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Abstract

Transformers can implement both generalizable algorithms (e.g., induction heads)
and simple positional shortcuts (e.g., memorizing fixed output positions). In this
work, we study how the choice of pretraining data distribution steers a shallow
transformer toward one behavior or the other. Focusing on a minimal trigger-
output prediction task — copying the token immediately following a special trig-
ger upon its second occurrence — we present a rigorous analysis of gradient-
based training of a single-layer transformer. In both the infinite and finite sample
regimes, we prove a transition in the learned mechanism: if input sequences ex-
hibit sufficient diversity, measured by a low “max-sum” ratio of trigger-to-trigger
distances, the trained model implements an induction head and generalizes to un-
seen contexts; by contrast, when this ratio is large, the model resorts to a posi-
tional shortcut and fails to generalize out-of-distribution (OOD). We also reveal
a trade-off between the pretraining context length and OOD generalization, and
derive the optimal pretraining distribution that minimizes computational cost per
sample. Finally, we validate our theoretical predictions with controlled synthetic
experiments, demonstrating that broadening context distributions robustly induces
induction heads and enables OOD generalization. Our results shed light on the al-
gorithmic biases of pretrained transformers and offer conceptual guidelines for
data-driven control of their learned behaviors.

1 Introduction

Large language models (LLMs) leverage circuits of attention heads [VSP*17] to perform (implicit)
algorithmic reasoning. Certain attention heads implement discrete algorithms — notably induction
heads [ENOT21, OENT22], which scan for previously seen token patterns in the context to predict
subsequent tokens. Such heads enable in-context learning behaviors [BMR20], allowing a trans-
former to continue a sequence such as [A, B, ..., A] — B purely by leveraging patterns in the con-
text. By contrast, attention can also implement positional mechanisms that select tokens based solely
on their location in the sequence [VTM™19, AWKA24]. These mechanisms can yield contrasting
generalization performance [CBKZ24], and we expect the pretraining data distribution to play a
central role in determining which mechanisms a model learns to rely on: depending on structural
properties of the corpus, a transformer may either discover generalizable strategies (content-based
retrieval) or adopt position-based shortcuts.

*Equal contribution.

39th Conference on Neural Information Processing Systems (NeurIPS 2025).



Pretraining Data 00D Test Data

{ — 7 ————————

- [0l = [ Ll - T[]

- Solution 1: positional shortcut
2) Output here

)
EEED  EEnniEnni - EEEnn

P+ «—— Pr P+ «—— Pr
1) Match position 7w~ (T+1)/2 x Not Generalizable

- Solution 2: induction head

/X 2) Output next X
(B - ] [ - [
e —— € e, e,
1) Match trigger v Generalizable
Figure 1: Two mechanisms for the associative copying task [..., t, o, ..., t] > o. Inthe pretraining

data, the size of irrelevant tokens before the occurrence of the first and second trigger ¢ remains fixed per
sequence, hence allowing two solutions: () positional shortcut that outputs the token at position (7'+ 1) /2 for
input length T'; and (4i) induction head using token embedding e, which finds the queried token and returns
the ensuing token. Whereas on OOD sequences with varying £1 # {2, only (i7) remains a valid solution.

Motivation. We theoretically study how pretraining data influences the implemented circuit and
out-of-distribution (OOD) generalization performance of the transformer. This perspective is mo-
tivated from the empirical observation that pretrained models often leverage shortcut solutions that
are brittle beyond the training distribution [MPL19, GJM120, LAGT22]. For instance, a trans-
former might utilize the aforementioned position-based attention head to memorize that a certain
output tends to occur at a particular position in the training text, instead of learning the underlying
association (induction head); such positional shortcut is a double-edge sword in algorithmic tasks:
transformers can achieve near-perfect accuracy in distribution, but struggle on test sequences of un-
seen lengths or structures. Since it is empirically known that the learned mechanism heavily depends
on the structure of pretraining data [GTLV22, RLIGS22, RPCG23, WNB*25], we ask the following
question.

How does the data structure decide whether a pretrained transformer implements a generalizable
mechanism (e.g.,induction head) or a shortcut that fails OOD (e.g., positional memorization)?

1.1 Our Contributions

Trigger-output Copying. To investigate this question in a controlled setting, we introduce a min-
imal trigger-output copying task inspired by [BCB*23]. In this synthetic task, each input sequence
contains a special trigger token that appears twice. The model must predict the token that imme-
diately follows the first trigger when the trigger appears the second time. For example, given

... [trigger|[X]... [trigger][?]...,

the correct prediction is X. Depending on the structure of the input sequence, this task admits
multiple solutions. We focus on two mechanisms — see Figure 1.

* Induction head. The model attends back to the location of the previous trigger and copies the
token following it; this works for arbitrarily long gaps between trigger occurrences (up to context-
length limit).

* Positional shortcut. When the position of the first trigger is inferable from the second (e.g.,
under periodic structure), the model may copy the token using positional information alone. This
shortcut is valid in-distribution but does not reflect the underlying association.

For this task, we define out-of-distribution (OOD) generalization as performance on test sequence
with altered structure, where the trigger appears at positions not seen during pretraining (e.g., longer
or aperiodic sequences). The induction head mechanism is robust to such shifts as it learns the
correct association, whereas the positional shortcut typically fails OOD. Our goal is to identify a
data-dependent transition between these two mechanisms that governs OOD generalization: intu-
itively, increasing the diversity of pretraining sequences — by varying the distances between trigger
occurrences — dilutes positional signals and discourages the shortcut; conversely, as the number of



trigger tokens in the data grows, the effective signal for induction weakens. We make these intuitions
precise in our theoretical analysis.

Main Findings. We provide a quantitative account of how pretraining data diversity shapes the
mechanism learned by a pretrained transformer in the trigger-output copying task introduced above.
Specifically, we rigorously analyze the in-distribution and out-of-distribution performance of a shal-
low (single-layer) transformer trained on this synthetic task. By studying an “early-phase” simplifi-
cation of gradient descent in both the infinite-data (population loss) and finite-data (empirical loss)
regimes, we show that the pretraining distribution directly selects the model’s algorithm: when pre-
training data are sufficiently “diverse” — as measured by a max-sum ratio of trigger distances — the
transformer learns an induction head; when diversity is low, the model adopts a positional shortcut
that fails to generalize OOD. Using this diversity measure that governs the phase transition, we dis-
cuss various tradeoffs and how to choose a pretraining distribution that induces the desired induction
mechanism with minimal computational cost. Finally, we empirically probe the learned circuits by
visualizing attention scores, and present evidence that a similar mechanism transition arises under
standard gradient-based training beyond our theoretical setting.

1.2 Related Works

The induction head mechanism in transformers was first presented in the mechanistic interpretability
literature [ENO™21, OENT22], and followup theory investigates when such circuits emerge under
simplified training dynamics and tasks [BCB23, ETE*24, NDL24, Red24, CSWY24]. Empirical
studies on algorithmic tasks (copying, arithmetic, sorting) demonstrate that transformers often rely
on spurious “shortcut” solutions that fail to generalize, often due to poor use of positional informa-
tion [ZBB122, JADE*T23, ZBL 123, GIBT25]; the OOD brittleness of shortcut solution is also doc-
umented in [LAG"22]. A complementary thread links the structure of pretraining data to in-context
behaviors: the function classes a transformer implements in context and the sensitivity of perfor-
mance to data statistics such as corpus coverage and frequency [GTLV22, RLIGS22, MLH"22]
or task diversity [RPCG23, LLZV*25]. Our analysis aligns with this view by making explicit
how diversity in trigger distances steers the learned mechanism. Methodologically, we borrow the
“early-phase” simplification of training dynamics and study the loss improvement after the first few
gradient descent step [BES™22, DLS22, ORST23, BCB*23].

2 Problem Setting

Notations. For a positive integer N, we denote [N] := {1,2,..., N}. For integers N1 < No, we

define [Ny : N3] := {Ny, N1 +1,...,Na}. The Softmax function for an N-dimensional vector

v € RY is defined as Softmax(v); := Zz‘fizv For a vector v, we write v = O3(f(N)) if
j=1¢"

[[vll2 = O(f(N)), and v = O (f(IV)) if max; [v;| = O(f(N)). Similar notation is used for a

matrix A, where || A||2 and || A || denote its ¢5 — {5 spectral and max norms, respectively.

2.1 Data Generating Process

We study the trigger-output setting to investigate how transformers acquire the induction head mech-
anism. Let N € N denote the vocabulary size and L € N the maximum input sequence length. We
designate special tokens as trigger tokens. We define our data model as follows:

Definition 1 (Data Distribution). Let {1,¢3 € Nsuch thatT :={; +0y+3 < L —1. Let Nyyg < N
denote the number of trigger tokens. A sequence z1.7.1 € [N|T+! is sampled as follows:

1. Sample a trigger token t € [Nyyg| and an output token o € [Niyg + 1 : N| uniformly at random,
where Nyyg = o( N/3).

2. Construct the sequence:

Zl:T+1 = ( Zla"'7Z€1 ) t70 ) Z51+37"'3251+62+27 t70 )
. M . . M .
01 irrelevant tokens  trigger-output pair Ly irrelevant tokens trigger-output pair

where irrelevant token z; (1 € [1: £1]U[l1 43 : {1 + Lo +2]) is drawn i.i.d. from [Ny +1 : N

We refer to such a sequence as a trigger-output model with subtext lengths {1 and 0.



