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Abstract

In Bayesian persuasion, an informed sender strategically discloses information to
a receiver so as to persuade them to undertake desirable actions. Recently, Markov
persuasion processes (MPPs) have been introduced to capture sequential scenarios
where a sender faces a stream of myopic receivers in a Markovian environment.
The MPPs studied so far in the literature suffer from issues that prevent them
from being fully operational in practice, e.g., they assume that the sender knows
receivers’ rewards. We fix such issues by addressing MPPs where the sender has no
knowledge about the environment. We design a learning algorithm for the sender,
working with partial feedback. We prove that its regret with respect to an optimal
information-disclosure policy grows sublinearly in the number of episodes, as it
is the case for the loss in persuasiveness cumulated while learning. Moreover, we
provide a lower bound for our setting matching the guarantees of our algorithm.

1 Introduction

Bayesian persuasion |[Kamenica and Gentzkowl 2011] studies how an informed sender should
strategically disclose information to influence the behavior of a self-interested receiver. Bayesian
persuasion has received a growing attention over the last years, since it captures several fundamental
problems arising in real-world applications, such as, e.g., online advertising [Bro Miltersen and
Sheffet, 2012, Emek et al., 2014, |Badanidiyuru et al., 2018} [Bacchiocchi et al., [2022]], voting [|[Cheng
et al., 2015, |Alonso and Camaral 2016, |Castiglioni et al.,|2020al (Castiglioni and Gatti [2021]], traffic
routing [Vasserman et al.l 2015, [Bhaskar et al.,|2016} |Castiglioni et al.| 2021a]], recommendation sys-
tems [Mansour et al., 2016], e-commerce [[Castiglioni et al., 2022], security [Rabinovich et al., 2015
Xu et al.,|2016], marketing [Babichenko and Barman, 2017, /Candogan, 2019], clinical trials [Kolotilin|
2013]], and financial regulation [Goldstein and Leitner, |[2018].

The vast majority of works on Bayesian persuasion focuses on one-shot interactions, where informa-
tion disclosure is performed in a single step. Despite the fact that real-world problems are usually
sequential, there are only few exceptions that consider multi-step information disclosure [Wu et al.,
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2022, |Gan et al., 2022} 2023, [Bernasconi et al., 2022} 2023b, Iyer et al.| [2023] [Lin et al., 2024]].
Specifically, [Wu et al.| [2022] initiated the study of Markov persuasion processes (MPPs), which
model scenarios where a sender sequentially faces a stream of myopic receivers in an unknown
Markovian environment. In each state of the environment, the sender privately observes some
information—encoded in an outcome stochastically determined according to a prior distribution—and
faces a new receiver, who is then called to take an action. The outcome and receiver’s action jointly
determine agents’ rewards and the next state. In an MPP, sender’s goal is to disclose information at
each state so as to persuade the receivers to take actions that maximize long-term sender’s rewards.

The MPP formalism finds application in several real-world settings, such as e-commerce and rec-
ommendation systems [Wu et al.,[2022]]. For example, an MPP can model the problem faced by an
online streaming platform recommending movies to its users. The platform has an informational
advantage over users (e.g., it has access to views statistics), and it exploits available information to
induce users to watch suggested movies, so as to maximize views. However, the MPPs studied by Wu
et al.| [2022] rely on some limiting assumptions that prevent them from being fully operational in
practice. For instance, they make the assumption that the sender has perfect knowledge of receiver’s
rewards. In the online streaming platform example described above, such an assumption requires that
the platform knows everything about users’ (private) preferences over movies.

1.1 Original contributions

We relax the assumptions of [Wu et al.| [2022], by addressing MPPs where the sender does not
know anything about the environment. We consider settings in which they have no knowledge
about transitions, prior distributions over outcomes, sender’s stochastic rewards, and receivers’ ones.
Ideally, the goal is to design learning algorithms that are persuasive and attain regret sublinear in
the number of episodes 7'. The regret is the difference between sender’s rewards cumulated over the
episodes and what they would have been obtained by always using an optimal information-disclosure
policy. Persuasiveness is about ensuring receivers are correctly incentivized to take desired actions.
Learning in MPPs without knowledge of receivers’ rewards begets considerable additional challenges
compared to the case of [Wu et al.[[2022]]. Indeed, the latter design a sublinear-regret algorithm that
is persuasive at every episode with high probability, while we show that this is not attainable in our
setting. Intuitively, this is due to the fact that, since the sender does not know receivers’ rewards,
some episodes must be used to learn how to be “approximately” persuasive. As a consequence, in this
work, we look for algorithms that attain sublinear regret while ensuring that the cumulative violation
of persuasiveness grows sublinearly in 7. This is the most natural requirement in all cases in which
persuasiveness cannot be achieved at every episode, and it has already been addressed in settings
related to MPPs (see, e.g., [Bernasconi et al.| 2022} |(Cacciamani et al., [2023} |Gan et al., [2023]]).

As a warm-up, we start studying a full feedback case where, after each episode, the sender observes
the reward associated with every possible action in all the state-outcome pairs encountered during the
episode. We propose an algorithm, called Optimistic Persuasive Policy Search (OPPS), which uses
information-disclosure policies computed by being optimistic with respect to both sender’s expected
rewards and persuasiveness requirements. We show that, under full feedback, OPPS attains (’)(\/T)
regret and violation. Then, we switch to the partial feedback case, where the sender only observes the
rewards for the state-outcome-action triplets actually visited during the episode. We extend the OPPS
algorithm to this setting, by adding a preliminary exploration phase having the goal of gathering as
much feedback as possible about persuasiveness. After that, the algorithm switches to an optimistic
approach over information-disclosure policies that are “approximately” persuasive. We prove that
OPPS with partial feedback attains O(7®) regret and O(T*~/2) violation, where o € [1/2,1] is a
parameter controlling the amount of exploration. Finally, we provide a lower bound showing that the
trade-off between regret and violation achieved by means of OPPS is tight.

1.2 Related works

We refer the reader to Appendix [A]for additional details on related works.

The work most related to ours is [Wu et al.| 2022], studying MPPs where the sender knows everything
about receivers’ rewards, with the only elements unknown to them being their rewards, transition
probabilities, and prior distributions. Moreover, [Wu et al|[2022] also assume that the receivers know
everything about the environment, so as to select a best-response action, and that all rewards are



deterministic. In contrast, we consider MPPs in which sender and receivers have no knowledge of
the environment, including their rewards, which we assume to be stochastic. Other related works
are [Gan et al.}[2022], studying Bayesian persuasion problems where a sender sequentially interacts
with a myopic receiver in a multi-state environment, and [[Bernasconi et al.| [2023bjf], addressing MPPs
with a farsighted receiver. These two works considerably depart from ours, as they both assume that
the sender knows everything about the environment, including transitions, priors, and rewards. Thus,
they are not concerned with learning problems. Finally, [Bernasconi et al., [2022]] studies settings
where a sender faces a farsighted receiver in a sequential environment with a tree structure, addressing
the case in which the only elements unknown to the sender are the prior distributions over outcomes,
while rewards are deterministic and known. The tree structure considerably eases learning, as it
intuitively allows to factor the uncertainty about transitions in the rewards at the leaves of the tree.

Our work is also related to learning in one-shot Bayesian persuasion played repeatedly [[Castiglioni
et al.,[2020b,[2021bl /Zu et al.}[2021} |Bernasconi et al.;,|2023al], and works on online learning in Markov
decision processes (MDPs) [Auer et al.| 2008| [Even-Dar et al., 2009, Neu et al., 2010, |Rosenberg and
Mansour, 2019, Jin et al., [2020], in particular those on constrained MDPs [Wei et al., 2018, |[Zheng
and Ratliff}, 2020, |[Efroni et al.} 2020, |Q1u et al., 2020} (Germano et al., |[2023|].

2 Preliminaries

2.1 Bayesian persuasion

The classical Bayesian persuasion framework introduced by |Kamenica and Gentzkow|[2011]] models
a one-shot interaction between a sender and a receiver. The latter has to take an action a from a finite
set A, while the former privately observes an outcome w sampled from a finite set {2 according to a
prior distribution p € A(€2), which is known to both the sender and the receiver The rewards of
both agents depend on the receiver’s action and the realized outcome, as defined by the functions
rs,Tr : 2 x A — [0,1], where rr(w, a) and rg(w, a) denote the rewards of the sender and the
receiver, respectively, when the outcome is w € () and action a € A is played. The sender can
strategically disclose information about the outcome to the receiver, by publicly committing to a
signaling scheme ¢, which is a randomized mapping from outcomes to signals being sent to the
receiver. Formally, ¢ : 2 — A(S), where S denotes a suitable finite set of signals. For ease of
notation, we let ¢(-|w) € A(S) be the probability distribution over signals employed by the sender
when the realized outcome is w € €, with ¢(s|w) being the probability of sending signal s € S.

The sender-receiver interaction goes as follows: (i) the sender publicly commits to a signaling
scheme ¢; (ii) the sender observes the realized outcome w ~ p and draws a signal s ~ ¢(-|w);
and (iii) the receiver observes the signal s and plays an action. Specifically, after observing
s under a signaling scheme ¢, the receiver infers a posterior distribution over outcomes and
plays a best-response action b?(s) € A according to such distribution. Formally, b%(s) €
argmaxsea . cq H(w)o(slw)rr(w, a), where the expression being maximized encodes the (un-
normalized) expected reward of the receiver. As it is customary in the literature (see, e.g., [Dughmi
and Xu, 2016]]), we assume that the receiver breaks ties in favor of the sender, by selecting a best
response maximizing sender’s expected reward when multiple best responses are available.

The goal of the sender is to commit to a signaling scheme ¢ that maximizes their expected reward,
which is computed as follows: - ¢ (W) 3 o5 ¢(slw)rs(w, b?(s)).

2.2 Markov persuasion processes

An MPP [Wu et al] 2022]] generalizes one-shot Bayesian persuasion to settings where the sender
faces a stream of receivers in an MDP, with each receiver myopically taking an action maximizing
immediate reward. An (episodic) MPPis a tuple M := (X, A, Q, pu, P, {rs}{_1,{rr+}i—1 ). where:

e T is the number of episodes

* X, A, and ( are finite sets of sates, actions, and outcomes, respectively.

o p: X — A(R) is a prior function defining a probability distribution over outcomes at each
state. We let p(w|x) be the probability of sampling outcome w € Q in state z € X.

’In this work, we denote by A(X) the set of all the probability distributions having set X as support.
*We denote an episode by ¢ € [T, where [a . .. ] is the set of all integers from a to b and [b] := [1...b].



