplicial
or cubical complex K and a function f : K — R. This choice is often data- or problem-dependent. Upon
constructing a filtration, we proceed to obtain the vectorized approximation of ECC based on equation
First, we set a closed interval [Tynin, Tmaz] and sample v evenly-spaced grid points ranging from Tyuin
t0 Tinaz- We denote these discretized points as tseq = {t1,...,t,}, where t; = Ty and ¢, = Thnaa-
Our objective is to derive a vector £ containing the Euler characteristics of each subcomplex K(t;), i.e.,
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€ = (x(K(t1)),...,x(K(ty))). This vector serves as a finite sample approximation of the ECC function C
defined in equation 2l To compute £, we begin by initializing £ as a zero vector of size v. Next, we iterate
over all simplices o € K and perform the following steps: (i) find ¢t* := min{t; € tseq|t; > fo}, which denotes
the smallest grid point that is larger than the filtration value of o, and (ii) add (—1)4™() to £(¢*). If f,
exceeds the upper bound T},,, and t* cannot defined, we proceed to the subsequent simplex in the iteration.
Once the iteration is terminated, we return the cumulative sum of £ for each point ;. The resulting output
£ is a vector in RY. The overall procedure is summarized in Algorithm

Runtime. Informally, the ECC computation in Algorithm (1| (steps 6-12) runs in O(N + v) time, where
N denotes the number of simplices and v the number of grid points. We formalize this statement in the
following proposition.

Proposition 3.1. Let K be a finite simplicial or cubical complex with Ny potential k-cells, and let f :
K — R be the monotone filtration function. Fiz Tiyin < Tmax and an evenly spaced grid tseq = {t1,..., ¢}
on [Tinin, Tmax] as in Algorithm 1. Define the processed set K(Tmax) = {0 € K : f5 < Tmax} and let
T(K(Tmax),v) denote the runtime of Algorithm 1 on this input. Write Z, = 1{fs < Tmax} and, for a k-cell,
Pk =P(Zs, =1). Set p=E|K(Tmax)| = Y, PxNi. Then there exist constants a,b > 0 such that:

(i) T(K(Tmax),v) < a|K(Tmax)| + bv.
(ii) ET(K(Tmax),v) < ay . pxlNk +bv.

(iii) If the indicators {Z,}scx are independent, then for any e > 0,

2

P(T(K(Tmax), v) >a(l+e)u+ bv) < exp( —ors M)~
Proposition[3.1|provides a unified characterization of the ECC computation cost by establishing deterministic,
expected, and high-probability bounds for the runtime of Algorithm [I} In the proposition, N can be viewed
as shorthand for | K (Tiax)|, i-e., the number of simplices whose filtration values lie below Ty,.x. Proposition
thus indicates a substantial improvement over the O(N?log® N loglog N) time of PH computation (Chen
& Kerber, 2013} Boissonnat et al.l 2018). This theoretical guarantee complements the empirical findings
reported in Section [6] which demonstrate a substantial speedup over both DECT and PH-based approaches.
A corresponding lower-deviation bound for | K (Tiax)| (and hence for the event {T(K (Tiax),v) < a(l—e)u+
bv}) follows by the same Chernoff argument (see Remark [1] in Appendix [G.T)).

3.2 Computation of Layer Output: £ — Oy

Upon obtaining the vectorized ECC &, we apply a differentiable parametrized map gy to project it to a
learnable task-optimal representation. Given £ € RY and an output dimension m, the map gg : R — R™
takes £ as input and outputs Oy € R™. The structure of gy is unrestricted, provided that it is differentiable
with respect to 6 and the layer input. When post-processing is unnecessary, an identity mapping suffices.

4 Toward Efficient Backpropagation

To develop a general topological layer suitable for deep learning, establishing differentiability is a fundamental
prerequisite. Thus, we first present a differentiability result for the ECC. Using chain rule, we decompose
the derivative into two essential components: (i) the derivative of the filtration value with respect to the
input X, and (ii) the derivative of the indicator function with respect to the filtration value, as shown below.

K W) _ 5 _qye 3 0o 0Lz <1

oX X of,
k=0 cEKF e ——

(1) (ii)
In the above formulation, (i) depends on the choice of filtration. While our framework accommodates
any differentiable filtration, we restrict our attention to three filtrations that are widely used in practice:
Vietoris—Rips, Alpha, and sub/superlevel set filtrations on filtered cubical complexes. Detailed derivation of
(i) for the aforementioned filtrations is provided in Appendix [D]
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Figure 2: Illustration of gradient inconsistency under sigmoid approximation with A = 200, evaluated at 16
evenly spaced points over [—1,1]. In (a), the approximation performs well when the filtration value f, aligns
with a grid point. In (b), slight shifting f, causes a sharp drop in the gradient magnitude, and in (c), a
further shift leads to gradient vanishing. This highlights the sensitivity of gradients to the filtration value’s
position relative to the grid.

4.1 Limitations of Sigmoid-Based Approximations

The key barrier in achieving differentiability arises from the discontinuous nature of the indicator function
1(f, < t) in (ii). To address this, Roell & Rieck (2024) replaced the indicator function with a sigmoid
S(A(t — fs)), where the hyperparameter A\ controls the precision of the approximation. However, such
smoothing-based approximation increases computational costs, as it requires evaluating the sigmoid function
at all grid points t; € tseq during each iteration. Consequently, the time complexity escalates to O(vN),
compared to the O(N +v) complexity of Algorithm [1] (Proposition[3.1]). Furthermore, it introduces challenges
during backpropagation, as gradients are computed over discretized grid points rather than a continuous
domain. When a filtration value f, falls between grid points, the gradient with respect to f, is evaluated at
neighboring grid locations rather than its exact position. As a result, the magnitude of the total gradients
backpropagated through the layer varies with the proximity of f, to adjacent grid points, leading to what
we refer to as gradient inconsistency (see Figure |2)).

In particular, we show that the sigmoid approximation is prone to vanishing gradients when the number
of grid points v is too small, resulting in wide grid spacing, or when A is too large (see Figure (c)) To
formalize this, consider approximating the gradient of 1(f, < t) with respect to f, on an equally spaced grid
tseq = {t1,...,t,}, with spacing At := % Let S’t;;?i € RY denote the gradient vector of the sigmoid
approximation S(A(t — f)) computed at ty,...,&,, i.e.,

S/tseq _ 8S(A(t - fo'))
M fo Ofs t=t1,ty

The following proposition demonstrates that the local gradient of the sigmoid approximation can become
arbitrarily small, irrespective of the true underlying gradient.

OS(A(t=fs))
Ofs

Proposition 4.1. When s viewed as a function of t, its discretization over tseq is Lo, -bounded

as
1tseq
s

‘Oo < AS(M(fo,tseq)) [1 — S(Nd(fo,tseq))],

where d(f,,tseq) denotes the distance from f, to its mearest grid point. So in particular, when
Aexp(—AAt) — 0, we have that

— 0.

Mo || o

‘S/tseq

inf
fo E[t1—Att,+AL)

This highlights a key limitation of the sigmoid approximation, as vanishing gradients hinder effective back-
propagation in deep learning due to successive multiplications of local gradients in ECC.

4.2 Backpropagation via Distributional Derivatives

We now introduce a novel backpropagation strategy that enhances computational efficiency by facilitat-
ing the implementation of Algorithm [1] while simultaneously resolving the vanishing gradient issue. To
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Figure 3: (a) is a sample data from the MNIST dataset. (b) represents the DTM transformation of (a)
using mg = 0.05 on a 28 x 28 unit grid. (¢) and (d) visualize the respective gradients of the ECC and the
persistence landscape with respect to (b).

compute the gradient of the discontinuous indicator function, we adopt the framework of distributional
derivatives such that %}’ﬁ) = —(t — f,), where &(-) denotes the Dirac delta function, defined as

d(z) = limg_o w'{ﬁe*(x/B)Q. Since the height of this single impulse is infinite, we proceed with the ap-
proximation ) .
—(2/B)? — = _

NG BVF
where 8 > 0 is a hyperparameter that determines the height of the spike. Namely, the estimated gradient
evaluates to —1/(8+/7) at the impulse point ¢ = f,, and zero elsewhere. Moreover, to address cases where the
impulse location t = f, does not align with the predefined grid tseq, we shift the impulse to the nearest grid
points to ensure proper alignment. Suppose that t;,_1 < f, < t; for t;_1,t; € tseq, and let 2At :==t; —t;_1
be the distance between neighboring grid points. Then, we split the gradient —1/(8+/7) by assigning larger
weights to the grid point closer to f,. Specifically, we backpropagate

iz Jo) 1 id poi ti—fo\ 1 o
— - (i )
( N )5\/77 to grid point #; 1, < AL )5\/77 to grid point t;

Under this formulation, a consistent amount of total gradient invariably flows through the discretized grid
points, ensuring that a stable and meaningful signal is propagated to the preceding layer (see Figure|3|for a
visualization of the gradients). The following proposition demonstrates that our method avoids the gradient
vanishing issues inherent to the sigmoid approximation.

tseq

Proposition 4.2. Let 5,8-fa OL(fo<t)

€ RY be our gradient approximation of 7 computed at ty,...,t,, such that

525;3 ’s i — 1-th and i-th elements are respectively — (t;A’;”) # and — (1 — tlé;{f) ﬁ if fo € [tiz1,t),

and other elements are 0. Then, the infimum of the Lo, norm of 5[35?-3 is given as
1

o 2ByT

inf "5tseg
fo€E[t1—At,t,+AL) Bifo

In addition to mitigating vanishing gradients, our proposed approach achieves significantly lower approxima-
tion error in estimating true gradient values. Specifically, for the uniform spacing At, we show that setting
B = 2At/\/7 leads to consistency of the gradient approximation. Detailed theoretical results are provided
in Appendix [E]

5 Stability Analysis

An essential benefit of using a topological layer is its robustness against noise. Extending the results of
Dlotko & Gurnaril (2023), we can establish a stability property for the layer output with respect to changes
in the input. For notation, let X, X’ be two distinct inputs, and fx, fx/ be corresponding filtration func-
tions on fixed simplicial complexes K, K’, respectively. Let Dy (X), Dx(X’) be corresponding k-dimensional



Under review as submission to TMLR

persistence diagrams, and let Cx,Cx’ : R — R be corresponding ECC functions. See Appendix for the
definition of Wasserstein distance.

