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Abstract

Inference-time steering is widely used to guide
generative protein models toward desired func-
tional properties, but learned surrogate rewards
can become unreliable in the high-score regions
induced by optimization. In protein engineering,
this unreliability carries direct experimental costs:
candidates that optimize an assay-specific proxy
may fail downstream wet-lab validation by los-
ing activity, misfolding, or violating feasibility
constraints required for biological function. We
introduce Fidelity-Concordance Steering (FiCS),
an uncertainty-aware framework that combines an
inexpensive primary reward with sparse feedback
from high-fidelity experimental or computational
assessments. FiCS constructs an ensemble of
reward guides, upweights guides whose steering
signals remain concordant with the oracle, and
scores candidates with a pessimistic objective that
penalizes reward instability, and evolutionary and
biophysical inconsistency with the base genera-
tive model. Across synthetic benchmarks and
a renin in silico experiment, FiCS improves bi-
ological reliability by selecting candidates with
higher oracle feasibility while preserving strong
primary-reward performance compared to alterna-
tive baselines. These gains are most pronounced
in small-batch regimes where reliable candidate
prioritization is crucial.

The central challenge in protein variant engineering is dis-
covering sequences that optimize complex functional traits
such as catalytic efficiency, binding affinity, or thermal sta-
bility, within a sequence space that grows as 205eduence length
While recent generative models have successfully captured
the broad grammar of natural proteins (Koh et al., 2025),
they model the distribution of natural sequences rather than
any specific engineering objective. To bridge this gap, gen-
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erative design typically employs inference-time steering, in
which a surrogate predictive model trained on empirical data
guides generation toward desired traits (Stocco et al., 2026).

However, the reliability of these surrogate models is con-
strained by two fundamental limitations. First, predictive
models are often fit using data from high-throughput experi-
mental screening assays, where library construction restricts
exploration to localized neighborhoods or low-order substi-
tutions. Because protein fitness landscapes are rugged and
shaped by pervasive epistatic interactions, models trained on
these simple mutations cannot reliably extrapolate to com-
plex, multi-site variants where mutational effects are non-
additive (Wittmann et al., 2021). Second, biological assays
suffer from restricted dynamic ranges: optimized to resolve
highly functional variants, they often yield compressed or
noisy measurements in low-fitness regimes. Consequently,
these datasets provide an incomplete and structurally biased
view of the fitness landscape.

These data limitations are further compounded by reward-
guided steering. By concentrating samples in the high-score
tail of the surrogate, optimization pushes candidates into out-
of-distribution regions where the learned reward model must
extrapolate beyond the regime supported by training data.
In these regions, high surrogate scores may reflect spurious
optimism rather than true biological fitness. The optimizer
thereby exploits estimation error rather than discovering
genuine high-fitness variants—a phenomenon known as re-
ward hacking. Even within the support of the training data,
a surrogate fit to a finite sample can be unstable: small per-
turbations of the training set can yield substantially different
predictions or rankings, so candidates ranked highly by one
fitted model may not be robustly ranked by another. Re-
liable steering thus faces intertwined sources of epistemic
uncertainty: misalignment between the surrogate and the
true biological objective due to distribution shift, and finite-
sample instability of the surrogate itself.

Preventing this misalignment requires evaluating candidates
against biological ground truth through rigorous experimen-
tal validation, or against more faithful but computationally
intensive evaluators that capture additional biological con-
straints. However, such high-fidelity evaluation is resource-
intensive and can only be applied to a sparse subset of can-
didates. As such, we cannot directly verify every generated
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candidate. Instead, sparse high-fidelity feedback must be
used to identify which primary reward guides remain reli-
able in the high-reward regions explored by steering. The
resulting alignment problem is thus not only to account for
predictive uncertainty but also to align primary predictors
so that their extrapolated scores remain trustworthy under
biological ground truth.

To this end, we propose Fidelity-Concordance Steering
(FiCS), an uncertainty-aware inference-time steering frame-
work that combines an inexpensive primary reward with
sparse high-fidelity feedback. FiCS addresses surrogate un-
reliability by replacing point-estimate rewards with a conser-
vative steering score that incorporates three complementary
adjustments: (i) a resampled reward ensemble that penalizes
instability under perturbations of the reward-training dis-
tribution, (ii) sparse oracle-concordance weights that favor
guides whose top-ranked candidates align with high-fidelity
evaluations, and (iii) a base-support penalty that discourages
optimization into low-probability regions of the generative
prior. The resulting objective selects candidates that score
highly under the primary reward while remaining stable
across reward-model perturbations, concordant with sparse
oracle feedback, and well-supported by the base model.

Our main contributions are as follows:

1. We formulate inference-time steering with sparse high-
fidelity feedback as constrained surrogate optimization,
where candidates must achieve high primary reward
while satisfying a feasibility threshold under a sparsely
queried oracle.

2. We propose FiCS, a modular steering framework that
combines ensemble disagreement penalization, oracle-
concordance reweighting, and base-support regulariza-
tion to improve candidate reliability without dense oracle
labels.

3. We establish theoretical guarantees showing that (i)
oracle-concordance scores concentrate under sparse feed-
back, (ii) the FiCS score is stable under estimation er-
ror, and (iii) FiCS selected candidates match the oracle-
optimal solution when the score gap at the selection
boundary is sufficiently large.

4. We validate FiCS on synthetic benchmarks and pro-
tein localization tasks, demonstrating that oracle-
concordance reweighting yields substantial improve-
ments in ground-truth primary reward, feasibility rates,
and constrained utility relative to point-estimate and un-
weighted ensemble baselines.

1. Background

Setup and Notation. Let 2 denote a candidate protein
sequence or structure, and let pg(x) denote the density or
probability mass function induced by a pretrained generative

model. We treat pg as a reference distribution for biologi-
cally plausible candidates. Inference-time steering modifies
sampling from py to favor candidates with high values of an
inexpensive primary reward or property of interest, denoted
R;(x). In practice, Ry may be available through a learned
predictor; we write j?for a fitted point-estimate model of
this primary reward and {fk} K| for resampled fitted pri-
mary reward models. The reward-training data are drawn
from a distribution Qyyain, With density gi;in, When it exists.

While the primary reward R; is inexpensive to evaluate, it
provides only a partial picture of the true biological objec-
tive, as it is typically fit to a limited and structurally biased
set of empirical measurements. In contrast, we assume
the high-fidelity evaluator Ry provides trustworthy assess-
ments of candidate quality—such as wet-lab assay results,
structural confidence scores, solubility measurements, or
foldability predictions. However, because evaluating Ry is
resource-intensive, it cannot be applied to every generated
candidate. Instead, we leverage sparse evaluations on a care-
fully selected subset to calibrate the relationship between
the inexpensive primary reward and the higher-fidelity bio-
logical signal.

1.1. Related Work

A broad line of work in protein engineering uses predictive
uncertainty to guide experimental design, particularly to
decide which variants to assay next in iterative wet-lab cam-
paigns. Bayesian optimization and active-learning methods
employ uncertainty to allocate measurement budgets effi-
ciently: ALDE (Yang et al., 2025) navigates epistatic combi-
natorial libraries over multiple rounds; Biswas et al. (Biswas
et al., 2021) use Gaussian process posterior variance to
screen in silico libraries; LaMBO (Stanton et al., 2022)
performs multi-objective design in learned latent spaces;
and Wittmann et al. (Wittmann et al., 2021) use ensem-
ble disagreement to select informative variants for machine
learning-directed evolution. A distinct line uses uncertainty
or model averaging to improve objective reliability: Yu et
al. (Yu et al., 2020) penalize the reward function based on
model uncertainty to mitigate out-of-distribution overesti-
mation, while WARM (Ramé et al., 2024) averages multiple
reward models fine-tuned from a shared backbone to miti-
gate reward fragility.