In our data model, the task is to identify the output token zr4; = o from the sequence z;.7 =
(21, 20,, ty O, 20,43, .-, 20,4+0,+2, t). This can be achieved by implementing the induction
head mechanism [ENO™T21, OENT22], which copies the token that follows the first occurrence of
the trigger token and outputs it upon encountering the second occurrence of the same trigger.

Due to structure of the input sequence, transformer may also rely on positional shortcuts to achieve
low loss; in particular, when the lengths of irrelevant tokens are identical within each sequence, i.e.,
{1 = f5 = /¢, a transformer can achieve 100% training accuracy simply by inferring the correct
position to attend to (T" + 1)/2 = ¢ + 2 from the position of the second trigger T' = 2¢ + 3. Such
positional solution does not make use of the semantic information and generally fails when ¢; # /5.

To study the transition between the two mechanisms, we assume the pretraining data consists of a
mixture of sequences with different lengths determined by ¢ = ¢1 = /5.
Definition 2. Consider a language model pg(-|z122 - - zr) that is pretrained on M sequences

{Zif)TU)H }f\il generated as follows:

o Sample () from a distribution D,.

Y,;WH according to Definition 1 with {, = {5 = ("), i.e.,
(@) _
1741 (2’1, ceey Rpi)y t, Oy Zp(i) 4.3y« -+ Z20(i) £25 t, 0).

e Generate z

z

OOD Generalization. Note that the pretraining distribution (defined by D;) may not cover all
possible sequences. We say that pg generalizes out-of-distribution (OOD) if it implements the cor-
rect copying mechanism across all possible ¢’s, that is, for any ¢1, {5 such that /1 + ¢, +3 < L — 1
(possibly ¢1 # {5), and for any test sequence z1.741 generated from the trigger-output unigram
model with subtext lengths ¢ and ¢5 (Definition 1), we have

arg max k| zizo: - 27) =2 .
gke[N]pe( | 2122 T) T+1

2.2 Gradient-based Training of Single-layer Transformer

Architecture and Embedding. We consider a single-layer transformer block frr defined as

frr (Xl:ﬁ Wkao, Wv) =Wy Xy SoftmaX(X;:tWKQa:t) S RN, 2.1)
where Wi € RP*P Wy € RV*P and Xy, = (&1 -+ @) € RP*! denotes the input
embeddings of z;.;, with embedding dimension D. We define the embedding as follows:

Definition 3. Let D = L+ 2N. Let p; € R” denote the one-hot vector with a 1 at the t-th position
(representing the positional embedding), and let e, € RN denote the one-hot vector with a 1 at the
z-th position (representing the token identity).

We then construct the input embedding x; as

Dt

xe = | e, | e RET2N, (2.2)

eZt—l

The prediction probability is given by
P(Wro,Wy) (2141 =k | 21+ 27) = [Softmax(frr(X1..; Wk, Wv))],-

Remark 1. We make the following remarks on the design of our architecture and embedding.

* The architecture (with the FFN is absorbed into the value matrix Wy, and tied key and query
projections) is commonly used in theoretical analyses and mechanistic studies [LLR23, BCB™23,
NDL24]; the simplification allows us to focus on the inductive bias by simple attention mecha-
nisms, while retaining sufficient expressiveness to implement algorithmic behaviors.

* Two-layer architecture is typically needed to implement the induction head mechanism, where the
first layer often learns to detect the trigger and identify of the following token via attention to the
previous token [SHT24]. To reflect this inductive step in our simplified single-layer setting, we ex-
plicitly encode the identity of the previous token z;_1 in the third component of the embedding x;.
This choice also echoes recent empirical developments that incorporate information of previous
tokens directly into the current state, such as Mamba [GD23], RWKV [PAA™Y 23], and convolution
augmentations [LZHO?25, AlI25].



Algorithm 1: Gradient-based training of single-layer transformer

Input : Learning rate nxq, nv
Initialize Wi (0) = O(Ly2n)x(z+2n8): Wv(0) = Onx(z42n)
Gradient descent on Wy, ‘

| Wy (1)« Wi (0) = v Vwy 51 S LX) Wi (0), Wi (0))
Gradient descent on Wi

My +M i

| Wio(1) « Wiq(0) = naVwieq 17 Simitein® £(X i Wicg(0), Wy (1))

Output: Prediction frr(-)

Gradient-based Learning Algorithm. We use gradient descent (Algorithm 1) on the cross-
entropy loss to pretrain our shallow transformer (2.1),

'C(Xfi) i Wikq, Wy) = CrossEntropy(

TG0 , Softmax(fTF(XlzT(i) ; WKQ, Wv)))

ezT(i)+1

In Algorithm 1, we apply a single gradient descent step with large learning rate on the value and
key-query matrices. This is motivated by recent studies [ORST23, BCBT23, WS24] showing that
the first gradient step can induce associative memory tied to specific components of the input em-
bedding. In particular, the gradient can often be expressed as a linear combination of outer products
wv |, where either w or v corresponds to embedding vectors such as e,, e, _,, or p;. Such a gra-
dient structure is sufficient to construct simple forms of associative memory within the model. We
remark that similar single-step update is commonly used in the analysis of feature learning in shallow
neural networks [BEST22, DLS22, BEG'22] and transformers [OSSW24, NSO25, WNB*25].

3 Main Result: Data-driven Transition Between Mechanisms

3.1 Positional Shortcut vs. Induction Head

In this section, we illustrate how the diversity of pretraining distribution influences which algorithm
the trained transformer implements — either the positional shortcut or the induction head. The
following quantity plays a central role in our characterization.

Definition 4. For each ¢, let q; denote the probability mass assigned under Dy, and S the support
of Dy. We define the max-sum ratio as

maxses {1 q
Zées Zilqé '

Interpretation of max-sum ratio. The max-sum ratio can be seen as a diversity measure of Dy.
The following example provides an intuitive illustration:

Example 1. Let Dy = Unif({{o, 4y + 1,...,¢y + K — 1}). Then the max-sum ratio is given by
0"
i (fo+ k)71

which monotonically decreases with K; hence greater diversity of Dy gives smaller max-sum ratio.

R(Dy) =

R(to, K) = 3.1

Note that the max-sum ratio does not merely capture the width of the distribution: in Example 1, in-
creasing £, while keeping K fixed decreases the proportion of /5 in [¢5 !, ..., (fo+K —1)~'], thus
reducing the max-sum ratio. Hence, even with a narrow range, shifting the distribution rightward —
placing more probability on larger ¢ — naturally yields a smaller max-sum ratio. This is because the
max-sum ratio weights each probability mass g, by £71.

Learning under Population Loss. The next theorem shows the existence of a threshold in the
max-sum ratio that determines whether OOD generalization is achieved, in the infinite-data limit.

Theorem 5 (Infinite Sample Setting). Suppose we run Algorithm 1 on the expected loss
E[L(X1.7; Wk, Wv)] with learning rates ny S 1Lnynkg 2 N°

~ ~ N
€1(Nirg); €2(Nirg) = @(N,;gl) such that:

log N. Then, there exist



* If R(Dy) < €1, then the pretrained transformer generalizes OOD, as defined in Definition 2.

* If R(Dy) > €9, then there exist OOD fest sequences such that the pretrained transformer fails.
Remark 2.

* Note that the training data only contain sequences with {1 = {s, and thus a positional shortcut
(as illustrated in Figure 1) can still achieve 100% training accuracy. However, since the OOD
test data include sequences with {1 # (o, such shortcuts inevitably fail. Our main theorems show
that the pretrained transformer avoids such shortcuts when the max-sum ratio is below a certain
threshold, i.e., when the data distribution is sufficiently diverse.

» We also provide a tight G(Nt;gl) characterization of the max-sum ratio threshold, indicating that
increasing the number of possible triggers makes OOD generalization more difficult. The under-
lying mechanism is discussed in the ensuing subsection.

Learning under Empirical Loss. Our next result establishes (via gradient concentration) similar
transition behavior in the finite-sample setting.

Theorem 6 (Finite Sample Setting). Suppose we run Algorithm 1 with the same learn-
ing rate scaling as in Theorem 5, and with sample sizes Mygq 2 polylogN -
5 2
Jffv—;(zé \/q7)2 and My 2 polylog N - ]\J,VQ (%) . Then, with probability at least 0.99
trg trg Les g
there exist €} (Nirg), €5(Nxg) = O(Nyypa ) such that the assertion of Theorem 5 holds by substituting

iy trg
(617 62)f07 (617 62)'

3.2 Mechanism of Algorithm Selection

Now we take a closer look at how the positional shortcut and the induction head are implemented
in the attention. We begin with the case where the support of Dy is a singleton and Ny, = 1. After
a single gradient step, the parameter matrix Wx ¢ can be shown to implement a form of associative
memory over the relevant embedding vectors.

Lemma 7 (Informal). Let D, = {{}, and assume the trigger consists of a single token w. After one
gradient step of Algorithm 1, W takes the form

(Pes2 + DPet3)
Wko x T(f)_l 0

[p;(é) ey 0,
ew

where T'(£) = 2¢ + 3 denotes the position of the second occurrence of the trigger token.