We first see the relation between the final layer output and ECC functions.

Proposition 5.1. Let 7 < t5 < -+ < t¥ be unique values of all births and deaths in {Dy(X), Dp(X') : k >
0}, and let tseq = {t1,...,t,}. Suppose there evists At > 0 satisfying that At < t; 1 —t; and At <t} —t7.
Let gg be L-Lipschitz with respect to ||-||,-norm, i.e., ||go(z) — go(y)|l; < L |z —yll;. Then

2L

106(X) = Op(X')y < % |

ICx —Cx-||; -

Hence, the key requirement is to establish the stability of ECC functions. We begin by presenting the most
general stability result, stated with respect to the 1-Wasserstein distance between the persistence diagrams
of the inputs, following directly from Dlotko & Gurnari| (2023 Proposition 3.2).

ICx = Cxrlly <2 Wi(Di(X), Di(X)). (4)
k=0

The behavior of the 1-Wasserstein distance W1 (D (X), Di(X’)) is in general complicated and difficult to
analyze. It is possible to further upper bound this by the difference of the filtration functions fx and fx.

The difference is represented as Lo, distance below, but there is a more general version of Theorem [5.2] as
well (see Appendix |F]).

Theorem 5.2. Suppose K = K’ and is a finite simplicial or cubical complex. Then, there exists a constant
Ck only depending on K such that

ICx = Cxrlly <Ok |[fx — fxrll -

Theorem|[5.2]provides a stability result whose relation to the difference of the input is clear, and also applicable
to general filtration functions. Since we use DTM functions in Section [6] we present a specific result for
DTM.

Corollary 5.3. Suppose K is a finite cubical complex, and fx, fx: are restrictions of DTM functions
dpx mo» APy, mo to K, where Px,Px: are empirical distributions on X and X', respectively (for detailed
meaning, see Appendix . Then

C
ICx —Cx|l; < —E W, (Px, Px/).
AVALLD)

Due to the inherent reliance of Euler characteristics on even small generators, we note that the above stability
results in terms of the Wasserstein distance are less strict than those of PH-based descriptors bounded by
the Bottleneck distance in |[Kim et al.| (2020)). Thus, ECC-based descriptors compromise stability in order to
attain computational efficiency over PH-based descriptors.

In practical settings, filtrations are frequently corrupted by random noise (e.g., sensor noise, missingness, or
stochastic augmentations). To align the analysis with these scenarios, we next establish stochastic stability
bounds that quantify both the expected fluctuation and high-probability concentration of the difference in
ECC functions, when the filtration is perturbed by subgaussian noise. In what follows, we let X and X
denote the original and (stochastically) perturbed inputs, respectively.

Theorem 5.4. Let K be a fized finite simplicial or cubical complex and write N = |K|. Let fx : K — R be
a filtration for input X, and consider a random perturbation f = fx +¢&, where {{(0)}oeck are independent,
mean-zero, subgaussian random variables with parameter 7. Let Cx and C¢ denote the corresponding ECCs.
Then there is a constant Cx > 0 depending only on K such that:

1. E[|lcx — Cxli] < Cx7/2l0g(2N),

2. P(lex — Cxlli > ) < 2N exp( - 572 ),

_ &
26'?(7'2
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for all e > 0. Moreover, if the noise is deterministically bounded, |£(o)| < ¢ a.s., then
||CX_C)2H1 < Ckd a.s., E[HCX_C)?Hl] < Cké.
Combining Theorem with Proposition [5.1] yields an immediate output-level stability result. This quanti-

fies how random perturbations in the filtration affect the expected and high-probability behavior of Og(X),
as formally stated in the following corollary.

Corollary 5.5. Let gg be L-Lipschitz with respect to || - |1 and let At satisfy the discretization conditions
in Proposition[5.1 Then,

E[100(X) ~ 0o(X)h] < 2 Cre7 \/2Tog(2N),

and for every e > 0,

- g2 At?
- < -
P(|0s(X) = Op(X)|1 > €) < 2N exp( - 275 o =
Furthermore, under bounded noise |£(o)| < § a.s., we have that
~ 2L
[[0g(X) — Op(X)]]1 < EOK(S a.s.

6 Experiments

To showcase the versatility and effectiveness of our layer, we conduct a series of experiments. First, we
evaluate the computational efficiency of our approach by measuring runtime metrics across different datasets.
Next, we implement a topological autoencoder on point cloud data to illustrate how our layer can impose
topological constraints on the latent space. Finally, we perform two classification tasks on image, point
cloud, and voxel-based datasets. The first classification task demonstrates that our layer can help mitigate
information loss under a controlled, systematic data contamination process. The subsequent experiment
highlights the advantages of our layer in high-dimensional settings, where PH-based methods would otherwise
incur substantial computational cost. Here, we provide only a partial summary of the experimental results.
For comprehensive results, including detailed hyperparameter settings, see Appendix [B]

6.1 Computational Efficiency

In this section, we analyze the empirical time complexity of our method in comparison to PH and sigmoid-
approximated ECC, hereafter referred to as DECC. The time complexity of each topological descriptor is
assessed by measuring the runtime of a complete iteration through the training dataset, averaged over 10
repetitions. To investigate how each descriptor scales with increasing dimensionality, we consider three
datasets with varying input sizes: MNIST (size 28 x 28), Fracture3D (size 28 x 28 x 28), and synthetic data
(size 112 x 112) generated by randomly sampling each pixel from a uniform distribution. PH is computed
using the GUDHI library (The GUDHI Project, [2021), while ECC and DECC are implemented according to
Algorithm |1} for DECC, steps 9-10 are replaced with applying the sigmoid function S(A(¢; — f,)) at each
grid point t;, and step 11 is omitted.

Result. The experimental results in Table [I] indicate that ECC dramatically improves both runtime and
scalability relative to PH, achieving an 8 ~20 times speedup. Given the additional computational overhead
typically required to convert PH into representations amenable to subsequent machine learning models, our
approach provides a substantial advantage over all PH-based methods in terms of efficiency, both theoretically
and empirically. Moreover, as discussed in Section [£.I} empirical results evidence that removing the sigmoid
approximation yields a notable improvement in runtime, further highlighting the practicality of our design.

6.2 Topological Autoencoder

The idea of imposing topological constraints on the latent space was first explored by [Hofer et al.| (2019));
Moor et al.| (2020). Whereas existing works rely on a topology-based loss term to regularize the latent space,
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Table 1: Average runtime per iteration (in seconds). % p .
w # _ *
i i . €
Data (Dlmer.lsmn) ECC DECC PH ; & 3
(Sample Size) »
MNIST (28 x 28) " &
(60,000) 2.06 sec  14.02 sec  17.20 sec . :
Synthetic (112 x 112)
(1,000) 0.43 sec  4.00 sec 6.81 sec
Autoencoder Ours
K racmre?’g (02287; BX2)42sec 1259 scc  28.71 sec

Figure 4: Latent representation of Spheres data.

our formulation allows for the utilization of standard loss functions, such as Mean Squared Error (MSE) or
Mean Absolute Error (MAE), to achieve a similar goal. Motivated by the stability results with respect to
the L distance in Section [f] we impose a topological constraint using the MAE loss between the ECC of the
input data and the ECC of its latent representation. The respective ECCs are computed using Vietoris-Rips
filtration, with maximum dimension set to one. For this experiment, we use the synthetic Spheres dataset
from Moor et al|(2020), which comprises ten 100-spheres of radius r = 5 enclosed by one larger 100-sphere
of radius r = 25, all embedded in 101-dimension. The ten smaller spheres are shifted in random directions
according to Gaussian noise, and we set the latent space dimension to two.