FiCS aligns more closely with the latter approaches, which
seek to make optimization objectives more reliable under
distribution shift. The failure mode is analogous to over-
estimation in offline decision-making: when an optimizer
maximizes a learned score over candidates outside the data-
supported region, it preferentially selects points where the
model is spuriously optimistic. In protein design, this maxi-
mization occurs over generated candidates under a learned
primary reward. Because reward training data are finite and
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biased, high-scoring candidates in poorly covered regions
may reflect extrapolation error rather than genuine biologi-
cal utility. Moreover, sparse high-fidelity evaluation is too
limited to correct every such error directly. Rather than us-
ing uncertainty to select variants for assay, FiCS employs it
to construct a robust steering signal that accounts for reward
instability and distribution shift while effectively leveraging
limited oracle feedback.

1.2. Inference-Time Steering

Inference-time steering refers to a family of methods that
guide the outputs of a pretrained generative model at test
time without modifying the model’s parameters. The objec-
tive is to bias generation toward candidates with high pre-
dicted reward, such as proteins with desired binding affinity,
while preserving consistency with the base distribution pyg.
Given pg and a learned reward model f, common strategies
include best-of-N selection, classifier-guided generation
(Dhariwal & Nichol, 2021), and distributional tilting (Jain
et al., 2025; Viggiano et al., 2025). Best-of-N samples from
po and retains the top-scoring candidates; classifier-guided
methods modify the generation trajectory using an external
conditioning signal; and tilted-distribution methods target
a reward-weighted law 7g(z) o po(x) exp{ﬁf(x)}, where
[ controls steering strength.

Reward Model Over-Optimization. While these ap-
proaches can substantially shift generation toward high-
scoring candidates, they share a common vulnerability: they
implicitly treat fas a faithful surrogate for the desired ob-
jective. This assumption becomes increasingly fragile as
steering intensifies and the induced distribution diverges
from the support of the reward model’s training data. The
problem is especially pronounced when ]?is a single point
estimate trained on finite data from g,,i, that covers only a
fraction of the broader biological population py. As steer-
ing pushes samples into poorly covered regions, the point
estimate ignores epistemic uncertainty and can confidently
assign high rewards to under-characterized mutations, caus-
ing the optimizer to exploit spurious peaks that would not
be supported by alternative models trained on different sub-
samples. In protein engineering, training data such as deep
mutational scans are often noisy and unevenly distributed
across sequence space, leaving some regions well character-
ized and others poorly sampled. As a result, the generator
may exploit estimation errors and concentrate probability
mass on candidates that receive high predicted reward but
are biologically implausible or experimentally inactive.

Moreover, high reward under an in-silico primary reward
does not guarantee high utility under the true biological ob-
jective. A predictor trained solely on specific assay data may
assign high scores to candidates that ultimately fail critical

downstream validations such as foldability, structural sta-
bility, or experimental viability. The resulting designs may
therefore optimize modeling artifacts rather than genuine bi-
ological function, a phenomenon known as reward hacking.
This motivates uncertainty-aware steering: rather than trust-
ing a single reward estimate unconditionally, we quantify
signal reliability for each candidate, downweight unstable
regions, and align the search with sparse high-fidelity feed-
back.

1.3. Decomposing Uncertainty in Inference-Time
Steering

Reliable inference-time steering depends not only on pre-
dicted reward magnitude, but also on the trustworthiness
of the steering signal and its validity when extrapolat-
ing beyond characterized biological regimes. We decom-
pose steering uncertainty into three components: reward-
model stochasticity, fidelity-alignment uncertainty, and base-
support reliability. The first two components are primarily
epistemic, reflecting reducible uncertainty about poorly char-
acterized regions of the protein fitness landscape and about
whether inexpensive proxy measurements remain aligned
with true experimental viability. The third component cap-
tures distributional uncertainty, assessing whether p assigns
sufficient probability to a candidate for it to be considered
biologically plausible.

Reward-Model Uncertainty. The first source of uncer-
tainty arises from the learned primary model ;. Whether
R; is trained on targeted high-throughput assays or large-
scale biological databases (e.g., UniProt or the PDB), its
predictions are inherently constrained by the biases and cov-
erage limitations of the underlying data. Due to uneven
evolutionary sampling and experimental coverage, predic-
tions in underrepresented sequence regions become highly
sensitive to assay noise and stochastic elements of the train-
ing pipeline, including data subsampling, random initial-
ization, and optimization noise. This variability is espe-
cially pronounced in regions with limited training support,
where small perturbations to the training data or training
procedure can yield substantially different extrapolations.
Consequently, a novel protein variant predicted to be highly
functional by one fitted model may score poorly under other
equally plausible models trained on slightly different data
partitions. This disagreement reflects genuine epistemic
uncertainty in the steering signal when navigating beyond
well-characterized biological regimes.

Fidelity-Alignment Uncertainty. The second source of
uncertainty characterizes the alignment between a high pre-
dicted score under the inexpensive primary R; and true
biological utility under a sparse, high-fidelity evaluator Rs.
Because gold-standard biological validation, such as mea-
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suring target binding, enzymatic kinetics, or resolving struc-
tures by cryo-EM, is highly resource-intensive, Ry can be
observed for only a small fraction of generated candidates.
This creates substantial uncertainty about whether sequence
regions favored by a computational predictor or noisy high-
throughput screen remain viable under real-world biological
criteria. This issue becomes critical when steering pushes
the generative model toward high- R; regions that lack high-
fidelity feedback. In these unverified regimes, the mutations
driving the primary score may actively conflict with the
true scientific objective measured by Rs. For instance, a
predictor might artificially inflate an in silico binding score
by introducing hydrophobic residues at the binding inter-
face that cause the protein to aggregate or misfold during
experimental expression.

Base-Support Reliability. The third component captures
whether steered candidates remain sufficiently supported
by the base generative distribution py, which represents
the landscape of evolutionarily and biophysically plausible
proteins. When steering pushes candidates into low-support
regions of py such as unnatural sequence motifs or sterically
clashing residue pairs, high predicted fitness likely reflects
algorithmic exploitation of the reward model rather than
discovery of a realistically viable protein.

Accordingly, reliable biological sequence steering requires
tracking three complementary quantities: the stability of
the primary model against training-data perturbations, the
alignment between inexpensive primary scores and high-
fidelity evaluation, and the evolutionary and biophysical
consistency with the base generative model.

2. Fidelity-Concordance Steering

We propose Fidelity-Concordance Steering (FiCS), an
uncertainty-aware framework for inference-time steering
that combines an inexpensive primary reward with sparse
high-fidelity feedback. Our method addresses two distinct
yet interrelated challenges. First, the primary reward R
may exhibit instability in regions inadequately represented
in its training distribution. Second, R; might be misaligned
with an expensive oracle evaluator R, that assesses critical
properties such as feasibility or experimental viability but
can be queried only sparingly. Given a base distribution
po, FiICS constructs a steering score that prioritizes candi-
dates with high predicted R; while systematically avoid-
ing regions where the primary reward exhibits instability
or demonstrates poor concordance with Rs. This yields a
reliability-adjusted steering objective that replaces a brittle
point-estimate reward with an aligned, uncertainty-aware
score. The algorithm pseudocode is provided in Algorithm 1
and the full algorithm is provided in Appendix A. At a high
level, the method proceeds in three stages:

1. Resampling-based reward ensemble: train a bootstrap
ensemble of reward guides fl, ey fK on repeated sub-
samples of the reward-training data, using data pertur-
bations and refitting to assess whether the induced high-
reward regions remain stable under plausible variations
of the training observations.