To further simplify the exposition, we ignore the cross terms between p and e and assume that Wik ¢
takes the following form:

[Pee2 - Pea)] - ]9
Wgo x T(€)~ 0 [pm) 00 } + TW)~"|0 [0 e, 0] (32
0 €w
positional shortcut induction head

Now consider an OOD test sequence as in Figure 1, whose total length matches the training sequence
but whose first and second subtext lengths differ: ¢1 4 ¢5 = 20, £1 # {5. In this case, the two terms
in (3.2) contribute to the attention score

Softmaux(XITtest Wko thest) with Tiest =01 + 02 +3 =T(¢)

as follows (see Figure 2), noting that T, ,, = [pT(g) ey *] T:

* 1st term (positional shortcut). Regardless of /1, it attends to the positions £ + 2 = (Tiest +1)/2
and £ 4+ 3 = (Tiest + 3)/2. In particular, for the former, even though ¢; # {5, the transformer
incorrectly associates the second trigger position Tieg; With (Tiess + 1)/2 as if £1 = £5.2

2For the latter position (Tiest + 3)/2, the model also attends to the same token via the previous-token
embedding. This follows from a detailed computation of W, which we omit here.



z=[x%x%xtox*xx*xxt?]
[* % % % t ox*x*xt?]
[* % % % % t 0 % % % % x t ?]
[* % % % % % t 0 % % % % x x t ?]
123456789 11 13 15

oo
123456789 11131555

2000
6000

68L9SPETT
68L9SPETT

positional

1500
shortcut

1000

Value
Value

2000

et
55
ag

induction
head

-2000 -500

P; ezt ezr—l P, ezt eZt—]
(a) Attention heatmap for £ ~ Unif({3}). (b) Attention heatmap for £ ~ Unif({3,4,5,6}).

Figure 2: Attention heatmaps of W Q when the pretraining sequence diversity is small (left) and large (right).
In the left figure, there is a strong positional shortcut that links position 9 to position 5 (the correct position in
pretraining data), whereas in the right figure, the trigger positions are more dispersed, weakening this shortcut.
Instead, a signal corresponding to induction head — detecting tokens after trigger — becomes dominant.

* 2nd term (induction head). It attends to tokens whose third embedding block equals e,,, i.e.,
tokens whose previous token is the trigger w. In other words, it scans for the trigger w = 27,
and then attends to its next token — this is precisely the desired induction head behavior.

Thus, the learned attention matrix implements a mixture of positional shortcut and induction head,
and the relative strength of these components determines which algorithm is ultimately selected.
Two factors affect this balance: the diversity of irrelevant token length £ and the trigger size Ny,,.

Length distribution D,. Equation (3.2) describes the case where ¢ is deterministic. When ¢ is
distributed according to Dy, Wi becomes a superposition over ¢:

2+ 0
WKQ(l)chqu(é)_ll(pH gp“g) [p;(e) o' OT} + E[T(E)‘l][O][O e, 0.
l Ew

Here, the first term spreads its mass across multiple positions and is consequently weakened,
whereas the second term does not depend on ¢ and retains its strength. As a result, the magnitude of
the former is at most max, g¢ 7'(¢) ", while that of the latter is >, g T'(¢)~!. Since T'(¢) < ¢, the
ratio between the strengths of positional memory and the induction head is nothing but the max-sum
ratio R(D;). This explains why the max-sum ratio governs algorithm selection.

Trigger size Ni,,. In (3.2), when the trigger size Ny, > 2, the second term is replaced by

0

New >, T(0)7! [ 0 ] [0 el 0],
wWE[Nirg) Ew

while the first term remains unchanged. Hence, the induction-head signal is split across trigger types

and its strength decreases proportionally to Nt;g. This explains G)(Nt;gl) threshold in Theorem 5.

The above intuition is visualized in an experiment reported in Figure 2.

Example 2. In Figure 2, we set N = 16 and Nyg = 2, train the model with D({) = 3 and
D(¢) = Unif([3 : 8)), and visualize the resulting W R, The trigger-token set is {1,2}. The
training setting is the same as that in Section 4.1.



* (Left): when D(¥) = {3}, WEQ has a strong component that maps position 9 to position 5.
Although it also contains an induction head component that maps between trigger tokens, it is
comparatively weak compared to the positional signal.

* (Right): when D(¢) = Unif([3 : 8]), WX® exhibits a superposition of signals mapping position
k to (k+1)/2, which results in each individual signal being weakened. In contrast, the induction
head signal does not diminish.

3.3 Tradeoff between Context Length and OOD Generalization

As discussed in Section 3.1, the max-sum ratio captures not only the overall “width” of the distri-
bution but also decreases as mass shifts toward larger ¢. This effect becomes especially pronounced
near the @(Nt;é) threshold identified in Theorems 5 and 6:

Example 3. Consider the max-sum ratio for the uniform distribution (3.1). If £y = 1, then
R(ly, K) = O((log K)™1). To attain a max-sum ratio of order O(Nt;g) — the OOD general-

ization threshold in Theorems 5 and 6 — the support width must satisfy K 2 exp(Nug). By contrast,

if lo = ©(Nig), then it suffices to take K = O(Ni.g) to obtain a max-sum ratio ofO(Nt;gl;).

Therefore, merely “widening” the distribution may not be efficient to reduce the max-sum ratio;
biasing pretraining toward longer contexts is substantially more effective. This, in turn, suggests
that reliably learning the induction-head mechanism (and hence achieving OOD generalization) may
incur greater computational cost due to longer training sequences.

We now consider the “optimal” shape of the pretraining sequence (under the constraint in Defini-
tion 2) that learns the induction-head mechanism with minimal compute. Since the forward-pass
cost scales quadratically with context length, we seek short contexts while maintaining a favorable
max-sum ratio. Formally, for U > Ny, consider the optimization problem

minimize fo:l qel?

U —1
subjectto Bt o n-l

P (%,/:1 qel?! trg
D=1 =1
q1,---,4qU Z 0

This objective is the sample-average forward-pass cost in pretraining; the constraints enforce the
OOD threshold from Theorem 7 and the normalization of (q(g)zUzl. This problem is a linear program
whose optimizer is characterized below.

Proposition 8. The optimal solution of problem P assigns linearly increasing probability mass to
the first Ny,q context lengths and zero to the remaining ones:

(qlaq27"'aqU) = Z_1(1527"'aNtrg705"'70)7
where the normalization constant is Z = Nyg(Nipg + 1) /2.

In other words, to minimize average forward-pass cost per sample while meeting the OOD general-
ization constraint, the pretraining distribution should be linear in the context length, making q,¢~!
uniform over £ < Ni,. We note that if one optimizes a different objective (e.g., incorporating
sample complexity), the optimal pretraining distribution may change.

4 Numerical Experiments

4.1 Experiments for Theoretical Setting

To observe the transition from positional shortcut to induction head, we first consider the architecture
defined in (2.1) and conduct experiments under the data model described in Definition 1.

4.1.1 Experimental Setup
Dataset. We generate training and test data according to the trigger-output setting in Definition 1.

* In the pretraining data, the lengths of irrelevant tokens ¢1, {5 are always equal. We choose two
integers £iin and £ax Umin < fmax), and length £ is sampled from Unif ([£pin, max))-
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Figure 3: Out-of-distribution accuracy map over varying ¢min (vertical) and £max (horizontal); moving right
indicates greater diversity of /£ in the pretraining distribution.

¢ In the OOD test data, we shift the position of the first trigger to produce non-periodic sequences.
Specifically, we first sample £ ~ Unif ([(min + 1, fmax]), and then sample ¢; ~ Unif ({1,...,2¢—
1} \ {¢}), defining ¢5 = 2¢ — 1 so that £y # {5.

Model architecture, embedding, and training. We implement a one-layer transformer architec-
ture as defined in (2.1) with embeddings defined in (2.2). Training follows Algorithm 1, and the
learning rates for W" and WX® are set to 10% and 10%, respectively. Both matrices are trained
with the empirical cross entropy loss computed on 8192 training examples.

4.1.2 Empirical Observations

OOD Accuracy. We conduct experiments for all combinations of £,y € [3,15] and pax €
[3, 15] such that £,,i;, < fiax, and evaluate all models on 1024 OOD test samples. The test accura-
cies (with different trigger size Ny,¢) are presented in Figure 3.

* OOD accuracy tends to increase as fy,,x increases (with ¢,,;, fixed). This suggests that a greater
diversity in the training data biases the model towards the induction head.

» Comparing the left and right figures, we see that as the trigger size increases, the region where
OOD generalization is achieved shifts rightward, suggesting an increased difficulty of induction
head learning with larger Ny, as predicted by Theorem 6.

Error Visualization. Our theory predicts two characteristic error modes:

. Pseydo trigger position. For non-periodic OOD evaluation data with ¢1 + {5 = 2¢ and {1 # {5,
let £ = (¢4 + £3)/2. The positional shortcut maps the second-trigger position ¢1 + 5 + 3 to the

pseudo output position £ + 2. Accordingly, we measure the fraction of instances where the model
outputs z;, , and report this frequency as the pseudo accuracy rate.