Result. We discover that our approach effectively preserves the shape of the encompassing sphere (yellow
points in Figure |4), while the vanilla autoencoder fails to retain this structure. Moreover, our method
constrains the smaller spheres to remain on the boundary of the encompassing sphere, whereas in the vanilla
autoencoder, numerous smaller circles lie far beyond the boundaries of the encompassing circle. However,
with this simplistic architecture, the model’s capacity to comprehensively articulate the nested relationship
inherent in the data was somewhat restricted. While our method demonstrates capability of regularizing the
latent space, we do not claim superiority over alternative approaches. Rather, we present it as a motivating
example of how topological characterization in the latent space can be promoted via simple standard loss
functions.

6.3 Data Contamination

Next, we perform classification under data contamination using the MNIST image dataset and the OR-
BIT5K point cloud dataset. Following [Kim et al.| (2020]), with probability 0.0,0.05,...,0.2, we first corrupt
the data by randomly omitting pixels or points, and subsequently add uniformly-distributed noise at random.
Although this procedure is likely too simplistic to fully reflect real-world data contamination scenarios, it
provides a controlled setting for a preliminary study of how our model responds to systematic corruption
and noise. Thus, our primary interest in this section is to demonstrate that, under this particular contam-
ination setup, our layer (i) consistently outperforms the vanilla baseline and exhibits increased robustness
to noise, and (ii) attains performance comparable to other topological models while substantially reducing
computational cost. To impartially illustrate the advantages of our layer, we deliberately retain a simplified
experimental setting, featuring small training sets (1000 samples for both MNIST and ORBIT5K) and a
simple vanilla baseline model. 30% of the training data is used as a validation set, and model performance is
evaluated on the full test data. We report the average test accuracy and runtime (per epoch) over 15 runs,
where the runtime within each run is computed as the total training time divided by the number of training
epochs.

Experimental Setup. The vanilla baseline model consists of two CNN layers followed by two fully con-
nected layers. We compare the performance of our proposed layer to the vanilla baseline model, and two
other PH-based topological layers applicable to image datasets: PersLay (Carriére et al., |2020) and PLLay
(Kim et all, 2020). We additionally implement DECC, a sigmoid-approximated variant of ECLayr, as a
surrogate for DECT (Roell & Rieckl 2024). Each topological layer is placed in parallel at the beginning of
the network (referred to as CNN + ECLayr(i), PersLay, PLLay(i)). For topological layers that allow back-
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Table 2: Average runtime per epoch

€N e.. . .
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Figure 5: Test accuracy on MNIST and ORBIT5K datasets. Perfor-
CNN + PLLay 17.630 sec

mance in the presence of different levels of noise.

propagation, we add an additional layer after the last convolutional layer (referred to as CNN + ECLayr,
DECC, PLLay). A visualization of the model architecture is provided in Figure m(a) of Appendix

Result. As shown in Figure |5, ECLayr generally outperforms other baseline models for both datasets.
Interestingly, ECLayr outperforms PH-based models in this setting, despite PH being theoretically more
informative than ECC. We conjecture that ECC benefits from its relative simplicity, particularly when
applied to datasets with straightforward topological structures, as discussed in Section[2.2] or in small-sample
settings, as in our experiment. While the expressivity of PH can be advantageous for modeling intricate
underlying distributions, it may be unnecessary, or even detrimental due to overfitting, when the target
topology is simple or when data is limited. In these cases, ECC may be easier to learn than PH, both from
statistical and optimization standpoints. Consequently, the simplicity of ECC makes our layer particularly
well-suited for scenarios in which the essential underlying topology can be effectively captured by ECC.
Moreover, our method scales approximately 50 ~ 60 times faster than PH-based approaches (see Table ,
underscoring its substantial computational efficiency. It also achieves comparable, and in some cases slightly
superior, performance to DECC, while providing a threefold speedup by eliminating the need for sigmoid
approximation. Figure [5| further shows that, under the designed noise protocol, ECLayr appears robust up
to approximately 10 ~ 15% contamination relative to the vanilla baseline for MNIST. For ORBIT5K, this
relative robustness is retained even at 20% contamination. See Table [d] and [6] in Appendix [B] for detailed
experiment results.

Hyperparameter Influence. To evaluate the influence of each hyperparameter on performance, we con-
duct an ablation study on MNIST and ORBIT5K by varying a single hyperparameter while keeping all
others fixed. The test accuracy of CNN + ECLayr across different hyperparameter settings is presented in
Table [f] and [7] of Appendix [B]

6.4 High-Dimensional Data

A key advantage of ECC lies in its computational efficiency, which enables the incorporation of topologi-
cal insights in complex, high-dimensional settings where PH-based methods often become computationally
prohibitive. To evaluate the scalability of ECLayr in such contexts, we conduct experiments on several 3D
biomedical voxel datasets from MedMNIST3D (Yang et al., [2023).

Experimental Setup. Following the practice of |[Yang et al.| (2023)), we implement ResNet18 (He et al.,
2016) with 3D convolution as the vanilla baseline model. A parallel ECLayr is introduced at the beginning
of the network for ResNet + ECLayr(i), and we place an additional topological layer after the first residual
block for ResNet + ECLayr, DECC. A visualization of the model architecture is provided in Figure m-(b)
of Appendix Each simulation is repeated 10 times, with the average test accuracy and runtime (per
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Table 3: Test accuracy and runtime per epoch (in seconds) on MedMNIST3D datasets.

Models Fracture3D Organ3D Synapse3D Vessel3D
Test Acc. Time Test Acc. Time Test Acc. Time Test Acc. Time
53.417 5.183 88.197 4.980 76.307 6.107 90.131 6.561
ResNet

(+4.614) sec (£4.537) sec (£3.566) sec (£2.364) sec

ResNet + 54.125 7.021 87.574 12.023 77.102 14.912 91.414 8.889
ECLayr(i)  (£2.916) sec (£2.222) sec (£3.138) sec (£1.189) sec

ResNet + 56.000 14.743 89.295 29.985 78.182 27.156 92.356 20.439
ECLayr (£3.575) sec (£1.990) sec (£2.220) sec (£1.888) sec

ResNet + 54.333 111.539 87.574 180.021 76.392 198.853 91.414 220.030
DECC (+4.978) sec (£1.974) sec (£1.564) sec (£1.985) sec

epoch) reported in Table The runtime is computed as in Section Due to limited computational
resources and the 20-fold longer runtime of PH reported in Table [T} PH-based models were too costly for
this high-dimensional experiment and were therefore omitted. To further reduce computational cost, we
replace the DECC at the beginning of the ResNet+DECC model with ECLayr, since this layer does not
require backpropagation.

Result. The results in Table [3] reveal that exploiting topological information via ECLayr leads to perfor-
mance improvements even on complex, high-dimensional data. These findings further suggest that our layer
can be seamlessly integrated into larger architectures, such as ResNet, for practical applications beyond
datasets with relatively simple structures. Most importantly, ECLayr consistently outperforms DECC with
substantially reduced runtime, demonstrating that the proposed backpropagation strategy is both effective
and computationally efficient. Notably, ResNet+ECLayr remains 7 ~ 11 times faster than ResNet+DECC
even after replacing the first DECC with ECLayr to reduce computational cost, highlighting the efficiency
of our approach. These results position ECLayr as a more practical alternative for integrating topolog-
ical information into complex, high-dimensional data structures, underscoring its relevance for real-world
applications.

7 Discussion

ECLayr is a novel topological layer that alleviates computational overhead and enables efficient backpropa-
gation, facilitating seamless integration into diverse deep learning architectures. It applies broadly to data
structures with differentiable filtrations. Nonetheless, several key limitations merit attention. First, while
ECCs offer computational efficiency, PH-based summaries capture richer, multi-scale topological informa-
tion. Understanding this trade-off is crucial. Accordingly, ECLayr is best suited for applications where
efficiency is prioritized over fine-grained topological detail, or settings that admit relatively simple topo-
logical structures. Moreover, as detailed in Section [5] ECCs are topologically weaker invariants than PHs,
often resulting in less stable representations. As with other topological layers, further research is needed to
support systematic hyperparameter tuning. Also, extending our analysis to other filtrations, such as clique
complexes on multigraphs, and applying ECLayr to time-series embeddings (Umedal 2017} [Kim et al., [2018)
represents a promising direction for future work, further demonstrating the versatility of our approach.
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(a) Thirty points uniformly sampled from a unit circle, (b) ECC of (a) calculated using 32 and 2000 grid
perturbed by small noise. points, respectively.

Figure 6: Within the interval [0.06,0.7], both ECCs capture the Euler characteristic of the underlying loop
structure, which is zero. The ECC with 2000 grid points exhibits more noise than the ECC with 32 grid
points, as the dense discretization captures even the small (noise) generators that do not represent the global
structure of data.

A Guideline for Hyperparameter Selection

ECLayr requires the specification of several hyperparameters: filtration, T,in, Tmaz, v and §. In this section,
we provide a concise guideline for selecting appropriate hyperparameter values.