2. Sparse high-fidelity calibration: construct a small cal-
ibration set and evaluate it with the high-fidelity oracle
R5. These evaluations are used to reweight the reward
guides according to their high-fidelity alignment, assign-
ing larger weights to guides whose top-ranked candidates
remain favorable under R.

3. Pessimistic fidelity-concordance scoring: score new
candidates using a fidelity-aligned lower confidence
bound that combines the weighted ensemble mean with
a penalty for residual guide disagreement.

2.1. Resampling-Based Reward Construction under
Random Distribution Shift

The first step of FiCS is to construct a family of fitted pri-
mary rewards that quantifies the sensitivity of the steering
signal to finite-sample variation in the reward-training data.
This sensitivity is critical because steering changes the eval-
uation regime: rather than scoring typical samples from
Qtrain» the generator uses R to rank and select candidates
in the high-score tail, where training support is limited and
the fitted reward may be disproportionately influenced by
a few observations. Because the steered candidate distribu-
tion is unknown in advance, we model the steering-time re-
ward environment as a random perturbation of the observed
reward-training distribution. Under this view, uncertainty
reflects not a single shifted distribution, but a family of
plausible shifted environments, making disagreement across
refitted reward guides the natural uncertainty signal rather
than a single estimated density-ratio correction.

Let W be a nonnegative weighting process satisfying
EQuun W(X,Y)] = 1, and define dQ3}y(z,y) =
W(x,y) dQtrain(x,y). The corresponding target risk is
Ry (F) = Equun WX Y)E(f(X),Y)]. Thus, each
draw of W defines a plausible shifted reward-training envi-
ronment, so disagreement across resampled reward guides
captures sensitivity under random perturbations of the data-
generating process rather than a single specified adversarial
shift (Jeong & Rothenhdusler, 2025).

At the sample level, we realize this model by drawing
nonnegative sample weights and fitting the corresponding
weighted empirical risk minimizer. Let Dy = {(z, ¥:) }1y
dengte the training set for the inexpensive reward R, and
let Qn = =37 | 0(4,4,) be its empirical distribution. We
emphasize that this bootstrap-style construction is not in-
tended to consistently estimate the law of the unknown
steering-time environment. Instead, random reweighting
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provides a local perturbation model around the observed
reward-training data: if the high-reward region induced
by a fitted guide is unstable even under these empirical
perturbations, then it should not be trusted for steering.
Thus, ensemble disagreement is interpreted as a sensitiv-
ity diagnostic for steering-time vulnerability, rather than
merely as classical sampling uncertainty around ),,. We
construct an ensemble of K fitted primary rewards, indexed
by k € {1,...,K}. For each ensemble member &, we

draw nonnegative weights w*) = (wgk), ..

ing Z?=1 wgk) = 1, which induce the perturbed empirical
distribution Q) = Sy w§k>5(w_yi). We then fit the
k-th primary reward by weighted empirical risk minimiza-
tion: f € arg minger > i, wgk)f(f(xi), y;). The final
ensemble {f;c}f:l approximates a distribution over plau-
sible reward landscapes induced by perturbations of the
training environment, and disagreement among the fitted
primary rewards quantifies the sensitivity of the steering
signal to such perturbations. A widely used choice is the
ordinary nonparametric bootstrap, in which each replicate is
formed by sampling n examples with replacement from D; .
Training on a bootstrap replicate is equivalent to solving the
weighted empirical risk problem with multinomial resam-
pling weights. Using the m-out-of-n bootstrap with m < n
yields higher-variance resampling weights and a smaller im-
plicit effective sample size, thereby producing stronger local
perturbations of the empirical reward-training distribution.
While we focus on the ordinary nonparametric bootstrap for
simplicity, this framework generalizes to any nonnegative
random weighting scheme, including the Bayesian bootstrap
and other resampling methods. See Appendix B for details.

O wﬁk)) satisfy-

This construction provides a stability-based diagnostic for
the steering signal under perturbations of the training envi-
ronment. In regions well supported by the reward-training
distribution, refitting under resampled training environments
should produce similar reward landscapes and, consequently,
stable steering directions. In under-covered or distribution-
shifted regions, however, even small perturbations to the
training data may yield substantially different extrapolations
and thus distinct high-reward regions. Variability across
the ensemble of fitted primary rewards therefore indicates
whether a high predicted reward reflects a genuine signal
or a finite-sample artifact: large variation suggests an un-
reliable steering direction, whereas consistent agreement
indicates robustness to the particular training sample used
to estimate R .

2.2. Aligning Steering Signal with Oracle Feedback

In many scientific design problems, the inexpensive pri-
mary reward R; is used primarily to identify and prioritize
promising candidates rather than to determine their ulti-
mate acceptability. Final validity is instead assessed by a
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Algorithm 1: FiCS: Fidelity-Concordance Steering

Input: Training data Dy, base distribution pg, oracle
R5, ensemble size K, oracle budget b, threshold
¢, hyperparameters o, vy, A, n

Output: Steering score Srics(+)

/* Stage 1:
ensemble
fork=1,...,Kdo
Draw weights w(); fit fk by weighted ERM on Dy;
end

Resampled reward
*/

/+ Stage 2: Sparse oracle
calibration %/
Draw pool from pg and select b candidates to form the
concordance set;
Evaluate R> on concordance set to obtain
Dy = {(2), Ra(2))) Y113
fork=1,...,Kdo
Ay, < feasibility rate of Ry among top-«v of Ds

under f;
end
i+ exp(vAr) [/ X exp(vAy);
/+ Stage 3: Pessimistic concordance
scoring %/
for each candidate x do
Srics() +

ftp(x) —Aﬁw(x)—ﬁ(—logpo(x));
—— = —

aligned mean support
end

return Srics(+)

uncertainty

more reliable but expensive oracle evaluator R, such as
experimental activity, structural plausibility, and solubility.
Because evaluating R, for every generated candidate at each
iteration is often computationally prohibitive—and in some
settings practically infeasible—it cannot serve as a dense re-
ward signal throughout the steering procedure. Instead, >
provides sparse but high-fidelity feedback on downstream
feasibility.

Accordingly, we formalize the optimization problem as

max Ry (x) subject to Ry(z) > ¢,

where c is a feasibility threshold determined based on prior
biological knowledge or adaptively using empirical quan-
tiles. FiCS allocates a budget of b < n oracle queries to
construct a steering-aware concordance set. Specifically, we
first draw a large candidate pool from the base distribution
po and rank candidates using the ensemble mean f of the
resampled primary reward models {ﬁ}i;l We then select
a mixture of top-ranked candidates, which target the high-
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reward regions relevant to steering, and unfiltered samples
from pg, which provide background coverage of the gen-
eration space. Evaluating R> on these selected candidates
yields the sparse concordance set Dy = {(z;, Ra(z;))}5_,.
This concordance set allows us to identify which fitted pri-
mary steering models remain most consistent with oracle
feasibility in the regions of the candidate space most relevant

to steering.

Aligning Primary Rewards by Oracle Concordance.
For each fitted primary reward fj, we assess whether the
candidates it ranks most highly remain feasible under the
expensive evaluator. Let Topa(]?k; D5) denote the top a-
fraction of concordance candidates according to ﬂ We
then define the oracle-concordance score as
1

Ak -~ — Z 1{R2(ZJ) Z C},
ITopa (s Dz)| 2;E€Top,, (Fr;D2)
which estimates the feasibility rate among the candidates
preferred by fk A fitted primary reward receives a high
concordance score when its top-ranked candidates consis-
tently satisfy the oracle constraint, and a low score when its
preferred candidates concentrate in regions where Ry falls
below the feasibility threshold. By restricting attention to
the top-« tail rather than measuring global association with
Ro, this criterion focuses on precisely the candidates that
would be selected in practice if fk were used for steering.

