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Abstract

Whilst neural networks are powerful predic-
tors, it has been observed and theoretically
analyzed that training such models by min-
imizing the square loss can lead to subop-
timal results on regression problems, where
the targets are real-valued. In this work, we
propose a novel method aimed at improving
test-time performance of neural networks on
regression tasks. Our method is based on
casting this task in a different fashion, using
a target encoder, and a prediction decoder,
inspired by approaches in classification and
clustering. We demonstrate our method on a
wide range of real-world datasets.

1 INTRODUCTION

Neural network architectures have become ubiquitous
in machine learning, becoming the de facto go-to mod-
els for a wide array of tasks. This is particularly true
for classification tasks, where the goal is to predict a
discrete label based on observed features, e.g., in image
classification Krizhevsky et al. (2012); He et al. (2016),
language modeling Sutskever et al. (2014); Bahdanau
et al. (2015); Vaswani et al. (2017), and audio genera-
tion Borsos et al. (2023); Dieleman et al. (2016). The
amount of scientific work applying neural networks to
classification tasks significantly outweighs that for re-
gression problems —where the objective is to predict
a real-valued target y ∈ Rm— see e.g., (Stewart et al.,
2023) and references therein. Yet, neural networks have
obtained state-of-the-art results on numerous regression
problems, such as pose estimation, point estimation,
and robotics (Sun et al., 2013; Toshev and Szegedy,
2014; Belagiannis et al., 2015; Liu et al., 2016).

The reformulation of regression problems as a clas-
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sification, via a discretization (commonly known as
“binning”), has been a recent point of interest when
training neural networks (Stewart et al., 2023; Pintea
et al., 2023; Guha et al., 2024). Such an approach
transforms real-valued labels into one-hot vectors, en-
abling optimization of neural network weights through
cross-entropy loss minimization rather than the typical
square loss, used in regression. Real-valued predictions
can be obtained from the classification model’s pre-
dicted distribution by calculating the expected value
over the bin midpoints. Interestingly, such discretiza-
tion techniques often yield superior performance, de-
spite cross-entropy loss lacking any inherent notion
of distance between classes McCarter (2024). This
behavior has been reported across a range of disci-
plines, e.g., computer vision (Zhang et al., 2016; Van
Den Oord et al., 2016), robotics (Rogez et al., 2017;
Akkaya et al., 2019), reinforcement learning (Schrit-
twieser et al., 2020; Farebrother et al., 2024), biology
(Gao et al., 2024; Picek et al., 2024), among others (Lee
et al., 2024; Abe et al., 2023; Ansari et al., 2024).

Understanding the cause of this pattern remains an
open research problem. Analyzing the gradient dynam-
ics of over-parametrized neural networks (Chizat and
Bach, 2018; Chistikov et al., 2023; Boursier et al., 2022),
(Stewart et al., 2023) shows that the implicit bias of
models trained on the square loss can lead to conver-
gence to spurious minima; reformulating the problem
to classification was observed to alleviate the under-
fitting due to a change in the implicit bias. Neural
networks have been observed to under-perform on re-
gression problems due to their bias to overly-smooth
solutions and the lack of robustness of dense multilayer
perceptron (MLP) layers to uninformative features,
supporting the prior claim (Grinsztajn et al., 2022).
There are still limitations to reformulating regression
problems as classification, including excessive quantiza-
tion in the outputs of the model and inefficient binning
of the target space, which can harm the test-time per-
formance and hurt training performance.

In this work, we introduce a novel generalization of
the “regression as classification” reformulation (Stew-
art et al., 2023). We propose using a target encoder-
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decoder model, which can (1) generate a distributional
representation of the regression targets (an encoding),
and (2) decode the distributional representation back
into the original target space. Our proposed target
encoder-decoder (abbreviated to “target codec”), can
be initialized in a fashion that can be viewed as a
probabilistic latent model, and optionally trained in
an unsupervised manner to learn a target space encod-
ing, providing a smoother alternative to the traditional
one-hot encodings generated from binning.

In addition to our novel “model-based” task reformula-
tion, we explore the benefits of interpolating between
different objective functions i.e., regression, classifica-
tion and target reconstruction. In conclusion, we pro-
pose an end-to-end framework that involves jointly
training the neural network in conjunction with the
target codec, in order to solve both the original regres-
sion problem and the reformulated (soft) classification
problem.