* Leftmost position. Since the leftmost trigger in the pretraining data typically provides the strongest
positional signal, the model may output z,_, 4o independent of the second trigger position. This
error mode is especially likely when Vi, is small. We record its frequency as the leftmost rate.

Figure 5 in Appendix E illustrates the existence of these positional shortcuts. We observe that the
error rate due to the pseudo-trigger mechanism is higher near the diagonal, and both errors decline
as {max INCreases.

4.2 Experiments for Practical Settings

Next we examine whether a similar transition from positional shortcut to induction head occurs in
more standard gradient-based pretraining beyond our theoretical simplification. We consider a three-
layer transformer architecture with separated key-query matrices, MLPs, and residual connections,
where all parameters are learned jointly using the AdamW optimizer [KB14, LH19]. The dataset



is generated in the same way as in Section 4.1: we set N = 32 and Ny, = 1, and varied {1ni, =
4,8,...,20,lmax = 4,8, ...,40. More experimental details can be found in Appendix E.

00D Accuracy (Full Training) Pseudo Accuracy Rate (Full Training) Leftmost Rate (Full Training)
100

min subtext length |_min

®o_ o 240 Wo 20 20 280 320 ®o o 240 260 320
max subtext length |_max max subtext length |_max max subtext length |_max

(a) OOD accuracy (b) pseudo accuracy error rate (c) leftmost error rate

Figure 4: Accuracy map over £min (vertical), £max (horizontal) for a 3-layer transformer trained with AdamW.

Empirical Observations. Figure 4 shows the OOD accuracy, pseudo accuracy rate, and leftmost
rate, following the same setup as in Section 4.1. Note that as the diversity of the pretraining dis-
tribution increases, the OOD generalization accuracy improves and the errors due to the positional
shortcut decrease — this is consistent with our theoretical prediction in Section 3. We also observe
that the transition point is less sharp compared to our theoretical setting.

5 Conclusion

In this work, using a simplified trigger—output task, we developed a theoretical analysis showing
that gradient-based training implicitly selects between two distinct mechanisms with different out-
of-distribution generalization properties — an induction head or a positional shortcut. We introduced
the max-sum ratio as a key quantity governing this selection. Our results demonstrate that the
statistical structure of pretraining data critically shapes the algorithms internalized by transformers,
offering quantitative insights into steering learning via data design.

We conclude with several directions for future work. First, beyond absolute positional embed-
dings, it is important to characterize which positional shortcuts can arise under relative position
embeddings and related variants. Second, while our analysis centers on a single-layer architecture,
a two-layer model naturally delegates retrieval to the first layer (recovering the token correspond-
ing to e,, ,); analyzing the coupled dynamics that emerge from this decomposition is an intriguing
next step. Finally, developing methods to analyze and quantify richer classes of algorithmic biases
— beyond the induction—shortcut dichotomy — would deepen our understanding of how pretraining
distributions induce specific computational circuits.
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A Preliminaries

Throughout the paper, O(-) notation is taken with respect to the vocabulary size N and we assume
the following scaling:

Assumption 1 (Scaling between problem parameters). Number of triggers Ny satisfies Nig =
o(N'/3). Context length T satisfies T = o(N/NZ.,) almost surely.

We also assume the following:

Assumption 2. We assume { > 4 almost surely at pretraining and L = poly(N).

I(A) denotes the indicator function of the event A, that is, I(A) = 1 if A holds, and 0 otherwise.
For a < b, 1,.; denotes the vector whose a,a+ 1, ..., b-th entries are one and others are zero. For a
matrix A € R™*", we use the notation A[:, I : J] to denote the submatrix consisting of all rows and
columns from index I to J. For an arbitrary matrix A, A;(A) is the i-th largest eigenvalue of A.

B Infinite Sample Analysis

In this section, we analyze Algorithm 1 with infinite sample size. Recall that we defined
fTF(Xlzt§ "VYKQ7 Wv) =Wy X SOftmaX(XItWKQCL’t) S RN
and next token prediction loss

£(X§i’) s Wk@q, Wy) = CrossEntropy ( ,Softmax( frr(X1.p0; Wk, Wv))).

T €ari) s

For  simplicity, we denote the population loss as L(Wgkqg, Wy) =
Er[Ex, » [L(X11; Wk, Wy)]].

B.1 Population Gradient of Wy

Note that Softmax(X,.,Wxeozr) = [1/T,...,1/T|" and Softmax(frr(X1.4; Wkq, Wyv)) =
[1/N,...,1/N]T is satisfied at initialization, for any X.;. From [BCB*23, Lemma 1], the popu-
lation loss can be calculated as

Vw, LWgkq, Wy)

N T N
1 1 1
:NZekET TZE[%]T - Y elr TZE[H(ZT+1=k)w:]1.
k=1 t=1 k=Nirg+1 t=1
1 Y 1 & 1 N 1 &
B YRR - Y eBr| R Y Elwdere k}]
N4 = N = Nixg k=Nirg+1 =

We conduct block-wise calculation for the population gradient: let
W = (W W W]

and let
W‘}k — [W‘:’(l), W‘;‘v@)’ W;’(S)}

be Wy after one GD step, i.e., Wy = —nyVw, L(Wkg, Wy ), where W\ﬁl) € RNxD,

Wy), W‘SB) € RV>XN_ In this section we show the following, using the rescaling 7y = Ny
for notation simplicity.

Lemma 9. If we use stepsize N1y, for Wy, then it holds that

N —ony k € [Nirel),
<ek,WV’<”pt>{am~i@vﬁg (k€ [Niwg]) (B.1)

N—Ngg (k ¢ [Ntrg})v
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<€j, W{;’(Q)ew = 277~V N—
’ Nowg +E[T ' [(N(N—=1)— Nirg (N42))

and

(e, Wy ey =

where we defined o = <ET
satisfied.

— 21y E[T~ ]N—l

trg
~ 1-2E[T}]

TNV NN

E[T ]
Ntrg

(N—Nirg)?
Nirg —E[T ™' (N+2Ngrg)
(N—Nipg)?

777VE[ ]Ntrg
- 1-2E[T ]
W TN—New
-~ E[T!]
W NN,
~VNtrg+IE[T (N (N=1)—Nirg (N+2))

n (N—Newg)?
~ Nirg—E[T7'(N+2Nprg)
nv (N—Nurg)?

[T~'11.7],pu): specifically, oy =

[Ntrg])

J € [Ntrg]ak ¢ [Ntrg])

(
(
(J & [Nuxgl b € [Nirg])
(U=
(J

jvk € [Ntrg])
J € [Nurg], k & [Nixg])

(
(U
(J & [Nugl b € [Nirg])
U=
(U

J 7é k jvk g [Ntrg])

Er[T

Mt < T} <Er[T™

(B.2)

s

Proof. For the first block, we have the following evaluation of the gradient of population loss L:

VWV(QE(WKQ, Wv)

1 N
—r S ks

Nk:l

1 N
r S ek

Nk:l

This immediately yields (B.1

T
T pl
t=1

N
1
E - e.Er
L e oy
N
1
- e Er
N - Ntrg k=Nirg+1

).

Now for the second block, we have

VWV(Q)E(WKQ, Wv)

[ezJT]__l Z eyEr

where the first term is evaluated as

1 N
NzekET[ ZE ezt
k=1

Nirg
| e X

w=1

and similarly for the second term

T
1
ekET TZE[ez,JZTJrl :k‘]T
1 t=1
Ntr
1 S 1 T-—
Er|=|(2ey + ———
ethrgZ T T(E +N—
1 w=1

Putting everything together yields (B.2).

The third block can be computed in the same fashion as

VW‘;B) Z(WKQ, Wv)

1 N
e
N k=1

T
1 1
N Ele. T - Y. el
thl [ 1}‘| N*Ntrgk kL&T

3

Ntrg

-
1y, +1:N + ek) ] .

1 T
T > Ele:, ,|or41 = k]

le



where we have the evaluations

1 Y 1 &
— Er|l=) E T

N Nug ;
:% ; €k Ntrg — Er C;(ew + ]\?:]\/lthrg+1:N> ] (- ep=0)
and
1 N . [ T . .
N = Nog Nt T ; lez i |2r+1 = K] ]
1 N | Nes . _ .
"N = Nug k_%;gﬂek Nowe wz::l]ET T (ew + mmﬁgﬂw n ek) ] _

B.2 Population Gradient of W
B.2.1 Preparations

We denote the transformer’s predicted probability of token k given an input sequence z after one-step
GD on Wy, as

ﬁ(k|z) = Softmax(fTF(XlzT; WKQ, W‘j))k
We can approximate p(k|z) by considering sufficiently small 77y,: The following corollary is ob-
tained by Lemma 9.

Corollary 10. Ifwe set 1y < 1/N, then |1/N —p(k|z)| = O(E[T~1]/N?) uniformly holds for any
k and z.

