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Abstract

We consider distributed convex optimization problems in the regime when the
communication between the server and the workers is expensive in both uplink
and downlink directions. We develop a new and provably accelerated method,
which we call 2Direction, based on fast bidirectional compressed communication
and a new bespoke error-feedback mechanism which may be of independent in-
terest. Indeed, we find that the EF and EF21-P mechanisms (Seide et al., 2014;
Gruntkowska et al., 2023) that have considerable success in the design of efficient
non-accelerated methods are not appropriate for accelerated methods. In partic-
ular, we prove that 2Direction improves the previous state-of-the-art communica-
tion complexity O (K x (L/ap 4 Lmaxw/nu 4+ w)) (Gruntkowska et al., 2023) to
O(K x (\/T@tD/ap + \/Lmax®/np + 1/a + w)) in the p—strongly-convex set-
ting, where L and L,,,x are smoothness constants, n is # of workers, w and «
are compression errors of the RandK and TopK sparsifiers (as examples), K is
# of coordinates/bits that the server and workers send to each other. Moreover,
our method is the first that improves upon the communication complexity of the
vanilla accelerated gradient descent (AGD) method (Nesterov, 2018). We obtain
similar improvements in the general convex regime as well. Finally, our theoreti-
cal findings are corroborated by experimental evidence.

1 Introduction

We consider convex optimization problems in the centralized distributed setting. These types of
problems appear in federated learning (Konec¢ny et al., 2016; McMahan et al., 2017) and distributed
optimization (Ramesh et al., 2021). In this setting, one of the main problems is the communication
bottleneck: the connection link between the server and the workers can be very slow. We focus our
attention on methods that aim to address this issue by applying lossy compression to the communi-
cated messages (Alistarh et al., 2017; Mishchenko et al., 2019; Gruntkowska et al., 2023).

1.1 The problem

Formally, we consider the optimization problem

win { 1) =2 £ £} m
reRd i=1

where 7 is the number of workers and f; : R? — R are smooth convex functions for all i € [n] :=
{1,...,n}. We consider the centralized distributed optimization setting in which each i worker
contains the function f;, and all workers are directly connected to a server (Kairouz et al., 2021). In
general, we want to find a (possibly random) point Z such that E [f(Z)] — f(z*) < &, where z* is
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an optimal point. In the strongly convex setup, we also want to guarantee that E[||Z — z*||%] < ¢ for
some point Z.

Virtually all other theoretical works in this genre assume that, compared to the worker-to-server
(W2s) communication cost, the server-to-workers (s2w) broadcast is so fast that it can be ignored.
We lift this limitation and instead associate a relative cost » € [0, 1] with the two directions of
communication. If » = 0, then s2w communication is free, if » = 1, then w2s communication is
free, and if r = 1/2, then the s2w and w2s costs are equal. All our theoretical results hold for any
r € [0, 1]. We formalize and elaborate upon this setup in Section 2.

1.2 Assumptions

Throughout the paper we rely on several standard assumptions on the functions f; and f.
Assumption 1.1. Functions f; are L;—smooth, i.e., |V f;(z) — Vfi(y)|| < L; ||z — y|| forall z,y €
R< for all i € [n]. We let Lyay = max;e,) L;. Further, let L > 0 be a constant such that
LY IVFi@) = VAW < L2 |z - y|” forall 2,y € RY.

Note that if the functions f; are L;—smooth for all i € [n], then L < Lyax.

Assumption 1.2. Function f is L-smooth, i.e., |V f(z) — Vf(y)|| < L ||z — y| forall z,y € R
Assumption 1.3. Functions f; are convex for all i € [n], and f is p-strongly convex with p > 0,
attaining a minimum at some point z* € R<.

It is known that the above smoothness constants are related in the following way.
Lemma 1.4 (Gruntkowska et al. (2023)). If Assumptions 1.2, 1.1 and 1.3 hold, then L < Lipax <
nLand L < L < +/LyaxL.

2 Motivation: From Unidirectional to Bidirectional Compression

In this work, we distinguish between worker-to-server (w2s=uplink) and server-to-worker
(s2w=downlink) communication cost, and define w2s and s2w communication complexities of
methods in the following natural way.

Definition 2.1. For a centralized distributed method M aiming to solve problem (1), the commu-
nication complexity m*% is the expected number of coordinates/floats' that each worker sends to
the server to solve problem (1). The quantity m%" is the expected number of floats/coordinates the
server broadcasts to the workers to solve problem (1). If m> = m?y, then we use the simplified
notation m, := m’y = m’2.

Let us illustrate the above concepts on the simplest baseline: vanilla gradient descent (GD). It is
well known (Nesterov, 2018) that for L—smooth, p—strongly convex problems, GD returns an &-
solution after O (L/ulog!/e) iterations. In each iteration, the workers and the server communicate
all ©(d) coordinates to each other (since no compression is applied). Therefore, the communication
complexity of GD is mg, = O (¢4/ulog 1/c) . The same reasoning applies to the accelerated gradient

method (AGD) (Nesterov, 2018), whose communication complexity is m,g, = O(d+/L/plog1/e).

2.1 Compression mappings

In the literature, researchers often use the following two families of compressors:

Definition 2.2. A (possibly) stochastic mapping C : R? — R? is a biased compressor if there
exists a € (0, 1] such that

E(lc@ -al’] <1 -a)le]®,  VzeR? @)

Definition 2.3. A stochastic mapping C : R? — R% is an unbiased compressor if there exists w > 0
such that

ElC@)] == E[|C@)-al’] <wlz|®, VzeR? 3)

!Some works measure bits instead of coordinates. For computer systems, where coordinates are represented
by 32 or 64 bits, these measures are equivalent up to the constant factors 32 or 64.



Table 1: Communication Rounds in the Stronglg Convex Case. The number of communication rounds
and rounds costs to get an e-solution (E [H&? —z" ] < ¢) up to logarithmic factors. The table shows the
most relevant bidirectional compressed methods that are ordered by the total communication complexity #
Communication Rounds x Round Cost (see (4) for details).

i. The parameter r weights the importance/speed of uplink and downlink connections. When r = 1/2, it
means that the uplink and downlink speeds are equal.

ii. The parameters K, and K, are the expected densities Definition 2.5 of compressors C” € U(w) and
CP € B(a)™, that operate in the workers and the server accordingly. Less formally, K, and K, are the
number of coordinates/bits that the workers and the server send to each other in each communication round.

Method # Communication Rounds Round Cost®

Dore, Artemis, MURANA®
(Liu et al., 2020) o (i Lnax )(ﬂ
(Philippenko and Dieuleveut, 2020) an
(Condat and Richtarik, 2022)

(1 - Kw + rKa

MCM® ~ 1/2 Llnax
(Philippenko and Dieuleveut, 2021) Q@ (( 3z Tavm T ) ) 1 -rKy+rKa
GD L .
(Nesterov, 2018) m
EF21-P + DIANA 5 L e
(Gruntkowska et al., 2023) ap T RS tw (1-r)Ky +rKq
AGD z .,
(Nesterov, 2018) m
2Direction \/L(w+1) + \/Lmaxw +liw (= 1)Ko + 7K
(Remark 5.3)®, (Theorem 5.2) « «

2Direction /Lmax{lﬂ‘(erl)) + /Lz/SLH{fx(w-%—l)_,’_
(Remark 5.5)“’), (Theorem 5.4) nl/3, (1—7r)Ky +7Kq

(requires Lmax/r,)¥ I/ZLEI{%T(L:+1)3/2+ /Lmaxw +1ltw

@ The Dore, Artemis, MURANA, and MCM methods do not support biased compressors for server-to-worker compression.
In these methods, the error o equals 1/(ws+1), where the error wy is a parameter of an unbiased compressor that is used
in server-to-worker compression. For these methods, we define 1/(ws+1) as « to make comparison easy with EF21-P +
DIANA and 2Direction.

® In this table, we present the simplified iteration complexity of 2Direction assuming thatr < 1/2and w+1 = © (d/K,,) .
The full complexities are in (13) and (14). In Section 6, we show that 2Direction has no worse total communication com-
plexity than EF21-P + DIANA for all » € [0, 1] and for any choice of compressors.

) We define Round Cost of a method M as a constant such that m'y, = # Communication Rounds x Round Cost, where
m'y 4 is the total communication complexity (4).

@ 2Direction can have even better total communication complexity if the algorithm can use the ratio Lmax/L when selecting

the parameters 7 and p in Algorithm 1. For instance, this is the case if we assume that Ly,ax = L, which was done by Li
et al. (2020); Li and Richtarik (2021), for example.

® The notation (+) means “at least up to logarithmic factors.”

We will make use of the following assumption.

Assumption 2.4. The randomness in all compressors used in our method is drawn independently.