Our methodology offers several advantages: firstly, we
empirically observe that our target codec yields notable
improvements in test-time regression performance, com-
pared to baseline methods. One of the explanations for
this observed improvement is that embedding the low-
dimensional target space (especially when it is scalar)
into an intermediate continuous space (distributions
over k classes) improves the training dynamics when
using high-dimensional features x ∈ X . This echoes in-
sights from recent literature exploring the implicit bias
induced by gradient based training of neural networks
(Chizat and Bach, 2018; Chistikov et al., 2023; Boursier
et al., 2022; Stewart et al., 2023). Moreover, such gains
are achievable with only a simple target codec architec-
ture —namely a logistic model for the encoder and a
linear mapping for the decoder— making the approach
both computationally efficient and straightforward to
integrate into existing frameworks.

Main contributions. In this work, we introduce
a general framework for training neural networks on
supervised regression tasks. To summarize, we make
the following contributions:

• We introduce a novel generalization to reformulating
regression as classification, via a light-weight target
encoder-decoder model. Such a model can be ini-
tialized as a probabilistic latent model (with frozen
weights), or trained in an unsupervised manner, clus-
tering the target space.

• Differing from prior works (Stewart et al., 2023; Shah
et al., 2022; Pintea et al., 2023; Zhang et al., 2023),
we propose interpolating between the reformulated
classification and original regression objective. More
precisely, we propose an end-to-end framework which
involves jointly training both the neural network and

target codec. We break our method into components,
in order to ablate the gains yielded from different
terms.

• We showcase the improvements over existing ap-
proaches that our method obtains for key regression
metrics, across a wide range of real world datasets,
data modalities and model architectures.

Related Work. (Stewart et al., 2023) explore re-
formulating regression as classification when training
neural networks, providing theoretical insights into
how implicit bias affects neural network features, and
empirical evidence demonstrating the benefits of task
formulation. Both (Guha et al., 2024; Pintea et al.,
2023) build on this work; the former applies the method
to conformal prediction, while the latter empirically
shows that task reformulation can aid in imbalanced
regression datasets, a challenge also explored in other
recent studies (Ren et al., 2022; Yang et al., 2021;
Gong et al., 2022). Our work relates closely to that of
(Stewart et al., 2023), building upon the idea of task
reformulation via binning (which we compare as one
of the baselines methods). Our proposed target codec
can be viewed as a generalization of task reformula-
tion. However, our method has multiple distinctions:
our reformulation is smooth, and moreover, can be
optionally learned. Furthermore, our end-to-end ap-
proach includes the original square loss term, which
we see via ablation brings performance gains. A first
exploration of reformulations of regression problems
for linear models is found in (Torgo and Gama, 1996).
More recently a proposed reformulation of regression
as classification and learning considers an ensemble of
random forest classifiers (which can be combined to
obtain a real prediction) (Ahmad et al., 2018). Whilst
both of these works share the reformulating regression
as classification, they are not concerned with neural
networks. Similarly, learning a set of regressors from a
neural network’s feature, in order to predict a binary
encoding of a real value is considered in (Shah et al.,
2022). This approach differs from ours in multiple
fashions, i) we reformulate to a classification problem,
ii) our encoding-decoding is smooth and trainable, iii)
we do not require ensembles, iv) we bridge losses from
both problem formulations.

Notations. We denote by X a general space of fea-
tures, and by Rm the canonical real vector space of
dimension m for some positive integer m ≥ 1, and ei
the i-th element of its canonical basis (i.e., the one-hot
vector for label i). For any positive integer k, we denote
by [k] the finite set {1, . . . , k}, and by ∆k ⊂ Rk the
unit simplex in dimension k, of vectors with nonneg-
ative coefficients that sum to 1. It is the convex hull
of e1, . . . , ek, and the space of discrete probabilities
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over k elements. We denote by H the entropy function
from ∆k to R, defined for any p ∈ ∆k by H(p) =
−
∑

i∈[k] pi log(pi), and by KL the associated Kullback-
Leibler divergence, defined for any p, q ∈ ∆k by
KL(p, q) =

∑
i∈[k] pi log(pi/qi).The softmax function

from Rk to ∆k is defined for x ∈ Rk, element-wise for
all i ∈ [k] by softmax(x)i = exp(xi)/

∑
j∈[k] exp(xj).

2 OVERVIEW: REGRESSION WITH
NEURAL NETWORKS

In regression, the aim is to infer a potentially multi-
variate continuous target y ∈ Rm based on observed
features x ∈ X . This supervised learning problem can
be tackled by using a parametrized predictor function
that can be trained on a dataset of coupled examples
(xi, yi) ∈ X × Rm, i ∈ [n]. In this work, we concern
ourselves with training a neural network fη parame-
terized by learnable weights η ∈ Rp. Throughout this
section, we will provide a brief overview of existing
methodologies, which will later form the baselines we
benchmark our approach against.