Proof. From Lemma 9, it holds that |( frr(X1.7; Wk, W)kl € OE[T]/N + 1/N?) €
O(E[T~]/N) (-. Assumption 1) for all k. If v; = O(E[T~!]/N) for all i € [N] where v € RY,
then it holds that

1 1
N exp(—O(E[T"]/N)) < Softmax(v), < i exp(O(E[T']/N)).
From Taylor’s theorem we obtain the assertion. O

Following [BCB*23, Lemma 4], starting from Wkq =0,

VWKQL:(WKQ7 W\t’)

=E

N

Z(ﬁ(k|z) - II{ZT+1 = k})vWKQ:0<eka W\}leiTSOftma‘X(XITWKQmT)>‘| )
k=1

where

T
VWi g=0 (egW‘}‘ Z a:tSoftmax(XlT:TWKQ:cT)t>

t=1

= el Wy, - Vo —oSoftmax(X . Wiqer):
t=1

T
1 . _
:T E eEWV"Et . (xt - .’BLT)CB;E,

t=1
forx;.r = % Zthl ;. Hence the population gradient simplifies to, assuming 7y < 1/N,

VWKQL(WKQa W\t’)
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>

7 2 Ex|

(k|z)e;W‘}‘mt (e — mlzT):c;]]

k=1 t=1
N | I
— Z Er T ZP(ZTJrl =k)Ex (e, Wiz - (x; — Z1.7)2 ] 2141 = k]}
k:Ntrg+1 t=1
1 1 L
:N;ET T;Ex [egw‘}‘xt (e —iilzT)iB;]]
1 N 1 X
N = Nexg B T ZEX ex Wy, - (z — Zrr)ag|ori = k]l
k=Ngrg+1 =1
N T
" kz—:lET l ;]EX Kﬁ(lﬂz) a N)egw‘;mt (@ — -’ElzT)iBTH

(+1)

Note that each entry of e} Wiz, - (x; — &1.7)x is of O(1jyE[T~!]) from Lemma 9, and [p(k|2) —
+| S E[T~!]/N? from Corollary 10. Therefore, using [E[ab]| < \/E[a2b?] we can conclude that
(*1) is of Ooo (MVE[T™]?/N) € Ouo (VE[T ™| Nirg /N).

Moreover, we have

N T
1 1 i )
¥ ;]ET 7 ;EX [eZWth (e — mlzT)sr:H]
1 al 1 a T * = T
e S R RS Bl W - avred]
& k=Nyrg+1 t=1
+ 1 S Er 1 XT:EX [eZW‘}kmt (e — zEl.T)a:;]
N — Nug k=1 T t=1 ' .
N, al 1
trg - T * . 3 T
N(N - Ntrg) k=1 ]ET T ;EX [ek vat (wt wl.T)wT}‘| ‘

Here, again using the fact that each entry of e;W‘}"wt (xy — :i:l:T)a:;E is of O(yE[T 1)), the
second and third terms can be bounded by O (jvE[T ] - Nyyg /N).
In conclusion, we obtain

VWKQ‘C(WKQ7 W{;)
1 N

- Er
N — Nipo
T8 f=Nerg+1

T

1

T ZEX lex Wia, - (o — $1:T)93;]]
t=1

N

T
1 . _
T ZEX [e,;rWVa:t (xy — Trp)Tg | 2001 = k]]

t=1

B.2.2 Detailed Calculations
Let

Ak, T)
1 I
::T Z(Ex [e;—W‘}kwt (g — :ELT):E;] —Ex [e;W‘}‘wt (e — :ELT):B—TWZTH = k:])
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for Nyg +1 < kB < N Then, it holds that VWKQE_(WKQ,W‘*}) =

N - _
NWig 2oheNug+1 ET[AE, T)] + 1V E[T ™| Ooo (Nerg /N).
For the first and second (block) columns, we have the following lemma:

Lemma 11. Let Wi, = Nk QVWio L(Wikq, W). Then, it holds that

Wiiolii1: L+ N]

Ntrg , N —1 , 1\ —1
. pz+2]Eg [T(E ) ] + p£+3]EZ [T(e ) ] T T
—77v?7KQN Z Zp 0 Pruy C€w
g =1 g ewEe [T(¢)]
Lo (e+2,e43Ee [T(0) 7]
—2T(0)2 2e, B [T(0)71] [P;(@ eID

0

+ v QEe [T(€) " O(Nywg - N7H).
Here O(Nyyg - N71) denotes a matrix whose entries are all of O(Nyyg - N
probability of drawing { at pretraining data.
Proof. [Proof of Lemma 11] Suppose W7, is obtained by Lemma 9. Note that

1) and p(¢) is the

A(k,T)[:,: L]
T
- %Z(Ex e Wy, - (@, — ®1.7)] — Ex [ef Wy, - (2 — Zrr) 201 = k])Pr

t=1
Ntrg

Ntrg Z Z IEX :ct — Zr7)E] |2 = w]

Ex [(:Et — .’il:T):II:|ZT+1 = k‘, TT = w])

Wi "erpy
and similarly
A(k,T);,L+1:L+ N]

Ntr T
1 |1
:Ntrg Z = Z(Ex [(z: — Z1.7)2/ |27 = 0] — Ex[(®: — Z1.7)2) |2741 = Ky 2 = w))

T
w=1 t=1

. WVTekeﬂ.

Now let us consider the difference

(IEX [(wt — :EltT)a:ma:T = w] —Ex [(wt — :ELT)a:szH =k, xr = w])

N[ =
[M]=

o~
Il
_

(]EX [wtwﬂwT = w] —Ex [:ct:cszH =k, xr = w])

I
N[ =
B

ﬁ
Il
_

T T
Z IEX a:fa:t, |a:T = w} Ex [mtm;\zTH =k,xr = w])

t=1t'=

ﬂ\H

1
T
(Ex [a:t:nﬂmT =w] - Ex [a:t:n:|zT+1 =k,xr =w))

( =)
T ? t=1
1
72 Z EX [%tw;/”w:r = w} — EX [mtﬂb‘;‘ZT_H = k;,ar:T = w])
t£t!
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Then it suffices to calculate the vector
d(t,t' k,w) = M(t,t', k,w)W; ey
= (E[mtwmwT =w] — ]E[:BtmszH =k, xpr = w])WJek

for each ¢, ¢, k and w. Recall

v BT N,
T - ( %E[T 1]+ (Ntrg N~ ))116 Nirg—1
Wy ee = | gip= L Er-1)0(Niyg - N- 1)+ O(Nyg - N72) |1
(—%E[T 7'+ O(Nirg - N )1y

Nfi\/trgE[Til]thrg
(CNE[T ] 4+ O(Nurg - N“2)) 1~ gy -1
E[T™1]F BT 1JO(Negg - N™1) + O(Nuey - N 2)
(—FE[T] + O(Niwg - N72))1n 1

For preparation, we define some vectors: let

T
1 1 N+Npe+1 1 1
a(k) = [0,0,...,0, A N+ L
T/_/ N*Ntrg N*Ntrg N*Ntrg N*Ntrg N*Ntrg
trg ZEIOS N——
k-th entry

be an N-dimensional vector for Ny, +1 < k < N and
T

1 1
N e RV.
N — Niyg N — Nig

8= 10,0,...,0,
——
Nyrg zeros

First, if t = ¢/, then M (¢,t’, k,w) is zero unless t = £ + 2 or t = £ + 3, as zr41 is independent of
; # ¢ + 2) and only x4y and x5 include the information of z, . For each case, we

zi (i€ [T],i
have
Orxr  pr2a(k)’  Opxn |
Ml +2,0+42,kw)= |a(k)p],, dlag( (k) alk)e,,
OnxL wa(k)T  Onxn |
and
OrLxL OrLxn PZ+304(/€ i
M +3,0+4+3,k,w)=| Onxs OnxnN Bak)" |,
a(k)pl; ak)B’  diag(a(k))]

then we obtain

_p€+2E’[T_1] 1 Ntr Ntr
d(l+2,0+2.k,w) =1y | BT |+ O (BIT 15 + )
—e, E[T7Y
and 1
—pey3E[T7] N, N,
d(l +3,0+3,k,w) =5y 0 + 17 Oco (B[T 118 + ).
—ekE[Til}

For the case ¢ # t/, deal with the following three cases:
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() If (¢,¢') = (L +2,£+3) or (t,t') = (£ + 3, £ + 2) then we have
M +2,0+3,kw)+MU+3,0+2,k w)

Orxr persa(k)’ prpoc(k)”
= (k:)pér_&_3 a(k)BT + Ba(k)" diag(a(k))
oz(k)p;+2 diag(a(k)) ak)el +epa(k)T

and
dil+2,0+3,k,w)+d(l+3,0+2kw)

—Pe2E[T 7] — posE[T7] Niw N
=1y —erE[T] +11v O (E[T ] Ng + N2g )-
—erE[T71] — e, E[T71]
(ii)) Fort # ¢ 4 2,/ + 3 we have
(0] pra(k)T (0]
M(t, 042,k w)+M((+2,t kw) = |a(k)p]  y(t)ak)" +ak)y(®)T ak)8T
(0] Ba(k)" (0]
where v(t) = e, ift =€+ 1 ort = T and 7(¢t) = 3 otherwise. To summarize,