Oracle-Weighted Reward Ensemble. FiCS then con-
verts the oracle-concordance scores into nonnegative ensem-
ble weights,
_ exp(yAr — max,, yAn,)

25:1 exp(vAy — max,, YA.,)

Pk

where v > 0 controls the strength of oracle concordance.
When v = 0, all guides receive equal weight. As v in-
creases, the ensemble increasingly concentrates on reward
guides whose top-ranked candidates align with the expen-
sive evaluator.

The resulting oracle-aligned ensemble scores are

K o~
fo@) =) orfu(z),
k=1
X« ) 1/2
Gp(z) = (Z o (fula) — ﬁo(x))2>
k=1

This weighting scheme shifts the steering signal toward fit-
ted primary rewards that rank oracle-feasible candidates
highly, while preserving disagreement among aligned re-
wards as an uncertainty estimate.

2.3. Uncertainty-Aware Steering via
Fidelity-Concordance Scoring

After constructing the oracle-aligned ensemble, we define
an oracle-concordance pessimistic score

Srics() = fo(2) = A5y (2),

where A > 0 controls the strength of the uncertainty penalty.
The first term favors candidates with high oracle-aligned
primary reward, while the second penalizes high-uncertainty
candidates. Accordingly, FiCS prioritizes candidates that
are both highly scored and stable across the oracle-aligned
primary rewards. When FiCS is used as a reranking or
Best-of-V selection method, we may additionally include
an explicit support penalty:

Srics(x) = fo(x) = X6,(x) — 1 (—log po(x)).

This term discourages the selection of candidates that re-
ceive high primary reward but lie in low-density regions of
the base model. The support penalty is most relevant for
best-of-V or reranking procedures, where candidate selec-
tion can move far into the tails of py. For distribution-based
steering methods that already constrain the sampling law
to remain close to pg, such as KL-regularized sampling or
classifier-free guidance, this penalty may be unnecessarys;
we discuss this variant further in Appendix C.

Final candidates are selected by ranking samples according
to Srics. After the concordance stage, FiCS requires no
additional oracle evaluations: Ry is used only to determine
the ensemble weights, and all subsequent candidate scoring
is performed using the aligned primary rewards.

3. Theoretical Analysis

We analyze the theoretical properties of FiCS. Our first re-
sult shows that the oracle-concordance scores used to weight
the resampled reward guides concentrate around their popu-
lation counterparts under the concordance-set sampling rule.
Thus, sparse high-fidelity feedback suffices to estimate each
guide’s population concordance under the calibration design.
If two reward guides differ in their true oracle concordance
by more than the finite-sample estimation error, then their
empirical concordance scores preserve the correct ordering.
Full statements and proofs are deferred to Appendix G.

Theorem 3.1 (Concentration of oracle-concordance scores).
Let Dy = {(zj, Ra(z;))}5—, denote the concordance set

and let n, = |ab]. For each guide ﬁ let A, denote the
empirical feasibility rate among the top-a candidates in D,

and let
Ay =P(Ro(Z) > c| Z € Top,(fi)):  Z ~ Peonc,

denote the corresponding population concordance under the
concordance-set sampling rule, where Top,, (i) denotes
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the population top-o tail of ﬁ under Peopnc. Under standard
regularity assumptions made precise in the appendix, for
any 6 € (0,1), with probability at least 1 — 6,

log(4K log(K
max | Ay — A%| < og( /5)+Q og( b/5)7
k=1,...K 2Ny « b

for a universal constant C' > 0.

The next result shows that finite-sample error in the oracle-
concordance scores propagates stably to the final FiCS
score. In particular, the inverse temperature parameter -y
controls sensitivity to concordance-estimation error, while
the uncertainty penalty A controls how strongly weight un-
certainty affects the disagreement term. A full proof is given
in Theorem G.4 in the appendix.

Theorem 3.2 (Uniform score stability). Let S* be the FiCS
score computed using the population concordance weights
©* = softmax(yA*), and let S be the score computed
using empirical weights ¢ = softmax(yA). Assume \ >
0, maxy, sup, | fo(z)| < B, and |A — Ao < 4 with
probability at least 1 — 6. Then, with probability at least
1-4,

sup [S*(z) — S(z)| < Bp + AB+/3p,
where p = min{2,2ve 4 }.

As a direct consequence of Theorem 3.2, if the oracle-
optimal FiCS score has a sufficiently large gap at the top-L
selection boundary, then empirical FiCS yields the same
selected candidates as the oracle-optimal FiCS score; the
formal statement is given in Theorem G.6.

4. Empirical Evaluation

In this section, we empirically validate the effectiveness of
FiCS. We construct a synthetic benchmark on R? designed
to isolate the two failure modes that motivate FiCS: instabil-
ity of the learned primary reward in undersampled regions
and misalignment between the primary reward and a high-
fidelity oracle. The environment comprises three Gaussian
mixture components, each representing a distinct reward
regime. Region A is desirable, exhibiting both high true
primary reward R} and high oracle reward R3. Region B
is deceptive, with moderately high R} but low R3; it ap-
pears attractive under the inexpensive reward yet fails the
oracle criterion. Region C is safe, offering moderate R}
alongside high R3. To induce misspecification, we corrupt
the observed training labels with noise and systematically
inflate values near region B, causing fitted reward guides to
overvalue the deceptive region.

The base distribution py and reward-training distribution
Gtrain are chosen so that region B is substantially underrep-
resented in training relative to generation. We draw labeled

Table 1. Simulation results across 30 random seeds. Values shown
as mean (standard deviation). Blue indicates best performance;
green indicates second-best.

Method Mean R, Mean Ry Feasible rate ~ Constr. utility
Point Est. 1.008 (.214) 0.370(.418) 0.378(.449)  0.457 (.606)
Bootstrapped Mean 1.191(.192)  0.626(.444) 0.646(.476) 0.861 (.635)
FiCS (dense weights)  1.286(.126) 0.863(.295) 0.900(.316)  1.193(.419)
FiCS (row bootstrap) 1.321(.025) 0.951(.017) 0.994(.018)  1.315(.032)

samples from g;,.in and train a bootstrap ensemble of K ker-
nel ridge regression guides to quantify reward uncertainty
and enable oracle calibration. The oracle reward R3 is eval-
uated directly from the data-generating mechanism rather
than fitted, serving as an expensive ground-truth oracle. We
use a limited budget of oracle evaluations on candidates
drawn from pq to calibrate the ensemble, then assess can-
didate selection on a large test pool from py. Additional
details on the simulation setup are provided in Appendix E.

True Ry: primary reward True Ry: expensive evaluator po: base generator density

C

2

Point estimate f Bootstrap ensemble

85

e @

Figure 1. Learned scoring landscapes for a representative seed.
Top: Ground-truth rewards R}, R3, and base density po; blue
dots show the n = 120 training points undersampling region B.
Bottom: Point estimate and ensemble mean score the deceptive
region B highly, whereas FiCS correctly concentrates on desirable
region A.
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Figure 2. Performance across 30 seeds: mean R}, mean Rj,
feasibility rate, and constrained utility. The point estimate and
bootstrap ensemble show high variance and frequent infeasibility.
FiCS achieves near-perfect feasibility and the highest constrained
utility with minimal variance.

We compare four methods: a point-estimate reward model,
the unweighted bootstrap ensemble mean, and FiCS with
two resampling schemes: (i) row bootstrap (standard non-
parametric bootstrap) and (ii) dense weights (continuous
Dirichlet-distributed perturbations). Across 30 random
seeds, we evaluate four metrics: (i) mean R}, the average
true primary reward among selected candidates; (ii) mean
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5, the average oracle reward; (iii) feasibility rate, the
fraction satisfying R > c¢; and (iv) constrained util-
ity, Ry(z)1{R%(xz) > c} averaged over selected candi-
dates, which rewards high primary performance only among
oracle-feasible selections.

