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Abstract
Computational efforts in optimal transport tra-
ditionally revolve around the squared-Euclidean
cost. In this work, we choose to investigate the
optimal transport problem between probability
measures when the underlying metric space is
non-Euclidean, or when the cost function is un-
derstood to satisfy a least action principle, also
known as a Lagrangian cost. These two general-
izations are useful when connecting observations
from a physical system, where the transport dy-
namics are influenced by the geometry of the sys-
tem, such as obstacles, and allows practitioners to
incorporate a priori knowledge of the underlying
system. Examples include barriers for transport,
or enforcing a certain geometry, e.g., paths must
be circular. Our contributions are of computa-
tional interest, where we demonstrate the abil-
ity to efficiently compute geodesics and amortize
spline-based paths. We demonstrate the effec-
tiveness of this formulation on existing synthetic
examples in the literature, where we solve the
optimal transport problems in the absence of reg-
ularization.

1. Introduction
Optimal transport under the squared-Euclidean cost
c(x, y) = 1

2∥x− y∥2, from both a mathematical and com-
putational regard, can only be described as elegant. Its
connection to convex functions via Brenier’s theorem (Bre-
nier, 1991) has allowed for both numerical analysts (Jacobs
and Léger, 2020) and machine learning researchers (Bunne
et al., 2022b; Amos, 2023; Korotin et al., 2019) to push
the boundaries of computational optimal transport in re-
cent years. This connection has also been influential in do-
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Figure 1. Optimal transport paths with Lagrangian costs on the
obstacles setting from Liu et al. (2022) and circular geometry from
Scarvelis and Solomon (2023).

mains such as economics and statistics (Carlier et al., 2016;
Chernozhukov et al., 2017), high-energy particle physics
(Manole et al., 2022), computational biology (Schiebinger
et al., 2019; Bunne et al., 2021; 2022a), computer vision
(Feydy et al., 2017), among others.

We argue that, apart from this elegance, there is little reason
practitioners should default to this cost in their applications.
The purpose of this paper is to provide a computational
framework that allows practitioners to enforce transport with
respect to a more general notion of cost. To this end, our
goal is to numerically solve the optimal transport problem
when the underlying cost of displacement is governed by
a least action principle: For two points x, y ∈ Rd, the
displacement cost c(x, y) is

c(x, y) := inf
γ∈C(x,y)

{∫ 1

0

L(γt, γ̇t, t) dt
}

(1)

where C(x, y) is the set of smooth, time dependent curves
that connect x and y, i.e. so γ0 = x and γ1 = y, and

L : Rd × Rd × [0, 1] → R ∪ {+∞} (2)

is the Lagrangian function which ultimately governs the cost
of transport. The Lagrangian takes as arguments the position
of the curve γt ∈ Rd at time t and the velocity at that point
γ̇t := dγt/ dt. This definition is inspired by Lagrangian
mechanics: equations of motion that are based on energies
of a system, rather than forces. As outlined in Villani (2009,
Chapter 7), and briefly discussed in Section 2.2, this notion
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of cost can be lifted to the space of probability measures,
instead of just being between two fixed points over a space.

If L(x, v, t) := 1
2∥v∥

2, then c(x, y) recovers the squared-
Euclidean distance of transport (cf. Chen et al. (2016, Eq. 2)
and Example 1). However, the Lagrangians that we consider
are more eccentric and incorporate 1) potential energy terms
with a function U : Rd → R, i.e.

L(x, v, t) := 1
2∥v∥

2 − U(x), (3)

and 2) position-dependent costs:

L(x, v, t) := 1
2∥v∥

2
A(x) =

1
2v

⊤A(x)v, (4)

e.g. for representing geodesic distances. Examples 2 and 3,
respectively, give more details on 1) and 2). In Fig. 1(a),
we use smooth potential functions U to act as obstacles be-
tween the source Gaussian and the 8-Gaussian mixture. In
Fig. 1(b), we learn the least-cost paths between two Gaus-
sians when the cost of displacement is lowest along circular
trajectories. We stress that, despite this being a non-standard
notion of cost, there still exists an optimal transport map
(Eq. (9)) expressed explicitly as the minimizer to an opti-
mization problem which we are able to learn.

We consider two categories of optimal transport problems:
i) transport between a pair of probability measures (µ, ν),
or ii) transport between consecutive pairs of measures
{(ρi, ρi+1}K−1

i=0 . In i), we assume the practitioner is in-
terested in modeling physical systems, and has access to
their Lagrangian of interest, either through the potential
function U or position-dependent metric A, and wants to
know the optimal displacement and cost between µ and
ν. For ii), the practitioner has access to samples from K
probability measures, which they believe to be traversing
optimally under some underlying Riemannian metric which
is not known. We learn this Riemannian metric to uncover
the geometry of the space. We stress that both modifications
allow for the practitioner to employ in-domain knowledge
to the cost function, as opposed to the squared-Euclidean
cost, which remains information agnostic.