Let us denote the set of mappings satisfying Definition 2.2 and 2.3 by B(«) and U(w), respectively.
The family of biased compressors B is wider. Indeed, it is well known if C € U(w), then 1/(w+1)-C €
B (1/(w+1)). The canonical sparsification operators belonging to these classes are TopK € B(X/d)
and RandK € U(¢/k — 1). The former outputs the K largest values (in magnitude) of the input
vector, while the latter outputs K random values of the input vector, scaled by ¢/k (Beznosikov
et al., 2020). Following (Gorbunov et al., 2021; Tyurin and Richtarik, 2023), we now define the
expected density of a sparsifier as a way to formalize its compression performance.

Definition 2.5. The expected density of a sparsifier C : R? — R? is the quantity Ko :=
supgcra E[||C(2)]]o] , where ||y||, is the number of of non-zero components of y € R,

Trivially, for the Rand K" and TopK sparsifiers we have K¢ = K.

2.2 Unidirectional (i.e., w2s) compression

As mentioned in the introduction, virtually all theoretical works in the area of compressed communi-
cation ignore s2w communication cost and instead aim to minimize m'’. Algorithmic work related



to methods that only perform w2s compression has a long history, and this area is relatively well
understood (Alistarh et al., 2017; Mishchenko et al., 2019; Richtarik et al., 2021).

We refer to the work of Gruntkowska et al. (2023) for a detailed discussion of the communication
complexities of non-accelerated methods in the convex and non-convex settings. For instance, us-
ing Rand K, the DIANA method of Mishchenko et al. (2019) provably improves” the communication
complexity of GD to mi%,, = © (d + KL/u + dLmax/nu) . Accelerated methods focusing on w2s
compression are also well investigated. For example, Li et al. (2020) and Li and Richtarik (2021)
developed accelerated methods, which are based on (Mishchenko et al., 2019; Kovalev et al., 2020),
and provably improve the w2s complexity of DIANA. Moreover, using Rand K with K < d/n, ADI-

ANA improves the communication complexity of AGD to m*2, = O(d + d/Lmax/ny).

2.3 Bidirectional (i.e., w2s and s2w) compression

The methods mentioned in Section 2.2 do not perform server-to-workers (s2w) compression, and
one can show that the server-to-workers (s2w) communication complexities of these methods are

worse than m,g, = é(d L/u). For example, using the Rand K, the s2w communication complexity
of ADIANA is at least m2 . = Q(d x w) = Q(4°/K), which can be /i times larger than in

ADIANA
GD or AGD. Instead of m'Z, methods performing bidirectional compression attempt to minimize
the total communication complexity, which we define as a convex combination of the w2s and s2w

communication complexities:

m, = (1 —r)mZ + rmyy. 4)

The parameter » € [0, 1] weights the importance of uplink (w2s) and downlink (s2w) connections®.
Methods from Section 2.2 assume that » = 0, thus ignoring the s2w communication cost. On the
other hand, when r = 1/2, the uplink and downlink communication speeds are equal. By consid-
ering any r € [0, 1], our methods and findings are applicable to more situations arising in practice.
Obviously, m}, = mg, and m},, = m,q, for all 7 € [0, 1]. Recently, Gruntkowska et al. (2023)
proposed the EF21-P + DIANA method. This is the first method supporting bidirectional compres-
sion that provably improves both the w2s and s2w complexities of GD: m[, .. . < Mep for all
r € [0,1]. Bidirectional methods designed before EF21-P + DIANA, including (Tang et al., 2020;
Liu et al., 2020; Philippenko and Dieuleveut, 2021), do not guarantee the total communication com-
plexities better than that of GD. The EF21-P + DIANA method is not an accelerated method and, in
the worst case, can have communication complexities worse than AGD when the condition number
L/u is large.

3 Contributions

Motivated by the above discussion, in this work we aim to address the following

Main Problem:

Is it possible to develop a method supporting bidirectional communication
compression that improves the current best theoretical total communication
complexity of EF21-P + DIANA, and guarantees the total communication com-

plexity to be no worse than the communication complexity m,q, = é(d v
of AGD, while improving on AGD in at least some regimes?

A) We develop a new fast method (2Direction; see Algorithm 1) supporting bidirectional commu-
nication compression. Our analysis leads to new state-of-the-art complexity rates in the centralized
distributed setting (see Table 1), and as a byproduct, we answer Main Problem in the affirmative.

B) Gruntkowska et al. (2023) proposed to use the EF21-P error-feedback mechanism (8) to im-
prove the convergence rates of non-accelerated methods supporting bidirectional communication
compression. EF21-P is a reparameterization of the celebrated EF mechanism (Seide et al., 2014).
We tried to use EF21-P in our method as well, but failed. Our failures indicated that a fundamentally

’Indeed, using Lemma 1.4, K < d, and L > y, one can easily show that d 4 KT/, + dmax/ny = O(dL/,).

mh, o s PmiE + s m'y, where s** are connection speeds, and r = s™"/s"2 4 g2v,

2w

and s’



new approach is needed, and this eventually led us to design a new error-feedback mechanism (9)
that is more appropriate for accelerated methods. We believe that this is a contribution of indepen-
dent interest that might motivate future growth in the area.

C) Unlike previous theoretical works (Li et al., 2020; Li and Richtarik, 2021) on accelerated
methods, we present a unified analysis in both the p—strongly-convex and general convex cases.

Moreover, in the general convex setting and low accuracy regimes, our analysis improves the rate
O (1/¢'/3) of Li and Richtérik (2021) to O (log 1/¢) (see details in Section R).

D) Even though our central goal was to obtain new SOTA theoretical communication complexities
for centralized distributed optimization, we show that the newly developed algorithm enjoys faster
communication complexities in practice as well (see details in Section Q).

Algorithm 1 2Direction: A Fast Gradient Method Supporting Bidirectional Compression

1: Parameters: Lipschitz-like parameter L > 0, strong-convexity parameter y > 0, probability p € (0, 1],
parameter 'y > 1, momentum 7 € (0, 1], contraction parameter o € (0, 1] from (2), initial point z° € R?,
initial gradient shifts A9, ..., hY € RY, gradient shifts k° € R? and v° € R?

2: Initialize 8 = 1/(w+1), w® = 2° = u® = 2°, and h° = % o h?

3: fort=0,1,..., 7 —1do

4 Ft+1, Yt+1, 0t+1 = CalculateLearningRates(Ft, E, M, P, O T, ﬂ) Get learning rates using Algorithm 2

5: fori=1,...,nin parallel do

6: Yyt =00 + (1- 9t+1)zt

7 mﬁ’y = CiD’y(Vfi(ytJrl) — hz) Worker ¢ compresses the shifted gradient via the compressor C/“’” € U(w)

8 Send compressed message mﬁ‘y to the server

9:  end for

10 g™ =nt 4 LY my

11: uttt = arg minxeRd <gt+1, LE> + g:til;tl” Hﬂ,’ — ! H2 + % ||IL‘ - yt'H H2 A gradient-like descent step
12: ¢t = argming cpa <At1> + LZ%I::I“ Haz —w' ’2 + 5 H1 — gyttt HZ

13: [)tJrl = CP (uf+1 — (]erl) Server compresses the shifted model via the compressor C PeB (o)
14: wit! = (1/+1 +p1,+1
t+1 t+1 t
15: it = 9t+1u + + (1 — 9t+1)z
16:  Send compressed message p'** to all n workers
17:  Flip a coin ¢* ~ Bernoulli(p)

2t b t+1 t
. 41 Jut, =1 1 Jx, =1
18:  k = and 27 = L

E', ¢t=0 , =0
19:  ifc¢' =1 then 7
20: Broadcast non-compressed messages ' and k'™ to all n workers With small probability p!
21:  endif
22:  fori=1,...,nin parallel do
. bl Lt LATop || ot |[2 0 B || ot 1|2

23: q = arg min, cpad <L, ,.L> + Ty |.L w H + 5 Hl Y H
24: wttl = qﬂrl + p”l

- 2 =1
25: 2T =9 +

z' c"=0

26: mt,’z = C.D’Z Vfi zt+1 — h,7§ Worker i compresses the shifted gradient via the compressor C2** € U(w)

i i i [ 2 [ i )
27: RiTL = pt 4+ Bml?
28: Send compressed message mz’z to the server
29:  end for

300 o'ttt =(1 -7l 4T (h," + % > m/Lf’Z)
3 KT =Rt B ST myt
32: end for

4 New Method: 2Direction

In order to provide an answer to Main Problem, at the beginning of our research journey we hoped
that a rather straightforward approach might bear fruit. In particular, we considered the current state-
the-art methods ADIANA (Algorithm 3) (Li et al., 2020), CANITA (Li and Richtérik, 2021) and EF21-
P + DIANA (Algorithm 4) (Gruntkowska et al., 2023), and tried to combine the EF21-P compression



Algorithm 2 CalculateLearningRates

1: Parameters: element I';; parameter L > 0; strong-convexity parameter u > 0, probability p, contraction
parameter v, momentum 7, parameter 3
2: Find the largest root 0;1 of the quadratic equation

pLT07 1 + p(L + Tp)0iy — (L + Do) =0

pOy41Te
1-pbit1”

3: Omin = imin {1, %, %, %}; Or+1 = min{Bi41,Omin ks Yer1 = Tipr =T + 41

mechanism on the server side with the ADIANA (accelerated DIANA) compression mechanism on
the workers’ side. In short, we were aiming to develop a “EF21-P + ADIANA” method. Note that
while EF21-P + DIANA provides the current SOTA communication complexity among all methods
supporting bidirectional compression, the method is not “accelerated”. On the other hand, while
ADIANA (in the strongly convex regime) and CANITA (in the convex regime) are “accelerated”, they
support unidirectional (uplink) compression only.