Bootstrap ensemble f FiCS score

Point estimate f

Region composition of selected candidates

[[] pesirable
[ eceptive
B voderate

Selected candidates (%)
"
8
3

0

Point Boot Ensemble FiCs

Figure 3. Top: Selected candidates (blue dots) by each steering
function overlaid on the true oracle landscape R3 for a representa-
tive seed. Under the point estimate and bootstrap ensemble mean,
most selected candidates fall in the deceptive region B where R5 is
near zero. FiCS redirects all selections to region A, the only region
with both high R7 and high R3. Bottom: Region composition of
the top-L selected candidates. The point estimate selects almost
entirely from region B (97%), the bootstrap ensemble mean selects
100% from region B, and FiCS selects 100% from the desirable
region A.

Table 1 and Figure 2 summarize performance across all 30
seeds. Both baselines exhibit high variance and weaker ora-
cle alignment, with a substantial fraction of selections falling
below the feasibility threshold. In contrast, FiCS achieves
consistently high values with minimal dispersion. The con-
trast is most pronounced in feasibility rate and constrained
utility: both baselines frequently yield entirely infeasible
selections, while FiCS under row bootstrap maintains near-
perfect feasibility across all seeds. The constrained utility,
which captures the joint desideratum of high R} among
oracle-feasible candidates, improves by approximately 3 x
over the point estimate and 1.5x over the bootstrap ensem-
ble mean under FiCS with row bootstrap. This demonstrates
that oracle-concordance reweighting translates directly into
reliable, high-quality selections.

Notably, the unweighted bootstrap ensemble mean pro-
vides only modest improvement over the point estimate
(feasibility rate 0.646 vs. 0.378), confirming that averag-
ing reward landscapes is insufficient when all ensemble
members inherit the same systematic coverage gap. The
oracle-concordance reweighting in FiCS is the decisive
mechanism: it identifies which guides produce feasible top
candidates and concentrates weight accordingly.

Figure 3 provides geometric intuition for a representative

seed. Under both baselines, selected candidates concentrate
in region B, where the learned reward overestimates due to
training bias and sparse coverage. FiCS redirects selections
entirely to region A, the only mode with jointly high R} and
R3. The region composition bar chart confirms this pattern
is systematic rather than seed-specific.

5. Renin: Steering Toward Cytosolic
Localization Under a Limited Reward Assay

In this section, we demonstrate the empirical performance of
FiCS on a biologically motivated protein engineering task.
Designing protein variants that remain functional across
drastically different subcellular environments is a central
challenge in protein engineering. Human renin illustrates
this difficulty: it is a highly specific aspartic protease whose
native fold requires disulfide bonds formed in the oxidizing
secretory pathway and typically fails when expressed in
the reducing cytosol. A cytosol-compatible renin variant
would broaden the synthetic biology toolbox by providing
an orthogonal, highly specific protease for intracellular use,
but obtaining one requires steering generative models away
from the evolutionary regime in which the wild-type was
selected. Under a localization classifier trained on UniProt
subcellular annotations, wild-type renin has a predicted
cytosolic probability of only 0.036, so cytosolic steering
must push generation far into the tails of p, precisely where
finite-sample reward models are least reliable.

To study FiCS in this regime under controlled conditions,
we construct 21 and Rs from the same architecture and pre-
diction target but with different training-set coverage: R; is
trained on n labeled examples drawn from a narrow region
of sequence space, while Ry is trained on the full UniProt lo-
calization dataset. This setup mirrors the common scenario
in which a cheap, low-coverage predictor screens broadly
while a high-fidelity oracle, limited by computational or wet-
lab cost, is queried only sparsely for calibration. Although
R, is not itself an experimental measurement, it serves as
a surrogate for the assay feedback that would be available
in practice. In typical FiCS deployments, Ry would carry
additional nonoverlapping information beyond R; (e.g., Al-
phaFold structural confidence, experimental expression or
activity readouts, or composite metrics combining multiple
sources).

5.1. In Silico Experiment Setup

We use ProteinMPNN (Dauparas et al., 2022) as the base
distribution pg, conditioning on the AlphaFold 3 predicted
structure of mature renin, and steer via best-of-/V selection.
Following ProVADA (Lu et al.; Viggiano et al., 2025), each
sequence is embedded with ESM-2 (Lin et al., 2023) and a
linear classifier with dropout predicts subcellular localiza-
tion from UniProt annotations; the cytosolic-class probabil-
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ity serves as the steering target. 2, is trained on the full
UniProt localization dataset, while R; shares the same ar-
chitecture but is trained on a random subsample of n = 200
sequences. The point-estimate baseline uses a single such
classifier; the bootstrap-ensemble baseline and FiCS both
employ an ensemble of K = 30 classifiers fit via nonpara-
metric bootstrap on the same subsample. FiCS uses an
oracle-calibration budget of b = 30 (75% sampled from
the top under the ensemble mean, 25% sampled uniformly),
with per-model top by, = 5 and v = 10. We generate
N = 250 ProteinMPNN candidates and select the top L
under each method.

5.2. Results

Table 2 reports performance on the top-L candidates. At
L = 5, FiCS improves mean oracle cytosolic probability
by 29% over the point estimate and 46% over the bootstrap
ensemble, while achieving perfect feasibility against base-
line rates of 0.600 and 0.400. At L = 30 the gap narrows
but remains substantial. Notably, the unweighted bootstrap
ensemble offers negligible improvement over the point es-
timate: averaging reward landscapes is insufficient when
all members inherit the same coverage limitations. FiCS’s
gains are largest at small L, where reliable selection matters
most. Figure 4 (top) confirms this across batch sizes: FiCS
maintains higher mean oracle Ry and the highest feasibil-
ity rate across the evaluated selection sizes, with perfect
feasibility in the small-batch L = 5 setting.

To rule out the possibility that FiCS merely re-ranks simi-
lar pools, Figure 4 (middle) partitions selections into those
unique to FiCS, unique to a baseline, or shared. The true
R; distribution for FiCS-only selections lies clearly above
both baseline-only distributions, indicating that FiCS sys-
tematically identifies higher-quality candidates rather than
marginal cases. Figure 4 (bottom) plots each method’s selec-
tion score against true oracle 2. The Pearson correlation
is near zero for both baselines but reaches 0.362 for FiCS,
showing that oracle-concordance reweighting converts a
near-uninformative steering signal into one whose order-
ing tracks oracle quality. Additional results at L = 30 are
provided in Appendix F.

6. Discussion

We introduce Fidelity-Concordance Steering (FiCS), a
framework for inference-time steering that combines an in-
expensive primary reward with sparse high-fidelity feedback.
The method addresses a pervasive failure mode in reward-
guided generation: when steering concentrates candidates
in regions where a finite-sample surrogate must extrapolate,
high predicted scores often reflect estimation artifacts rather
than genuine biological utility. FiCS mitigates this risk
by integrating resampling-based uncertainty quantification

Table 2. Oracle evaluation performance by selection size L. Blue
indicates best method for each batch size.