Contributions. We aim to numerically solve optimal trans-
port problems where the cost function follows Eq. (1) and
the measures are in an underlying continuous space. Our
approach involves parameterizing the solution to the La-
grangian optimal transport problem using neural networks.
The non-standard cost leads to two computational chal-
lenges for obtaining 1) the displacement cost Eq. (1) and
minimizing path, 2) the c-transform of the Lagrangian cost.
We overcome both of these by using amortized optimization,
e.g. as in Amos (2022), to obtain approximate solutions.
We then parameterize the metric of a Riemannian manifold
using a neural network and learn it by minimizing the opti-
mal transport cost and show that this improves the metric
recovery experiments in Scarvelis and Solomon (2023).

2. Background on optimal transport
2.1. Kantorovich primal-dual problems and mappings

Optimal transport can be written as several equivalent
infinite-dimensional optimization problems, which we out-
line below under mild conditions. We refer the interested
reader to Santambrogio (2015) or Villani (2009) for a more
detailed discussion. Let µ ∈ P(X ) and ν ∈ P(Y) be
two probability measures defined on X and Y , respectively,
which are complete, separable metric spaces (for simplicity,
one can consider Rd endowed with the Euclidean metric).
Let c : X ×Y → R be a lower semicontinuous, real-valued
cost function (for simplicity, one can consider any bounded
convex cost function). The primal (Kantorovich) formula-
tion, attributed to Kantorovitch (1942), is given by

OTc(µ, ν) := inf
π∈Γ(µ,ν)

∫∫
X×Y

c(x, y) dπ(x, y) , (5)

where Γ(µ, ν) ⊂ P(X × Y) is the set of transportation
couplings between µ and ν i.e. π ∈ Γ(µ, ν) if∫

Y
dπ(x, y) = dµ(x) ,

∫
X

dπ(x, y) = dν(x) . (6)

Under our specifications on the cost function, an equivalent
optimization problem called the dual (Kantorovich) formu-
lation (e.g. Villani (2009, Theorem 5.10)), is given by

OTc(µ, ν) := sup
g∈L1(ν)

∫
gc(x) dµ(x) +

∫
g(y) dν(y) , (7)

where L1(ν) is the set of integrable functions with respect
to ν, and gc is the c-transform of g, written

gc(x) := inf
y∈Y

J(y;x) where J(y;x) := c(x, y)− g(y) . (8)

When the infimum in Eq. (8) is attained, the minimizer is

ŷ(x; c, g) := argmin
y∈Y

{c(x, y)− g(y)} . (9)

When the supremum in Eq. (7) is attained, we write ĝ as
the maximizer, called the optimal Kantorovich potential.
Consequently, we define the optimal transport map as the
minimizer ŷ(·; c, ĝ), which is Eq. (9) applied to the optimal
Kantorovich potential: given x ∈ X , ŷ(x; c, ĝ) corresponds
to the optimal displacement from µ to ν.

2.2. Optimal transport with Lagrangian costs

We now suppose our probability measures exist on compact
subsets X = Y ⊆ Rd. We associate the cost of displacing
x to y with an action that is to be minimized over a time
horizon [0, 1]. Borrowing terminology from physics, these
actions will take the form of Lagrangian functionals, which
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are functions that depend on the position of a curve γt, its
velocity, γ̇t, and time t ∈ [0, 1];

(γt, γ̇t, t) 7−→ L(γt, γ̇t, t) , (10)

where curves in C are understood to be smooth and abso-
lutely continuous curves over Rd, indexed by time in [0, 1],
cf. Villani (2009, Chapter 7). The Lagrangian induces an
energy E on curves defined by

E(γ;x, y) :=

{∫ 1

0

L(γt, γ̇t, t) dt
}

(11)

The cost of displacement, or action, is then given by

c(x, y) := inf
γ∈C(x,y)

E(γ;x, y) . (12)

Though initially defined between two points on the manifold,
this cost can be appropriated “lifted” to the space of proba-
bility measures, resulting in what is known as Lagrangian
Optimal Transport. Indeed, under mild assumptions on L,
the generalized notion of transport vis-à-vis minimizers to
Eq. (8) is defined. A thorough discussion is found in Villani
(2009, Chapter 7), specifically Theorem 7.21 and Remark
7.25. The following conditions are sufficient for Eq. (12) to
define a valid notion of transport: L is twice continuously
differentiable and strictly convex in v, with ∇2

vL ≻ 0 ev-
erywhere, and L does not depend (explicitly) on t. These
conditions are satisfied in all our problem considerations.
Remark 1. For simplicity, we present the background for
manifolds (Rd, g) where g is potentially a non-Euclidean
metric. These same discussions hold when we instead con-
sider a general smooth manifold M and its associated metric
g; cf. e.g. Feldman and McCann (2002).

Example 1 (Euclidean kinetic energy). The squared Eu-
clidean distance can be recovered (cf. Chen et al. (2016,
Eq. 2)) by taking the Lagrangian as the kinetic energy:

L(γt, γ̇t, t) := 1
2∥γ̇t∥

2 , (13)

Example 2 (Euclidean kinetic and potential energy).
Adding a potential function1 U : Rd → R, i.e.