Choice of filtration. Although a diverse range of filtration options exist, specific filtrations are commonly
preferred based on the inherent characteristics of the data and the contextual requirements of the training
process. For instance, Vietoris-Rips and Alpha filtrations are extensively utilized for point clouds, whereas
sub/superlevel set filtrations on filtered cubical complexes are a natural choice for data with grid structures
(e.g., images and voxels). DTM filtration provides robustness against outliers, and thereby preferable in
scenarios of data contamination. Although not discussed in detail here, alternative filtration choices are
also available. Nevertheless, the core principle is to select a filtration that best leverages the intrinsic
characteristics of the data and training process.

Choice of [Tyin, Tmaz). A naive and convenient approach is to assign Ty, and Thue, as the minimum
and maximum of possible filtration values, respectively. An alternative method is to select [Tpnin, Trmaz] as &
tighter interval within the range of possible filtration values, focusing on regions of the filtration that contain
meaningful topological and geometrical information. Such an interval can be identified via hyperparameter
search, or chosen heuristically by analyzing the ECC computed from data samples. For instance, the ECCs
depicted in Figure @-(b) suggest that the interval [0.06,0.7] is appropriate for effectively capturing the
underlying loop structure in Figure @-(a).

Choice of v. Selecting an appropriate grid resolution is crucial, as the vectorized ECC does not account
for cycles that are born and perished between adjacent grid points ¢; and ¢;1. However, cycles with very
short life spans are often insignificant (noisy) generators. Therefore, excessively dense discretization may
not be beneficial, as including numerous small, noisy generators in the learning process can lead to increased
variance (see Figure [6}(b)). On the other hand, the discretization should also avoid being overly sparse, as
this could compromise the ability to capture essential global features. Although determining the optimal
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choice of discretizing bins is a non-trivial task, standard data-driven heuristics, such as cross-validation or
a simple grid search, can be employed to select an appropriate value for v that effectively balances the
aforementioned trade-offs.

Choice of 5. The hyperparameter 8 controls the magnitude of the gradient, where smaller values of 3
result in larger gradient magnitudes. While we suggest 3 = 2At/+/7 as a reasonable starting point (see
Proposition, a clear theoretical rationale for selecting the optimal value of 5 remains elusive. Analogous
to the selection process of v, standard data-driven heuristics, such as cross-validation, can be employed to
determine an appropriate value of 8 that is empirically optimal.

B Experiment Details

The experiments were implemented using GUDHI and Pytorch. The high-dimensional data experiment in
Section [6.4] was executed on an NVIDIA RTX A6000 GPU, and all other experiments were conducted on an
Apple M4 Max processor.

B.1 Computational Efficiency

The runtime metrics are computed on the training sets of MNIST, Fracture3D, and synthetic data. The
MNIST training set contains 60000 images of size 28 x 28, while the Fracture3D training set consists of 1,027
voxels of size 28 x 28 x 28. We generate 1000 samples of size 112 x 112 for the synthetic data, where each pixel
is randomly drawn from a uniform distribution. All methods use sublevel set filtration on V-constructed
cubical complex. PH is computed using the GUDHI package, while Algorithm [I]is used to compute ECC and
DECC with v = 32 on interval [0, 1]; DECC further applies the sigmoid approximation at each iteration.

B.2 Topological Autoencoder

The encoder and decoder network each consists of three fully connected layers, with input dimension size
101, hidden dimensions size 32, and latent dimension size 2. BatchNorm and ReLu nonlinearity is used after
each layer, with the exception of the latent dimension. One ECLayr is applied to the input point cloud while
a second ECLayr is applied to the latent representation, thereby computing the MAE loss between the ECC
of the input and the ECC of its latent representation. This MAE loss serves as a topological regularizing
term. A Vietoris-Rips filtration is employed to compute the ECC with the maximum dimension restricted
to 1. We use 1000 grid points over the interval [0,2]. S, which controls the magnitude of the gradient, is
assigned as 0.01 and the post-processing layer gy is set as an identity mapping. Adam optimizer is used for
training with batch size 32 and learning rate 0.0001. We run for 100 epochs and adopt early stopping after
patience 10.

B.3 MNIST

Training setup. The MNIST dataset contains 60000 training data and 10000 test data of handwritten digits
from 0 to 9. We implement a 4 layer vanilla baseline model, consisting of two convolutional layers followed by
two fully connected layers, with ReLLU nonlinearity between every layer. Both convolutional layers use 3 x 3
kernels with stride 1 and padding 1. Each convolutional layer has channel size 32 and 1, respectively. The
output of the convolutional network is flattened and passed to the subsequent fully connected layers with
hidden dimension of 64. We compare the performance of our proposed layer with the vanilla baseline model,
and two other PH-based topological layers applicable to image datasets: PersLay (Carriere et al., 2020) and
PLLay (Kim et al., [2020). We additionally implement an ECLayr with sigmoid approximation (referred to
as DECC) to facilitate a proxy comparison with DECT (Roell & Rieck, 2024). For all topological layers, we
place a parallel layer at the beginning of the network (referred to as CNN + ECLayr(i), CNN + PersLay, and
CNN + PLLay(i)). For ECLayr, PLLay, and DECC, which allow backpropagation, we add an additional
layer after the last convolutional layer (referred to as CNN + ECLayr, CNN + DECC and CNN + PLLay).
A visualization of the model architecture is presented in Figure [7}(a). We train using the Adam optimizer
with learning rate 0.001 and batch size 32. Training runs for at most 100 epochs with early stopping after the
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Figure 7: (a): Model architecture of CNN + ECLayr, DECC, PLLay for the MNIST and the ORBIT5K
experiment. Topo layer 2 is removed for CNN + ECLayr(i), PLLay(i), PersLay. (b): Model architecture
of ResNet + ECLayr, DECC for the MedMNIST3D experiment. Topo layer 2 is removed for ResNet +
EClayr(i).

validation loss plateaus for 5 epochs, and cross-entropy loss is used for classification. We randomly sample
1000 training data with equal proportion for each label, and 30% of the training data is used as a validation
set. Model performance is evaluated on the complete test data of 10000 samples. Using a very simple
model and a limited training set, we occasionally observed sporadic training failures across all methods, in
which optimization fails to converge and the model does not learn; when training succeeds, all models should
achieve near 100% training accuracy on this dataset. To remove the influence of random training failures
and solely evaluate model performance, we repeat each experiment 15 times ezcluding runs in which training
fails, which we define as achieving below 80% training accuracy. Furthermore, as a preliminary study of how
our model mitigates information loss under systematic data contamination, we consider a corruption and
noise process where the pixels are randomly omitted and subsequently contaminated at random by noise
between 0 and 1 with probability 0.05,0.1,0.15, and 0.2.

Hyperparameter setting. For the first topological layer, we align the data on a unit grid and use the DTM
filtration in equationwith mo = 0.05 and v = 64 over interval [0.053,0.14]. For the second topological layer,
we use a superlevel set filtration on a V-constructed cubical complex with v = 64 over interval [0.05,0.75].
We assign 8 = 2At/\/7 to control the gradient intensity for ECLayr, and set A = 10000 and A = 200 for the
first and second DECC layers, respectively. PersLay uses line point transform and a 10 x 10 unit grid for
learnable weights over interval [0.053,0.14]. top2 function is used as the permutation invariant operation
for PLLay and PersLay. For all topological models, the post-processing layer gy is implemented as a single
fully connected layer with output dimension 32.

The detailed experiment results are provided in Table[d Additionally, we conduct an ablation study on the
MNIST dataset without contamination, varying a single hyperparameter while keeping all others fixed. The
test accuracy of the CNN + ECLayr model across various hyperparameter settings is presented in Table

B.4 ORBIT5K

Training setup. ORBIT5K is a synthetic point cloud dataset generated by simulating a dynamical system,
and is often used as a TDA benchmark. This dataset contains 5000 samples with an equal proportion across
the five labels. We randomly sample 1000 training data with equal class proportion, and use the remaining
4000 samples as the test set. 30% of the training data is further used as a validation set. The remaining
training setup is identical to that of the MNIST experiment.
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Table 4: Test accuracy of models trained on 1000 MNIST data with different corruption and noise probability.
For each corruption and noise probability, the best accuracy is highlighted in bold.

Corruption & Noise Probability

Models 0.00 0.05 0.10 0.15 0.20

87.123  85.385  84.491  82.946  80.897
(£0.782)  (£1.406) (+0.800) (+1.691)  (42.306)

89.593  88.287  86.881  85.281 82.956
(£0.375)  (£0.991) (+1.226) (+1.057) (+1.156)

89.990 88.966  87.145  85.775  83.068
(£0.677)  (+0.651) (40.627) (40.493)  (£1.726)

89.980  88.751  87.457  84.984  82.825
(£0.854)  (£0.900) (+0.667) (+0.986)  (£1.050)

87.240  85.061 82777  83.347  80.663
(£1.154) (£1.121) (£2.216) (£1.157) (41.042)

87.254  84.281  82.635  81.491  79.296000
(£1.353) (£2.337) (4£2.248) (+1.863) (&1.528)

88.035  85.520  83.424  82.843  78.803
(£1.323) (£1.037) (£1.874) (+£1.581) (43.375)

CNN

CNN + ECLayr(i)

CNN + ECLayr

CNN + DECC

CNN + PersLay

CNN + PLLay(i)

CNN + PLLay

Table 5: Test accuracy of CNN + ECLayr on 1000 MNIST data for different choice of hyperparameters.