In Sections B and C we list the ADIANA and EF21-P + DIANA methods, respectively. One can
see that in order to calculate 2!, y'*1, and 2**! in ADIANA (Algorithm 3), it is sufficient for
the server to broadcast the point u!*!. At first sight, it seems that we might be able to develop a
“EF21-P + ADIANA” method by replacing Line 15 in Algorithm 3 with Lines 12, 13, 14, and 16
from Algorithm 4. With these changes, we can try to calculate z'*! and y**" using the formulas

Y = 0wt 4+ (1 — 0,41)2", &)
2= 0w 4 (1= 641)7" (6)
wt = w +CF (uft —w'), (7)

instead of Lines 7 and 17 in Algorithm 3. Unfortunately, all our attempts of making this work failed,
and we now believe that this “naive” approach will not lead to a resolution of Main Problem. Let us
briefly explain why we think so, and how we ultimately managed to resolve Main Problem.

# The first issue arises from the fact that the point /!, and, consequently, the point z**!, depend
on w'*! instead of u‘T!, and thus the error from the primal (i.e., server) compressor C* affects
them. In our proofs, we do not know how to prove a good convergence rate with (6). Therefore, we
decided to use the original update (Line 17 from Algorithm 3) instead. We can do this almost for free
because in Algorithm 3 the point z'*! is only used in Line 18 (Algorithm 3) with small probability
p. In the final version of our algorithm 2Direction (see Algorithm 1), we broadcast a non-compressed
messages x'*! with probability p. In Section 6, we show that p is so small that these non-compressed
rare messages do not affect the total communication complexity of Algorithm 3.

¢ The second issue comes from the observation that we can not perform the same trick for point
y'T1 since it is required in each iteration of Algorithm 3. We tried to use (5) and (7), but this still
does not work. Deeper understanding of this can only be gained by a detailed examination our proof
and the proofs of (Li et al., 2020; Gruntkowska et al., 2023). One way to explain the difficulty is
to observe that in non-accelerated methods (Gorbunov et al., 2020; Gruntkowska et al., 2023), the
variance-reducing shifts h' converge to the fixed vector V f(x*), while in the accelerated methods
(Li et al., 2020; Li and Richtérik, 2021), these shifts k! converge to the non-fixed vectors V f(zt) in
the corresponding Lyapunov functions. Assume that y = 0. Then, instead of the EF21-P mechanism

Line 13 in Alg. 3
wt+1 — wt + CP (ut+1 _ wt) — ’LUt + CP (ut _ ’Ytgl gt+1 _ wt)

] (3
v =0 , .
M0yt - 20T (1) 4 €7 (ut = B g1 = V(%)) ),

we propose to perform the step

Wit = wt — BT f (1) 4 CP (uf — Lo (g — Vf(21)) — w!) )

= ¢t 4 CP (ut! — g*t1), where
ut = argmin (gt z) + 2L ||z — utl]”, gt = argmin (Vf(2), z) + o L wt|*.
zERd Vet z€R4 RS

Unlike (8), step (9) resolves all our previous problems, and we were able to obtain new SOTA rates.



4 However, step (9) is not implementable since the server and the nodes need to know the vector
V f(z"). The last crucial observation is the same as with the points z* and z': the vector V f(z")
changes with probability p since the point z* changes with probability p. Intuitively, this means that
it easier to communicate V f(z") between the server and the workers. We do this using two auxiliary
control vectors, v* and k'. The former “learns” the value of V f(2!) in Line 30 (Algorithm 1), and the
latter is used in Line 14 (Algorithm 1) instead of V f(z!). Then, when the algorithm updates 2™,
it also updates k* in Line 18 (Algorithm 1) and the updated non-compressed vector k? is broadcast
to the workers.

The described changes are highlighted in Lines 6, 12, 13, 14, 18, 20, 23, 24 and 30 of our new
Algorithm 1 in green color. Other steps of the algorithm correspond to the original ADIANA method
(Algorithm 3). Remarkably, all these new steps are only required to substitute a single Line 15 of
Algorithm 3!

5 Theoretical Communication Complexity of 2Direction

Having outlined our thought process when developing 2Direction (Algorithm 1), we are now ready
to present our theoretical iteration and communication complexity results. Note that 2Direction
depends on two hyper-parameters, probability p (used in Lines 4 and 17) and momentum 7 (used in
Lines 4 and 30). Further, while Li et al. (2020); Li and Richtarik (2021) assume a strong relationship
between L and L., (L = L.y), Gruntkowska et al. (2023) differentiate between L and L.y,
and thus perform a more general and analysis of their method. In order to perform a fair comparison
to the above results, we have decided to minimize the total communication complexity m’, as a
function of the hyper-parameters p and 7, depending on whether the ratio Lma=/r is known or not.

Defining R? := * 2, Theorems E.12 and E.14 state that 2Direction converges after

5 L L V' LLpyax(w+1)y/wT VLLyaxVwtly/wt
T'@<max{\/wu’\/aw’\/ av/nu \/ aypvnp

(10)
Lmaxw(w+1)2p Lyaxw 1 1
\/ nu ’\/ npp ’a’T’(w+1) p}),or
._ LR? LR2 VL L max (wt1) /o7 R? VI Lman Vot 1+/o7 R?
Ty = @(max { ape? \/ME ) e ) \/ a/py/ne )
(11)

Lmaxw(w+1)2pR? LaxwR?
( +)p s A/ npeR }) <max{i771—7(w+1)7;}>

iterations, in the p—strongly convex and general convex regimes, respectively. These complexities
depend on two hyper-parameters: p € (0, 1] and 7 € (0, 1]. For simplicity, in what follows we con-
sider the ji—strongly convex case only*. While the iteration complexities (10) and (11) are clearly
important, in the context of our paper, optimizing communication complexity (4) is more important.
In the following simple theorem, we give expressions for the communication complexities of 2Direc-
tion, taking into account both workers-to-server (w2s) and server-to-workers (s2w) communication.

Theorem 5.1. Assume that CZ-D " and CT have expected densities equal to K, and K., respectively
(see Definition 2.5). In view of Theorem E.12, in expectation, the w2s and s2w communication
complexities are equal to

m> =0 (K, xT+d) and m> =0 (K,+pd) xT+d). (12)

new new

Proof. The first complexity in (12) follows because w2s communication involves CZD ¥(-) and

CP*(-) only. The second complexity in (12) follows because s2w communication involves C/(-),
plus two non-compressed vectors 27! and k™! with the probability p. The term d comes from the
fact that non-compressed vectors are communicated in the initialization phase. O

*One can always take 1 = ¢/Rr? to understand the dependencies in the general convex case.



5.1 The ratio Lmax/L is not known

In the following theorem, we consider the regime when the exact value of Lmax/L is not known.
Hence, we seek to find p and 7 that minimize the worst case m”,, (see (4)) w.r.t. Lyax € [L,nL].

new

Theorem 5.2. Choose r € [0,1] and let p, , = m. In view of Theorem 5.1, the

pt/3 L.
iyars minimize  max my . This choice leads to the
(w 1) Lunax€[L,nL]

following number of communication rounds:

Trealistic — é (max {\/Lmax{u.)+1,#‘:¢_o‘}7 Lmaxw max{w+1,ul, .} , é7 (w + 1)7 M:,a}) . (13)

—mind L. 1
values p = min { s Kl } and T =

ap ny

- é (((1 - T)Kw + T‘KO() j—lea]islic + d) .
Remark 5.3. To simplify the rate (13) and understand the quantity p;, . let CiD " be the RandK
sparsifier’ and consider the case when the s2w communication is not slower than the w2s com-

munication, i.e., 7 < 1/2. Then 7lsie — @ ( max { \/L(“’H), Lmaswolwl) 1 o (w+ 1)} and

The total communication complexity thus equals m’”.

realistic

ap npp
Py < w+ 1. Indeed, this follows from 7 < 1/2 and the fact that w + 1 = d/k,, for the Rand K
X 4 <w+l.