L(γt, γ̇t, t) :=
1

2
∥γ̇t∥2 − U(γt) , (14)

The potential provides a way of specifying how “easy” it
is to pass through regions of the space: this includes the
obstacles an in Fig. 1(a) and Fig. 2 where the potential takes
low values and prevents the paths from crossing them:

Example 3 (Squared geodesic distances on Riemannian
manifolds). A final modification lies in the choice of the
underlying metric g, which may be position dependent. As
we are operating on Rd for simplicity, the metric g at a

1Not to be confused with Kantorovich potentials (Section 2.1)

point x ∈ Rd is given by the scaled inner product ⟨u, v⟩x :=
⟨u,A(x)v⟩ for any u, v ∈ Rd, for some A(·) : Rd → Sd++

positive-definite. This allows us to consider Lagrangians
that induce squared-geodesic distances:

L(γt, γ̇t, t;A) =
1

2
∥γ̇t∥2A(γt)

. (15)

The circular geometry in Fig. 2(a) shows Example 3 where
the metric is given by the positive-definite matrix

A(x) :=

(
x2
1

∥x∥2 1− x1x2

∥x∥2

1− x1x2

∥x∥2

x2
2

∥x∥2

)
. (16)

3. Neural OT with Lagrangian costs
We first focus on computationally solving for the Kan-
torovich dual in Eq. (7) between two measures µ ∈ P(X )
and ν ∈ P(Y) when the cost function is of the form Eq. (14)
or Eq. (15). All components of the Lagrangian are known,
i.e. the Lagrangian potential U or the underlying metric A is
known, and we assume access to samples from µ and ν. The
Kantorovich potential g ∈ L1(ν) in Eq. (7) is a function
g : Y → R. Alg. 1 summarizes our solution.

We follow recent work on neural optimal transport, e.g.
as in Taghvaei and Jalali (2019); Makkuva et al. (2020);
Korotin et al. (2019); Fan et al. (2021a); Amos (2023), and
represent the Kantorovich potential as a neural network gθ
with parameters θ. With this parameterization, we recast
Eq. (7) as maxθ ℓdual(θ) where

ℓdual(θ) :=

∫
gcθ(x) dµ(x) +

∫
gθ(y) dν(y) (17)

and the c-transform gcθ incorporates the Lagrangian function.
We solve Eq. (17) with stochastic gradient method using

∇θℓdual(θ) =

∫
∇θg

c
θ(x) dµ(x) +

∫
∇θgθ(y) dν(y), (18)

where gcθ is differentiated with Danskin’s envelope theorem
(Danskin, 1966; Bertsekas, 1971), i.e.

∇θg
c
θ(x) = ∇θJ(ŷ(x);x, c, gθ) = −∇θgθ(ŷ(x)) . (19)

We follow Taghvaei and Jalali (2019), as well as other OT
work based on neural networks, and approximate Eq. (17)
and Eq. (18) with Monte-Carlo estimates of the integrals as
they are not computable in closed-form. Computing these
estimates still requires overcoming the following challenges:

Challenge 1 (Computing the c-transform). Estimating
Eq. (17) and Eq. (18) require obtaining the c-transform
gcθ and the corresponding minimizing point ŷ(x; c, g). This
requires solving the optimization problem in Eq. (8) for
every x, which does not have a closed-form solution.
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Algorithm 1 Neural Lagrangian Optimal Transport
inputs: measures µ and ν, Kantorovich potential gθ, c-transform predictor yϕ, and spline predictor φη

while unconverged do
sample batches {xi}Ni=1 ∼ µ and {yi}Ni=1 ∼ ν
obtain the amortized c-transform predictor yϕ(xi) for i ∈ [N ]
fine-tune the c-transform by numerically solving Eq. (9), warm-starting with yϕ(xi)
update the potential with gradient estimate of ∇θℓdual (Eq. (18))
update the c-transform predictor yϕ using a gradient estimate of Eq. (20)
update the spline predictor φη using a gradient estimate of Eq. (23)

end while
return optimal parameters θ, ϕ, η

Prior OT work for the squared-Euclidean cost settings had to
overcome a similar challenge when the c-transform becomes
the Fenchel or convex conjugate operation: Taghvaei and
Jalali (2019); Korotin et al. (2021) use numerical solvers
such as L-BFGS, Adam, and other gradient-based meth-
ods, Makkuva et al. (2020); Korotin et al. (2019; 2021) use
an amortized approximation, and Amos (2023) combines
the amortized approximation with a numerical solver. For
c-transforms, Fan et al. (2021a) uses an amortized approxi-
mation to overcome Challenge 1.

We follow these works and overcome Challenge 1 by amor-
tizing the solution to Eq. (8). This involves parameterizing
an approximate c-transform map ŷϕ ≈ ŷ that we learn with
a regression-based loss

min
ϕ

∫
∥ŷ(x)− yϕ(x)∥ dµ(x) . (20)

The conjugation model ŷϕ is only an approximation and may
be inaccurate as the potential gθ changes during training.
An inaccurate approximation to the c-transform results in a
poor approximation to the objective in Eq. (17); to improve
it, we follow Amos (2023) and fine-tune the c-transform
prediction with a few steps of L-BFGS to solve Eq. (9) and
warm-starting it with the amortized prediction.