2.1 Least-Squares Regression: [Baselines 1-2]

Perhaps the most commonplace approach for regression
is to train the model fη to directly predict y, by mini-
mizing a loss function of the form ℓ(y, z) = L(y − z),
where z = fη(x):

min
η

E(x,y)

[
L(y − fη(x))

]
. (1)

Typically L(y, z) is the square loss L(y, z) = ∥y − z∥22.
Prior works have explored robust choices of L, such as
the Huber loss Huber (1964) (which we also include
as a baseline), or even nonconvex functions (see, e.g.,
Barron, 2019, and references therein). As shown in
earlier work, implicit bias in regression sometimes leads
to underfitting Grinsztajn et al. (2022); Stewart et al.
(2023).

2.2 Classification: [Baseline 3]

For the case of scalar targets y ∈ R, an alternative
existing approach is to discretize the target space,
and reformulate the regression task as a classifica-
tion problem. This can be done by partitioning the
target space into uniform sized bins, with midpoints
c1, . . . , ck ∈ R. For each scalar target y ∈ R, one can
assign a new one-hot label y′ ∈ ∆k, based on which
of the k bins y falls into. For further information on
binning, see (Torgo and Gama, 1996; Stewart et al.,
2023; Bhat et al., 2021). A classification model, pro-
ducing logits gθ : X → Rk, is then trained to mini-
mize the cross-entropy loss between one-hot targets y′

and πθ(x) = softmax(gθ(x)). If a real-valued predic-
tion is necessary, this can be obtained by calculating
ŷ(x) = cTπθ(x), where c = (c1, . . . , ck) ∈ Rk. It has
been observed that this simple methodology can yield
superior results when training neural networks, (com-
pared to least squares regression), despite the cross-
entropy loss having no notion of class ordering (Mc-
Carter, 2024). Recent works attribute this phenomenon
to factors such as implicit bias of over-parameterized
models (Chizat and Bach, 2018; Chistikov et al., 2023;
Boursier et al., 2022; Stewart et al., 2023) and target
distribution shift (Pintea et al., 2023).

3 PROPOSED FRAMEWORK

3.1 Motivation: Viewing Class Reformulation
as Target Encoding-Decoding

Our approach offers a new perspective: that the refor-
mulation introduced in Section 2.2 can be interpreted
as an encoding-decoding process over the target space.

In the more general case of y ∈ Rm, one can con-
sider a map ψc : Rm → ∆k, parameterized by k cen-
troids c1, . . . , ck ∈ Rm, which maps real-valued labels
to one-hot encodings. Such a discretization can be
achieved by mapping each y to the one-hot label rep-
resenting the nearest center1 i.e., ψc(y) = ei, where
i = argmini∈[k] ∥y − ci∥22. For this reason, one can con-
sider the mapping ψc as a target encoder, encoding
the targets into one-hot vectors.

Again, a classification model, producing logits gθ :
X → Rk, is then trained by minimizing a classi-
fication loss between the encoded target ψ(y) and
πθ(x) = softmax(gθ(x)), such as the Kullback-Leibler
divergence (KL divergence)

min
θ

E(x,y)

[
KL(ψc(y)∥πθ(x))

]
. (2)

We note that up to a constant, this is equivalent to the
more common cross-entropy loss, as the entropy term
in the KL-divergence is zero for one-hot labels:

min
θ

E(x,y)

[
− ψc(y)

⊤ log πθ(x)
]

= min
θ

E(x,y)

[
− ψc(y)

⊤ log softmax(gθ(x))
]
.

Given a a probability distribution πθ(x), obtained
from the trained classification model’s logits, one can
perform a decoding to obtain a prediction in Rm

(the original target space), by calculating cTπθ(x). In
other words, binning technique of (Torgo and Gama,
1996; Stewart et al., 2023) (and generalizations to

1This approach can be also be viewed as vector quanti-
zation in the target space (Van Den Oord et al., 2017).
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Figure 1: Framework description. Our framework is based on a target encoder ψw (in red) that yields for each
y an encoded distribution ψw(y) over k classes. A classification model πθ = softmax(gθ) is trained with a KL
objective on this distribution. A decoder model µ (in blue) decodes this distribution in the target space Rm.
The target encoder and decoder can be trained using an auto-encoding loss, jointly with the neural network using
our end-to-end training objective (see Section 3.4, Equation 8).

higher dimensional examples), as a target encoding-
decoding, where the neural network objective is
shifted to a classification problem in the encoded target
space. This method is illustrated in Figures 1 and 2.
We make the following remarks:

1. The above target encoder and decoder mappings
both shared the same parameters c, but one could
equally consider independent parameterizations for
both mappings, i.e., ψw (encoder parameterized
by w ∈ Rk×m) and µ ∈ Rk×m (decoder).