T = rd r
COMPIESSOL: Ly o = T=7)K, Fr K. < i

5.2 The ratio Lmax/r is known

We now consider the case when we have information about the ratio Lmax/L.

Theorem 5.4. Choose r € [0, 1], and let i, ,, := Ur)f?fd-&r}( In view of Theorem 5.1, the values

p and T given by (63) and (58), respectively, minimize w!, from (10). This choice leads to the
following number of communication rounds:

Toptimis(ic — ~ max L max{l Nw a} L2/3L11n/33x w + 1) Ll/QLlln/fx(w +4 1)3/2
anl/3 ’ vanp ’

Lmaxwmax{w + 1, u7, a} 1 -
¢ Lwrnay).

(14)

np

The total communication complexity thus equals m” -0 (1 =r)Ky +rKqa) Topimisie + d) -

optimistic

Note that information about Lmax/r, leads to a better rate that in Theorem 5.2.

Remark 5.5. To simplify the rate (14), let Cl-D " be the Rand K sparsifier® and consider the case when
the s2w communication is not slower than the w2s communication, i.e., 7 < 1/2. Then T°P"% =

L max{l,r(w+1)} L2/3L,1n/3x(w+1) L1/2L11n/a2x(w+1)3/2 Lmaxw(w+1) 1
(max { \/ o \/ , NCTT , o v o (w+1) .In-

deed, this follows from r < 1/2 and the fact that w + 1 = d/k,, for the RandK compressor:

d d
M:; (1 7)[2 +rKq SﬁxKi‘dng(w+1)

6 Theoretical Comparison with Previous State of the Art

We now show that the communication complexity of 2Direction is always no worse than that of
EF21 + DIANA and AGD. Crucially, in some regimes, it can be substantially better. Furthermore,
we show that if the s2w communication cost is zero (i.e., if r = 0), the 2Direction obtains the same
communication complexity as ADIANA (Li et al., 2020) (see Section S).

Comparison with EF21 + DIANA. The EF21-P + DIANA method has the communication complexi-
ties that equal

m _ é (Kw 5 PP +DIANA | d) and m? _ é (Ka 5 TEF2IPHDIANA 4 d) ’

EF21-P + DIANA EFZ] P + DIANA

*It is sufficient to assume that w + 1 = © (4/k,,).
%1t is sufficient to assume that w + 1 = © (4/k,,).



where K, and K, are the expected densities of CP and C*" in Algorithm 4. The last term d comes
from the fact that EF21-P + DIANA sends non-compressed vectors in the initialization phase. Let us

define K, , := (1 —r)K,, + rK,. Therefore, the total communication complexity equals
W romen = 0 (KD (& + 2 +w0) +d) (1)

Theorem 5.2 ensures that the total communication complexity of 2Direction is

mgausnc = (:) <K:;,a (\/Lmax{w * 17#5’0‘} + \/Lmaxw maX{w +1 “LVO‘} !

J’_ —
o n @

+w+ul,a) +d>.

(16)

One can see that (16) is an accelerated rate; it has much better dependence on the condition numbers
L/ and Imax/u. In Section E.8, we prove the following simple theorem, which means that 2Direction
is not worse than EF21-P + DIANA.

Theorem 6.1. Forallr € [0,1], m”

realistic

— T
- O (mEFZI—P+DIANA) N

Comparison with AGD. To compare the abstract complexity (16) with the non-abstract complexity
O(d+/T/u), we take the Rand K and TopK compressors in Algorithm 1.

Theorem 6.2. Forallr € [0, 1] and for all K € [d], let us take the RandK and TopK compressors
with the parameters (expected densities) i) K,, = K and K, = min{[1-7/rK,d} for r € [0,1/2],
ii) K, = min{[/1-rK,d} and K, = K forr € (1/2,1]. Then we have m’ . = O (m,qp) .
Theorem 6.2 states that the total communication complexity of 2Direction is not worse than that of
AGD. It can be strictly better in the regimes when « > K/d (for TopK), Linax < nL,and n > 1.

7 Proof Sketch

After we settle on the final version of Algorithm 1, the proof technique is pretty standard at the be-
ginning (Li et al., 2020; Tyurin and Richtérik, 2023; Gruntkowska et al., 2023). We proved a descent
lemma (Lemma E.4) and lemmas that control the convergences of auxiliary sequences (Lemmas E.5,
E.6, E.7, E.8). Using these lemmas, we construct the Lyapunov function (45) with the coefficients
Kk, p, Aand vy > 0 forallt > 0.

One of the main problems was to find appropriate L, s, p, A and v, > 0 such that we get a con-
vergence. In more details, to get a converge it is sufficient to find L, s, p, A and 14 > 0 such that
(46), (47) and (48) hold. Using the symbolic computation SymPy library (Meurer et al., 2017), we
found appropriate s, p, A and v > 0 ((90), (88), (82), (83)) such that the inequalities hold. But that
is not all. To get a convergence, we also found the bounds on the parameter L, which essentially
describe the speed of the convergence. In raw form, using symbolic computations, we obtained a
huge number of bounds on L (see Sections I, J, L, N). It was clear that most of them are redundant
and it was required to find the essential ones. After a close look at the bounds on L, we found out
that it is sufficient to require (44) to ensure that all inequalities from Sections I, J, L and N hold (see
Section O for details).

Theorem 6.1

Theorem E.9
(Lyapunov Function
Convergence)

Theorem E.12
(p—strongly convex)

K

Theorem E.14
(general convex)

)

Theorems 5.1, 5.2
(Find comm. compl.
and optimal p and 7)

(No worse than
EF21-P + DIANA)

Theorem 6.2
(No worse than AGD)

Figure 1: Roadmap to our resolution of Main Problem.

8 Limitations and Future Work

In contrast to Algorithm 4 (EF21+DIANA), in which the server always broadcasts compressed vec-
tors, in our Algorithm 1 (2Direction) the server needs to broadcast non-compressed vectors with



probability p (see Line 20). While in Section 6 we explain that this does not have an adverse effect
on the theoretical communication complexity since p is small, one may wonder whether it might
be possible to achieve the same (or better) bounds as ours without having to resort to intermittent
non-compressed broadcasts. This remains an open problem; possibly a challenging one. Another
limitation comes from the fact that 2Direction requires more iterations than AGD in general (this is
the case of all methods that reduce communication complexity). While, indeed, (10) can be higher

than ©(1/Z/,), the total communication complexity of 2Direction is not worse than that of AGD.
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A

B

Table of Notations

Notation Meaning

g=0(f) Exist C' > O such that g(2) < C x f(z) forall z € Z

g=Q(f) Exist C > 0 such that g(z) > C x f(z) forall z € Z
=0(f) g=0(f)andg=2Q(f)

g=0(f) ExistC > 0suchthat g(z) < C x f(z) x log(poly(z)) forall z € Z

g=9(f) ExistC > 0suchthat g(z) > C x f(z) x log(poly(z)) forall z € Z

9="90(f) 9 =0(f) and g = Q(f)

{a,...,b} Set{i € Z|a <i<b}

] ,...,n}

The Original ADIANA Algorithm

In this section, we present the ADIANA algorithm from (Li et al., 2020). In the following method,
the notations, parameterization, and order of steps can be slightly different, but the general idea is
the same.

Algorithm 3 Accelerated DIANA (ADIANA) by Li et al. (2020)

1:

A A

—
—_ O 0

,_

13:

18:

19:
20:
21:
22:
23:
24

Parameters: Lipschitz-like parameter L > 0, strong-convexity parameter . > 0, probability p, parameter
Lo, initial point z° € R¢, initial gradient shifts h?, ..., hS € R?