Challenge 2 (Computing the cost c). Evaluating the La-
grangian cost c that arises in the c-transform in Eqs. (8)
and (20) involves solving the optimization problem in
Eq. (12) over paths. While closed-form solutions exist for
simple manifolds, e.g. straight paths on Euclidean space or
great arcs on spherical manifolds, the more general settings
we consider do not admit closed-form solutions and need to
be numerically solved.

Computationally representing paths and solving for Rieman-
nian geodesics and Lagrangian paths in Eq. (12) outside of
the context of optimal transport is an active research area.
We follow Beik-Mohammadi et al. (2021); Detlefsen et al.
(2021) and parameterize the space of paths between x and
y with a cubic spline γφ(x, y) (where the parameters are φ).
This spline parameterization transforms the optimization

problem in Eq. (12) to an optimization problem over the
continuous-valued parameters of the spline as

φ⋆(x, y) := argmin
φ∈Φ(x,y)

E(φ;x, y) (21)

where

E(φ;x, y) :=

{∫ 1

0

L((γφ)t, (γ̇φ)t, t) dt
}

(22)

and Φ(x, y) is the space of cubic splines between x and y;
see Appendix A for more details.

Solving Eq. (21) for every c-transform within every evalu-
ation for the OT cost is computationally intractable, so we
propose to amortize the path computation using objective-
based amortization as in Amos (2022). Given points x
and y, we parameterize the spline amortization model with
φη(x, y) ≈ φ⋆(x, y) and train it to compute the paths nec-
essary for the OT cost, i.e.,

min
η

∫
E(φη;x, ŷ(x)) dµ(x) . (23)

4. Metric learning with Lagrangian OT
We now follow Scarvelis and Solomon (2023) and con-
sider optimal transport problems where the ground-truth dis-
placement is given by geodesics induced by non-Euclidean
geometries, like Eq. (16). However, we crucially do not as-
sume knowledge of the underlying positive-definite matrix-
valued function A that induces the Riemannian geometry.
Our goal is to instead learn A on the basis of sequential
pairs of probability measures {(ρi, ρi+1)}K−1

i=1 , which is
motivated by recent applications in single-cell genomic pro-
filing; see e.g. Schiebinger et al. (2019) and Bunne et al.
(2022b). Let Aϑ be the neural network parameterization of
a positive-definite matrix, with the network weights given
by ϑ. The matrix-valued function Aϑ then induces the cost
cϑ, given by

cϑ(x, y) := inf
γ∈C(x,y)

{∫ 1

0

1
2∥γ̇t∥

2
Aϑ(γt)

dt

}
. (24)



Neural Optimal Transport with Lagrangian Costs

Algorithm 2 Metric learning with Lagrangian OT

inputs: measures {(ρi, ρi+1)}K−1
i=1 , metric Aϑ, potentials gθi , c-transform predictors yϕi

, spline predictors φηi
,

while unconverged do
update ϑ using ∇ϑℓdual (with the terms in Eq. (27))
update the OT approximation θi, ϕi, ηi with an iteration of Alg. 1

end while
return optimal parameters ϑ, θi, ϕi, ηi

We can then learn a metric that results in a geometry with a
minimal OT cost, i.e. minϑ ℓmetric(ϑ) where

ℓmetric(ϑ) :=
1

K

K−1∑
i=1

OTcϑ(ρi, ρi+1). (25)

To ensure Aϑ does not collapse, we embed rotational invari-
ances into Rϑ; further technical details for Rϑ are addressed
in Section 4.1. We use the neural networks from Section 3
to approximate the OT maps, resulting in

ℓmetric(ϑ) ≈ max
{θi}K−1

i=1

1

K

K−1∑
i=1

ℓdual(θi; ρi, ρi+1, ϑ), (26)

Equation (26) is a delicate min-max optimization scheme
that we solve with alternating descent-ascent. For a fixed
metric Aϑ, the inner maximization problem is the same as
Section 3, but with K − 1 networks. The only difference
is the outer minimization step, which we can compute effi-
ciently via sequential applications of the envelope theorem.
Noting that only the first term in Eq. (25) depends on Aϑ,
the gradient of Eq. (26) can be computed with the terms

∇ϑℓdual(θ; ρi, ρi+1, ϑ) = ∇ϑ

∫
gcϑ dρi

=

∫
∇ϑg

cϑ dρi

=

∫
∇ϑcϑ(x, ŷ(x)) dρ(x)

=

∫
∇ϑEϑ(φηi

, x, ŷ(x))) dρi .