2. In the above, the encoder function only maps onto
the extremal points of ∆k, i.e., produces only one-
hot encodings. One could equally consider a soft
mapping ψw whose range is all of ∆k, encoding
into probability vectors.

3. One can train on both classification and regression
objectives jointly. Moreover, the target encoder
and decoder weights can also be learned.

In this section, we introduce our novel end-to-end frame-
work for training neural networks on regression prob-
lems, which is founded on contributions relating to
the remarks above. Our approach can be viewed as:
i) a generalization to task reformulation via a target
codec, and ii) jointly optimizing multiple objective func-
tions, bridging problem formulations. For clarity of
exposition, we present our work as distinct modular
contributions, building on one another, which when
combined in Section 3.4, result in our proposed end-to-
end framework. This also allows for systematic ablation
studies to verify the contribution of each component
to overall performance gains.

3.2 Proposal I: Soft Target Encoder-Decoder

The first generalization that we propose in this work
is to modify the classification method, by using more
general target encoders that utilize the whole simplex
(not only one-hot vectors). In particular, to generalize
binning for k centroid c = (c1, . . . , ck) ∈ Rk×m, we pro-
pose a soft target encoder, (akin to performing a soft
binning of the target space in the case of m = 1). Sim-
ilarly to the previous approach, a classification model
πθ = softmax(gθ) is then trained on these soft labels
using the KL divergence as described in Equation (2).

One way to implement this soft partition is by taking a
target encoder that approximates the one-hot binning
by replacing max by softmax:

ψc(y) = softmax
(
− ∥c1−y∥2

2

2σ2 , . . . ,−∥ck−y∥2
2

2σ2

)
(3)

= softmax
( c⊤1 y− 1

2∥c1∥
2
2

σ2 , . . . ,
c⊤k y− 1

2∥ck∥
2
2

σ2

)
, (4)

for σ > 0. The two representations are mathematically
equivalent (all k values differ only by ∥y∥22/2σ2, and
the softmax function is invariant by constant shifts).
Looking at Equation (4), one can introduce a trivial
change of variable to w, allowing for the encoder to
conveniently take the following form of a linear-layer
followed by a softmax:

ψw(y) = softmax(w⊤
1 y + w2) . (5)

The formulation in Equation (4) is connected to a clas-
sical probabilistic interpretation of softmax regression
by a generative model (see, e.g., Bach, 2024, Section
14.2), since we then have ψw(y)i = P(Z = i|Y = y),
in a probabilistic model with a latent variable Z ∈ [k],
and isotropic Gaussian class-conditional densities with
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Figure 2: Embedding and binning the target space Rm (here m = 2) into ∆k (here k = 9), for both a fixed grid of
encoders (Top) and a learnt encoder (Bottom). For both cases we display the encoders, including an highlighted
one, for a fixed i ∈ [k] and a target y ∈ Rm (blue cross). We illustrate first hard binning (Left) where y (and any
y in the same highlighted region) is assigned to one class (via a one-hot), and soft binning both with the contour
plot of ψw(·)i for one i ∈ [k] (Center), and ψw(y) as a distribution in ∆k (Right).

mean ci and variance σ2I for the distribution of y given
Z = i. This approach, in its full generality, extends
upon soft labelling methods used by, e.g., (Imani and
White, 2018; Farebrother et al., 2024).

The prediction model πθ = softmax(gθ) is then trained
by minimizing the KL divergence between πθ(x) and
ψw(y), both in ∆k as in Equation (2).

3.3 Proposal II: Pre-trained Target
Encoder-Decoder

The second proposal we make is a further generaliza-
tion on this method, by pre-training a target encoder-
decoder (ψw, µ), instead of hand-picking it, e.g., by
minimizing an auto-encoding objective:

min
w,µ

Ey

[
L(y − µ⊤ψw(y))

]
, (6)

and then to use this frozen target encoder to gener-
ate soft-label targets ψw(y), to train the classification
model πθ = softmax(gθ) as in Equation (2) (Stage 2).

Note that the first stage can be done without access to
the features x ∈ X , and could even be performed with
synthetic data (e.g., uniform sampling on the target
space if it is compact). To generalize hand-picked soft
encoders, it can be chosen as a simple model, with
architecture

ψw(y) = softmax(w⊤
liny + wbias) .