7ptE[T71] Ntr Ntr
d(t, 042, k,w)+d(l+2,t, k,w) =1y | —e,E[T~!] +ﬁVOmUHT_W<Ng+7V§)
0

ift=/¢+1ort="T and

} —pE[T7] }  Nog . Norg
d(t, 042, k,w)+d(l+2,t, k,w) = 7jv/ 0 1y One (E[T ™1 S + —55).
0
otherwise.
(iii) Fort # ¢ + 2,/ + 3 we have
o % pra(k)”
M (t, 043, k,w)+M ((+3,t, k,w) = (0] (0] ~(t) (k)T
ak)p] ak)y(t)T Bak)" +a(k)B’
and we obtain
-_ptE[Til} Ntr Ntr
d(t, 043, k,w)+d(l+3,t, k,w) =15y | —e, E[T]| +7vOs (BT Ng + N2g)
0
ift=/¢+1ort="T and
—PET] Nug N
d(t, 0+3,k,w)+d(l+3,t, k,w) =ny 0 +7]~Vooo(E[T71] ]i;g + ]\;;g)
0

otherwise.
Now we are ready to calculate —ﬁ Z,I;[:Nng“ A(k,T)[:,: L+ N]as

! S~ AT L4 N]

(1 1) _pHIQEI%j:}I] . —P£+33E[Tfl]
T T —enE[T] e E[T]

1 |:pl+2E[Tl]+pl+3E[Tl]] 9 |:11:T\{£+2,E+3}E[T_1]]
_l’_

N - N,
I8 k= Nerg+1

1 Nirg ’I7~V N
_Ntrg;{ TN

~ N-—N,
T8 k= Nygg+1

b?eﬂ}

erE[T] = 2, E[T]
erE[T71] + e, E[T1] 0
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+ TV E[T HO(Nirg - N1 4 17 O(Nig - N72)

1 Nes 7 Pe2B[T] + poysE[T 1]
:N ? 0 Pr eu/]
tre =1 e E[T71]
_ [14. E[T7]
oy | 11T\ (642,043}
- eI | [pF el
0

+IVE[T 000 (Nug » N7 + 1 O (Nuwg - N72),

which concludes the proof together with E[T~!] > N~! from Assumption 1. O

We can also bound the last column:
Lemma 12. It holds that

1 N

W;(Q[;L—&—N—i—l:]: Ak, T);, L+ N+1]

N=Nug S
= vk QEe [T(") O (Nirg - N71).
Proof. Note that

Ak, T);, L+ N+17]

T
1
:TZ(EX {ekTW&‘sct (e — :E1;T)eZTT71] —Ex [6ZW‘}“wt (s — Frr)el e = kD
t=1

N T
1 1 * _
:m Z f Z(EX [e;Wth . ($t — ml:T)‘ZT—l — l]
8 I=Nig+1 =~ t=1

- IEX [e;ch‘;‘CCt . (mt — jl:T)|ZT—1 = l, ZT+1 = k])elT
Then the assertion immediately follows from the fact that each entry of
Ex [ef Wia: - (2 — Z1.7)|2r—1 = 1] — Ex [ef Wira, - (@ — Z1ar)|2r—1 = 1, 2741 = k]

is upper bounded by 771/ E[T 1] up to constant, from Lemma 9. O

B.3 Max-sum Ratio and Algorithm Selection

Now we are ready to establish analysis on transformer’s algorithm selection based on max-sum ratio.
From Lemmas 11 and 12, it holds that

Wiao
1 Jf (T~ +2T7)(pes2 + Pets) ) 1y P el o]
=] E 0 2772 |2e, | S[ph el 0
Ntrg wel T*lew 0 T w N

+ OOO(ﬁNtrg ' N_l)

where 7j = i QE[T ).

Assume that a test sequence z = [z1, ..., 27+, 27++1] is made from subtext lengths (5, £3) (hence
T* = 03 4+ ¢5 + 3). Now let gy = P[¢ = A\] and ¢* = P[2{ + 3 = T*] respectively (probability is
defined by pretraining distribution). If the trigger - satisfies xp~ = w*, it holds that

o e NZ (@742 v trers)] 121@*]
Ntrg wel (T*)_lew 0
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(T~ 4+ 2T2) (P42 + Pet3) 1.7
+1 E 0 —2T7?|2€,-
Noxg T ey 0

+ OOO(ﬁNtrg ! N71)7
where ¢* = (T* — 3)/2 — if such £* is not an integer, then we do not define ¢* (in such case ¢* = 0
holds and we don’t need to define such a quantity).
Hence, for any ¢ we can calculate the attention logit as
Sp = m;—WI’EQmT*
Nirg

> (((T*)—1 +2(T*) ) (It = 0" +2) + 1(t = £* + 3))

w=1

+ (1) Uzt = w)) — 2T (Ut < T*) + 2z = w>>>

*

Ntrg

1
Ntrg

+1 ((T(t —2)7 4 2T(t = 2) ) g + (T(t — 3) "' + 2T(t — 3) %) qs—3

+E[TYI(2—1 = w*) — 2B[T21(t < T)] — 4E[T?|1(2; = w*)>
+ Ouo (71Ntrg - N71). (B.3)

We begin with showing that if max-sum ratio is not sufficiently large, we can construct an OOD test
sequence z* such that transformer mistakenly use the positional shortcut:

Lemma 13. [fit holds that

maxy qel
————— > e(Ny,
Z[qu_l = ( t g)

where €(Niyg) = @(Nt;gl), there exists an OOD test sequence such that the pretrained transformer
via Algorithm 1 fails to generalize.

Proof. Assume that

& 4

and T = 0% + 05 + 3 = 20* + 3 where £* = arg max, q(¢)¢~!. Furthermore, we assume

0 {0 — 1,05 0 4+ 1,05 + 2. (B.4)

Since we have Assumption 2, there exists ¢; > 1 such that (B.4) holds. We show the following
sub-lemma:

Lemma 14. There exists €1 (Nyg) = @(Nt;gl) such that if

maxp gl "
PTEE

then

Ser41, S0 +2, 0543, ST < 55 +2:

Proof. Here we show 25g;+2 < sy+o — other properties can be deduced in the same vain.
Note that, from (B.3),

Nirg

*

. q o= .
Spery2 < nNt Z[(T ) H(w = w*)]
e w=1
+ (26 +3)71 2026 +3) g + (26 + 171 + 226 + 1))
trg
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+E[T™ H"‘O (nNtrg'N_l)

=k 6" *
< nq (T*)_l—l— n4q (T*)—1+ U E[T_1]+Ooo(77Ntrg'N_1)-

o Ntrg Ntrg Ntrg
On the other hand, it holds that
Sex+2
> f; Z L 2(T*) 72 — 2(T") 2(I(0F 42 < T*) + 21(2p- 12 = w))]
+ — N [((20° +3)7 1 +2(20" +3)" g + ((20* + 1) +2(20* + 1)) g1 — 6E[T?]]
trg

+ O (7iNgrg - N7

> iig* (T*) ™" — 671" (T*) ™% = 6-—E[T2] + Oug (iiNueg - N7V).

Ntrg
Note that 72 < -7~ holds from Assumption 2. Therefore,
1 1. _ 13 7 _ ™maq* - _
—Spein — Spran > —ngt (T*)7 = = E[T~1 T* Ooo(MNire - N71).
5se+2 = se+2 2 £ (T7) 10 N [T - Ntrg( )™ + O (7 Nirg )

-1

Together with Assumption 1, if the max-sum ratio is (N,

desired.

), we obtain 2sp: 12 < Spxyo as

Since now we have Lemma 14, when

N 2 Ny
ivnkg 2 Clog N > Clog N - ———"5 (B.5)
trg [T_ ]
for a sufficiently large C' we obtain exps;/expspia < exp{—-ClogN} = N
where ¢t = (7 + 1,47 + 2,47 + 3 and T*. This immediately implies that

X1.7-Softmax (X, p Wk Q®r+) = Y4 spe 11,40 42,40 437+ WhTk + Ooo(N~C") for a sufficiently
large C' where ) pe 1 g« 19 g pg e Ok > 1 — N~=C". Therefore, we get

*
+N_C/ *| .
*

From the structure of Wy (Lemma 9), we observe that the predicted logit
WVXl;T*SoftmaX(XlTT* Wixoxr+) has a peak on the token u, meaning that OOD gener-
alization fails. O

*
X.p-Softmax(X | 7. Wrgzr-) = (1 — N=) e
€eu

Remark 3. Here we worked on the ratio between qp-T(¢*)™' = max,(2¢ + 3)"1q, and
E[T(¢)~'] = 3,(20 + 3)"tqp. We can immediately show (using Assumption 2) % maxy(f) g <

max,(2¢ + 3)"1q < %man(ﬁ)*lqg and % Zé(ﬁ)’lqg <> (204 3) g < % Zg(f)’lqg, then
we do not distinguish these two definitions of max-sum ratio.
Similarly we can show the following upper bound:

Lemma 15. [fit holds that
maxy qel !

i
Zz QEf_l o

) the pretrained transformer via Algorithm 1 can generalize OOD.

E(Ntrg)

where €(Nirg) = O(N,

trg />

Proof. In the same vain as the proof of the lower bound, it suffices to show sy 12 > 2s; for any
t # 0% 4 2, going the other way around Lemma 13.