(27)

The full update of Aϑ then takes the average gradient of
these K − 1 gradient computations. Thus, the inner maxi-
mization step requires K − 1 applications of Alg. 1, and the
outer minimization step freezes the inner parameters, leav-
ing only an average update for Aϑ. We stress that a primary
difference in this setting limited finite-sample access to the
K−1 measures from which we are to learn the ground-truth
metric, and output paths and optimal transport maps. Alg. 2
overviews the general algorithm.

4.1. Parameterizing the metric Aϑ with rotations

We parameterize the metric Aϑ to predict a rotation Rϑ(x)
of a fixed matrix B, i.e.

Aϑ(x) := Rϑ(x)BRϑ(x)
⊤ , (28)

where

B :=

[
1 0
0 0.1

]
(29)

and

Rϑ(x) :=

[
cos θ − sin θ
sin θ cos θ

]
. (30)

The eigenvalues of Aϑ(x) are always the eigenvalues of
B, i.e., 1 and 0.1, and parameterizing the rotation forces
B to be rotated so the data movement is along the smallest
eigenvector as in Fig. 3.

5. Experiments
We performed several experiments in settings from prior
published work. Our synthetic examples for Lagrangians
with potentials are from Liu et al. (2022); Koshizuka
and Sato (2022). The metric learning problems are from
Scarvelis and Solomon (2023).

5.1. Lagrangians with barrier potentials

We first consider Lagrangians of the form

L(x, v, t) := 1
2∥v∥

2 − U(x) , (31)

with U : Rd → R. In many of our examples, U will take
the form of a barrier that limits transport, which in principle
should yield U(x) = −∞ if x is in the domain of U . To
ensure L remains smooth, we consider smooth (but sharp)
barrier functions U , as in prior work. Precise definitions of
the functions are deferred to Appendix B. In Figure 2, we
learn the optimal transport map between two measures with
a box or slit constraint; in Figure 1(a), we learn the optimal
transport map between a Gaussian and a Gaussian mixture,
with barriers (the box and slit), a hill, and a well.

5.2. Riemannian metric learning

We consider three ground-truth Riemannian metrics A(·),
which are given by the arrows in Fig. 4. To be precise,
grey arrows in Fig. 3 show the direction of the smallest
eigenvector at that point i.e. the easiest direction to move
in. Note that Figure 3(a) is the circle metric from Eq. (16),
and the other two metrics are non-smooth metrics that cause
splitting Fig. 3(b) or reflections Fig. 3(c). In each task, we
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Table 1. Alignment scores ℓalign for metric recovery in Fig. 4. (higher is better)

Circle Mass Splitting X Paths

Scarvelis and Solomon (2023) 0.995 0.839 0.916
Our approach 0.997± 0.002 0.986± 0.001 0.957± 0.001

box slit hill well

contours indicate Lagrangian potential U(x) (darker color=higher value)

source samples target samples push-forward samples transport paths

Figure 2. OT maps and paths for settings considered in Koshizuka and Sato (2022).

are given samples from K − 1 pairs of probability mea-
sures which were generated according to these Riemannian
metrics. Our task is to learn the metric on the basis of the
samples alone, and ideally recover the transport path ex-
actly. The precise formulas for A(·) and descriptions of the
learning tasks are in Appendix C.

We quantify our ability to recover the ground-truth metric
through the alignment score from Scarvelis and Solomon
(2023):

ℓalign(A, Â) :=
1

d|D|
∑
x∈D

d∑
i=1

|ui(x)
⊤ûi(x)| ∈ [0, 1] , (32)

where D is a finite discretization of the space, and ui(x)
(resp. ûi(x)) is the (unit) eigenvector with eigenvalue λi

(resp. λ̂i) for the matrix A(x) (resp. Â(x)). Our results are
reported in Table 1, where we perform the same experiment
over three randomized trials, and report the same metric
values from Scarvelis and Solomon (2023). Notably, we
see a roughly 17% improvement in the “Mass Splitting”
example, with near-perfect recovery in all cases.

Finally, in Fig. 4, we plot our learned geodesics that are
learned from the data. Unlike (Scarvelis and Solomon,
2023), our formulation allows us to output these geodesics,
and does not require a separate training scheme. Indeed, in
their approach, the authors first learn the metric, then use a
separate procedure to learn a continuous normalizing flow
to act as the geodesics. In contrast, since we learn geodesic
paths, we are able to effortlessly output the paths in Fig. 4.

6. Related work
6.1. Lagrangian Schrödinger bridges

Koshizuka and Sato (2022) and Liu et al. (2022) are the
closest for this subproblem that we consider in Section 3.
The former studies the Stochastic Optimal Transport (SOT)
problem, which amounts to optimal transport on path space,
with the path dictated by a stochastic differential equation
(SDE). The authors consider Lagrangian costs, and use neu-
ral SDEs to model the trajectories. In Liu et al. (2022), they
investigate the Schrödinger Bridge Problem (SBP), which
can be distilled to optimal transport with entropic regular-
ization (Léonard, 2012), also using neural SDEs, and have a
particular focus on Mean-Field Games, which is not a focus
of this work. Note that the (SBP) is a special case of (SOT);
see Koshizuka and Sato (2022, Figure 2).