Naively minimizing the auto-encoder objective in Stage
1 can afflict an implicit bias to the encoder, and yield
close-to-uniform ψw(y). To avoid this effect we can
penalize the entropy, that is, minimize instead

min
w,µ

Ey

[
L(y − µ⊤ψw(y))− αH(ψw(y))], (7)

with a positive parameter α > 0. During methodology
development, we also explored using the isotropic Gaus-
sian log-likelihood (i.e., the K-Means objective) in place
of the auto-encoder objective, but found it empirically
less performant than our proposed approach.

Initialization of encoder-decoder. For m = 1, we
propose initializing the decoder weights µ as a uniform
spacing over the target space, where δµ denotes the
magnitude of the spacing. We remark that this closely
resembles discretized binning Stewart et al. (2023). For
the encoder weights, we propose setting σ = λσ ·δµ, e.g,.
λσ = 1, and initializing with c = µ using the connection
between Equations (4) and (5). For this initialization,
the autoencoder loss L(y − µ⊤ψw(y)) goes to 0 for
growing values of k, but we show experimentally that
it is not necessary. For m > 1, we suggest using a
clustering algorithm such as K-means++ (Arthur and
Vassilvitskii, 2006) to initialize µ. In this case δµ would
refer to average intra-cluster distance, and one can
initialize the encoder weights in the same fashion as
for m = 1.
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3.4 Proposal III: End-to-End Approach
(Main Proposal)

We now proceed to present our proposed end-to-end
framework. In particular, we explore training the neu-
ral network jointly with the target codec, by minimiz-
ing the following loss, with scalar hyperparameters
λauto, λKL, λpred ≥ 0:

min
w,µ,θ

λautoEy

[
L(y − µ⊤ψw(y))− αH(ψw(y))

]
+ λKLE(x,y)

[
KL

(
ψw(y)∥πθ(x)

)]
+ λpredE(x,y)

[
L(y − µ⊤πθ(x))

]
. (8)

Differing from previous approaches (Torgo and Gama,
1996; Stewart et al., 2023), in this approach the neu-
ral network is trained to produce features which are
suitable for classification when encoded, and for re-
gression when subsequently decoded. Crucially, by
utilizing a learnable decoder µ, the representatives (the
predicted values) are optimized directly via gradient de-
scent rather than relying on fixed bin midpoints. This
allows the model to automatically find the optimal
centroids for the regression task.

By smoothing over the transition between a discrete
and a continuous task, the method that we propose
leads to possible interpretability of the learnt codes as
representations of the target data. As noted above, the
decoded predictions are necessarily in the convex hull
of the µi’s, that can be interpreted as a quantization of
the data. When there is an a priori natural underlying
clustering to the feature and target space, it is natural
to investigate whether the learnt classes correspond to
the natural ones. We observed in several experiments
(see Section 4) that while the entropy of learnt encoded
distributions ψw(y) ∈ ∆k for targets y from the data
is quite low, these distributions are not typically very
close to one-hots, as is more common in classification.
The reason for this behavior could be connected to
implicit biases and training dynamics as observed in a
classification setting Stewart et al. (2023).

4 EXPERIMENTS

Methods Evaluated. In this section, we compare
the performance our end-to-end approach against multi-
ple baselines, namely: (1) Least squares regression with
the square loss see Section 2.1. (2) Least squares regres-
sion with the Huber loss. (3) Hard-binning regression
as classification, as described by (Stewart et al., 2023)
and briefly reviewed in Section 2.2. (4) Least squares
with a softmax layer. This final baseline ensures that
any observed gains are not simply arising from the
effective architectural change (and added parameters

count) incurred by the decoder, applied after the soft-
max (effectively an extra linear layer). For more details
on this baseline, see Appendix A. In addition to evalu-
ating our end-to-end approach, we provide ablations by
evaluating the individual proposals detailed in sections
3.2 (soft binning classification) and 3.3 (classification
with pre-trained encoder). To measure performance,
we report test time mean-absolute error (MAE), root
mean square error (rMSE) and r-squared (R2), in line
with prior literature (Grinsztajn et al., 2022). We first
present results evaluating all methods across a range
of real world regression datasets, providing empirical
evidence supporting our methodology. After, we com-
pare our proposed end-to-end method with the least
squares regression baseline on a larger scale data set
and architecture, to demonstrate that the observed
gains indeed translate at scale.