. Initialize 8 = '/wt1 and 2° = v = z°
: Initialize h° = 2 3°7 | A

n i=1

:fort=0,1,..., 7 —1do

T441,7Ve+1,0¢41 = CalculateOriginalLearningRates(. . . )
fori=1,...,n in parallel do
t+1 t t
Yy =0 ut + (1 —0i41)z
mﬁ.’y = CZD’y (Vfi(yt+1) — hfb) Worker ¢ compresses the shifted gradient via the compressor C]U v e U(w)
t
Send compressed message m;'Y to the server
end for
t
mt’y = % Z:'Lzl mi’y Server averages the messages
t+1 _ pt ty — 1 t t,y
gt =n+mhY = 25T (hi+myY)
t+1 L4Tip

u
29t 41

step

Flip a coin ¢* ~ Bernoulli(p)

Broadcast non-compressed messages v ™! to all n workers
fori=1,...,n in parallel do

Z’H_l = 9t+1ut+1 + (1 — 9t+1)zt

t+1 t __
1 JxT, =1
2 =Lt ¢
2", c"=0
t D . . . . : 1/
— Cz ’Z(Vfi (Zt+1) — hf) Worker 7 compresses the shifted gradient via the compressor CI“’ © e U(w)
t . .
hf.+1 = hfb -+ I/jmi’z Update the control variables
t,z
Send compressed message m,;’~ to the server
end for
Rttt =ht + ﬂ ZZ 1 m Server averages the messages
end for

. 2 2 S
= argmin pd <gt+1, LB> + Hx - ’LLtH + % H.’IL‘ - yt+1 H Server does a gradient-like descent

14



C The Original EF21-P + DIANA Algorithm

In this section, we present the EF21-P + DIANA algorithm from (Gruntkowska et al., 2023). In the
following method, the notations, parameterization, and order of steps can be slightly different, but
the general idea is the same.

Algorithm 4 EF21-P + DIANA by Gruntkowska et al. (2023)

1: Parameters: learning rates v > 0 and 3 > 0, initial model ©° € R¢, initial gradient shifts A%, ..., h% €
R?, average of the initial gradient shifts h° = 2 37 | h{, initial model shift w® = u® € R?

2: fort=0,1,...,T —1do
3: fori=1,...,ninparallel do
4: mﬁ = CZD (Vfl (wt) — hf) Worker ¢ compresses the shifted gradient via the dual compressor C,” € U(w)
5: Send compressed message m! to the server
6: h§+1 = hi + 67712 Worker ¢ updates its local gradient shift with stepsize 3
7:  end for
8: mt = % Z?:l mf Server averages the n messages received from the workers
9: htl = ht + ,Bmt Server updates the average gradient shift so that b = % > Rt
10: gt = ht + mt Server computes the gradient estimator
11: UH_I = ut — ’ygt Server takes a gradient-type step with stepsize ~
12: thrl = CP (’lttJr] — wt) Server compresses the shifted model via the primal compressor cteB (o)
13: wt+l = ’th + thrl Server updates the model shift
14:  Broadcast compressed message p'** to all n workers
15: for:=1,...,nin parallel do
16: ?U”JH =w' + pl+1 Worker ¢ updates its local copy of the model shift
17:  end for
18: end for

D Useful Identities and Inequalities

Forall z,y,x1,...,2, € R, s > 0and a € (0, 1], we have:

|z +yl? < (@ +s) 2>+ (L +s71) [yl (17)
Iz +yl1* < 2|l2l* + 2 ly|*, (18)
= 2s 2
(6% (6%
_ V<1 =
(1 a)(1+2),1 - (20)
2 2
(1-a) <1+a> <= 1)
1 2 2 2
(a,0) = 5 (llall* + 011 = lla —]]*) @)

Variance decomposition: For any random vector X € R¢ and any non-random ¢ € R, we have
2 2 2
E[IX = e’] =E[IX - E[X]I*] + [E[X] - . (23)

Lemma D.1 (Nesterov (2018)). Let f : R — R be a function for which Assumptions 1.2 and 1.3
are satisfied. Then for all x,y € R? we have:

IV f(x) = VW)I? < 2L(f(z) — f(y) — (VF(y).z — 1)) (24)

E Proofs of Theorems

E.1 Analysis of learning rates

In this section, we establish inequalities for the sequences from Algorithm 2.

15



Lemma E.1. Suppose that parameter L > 0, strong-convexity parameter ji > 0, probability p €
(0,1, L > p, and Ty > 1. Then the sequences generated by Algorithm 2 have the following
properties:

1.

Proof.

The quantities 0411, vi+1, and I'yq are well-defined and 0¢1,7v¢+1 > 0 forallt > 0.

2. Y41 = p0t+1Ft+1 fOi" all t Z 0.
3.
4

Eet+17t+1 < (.E + Ftﬂ)fOV all t > 0.

T /
Ft Z ?O €xp (t min { Zgapemin}>

forallt > 0.

Lo
-5 €Xp (tpemin) ’ t
ry > ° 1 p(t—1)2

{ 4p6?2 + 16 t

min

where E = Imax { ’V}ﬁ log m—‘ 70} .

{0141}72, is a non-increasing sequence.

. Note that 6, ; is the largest root of

pLT07, 1 +p(L +Typ)0pi1 — (L +Typ) = 0. (25)
We fix ¢ > 0. Assume that I'; > 0.
Then

pLLy x 0+ p(L +Tyu) x 0 — (L +Typ) < 0.

Therefore, the largest root §t+1 is well-defined and 9_t+1 > 0, and 0,41 =
min{6¢41, Omin} > 0. Next, v;41 is well-defined and

Yi+1 = POry1le /(1 = pOiy1) >0

since pfy11 € [0, 1/4]. Finally, T's11 = Tt + 7¢41 > 0. We showed that, for all t > 0, if
'y > 0, then 0;41,v41 > 0and I'y;; > 0. Note that I’y > 0, thus 0;41,7:4+1 > 0 and
I'vy1 > 0forallt > 0.

. From the definition of 7441 and I';y1, we have

(1 — pOes1)Ve1 = pOeyals,

which is equivalent to

Yet1 = POit1 Tt + vig1) = pOrs1lita.

. Recall again that §;,; > 0 is the largest root of

pLT02, 1 + (L +Tip1)8r41 — (L +Typr) = 0.
If 6,11 < Onin, then

PLT:07 1 + p(L + Tip)0ry1 — (L + Typr) = 0.
Otherwise, if 0,41 > Opnin, since

PLT X 0+ p(L +Typ) x 0 — (L +Typ) <0,
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and 9t+1 = amin < §t+17 then
PLT 07y +p(L+Top)frr — (L +Topn) < 0. (26)
In all cases, the inequality (26) holds. From this inequality, we can get

pLT 07 < (L +Typ) (1 — phyi)
and

Using the definition of ~,, 1, we obtain

LOi117e41 < (L +Top)
forallt > 0.
. Let us find the largest root of the quadratic equation (25):

5. —P(L+Te) + V(L + Do) + ApLT(L + Topr)

0 27
41 oL, (27)
Let us define a := p? (L + I‘t,u)2 and b := 4Lp (L + I'yp) Ty, then
- —va++va+b
Opp1= ——F—
2Lth

Since T';, > 1 forall t > 0, and L > p, we have

= p* (L4+Ty)” <p(E+Tu)” <p(L+Tup) (0L +Typ) < 2Lp (L +Tup) Ty = -
Using \/z +y > (vVz + /y) /V2forallz,y > 0, and Vb > v/2\/a we have
~Va+Vath —va+ Jsva+ J5vb

é = —
i 2Lpl, 2Lpl,
() Ve (1) B ()
Therefore

G > \/4Ep(E+Ftu)F (E-I—Ftu \/>
= ALpl, ALpT, apl," \ 4pL

. 1 I
Oy 2m1n{max{1/4prt,1/4pL},Hmin}. (28)

Next, since pfy11 € [0,1/4], we have
Y1 = pOes1l'e/(1 = pOii1) = pbeyal'e (1 + pbrsa) (29)

and

and

L1 =T+ 741 > (1 +pliy1 + p29t2+1) Iy
Using (28) and (29), we obtain

Tis1 > (1 +pmin {, /L&,emin}) I, = (1 + min{,/jj.j,pemin}) r,

(30)
where we use that 1 + x > e®/2 for all z € [0, 1].
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5. Using (28) and (29), we have
Tys1 > (14 pOpr +p°07,,) Ty

2
. 1 . 1
> I't + pmin {\/ %;amin} I'; + p* min {\/ 4prtaamin} Iy.