First we have

* Ntrg
ser > i Y [2(T7) 216G +2 < T7)]
trg w—=1
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U

+ 5 (6 +3)71 +2267 +3) ) + (26 +1)7 42261 + 1)7)gg
trg
—2E[T?] + E[T"]] + O (1Nerg - N71)
> LR — 2 R[T?) - 27jmax ¢/ T() " + Ouo (iNerg - N7V).
Ntrg Ntrg YA
For all ¢ # ¢7 + 2, observe
. Nug _
st < fim— D3I 2+ (8Tt = 2) " qra + 3T(E = 3) " e—a) + O (WNerg - N 71)
trg w—=1 trg
< 6imax qT(0) " + 6" max @T ()™ + Oso(iNirg - N71).
[ Nyg ¢
Therefore, we obtain $s¢: o > s; as desired, if max-sum ratio is O(Nt;gl). O

B.4 Proof of Theorem 5

Theorem 5 is directly obtained by combining Lemmas 13 and 15: it only remains to adjust the
stepsize.

From Cororally 10 we need 7y = 0y /N < 1/N, and from (B.5) we need 7y kg 2 logNj\J,\;2 .
trg

Therefore, it suffices to set
N3
N3

trg

nv S1 and nynkg 2 log N.

C Finite Sample Analysis
Now we turn to make an analysis for finite sample size setting.

Proof Sketch. We explain how to evaluate the concentration of the empirical gradient
Vws, L(frr). Concentration for V., L(frr) can be obtained similarly.

8T ) Mv , ML
L (i) ' i (ie.k) v SLET -
et § 9 &y be My i.i.d. sample sequences, and 4 § x; . be My;" i.i.d. sub

t=1 . 1 =1
i=1 2,k
samples conditioned on ¢ and zr;; = k. Note that > ok M‘E;k = My . The empirical gradient

Vws, L(frr) is expressed as
vaﬁ(fTF) ~ IAEZNDZIAE,CNUHH[K] {AM} + (similar terms omitted)

R L ONT
where Ay j; is the empirical average of % ZZ;I lNa:EW’k) (e = 1,..., M‘é/’k) with the sample

size = M ‘Z,k We focus on bounding the first term in this sketch. The gap between the empirical and
population gradients is bounded as

IV, L(frr) — Vg, L(frr) 2

S| Bl [Aer — ELAckle )|+ [Be (B — B )BLAGwe R + || (Be — Ee)ELAcIA|
The first term is bounded by the matrix Hoeffding’s inequality using HAKkAZk Il2, HAZkAf,k Iz <
1 and M‘é/k ~ g;N~'My for each pair (¢, k). Note that ), /g, emerges in this bound because
|Aer — E[Agill, K]ll2 ~ q€—1/2 and || ~ > ¢ - qe. The second and third terms can also be
bounded by HA& kll2 < 1 and using the standard Hoeffding’s inequality.
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C.1 Value Matrix

We first establish an upper-bound for the difference between empirical and population gradient with
respect to Wy,.

Lemma 16. Let A; = 1. x| = 11.5[p] eT e;'—t .. Then we have
AA] 0
<
[ 0 AlA |~ %

where \j(2;) S N fori = 1,2 X\i(2;) = 0fori > 3and | Z||2 < N. Similarly, let B; . = exx; .
Then, we have
BB/, 0 ,
R <
[ 0 BJkBt,k =%
where |32 < 1.
Proof. We provide the proof for A;. Proof for B, can be derived in the same vain.

1.1
AA] =1 ya) 21y =3 - ] =z

where A (2{") = 3N, A\;(2{") = 0 fori > 2.
Al A, =21 y1.v2) = Nayxe,| < Egb)
where A1 (S = 3N, \;(Z?)) = 0 for i > 2. Using
rank(A; A ) + rank(A; A;) <2

and

AA] O
)\1<[ tO t A;'—At]) < maX{Al(AtA:)’)\l(A;rAt)}’

we obtain the conclusion. O

t=1

T ) Mv o yMT
Lemma 17. Let {{x?)} } be i.i.d. sample sequences, {{wgw)} } be conditionally
t=1] .
ZT:1

i=1
MIF
i.i.d. sub-samples with fixed T, and {{ (ir, ’“)} } Y be conditionally i.i.d. sub-samples with
t ZTk 1
fixed T and zr11 = k. Note that 3 ) My" = 3 M I = My. Then, with probability at least

1-0(e),
1 -
Amas (vwv T 2 L e Wi, W) = Vws LW, Wv)>
i=1

< (Z \@) \/Nlog (NL]\(j‘\/f + L))
4

Proof. The empirical gradient is, noting that 7' = 20 + 3 > 5,

- 72 Eled!

Vwi, L(frr) = Z erlBr

N 1 T
_ Z ekE T Z wt]l ZT+1 = ki]] ]
k=Ngg+1 t=1
L—1 JWV T
;3 Z;(ﬂzlmtw )
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L—1 N Tk Mk
M‘:’; M, 1)
SSM S M S (R s,
T=5 k=Ngrg+1 14 it p=1
Let
T T
AlT) Z 1;. NCC(LT) lz 11;1\/3:%%) | T
t=1
and
. N ; T N . T
BTk — Zekxiw,k) _E Zekm(w,k)t |y =k, T]|.
t=1 t=1
Using Lemma 16, we can bound the operator norms as
1 |[[aGm g6 T 19
— <VN
T2 [ o Alir) T AGi) " VN
and _
1 B(iT,k)B(iT,lc)T O <1
T2 o) B(iT,I«)TB(iT,k) ~
By combining the matrix Hoeffding’s inequality and the union bound, we have
‘ 1 My 1
A <~ \/log (L(N + L)e 1)
MyTN = . \/NME
and
MT k
. 1
Tk Z ZT k) T,k) S Tk\/lOg (NL(N—’—L)Eil)
'LTk 1 2 V7
with probability at least 1 — O(e).  Using the union bound M{ = Mygre(l +

M,, 1 2qT (1 /)2 log(Le~1)), the matrix Hoeffding’s inequality, standard Hoeffding’s inequality, and
(iT

111 vz, H2 < 1, we obtain
g ) (i) T
LT LT
v 23 (vt ) <2y Tt
T 5’LT 1 2
_ ME L—1
CME 1 MY T
< AliT) v 1 (ir) | p
N;MVMTZTN +;(MV ar(e) TNZ LNTy | .
o 2 =9
L—1 - T
My, (ir) My, 1 ir) T
=53 iy MTZTNAT +Z | B 7y 2o Ty | T
T=5 ~—~— = 9 t=1 2
~Prob(T) " < /ar(e) log(Le—1) <N-1/2
log (L(N+L)e™ <Y — - =
\/W vty
Ze \/q7 \/log (N +L)e ).
Let BOro) = YT g™ Using MTF ~  MI(N - N '(1 4
(MT)"V2NY2\flog(NLe 1)), MT = Myqr(1 = My g% /Tog(LeT)), the ma-
trix Hoeffding’s inequality, standard Hoeffding’s inequality, and |7~ ' BUT#) ||, < 1, we obtain
L1 5 N MTk 1 Mk
YA s M s (fyae)
T=5 "V k=Npgt+1 V irp=1
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1
N — Ntrg

>

k=Ngrg+1

N

k=Ngrg+1

T,k
M,

g

T,k
MV

Z T-1 BTk

i k=1

2

1

M*
2

> %E[B(i”) |y = l@T})

1

——E[T BTk, T
N _ Ntrg [ ‘ ’ }

Nexg+1 )

MTk

Z T7-1Blirk)

i =1

1

ATk
M,
2

Nlog (NL(N+L)e—1)

< My, Prob(T)

~

1
N — Nirg

T,k
ML
T
MV

' 1

fE[B(i”) ly k,T])

2

L—-1

>

T=5

T

My qr ()

log(NLe*l) ’Sl

NMy ar(g)

1

———E[T!BUrH |k, T
N = Noy [ |k, T

2

Nlog (NL(N + L)e—1)

()

Note that if My 2 polylogN -

AVE[T | Nepg N1

Corollary 18. If we set ny < 1 and My 2 polylog N -

[1/N —p(kl|z)| = O(E[T"*
token k after pretraining Wy,.

C.2 Key-Query matrix

Now let us consider the KQ matrix

My

D ees Ve
2es @™t

i (s

txg

> res V3
Siesal T

i (S

with finite samples

2 _
) , then we obtain |[W —

, where WV and Wy, are Wy, after one GD step with infinite and finite sample
size, respectively. The following corollary is obtained by combining Lemmas 9 and 17.

2
) , then it holds that
|/N?) for any k and z, where p(k;| ) is the transformer output regarding

2

75 > D,

LT M, -1 N QMTk
Wgq =— K C; K
KQ NKQ ( Z - Miq MTQ ZET: T 7;5]9:1%:~+1 Mgq Miq Mich &
+ 0k QIVE[T ™ )Ooo(Nirg/N)
where
N
- 1 11 N .
Co= 2. §= Nirg ((T - TZ‘) S aalm wieal” )
k=Nirg+1 f

_ZNN

k=Ngrg+1

I

trg £t
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and

. 11 ; )T i) T
R
t
1 i ir) | ir ) |
— Z mE'T.k)mEIT,I») WJekm;T,k)
t£t!

where

. _1q| Ok—1 - _
Wyer =ivET | 7 | +o(iET ) - 1o ian.

ON_k

Or—1
1
|ON k]

Lemma 19. Let B,y 1) = z,(x,, Wy eg)x 1. Then, we have
By g = ((Lzy = k] + L[ze—1 = K)vE[T ] + o(v E[T 1)) 2.