* P: X xQx A— A(X) is atransition function. We let P(2’|z,w, a) be the probability of
going from x € X to ' € X by taking action a € A, when the outcome in state x is w € €.

o {rs:}#_, is a sequence specifying a sender’s reward function rg; : X x Q x A — [0,1] at
each episode ¢. Givenz € X, w € Q,and a € A, each rg(x,w, a) for t € [T] is sampled
independently from a distribution vg(z,w, a) € A([0, 1]) with mean rs(x,w, a).

 {rr.}1_, is a sequence defining a receivers’ reward function rg; : X x Q x A — [0,1] at
each episode ¢. Givenz € X,w € Q,anda € A, each rg ;(z,w, a) for t € [T] is sampled
independently from a distribution vz (z,w,a) € A([0, 1]) with mean rg(z, w, a)ff

We focus w.l.o.g. on loop-free episodic MPPs, as customary in online learning in MDPs (see,
e.g., [Rosenberg and Mansour, 2019]]). In a loop-free MPP, states are partitioned into L + 1 layers
Xo,...,Xr, such that X := {xo} and X := {z1}, with z( being the initial state starting the
episode and z 1, being the final one, in which the episode ends. Moreover, by letting K :=[0... L —1]
for ease of notation, P(z'|z,w,a) > 0 only when 2’ € X and x € X}, for some k € ICE]

At each episode of an episodic MPP, the sender commiits to a signaling policy ¢ : X x Q@ — A(S),
which defines a probability distribution over a finite set S of signals for the receivers for every
state * € X and outcome w € ). For ease of notation, we denote by ¢(-|z,w) € A(S) such
probability distributions, with ¢(s|z,w) being the probability of sending a signal s € S in state
when the realized outcome is w. Similarly to one-shot Bayesian persuasion, a myopic receiver acting
at state x € X and receiving signal s € S infers a posterior distribution over outcomes and plays a
best-response action. We denote by b? (s, z) € A the best response played by such a receiver under
the signaling policy ¢ (assuming ties are broken in favor of the sender).

As customary in Bayesian persuasion (see, e.g., [Arieli and Babichenko, 2019]), a revelation-principle-
style argument allows to focus w.l.0.g. on signaling policies that are direct and persuasive. Formally,
a signaling policy is direct if the set of signals coincides with the set of actions, namely S = A. Intu-
itively, signals should be interpreted as action recommendations for the receivers. Moreover, a direct
signaling policy is said to be persuasive if it incentivizes the receivers to follow recommendations.
Formally, ¢ : X x Q — A(A) is persuasive if for every state x € X and recommendation a € A:

> wlwlz)dlalz,w) (rr(z,w,a) — rr(z,w,b%(a, z))) > 0.
weR

Intuitively, the inequality above states that a receiver acting at state x is better off following sender’s
recommendation to play action a, since by doing so they get an (unnormalized) expected reward
greater than or equal to what they would obtain by playing a best-response action b%(a, ).

Algorithm [I] shows the interaction between

sender and receivers at t € [T]. Sender Algorithm 1 Sender-Receivers Interaction at ¢ € [T]

and receivers do nor know anything about  1: The rewards rs ;(z,w, a), 7r,+(2, w, a) are sampled
the transition function P, the prior function ~ 2: Sender publicly commits to ¢; : X X € — A(A)
11, and the rewards rg ¢ (, w, a), TR,t(JC, w,a) 3 The stite of the MPP is initialized to zg
(including their distributions). At the end of 4 fork=0,...,L—1do
- 5: Sender observes outcome wy, ~ (k)

each episode, the sender gets to know the 6 Sender d dati

iplets (xy,w,ay)—for all k& € K—that - ender draws recommendation ay, ~ ¢(-[zx, wk)
triplets (T, Wk, ak . T A new Receiver observes ay, and plays it
are visited during the episode, and an addi- g. The MPP evolves to 211 ~ P(-|zx, wi, ax)
tional feedback about rewards. In this work, ¢. Sender observes the next state Ty 1
we consider two types of feedback. The first 10: end for
one—called full feedback—encompasses all  11: Sender observes feedback for every k € [0...L — 1]:
agents’ rewards for the pairs (xy, wy,) visited o full = [rs(Tk, Wk, a), TRt (T, Wk, @)]aca
during the episode, i.e., the rewards for all the e partial = 15,0(Tk, Wk, ak), TRt (Th, Wk, Ak

triplets (zy,ws,a) for a € A. The second
type—called partial feedback—only consists in agents’ rewards for the visited triplets (xy, wg, ak)ﬂ

#Wu et al.|[2022]] consider MPPs in which rewards are deterministic and do not change across episodes, while
we address the more general case in which the rewards are stochastic and sampled at each episode independently.

5The loop-free property is w.l.0.g. since any episodic MPP with finite horizon H that is not loop-free can be
cast into a loop-free one by duplicating states H times, i.e., z € X is mapped to new states (z, k) with k € [H].

%In this work we use the adjective full to refer to a type of feedback that is not the most informative one.
Indeed, a full feedback according to the classical terminology used in online learning [Cesa-Bianchi and Lugosi,
2006, |Orabona, 2019]] would encompass agents’ rewards for all the possible triplets (z, w, a), while full feedback
in our terminology only consists in the rewards for the triplets with x = x;, and w = wy, for some k € K.



Algorithm|[I]assumes that receivers always play recommended actions. This is standard in settings
where the sender has not enough information to be persuasive, and it motivates why learning algo-
rithms are designed to guarantee that the per-round violation of persuasiveness goes to zero as T’
grows [Bernasconi et al., [2022] (Cacciamanti et al.| 2023} |Gan et al., |2023|]. Indeed, this ensures that it
is in the receivers’ best interest to stick to recommendations.

3 The learning problem

In this section, we formally introduce the learning problem tackled in the rest of the paper. First, in
Section [3.1] we extend the notion of occupancy measure to MPPs. In Section we formally intro-
duce learning objectives. Finally, in Section[3.3] we provide some preliminary elements needed by our
algorithms, developed in Sections ]and [5] The proofs of all our results are in Appendixes [D]and|[E]

3.1 Occupancy measures in MPPs

Next, we extend the well-known notion of occupancy measure of an MDP [Rosenberg and Mansour,
2019] to MPPs. Given a transition function P, a signaling policy ¢, and a prior function y, the
occupancy measure induced by P, ¢, and y is a vector g7 # € [0, 1]1X*2XAXX] whose entries are
specified as follows. For every x € Xy, w € Q,a € A, and 2’ € X1 with k € K, it holds:

qP’¢’”(x,w,a,z’) = ]P){(xkawkaakaxk-i-l) = (I,w,a,x/) | P,¢7p,},

which is the probability that the next state of the MPP is x’ after the receiver plays action ¢ in state x
when the realized outcome is w, under transition function P, signaling policy ¢, and prior function
. Moreover, for ease of notation, we also define ¢©%#(z,w,a) := Zm'exkﬂ qPPH (2w, a,2),

qP7¢)’H (x’ w) = ZaEA qP7¢7H (:va w, a)’ and qP@’M (.7)) = Zweﬂ qu¢7H (l’, UJ)

The following lemma characterizes the set of valid occupancy measures and it is a generalization to
the MPP setting of a similar lemma by Rosenberg and Mansour| [2019].

Lemma 1. A vector q € [0,1] IXXQXAXX| j¢ g valid occupancy measure of an MPP if and only if-

O, Z ZZ Z Q($7w’a7x/):1 Vk e K

reX) weQacAr' €Xypqn
® Z ZZq(x',w,a,x)zq(x) Vkell...L—1],Vz € X},
' EXp_1 wENaEA
® Pi=P
@ pt=p,
where P is the transition function of the MPP and y its prior function, while P9 and p? are the
transition and prior functions, respectively, induced by q (see definitions below).

As it is the case in standard MDPs, a valid occupancy measure ¢ € [0, 1]IX*?*AxX] induces a

transition function P? and a signaling policy ¢9. Moreover, in an MPP, a valid occupancy measure

also induces a prior function ;2. These are defined as follows:

Q(wiaavx/) q(m,w,a) q(.’E,(JJ)
q(z,w,a) q(z,w) q(z)

Thus, using valid occupancy measures is equivalent to using signaling policies. In the following, we

denote by Q C [0, 1]IX*2xAxX] the set of all the valid occupancy measures of an MPP.

Pi(2'|z,w,a) =

, ¢alz, w) = ,and pf(wlz) :=

3.2 Learning objectives

Our goal is to design learning algorithms for the sender in an episodic MPP. We would like algorithms
that prescribe sequences of signaling policies ¢; that maximize sender’s cumulative reward over
the T" episodes, while at the same time guaranteeing that the violation of persuasiveness constraints
is bounded. Notice that, differently from Wu et al.| [2022], we do not aim at designing learning
algorithms whose policies ¢, are persuasive at every episode ¢ with high probability, since this is
unattainable in our setting in which the sender does not know anything about the environment (see
Theorem [3)). Thus, in this paper we pursue a different objective, formally described in the following.



Baseline First, we introduce the baseline used to evaluate sender’s performances. This is defined as
the value of the optimization problem faced by the sender in the offfine version of the MPP. Such a
problem is concerned with expectations of the stochastic quantities in the episodic MPP. By exploiting
occupancy measures, the problem can be formulated as the following linear program:

rqneaé( Z Z Z q(z,w,a)rs(z,w,a) s.t (1a)

zeX weQacA

Zq(m,w,a) (TR(ar,w,a)—rR(x,w,a’)) >0 Vzre X,VwecQVac AVad #ac A (1b)
weN

Intuitively, Problem (T)) computes an occupancy measure (or, equivalently, signaling policy) maximiz-
ing sender’s expected reward subject to persuasiveness constraints. By letting 5 € [0, 1]1X*2xAl be
the vector whose entries are the mean values rg(x, w, a) of sender’s rewards, our baseline is defined
as OPT = rg q*, where ¢* € Q denotes an optimal solution to Problem @ In the following, we
also denote by ¢* an optimal signaling policy, which is defined as ¢* := ¢7 .

Metrics We evaluate the performances of learning algorithms by means of two distinct metrics.
The first one is the (cumulative) regret Ry, which accounts for the difference between the cumulative
sender’s expected reward obtained by always playing ¢* and that achieved by using the signaling
policies ¢, prescribed by the algorithm. Formally:

Ry =T 0OPT — Z rgqt = Z Tg(q*—%)a

te[T] te[T]

where we let ¢, := ¢©?** be the occupancy measure induced by ¢;. The second metric used to
evaluate learning algorithms is the (cumulative) violation V, which is formally defined as:

Z ZZthwwa (rr(z,w,b%(a,z)) — rr(z,w,a)).

te[T)zeX welacA
Intuitively, V1 encodes the overall expected loss in persuasiveness over the T' episodes.