Datasets. We demonstrate our methodology across
a diverse set of real-world regression datasets, spanning
engineering, social sciences, medicine, physics, geogra-
phy and other interdisciplinary fields, all of which are
publicly available. In particular we use the following
OpenML (Vanschoren et al., 2014) datasets (CC BY
4.0 licence): Ailerons (AE), Elevators (EL), Computer
Activity (CA), Diamonds (DM); the following UCI
datasets: Wine Quality (WN) (Cortez et al., 2009),
Bike Sharing (BS) Fanaee-T and Gama (2014), Su-
perconductivity (SC) (Hamidieh, 2018), as well as the
Retina MNIST dataset (RM) from the Medical MNIST
benchmark Yang et al. (2023) (CC BY 4.0 licence). For
the larger-scale experiment, we use the Open Street
View 5M dataset (Astruc et al., 2024) (CC-BY-SA
license). The train, validation, test split sizes and fea-
ture dimensions for each of the datasets are listed in
Table 1. For tabular data points, we applied min-max
scaling, for images we standardize across channels, and
all labels are scaled to [0, 1]. Our tabular regression
datasets were selected following the rigorous filtering
methodology of (Grinsztajn et al., 2022). This ensures
the inclusion of only high-quality, heterogeneous data
exhibiting non-trivial baselines, deliberately excluding
simpler deterministic tasks from broader collections
(such as those by Torgo and Gama (1996)).

Models. For tabular datasets we followed the conven-
tion of prior literature (Gorishniy et al., 2021), by using
a multilayer perceptron (MLP), with hidden dimension
128, ReLU non-linearity, and a dropout Srivastava et al.
(2014) of 0.3. For image datasets we used a convolu-
tional neural network LeCun et al. (1998), using three
layers of convolutions with average pooling between
layers, followed by two fully-connected layers. For the
convolutions, we use (3, 3) kernel size, with a stride of
one, and for the average pooling we use a (2, 2) size
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Table 1: Dataset properties.

Tabular Computer Vision
WN AE BS SC EL CA DM RM OSV5M

#num. features 7 33 6 79 16 21 6 (3, 28, 28) -
#num. train points 5,197 11,000 13,903 17,010 13,279 6,553 43,152 1,080 4.9M
#num. val points 650 1,375 1,738 2,126 1,660 819 5,394 120 210k
#num. test points 650 1,375 1,738 2,127 1,660 819 5,394 400 210k

with a stride of two. The two fully-connected layers
have hidden dimension 256, and use a dropout of 0.5,
with ReLU as the non-linearity. For the large scale
experiment, we used a ViT-L Transformer (Dosovitskiy
et al., 2020) with a 12-Layer MLP head, similar to
(Dufour et al., 2024). For the exact implementations
of all models, data processing and training, we refer
the reader to our code repository, (implemented in
PyTorch).

Training. All models were trained via backpropaga-
tion, using the Adam optimizer Kingma and Ba (2014)
with an ℓ2 weight decay of 10−4 for the MLP and
encoder-decoder, ℓ2 decay of 10−2 for the CNN, and
ℓ2 decay of 0.05 for the ViT-L, as in (Dufour et al.,
2024). All models use a unit gradient clipping norm.
Hyper-parameters for experiments i.e., max learning
rate, λKL, λauto, λpred, were selected for each model via a
log-space sweep. We evaluate methodologies for varied
k ∈ {5, 15, 25}. To ensure statistical significance, we
run repeat trials for all experiments with varied random
seeds —10 random seeds for all experiments, except
for the large-scale runs, for which we used 5 seeds—
permitting us to report the mean and 2σ confidence
intervals of all test metrics.

4.1 Results

For k = 25, Figure 3 depicts the test MAE for each of
the datasets and evaluated methodologies2. Comple-
mentarily, Figure 4 (top) depicts the test MAE for each
methodology, averaged across all datasets. We remark
that the same general behaviour was observed across
all values of k; see Appendix B for further visualization
of the results for all metrics, and Tables 3, 4, 5 for all
numerical results with 2σ confidence intervals.

We remark that across all datasets, reformulating re-
gression as a classification problem via both hard-
binning and soft-binning yielded improvements, with
soft-binning performing globally better. This reinforces
the observations of prior literature (Stewart et al., 2023;
Farebrother et al., 2024), and secondly demonstrates

2For clarity, the Huber loss results are omitted from the
Figure 3 as there was no statistical difference between those
of the square loss.

the benefits of mapping targets into the interior of
the simplex (our proposed initialized encoder-decoder),
rather than to an extremal one-hot vector (discretized
binning).