Interval 1 [Tin, Trmaz) Interval 2 [Trin, Tinaz)
[0.053,0.1] [0.053,0.3] [0.053,0.5] [0.05,0.55] [0.05,0.95] [0.25,0.75]
89.658 90.255 90.137 89.811 90.139 90.637
(£1.040) (£0.822) (£0.784) (£0.905) (£1.059) (£0.551)

Discretization v Gradient Control 3
16 32 128 0.01 0.05 0.1
89.474 89.915 89.931 90.007 89.492 89.878

(£0.964)  (£0.700)  (+1.587)  (£0.657)  (£0.705)  (+0.540)

Hyperparameter setting. Both the first and second topological layers use a DTM filtration in equation [G]
with mg = 0.02, where we define a 28 x 28 fixed grid on [0.0125,0.9875]2. v = 16 for both topological layers,
and the filtration interval is set to [0.075,0.15] for the first layer and [0.05,0.15] for the second layer. We
assign 8 = 2At/\/7 to control the gradient intensity for ECLayr, and set A = 10000 and A = 200 for the
first and second DECC layers, respectively. PersLay uses line point transform and a 10 x 10 unit grid for
learnable weights over interval [0.075,0.15]2. top2 function is used as the permutation invariant operation
for PLLay and PersLay. For all topological models, the post-processing layer gy is implemented as a single
fully connected layer with output dimension 16.

The detailed experiment results are provided in Table[6] Additionally, we conduct an ablation study on the
ORBIT5K dataset without contamination, varying a single hyperparameter while keeping all others fixed.
The test accuracy of the CNN + ECLayr model across various hyperparameter settings is presented in
Table [T
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Table 6: Test accuracy of models trained on ORBIT5K data with different corruption and noise probability.
For each corruption and noise probability, the best accuracy is highlighted in bold.

Corruption & Noise Probability

Models 0.00 0.05 0.10 0.15 0.20

86.325  83.268  80.935  76.750  74.737
(£4.319) (£3.856) (+3.824) (+4.302) (44.629)

86.332  83.567 81815  T7T.577  74.258
(£2.433) (+3.853) (4+3.293) (45.390) (+3.330)

86.325  84.132  82.410  80.427  77.810
(£2.017)  (£2.205) (£3.184) (£2.530) (42.539)

85.177  85.005  81.097 78592  76.600
(£3.031) (£2.951) (£3.275) (+3.821) (4+2.897)

84.247  80.795  T78.643  72.232  69.597
(£2.044)  (£3.509) (£4.167) (43.014) (43.896)

84.057  80.332  77.167  70.698  69.592
(£2.442)  (£3.301) (£4.556) (+4.170) (44.686)

83.898  79.658  76.943  71.878  72.698
(£2.389)  (£5.980) (£4.265) (+4.952) (43.599)

CNN

CNN + ECLayr(i)

CNN + ECLayr

CNN + DECC

CNN + PersLay

CNN + PLLay(i)

CNN + PLLay

Table 7: Test accuracy of CNN + ECLayr on 1000 ORBIT5K data for different choice of hyperparameters.

Interval 1 [Tin, Traz] Interval 2 [Thin, Tinaz)
[0.075,0.1] [0.075,0.3] [0.075,0.5] [0.05,0.1] [0.05,0.3] [0.05,0.5]
86.028 86.457 86.743 84.777 85.958 87.078
(£2.493) (£1.944) (£2.315) (£4.193)  (£1.941) (£1.392)

Discretization v Gradient Control
32 64 128 0.01 0.05 0.1
85.125 83.195 86.185 86.188 85.838 86.862

(£4.648)  (+£4.188)  (£1.813)  (£1.985) (£2.732) (£1.893)

B.5 MedMNIST3D

Training setup. MedMNIST3D (Yang et al.l [2023) is a collection of 3D biomedical image datasets that
encompasses diverse data modalities, including CTs, X-rays, MRAs, and more. To highlight the scalability
of our proposed layer in high-dimensional settings, we conduct a series of experiments on several 3D voxel
datasets from this collection. Following |Yang et al. (2023), ResNet18 with 3D convolutions is used as our
vanilla baseline model. We place ECLayr in parallel at the input (referred to as ResNet + ECLayr(i)), and
add an additional topological layer after the first residual layer (referred to as ResNet + ECLayr, DECC). To
reduce the computational cost of the ResNet + DECC model, ECLayr is used in place of DECC for the first
topological layer, as this layer does not require backpropagation. A visualization of the model architecture
is presented in Figure [7}(b). We use a batch size of 32 and train for at most 100 epochs using the Adam
optimizer with learning rate 0.001. Early stopping is applied after 5 stagnant epochs without validation loss
improvement, and cross-entropy loss is used for classification.

Hyperparameter setting. In all settings, the first topological layer uses a superlevel set filtration on a
V-constructed cubical complex with v = 32 and interval [0.05,0.95]. Similarly, the second topological layer
always uses a superlevel set filtration on a V-constructed cubical complex with v = 32, but the filtration
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interval varies by dataset. We set the second interval as [0.05,0.85] for Fracture3D, Organ3D, and Vessel3D,
and as [0.15,0.95] for Synapse3D. Across all settings, two fully connected layers with hidden dimension 64
and output dimension 32 is commonly used as the post-processing layer gg. [ is always given as 2At//w
for ResNet + ECLayr, and A is always given as 200 for ResNet + DECC.

C More background on Topological Data Analysis

C.1 Additional Definitions

We briefly review basic concepts in Topological Data Analysis that are needed to develop stability results
in Section [5| of this paper, mainly coming from |Kim et al.| (2020). We refer interested readers to |Chazal
& Michell (2021)); Hatcher| (2002)); [Edelsbrunner & Harer| (2010); |Chazal et al.| (2009; 2016al) for details and
formal definitions.

Vietoris-Rips Complex. Let X be a finite set of points in R?. For r > 0, the Vietoris-Rips complex is a
collection of simplices where the distance between any two vertices is smaller than 27:

Rips(r) = {o C X | d(us, u;) < 2r,Vu;,u; € o}.

Notice that Rips(r1) C Rips(r2) when r; < 9. Thus, we can build a filtration on the Vietoris-Rips complex
by monotonically increasing 7.

Alpha Complex. Let X be a finite set of points in R?. For each u; € X, the Voronoi cell of u; is the
set of points that are closest to u;; Vi, = {z € RYd(ui,z) < d(uj,x),Yu; € X,u; # u;}. Forr > 0
and each u; € X, let us denote the closed r-ball with center w; and radius r as B,,(r). Then, we define
R, (r) = By, (r)NVy,, which is the intersection of each r-ball with its corresponding Voronoi cell. The Alpha

complez is a collection of simplices such that all R,,(r) of the vertices in the simplex have an intersection:
Alpha(r) = {o C X| Ny,e0 Ru,(r) # 0}

Similar to the Vietoris-Rips complex, we can build a filtration on the Alpha complex by monotonically
increasing r.

Wasserstein Distance. We suggest two versions of Wasserstein distances, one is for persistence diagrams
and the other is for probability measures.

We first start with Wasserstein distance for persistence diagrams. A matching between two persistence
diagrams D; and Ds, is a subset m C D; x Dy such that every off-diagonal point in D; and D, only appears
once in m. The p-Wasserstein distance between persistence diagrams is defined by

1/p
Wy(D1,D2) = matci}rlliflg . < Z |z — y||€o>
(

z,y)EM

Now we see Wasserstein distance for probability measures. Let P and ) be probability measures on X,
and let J(P,Q) denote all joint distributions J for X x X that have marginals P and Q. In other words,
(II1)J = P and (II2)4J = Q where IT; (z,y) = x and Is(x,y) = y, and T P is a push-forward measure of
P,ie., TyP(A) = P({x : T(x) € A) = P(T7'(A)). For p > 1, the Kantorovich, or Wasserstein, distance

1S

JeJ(P,Q)

1/p
WP<P,Q)=( we | X||x—y||w<x,y>) .

Gromov-Hausdorff distance. The Hausdorff distance is on sets embedded in the same metric spaces.
This distance measures how two sets are close to each other in the embedded metric space. When S C X,
we denote by S™ the r-neighborhood of a set S in R?, i.e. S™ = Uzes Bz(7).
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Definition C.1 (Hausdorff distance (Burago et al.,[2001, Definition 7.3.1)). Let X,Y C X be subsets of R%.
The Hausdorff distance between X and Y, denoted by dg(X,Y), is defined as

dg(X,Y)=inf{r>0: X CY" " andY C X"}.

The notion of the Hausdorff distance can be generalized to the comparison of any pair of metric spaces. The
Gromov-Hausdorff distance measures how two sets are far from being isometric to each other.