In this paper, our goal is to develop learning algorithms that prescribe signaling policies ¢; which
guarantee that both Ry and Vi grow sublinearly in T, namely Ry = o(T') and Vi = o(T).

3.3 Estimators and confidence bounds

Before delving in algorithm design, we introduce estimators and confidence bounds for the stochastic
quantities involved in an MPP, namely, transitions, priors, sender’s rewards, and receivers’ ones. As
we show in the following sections, these are extensively used by our learning algorithms.

We let N;(x,w, a,z’) € N be the number of episodes up to episode ¢ € [T (this excluded) in which
the tuple (z,w, a,2’) is visited. Formally, N;(z,w, a,a’) := ZTG[FI] 1,{z,w,a,z'}, where the
indicator function is 1 if and only if the tuple is visited at 7. Similarly, we define the counters
Ni(z,w,a,), Ni(z,w), and N¢(z) in terms of their respective indicator functions 1,{z,w,a},
1,{z,w}, and 1,{z}, which arel if and only if (z,w, a), (z,w), and x, respectively, are visited at 7.

Next, we define the estimators employed by our algorithms. At the beginning of each episode
t € [T), the estimated probability of going from z € X to 2’ € X by playing a € A, when the
. . . . §s) e _ Ni(@zw,a,z’)
outcome realized in state = is w € €2, is equal to P; (2'|z,w,a) := (LN, (T )]
for every x € X and w € (), the estimated probability of sampling outcome w from the prior
probability distribution at state x is defined as 71, (w|x) := % Finally, for every state
x € X, outcome w € (), and action a € A, the estimated sender’s and receivers’ rewards are defined
276[171] rs,r(z,w,a)l{z,w,a} Zre[t—l] rr,r(z,w,a)l {z,w,a}
max{1,N:(z,w,a)} max{1,N¢(z,w,a)}

Moreover,

asTg(r,w,a) =

,and T (2, w,a) ==

For reasons of space, we refer to Appendix [B|for the definitions of the confidence bounds employed
by our algorithms. For the transition function P, at each episode t € [T, for every x € X, w € ,
and a € A, we provide a confidence bound €;(x,w, a) for the probability distribution over next
states associated with the triplet (z,w, a), where the distance between distributions is expressed in
|| - [[1-norm (see Lemmald). Similarly, we provide a confidence bound (;(z) in terms of || - ||;-norm



for the prior distribution u(x) at each state © € X (see Lemma . Moreover, for every x € X,
w €, and a € A, we provide confidence bounds {s¢+(x,w, a) and g +(x,w, a) for sender’s and
receivers’ rewards, respectively, associated with the triplet (x,w, a) (see Lemmas 86] andfor the full
feedback case, while Lemmas [8]and [9] for the partial feedback one).

In conclusion, for ease of presentation, for a confidence parameter 6 € (0, 1), we refer to the event in
which all the confidence bounds hold—called clean event—as £(J). By combining all the lemmas in
Appendix £(6) holds with probability at least 1 — 49 (by applying a union bound).

4 The full feedback case

We first address settings with full feedback, as a warm-up towards the analysis of partial feedback.

4.1 The OPPS algorithm with full feedback

We propose an algorithm called Optimisitc Persuasive Policy Search (OPPS). At each episode, the
algorithm solves a variation of the offline optimization problem (Problem (T)), called Opt-Opt,
obtained by substituting mean values with upper/lower confidence bounds. Specifically, Opt-Opt
is optimistic with respect to both sender’s rewards and persuasiveness constraints satisfaction. For
reasons of space, we defer Opt-0pt to Problem (2)) in Appendix [C] Crucially, by using occupancy
measures, Opt-0pt can be formulated as an LP, and, thus, solved efficiently. Notice that, since
confidence bounds for P and y are expressed in terms of || - || -norm, in order to formulate Opt-Opt as
an LP we need some additional variables and linear constraints, as described in detail in Appendix [C|

Algorithm [2] provides the pseudocode of
OPPS with full feedback. Ateach ¢ € [T,
the algorithm first updates all the estima- Require: X, A, T', confidence parameter § € (0,1)

tors and confidence bounds according to 1: Initialize all estimators to 0 and all bounds to +o00

Algorithm 2 Optimistic Persuasive Policy Search (full)

the feedback received in previous episodes ~ 2: fort =1,...,T do -
(Line[3). Then, it commits to the signaling 3 Update all estimators Py, [i;,Ts+, TR, and
policy ¢; induced by an optimal solution bounds €4, (¢, £5,¢, R, given new observations

g to Opt-0pt, computed in Line[d] Notice 4 G + Solve Opt-Opt (Problem (2))
that, the occupancy measure q; resulting 5 G o1

from committing to ¢; (and used in the 6: Run Algorithm [T]by committing to ¢,
definitions of R and V) is in general dif- 7 Observe full feedback from Algorithmﬂ]
ferent from g, as the former is defined in ~ 8: end for

terms of the true (and unknown) transition

and prior functions, namely P and p.

4.2 Algorithm analysis with full feedback

Next, we prove the guarantees of OPPS with full feedback. The first crucial component is the following
lemma, which shows that Opt-0Opt admits a feasible solution at every episode with high probability.

Lemma 2. Given ¢ € (0, 1), under event (), Opt-0pt admits a feasible solution at every t € [T).

Intuitively, Lemma [2]is proved by showing (a) that Problem [I] always admits a feasible solution,
which is the occupancy measure ¢° induced by the signaling policy that fully reveals outcomes to the
receiver, and (b) that ¢° is a feasible solution to Opt-0Opt at every episode, under £(J). Notice that
point (b) holds thanks to the fact that Opt-0pt optimistically accounts for persuasiveness constraints
satisfaction, by using suitable upper and lower confidence bounds.

The second crucial component of our analysis is a relation between the occupancy measures q;
computed by the OPPS algorithm and the occupancy measures ¢; that actually result from committing
to ¢, under the true transitions and priors. This is formally stated by the following lemma.

Lemma 3. Given any § € (0, 1), under the clean event £(0), with probability at least 1 — 26, it holds
that Yz lge — @il < © (L2|X|\/T|A\|Q\ In (TIXIIQHA\/J)) .

Intuitively, Lemma 3is proved by an inductive argument that relates the uncertainty associated with
both the transition and the prior functions to the || - ||;-norm difference between ¢; and ¢; cumulated



over the episodes. Lemmas [2] and 3] pave the way to our two main theorems for the full feedback
setting. The first theorem bounds the regret R achieved by OPPS, while the second one bounds its
cumulative violation Vp. Formally:

Theorem 1. Given any § € (0, 1), with probability at least 1 — 79, Algorithm@]attains regret
Rr <O (L2|X|\/T|A\|Q| 1n(1/5)) .
Theorem 2. Given § € (0, 1), with probability at least 1 — 79, Algorithmattains violation

Ve < O (L2X|VTTA W ()

In conclusion, in the full feedback case, OPPS attains Rp and Vp growing as (;)v(\/T) Intuitively,
this is made effective by the fact that all the estimators concentrate at a 1/v/7 rate. As shown in the
following, achieving such regret and violation bounds is not possible anymore under partial feedback.

5 The partial feedback case

In this section, we switch the attention to partial feedback.

The crucial aspect that makes the case of partial feedback more challenging than the one of full
feedback is that, after committing to a signaling policy ¢, the sender does not observe sufficient
feedback about the persuasiveness of ¢;. This makes achieving sublinear violation in the partial
feedback case much harder than in the full feedback case. In order to overcome such a challenge, some
episodes of learning must be devoted to the estimation of the quantities involved in persuasiveness
constraints. This is necessary to build a suitable approximation of such constraints to be exploited in
the remaining episodes, in which an optimistic approach similar to that employed with full feedback
must be adopted to control the regret. As a result, there is a trade-off between regret and violation
that is determined by the amount of exploration performed. In the rest of this section, we design an
algorithm that is able to optimally control such a trade-off.

5.1 The OPPS algorithm with partial feedback

We extend the OPPS algorithm intro-
duced in Sectiond]to deal with the par-
tial feedback case. The idea behind Require: X, Q, A, T, 6 € (0,1), a € [0,1]

the new algorithm is to split episodes 11 N « [T]

into two phases. The first one is an ex- Initialize all estimators to 0 and all bounds to +o0
ploration phase with the goal of build- Initialize counter C(z,w, a) to 0 for all (z,w, a)

ing a sufficiently-good approximation fort=1,...,7Tdo o

of persuasiveness constraints, so as to Update all estimators Py, fi;,Ts,¢, Tr,+ and bounds
achieve sublinear violation. Such a €+, Ct, €3¢, €, given new observations

Algorithm 3 Optimistic Persuasive Policy Search (partial)

phase lasts for the first N|X||Q||4] 6 ift < N|X||Q]|A| then

episodes, where we let N := [T<] T: (z,w,a) < argming, , ,yexxoxa C(T,w,a)
with o € [0, 1] being a parameter con- . Solve Opt-0pt with its objective
trolling the length of the two phases, 8: 9t = modified as Zz/EX q(z,w,a,z")

given as input to the algorithm. The o. C(z,w,a) < C(z,w,a) + 1

second phase is instead devoted to (- else

achieving sublinear regret, and it fol- 11: @ < Solve Opt-0pt (Problem (Z)), Appendix [C)
lows the same steps of OPPS with full  17. end if

feedback (Algorithm 2). 13: by — @t

The first phase works by considering 14:  Run Algorithm T]by committing to ¢
each (z,w,a) € X x QA x Afor N 15 Observe partial feedback from Algorithm T]

episodes. When (z,w, a) is consid- 16: end for

ered at episode ¢ € [T7], the algorithm

commits to a signaling scheme induced by an occupancy measure ¢; that maximizes the probability
> wex 4(x,w, a,x") of visiting such a triplet, while at the same time satisfying all the constraints
of the Opt-0pt problem. Crucially, such a procedure does not guarantee that every triplet is visited




N times. Indeed, there might be triplets (z,w, a) that are visited with very low probability. This
can be the case when either transitions and priors place very low probability on (x,w) or action a
is associated with very low receivers’ rewards, and, thus, it must be recommended with very low
probability in order to satisfy the optimistic persuasiveness constraints defined in Opt-0Opt.

Algorithm [3| provides the pseudocode of OPPS with partial feedback. Notice that the variables
C(x,w, a) (initialized in Line 3| and updated in Line [9) are counters used to keep track of how
many times each triplet (z,w, a) is considered during the first phase, namely when ¢ < N|X||2||A|.
Moreover, the algorithm ensures that every triplet si considered exactly N times during the first
phase, by selecting them accordingly as in Line[7] Let us also observe that Algorithm [3|updates all
the estimators and bounds (by using partial feedback) and selects the signaling policy ¢, as done by
Algorithm[2} The main difference with respect to Algorithm 2]is that g; used to define ¢; is computed
in a different way during the first (exploration) phase of the algorithm (see Line g).