6.2. Metric learning with OT

Although our setup is taken from Scarvelis and Solomon
(2023), there are several differences between our work and
theirs. They deploy a specialized duality theory based on
Section 2.1, where the Kantorovich potentials must be 1-
Lipschitz with respect to the weighted Euclidean metric —
this is enforced using an additional regularizer in the inner
maximization problem in Eq. (25). Finally to ensure the
metric does not collapse, they add another regularizer on
Eq. (25), for the outer minimization problem. Moreover,
they use Eq. (25) only to fit a metric Âϑ, and later use
another optimization problem (based on continuous normal-
izing flows) to fit their geodesics. In contrast, our approach
is self-contained, unregularized, and generalizable to other
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Circle X Paths Mass splitting

(smallest) eigenvectors of A ( learned metric ground-truth) data (lighter colors=later time)

Figure 3. We successfully recover the metrics on the settings from Scarvelis and Solomon (2023).

Circle X Paths Mass splitting

samples from initial measure geodesics (lighter colors=later time)

Figure 4. Our transport geodesics are able to reconstruct continuous versions of the original data that can predict the movement of
individual particles given only samples from the first measure.

notions of cost. Furthermore, we are able to obtain approx-
imations of the transport map with yϕ and transport paths
with φη .

6.3. Estimation and applications of optimal transport
maps under the squared-Euclidean cost

Apart from machine learning communities, the squared-
Euclidean cost has also garnered much interest in traditional
domains. Over the last few years starting with Hütter and
Rigollet (2021), a statistical analysis of the estimation of
optimal transport maps for the squared-Euclidean cost, fol-
lowed swiftly by Deb et al. (2021); Manole et al. (2021);
Pooladian and Niles-Weed (2021), to name a few. Appli-
cations of optimal transport in machine learning focus pri-
marily around grounded in “generative modeling”, where
the notion of a learned transport map allows us to gener-
ate new samples from a target measure from which we

only have access to samples (e.g. generating a new image).
Examples of such works include Huang et al. (2021); Fin-
lay et al. (2020a;b); Lipman et al. (2022); Pooladian et al.
(2023); Onken et al. (2021); Rout et al. (2021); Bousquet
et al. (2017); Balaji et al. (2020); Seguy et al. (2018); Tong
et al. (2023). The work of Schiebinger et al. (2019) had a
cascading effect in the machine learning community, popu-
larizing the ability to predict single-cell genome expressions
through optimal transport using limited data. Examples of
such works include Bunne et al. (2021; 2022b;a); Lübeck
et al. (2022) and Tong et al. (2020).

6.4. Estimation of optimal transport maps for other
notions of cost

One can generalize the notion of a Brenier-map in closed
form by considering a specific family of cost functions. We
call a convex cost function translation invariant if c(x, y) :=
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h(x − y) with h : Rd → R convex. To the best of our
knowledge, the pursuit of estimating such maps has been
seldom, apart from Fan et al. (2021b) and the very recent
works Cuturi et al. (2023); Uscidda and Cuturi (2023); Klein
et al. (2023). Other applications include i.e. defining notions
of optimal transport between datasets or different spaces
Nekrashevich et al. (2023); Alvarez-Melis and Fusi (2020);
Alvarez-Melis and Jaakkola (2018)

7. Conclusion
In this work, we proposed an efficient framework for com-
puting geodesics under generalized least-action principles,
or Lagrangians, leading to large-scale computation of La-
grangian Optimal Transport trajectories. Combining amorti-
zation and the use of splines, we demonstrate the capacity
of our method on a suite of problems, ranging from learning
non-Euclidean geometries from data, to computing optimal
transport maps under (known) non-Euclidean geometries
and costs. There are many remaining fundamental research
avenues that arise as a result of this work. Examples include
a statistical analysis of these new costs (e.g., Hundrieser et al.
(2023); Hütter and Rigollet (2021)), extensions to the un-
balanced optimal transport setting through the Wasserstein-
Fisher-Rao metric (Gallouët and Monsaingeon, 2017), and
extensions to multi-marginal optimal transport (Pass, 2015).
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Miguel González-Duque, Frederik Warburg, Marco
Miani, and Søren Hauberg. Stochman. GitHub. Note:
https://github.com/MachineLearningLifeScience/stochman/,
2021. Cited on pages 4 and 12.

Jiaojiao Fan, Shu Liu, Shaojun Ma, Yongxin Chen, and
Haomin Zhou. Scalable computation of monge maps
with general costs. arXiv preprint arXiv:2106.03812,
page 4, 2021a. Cited on pages 3 and 4.

Jiaojiao Fan, Shu Liu, Shaojun Ma, Haomin Zhou, and
Yongxin Chen. Neural monge map estimation and its
applications. arXiv preprint arXiv:2106.03812, 2021b.
Cited on page 8.

Mikhail Feldman and Robert McCann. Monge’s trans-
port problem on a riemannian manifold. Transactions of
the American Mathematical Society, 354(4):1667–1697,
2002. Cited on page 3.