Definition C.2 (Gromov-Hausdorff distance (Burago et al., 2001, Definition 7.3.10)). Let X and Y be two
metric spaces. The Gromov-Hausdorfl distance between X and Y, denoted by dary(X,Y), is defined as
der(X,Y) =inf{dy(X',Y') : there exists a metric space
Z and X')Y' C Z with X,Y isometric to
X' Y', respectively.}

Distance to measure. Distance to measure (DTM) (Chazal et al.| 2011} [2016b} |[Anai et al., 2020) is a
distance-like functiorﬂ that is robust to outliers. For a probability measure u and parameters mg € (0,1)
and r > 1, the DTM function d,, m, : R? — R is defined as

1 mo 1/r
no@) = (o [ Gumt)yram)
where 0, ., () = inf{t > 0 | u(B,(t)) > m} and B,(t) is a closed ¢-ball centered at x.

In practice, an empirical DTM is used (see Figure (b)) If input data X is considered as weights corre-
sponding to fixed points Y,

1/r
X ene(z) XillYi — 2"
(me ) XY — al ) | 5

dmo (as) - mo Z?:l X

where Nj(z) is a subset of Y containing the k nearest neighbors of . k is such that satisfies > 0y ¢y, | () Xi <
mo 320y Xi < P yien @) Xir and XT =37y oy () Xy — mo 20—, X if at least one of ¥i’s is in Ni(z) and
X[ = X, otherwise.

When input data is considered as empirical data points, the empirical DTM becomes

P\ /7
A <ZXiGNk(z) wi || X; — z] )

Ao () = 6
(@) s (6)

where Nj () is a subset of X containing the k nearest neighbors of . k is such that satisfies ZXieNk_l(m) w; <

Mo 30 Wi < D x ey (x) Wir A0 Wi = D0 oy, () Wy — Mo 25— wj if at least one of X’s is in Ny (z) and

w} = w; otherwise.

The parameter m( determines how much local or global structures should be extracted, with smaller my

corresponding to more local structures. The DTM function is differentiable (Kim et al.| [2020), and adopting

a sublevel or superlevel set filtration on the DTM transformed data yields a DTM filtration that is robust
to outliers.

C.2 Constructing Filtered Cubical Complexes from Image Data

Let X € RT*XW he a 2D image. There are two methods of constructing a filtered cubical complex: T-
construction and V-construction.

T-construction In T-construction, each pixel in the image is mapped to a top-dimensional cell in the
cubical complex, which is a square in case of 2D images. The filtration value of each square is assigned

2This distance function is not the distance function giving a metric between two input points such as L, distance, but rather
measures a distance between a single input point and the support set of a probability distribution.

22



Under review as submission to TMLR

as the intensity of its corresponding pixel, and these filtration values are recursively extended to lower
dimensional cubes. The filtration value of each edge is assigned as the minimum of the filtration values of its
neighboring squares. Similarly, the filtration value of each vertex is assigned as the minimum of the filtration
values its neighboring edges.

V-construction In V-construction, each pixel in the image is mapped to a vertex in the cubical complex.
The filtration value of each vertex is assigned as the intensity of its corresponding pixel, and these filtration
values are recursively extended to higher dimensional cubes. The filtration value of each edge is assigned as
the maximum of the filtration values of its neighboring vertices. Similarly, the filtration value of each square
is assigned as the maximum of the filtration values of its neighboring edges.

For both constructions, a sublevel set at a given filtration value ¢ defines a subcomplex K(t) = {o €
K|f(o) < t}; the collection of cubes with filtration value less than or equal to ¢. Consequently, a sublevel
set filtration can be built by monotonically increasing t. A superlevel set filtration can also be obtained by
applying the sublevel set filtration to a cubical complex constructed from —X rather than X.

D Derivative of Filtration value with respect to Input X: %&’)

D.1 Vietoris-Rips Filtration

Assume Vietoris-Rips general position for a point cloud X: (i) all points in X are unique, and (ii) the length
of all attaching edges are unique. The filtration value of a simplex o in the Vietoris-Rips filtration is half
the length of the longest edge in o. This edge is the attaching edge of o, denoted as 7,. Letting x; and z;
be the vertices of 7., the derivatives of filtration value f(o) = w
are given by [25]:

with respect to the points x; and z;

of(o) 1 a;—uw, of(o) 1 xj—m

Ori  2llzi—ayl” Oy 2lwi gl

(7)
The derivatives with respect to points other than x; and x; are all zero.

D.2 Alpha Filtration

Assume Alpha general position of a point cloud X: (i) general position in the sense of [23], and (ii) filtration
values of all attaching simplices are unique. In Alpha filtration, all simplices are either an attaching simplex,
or a simplex attached by another simplex of higher dimension. In the latter case, filtration value of the
attached simplex is given by the filtration value of its attaching simplex. The filtration value of an attaching
simplex o is the radius of the smallest circumcircle of o [23], [25] and it can be differentiated with respect
to the coordinates of each of the vertices.

D.3 Sub/Superlevel Set Filtration on Filtered Cubical Complexes

Let us treat a 2D image X € RF*W as a vector = (z1,...,2gw) € RTY  where the elements of the vector
are arranged in row-major order. Then, the derivative of the filtration value with respect to the input data
can be written as

0f(o) (af(a) 0f (o) )

6I - 8951 ’“.76wa

Given that the filtration value varies depending on the construction used, we provide differentiability results
for both T-construction and V-constructions. For simplicity of notation, we denote Z = {1,2,..., HW} as
the index set.

T-construction. In T-construction, each pixel is mapped to a square, with the pixel intensity serving as
the filtration value of the corresponding square. Thus, we first explore the scenario where o is a square, and
then extend our analysis to lower dimensional cubes.
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(i) Assume o is a square, i.e., dim(o) = 2. Let j € Z denote the index of the pixel in x that corresponds to
0. Then, f(o) = x; and thus,

of(e) J1, ifi=j
dr; |0, otherwise
for all i € 7.

(ii) Assume o is an edge, i.e., dim(c) = 1. Recall that f(o) is assigned as the minimum filtration value of its
neighboring squares, which in turn is equivalent to the minimum pixel intensity of the pixels corresponding
to those neighboring squares. Thus, we can identify the pixel associated with ¢ by

1. find neighboring squares of o
2. determine the neighboring square with minimum filtration value

3. identify the pixel that corresponds to the square found in (2)

In step 2, multiple neighboring squares may have the same minimum filtration value. In this case, we identify
the set of pixels that corresponds to all such squares. Letting J C Z denote an index set labeling the members
of such set of pixels,

ox; 0, otherwise

f (o) _ {1/|J|, ifieJ

for all ¢ € Z. Observe that when multiple pixels contribute to o, we distribute the gradient evenly between
those pixels.

(iii) Assume o is a vertex, i.e., dim(c) = 0. Recall that f(o) is assigned as the minimum filtration value of
its neighboring edges. Therefore, once we find the neighboring edge(s) with minimum filtration value, we
can repeat the process in (ii) to identify the set of pixels associated with o. Letting J C Z denote an index
set labeling the members of such set of pixels,

0x; 0, otherwise

f (o) _ {1/|J|, ifieJ

forallie .

V-construction. In V-construction, each pixel is mapped to a vertex, with the pixel intensity serving as
the filtration value of the corresponding vertex. Thus, we first explore the scenario where o is a vertex, and
then extend our analysis to higher dimensional cubes.

(i) Assume o is a vertex, i.e., dim(c) = 0. Let j € Z be the index of the pixel in x that corresponds to o.
Then, f(o) = «; and thus,

f(o) _ {1, ifi=j

ox; 0, otherwise

forallieZ.

(ii) Assume o is an edge, i.e., dim(c) = 1. Recall that f(o) is assigned as the maximum filtration value of its
neighboring vertices, which in turn is equivalent to the maximum pixel intensity of the pixels corresponding
to those neighboring vertices. Thus, we can identify the pixel associated with o by

1. find neighboring vertices of o
2. determine the neighboring vertex with maximum filtration value

3. identify the pixel that corresponds to the vertex found in (2)
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In step 2, multiple neighboring vertices may have the same maximum filtration value. In this case, we
identify the set of pixels that corresponds to all such vertices. Letting J C Z denote an index set labeling
the members of such set of pixels,

0x; 0, otherwise

f(o) _ {1/|J|, ifieJ

for all i € Z. Observe that when multiple pixels contribute to o, we distribute the gradient evenly between
those pixels.

(iii) Assume o is a square, i.e., dim(c) = 2. Recall that f(o) is assigned as the maximum filtration value of
its neighboring edges. Therefore, once we find the neighboring edge(s) with maximum filtration value, we
can repeat the process in (ii) to identify the set of pixels associated with o. Letting J C Z denote an index
set labeling the members of such set of pixels,

df (o) _ {1/|J|, ifieJ

Ox; 0, otherwise

forallieZ.