5.2 Algorithm analysis with partial feedback

In the following, we prove the guarantees attained by OPPS with partial feedback. We start by stating
the following result on the regret attained by the algorithm.

Theorem 3. Given any § € (0, 1), with probability at least 1 — 76, Algorithmattains regret
Ry <O (NL\X||Q||A| + L2|X|/TIA[Q) ln(1/5)) .

In order to prove Theorem 3| we split the analysis into two cases: one targets exploration episodes
in the first phase of the algorithm, while the other is concerned with the subsequent (exploitation)
phase. In the first N episodes in which the OPPS algorithm explores without being driven by the
Opt-0pt objective, the algorithm incurs in linear regret. Instead, in the second phase, OPPS employs
an optimistic approach, since the algorithm is driven by the objective of the Opt-0Opt problem. Thus,
in the second phase, the algorithm attains regret sublinear in 7". The two cases combined give the
regret bound provided in Theorem 3]

Next, we state the result on the violations attained by the OPPS algorithm under partial feedback.
Theorem 4. Given any § € (0, 1), with probability at least 1 — 99, Algorithmattains violation

Vr <O <(|X|Q|A|)3/2 In (1/5) <A|\/TN +|AIVN + LWT)) .

Proving Theorem @] requires a non-trivial analysis. The result follows by showing that uniformly
exploring over feasible solutions to the Opt-0Opt problem leads to a violation bound of the order of
O(V/'N) during the exploration phase. Intuitively, this follows by upper bounding the occupancy
measure in each triplet (z,w, a) with an occupancy of a previous (exploration) episode, relative to
the best response of the follower in state  upon receiving action recommendation a.

Theorems [3]and [ establish the trade-off between regret and violation achieved by the OPPS algorithm.
Indeed, by recalling the definition of N (see Lmelm Algorithm[3), it is easy to see that the algorithm
attains regret Ry < O(T“) and violation Vi < O(T =), where a € [1/2,1] is the parameter
controlling the trade-off, given as input to the algorithm.

5.3 Lower bound

We conclude the section and the paper by showing that the regret and violation bounds attained by the
OPPS algorithm (see Theoremsand are tight for any choice of « € [1/2,1]. We do so by devising
a lower bound matching these bounds (Theorem [3)). Its main idea is to consider two instances of
episodic MPP involving a receiver with two actions a1, as such that only a; provides positive reward
to the sender. In one instance, receiver’s rewards by playing a; are higher than those obtained by
taking as, while in the second instance the opposite holds. As a result, recommending action a;
results in low regret in the first instance and high violation in the second one, while recommending
action ag results in low violation in the second instance and high regret in the first one. This leads to
the trade-off formally stated by the following theorem.

Theorem 5. Given o € [1/2,1], there is no learning algorithm achieving both Ry = o(T%) and
Vi = o(T"~°/?) with probability greater or equal to a fixed constant 1) > 0.



Theorem 5| shows that the bounds in Theorems [3|and [ are tight for any « € [1/2, 1]. Moreover, it also
proves that it is impossible to achieve sublinear regret while being persuasive at every episode with
high probability, when the sender has no information about the receivers. Notice that, in our MPP
setting with partial feedback, we deal with a trade-off between regret and violation that is similar
to the one faced by Bernasconi et al.|[2022] in related settings. Differently from them, we are able
to achieve an optimal trade-off for any o € [1/2,1]. Indeed, Bernasconi et al.| [2022] only obtain
optimality for a € [1/2,2/3], leaving as an open problem matching the lower bound for the other
values of the parameter «. Crucially, we are able to achieve trade-off optimality by using a clever
exploration method. Indeed, when considering a triplet (z, w, a) in the first phase, the OPPS algorithm
does not simply commit to a signaling policy that maximizes the probability of visiting such a triplet,
but it rather does so while also optimistically accounting for persuasiveness constraints. This allows
to reduce the violation cumulated during the first phase, thus achieving trade-off optimality.
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Appendix

The appendix is organized as follows:

* In Appendix [A] we report the related works concerning the online learning in Markov
decision processes and online Bayesian persuasion literatures.

* In Appendix[B]we describe the estimators and the confidence bounds related to the stochastic
quantities of the Markov persuasive processes.

* In Appendix [C] we report the per-round optimization problem performed by the algorithms
we present.

* In Appendix [D|we report the omitted proofs related to the full-feedback setting.
* In Appendix [E} we report the omitted proofs related to the partial-feedback setting.

A Related works

Sequential Bayesian persuasion The work that is most related to ours is [Wu et al.} 2022]], which
introduces MPPs. Specifically, Wu et al.|[2022] study settings where the sender knows everything
about receivers’ rewards, with the only elements unknown to them being their rewards, transition
probabilities, and prior distributions over outcomes. Moreover, they also assume that the receivers
know everything they need about the environment, so as to select a best-response action, and that
all rewards are deterministic. In contrast, we consider MPP settings in which sender and receivers
have no knowledge of the environment, including their rewards, which we assume to be stochastic.

Moreover, Wu et al.| [2022] obtain a regret bound of the order of O(v/T /D), where D is a parameter
related to receivers’ rewards. Notice that such a dependence is particularly unpleasant, as D may be
exponentially large in instances in which there are some receivers’ actions that are best responses only
for a “small” space of information-disclosure policies. Other works related to ours are [|Gan et al.,
2022]], which studies a Bayesian persuasion problem where a sender sequentially interacts with a
myopic receiver in a multi-state environment, and [Bernasconi et al.| 2023b|, which addresses MPPs
with a farsighted receiver. These two works considerably depart from ours, as they both assume
that the sender knows everything about the environment, including transitions, priors, and rewards.
Thus, they are not concerned with learning problems, but with the problem of computing optimal
information-disclosure policies. Finally, [Bernasconi et al.l [2022] studies settings where a sender
faces a farsighted receiver in a sequential environment with a tree structure, addressing the case in
which the only elements unknown to the sender are the prior distributions over outcomes, while
rewards are deterministic and known. The tree structure considerably eases the learning task, as it
allows to express sender’s expected rewards linearly in variables defining information-disclosure
policies. Intuitively, this allows to factor the uncertainty about transitions in the rewards at the leaves
of the tree.

Online Bayesian persuasion It is also worth citing some works that study learning problems in
which a one-shot Bayesian persuasion setting is played repeatedly [Castiglioni et al., [2020b} 2021b,
Zu et al.,[2021} Bernasconi et al.,|2023a]]. These works considerably depart from ours, since they do
not consider any kind of sequential structure in the sender-receiver interaction at each episode.

Online learning in constrained MDPs Our paper is also related to the problem of designing
no-regret algorithms in online constrained Markov decision processes. The literature on online
learning in Markov decision processes is extensive (see, e.g., |Auer et al.| [2008]], Even-Dar et al.
[2009], Neu et al.|[2010]] for seminal works on the topic). In such settings, two types of feedback are
usually investigated. The full-information feedback setting [Rosenberg and Mansour, 2019, in which
the entire reward function is observed after the learner’s choice and the partial feedback setting [Jin
et al.| 2020], where the learner only observes the reward gained during the episode. [Bacchiocchi et al.
[2023]] study adversarial MDPs where the partial feedback is given by a parallel agent, while Maran
et al.[[2024] study the learning problem faced by an agent that chooses the transition functions. Over
the last decade, there has been significant attention to the field of online Markov decision processes in
presence of constraints. The majority of previous works on this topic have focused on settings where
constraints are stochastically sampled from a fixed distribution (see, e.g., Zheng and Ratliff] [2020]).
Wei et al.| [2018]] deal with adversarial reward and stochastic constraints, assuming known transition
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probabilities and full information feedback. [Efroni et al.| [2020] propose two approaches to address
the exploration-exploitation dilemma in episodic constrained MDPs. These approaches guarantee
sublinear regret and constraint violation when transition probabilities, rewards, and constraints
are unknown and stochastic, and the feedback is partial. |Qiu et al.|[2020] provide a primal-dual
approach based on optimism in the face of uncertainty. This work shows the effectiveness of such
an approach when dealing with episodic constrained MDPs with adversarial rewards and stochastic
constraints, achieving both sublinear regret and constraint violation with full-information feedback.
Germano et al.|[2023]] propose a best-of-both-worlds algorithm in constrained Markov decision
processes with full information feedback. |Stradi et al.|[2024b] extend the online adversarial CMDPs
framework to dynamic pricing scenarios. [Stradi et al.| [2024a] study the problem of adversarial
MDPs with stochastic hard constraints, that is, the authors propose algorithms which attains sublinear
positive violations and, when a strictly feasible solution is known to the learner, no violations at all.
Finally, Stradi et al.|[[2024c] study the problem of positive violations when both the rewards and
the constraints are non stationary. While the previous works are related to ours, the aforementioned
techniques cannot be easily generalized to our setting as they are not designed to properly handle the
presence of outcomes and IC constraints.

B Confidence bounds

In this section, we further describe the estimators and confidence bounds for the stochastic quantities
involved in an episodic MPP, namely, transitions, priors, sender’s rewards, and receivers’ ones.

B.1 Transition probabilities

First, we introduce confidence bounds for transition probabilities P(z’|x,w, a), by generalizing
those introduced by Rosenberg and Mansour| [2019] for MDPs to MPPs. In the following, we let
N¢(z,w,a), respectively N;(x,w, a,z’), be the counter specifying the number of episodes up to
episode t € [T (excluded) in which the triplet (z,w, a), respectively the tuple (z, w, a, x’), is visited.
Then, the estimated probability of going from x € X to 2’ € X by playing action a € A, when the
outcome realized in state x is w € 2, is defined as follows:

Nt(xaw7 a,x/)
max {1, Ny(x,w,a)}

For any 6 € (0, 1), the confidence set at episode ¢ € [T for the transition function P is P; :=
T,w,a T,w,a - . . K
ﬂ(m wa)exxaxa Pe ", where P is a set of transition functions defined as:

Pf’w’a::{ﬁ : ‘

Py (2|7, w,a) =

P([z,w,a)- Pul-|o,w,a)|| < erlw,w,a)}.
1

where ﬁ(-\x,w, a) and Py(:|x,w,a) are vectors whose entries are the values ﬁ(a:’|x,w, a) and
Pi(2'|z,w, a), respectively, while €;(z,w, a) is a confidence bound defined as:

( )= 2| Xy ()41 | In (TIXTI201AY/5)
€T, W,a) = maX{17Nt(w7w7a)}

The following lemma formally proves that P; is a suitable confidence set for the transition function
of an MPP.