Jean Feydy, Benjamin Charlier, François-Xavier Vialard,
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A. Details on the use of splines for geodesics and paths
This section provides more background information and details behind the amortized splines in Section 3 that address
Challenge 2.

A.1. Cubic splines

Cubic splines, e.g. as reviewed in McKinley and Levine (1998); Wolberg (1988); Bartels et al. (1995); Weisstein (2008);
Hastie et al. (2009); Burden et al. (2015), are a widely-used method for fitting a parametric function to data. We start with a
review of general splines in one dimension (Appendix A.1.1), then extend those to multiple dimensions (Appendix A.1.2),
then use those for representing the Lagrangian paths and geodesics (Appendix A.2), then amortize those (Appendix A.3).

A.1.1. . . . IN ONE DIMENSION

In one dimension, a cubic spline is defined by

γ(x) :=


γ1(x) if x1 ≤ x < x2

γ2(x) if x2 ≤ x < x3

γn−1(x) if xn−1 ≤ x < xn

(33)

where x ∈ R, xi for i ∈ {1, . . . , n} are the knot points and

γi(x) := ai + bix+ cix
2 + dix

3 (34)

are the cubic component functions with coefficients φ̄i := [ai, bi, ci, di]. We write the vector of all coefficients as
φ̄ := [φ̄1, . . . , φ̄n−1].
Challenge 3 (Parameterizing splines). The coefficients φ̄ are unknown and fit to data. While they could be taken directly as
the parameters for γ, it would not result in a continuous function around the knot points.

The standard approach to resolve these discontinuities is to constrain the component functions to be continuous and have
matching values and derivatives

γi(xi+1) = γi+1(xx+1) for i ∈ {1, . . . , n− 1}
γ′
i(xi+1) = γ′

i+1(xx+1) for i ∈ {1, . . . , n− 1}
γ′′
i (xi+1) = γ′′

i+1(xx+1) for i ∈ {1, . . . , n− 1}.
(35)

These constraints, along with other conditions can be used to provide a set of basis vectors B := [bi]
m
i=1 where bi ∈ |φ̄| of

spline parameterizations φ̄ that satisfy Eq. (35), e.g. as in Hastie et al. (2009, Section 5.2.1). In other words, any linear
combination of the basis vectors bi will result in a valid parameterization. We can thus reparameterize the spline with
φ ∈ Rm to be based on linear combinations of the basis, providing

φ̄ := Bφ =
∑

biφi (36)

The advantage of this reparameterization is that φ is a parameterization of splines in the unconstrained reals and can therefore
be treated as a standard learnable parameter for our geodesic computations.

A.1.2. . . . IN MULTIPLE DIMENSIONS

The standard extension of splines to functions of multiple dimensions, e.g. for graphics (Bartels et al., 1995), is to
parameterize a one-dimensional spline Eq. (33) on each coordinate. We will notate these as γφ : R → Rd, γφ(x) :=
[γφ1

(x), . . . , γφd
(x)] where φi is the parameterization of the basis coefficients for each one-dimensional spline.

A.2. Cubic splines for geodesics and Lagrangian paths

We follow Beik-Mohammadi et al. (2021); Detlefsen et al. (2021) and represent geodesics and Lagrangian paths between
two points x, y by a multi-dimensional spline γφ(t) parameterized by φ where t ∈ [0, 1] is the time. The basis for the
splines enforce the smoothness properties in Eq. (35) as well as the boundary conditions γφ(0) = x and γφ(1) = y.
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A.3. Amortized cubic splines for geodesics

Instead of computing the spline parameters φ individually for every geodesic, we propose to amortize them across the
geodesics needed for the OT maps. This results in parameterizing an amortization model φη(x, y) that predicts the spline
parameters for a geodesic between x and y that we learn with objective-based amortization in Eq. (23).

B. Synthetic data for Lagrangians with potentials
We consider five potential functions U(x) in this work. The following four potential functions are from (Koshizuka and
Sato, 2022):

Ubox(x) := −M1 · 1[−0.5,0.5]2(x) , (37)
Uslit(x) := −M2 · (1([−0.1,0.1],(−∞,−0.25])(x1, x2) + 1([−0.1,0.1],[0.25,∞))(x1, x2)) , (38)

Uhill(x) := −M3∥x∥2 , (39)

Uwell(x) := −M4 exp(−∥x∥2) , (40)

where M1,M2,M3 and M4 are constants.

The Gaussian-mixture example is taken from (Liu et al., 2022), which amounts to the following potential function

UGMM(x) := −M5

3∑
i=1

1Bi(x) , (41)

where Bi := {x : ∥x−mi∥ ≤ 1.5} with mi ∈ {(6, 6), (6,−6), (−6,−6)}.

We approximate the hard constraints using sigmoid functions. We make the choices M1 = 0.01, M2 = 1, M3 = 0.05,
M4 = 0.01, M5 = 0.1 — we are unable to use the same choice of M for all potentials as a result of numerical instabilities
that arise in the geodesic computation.