The sequence I'; 1 is strongly increasing. Thus, exists the minimal t > 0 such that I'y >

(4p62,;,)~". Forall 0 < ¢ < t, it holds that I'y < (4p62,,) ™", \/ 75 > Omin, and
r
Ft+1 Z Ft +p9minrt +p2012ninrt Z Ft +p9minrt Z F0 (1 +p9min)t+l Z 70 exp ((t + 1)p0min) .
(3D
Therefore, if > 0, then
1 Iy ~
4p012nm > F?_l > ? €xp ((t - l)pemin) .
Thus, we have the following bound for t:
i<t ! log ! 0
‘= max .
- pgmin QFopGEHm ’
For all ¢ > tA, we have ﬁ < Oppin and
plt
1
Iy >T1 r =T VI + =
t+1 = t+p”4F t+p4r t= t"*‘\/i +
Using mathematical induction, let us show that
1 p(t—1)
r 32
17 PTG 52)

for all t > t. For t = it is true since Iy > (4p9mm) ! by the definition of t Next, for
some t > i\, assume that (32) holds, then

g 2T + @\/Ft‘f' b

1 t—1)2 t —7)2
> L +p( %7 p( )+g
4p9H11I1 1 4p9m1n 16 4
1 p(t —t)? p@*t) P
> —
—'4p9mm+ 6 8 1
1 p(t —t+ 1)

>
e T 16

min

We proved the inequality using mathematical induction. Combining (31) and (32), we
obtain the unified inequality for I';:

T 1 p(t — 1)
I'; > min {2 exp (tphmin) 402 + 16

for all ¢ > 0. Also, if t < ¢, then the first term in the minimum is less or equal than the
second one. Therefore,

r % exp (tpOmin) ,
2
b= min{% exp (tpfmin) s yrs 92 + p(t A) },

~ o+
vV A
el

(33)
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~

Let us bound the second term. Recall that £ > %, thus, if ¢ > £, then (¢ (t—1)2>(t—-1>21In
(33), we can change ttofand get

r, > % €exXp (tpemin) )
=) min {% exp (tpOmin )

Sh| T

t<
+p(t ﬂz}7 tZ

Using the Taylor expansion of the exponent at the pomt t, we get

I 41)92

r r _ _ t—1)2
?0 €xXp (tpamin) Z 70 exp (tpemin) 291211111 exp (tpemin) ( 2 )
1 1
> St—1)?> t—1)%
2 g,y + 5 ‘>—4%m 16D

for all ¢ > ¢. Finally, we can conclude that

F“ exp (tpOmin), t<t
Iy > p( t f)2 t>1
4p92 + L2 b

min

6. Let us rewrite (27):

—p(L +Typ) + /P?(L + Typ)? + 4pLTy(L + Topa)

g = =
i opLT,
2
1 /1 W 1/1 o 1/1 W
"2<D+E>+¢4C%+E>+p<n+i'
Let us temporarily denote a; := (1‘% + %) for all ¢ > 0. Note that a; is a non-increasing

sequence, since I';; > I'; for all £ > 0. Therefore,
~ 1 /1 1
0t+1 = 75(115 =+ Zaf —+ Eat.

Let us take the derivative of the last term w.r.t. a; and compare it to zero:

1 30+ 1 1 1, 1
e 2P >0& ca - >/ -a2t —a
p

2 2\/1a? + %at 2 p 4
ol 1o 1
—a —a
4t Tt 2Ty

Thus, 6,4, is a non-decreasing sequence w.r.t. a;. But the sequence a; is non-increasing,
therefore ;1 is a non-increasing sequence w.r.t. ¢. It is left to use that #; 1 is the minimum
of 8; 1 and the constant quantity.

1 1 1
ﬁ+%@—>0
p?

O

E.2 Generic lemmas

First, we prove a well-known lemma from the theory of accelerated methods (Lan, 2020; Stonyakin
etal., 2021).
Lemma E.2. Let us take vectors a,b, g € R%, numerical quantities o, f > 0, and
. «
u = argmin (g,z) + - |z — a|* + 5 [lz — b]*.
2eRd 2 2
Then
« s B 2 o 2 B 9, a+p
(.20 + 5 o = al + 5 o = bl 2 {g,u) + 5 = ol + 5 u— 0> + 25

2

& — ull
(34)
forall x € R,
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Proof. A function

Fla) o= tg,2) + % o —al + 2

is strongly-convex with the parameter o + 3. From the strong-convexity and the optimality of u, we
obtain

2 — b]|®

Fw) > Fw) + {Fu,z —u) + 52 o — ul® = Flu) + 57

for all z € R?. This inequality is equivalent to (34). O

2
& = ull

We assume that the conditional expectation E, [-] is conditioned on the randomness from the first ¢
iterations. Also, let us define D¢ (x,y) := f(z) — f(y) — (Vf(y),z —y).

Lemma E.3. Suppose that Assumptions 1.2, 1.1, 1.3 and 2.4 hold. For Algorithm 1, the following
inequality holds:

B [lo+ - V)]

2 n
< o7 IV —wi”
i=1

35
4WLmaX(f(Zt) _f( t+1 <vf t+1) Zt—yt+1>). ( )

Proof. Using the definition of g'*!, we have

B [+ ~ V)]

:]Et

'+ %Zczp’y(vfi(ytﬂ) — ) — V()

DUV LT = B = (V) — R)

el i

where we use the independence and the unbiasedness of the compressors (see Assumption 2.4).
Using Definition 2.3 and Assumption 1.1, we have

[l - V]

< o S IVAG - n

¢ )2 2 &
< “’ZHW ) =B+ 5 YV AG) - VG|
=1

£ D 12w 2 2w

Z IV 5" = L))"+ 5 D0 2Lalhil=) = iy = (VA2 =y ).
i=1

Using that Lyax = max;ep,) L;, we obtain (35). O

Lemma E.4. Suppose that Assumptions 1.2, 1.1, 1.3 and 2.4 hold. For Algorithm 1, the following
inequality holds:

E; [f(z"*) = f(z")]
< (1= pbesa) (f(2) = f(27))

-2 (2555

+ ey (HFW |t — 2*

L+Tip
2_ 2ok E; {Hu”l —x"
2941

2941

zD
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nlL

02,,L
+ BB [l — g ] - P ([t - ).

4w max
(S, oy

Proof. Using Assumption 1.2, we have

Ft) = £ < S — @)+ (TRt =yt 2 sy
Using the definition of z'*!, we obtain
F@™) = f@*) < (1= 01) (F™) = fl@) + (VT 2" =y ™))
0 (FUT) = F@) + (VT —yh)
gl -y
= (1= 01) (F ™) = f@) + (V)2 =) (36)

01 (fU ) = Fla) + (g ut T =yt )
01 (VT — g u T —y™th)

L t+1
+§Hx Y

in the last inequality we add and subtract g**1. Using the definition of u‘*! and Lemma E.2 with
r = x*, we have

L+T
<gt+17ut+1 _ yt+1> < <gt+1,:c* _ yt+1> > L+l H utHZ " 14 Hx* 7yt+1||2
) t+1
_L+Tw ut*? - utHQ _H ut — yt+1H2 L+Tip |2 ut+1H2
2941 2 2941 '

. 2
We use the fact that 'y, 1 = Ty + 7441 Since ||ut T || > 0, we have

L+Tiu I 2
<gt+17ut+1 . yt+1> < <gt+1,;1:* - yt+1> o i ” ut||2 + ¢ Hz* . yt+1H
L+Twu 2 L+Tip 2
= BT et P B e i,
+1 V41

By substituting this inequality to (36), we get
F@™h) = f(a)
< (1= 00) (FG™) = F@) + (VI = y+)
O (P = Fla®) + (g 2" — )
L . L+T L+T
w5 S BT s e LT
Yt+1

2%+ 2941
T (<Vf(yt+1) B yt+1>)
+5l
2
Using p—strong convexity, we have

F@) 2 )+ (VI et =y )+ 5

2
= ut+1|| )

T+ G o
2 yt+1||2 )

* _yt+1H2

T

and
(@) = f(z")
S (1 _ 0t+1) (f(yt+1) _ f(iE*) + <vf(yt+1)’zt _ yt+1>)
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+ 9t+1 (<gt+1 Vf( t+1) * yt+1>)

+ 0441 <L + Lo |=* H2 _ LA T ut*t — utH? L+Tiap |2 ut+1H2>
2Yt+1 2V 41 21

01 (<Vf t+1) . gt+1,ut+1 . yt+1>)

L
Lty

Let us take the conditional expectation E; [-] conditioned on the randomness from the first ¢ itera-
tions:

E; [f(z") = f(=")]
< (1= 0u1) (F™) = @) + (V@) 20 =y ™))
Fo (B [0 - VI 2" )
.Z/ Ft % t .Z/ Ft t + L Ft % t 2
s (ST o — P = £ T, [t - 7] - Tt o ]
1 0,:1E, [<Vf(yt+1) _ gt+17ut+1 _ yt+1>]
L t+1 t+1
# 5B [l -y
= (1= 0i41) (S = F=) + (VI 2" =)

L ot 2_L+FWE[ t+1 _ ot ] L+Ft+1ME[
b (gt o = | = T [t -] -

+ 0B (V') — g™ u ™ =y )]

L
+ 5 o =y

* ut-&-le})

(37

where use that E; [g""!] = V f(y"™). We can find u/** analytically and obtain that

t+1 _ j/"‘rtl‘ t Mt t+1 _ T4 t+1
L+Tipip L+Tipp L+Tiap

Therefore, using that E; [¢"*!] = Vf(y'™') and v’ and y*** are conditionally nonrandom, we
obtain

t+1y 1l o+l tbIN] o Vil t+1 t+11 (|2
B (VI =g -yt )] = R g - it e

Combining (35) from Lemma E.3 with (37) and (38), one can get

Ee [f(") = f(a7)]
< (U= 0) (™) = f@) + (V™). 2 —y'))