E Approximation of Gradients

For more detailed theoretical analysis on the approximation of gradients, we suppose that the algorithm
is to approximate the gradients of the indicator function 1(f, < t) with respect to f, on a fixed grid

t € tseq = {t1,...,t,}, with At := % being equal. Suppose the algorithm outputs approximations of

gradients %;St)‘t:tlet“ as g1,...,0y. We treat that the gradient %}’St) at t is approximated as g; on

t € [t1 — At,t1 + At), go on t € [ta — At,to + At), and g, on t € [t, — At,?v + At), where g; can depend on
fo. Hence the corresponding approximation g : [t; — At, ¢, + At) is

g(t)=g;,  forte[t;— At t; + At).

If g is a good approximation of %, then
01(fs < t)
t)df, = | —=——=df,
/ g(t)df / ar. ¥

for each t € [t; — At,t, + At), and

gt~ [ 22U =0 4
/ Wit / 1(£fa< 1)

for each f, € [t; — At, t, + At). We will analyze the approximations of the gradients based on these criteria.
For given f, € [t1 — At,t, + At), let the sigmoid approximation be S'j\,fg [t — At t, + At) as

8hs, (0= (S'551) = =X SOt — fo)) [1 - SO~ )],

for t € [t; — At t; + At).

Similarly, let our gradient approximation be 357 1, 0 [t — At t, + At) as

tit1—fo .
+21Atf ) #7 lf fo’ S [ti7ti+1)’
5.1 =(6591) = i—fo .
08,1, (t) = (d@,fo)i =q9-(1- %) G A fo € [tio1,ta),
0, otherwise,

for t € [t; — At,t; + At).
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Proposition E.1. For allt € [t; — At, t, + At),

tv+At R tv+At 8]1 A < t
[ som- | Ao 1) e
t t

1—At 1—At afo'
> 25(=AvAl).

And if fo = t; — At for some t; € tseq, then

t,+AL t,+AL
K 4 v 1 <
/ S//\7f0 (t)dt _ / Mdt
t

1 —At ti—At Ofo
> |1 — 2QvAtexp(—AAL)|.

Proposition E.2. For allt € [t; — At, t, + At),

tok At LA AN(f, <t 2A¢
/ op.1, (t)dfo _/ %f_)dfa = —W +1,
t1—At t1—At o ™
and for all f, € [t1 — At, t, + At),
totht B OL(f, <t 2/t
/ S5, (t)dt — / %cf—)dt =5+
t1—At t1—At I ™

Suppose the grid is fixed, so At and v is fixed. Then for equation |8 to go to 0, A — oo should hold.

However, as A — oo, the lower bound of equation [J] converges to 1, which means that the integral of the

sigmoid approximation f:l”_—‘_ﬁtt S A/, (t)dt becomes inconsistent. This is already expected from the vanishing

gradient behavior. However, Proposition suggests that when 3 is appropriately chosen as 8 = L\/A;f, the
gradient approximation becomes consistent for the integral with respect to both f, and t.

F Additional Stability Analysis

When K = K', ||[fx — fx'|l.c =Supyex |fx(o)— fx/(0)], and if K # K', || fx — fx/||., is not well defined.
However, there is a general distance between two filtration functions fx and fx/ even when base simplicial
complexes (or cubical complexes) are different; it is the interleaving distance d;(fx, fx+). For the definition,
see Section 5.1 from |Chazal et al.| (2016a). When K = K’| there is a bound

di(fx: fx) < Ifx = fxrll - (10)
Hence, we have a general version of Theorem [5.2] as follows.

Theorem F.1. Suppose K is a finite simplicial complex or cubical complex. Then there exists a constant
Ck only depending on K such that

ICx —Cx/|l; < Crdr(fx, fx1)-
Corollary F.2. Suppose fx, fx: are Vietoris-Rips filtrations of X and X', respectively. Then
ICx —Cx/|l; < Ckdeu(X,X'),

where dg g 1s the Gromov-Hausdorff distance.

G Proofs

G.1 Proofs of Section 3]

Proof of Proposition[3.1, We prove the three parts in turn. Throughout, we interpret T'(K (Tinax),v) as the
runtime of Algorithm [1] when the input complex is the processed subcomplex K(Timax) = {0 € K : f, <
Tmax}, as stated in the proposition.
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(i) Deterministic bound. On input K(Tax), Algorithm [T performs: (a) a single pass over all cells o €
K (Tmax), (b) for each such o, it computes the bin index ¢t* and applies a constant-time update £(t*) +
E(t*) 4 (=1)%™(@) and (c) one cumulative sum over the v grid entries.

Because tgeq = {t1,...,t,} is evenly spaced on [Tinin, Tmax], the index t* can be computed in O(1) time from
fo by arithmetic. Concretely, letting h = (Tmax — Tmin)/(v — 1) and defining

i(o) = min{v7 max{1, [(fs — Twmin)/h] + 1}},

we have t* = t;(,), and evaluating i(c) also requires constant work (i.e., O(1) per o). Therefore, there exist
constants a,b > 0 such that
T(K(TmaX)av) < a |K( mdx)| +bv.

(ii) Ezpectation. By definition,

K(Tmax)‘ = Z Zav Zcr = ]]-{fa < Tmax}~
ceK

Taking expectations and using linearity,

EIK(Tma)| = Y BZy=> Y P(Zy=1)=> piNi

cEK k>0 oKk k>0

Now take expectations in the deterministic bound from part (i) to get

ET(K (Tmax),v) < @E|K(Tmax)| +bv = a)_ pelNi +bo.
k

(iii) High-probability bound. Let

S =|K(Thax)| = > Zo.  p=ES= ppli.
k

ceK

Assume {Z,},cx are independent Bernoulli variables with EZ, = pj(,). For any ¢ > 0, by independence
and the inequality 1 + z < €%,

B =TILEl*] = T (1 = preo) + Prore’)

ceK ceEK
:1_[<1~t-pk([,)e—1><1_[expp,C 6—1))

ceK ceEK
= exp((et -1 Z pk(g)) = exp((et — 1),u).

ceK
By Markov’s inequality,
E tS
B(S > (1+ <)) = BLe'S > 00} < O]

< exp(,u(e —1—-t(1+4 e)))
Optimizing the exponent over ¢ > 0 yields ¢t* = In(1 4 ¢) and hence
P{S>(1+e)u}t< exp( —p((l+e)n(l+e) — 5))

Using the standard inequality (14 ¢)In(l +¢) —e > &2/(2 +¢) for all ¢ > 0, we obtain the Chernoff-type
tail bound .
P{S > (1+e)u} < exp( - ﬁu)
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Finally, by part (i) we have T(K (Tmax),v) < aS + bv. Therefore,
P(T(K(Tmax),v) >a(l4+e)u+ bv) < P{aS+bv>a(l+e)pu+bv}
=P{S>(1+¢e)u} < GXP(— %N)a

which is the claimed tail bound. ]

Remark 1 (Lower-tail bound). A symmetric Chernoff-type bound holds for the lower deviation of S. Under
the same independence assumption on {Zy}sck, for any € € (0,1),

P{S < (1-2)u} <exp(-5 #).

Moreover, since T(K (Tmax),v) < aS + bv, this lower-tail bound implies the corresponding upper-tail state-
ment for T:

B(T (K (Toax),v) < a(l = ) +-bv) < B(S< (1 —e)p) < exp(-5n).

We note that this does not yield a nontrivial lower-tail bound for T (i.e., P{T < -}) unless one also has a
complementary inequality of the form T(K(Tmax),v) > a’'S + b'v.

G.2 Proofs of Section [4]

Proof of Proposition[{.1} First, note that the sigmoid function S(x) = satisfies

1
T+exp(—x)

4 gy = —PED) g0y - §(a)),

dz (14 exp(—x))?
and hence
BS(Ag}—M = =St = )1 = St = f)-
Meanwhile,
’&ﬂﬁgﬁwwhn:AﬂMh—ﬁ»U—aM“_ﬁm
< AS(NA(fo, tseq)) [1 = S(A(fq, tseq))] -
Hence,
seal|  ||OSONE = £5))
o17] - [

o0

< AS(M(fs,tseq)) [1 — S(A(fq,tseq))],

where d(f,,tseq) denotes the distance from f, to its nearest grid point. Thus, if f, = t; — At for some
t; € tseq, then

and therefore when A exp(—AAt) — 0,

1tseq
S Afe

< AS(AAL) [1 = S(AAD)].
< Aexp(—AAt),

S/tseq

Ao — 0.

inf
fo €E[t1—Att,+AL) oo
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Proof of Proposition[{.4 5“6‘1 always has the form

(0 0,— l-ay 0>
AR | b /Bf /Bf? 7"'7 b

where 0 < a = % < 1. Therefore,

‘ 5,556(1 o < a 1- a)
=max | —=, ——=
Pl NG NG
has minimum value ﬁ when a = 1/2. O

G.3 Proofs of Section
Proof of Proposition[5.1} Since Og(X) = go(Cx (tseq)) and Op(X') = go(Cx-(tseq)),

106(X) = Op(X")ly = llg0(Cx (tseq)) — go(Cx: (tseq))lly
< L|[Cx (tseq) — Cx:(tseq)]; -

Now, note that the ECC Cx can be expanded using persistence diagrams {Dy(X) : k > 0} as follows: if
Di(X) = {(bri,dri) : 1 < i < my}, then

i zk: bkz < t < dkz)
k=0 i=1

Since by, dr; € {tf}, there exists a1,...,a;m € Z and ny < --- < g,y such that Cx(t) — Cx/(t) can be

expressed as
m

Cx(t) — Cxi(t Zal]l th, St<th . ).