Size Method Mean R; Median Ry  Feasible rate
FiCS 0.155 0.139 1.000
L=5 Point f 0.120 0.126 0.600
Boot Ensemble 0.106 0.092 0.400
FiCS 0.124 0.118 0.700
L =30 Point f 0.114 0.113 0.600
Boot Ensemble 0.111 0.114 0.633
Best-of-N mean true R, Best-of-N feasible rate
0.16 1.0
0.15 0.8
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Figure 4. Renin steering results. Top: Best-of-N mean oracle
Rs and feasibility rate as a function of selection size L. FiCS
maintains consistently higher mean oracle Ry and the highest
feasibility rate across the evaluated selection sizes; at L = 5
it improves mean Ry by 29% over the point estimate and 46%
over the bootstrap ensemble while achieving perfect feasibility.
Middle: True R, distributions for candidates selected exclusively
by each method versus shared selections. Candidates unique to
FiCS consistently achieve higher oracle scores. Bottom: Selection
score versus true Rs. Only FiCS exhibits meaningful correlation
(r = 0.362) between its scoring function and oracle quality.

with oracle-concordance calibration. Our empirical results
demonstrate that FiCS yields substantial improvements in
oracle feasibility and constrained utility, particularly in the
small-batch regime where reliable selection is most critical.
More broadly, our findings indicate that robust steering must
jointly address two fundamental challenges: the epistemic
instability of finite-sample surrogates and their imperfect
alignment with the true scientific objective.
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Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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A. Full Algorithmic Description of FiCS

Algorithm 2: FiCS: Fidelity-Concordance Steering

Input: Base distribution py, training data D; = {(z;,v;)}_,, oracle Ry, ensemble size K, oracle budget b, feasibility
threshold ¢, top-fraction «, inverse concordance temperature -y, uncertainty penalty A, support penalty 7,
top-fraction for calibration p, calibration pool size N,

Output: Fidelity-concordance steering score Sgics(-) for inference-time guidance

/* Fit resampled primary reward models */
fork=1,..., K do
Draw resampling weights w(*)

B (),
Fi = argminger S0 wi® 0(f (), vi);

(wy”’, ..., wn

end
/+ Construct steering-aware concordance set */
Draw candidate pool {u1,...,un_,} ~ Po;

Compute ensemble mean f(u) « K~ Zle fk(u) for each u;
Select | pb| candidates with highest f and b — | pb] candidates uniformly at random;
Evaluate oracle on selected candidates to form Dy = {(z;, Ra(2;))}?

j=1>

/+ Compute oracle-concordance scores */
fork=1,..., K do

Tr < Top,, (fx; Do) ; // top-a fraction of Dy under f;

-1 .

A | Tel ™" 22z, e HR2(2)) 2 o)
end
/+ Construct oracle-concordance ensemble */

K

i < exp(YAy) [/ s, exp(yA) fork = 1,..., K;
/+ Compute fidelity-concordance steering score */

for each candidate x doA
Fol@) & Yoy ok fr(®); »
Go(2) — (SIS ok (@) = o))

Srics(z) < fo(x) = X6,(x) — 1 (—logpo(x));
end

return Srics(+)

B. Alternative Random Reweighting Schemes
B.1. Distribution Shift

Distribution shift arises in steering because the primary reward is trained on samples from a reward-training distribution
Qtrain, but is deployed on candidates selected by an optimizer in high-reward regions that may be poorly represented in
the training data. Classical shift models usually posit a fixed target distribution Q* and impose structure on the likelihood
ratio 7 = dQ* /dQ1rain: covariate shift requires r to depend only on z, label shift requires it to depend only on y, bounded-
likelihood-ratio models constrain ||7||, and f-divergence models constrain Eg, . [¢(r)] for a convex function ¢. In
contrast, FiCS adopts a random-shift view in which the likelihood ratio is itself random, inducing a distribution over
plausible reweightings of Qain. Under this view, uncertainty is not about estimating a single shifted target distribution, but
about probing a family of plausible perturbed training environments and asking whether the resulting high-reward regions
remain stable. Disagreement across refitted reward guides therefore serves as a sensitivity diagnostic for steering-time
vulnerability rather than as a single density-ratio estimate.

11
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B.2. Reweighting Schemes

The resampling ensemble in FiCS only requires a distribution over nonnegative weights w(*) = (wgk), e ,wék)), with
Dy wgk) = 1, used to fit each primary reward model:

. S 0™ 0 )
Jre argljf}gg;wz (F (), 90)-

1

The ordinary nonparametric bootstrap draws multinomial counts (V. 1(k), e Nék)) ~ Multinomial (n; %, e ﬁ), where

N, i(k) denotes the number of times example (x;, y;) appears in the k-th replicate, and sets wl(k) =N i(k) /n. This perturbs the
empirical distribution by repeating some observations and omitting others. The m-out-of-n bootstrap provides a stronger
perturbation model by drawing only m < n samples with replacement:

1 N®
7...,), wl(k): L .

, 1
(N NP#) ~ Multinomial (m; =
n n m

Because each refit is trained under a smaller effective sample size, this scheme induces larger variation across fitted guides
and can be used to stress-test whether high-reward regions remain stable under stronger perturbations of the reward-training
environment. The ordinary bootstrap is recovered when m = n.

A Bayesian bootstrap instead draws continuous weights
w'®) ~ Dirichlet(1, ..., 1),

which smoothly reweights all observations and can be interpreted as posterior uncertainty over the empirical distribution.
More generally, gamma multiplier weights draw and normalize

(4
g(k) ~ Gamma(a, a), w™ = 927,
v n (k)

Z_j:l 9;

7
where the shape parameter a controls the strength of the perturbation. Finally, covariate-dependent random weights allow
the perturbation to depend on candidate features, for example

w® o exp{&l ()},

where v (z;) is a feature representation and &, is randomly drawn. Such a weighting scheme emphasizes particular regions
of the reward-training distribution rather than exchangeable observation-level noise. All of these choices lead to the same
weighted empirical risk formulation, but encode different assumptions about plausible perturbations of the reward-training
environment.

C. Support Penalty Under Distributional Steering

The support penalty has a particularly transparent interpretation when FiCS is embedded within a distributional steering
rule. Suppose samples are drawn from a tilted distribution of the form

m5(x) o< po(x) exp{BSrics(z)}-
If
Srics(2) = fo(x) = Ady(x) — n(—logpo()),
then
ms(x) oc po (@) 7 exp{B(f, (x) — Ay ()}

Thus, under distributional steering, the support penalty effectively increases the exponent on the base distribution from 1 to
14 Bn, orto 1 4+ n when 5 = 1. In other words, it strengthens the preference for candidates that remain well supported by
po. For steering methods that already enforce proximity to po, this additional term may simply be absorbed into the strength
of the base-distribution regularization.

12
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D. Additional Discussion of Weighted Ensemble

The oracle-concordance weights defined in Section 3 admit a natural variational interpretation that clarifies the role of the
inverse temperature parameter -y and connects the weighting scheme to regularized optimization over the ensemble. Let A g
denote the probability simplex over the K guides, and let ©° be the prior weighting over guides before oracle calibration.

Proposition D.1 (Variational form of oracle-concordance weights). Assume v > 0 and % > 0 for all k. The solution to

K
1
A — KL 0
wrggi{;fuk e (WIIsD)}

is

oy — o) exp(vAy)
= —% .
2 o= 7 exp(YAr)
Proof. The objective is strictly concave on A i because it is linear in w minus a positive multiple of the KL divergence.

Hence any interior stationary point is the unique maximizer. Introduce a Lagrange multiplier ;. for the constraint ) , wy, = 1.
The first-order condition is

1
A — — (logtg}]g—l-l) —u=0.
Y Pr
Rearranging gives

wi, = @y exp{yAx — 1 —yu}.

The factor exp{—1 — yu} is common across k, so normalization over the simplex yields

o — PR exp(yAL)
c T K .
2oe—1 90 exp(vAr)
Thus the calibrated weights satisfy ¢ oc 2 exp(yAy), and strict concavity gives uniqueness. O

Remark D.2. In our default choice, ¢) = 1/K, so this reduces to the softmax rule ¢y, o< exp(yAy). Thus, FiCS balances
oracle concordance against deviation from the pre-oracle ensemble, favoring oracle-aligned guides while regularizing the
weights when validation data are limited. As v — 0, the solution approaches the prior weights ¢°; as «y increases, the
ensemble concentrates on guides with higher oracle-concordance scores.