L - t2_L+Ft:“ [ tH1 ot ] L+Tp [
+9t+1< 2 a 2941 B {[| w 2941 B

* ut+1|ﬂ>

4 t 4Lmax t t t t t
+L++F”ju< ZHVﬂ = B 4 SRR — F) (V)2 y+1>>>

+ 51@ ([l =y +1)7]
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Using the notation Dy (z,y) := f(z) — f(y) — (Vf(y),z —y) , we get
E; [f(z"™) = f(a")]
< (1= 0e1) (F(2') = f(2") = Dy(2', 5" ™)

R e R |
2741 2741 2741

2
z* —utH

2 _ut+1||2}>
11 [ 2w 2 Awlpmax
+ﬁ (M;“Vfi(zt)—hﬁu +an(Zt7yt+1)>

2R, [[let — ]

= (1= 0pi1) (f(2") = f(2"))

Oy 2w (1 - (ot pt||?
+E+Ft+1u n (n;HVﬁ(z) th)

L+T L+T
4 0pq + 1 2 —utll? — + t+1MEt 2 — )
+
2%¢41 2941
9t+1’7t+1 4w Liax ) t o t+1
- + 0,01 — 1) Ds(2t yt"
<L+Ft+1u ” t+1 f( y)

s g, et ) - Lo (L)
2 2741

In the last equality, we simply regrouped the terms. Using the definition of 2!, we get
Ee [f(z"7) = f(2")] = pEe [f(2"T) = f(2")] + (1= p) (£(z") = f(z"))
<p(1 = 0p41) (f(2") — fa))

O 20 (1§ oty |2
pE+Ft+1M n (n;HVﬂ(z) hZH )

By [[lu+t - wt]f]

L+T . 2 L+T N 2
P (2 gt |? - ettt [y ])
Vi1 2941
9t+1")/t+1 4WLmax > t t+1
+p(= 01 — 1) Dy(zt ytt
p<L+Ft+1,u - 1 25y )

L t t 9 I_/+F t t t *
# 22 [ty - et D) [ 7] 4 () (70 - s10)

= (1= phey1) (f(z") = f(z"))

O 20 (1§ oty a2
pi+rt+1u n (n;Hvﬂ(z) hZH )

T R e [ )
2941 2941
9t+1%+1 4w Linax - t o, t+1
+p<i+1—‘t+1,u - + 041 1>Df(z,y )
+ p—LEt [Hl‘tﬂ - th“”ﬂ - LS <L7+ Ftu) E; [”Utﬂ - utHﬂ '
2 279441

In the last equality, we grouped the terms with f(2*)— f(z*). In Algorithm 2, we choose the learning
rates so that (see Lemma E.1)

LOi1ve41 < L+ Typ
Since I'y41 > I'y for all t € Ny, thus

79t+17t+1 < 6‘f+17t+1 < 1
L+Ft+1/1 B L+Ftﬂ ~ L
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and

E, [f(z") = f(z")]
< (1 —pbiir) (f(zt) - f(x*))

2w (1
i (Z V1. - hz||2)

- - Bty ),
2941

* ut+1|ﬂ>

t+1 utHQ} )

0
+ P11 < s
4wl ax
p nL

+ 041 — 1) Df(ztayHl)
y -
+ %Et [thﬂ _ yt+1||2} _ pet;—lLEt [H“

E.3 Construction of the Lyapunov function

In this section, we provide lemmas that will help us to construct a Lyapunov function.

Lemma E.5. Suppose that Assumptions 1.2, 1.1, 1.3 and 2.4 hold. The parameter 3 < 1/w+1. Then,
for Algorithm 1, the following inequality holds:

M e Vfi(z”l)HQ] (39)
i=1

<89 (14 5) LoweDy ') 440 (14 5) 228 [t =] + (1= 5) 2 zuht VA

(40)

Proof. Using the definition of hf“, we have

TR
=1

1 n

22|

N IEIETk

n =1 ' '

%Z (B =V L(),CPH (Vi) = ) > Z’
=1 =

:Et

L+ BCPH (Vi) — ) - Vﬂ(zt“)ﬂ

CPH (Vi) = h)

2]
Note that E¢ [CZ-D’Z(Vfi(ZtH) — hf)} = V/fi(z"*1) — h! and

Ec U

where E¢ [] is a conditional expectation that is conditioned on 2‘*! and h!. Therefore,

13t - v
=1

LS - v

n =1 ' Z

(Vi) - h) H] (w+ 1) [ V() — B2,

<E;
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+E,

% Z <hf - Vfi(zt-l—l)’vfi(zt-i-l) _ hf> + w ; vai(ztﬂ) _ thQ]

=1
R AR W R
=1

Since 8 < 1/w+1, we have

E, liz Iht Vfi(zt+1)||21 <(1-B)E, l; S nt - sz-<zf“>||2] :
i=1 =1

Next, we use the definition of zt*! and obtain

: iZnhz“ww)HQ]

=1

<(1- pEtl Zuhf Vi)

ZHh* Viilz

(17) 2p 1412 ﬂ t INIE

< (1+ﬂ> B) pE: Zuﬁ — Vi) +<1+2p><1—6>anHhi—Vfi<z>
=1

E. aZth—wi(zf)Q

:<”2/3) pEt[ ZHﬁ = Vi

Using 1 — 5 < 1, (18) and (20), we get

+(1-

BY 1 ¢ 2
(10 5) S -

1« t+1 12
Ee E;Hhﬁ = Vi
s4p(1+p)IZHfi( ~ Vi +4p<1+ )
+(1-5) 32— vice

From Assumptions 1.1 and 1.3 and Lemma D.1, we obtain

(Al - v

i=1

gsp(1+Z)Lmax(fw)—f(yt“) (VH). 2 f+1>>+4p(1+g)22m[fo*l—yf*luz}

Z Ifi(at1) Vfi<yt+1)|!2]

B §> =3 n = vaGYIP
i=1

O

I
o0
iS]
7 N
[a—
+
=S
N——
™
&
"
T
<~
T
=
+
W
s
7 N
=
+
=
N———
™~
N
x
x
/N
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Lemma E.6. Suppose that Assumptions 1.2, 1.1, 1.3 and 2.4 hold. Then, for Algorithm 1, the
following inequality holds:

2
B [t =] < (= 5) ot =P 5 () I = v

a E+Ft+lu
2 n 2
2w Yt+1 ) 1 t |2 ( Yi+1 ) (4WLrnax 8L) t o t+1
+— (=) - V§i(z") = hi||” + | = + Dy (2, y").
n <L+I‘t+1,u n;H filZ) H L+Tip n o sy
41

Proof. Using the definition of w'*! and Definition 2.2, we get the following inequality
E, [Hwtﬂ _ UHIHQ] —E, MCP (ut+1 _ qt+1) _ (ut+1 _ qt+1)H2} <(1-a)E, [Hutﬂ _ thHQ} ‘

We can find the analytical formulas for v**! and ¢**!, and obtain that

e }_/‘*‘Ft,“ TR L4 S oS S (| i1
L+Tipip L+Tiiap L+Tiiip
and
41 _ }_/ + T Wt 4 P g - RESE
L+Tipip L+Titap L+Tiiap
Therefore,

B [t~ ]

T 2
L+7T
< (1= Q) ||| 2t (g — gty — L (gt _ gty
L+Tipap L+Tpp
T 2
(23) L+T ~
= (1 - a) H Lt (wt . ut) . _L(kt o vf(yt+1))
L+Tip L+Typ
2
T+l t+1 t+1 2}
l—a)(—2 ) B [ ~v
) (2 B [l - 9|
(7 L+Ty \’ 2 2
< (1-5) (Frms) ot 2 () I - vy
2 L+Tiap a \L+Tip

s () B v

L P A N
< (1-5) (g ) =

é _ 1 ’ t_ ]2
+0‘(E+Ft+1ﬂ) ¥ =91l

4 Vit1 2 .
Ta (L+Ft+1u> V£ = V|

2
rao () w i - v

One can substitute (35) from Lemma E.3 to the last inequality and get

B [t ]

F 2
S (1_%) (L—FFt/l ) Hwt_utH2
2 L+Ft+1/J,

é TVi+1 ? t INIE
+ @ (L+Ft+1ﬂ) Hk Vit )H
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4 Ye+1 2 1412
+ o (W) va(zt) - VIt )H