Then from tseq = {t1,...,t}, ||[Cx (tseq) — CX/(tseq)H1 and ||Cx — Cx||; is expanded as
v m
|Cx (tseq) — Cx/(tseq)||; = ZZ lai| L(tr,, <t; <tn,..)
j=1i=1

and

ICx = Cxlly = Zlazl (Grzin = tnas)-

Now for each i = 1,...,m, Z}’Zl L(ty, <t; <ty )isthe number of ¢;’s that falls within the interval

Mn2i41

o —th
[tr,. .., ). Butsincet; 1 —t; > At, such number is at most {W—‘ and also from ¢}, —ty > A,

n2i? "N2i41 n2i+1

v t* t*
> tr, <1y < fry,,) < [

j=1
20tr —tr )

n2i41 n2q

- At

Hence [|Cx (tseq) — Cx-(tseq)||, can be correspondingly upper bounded as

ICx (tseq) — Cx:(tseq)|l; = Zlaz\z tnas <t <tngy)

m
Kz a’1| n2z+l - t:bm)
2

HCX Cxr|ly -
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And correspondingly,

05(X) ~ Oo(X); < 2 lCx —Cxcll;
O
Proof of Theorem[5.4 From Theorem [F.1], we have
ICx —Cx/[l; < Ckdi(fx, fx1).
When K = K’, the additional bound in equation [L0| yields
ICx = Cx/lly < Ok |[fx = fxrlloo -
O

Proof of Corollary[5.3 Before starting the proof, we first explain what an empirical distribution and a
"restriction of a DTM function" mean. We say Px is an empirical distribution on X = {X1,..., X,,}, when
Px = 13" | 6x,, where dx, is a Dirac measure on Xj, i.e., dx,(A) = 1(X; € A). And suppose {0;} C K
be vertices of K for V-construction, or top dimensional cells of K for T-construction. Then we say fx is a
"restrictions of a DTM function" dpy m,, if there exists a grid G = {z;} C R?, with fx(0:) = dpy m, (Ti)-

From Theorem [5.2]
ICx = Cx/lly £ Ck |l fx — fxrll -

Now we further bound || fx — fx-||.- Note that
7 = frlle = max|fx () — fxo(o)
= max [ dpy g (#) = dpy,mo ()]
S Hdpx,mo - dPX/,mo HOO .

And from |Chazal et al. (2011))[Theorem 3.5],
1
HdPx,mo - dPX/,mOHOO < ﬁWﬂPX,Px')-
Hence putting these things together gives

C
ICx —Cx|l; < —E W, (Px, Px/).
\/ 1o

[
Proof of Theorem[5.4} By Theorem there exists Cx > 0 depending only on K such that
ICx = Cxlli < Ok I fx = fxllo = Cx max|(o)]. (11)

Taking expectations on both sides and applying the standard bound for the expected maximum of N inde-
pendent subgaussian variables yields

E[max|¢(o)l] < r/210g2N).

Combining this with equation [L1] gives the expectation bound.

For concentration, note that we have

P(|ICx —Cx|l1 >¢€) < P(CK?EBL;((K(GN > 6) ,
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by equation and that for any ¢ > 0,
12
IE”(mEax|§ |>t> ;E;{IF’ E(0)| > 1) < 2N exp(—ﬁ),
by the union bound and the subgaussian tail. Setting ¢t = ¢/Ck yields the stated high-probability inequality.
If |€(o)] < ¢ almost surely, then ||fx — f¢lle < ¢ and equation gives the almost-sure bound; the
expectation bound follows immediately. O

Proof of Corollary[5.5. By Proposition

~ 2L
|06(X) — Op(X)|1 < AL ICx —Cxll1-

Combining this transfer inequality with Theorem [5.4] yields the desired bounds. O

G.4 Proofs of Appendix [E]

Before beginning the proofs of Appendlxl we would first like to emphasize that for all t € [t; — At, t, + At),

t,+AL <
/ wdfa:]1(tU+At§t)—]l(t1—AtSf)
—ar 0fs

= —]_7
and for all f, € [t; — At, t, + At),
/tv"l‘At 81(fg < t) gt — _/t'u"l'At 31(]“0 < t) u
1At Ofs PRN ot

= —]l(fa S tu +At) + l(fa S tl - At)
=—1.

Proof of Proposition[E_1. For given t € [t; — At,t, + At), let t; € tseq be such that t € [t; — At, t; + At).

Then
t,+AL A t,+AL dS(\ i — [
[ s, = [ SRSy,

t1—At t1—At afﬂ
= S(A(ti — ty — At)) — S(\(t; — t1 + AL).

This is minimized when ¢; is close to %

. Thus, we have

ty+AL R
/ S's. 1, O)dfr > S(—MvAL) — S(AvAL),
t1—At

and hence

ty+AL t,+AL
/ S/)\,fg (t)dfa — / wdfa

t1—At t1—At 6fcr
>1— S(MAL) + S(—MAt)
= 25(— A vAt).

Also, note that from the calculation in the proof of Proposition 4.1} if f, = t; — At for some t; € tseq, then

1tseq
S A fo

< AS(AAL) [1 = S(AAL)].
S Aexp(—AAL).
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And
oAt
Sy 1, (B)dt| < ’ S’t;jﬂ ‘ 20At < 2 \vAt exp(—AAL).
t— At 7 Moo
Therefore,
Il(fs <t)
S ——=dt
’/ wa 0fs
> |1 — 2 vAtexp(—AAt)].
O
Proof of Proposition[E. 2 For given t € [t; — At,t, + At), let t; € tseq be such that t € [t; — At,t; + At).

Then Sg’fg (t) is nonzero if and only if f, € [t;i—1,%i+1), and hence

AL " t—fr) 1 N (i = fr) 1
N A (e E v L A G e

. ti—2At B 1+1 i+l
R NG / o T BE T anieE / folo
YA e R SRR

— — +
B AR s
4A

= B\/t» 4Atﬁf{( —tim)(ti +ti1) — (tipr — ) (tip1 +10)}

_ ;\A/’i = f{2At( _9A) — 22421 + 2A8)}

__Aat | 24t

NN

_ 24
NG

since t; = t;—1 + 2At = t;11 — 2At.

And for given f, € [t1 — At,t, + At), let t; € tseq be such that f, € [t;—1,t;). Then 5[; 1, (t) is nonzero if
and only if t € [t;—1 — At,t; + At), and hence

to+AL . ti—1+At ti — ti+At L f 1
) atdt:/ ( )dt+/ ( Li ")dt
/tlAt .4, (1) i 1—At 2At —At 2At ) Bym
_ti_fa ti_fo_QAt
NG NG
2At

NG

G.5 Proofs of Appendix [F|

Proof of Theorem[F.1, The proof of Theorem is in a similar manner from the proof of Wasserstein
Stability Theorem of |(Cohen-Steiner et al.|(2010). From equation [4] it is sufficient to show that there exists
(' depending only on K such that

ZW1(Dk(X)7Dk(X/)) < Crdr(fx, fx0)-

k=0
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Fix k > 0, and let €, = Wy (Dp(X),Dr(X’)) be the bottleneck distance between two diagrams Dy (X)
and Di(X'). Let v, : Dip(X) — Dr(X’) be the bijection that realizes the bottleneck distance, i.e., for any
p € Di(X),

1P = 1Pl oo < €

Then 1-Wasserstein distance W1 (Dy(X), D (X)) satisfies

Wi (Dr(X),D 1nf Z |z —~(
CUGD)C(X)
< > e w@)
reDk(X)
< e [Di(X)] -

And hence if we let € := sup;o{ex}, then summing over k > 0 gives

Now Y72, |Dx(X)| is the number of points in persistence diagrams of all homological dimensions on K. This

can be bounded by some constant C’; that depends only on K: one rough bound can be as |[{c: 0 € K}|2,
since each point in persistence diagrams has a unique pair (o3, 04) of a birth simplex o}, and a death simplex
og4. And therefore,

> Wi(Di(X), Dr(X")) < Ciee.

Now from fx and fx/ being on a finite simplicial complex K, they are g-tame (see Section 3.8 from |Chazal
et al. |2016a). So from the bottleneck stability theorem (see e.g., Section 5.1 and Theorem 5.23 from |Chazal
et al.|, |2016a), for all £ > 0,

er < dr(fx, fxr)-
And hence,

> Wi(Dw(X), Di(X") < Ciedr(fx, fxr).

O
Proof of Corollary[F.3 From Theorem
ICx —Cx/|l; < Ckdi(fx, fx)-
Then from Lemma 4.3 of |(Chazal et al.| (2014al),
di(fx, fx') < dan (X, X').
Hence putting these things together gives
ICx = Cx/|l; < Ckdgu(X, X').
O
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