Lemma 4. Given any ¢ € (0, 1), with probability at least 1 — 6, the following condition holds for
everyx € X,w € Q, a € A andt € [T] jointly:

||P(~|x,w,a) _ﬁt('|x7w7a)“1 < €t(x>waa)'

Lemmafd]can be easily proven by applying the same analysis as presented in [Auer et al.|[2008] and
employing a union bound over all z, w, a, and t..

B.2 Prior distributions

Next, we introduce confidence bounds for prior distributions. For every state z € X, we define
7 (-|z) € A(R) as the estimator of the prior distribution at x built by using observations up to
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episode ¢ € [T'] (this excluded). Formally, the entries of vector fi, (-|x) are such that, for every w € Q:
>orefi—1) Lrfz, w}
max{1, Ny(z)} ’

where Ny(z) is the number of visits to state « up to episode ¢ (excluded), while 1., {x,w} is an
indicator function equal to 1 if and only if the pair (z, w) is visited at episode 7.

By (wl) ==

The following lemma provides confidence bounds for priors.

Lemma 5. Given any § € (0, 1), with probability at least 1 — 0, the following holds for all x € X
and t € [T jointly:
a(lz) = (o)l < Ce(),

where we let (;(x) := \/%.

Lemma [5]follows by applying Bernstein’s inequality and a union bound over all states and episodes.

B.3 Sender’s and receivers’ rewards

Finally, we introduce estimators for rewards. In the following, present the results related to sender’s
rewards and receiver’s rewards under full and partial feedback. For every x € X, w € Q,and a € A,
the estimated sender’s and receivers’ rewards built with observations up to episode ¢ € [T] (this
excluded) are defined as follows:

ZTG[tfl] T“S,T(CU,OJ,(I)]lT{x7w,a}
max{l, Ny(z,w,a)} ’

Zre[t—l] rR,‘F(xv w, CL)]]..,—{I,W, CL}
max{1, Ny(z,w,a)} ’

where 1..{x,w,a} is an indicator function equal to 1 if and only if the triplet (x,w,a) is visited
during episode .

sz, w,a) ==

Tri(z,w,a) =

The following lemma provides confidence bounds for sender’s rewards, when full feedback is
available.

Lemma 6. Given any ¢ € (0, 1), with probability at least 1 — 6, the following condition holds for
everyx € X,w € Q, a € A andt € [T] jointly:

’7‘5(9&,007&) —Fg,t(x,w,a)‘ S 557t(a:,w,a),

where £s (2, w, a) 1= min {1, 1/ %}

Lemma [6]follows by applying Hoeffding’s inequality and a union bound over all z, w and .

The following lemma provides confidence bounds for receiver’s rewards, when full feedback is
available.

Lemma 7. Given any ¢ € (0, 1), with probability at least 1 — 6, the following condition holds for
everyx € X,w €, a € A andt € [T] jointly:

‘TR(QT,W, a) — FR,t(ﬂc,ma)’ <Epi(z,w,a),

where {g (z,w, a) := min {1, v/ %}

Lemma (7] follows by applying Hoeffding’s inequality and a union bound over all z, w and ¢.

The following lemma provides confidence bounds for sender’s rewards, when only partial feedback
is available.
Lemma 8. Given any ¢ € (0, 1), with probability at least 1 — ¢, the following condition holds for
everyx € X,w € Q, a € A andt € [T] jointly:

|TS(1.7 W, a) - ?S,t(xa W, a)| S gs,t(‘rv W, a)v

where £s (2, w,a) := min {1, —HIII;S{T;’);\H?;"Z"/S))} }
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Lemma [§]follows by applying Hoeffding’s inequality and a union bound over all z, w, a, and ¢.

Finally, the following lemma provides confidence bounds for receiver’s rewards, when only partial
feedback is available.

Lemma 9. Given any ¢ € (0, 1), with probability at least 1 — 6, the following condition holds for
everyr € X,w € Q, a € A andt € [T] jointly:

|TR(‘T7w7a) - F1'271‘/(1176"-)704” < §R7t($,w,a),

In(371X12/|Al/s) }

where gR,t(.T,w,a) = min{l, m .

Lemma 9] follows by applying Hoeffding’s inequality and a union bound over all z, w, a, and ¢.

C Optimistic optimization problem

In the following section we describe the linear program solved by Algorithm [2]and Algorithm [3]
namely Opt-0pt. Intuitively, Opt-0pt is the optimistic version of Program (1)), since the objective
is guided by the optimism and the confidence bounds of the estimated parameters are chosen to make
constraints easier to be satisfied. Notice that the confidence bounds on the transitions and the prior
are applied to the || - ||; differences between the empirical and the real mean of the distributions. Thus,
in order to insert the aforementioned confidence bounds in a LP-formulation, the related constraints
must be linearized by means of additional optimization variables.

The linear program solved by Algorithm [2]and Algorithm[3]is the following.

max Z ZZ Z q(x,w,a,m’)(?syt(m,w,a)—|—§s,t($,w,a)) s.t. (2a)

q,¢.€e
r€X, weEQacAx' €X 41

XY dwwaa)=1 Vke[0...L—1] (2b)

r€X, weQacA ' €Xpi1

Z ZZq(m',w,a,x):ZZ Z q(z,w,a,x)

' EXp_1 weENacA weENacAx' €X 1

Vke[0...L—1],Vz € Xi (2¢)

q(z,w,a,2’) — Py(z'|2,w,a) Z q(z,w,a,7") < e(z,w,a,)
" €Xp 41
Vkel0...L—1,V(z,w,a,2') € Xy x A x A X Xpy1 (2d)
Pi('|z,a,w) Z q(z,w,a,2") — q(z,w,a,2") < e(z,w,a,z’)
" EX k1

Vkel0...L—1,V(z,w,a,2') € Xy x A x A X X1 (2e)
Z e(z,w,a,7") < ez, w,a) Z q(z,w,a,)

@ €Xpi1 @ €Xp i1
VEel0...L—1,Y(z,w,a) € X x 2 x A (2f)

q(z,w) — Iy (w|x) Z q(z,w") < ((z,w) Vkel0...L—1,Y(z,w) € X;, x Q (2g)

w'eN
i (wlx) Z q(z,w') — q(z,w) < ((z,w) Vkel0...L—1],Y(z,w) € X; x Q (2h)
w’'eN
D Cw) < Gl@) Y qlz,w), Vkel0...L—1],Vz e X (2i)
wenN wenN

Z Z q(x,w,a,x’)(ﬂ;‘qt(az,w,a)+§R,t(x,w,a)

weN $/6Xk+1

- ?R,t(xa w, a/) + gR,t(m7w, (1/)) 2 0
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VE€[0...L—1),¥(z,a) € Xp x A,Vd' € A (2))
q(z,w,a,2') >0 Vke[0...L—1],V(z,a,2") € Xp x QA x Ax Xp11, (2k)

where Objective (2a) maximizes the upper confidence bound of the sender reward, Constraint (2b)
ensures that the occupancy measure sums to 1 for every layer, Constraint is the flow constraint,
Constraint ([2d) is related to the confidence interval on the transition functions, Constraint is
still related to the confidence bounds on the transition function, Constraint allows to write
linearly the constraints related to the transition functions even if the interval holds for the || - ||1,
Constraint is related to the confidence interval on the outcomes, Constraint is still related to
the confidence bounds on the outcomes, Constraint @]) allows to write linearly the constraints related
to the outcomes even if the interval holds for the || - |1, Constraint (2j) is the optimistic constraint for
the Incentive Compatibility (IC) property and, finally, Constraint (2k) ensures that the occupancy are
greater than zero.

Lemma 2. Given 6 € (0, 1), under event £(J), Opt-0pt admits a feasible solution at every t € [T).

Proof. First we notice that under the clean event £(9) the true transition function P and the prior
v are included in the their confidence interval; thus, they are available in the constrained space
defined by Opt-0pt. Then, we focus on the incentive compatibility constraints. Referring as ¢° to an
incentive compatible occupancy measure, under £(§), we have that:

Z qo(xv w, a, xl) (?R,t(x,w; a) + gR,t(xa w, (I) - ?R,t(mvwv C_l) + gR,t(xa (JJ,E)) Z
we,x’'€Xp 1

Z ¢ (z,w,a,2") (rr(r,w,a) — rr(z,w,a)) >0,
we, ' €Xpy1

forany k € [L — 1], (z,a) € Xi X A,Va € A. As aresult, if ¢° is incentive compatible, it belongs
to the optimistic decision space, which concludes the proof. O

D Full feedback

In this section we report the omitted proof related to Algorithm 2] Notice that the bound on the
transition function estimations still hold when the feedback is partial.

D.1 Transition functions

We start by showing that the estimated occupancy measures which encompass the information related
to the outcomes and the transitions concentrate with respect to the true occupancy measures.

Lemma 3. Given any ¢ € (0, 1), under the clean event £(0), with probability at least 1 — 26, it holds
that Yyc iz lge — @il < O (L2|X|\/T|A\|Q\ In (TIXIIQHA\/J)) .

Proof. We start noticing that, for any (z,w,a) € X x Q x A, we have:

Z lgPotom (2w, a,2") — ¢DP0H (2, w, a,2')|

'€ Xk (2)+1
= Z lg" 90t (2, w, a) P2 |z, w, a) — ¢7 0 (2, w,a) P(2|2,w, a)|
'€ Xk (z)+1
< Z lg7 Pt (2, w, a) P22, w, a) — ¢7 00 (2, w, a) Py(a' |2, w, a)|
' €Xp(a)+1
+ Y @ w, a) P v, w, a) — ¢P0H (2w, 0) P2 |2, w, 0) |
'€ Xp(a)+1
= Z P00 (2,0, a) — qP,abt,u(%w’a)’ P,(2'|z,w, )
'€ X () +1
+ Y dPMawa) [P e,w, a) - P(2|z,w, )]
I’GXk(mH,l
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= ‘th:¢t7Ht(x7w7a) - qP7¢t,M($7w,a){ + qP’¢t’“(x,w,a)HPt(-|:E,w,a) - P(~|x,w,a)||1.