E. Details on Simulation Experiment

We construct a synthetic environment on X = R? with three Gaussian mixture components defining distinct reward regions.
Region A is desirable (high true primary reward R} and high oracle reward R3); region B is deceptive (moderately high R}
but low R3); and region C is safe (moderate R} and high R3). The true primary reward R7 is a sum of Gaussian bumps;
observed training labels add Gaussian noise and a positive bias near region B, causing fitted primary reward guides to
overestimate candidates in the deceptive region. The oracle reward R3 applies a sigmoid transformation to a latent score
with a negative contribution near B, creating a sharp feasibility gap.

The base distribution py is a Gaussian mixture with weights (0.35,0.40, 0.25) over regions A, B, and C, while the reward-
training distribution ¢t,,i, uses weights (0.60, 0.05,0.35), severely undersampling region B. We train a bootstrap ensemble
of K = 50 kernel ridge regression guides on n = 120 labeled examples from gi,.in. We draw a calibration pool of 5,000
candidates from pg and select b = 60 for oracle evaluation: 75% are sampled from the top 15% of calibration candidates
under the ensemble mean, and 25% are sampled uniformly from the remainder. Oracle-concordance scores Aj are computed
on the top o = 20% fraction with feasibility threshold ¢ = 0.55, and oracle-calibrated weights use v = 8.

For evaluation, we score a test pool of N = 20,000 candidates from pg and select the top L = 20. We compare a
point-estimate reward model, the bootstrap ensemble mean, and full FiCS, reporting mean R}, mean R}, feasibility rate
(R% > ¢), and constrained utility across 30 random seeds.
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F. Additional Results for Renin In Silico Experiment

Mean R, Feasible rate True R, distribution
0.15 1.01 0.225 1 S
0.81 0.2001
0.10- So06l 0.1751
o« S oa & 0.150 1
0.05 T 0.125 =
021 0.100
0.00- 0.0- n T L " — r __________‘_ _______
& o & & 98 &
QO 2 QO 0((\
\f(’(\(j \f(’(\(j
o® Q)(30
2
Feasible rate True R, distribution
0.125 1 1.0 °
0.100{ 0.8 0.20 1
c
0.075 © 0.6
< 5 £ 0.15 T
0.050 1 Loa
0.101 |
0.025 { 0.2 J_
0.000- 0.0 ” T . .
S o <<\(/6 & o Q\C’(j
<° o 0 &
‘<<,<‘ &Q'(\
o °

Figure 5. Oracle performance summary for the top-L selected sequences. Top: L = 5. Bottom: L = 30. Each row reports mean true
Ry (left), feasibility rate R2> > c (middle), and the distribution of true R> across selected candidates (right); the dashed line marks the
feasibility threshold. At L = 5, FiCS achieves perfect feasibility and the highest mean R». The advantage persists at L = 30, where
FiCS maintains the highest oracle score and feasibility rate among all methods.

G. Theoretical Results and Proofs
G.1. Finite-Sample Concentration of Oracle-Concordance Scores

The following result analyzes an idealized version of the concordance-set sampling rule. We assume that calibration
inputs are sampled independently from the mixture distribution targeted by the top-ranked and random components of the
concordance design. This idealization isolates the statistical concentration behavior of oracle-concordance scores from the
finite-pool dependence effects that arise when sampling without replacement from a fixed proposal pool.

Theorem G.1 (Concentration of oracle-concordance scores). Let Dy = {(2;, Ra(z;)) ;’-:1 be the sparse concordance set
Jfrom the main text, with candidate inputs z1, . .., zy sampled independently from the idealized concordance-set sampling
distribution Peonc. Fix the fitted guides { fx}1_, and write g(z) = P(R2(z) > ¢ | 2). Let Ty, = Top,(fx; D2) be the top

ne = |ab| concordance candidates ranked by f. Define

Ay = ni S 1{Rs(z) > .

zj fok
Let 13, be the population top-a: threshold satisfying ]P’(ﬁ(Z ) > 7%) = a for a population draw Z ~ Peop., and define
Ay =Elg(2) | fr(2) > 7).
Assume the following conditions hold:
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(Al) a € (0,1)and b > 2/
(A2) Oracle evaluations are conditionally independent given the concordance inputs and independent of the fitted guides.
(A3) The feasibility threshold c is either fixed before constructing Dy or estimated from data independent of Ds.

(A4) For each k, the empirical top set Tr. is almost surely representable as a threshold set {z; : fk(z]) > T} of cardinality
Ny, for example, this holds if fi,(Z) has a non-atomic distribution.

Additionally, assume the Dvoretzky—Kiefer-Wolfowitz and bounded Vapnik—Chervonenkis concentration inequalities hold
Sfor the threshold classes {z : fr(z) > t} and the bounded weighted threshold classes {z — g(z)1{fx(z) >t} : t € R}.
Then, for any § € (0, 1), with probability at least 1 — § over the concordance inputs and oracle evaluations,

A, — A7 <
k:%?%}(' k RS 2n4 a

log(4K/5) , 2 { \/10g(8K/5) . \/3210g(32K(b+1)/5)}+ 4

2b b ab’

Proof. Define the finite-sample conditional concordance target

We use the decomposition
[ A — ARl < |Ak — ALl + 1A — AR
The first term is the conditional oracle-evaluation noise. Given the concordance inputs and fitted guides, the set ’fk is fixed.

The variables 1{Ry(z;) > c} for z; € 75 are independent, bounded in [0, 1], and have conditional means g(z;). Therefore,
Hoeffding’s inequality gives, for each fixed k,

P<|Ak — Al >el| 2,2, {fk}le) < 2exp(—2nqe?).

A union bound over k =1, ..., K gives

.....

Setting the right-hand side equal to 6/2 yields, with conditional probability at least 1 — §/2,

s log(4K/9)
. — < _
pmax |[Ap — Ap| < on.

It remains to compare flz with the population top-tail concordance Aj. Expectations below are taken over a population
draw Z ~ P,yyc. For each threshold ¢, define

ar(t) =E[L{/i(2) 2 8})],  ha(t) = Elg(2)1{]u(2) = 1}],
and let gp () and hy ;(t) denote the corresponding empirical quantities. By the empirical-threshold representation

assumption, there exists 7}, such that 7, = {z : fk(z]) > 7y} and gy, (Tx) = na/b. Since n, = |ab], we also have
|na/b— a| < b~L. Therefore,

A = hb,k(Zk)7 A hk(Tk).
Qb,k(Tk) a

15
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By the Dvoretzky—Kiefer—Wolfowitz inequality applied to the empirical distribution function of fk(zj), together with a
union bound over k&,

log(8K/6) )
_ — L | < —.
P(&% sup lao (D) —ae( >\ =57 | < 3

For the weighted numerator term, fix & and consider the function class
He = {2z g(2)1{fr(z) >t} : t €R}.