C. Data from (Scarvelis and Solomon, 2023)
We briefly outline the three datasets used in Section 4, all of which were taken directly from (Scarvelis and Solomon, 2023),
following their open source repository https://github.com/cscarv/riemannian-metric-learning-ot;
here we simply explain the data generating processes.

The three datasets have a similar flavor: Let γ be a time-varying curve, and suppose we have access to the matrix function
A(·) which generates the known geometry. This allows the authors to generate a velocity field between two fixed points x
and y (respectively, initial and final position of γ) using the following optimization problem

min
θ

∫ 1

0

∥v(t,θ)(γt)∥2A(γt)
dt+ ∥γ(1)− y∥ , (42)

where v(t,θ)(·) is a time-varying neural network (parametrized by θ) that is the solution to a neural ODE, where they also
enforce the initial condition γ0 = x. The integral in time is replaced with a sum over indices 0 = t1 < t2 < . . . < tm = 1.
For a given collection of samples from measures {ρi}K−1

i=1 , the authors randomly pair up the data and solve Equation (42)
across batches using the (Chen, 2018) package (specifically using odeint). Equation (42) is solved using AdamW with a
learning rate of 10−3 and weight-decay factor 10−3, with 100 epochs of training per pair of samples. The learned solution
v(t,θ̂) is able to generate data at various time-points. With this setup in mind, we can turn to precise details for the three
datasets.

Circular trajectory The circular path is enforced using the matrix

A(x) :=

(
x2
1

∥x∥2 1− x1x2

∥x∥2

1− x1x2

∥x∥2

x2
2

∥x∥2

)
. (43)

The goal is to generate Gaussian data that flows according to A. To this end, the authors fix four possible means (in order)
µ ∈ {(1, 0), (0, 1), (−1, 0), (0,−1)}, and fix σ := 0.1, which define ρi := N(µi, σ

2). 100 samples are drawn from each ρi,

https://github.com/cscarv/riemannian-metric-learning-ot
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which constitutes the finite-samples that are used in the objective function Eq. (42). Once the velocity field is learned, there
are 24 equispaced time-points from which they draw samples, resulting in 24 Gaussian distributions that flow according to
A.

Mass-splitting trajectory In this example, A(x) := I − w(x)w⊤(x), with

w(x) :=


(

1√
2
. 1√

2

)
x2 ≥ 0 .(

1√
2
.−1√

2

)
x2 < 0 .

(44)

In this case, there are three Gaussians, with means µi ∈ {(0, 0), (10, 10), (10,−10)} and unit variance. Again, 100 samples
are drawn from each, which are randomly paired and allow the authors to numerically solve Eq. (42). Once they have a
learned vector field, they generate the data at 10 equispaced time-points.

X-path trajectory In this third case example, A(x) := I − w(x)w⊤(x), with

w(x) := α(x)w1(x) + β(x)w2(x) , (45)

with w1(x) := ( 1√
2
. 1√

2
) and w2(x) := ( 1√

2
.−1√

2
), and α(x) := 1.25 tanh(ReLU(x1x2) and β(x) :=

−1.25 tanh(ReLU(−x1x2). Here, there are two sets of two trajectories, corresponding to Gaussian data with means
µ
(1)
i ∈ {(−1,−1), (1, 1)} and µ

(2)
i ∈ {(−1, 1), (1,−1)}, all with standard deviation σ := 0.1. As before, 100 samples are

generated, and Eq. (42) is solved (twice) numerically; 10 time-points per velocity field are used to generate the total data.

D. Training specifications
D.1. Source code

We will publicly release the source code to reproduce every detail of our paper. A single training run for all of the
experimental settings takes approximately 1-3 hours on our NVIDIA Tesla V100 GPU.

D.2. Hyper-parameters

Table 2. Hyper-parameters for computing the OT maps in Figs. 1 and 2 with Alg. 1.

Hyper-Parameter Value

Number of spline knots 30
gθ MLP layer sizes [64, 64, 64, 64]
yϕ MLP layer sizes [64, 64, 64, 64]
γφ MLP layer sizes [1024, 1024]

MLP activations Leaky ReLU
gθ learning rate schedule Cosine (starting at 10−4 and annealing to 10−2)
yϕ learning rate schedule Cosine (starting at 10−4 and annealing to 10−2)

γφ learning rate 10−4 (no schedule)
Batch size 1024

c-transform solver LBFGS (20 iterations, backtracking Armijo line search)
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Table 3. Hyper-parameters for computing Figs. 3 and 4 and Table 1 with Alg. 1 and Eq. (25).

Hyper-Parameter Value

Number of spline knots 30
gθ MLP layer sizes [64, 64, 64, 64]
yϕ MLP layer sizes [64, 64, 64, 64]
γφ MLP layer sizes [1024, 1024]

MLP activations Leaky ReLU
gθ, yϕ, γφ learning rates 10−4 no schedule

Batch size 1024
c-transform solver LBFGS (20 iterations, backtracking Armijo line search)

Aϑ learning rate 5 · 10−3

Update frequency 1 update of Aϑ for every 10 updates of gθ, yϕ, and γφ