Thus, summing over ¢ € [T] and (z,w,a) € X x Q x A we obtain:

Slla—alh <> > (|qp“¢t"“ (z,w,a) — g7 " (2,0, a)|

te[T] te[T] €X,weN,a€A
+ ¢P?H (2w, a) || P (|2, w, a) — Pz, w, a)\|1>.
Next, we focus on the first part of the equation, noticing that:
a7 (., 0) = " (0w, )
< ‘qp"@”“ (z,w,a) — qP"‘i’““(;v,w,a)‘ + |th’¢““(x7w,a) — qP’d’““(x,w,a)‘

Bound on |th’¢““f (2, w,a) — gTP0r (2, w, a)| We bound this term by induction. At the first
layer we have:

Z Z Z |70t (20, w0, ag) — g P (o, wo, ag) |

ToEXowoEN ap€EA

Z Z |11t (20, wo) @t (ao|zo, wo) — p(wo, wo) Pt (aolwo, wo)l

wo€EN agcA
< Z |11t (0, wo) — p1(wo, wo)|
wp €N
_ th’¢t’#($O) Z |t (20, wo) — p(zo,wo)] -

woEN

observing that Xy = {x(}. Now we show that, if the result holds for 41, it holds for x, as follows,

ST D gt (ak, wiy ak) — ¢ (an, wi, ak) |

R €EXp wpERar€EA

- Z Z Z Z Z Z lgTPor (21, w1, ag—1)-

T 1€EXp_1wr_1€EQar_1€ATLEXE W €N arcA
Py(x|zr—1, wp—1, ag—1) pe (Th, wi )+

— g0 (g w1, g 1) Pe(wk | 2n—1, Wk 1, ap—1) (T, wi )| e (ar |2, wi)

- Z Z Z Z Z|qP"’¢t’m($k717wk71,a}cﬂ)-

T 1E€EXk_1 Wr_1€EQar_1€ATLEXE wLES
- Po(wg|op—1, wp—1, ak—1) e (Th, wi )+

— gt (g1, ap—1) Py(wk w1, wr—1, ag—1) (g, wi)|

< Z Z Z Z Z|th’¢t’“t(xk—1,wk—1,ak—l)'

T 1€EXk_1wp-1€EQar_1€ATREXE WL EN
- Py(xg|rp—1, wr—1, ap—1) e (T, i)+

- th’qbt’H(Ckalakal»akfl)Pt(xklxszhwkflaakfl)ﬂt(xknwk)“"

+ Z Z Z Z Z g7 P (g1, -1, ag—1)-

T 1E€EXp—1 wWk—1€Qar_1€EATLEX L WLEN
P(ag|vg—1, wp—1, ap—1) e (g, W)+

*th’m’M(xk 1, We—1, @g—1) Pr(@k|Tp—1, wp—1, ap—1) p(Tr, wi)|

< Z Z Z g PR (g, w1, ak—1) — th(bt’N(mkflawkflaak71)|

T 1€EXkp—1kwr-—1€Qar_1€A
+ > g ) Y ek, wk) — s, wr)|
T €Xg wrEN
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Thus, by induction hypothesis, it follows,

Z Z Z |th7¢“Ht(xk,wk,ak)_qph(bt’u(mkvwkaak)’
TR EXE W EQ ar €A
k
<> Z Pttt (@) | pe(las) — pllas) |-
s=0zx

Bound on |¢7 % (z,w, a) — ¢"?*#(2,w,a)| Tobound this term, we proceed again by induction.
Thus, we notice that:

Z Z Z |th)¢t’M(x17w17a1)_qP’(ﬁt’M(xlvwlval)‘

r1€X1 w1€ENa1€EA

=D > D> D> D nlwo,wo)de(aclwo, wo) Pr(wr|wo, wo, ao) (@, wi)br(ar]ar, wn)

wo€ENag€EAx1EXT w1 ENaEA
—M($0,W0)¢t(ao|$o,WO)P($1|$0,WO,GO)M($17W1)¢t(al|$17w1)|

Z Z (0, wo) @t (aolzo, wo) Z | Py (21|20, wo, ag) — P(21]xo, wo, ao)|

wo€EN ap€A r1€X1
Y Yl wn)(an |z, wh)
w1€ENa1EA
S Z Z qP7¢t”u(anw0aa0)||Pt("'rvaO7a'0) —P('|J30,WO,CLO)||1~
wo€EN ap€EA

Now, we proceed with the induction step,

DX > g n wis ar) — qP0 (g, wi, ax))|

2kEX) wp€QageA
= Z Z Z Z Z Z |qpt’¢t”u(37k—1,wk—1,ak_1)~
Tk 1EXk_1 wp_1€Qar_1EATLEX, wprEQarEA
- Py(xp|rg—1, wp—1, ag—1) (g, wi) b (ak |zr, wi )+
— g (w1, w1, k1) P@g| 21, wr—1, ap—1) (@, wi) ¢ (ak |z, wi)|

= > S D> g (ko w1, ar—1) Pe(@r]we_1, wi—1, ak-1)

T 1€EXk—1 wk-1€EQar_1€A T EXy

— g0 (g, w1, ap—1) P2k |Th—1, -1, ar—1)|

< Z Z Z Z g7 P (21, wi—1, ak—1) Pe(n|Tr—1, we—1, ax—1)

T 1€EXk_1wr_1€EQar_1€A T EXy

— g0 (g, wp 1, ap—1) Pr(wk|Tr—1, wi—1, ak—1)|

+ Y S D> 1dP M @hor ke, an—1) Po(wk|k—1, wpo1, ak-1)

Tp_1€Xp_1 wp—1€Qar_1€AzLEXy

— g7 (g, w1, ag—1) Pk |Th—1, -1, ag—1)|

< Z Z Z gt (g1, wh—1, ag—1) — ¢ (Tp—1, WE—1, Qr—1)|

Tp—1€EXk—1 wp—1€Qar_1€A

+ Z Z Z gm0 (g1, Wi, ag-1)-

Tp-1€Xk—1 Wpk—1€Qar_1€A

NP (Clag—1,wk—1, @k—1) — P(|Tr—1, we—1,ax-1)]1-

Thus by induction hypothesis we obtain,

Z Z Z |C]Pt’¢t’u($k;,wk7ak:)_qP’(f)t’M(xkawk,ak”

TR E€EXE wpEQar €A
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k—

SZ Z Z Z qP@t’#(xS?wS?aS)l|Pt('|xs’ws’a8)_P('|x87wsvas)”1-

s=0z,€X, w;€ENa;€A

Ju

Returning to the quantity of interest we have:

L-1k-1
Z ||Qt - thl < 2 Z Z Z Z Z Z qP@’M ZCS,WS,GS)”Pt( |$sawsvas)
te[T] te[T) k=0 s=0 z,€X, w:€Na€A

L-1 k

P(lagwsa)li+ D0 D0 3 a™ P @)llueley) — uClz)lhe ()

te[T] k=0 s=0 z,€X,

We proceed bounding the first term in Inequality (3). Fixing a layer k € [0, ..., L — 1], employing
Azuma-Hoeffding inequality and noticing that || P (-|zk, wg, ar) — P(:|zk, wk, ar)|[1 < 2, we have,
with probability 1—26:

ZZ S 3N P (s a) | P 0, as) — P ws,a0) 1

te[T] s=0 z:€X, w,€QascA

5 2‘Xk($s)+1|1n (W) b1 -
; 2 2 2\ T (1 MG agy e+ 2205 mn(a)

s te[T)zs€Xs ws€Qas€A s=0

k— k—1
2T X || Xss1] Al In (T|X|Q|A|) +) 21X,y /2T <L>
s=0 Y s=0 J

< |X|\/2T|A||Q|ln (ﬂX('SQ'A') +2|X],/2TIn (g)

Finally summing over L, we have, with probability at least 1 — 2§ (which derives from a union bound
between Azuma-Hoeffding inequality and the bound on the transitions):

L—-1k—-1

Z ZZ Z Z qu(m H xs’w57a5)||Pt( |xsvw57a5) 7P(’|x57w57a5)”1

te[T) k=0 s=0 z,€X; ws €N as€A
< oyl eriajonm ("XU2A) L arp o (1),

To bound the remaining term in Inequality (3)), we proceed as follows,
L—1 k

SN ST @)l (lre) — ) |

te[T] k=0 s=0 z,€X,

IN

>_-

L-1 k

<SS S P ) — )+
te[T] k=0 s=0 z,€X,
L—1 k
+ Z Z Pt ¢"“ qR@’M(l‘S)) e (-lzs) — pu(-lzs) [0
te[T] k=0 s=0z,€X;

L—-1 k

< Z g O @) e (fas) — ) o+
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L-1 k
+ Z ZZ Z Z Z 2|qpt7¢t#(x8’wsaas) _qpvm#(m&wsaas)"
te[T) k=0 s=0z,€X; w:€QascA

The second term is bounded by the previous analysis paying an additional L factor, while, to bound
the first terms we apply the Azuma-Hoeffding inequality and proceed as follows:

L-1 k
Z ZZ Z g"eer (ay) Z (s, ws) — p(@s, ws)|
te[T)] k=0 s=0 z,€X ws €N
<> Ty % tfesltie) (il + 241X 27 (3)
€[T] k=0 s=0 x

b‘

a 219 In(T X |/5) \/7L
§ § § ST L{ady ) S ey 2LIX [ 2T
e max{1, Ny(zs)} <5>
gzL\/2L|X|QT1n( |X|> +2L|X|\ /2T In <§)

with probability at least 1 — 24, given the union bound over the Azuma-Hoeffding and the bound on the
outcomes. Finally, with a union bound between the bound on the transitions and the outcomes (which
are both encompassed by the clean event) and the Azuma-Hoeffding inequalities, with probability at
least 1 — 44, we have:

~ T\ X L
S g — @l < O(L\/L|X|QT1n( | |> X <5>+

te[T]
+ L2|X|\/T|A|Q| In (TX|(|SQHA|> + L*|X|y/Tn <§>>

<o <L2|X| 7|40 In (TX'('SQ”A'» ,

which concludes the proof. O

D.2 Regret

In the following section we show that Algorithm I attains (5(\/ T) regret. This is done showing
that the confidence intervals over transitions, outcomes and sender reward concentrate at a rate of

O(1/VT).

Theorem 1. Given any § € (0, 1), with probability at least 1 — 76, Algorithm@attains regret

Rr <O (L2|X|\/T|A\|Q| ln(1/5)> .

Proof. We notice that the regret can be decomposed as follows:

Rr= ri(d —a)= Y rild"—a@)+ Y r§@—a)

te[T) te[T) te[T]

The second term is bounded by Hélder inequality and applying Lemma[3] To bound the first term we
notice that, under the clean event, and by definition of the linear program solved by Algorithm[2}] it
holds:

(rs +26s.4) "G > (Tou +Es0) @ > (Tsp + Es0) ¢ >3 q"
Thus, we have,

er(q — @) <2Z§Stqt72255tqt+2255t

te[T) te[T) te[T] te[T]
The second term is bounded by Hélder inequality and applying Lemma 3] which holds under the
clean event, with probability at least 1 — 24. To bound the first term we employ Lemma [I0] which
holds under the clean event, with probability at least 1 — §, and a union bound, which concludes the
proof. O
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D.3 Violations

In the following section we show that Algorithm [2| attains @(ﬁ) violations. This is possible
since, in the full-feedback setting, the incentive compatibility constraints collapse to standard linear
constraints.