Every function in 7, is bounded in [0, 1]. Moreover, on any b fixed points, the threshold sets {2 : fx(z) > t} can produce at
most b+ 1 distinct subsets as ¢ varies, so the growth function of H, is bounded by b+ 1. The standard Vapnik—Chervonenkis
uniform convergence inequality for bounded classes therefore gives, for each fixed k£ and every € > 0,

P (suplhna() ~ (0] > ) < 800+ 1>exp(—l§;) |

A union bound over k = 1,..., K yields

be?
— < — .
P(knllﬁ}jl( sup [P () — hi(t)] > €> <8K(b+1) exp( 39 )

Taking ¢ = \/321log(32K (b + 1)/4)/b gives

IP’( max __sup |hpy i (t) — hi(t)| >

k=1,...,.K ¢

\/32 log(32K(b+1)/6)\ _ 0
b ~ 4

On the event

sup |qyk (t) — qr(t)| < &g, sup |hp k(1) — hi(t)] < e,
t t

since qp 1 (Tk) = na/band [ng /b —al < b1,
lge(Te) — ] < eq+ b1
Moreover,
o, (Tie) = Tae ()| < NPk (Tie) — P (T ) [ - [P (Te) — P (7).
Since threshold sets are nested and 0 < g < 1,
e (Tie) = b ()| < lae (i) — @ne(7e)| < eq +07
Thus
|hose (Tie) — hie(Ti)| < en +eq+b70

Combining the numerator and denominator perturbations, and using hx(7) < qi(7%) = «, yields

- hy 1 (T hi (T
A A7 = b,k(/\k) ()
@, (Th) o
o (T) — h 1 1
< o (7 — k(7] +he(m) |——=— — —|-
Q.5 (Tk) wr(Te) «

Because b > 2/a, we have g, (Tk) = na/b > /2. Also, |gp 1 (7x) — @] < b~ 1. Therefore,

_ 2 4
Ar—Arl< 2 iy
| A} k|_a(5q+5h)+ab

16
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Taking ¢, = /log(8K/5)/(2b) and e, = /321log(32K (b + 1)/5)/b gives, with probability at least 1 — §/2 over the
concordance inputs,

Ar — AF| < = .
max Ay — A< 2 b ab

geeny

2 {\/1og(8K/6) +\/321og(321r<(b+1)/5)}+ 4

Combining this event with the conditional Hoeffding event and applying the triangle inequality proves the result. O

Remark G.2. Theorem G.1 shows that the oracle-concordance scores used by FiCS can be estimated reliably from a sparse
oracle budget. The bound separates oracle noise among the selected top-« candidates, scaling as nq v ?, from the error of
using a finite concordance set to approximate the population top-c region, scaling as b~ /2. Thus, FiCS does not require
dense oracle access over the full candidate space; it only requires enough high-fidelity feedback to compare which resampled
reward guides remain concordant with the oracle in the region relevant for steering. Because Ds is constructed to include
high-reward candidates, A} measures concordance in the decision-relevant portion of the search space rather than under the
base distribution alone.

Proposition G.3 (Stability of softmax concordance weights). Let A, A € RE be two vectors of oracle-concordance
scores, and let ¢ = softmax(yA) and ¢ = softmax(yA) denote the corresponding concordance weights for some inverse
temperature v > 0. Then the induced weights are Lipschitz-stable with respect to perturbations in the concordance scores:

lo = @l < 29)14 = Al
Proof. Define g : RX — A by

L ex(w)
gk( ) Zf:lexp(uz)

We bound the ¢; norm of the Jacobian J,;(u) applied to a perturbation vector and then integrate along the path from A to
YA.

. k=1,...,K.

The partial derivatives of g, with respect to u; are

i _ gr(u)(1 — gr(u)) ifj =k,
uj | —gr(u)g;(u) if j # k.
Equivalently,

T(u) = diag(g(u)) — g(u)g(u) .

For any vector v € R the k-th component of J, (u)v is

K
[Jg(u)v]k = gi(u) (Uk - Zgz(u)w> :

=1
Letv = Zle ge(u)vg. Since g(u) is a probability vector, |U| < ||v]||o0, and hence |v, — | < 2||v||o for every k. Therefore,

K

K
1 (w)olly =D gr(u)lor =] < 2[jolloe Y gr(w) = 2|v]lo.
k=1

k=1
Thus || Jg(w)||cc—1 < 2 for every u.

Now set u = yA and @& = A, and define the path u(t) = @ + t(u — @) for ¢ € [0,1]. By the fundamental theorem of
calculus,

o(u) - g(a) = / T, (b)) (u — @) d.

17
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Taking the /1 norm and using the bound above,
1
o) =gl < [ 1y (at) (u =) 1
1
< [ 2=l
0

= 2flu — il

Since u — & = y(A — A), we obtain

e — @l = lg(vA) — g(vA) |l < 29]|A — A .
0

Theorem G.4 (Uniform score stability). Let ¢* = softmax(yA*) denote the oracle-optimal weights computed from the
population concordance scores A*, and let = softmax(yA) denote the weights computed Jfrom the empirical concordance
scores A. Define the oracle FiCS score S*(x) = fo-(x) — A6y (x) and the estimated score S(x) = fs(x) — Ao 4 (x), with
A>0. Let

B= max sup | fi ()]
be a uniform bound on the guide predictions, and assume B < co. Suppose that, with probability at least 1 — 6,
1A = A*[|os < ea(0).
Set
ps = min{2,2ye 4(6)}.
Then, with probability at least 1 — 6,

sup [S*(x) — S(z)| < Bps + AB+/3ps.

Proof. Let Ap = @* — ¢. On the event || A — A*||» < £4(0), Proposition G.3 gives

Al < 2vea(6).

Since ¢* and ¢ are probability vectors, ||Ay||; < 2 as well. Hence

|Apllr < ps.
For the weighted mean term, for any x,
K
for () = fo(@)] = > _(r — @) ful)
k=1
< Bl|A¢lx
Next define
K o~ —
My (x) = Z‘Pkfk(x) ) V(z) = &sa(x)Q = My(z) — fso(x)z
k=1
Then

| M- () = My ()] < B?[|Ag]s.

18
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Also, since | fy+ ()], |fa(2)] < B,

|for (2)? = fo(2)?] < 2B|for(2) = fo()]
< 2B2||A90H1~

Therefore,

Vi (x) = Vi ()] < 3B%[| A1
Using |/a — Vb| < y/]a — b] for a,b > 0, we obtain

|6+ (z) — 65 (z)| < By/3[|Aplls

Combining the mean and standard-deviation perturbations gives

1S*(2) — S(2)| < |for (z) = fo(@)| + NGp- (2) — ()]
< B||Agl|l1 + AB/3||A¢]|;

< Bp§ + )\B\/3p5.

Taking the supremum over x completes the proof. O

Remark G.5. Theorem G.4 establishes that the guide-dependent component of the FiCS score is stable under finite-sample
error in the oracle-concordance weights. If a common support penalty is included in both S* and S, it cancels exactly,
and the bound applies to the full score. The weighted mean term exhibits Lipschitz continuity with respect to weight
perturbations, while the weighted disagreement penalty satisfies a denominator-free square-root bound. This square-root
dependence arises from bounding the difference of standard deviations directly, without normalizing by the ensemble
variance, thereby avoiding assumptions on a quantity that may be arbitrarily small when ensemble agreement is high. The
result clarifies the distinct roles of v and A: larger ~ increases the sensitivity of concordance weights to oracle feedback,
while larger A amplifies the contribution of uncertainty quantification to the final score.

Theorem G.6 (Selection stability under score separation). Work under the assumptions and notation of Theorem G.4. Let
T(1),...,T(N) denote candidates sorted by S*(x) in decreasing order, and let A, = S*(x(ry) — S*(2(1+1)) denote the
score gap at the selection boundary. If

A
Bps + AB\/3ps < TL
then, with probability at least 1 — 0, the top-L candidates under S are identical to the top-L candidates under S*.

Proof. Leteg = sup, |S*(x) — S(z)|. By Theorem G.4, with probability at least 1 — ¢,

A
es < Bps + ABy/3ps < TL
On this event, for any ¢ < L and any j > L,

S(.’L’(i)) — S(m(j)) > S*(CL'(Z-)) - S*(:c(j)) —2e9 > AL —2eg > 0.

Thus, every candidate ranked in the top L by S* receives a higher estimated score than every candidate outside the top L.
Therefore, the top-L selected sets under S and S* coincide. O
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