Therefore,
T
Btﬂf',TakBt,t’,T,k O
T
Bt,t',kBt,t/-,k

where \i(X) = O(nyE[T )2 fori = 1,2 and \;(X) = 0 fori > 3.

E

Proof. The proof is straightforward. Note that «,, 1,1 on = O(1) for all . O

Lemma 20. Let WI*(Q be Wkq after one gradient descent step with finite sample size (Al-

NTi v
gorithm 1) and WI*(Q be the counterpart for infinite sample size. Let {{wgz)} } be
=1} =1

o T Y My
i.i.d. sample sequences, {{a:ﬁ”)} } be conditionally i.i.d. sub-samples with fixed T, and
t=1)i,=1

. MF
{{m?”)} } Y be conditionally i.i.d. sub-samples with fixed T and zp1 = k. With probabil-
t)ip =1
ity at least 1 — O(e),

. . 3 3 Nlog (LN(L+ N)e—!
)\maX(WKQ - WKQ) 5 UKQUVE[T 1] <Z \/Q?) \/ ( ]\;KQ ) )
l

+ nKQn}/E[T_l]Ooo (Ntrg/N)-

Proof. We have

i < (VE[T1)?

75" o]

(0] C;;Ci 9
and . .
DiTij;k o ~ —17)2
PR U g < (RVET )2,
[ (0] Di—;kDiTk )

by Lemma 19. Then we obtain the error bound as

1 *
@HWKQ ~Wioll,
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3 e 3 (e )|+ (52 - e i
T) — E[C;,|T]
T i 1T| qT(f) T
MKQ Mg P ) = )
M N MTk

MTkZ( 7Tk7 1Tk‘Tk])

+ ——
Z MKQ k= NZ+1 KQ i

2

Mg+ Mg 1
+ — T,k
Z MKQ . NXH:?;—H M[I{“Q N _ Ntrg [ i, k‘ ]

- MIT(Q )
+ Z <MKQ - QT(Z)>E[D1T,kT]

T=5

2

+ VE[T ™ Ooo (Ntrg /N)

SvE[T (Z \F> \/N 5 ((Z\jijN)el) + VE[T™]Oco (Nixg /N)

in the same way as bounding W7y,. We used M};Q =~ quryMkq, MK’Q ~ N— 1M};Q, (matrix-)
Hoeffding’s inequalities, and [|Cyy. ||2, | Diy. . l2 < 7ivE[T 1] by Lemma 19. O

Based on these finite sample analyses, Theorem 6 can be obtained similarly to Theorem 5.

Proof. [Proof of Theorem 6] Note that, the approximation in Section B.2.1 still applies, if the finite-
sample error with respect to W Qs falling into 7O(Nyyg/N). From Lemma 20, it suffices to

set Mgg 2 polylog N - ,(Ze Vae ) . Together with the requirement My 2 polylog N -
(szisqfl ) in Corollary 18 we obtain the assertion. O
trg €

D Proof of Proposition 8

‘We first show that

(1,2,..., Nirg, 0,...,0) Nirg(Nivg + 1)

(2 = )

q = (41,45, -, q7) =

Z 2
satisfies the KKT condition of the LP
minimize 3, y qel?
. maxz qet™t
P subject to U T :11qM — < Ntrg
D=1 e =1
q1,---,4qU > 0
and show its uniqueness.
The KKT condition of P is
Z Nedde )0 = +v =0 (L€ [U)), (D.1)
=1
Ae(gel™ = Ny Z g ()1 =0 (Le[U]), (D.2)
pe(—=qe) =0 (€ € [U]), (D.3)
U
gl < Npp S gt (e [U)), (D.4)
=1
Q+...+qu=1, D.5)
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A > 0,00 >0 (L€ [U]). (D.6)

We construct (A = {A¢}, . = {ue}, v) such that (g, A, p, v) satisfies these conditions: by con-
struction, (D.4) and (D.5) are already satisfied. Here, note that

671 _ Zil (E S Ntrg),
“t =0 (€ > Nirg).

Thus, from (D.2) and (D.3) we have Ay = 0 (£ > Ni,g) and pty = 0 (£ < Niyg).

Now it remains to satisfy (D.1), not braking (D.6). For £ € [Ni.g], (D.1) reduces to the following
linear equations:

Nig -+ N A B+v-1
INtrg — E '.' . E = — :
Nt;gl e Nt;gl ANor Nt?rg + v Nug

Noting that the sum of the all entries in the vector obtained by evaluating left-hand side is zero, we

obtain
L4+ N3y Nig(Nig + 1)

UV =

144 Ny 2
We can also observe A\; > --- > )\ Nerg since the right-hand side is decreasing w.r.t the vector index.
-1 -1
Ntrg e Ntrg
Since w = [1,1,...,1]" belongs to the right kernel of | Iy, — | : , We can
—1 -1
Ntrg e Ntrg
shift A by this vector to ensure Ay,,, = 1 (then A > 0), meaning
3 3 7 Los 1o
1_)‘:_Ntrg_V'Ntrg<:>)‘:§Ntrg_§Ntrg+1
Nirg

where \ = Nt;; =1 Ae. We now consider (D.1) with £ > Ny,,. Since

pe=v+ 02— 07\
B Nirg(Nizg + 1) 1, 1 1

> (Nigg +1)2 =~ L0 SN2y

= — —— =2N, 1-— >1
2 trg Ntrg trg + Ntrg - 4

and then we can now determine g satisfying (D.6). Therefore, obtained (g*, A, p, v) satisfies the
KKT condition.

From [Man79], to show the uniqueness it suffices to show that for any p € RY, there exists € > 0
such that even if we replace the objective function to » te[u] (€% +epe)qe, q* is optimal. We can eas-
ily see this by reconsidering KKT condition—while the only effect by changing the objective is the

nonnegativeness of A and p (D.6), these parameters are continuous with respect to the perturbation,
and we can still ensure nonnegativeness since for g = 0 we already obtained positive parameters.

E Detailed Experimental Settings and Results

E.1 Detailed Settings for Section 4.2

We introduce the detailed settings for the full-traning experiment.

Architecture.

* Embedding. We use embeddings obtained by concatenating the positional embedding and the

ep | where p; and e, are one-hot vectors with ones at ¢-th and z;-th

entries, respectively. The previous-token embedding in (2.2) is omitted.

token embedding, i.e.,
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* Transformer blocks. Each layer consists of a single-head attention module with separate Key-
Query matrices, a GeLU-based MLP, and residual connections:

x, < x; + MLP (z; + Wy X1, Softmax(X ||, Wi Woz:)),

where
MLP({B) = WMLp,gGeLU(WMLpJCIJ + b1) + bs.

Three such layers are stacked, followed by a linear projection of size (N, D) that maps the final
embeddings (dimension D) to the vocabulary of size N. We initialized W, Wo, Wy, Wip 1
and Wy1,p.2 using Xavier initialization [GB10], while biases b; and b, are initialized from the
zero vector. The size of Wyrp,1 and Wyrp 2 are (4D, D) and (D, 4D), respectively, where
D = N + L is the embedding dimension. The transformed embedding at the last layer is fed into
the trainable linear output layer W© of size (N, D), initialized using Xavier, before softmax.

Training. Training was performed using AdamW with both the learning rate and weight decay set
to 102, using 32,768 training samples. We prepared 1,024 in-distribution samples drawn from the
same distribution as the training data and stopped training once the accuracy exceeded 90% on these
samples.

Pseudo Accuracy Rate Leftmost Rate

100 100

min subtext length |_min
Accuracy

min subtext length I_min
Accuracy

40 50 60 70 80 90 100 110 120 130 140 150 40 50 60 70 80 90 100 110 120 130 140 150
max subtext length |_max max subtext length |_max

(a) pseudo accuracy rate (2(¢; 4¢,)/2+2) (b) leftmost rate (z¢,;, +2)

Figure 5: Map of two types of errors due to the positional shortcut. Note that both errors can probabilistically
coincide with the correct answer, and such cases are not excluded.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The paper is primarily a theoretical analysis and its problem setting and con-
clusion are accurately aligned with the statement in the abstract and introduction.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: The limitation and future work are summarized in the conclusion section.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations” section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

e The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: The problem setting and assumptions are summarized in Section 2, and the
all complete proofs are provided in the appendix.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theo-
rems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: Experimental details are provided in Section 4.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all sub-
missions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear
how to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: The experiments are conducted only on toy simulations.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

e The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Experimental details are provided in Section 4.
Guidelines:

* The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [NA|

Justification: Our experiments are conducted to see the qualitative tendency of each setting
and thus it is not aimed to report statistical significe.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer ~’Yes” if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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8.

10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% ClI, if the hypothesis of
Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: The experimental details are summarized in Section 4. Since all experiments

are conducted on small size synthetic data, it does not require special computational re-
sources.

Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The authors have checked that the research conforms with the NeurIPS Code
of Ethics.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA|

Justification: This paper is primarily aimed to reveal a specific characteristic of a trans-
former model with a simple structure, and no immediate societal impact is expected.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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11.

12.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper is primarily theoretical.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA|
Justification: The paper does not use existing assets.
Guidelines:
* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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13.

14.

15.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: Execution of the theoretical analyses and numerical experiments in this pa-
per does not involve LLMs in important, original, or non-standard components. We just
exploited them for auxiliary use.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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