Theorem 2. Given ¢ € (0, 1), with probability at least 1 — 79, Algorithmattains violation
Ve <O <L2|X|\/T|A|\Q| 1n(1/5)) .

Proof. In the proof, we compactly denote the receivers’ best response in a given state-action pair
(r,a) € X x Aattimet € [T] as b'(a,z) == b*"' (a,x). Furthermore, by employing the definition
of the linear program and summing over (z,w, a), for any episode ¢, under the clean event, it holds:

Z a\t(x7 W, CL) (FR,t(ma w, a) +§R,t('ra w, a) _?R,t(a% W, bt(av J?)) + fR,t(xy w, bt(a'a x))) Z 07
rzeEX,WEN,a€EA
which, in turn, implies that:
Z @ (z,w,a) (rr(z,w,a)+28r (7, w,a) —rr(z,w,b'(a,2)) + 25t (z,w,b' (a,z))) > 0.
zeEX,weN,acA

Thus, noticing that, in the full-feedback setting, we have &g (2, w,a) = Epi(z,w, b (a,z)), we
obtain:

Z @(z,w,a) (rr(z,w,b'(a,z)) — rr(z,w,a)) < 4 Z G (z,w,a)épi(z,w,a)

rzeEX,WEN,a€EA rzeX,weN,acA

<4 Z E]\t(wi)ER,t(wi)v

reX,weN

In(3T[X[[2]/5)

where £ (2, w) = a1 Ne ()T

Now we combine the previous equations to bound the first term of the last inequality as follows:

Z Z @(z,w,a) (rr(z,w,b'(a,z)) — rr(z,w,a)) 4

te[T) zeX,weN,acA

<4Z Z gt (7, w)ER ¢ (T, w)

te[T) zeX,wen

—42 Z (z,w)ép(x,w) +4Z Z (@t(z,w) = q(w,w))ER ¢ (z,w)

te[T) z€EX,weN te[T) t€X,weN

<4y Y alwmwire(z,w)+ 0O <L2X T| Al In <T|X|§Q||A|>> 5

te[T) zeX,weN

:42 Z t{xw}thxw—i—élz Z (gt(z,w) — 1e{z,w})

te[T] € X, wen te[T] € X, wen

+0 <L2|X T|A||Q|In <T|X|;2|A|>>

—42 Z xwthxw—FZlZth (2))

te[T) zeX,weN te[T)zeX

+ 0O <L2|X T|A]|Q|1In <T|X|(SQ|A|>>

§4Z Z t(x,w)ép(x,w) + 4| X] 2T1n§

0
te[T) reX,weR
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4]

< \/9L|X|QITIJa?’T'XIQI +0 <L2|X| /4|9 In (T|X|(|SQ||A>> D

+(’)<L2|X TA||Q|1n<T|X|Q|A|>> 6)

]

<0 <L2|X| T[A]|9/In (T|X|(|SQ|A|>) ,

where Inequality () holds by Hélder inequality and Lemma 3] which holds under the clean event,
with probability at least 1 — 24, Inequality (6) follows by Azuma-Hoeffding and Inequality (7)) by

Cauchy-Schwarz inequality and observing that 1 + Ztem % < 3VT.

Finally, returning to the quantity of interest, we bound the cumulative violations as follows:

V= Z Z qt(z,w,a) (TR(x,w,bt(a,x)) - TR(I,W,(Z))

te[T) zeX,weN,acA

Z Z qt(z,w,a) (TR(z,w,bt(a,x)) - TR(x,w,a))

te[T) zeX,we,acA

+ Z Z (@(z,w,a) — @(z,w,q)) (rr(z,w, b (a,z)) — rr(z,w,a))

te[T) zeX,weN,acA

< Z qt(x,w,a) (rR(x,w,bt(a,x))—rR(x,w,a))—i—Z Z gt (@, w, a) — G (2, w, a)|

te[T)zeX,weN,acA te[T|reX,weR,acA

< Z @ (z,w,a) (rr(z,w,b'(a,z)) — rr(z,w,q))
te[T) zeX,weN,acA
+0 <L2X| T|AJ|Q|1In (T|X”69”A|>>

<0 <L2X| 714|122 In (T|X|(|SQ”A>> :

where the last steps hold by Holder inequality, Lemma[3]and the previous bound on the estimated
occupancy measure. The final result holds with probability at least 1 — 7§ employing a union bound
over the clean event, which holds with probability at least 1 — 46, the Azuma-Hoeffding inequality
used above, which holds with probability at least 1 — ¢ and Lemma which, under the clean event,
holds with probability at least 1 — 24. O

E Partial feedback

E.1 Regret

Lemma 10. Under the event E(§), with probability at least 1 — ¢, it holds:

T|X||Q]|A
> &aw <0 <\/L|X||Q|Amn <||(|5||>>

te(T]

T|x]|9//A
Y ra <O <\/L|X||Q|AT1n (||(|5||>>

te(T]

Proof. We bound the quantity of interest as follows:

1
Z fStqt < Z Z Esi(z,w,a)l{z,w,a} + L\/QTlng (8)

te[T) te[T) zeX,we,acA
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= In(3T|X]|2[|A[/9) 1
N Z Z max{17Nt(-T,w7a)}]]'t{x’w’a}+L\/E

te[T) zeX,weN,acA

g\/91n<3T|X5W) Z \/NT(as,w,a)%—L\/QTln% 9)

rzeX,weN,aeA

g\/91n<3T|X§|Q|A|) IxjQ4 Y. Nr(wwa)+L 2T1n% (10)
rzeX,weEN,aEA

< \/9L|X|Q||A|T1n <3TX15|Q”A|) + Lm, (11)

where Inequality (8] holds by the Azuma-Hoeffding inequality with probability 1 — §, Inequality (9)
follows by observing that 1 + 3, e[ % < 3V/T, Inequality (T0) follows from the Cauchy-Schwarz
inequality, and Inequality (TT) holds, noticing that 3, v ,cq aca N7 (7,w,a) < LT. With the
same analysis, we can prove that the same upper bound holds for Ztem Egtqt , concluding the
proof. O

Theorem 3. Given any § € (0, 1), with probability at least 1 — 76, Algorithmaltains regret
Ry <O (NL\X||Q||A| + L2X|/TIA||Q] 1n(1/5)) .

Proof. As a first step, we decompose the sender’s regret as follows:

Rp = Z re(d" —q)

te[T)
=Y ri@—q)+ > i@ —a)
te[T] te[T]
. o~ 71X A
<3 il —qt>+o<L2|X| Tl ('('ﬂ')) 12)
te[T]

We observe that the last inequality holds under the event £(¢), with a probability of at least 1 — 24,
and it is derived by applying the Holder inequality and employing Lemma 3] To bound the first term
in Equation (I2)), we notice that under £(§), we have:

(rs +2654) G > (Fsi+Es4) G > (Fsr +Es0) ¢ > 1dq,

for each t > N|X||2||A| because of the optimality of ¢;. Thus, rearranging the latter chain of
inequalities we have:

Yorsle—a) = Y, i@ -a+ Y, i -a)

te[T) t<N|X[[Q]|A] £>N|X[[Q]|A]

< NLIX||Q[|A] + 2 Z ff;t(q? —qt) + Z gsT‘,tQt
te[T] te(T]

T|X 10| A
SNL|X||Q||A+O<L2X| T|A|Q]n(|||||>>.

)

In the first inequality above, we employ the fact that the support of each reward function belongs to
[0, 1], while in the second inequality, we make use of Lemma the Holder inequality, and Lemma10}
which hold with a probability of at least 1 — 3. Substituting the latter inequality into Equation (12)),
we obtain:

T/X||Q||A
Rr <O (NLXIQIIAl + L% X[, [ T|A|Q|In <|(|5|||)> .
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Finally, we observe that the previous upper bound holds with probability at least 1 — 79. This follows
by employing a union bound and observing that £(4) holds with a probability at least 1 — 44, which
concludes the proof. O

E.2 Violations

In the following we denote the receivers’ best response in a given action a € A and state z € X as
bt (a,x) = b®" (a, x).
Lemma 11. Under the event E(0) the following holds:

Vi <O <L2|X T|A||Q] In (T|X|59|A|)>+ > Y almw,a)ri(r,w,b (g, x)),

te[T) zeX,weN,acA

with probability at least 1 — 3.

Proof. As a first step, we observe that by employing the definition of {r ; and noticing that ; is a
feasible solution to LP (2)) for each ¢ € [T'] under the event £(d), we have:

Z Gt (z,w, a) (TR(x,w,a) +2pi(z,w,a) —rr(z,w, b (a,z)) + 26p.i(z,w, b (a, z))) >
zeX,weN,acA

Z ‘/I\t(% W, a’) (?R,t(x7w7 a) + é-R,t(x7wa a) - F1%,15(',177(“)7 bt(a7 x)) + é-R,t((E7wa bt(aa fL’))) Z 0
r€X,wEN,aEA

Then, rearranging the above inequality we get:

Z G (z,w,a) (TR7t(x,w,bt(a,x)) — rR,t(x,w,a))

rzeX,weN,ac€A

<2 Z Gt (z,w,a) (fR)t(x,w,a) + fR,t(x,w,bt(a,x))) . (13)

reX,weN,acA
Furthermore, we can decompose the receivers’ violations as follows:

Vr = Z Z (qt(‘rvwaa) + E]\t(wiaa)) (TR(wivbt(avx)) - TR(wiaa))

te[T] z€X,weN,acA

<o <L2|X| 7|42 In (T'X'LQ”AD +

Z Z @(z,w,a) (rr(z,w, b (a,z)) — rr(z,w,a))

te[T) zeX,weN,acA

0 <L2|X| T|A||Q|In (T|X|(|SQHA)> +

Z Z (@(z,w,a) + q(z,w,0) (Epi(z,w,a) + Eplz, w, b (a, x)))

te[T) zeX,weN,acA

0 <L2|X| T|A||Q|In <T|X|(|SQHA>)

+ Z Z @ (7, w,a) (28rt (7, w,a) + 28 (z,w, b (a,z)))

te[T) zeX,weN,acA

§O<L2|X| T|A|an(T|X”QHA>>+2Z > amw a)r(w,w, b (a,2)),

te[T| zeX,weR,acA

where the first and third inequalities hold by Lemma [3] the second inequality is a consequence
of Inequality (T3), and the third inequality follows by means of Lemma [T0] which holds with a
probability of at least 1 — §. Therefore, employing a union bound over the events of Lemma3]and
Lemma [I0} the previous result holds with probability at least 1 — 34, under the clean event. O
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Theorem 4. Given any § € (0, 1), with probability at least 1 — 99, Algorithmattains violation

Vi < 6 ((X110014D*2 Vi) (141 + [AVE + 22T ) ).