Further, we observe that training a classification model
on targets generated from a trained target codec,
yielded better performance across datasets than both
hard-binning and an initialized target codec (with
frozen weights). Fitting our proposed softmax encoder-
decoder on the train targets is both fast and compu-
tationally light-weight, and is moreover promising for
scenarios where the auto-encoding loss (Equation (6))
at initialization can be decreased substantially (for ex-
ample, in a case where k is not large enough for the
target distribution of y ∈ Rm).

For Baseline 4 (least-squares objective for a model with
softmax layer), we can see that adding the decoder’s
extra trainable parameters to the regression model and
training with the square loss results in varied results.
For some datasets (e.g., Super Conductivity), it leads
to performance gains (likely due to a greater model
capacity), whilst for others (and globally on average),
it leads to degraded performance, even compared to the
initial least-squares baseline. Our gains are therefore
not due to architectural choices and the presence of a
softmax layer.

It can be seen from Figures 3 and 4 (and results in
Appendix B) that our proposed “end-to-end” objective
(Equation (8)) leads to the best performance across all
datasets. We stipulate this is because this approach
(1) optimizes the encoder-decoder to attain a low auto-
encoding error, (so decoding of classification model
that has learned to predict with high accuracy the tar-
get encoding would result in a low prediction error),
and (2) the approach bridges classification and regres-
sion, with the prior potentially yielding the benefits
of task reformulation (Stewart et al., 2023), and the
latter ensuring both the classification model and de-
coder are jointly trained by gradients coming from the
regression objective, (additionally providing positional
information of the soft-bins).

Hyper-parameters. A key hyper-parameter of both
hard binning and our proposed end-to-end method-
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Figure 3: Average test MAE across datasets, normalized to error of the first baseline (least squares with regression
with the square loss).

ology is the choice of k, the number of classification
classes (or size of the encoded distribution). For small
k, the encoder-decoder will have less capacity to auto-
encode the targets, which may hurt performance on
the regression task, but larger values of k yield in-
creased optimization costs. Figure 4 (center) depicts
the relationship between k and the final test MAE
for soft-binning encoder classification. As k increases,
we can see improvements in performance, followed by
a plateau with no further gains. As with determin-
ing the optimal number of clusters in methods like
K-means, the choice of k remains dependent on the
specific dataset and task, and will typically require
empirical tuning or cross-validation.

For end-to-end training, we explored the balance be-
tween regression and classification loss terms, via the
choice of λKL and λpred. Whilst for some select datasets
and values of k, training with only the KL objective pro-
duced similar performance to our end-to-end approach,
it was observed that no single values of λKL, λpred that
were globally optimal across all datasets and models.
To explore the robustness in model performance to
these loss terms, we set λpred = 1 and performed a
sweep to find λ∗KL, the best value for each dataset (with
the results listed in Table 6 within Appendix B). Figure
4 (bottom) depicts the impact of this parameter for
the diamonds dataset, and highlights how the combi-
nation of the regression and classification loss can lead
to better results than just one of the losses alone. We
remark that overall, the dependency of the final results
on these hyper-parameters was low, indicating some
robustness to these choices.

Larger-scale Experiment. We further demonstrate
that the gains observed when using our end-to-end
methodology translate to larger architectures and
datasets. In particular, we use the Open StreetView 5M
(Astruc et al., 2024), a large-scale, open-access dataset
comprising over 5.1 million georeferenced street view
images, covering 225 countries and territories. The

learning problem involves predicting a 2D GPS coordi-
nate given an image. The dataset has strict train / test
spatial separation, and hence tests for the relevance
of learned geographical features beyond memorization.
We use the experimental setup of (Dufour et al., 2024),
which uses a ViT-L transformer with a 12-Layer MLP
head. A detailed description of the experimental setup
is detailed in Appendix C. For our end-to-end method,
we used k = 625, initializing µ as a uniform spaced
25× 25 grid. Our results, unnormalized, are reported
in Table 2, with our method notably outperforming the
baseline on all metrics, further motivating the applica-
bility of our approach when scaled to higher-capacity
models and large-scale, diverse datasets.

Limitations. Our work does not provide a theoret-
ical insight into why re-including the regression loss
into the training objective in our proposed end-to-end
method yielded superior performance. We speculate
that this could relate to: i) the regression loss gives
information of soft-bin position / order, which the
classification loss does not incorporate ii) additional
fitting of the target decoder parameter µ. Exploring
this question would make for interesting future work.
Whilst we empirically investigated the impact of the
hyper-parameter k (Figure 4, center), its optimal value
remains inherently dataset- and model-dependent, a
limitation shared with baseline approaches such as
(Stewart et al., 2023); our study does not provide a
theoretical analysis of the asymptotic behavior of k.