\Alf

Proof. As a preliminary observation, we notice that Algorlthm BJis divided into N epochs of length
{= , where in each epoch, Algorithm I maximizes the probability of visiting each triplet
(z,w,a). In the following, we define ¢;(, w, a) € [T as the round in which Algorithm 3| maximizes
the occupancy of the triplet (z,w, a) in the epoch j € [N —1]. Formally:

ti(z,w,a) ={t € [70+1,...,(F+1)¢] | Z q(z,w, a, ') is the objective function of Program (2) }
z'eX

Furthermore, for each occupancy measure ¢; with ¢ € [T, the following holds:
qt (.T, w, a) = Q(337 w, bt (a> [L')) S (th (z,w,bt(a,x)) (LU, w, bt (CL, .’L')) (14)

for each j € [NV — 1] where ¢ € Q is an occupancy measure that satisfies the IC constraints of the
offline optimization problem (see Program (IJ)). The first equality above follows by observing that
there always exists an occupancy that satisfies the IC constraints that recommends action b*(a, ) € A
instead of @ € A in the state x € X with the same probability of ¢;. The inequality, on the other
hand, follows by observing that the space of occupancy measures satisfying the IC constraint of the
offline optimization problem (T)) is always a subset of the feasibility set of Program (2)).

Furthermore, by Lemma|[IT] we have that:

st0<L2|X TA||Q|1n<T'X'Q'A'>>+Z S w0l w, b (a,2)),

te[T) zeX,weN,acA

We focus on bounding the second term in the inequality above in the first N/ rounds of Algorithm 3]
Thus, with probability at least 1 — § we have:

Z Z q(z,w,a)ép(z,w,b (a, z))

t<NlLxeX,weR,acA

4
S Z Z qt(xawaa)gR,t(mawabt(a’"r))—i_

t=1 zeX,weN,acA

Ne
+ Z Z qt(z,w, a) (fR,t(xawvbt(avx)))

t=0+1zeX,WwEN,acA
1(+1)L

< LIX||Q||A] + Z Z Z ¢ (z,w, a)ép (2, w, b (a,r)) (15)

reX,weN,a€A \ j=1 t=j¢

N—-1(j+1)¢

soxj@a+ Y IS (Y Y alwd) Erelew,d)1{H o) =)

reEX,weEN,aEA [a’€A \ j=1 t=j¢

< LIX||Qf|Al+
N-1 (4+1)¢
+ Y YD thwan @ wa) > (Erila,w,a))1{b! (a,2) = a'}) | | (16)
rzeX,weN,acA |a’€A \ j=1 t=j¢0
(G+1)¢
< LIX||Q||A| + Z Z th(xwa/ (v,w,a) Z Eri(m,w,a’) (17)
rzeX,weN,acA |a’'€A \ j=1 t=40

< ool (2
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(Gj+1)¢

1
> > th () (T,0,0') D vmax{1, Ny(z,w,a’)}

rzeX,weN,a€EA [a’€A \ j=1 t=j¢L

2T X ||Q)|A
< L|X|Q|A|—|—€\/1n (LIIII)

N— /
4t;(z,w,a’) xwa)
Z Z Z vmax{1, N;(z,w,a’)} (15

rzeEX,weN,a€A [a’€A j=1

2T X 1A
< Lix|9 A M (2T

)

Z Z i 1y, (20,00 (T, w, ") + L|A4/2N1 ! (19)
\/max{l Ni(z,w,a’)} 115

rzeX,weN,a€A |a’€A \ j=1

§L|X|Q|A|+3g¢m (22,

]

N
Z Z Zﬂti@c,w,a/) + L|A| 2Nln%

rzeX,weN,a€A |a’€EA i=1

2T X |12 A
§L|X|Q|A|+3g¢m (2L,

)

> [Z\/NNg(z,w,a’) + L|A] 2N1n% (20)

zeX,weR,a€A La’€A

27| X ||| A 1
§L|X|Q|A|+3€|A|\/ln <1S||||) Z \/NNe(x,w,a’)+L\/2N1ng

zeX,weN,a’€A

< L|X||Q||A] + 3£|A|\/1n <2TXL|Q”A|) (\/LTVM— Ly/2NIn 2) : (21)

where we let N;(z,w,a) = Zi<j L¢,(2,w,0)(z,w, a) for the the sake of simplicity. Furthermore, we
notice that Inequality follows observing that &, ,(x,w, a) < 1foreach (z,w,a) € X xQ2x Aand
t € [T, and because the occupancy defines a probability distribution over each layer k € [0, ..., L].
Inequality holds thanks to Inequality (T4). Inequality follows because each indicator
function takes value of at most one. Inequality (T8)) follows by observing that the number of times
that the triplet (z,w,a’) is visited overall is always greater or equal to the the number of times
such a triplet has been visited during the rounds in which Algorithm [3maximizes the exploration
of that triplet. Inequality (T9) holds with probability at least 1 — § and follows from the Azuma-
Hoeffding inequality, and Inequality (ZI)) holds, noticing that > Nrp(z,w,a) < LNY
and employing the Cauchy-Schwarz inequality.

zeX,weN,acA

We focus on bounding the cumulative violations suffered in the remaining 7" — N/ rounds of
Algorithm[3] With probability at least 1 — § the following holds:

Z Z q(z,w,a)ér (2, w, b (a, x))

t>NlzeX,we,acA

< Z (Z Z qt(x’wva/)fR,t(mvaCl/)]lt{bt(a,gj) _ a/})

rzeX,weEN,a€EA \a’EAt>NY

2Tl : s
1 27|04 / 22
Z n ( 1) Z Qtn (z,w.a )(x,w,a ) Z \/max{l,Nt(x,w,a’)} 22

rzeX,weN,acA a’€A t>N/Y
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2TIXIIQIIAI 1
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n

Gty (z,w,a) (l‘, w, CL) Z

TEX,WEN,aEA t>N¢ vmax{1, Ny¢(z,w, a)}

(T — N¢)

() L
A|\/In (2T|X||Q||A|) oz aeAqtN(xywya)(x,w N IR C)!
()
(

IA

2TIXI 9214

NNgxw a)+L‘/2N1n5 (T — N¢) 03

N vmax{1, Ny¢(z,w,a)}

< A|\/l 2T|X||Q||A|> < /T, NO+ LY /ZNIH(S) (24)
<oy o (TR T o @)

Inequality (22) holds thanks to Inequality (T4) and observing that the indicator function takes value of
at most one. Inequality (24) holds, noticing that >~ v ,co e N7 (2, w,a) < LN{ and employing
the Cauchy-Schwarz inequality. Inequality (23) holds with probability at least 1 — § and follows by
employing the Azuma-Hoeffding and observing the following:

IN

n

rzeX,weN,acA

Ny¢(z,w,a) > g]ltka?wa

al 1
Z%(x,w,a) - L 2Nlng
k=1
1
N(JtN(x,w,a)(l‘,W, a) — Ly/2N In 5
which can be written as follows:

Nn¢(z,w,a) + Ly/2N In ;
N
Finally, thanks to Lemma [IT]and employing Inequality (1)) and Inequality (24) we get:

~ T
Vr <O A+A\/N+L2\fT)>.
v <0 (p (141 +14)
With p := (| X||2]|A])3/2+/In (1/s), such a result holds with a probability of at least 1—94, employing
a union bound and observing that £(¢§) holds with a probability of at least 1—44, Lemmaholds with
a probability of at least 1 — 34, and both Inequality (2T)) and Inequality (24) hold with a probability
of at least 1 — 4. O

v

v

2 qtN(m,w,a) (iC, W, a)~

E.3 Lower bound

Theorem 5. Given « € [1/2,1], there is no learning algorithm achieving both Ry = o(T®) and
Vp = o(Tl’a/Q) with probability greater or equal to a fixed constant 1) > 0.

Proof. We consider two instances with a single possible outcome and a single state. In the following,
we omit the dependence on the sender and receiver utility from these parameters We assume that the
sender’s utility in the first instance is a deterministic function given by ri(ar) = 1and ri(az) =0,
while the receiver’s utility is given by rR(al) ~ Be(1/2 + e) and r%(az) ~ Be(1/2). Meanwhile,
the sender’s ut111ty in the second instance is 7% (a1) = 1 and 7} (a2) = 0, while the follower’s utility
is equal to TR(al) ~ Be(1/2 + €) and r%(as) ~ Be(1/2 + 2¢), for some € € (0,1/2). Thus, the
sender’s regret in the first instance is given by:



since the optimal signaling scheme is the one that always recommends action a; € A4 in the first
instance. In the following, we define P! (respectively, IP’Q) as the probability measure induced by
recommending, at each round, signaling schemes according to some algorithm in the first (respectively,
second) instance. Then, we bound the probability that the regret in the first instance is larger than a
constant C' € N as follows:

T
PW%&KH=W<XMWMSC>2LW, (26)
t=1
for some 7 € (0, 1). Furthermore, by Pinsker’s inequality and Equation (26) the following holds.
T
P%ZM@§@21an®wx 27)
t=1

where we denote with D (-, -) the Kullback-Leibler divergence between two probability measure.
By means of the well known divergence decomposition, we have:

Dy (P P?) < E!

T T
Z¢t(a2)‘| Dir(Be(1/2 + 2¢), Be(1/2)) < 16€°E" | > ¢t(a2)] ., (28)
t=1 t=1
where in the latter inequality we used the well known property ensuring that Dy 1, (Be(p), Be(q)) <

gz ;_qt);; . Then, by reverse Markov inequality and Equation we get:

]El

T T
> ¢f(a2)] < P! (Z ¢ (az) > c) (T-C)+C<n(T-C)+C,
t=1 t=1

Furthermore, by means of the latter inequality and Equation (28) we have:

T
P? (Z ¢'(ag) < C) >1—n—/162(n(T —C)+C)
t=1
We now consider the receiver’s violations in the second instance which can be computed as follows:
T T
V:[% e Z¢t(a1) (FQR(O,Q) — ?QR(al)) = €Z¢t(a1)-
=1 panr

Then, by means of Equation we get:
P? (Vi > €T) > P? (V7 > e(T - O))

T

= P2 (eZgbt(al) > e(T — C))
t=1 .

— P2 (T—Z¢t(a2) >T—C>

t=1

T
=Pp? (Z ¢'(az) < C> >1—n—+/16e2(n(T — C) + C).

Finally, by setting C' = T—; and € = T;;/Q and n = %71 we get:

P (Rp <C)21—1

T To-1 1
P{RAL< ) >1— > Z
(T—2)— 2 — 92

since o € [1/2, 1]. Then, the latter result implies that:
P? (Vi > €T) > 1 —n—+/16e2(n(T - C) + C)

Ta-1 T-o (Te To 1
>1— () > 2
= 2 16 \ 2 2 )= 14

which concludes the proof. O
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