Metric Least-squares End-to-end ∆

MAE (↓) 0.073 ± 0.002 0.051 ± 0.002 -30.04%
rMSE (↓) 0.114 ± 0.003 0.099 ± 0.000 -13.04%
R2 (↑) 0.749 ± 0.006 0.806 ± 0.001 +7.52%

Table 2: Open Street View 5M: test set statistics
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Figure 4: Top: test MAE for all methodologies, av-
eraged across datasets with 2σ confidence intervals.
We observe an overall hierarchy between the different
methods considered. Center: Impact of k for values
between 3 and 45, for a model trained on labels gener-
ated by a target codec using our proposed initialization
(Section 3.2). Bottom: Impact of the value of λKL
on the test MAE, for our end-to-end framework, with
λpred = 1. A combination of both losses attains best
performance, however the methodology is compara-
tively robust to choices of the loss hyper-parameters.

Conclusion. We introduced a novel generalization
to reformulating regression as classification, via a
light-weight target encoder-decoder model. By bridg-
ing training objectives and learning a target encoder-
decoder mapping, our end-to-end method consistently
outperformed prior regression and classification base-
lines Stewart et al. (2023), across a wide range of
real-world datasets and neural network architectures.
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A LEAST SQUARES WITH SOFTMAX LAYER [BASELINE 4]

Our proposed methodology uses a classification model πθ = softmax(gθ) with outputs in ∆k, and prediction the
target decoder (a linear layer µ), with z = µ⊤πθ(x) ∈ Rm. To ensure that any observed gains are simply not
resulting from this specific architecture change, (or simply the added parameters), we also compare in all our our
results to the following baseline:

min
θ,µ

E(x,y)

[
L(y − µ⊤πθ(x))

]
= min

θ,µ
E(x,y)

[
L(y − µ⊤ softmax(gθ(x))

]
. (9)

This baseline effectively corresponds to adding an extra layer with k neurons after a softmax non-linearity. The
parameters θ and µ are optimized jointly by minimizing the square loss.

B EXPERIMENTAL RESULTS: ALL METHODOLOGIES

The test time statistics for all methodologies are displayed in Tables 3, 4, 5, with our end-to-end approach using
λpred = 1 and λKL = 0.068. We observed empirically that when initializing the encoder-decoder weights using
our proposed methodology, the results are robust across datasets to the choice of the entropic regularization
coefficient α in Equation (7), and taking a very small value, e.g., 10−6 suffices, (on the other hand, too large
values of α will negatively affect the auto-encoding loss listed in Equation (6)). All experiments were ran on a
single NVIDIA V100 GPU.
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Figure 5: Performance of methodologies averaged across datasets, with 2σ confidence intervals. Left-most figure
corresponds to rMSE, right-most figure corresponds to R2.
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Table 6: Optimal sweep λKL for datasets, with fixed λpred = 1.

WN AE BS SC EL CA DM RM

k = 5 0.068 0.068 0.068 0.068 0.068 0.068 0.068 0.147
k = 15 0.068 0.068 0.068 0.147 0.068 0.068 0.068 3.163
k = 25 0.316 0.147 0.068 0.068 0.147 0.068 0.068 0.147
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C OPEN STREET VIEW 5M EXPERIMENTAL SETUP

Our experimental setup for the large scale Open Streetview 5M problem follows the approach of (Dufour et al.,
2024), (where the ViT-L is finetuned on StreetCLIP (Haas et al., 2023) and the soft-tokens are cached to train
the MLP weights). Our experimental setup differs from theirs in the following ways: i) We remove the auxillary
noise layers from the model, (as our method does not use any diffusion) ii) We used a training batch size of
32,768, and trained until seeing 100M examples. iii) We ramp our loss up over 500 steps to 5e−5, before running
a cosine-decay for the remaining steps. All experiments were ran using 4 x NVIDIA A100 GPUs.

D ADDITIONAL VISUALIZATIONS: TARGET ENCODING FUNCTIONS

We provide more detailed illustration of the target encoding functions ψw(·)i over R2 for i ∈ {1, . . . , 9} from
Figure 2, in Figures 8 and 9 below

These provide a vizualization of the encoder acting as a soft tokenizer.
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Figure 8: Embedding the target space Rm (here m = 2), representation of all the coefficients of the target
encoding
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Figure 9: Embedding the target space Rm (here m = 2), representation of all the coefficients of the target
encoding
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