2 n
Vt+1 2w t t2 , dwLlmax t o, t+1
+1—a)| =————— — Vfi(z") — hi||” + ———Dy (2", .
(-0 (70— (ngu F) = o ety
Using Lemma D.1 and 1 — o < 1, we obtain

E, [Hwtﬂ _ t+1||2}

< (1-9) () ot -
L+Tiiap

4 V41 t ty|[2
+a(_> T

L+Teip
2 n 2
2w Ve+1 > 1 t < Y41 ) (4WLmax 8L> t  t+1
+—(=—) - Vii(z") —hi||” + + — ) Ds(2t ytT
() alvnen -l () (M) patta)
s@—ﬁwwumwz
4 Vi1 Kt 2
2 (Y e s
t+1M
n 2
2w Yi+1 > 1 t < Yt+1 ) (4UJLmax 8L) t 41
+— =) - Vii(z") —hi||” + + — | D¢(2, ,
n <L+Ft+1u n;” / H L+Tip n o sy
where we use that 'y, ; > I'; forall ¢ > 0. O

Lemma E.7. Suppose that Assumptions 1.2 and 1.3 hold. Then, for Algorithm 1, the following
inequality holds:

E, {Hkt-‘rl V(Y HQ]

< 2B, [[[o = VS (] +8pLDs (1 g +Y) + 4pL2E, [ [l = y ] + (1= ) K = V1)
(42)

Proof. Note that £+ and z!*! are coupled by the same random variable c*. Therefore,
E, [k - Vi)
= B [[[v! = V£ 7] + (1= p) 8 = V1)
(18)
< 2pE; [Hv zt)Hz} +4p HVf(zt) — Vf(yt+1)|‘2 + 4plE, [va(ytH) — Vf(a:“'l)’ﬂ
p) [[K = Vi)’

< 9K, [Hv ~Vi(z H |+ 8pLD (2 5 + 4pL B, ([t =y ] + (1= p) [IK = V)

where we use Assumptions 1.2 and Lemma D.1. O

Lemma E.8. Suppose that Assumptions 1.2, 1.1 and 1.3 hold. The momentum T € (0,1] and the
probability p € (0, 1]. Then, for Algorithm 1, the following inequality holds:

B, [+ = V)]

<(1-3) I = v u+¢f“2mm Vi)

+ (4;0 (1 + f) L+ SpTo:L) D2ty + <2p (1 + ;D) L2+ 4anw ) E, [thﬂ _ yt+1|ﬂ .

(43)
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Proof. Using the definition of v**!, we get

(1—7)t +7 (hf + iicB (VA=) — h§)> — V(Y

|

|

. [0 - Vi) =E [

Assumption 2.4, including the independence and the unbiasedness of the compressors, insures that

B, ot = Vi)

|;ch,z (VAG) = B = (V7 — B

=1

D 1 ot - V)] + R [

CDZ (Vf( t+1) hf) . (vf(zt-‘rl) B ht)HQ]

(1—7’2Et [Hv - Vf(z t+1)| } ZEt|:

< (1= 7B ot~ V] + T SR U - al)].

Using the definition of 2/, we have

B, o+ - 9G]

< (1= =p) o' = VA + (1= 7)%E, [[Jo! = Vi
+Eopre m”’ZW V| +pT“’ZEt[Hht Vi)
=1

17),(18
LD Gt - e

F(1—7)2 <1+ )p”v V)P + (1 - 1) <1+2f>pEt {||Vf(zt)—w(xt+1)||2}

—p)7T3w
+%Zuhz VAP

S w0 - VA + 2p£§“iEt[HVfi<Zt>Vfi<xt“>l>2]

=1

= -2 (14 D) ot - A+ (172 <1+2 >pEt (IV7(:1) = w1+

“”“Zuht VEEIE+ ZRE S R (|9 - vaE.

i=1

Using0 <1—7 <1, p € (0,1] and (20), we get
B, o'+ - 9G]
< (1-3) v = Ve + (1 + >pIEt NG EAZCan]N

Q””Z!lht A+ 25 S R |9 - Va6

i=1

(13)
D (1= D) ot - v
+2p (1 + T) IVF(h) = VY| +2p (1 - 2f> Eq [va(y”l) = Vf(xt“)HQ}
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272w

e ]
=1

dpr3w
2

= 2 ApTiw < 2
D_IIVAE = VG| + = E:E[Wﬁxf“)*vﬁ@”UH]
i=1 i=1
It is left to use Assumptions 1.2 and 1.1 with Lemma D.1 to obtain

E, [Hvtﬂ _ vf(ZtJrl)Hz}
T
S@—§MW—VﬂﬂW
+@(1+%vLDﬂwaU+%(l+%jL%hmf“—mHWﬂ

272w Z Hht Vfi(zt)HQ

=1

8p72w Lmax 4p72wE2 2
P D (o) 4 SR [ =y ]

P

(177) [0t = v (=0)||° + TwZHht V|
2, .72

+ (41’ (1 + QTp> L+ W) Dy(2',y'h) + <2p (1 + Zf) L%+ LT:}L ) E, [th“ - yt“\ﬂ .

O

E.4 Main theorem

Theorem E.9. Suppose that Assumptions 1.2, 1.1, 1.3, 2.4 hold. Let
L L LLmaX LLmaX Lmax Lmax
L—660508><max{ Ly DVET A VPVAT Lnup” w}, (44)

a’ar’ afyn avByn 7 B*n T n

B < %H’ and Oin = % min {1, %, %7 %} . Forallt > 0, Algorithm I guarantees that
L <E ) = 1) o 1S e
t+1 t+1 t+1 t+1 L+ Fepap t+1 *|[2

0B [k~ T £z )H}+AEU@ ~ V(2 )H})+4—————EUW AN

2
Z 17f =V filz

+ pE[||k* — VAGO|*] + 2B [|lof ~ V(2 H}) Eiiﬂﬁzwt *

+uv B [wal — quHQ}

<Ty (lE [f(z") = f(a*)] + kE

1P|+ [t =]

]
(45)
for some Kk, p, \, vy > 0.

Proof. We fix some constants x, p, A, vy > 0 for all ¢ > 0 that we define later. By combining
Lemma E.4 with x x (39) from Lemma E.5, 1, x (41) from Lemma E.6, p x (42) from Lemma E.7,
and A\ x (43) from Lemma E.8, we get the following inequality:

* BN t 2
E, [f(zt—i-l) - f(z )] + kE, ﬁ; ||hi+1 —Vfi(zt+1)|‘

+ 1 Ey [HwH—l — ut'HHQ}
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+ R, |:Hkt+l _ Vf(ztﬂ)”ﬂ 1 AR, [Hvtﬂ _ vf(thrl)Hz}
< (1= pber) (f(=) = f(z7))

P22 (155 - sl

L+Ftﬂ Hut i
2741

o L +T «
_ t+1MEt |:Hut+1 .
29441

4wl nax
+p ( + 9t+1 - 1) Df(zt,yt—H)
nL

+ pOiiq <

ZD

!
e R

+ K <8p (1 + g) Lunax Dy (24, ') + 4p (1 + g) 2R, ([l - g+ )°] + (1 - ) Z |t =V fil= )
2
oo ({1 3 <L:;“) s

2w Yt+1 > t ( Yt+1 )2 (4UJLmax SL) t o t+1
+— Vi — hi|| + + — | Dy(27,
n <L+Ft+1,u nZH filz H L+I’t+m n « SR

i=1

+p (20, [Jof = FGH|*] +8pLDs (et ) + 4pEPR, [[|o+ =y ] + (1 - p) |6 = VA G))

2
+A<(1—)||U—Vf )|+ TWZW Vii(h)
2,72
+<4p<1+2 >L+8pTo:Lme> Df(zt,yt+1)+<2 (1+ )[} 4;mnwL> E, [HthrlytJrlHQ]).

We regroup the terms and obtain

E; [f(z"T1) = f(2*)] + KEq

T [T AE
i=1

+ vy [Hwt+1 — ut+1H2}

+ oE, [Hkt“ - Vf(zt“)ﬂ 1R, [Hut“ - Vf(z”l)HQ}
< (1 —pbiir) (f(Zt) - f(:c*))

L+T L+T
+pet+1< Dyt gep - L Dy, [||ut+1_x*||2}>

4WLmax p Ye+1 ) 2 <4WLmax 8L>
+ + K8 Liax + vt ( = + =) + p8L+
p( nL ( B) t<L+Ft+1p pn pa p

2 872w L max
+/\( ( + p>L+Twna>+9t+1—1) Dy(2',y")

L ~ 2 4 2 22
+ (272 + Kdp (1 + g) L? + papL® + A <2p <1 + Tp> L? + LT”‘” )) E, [||g:t+1 _ ymm

, -
_ pet;lLEt |:Hut+1 _ ut’ﬂ

+u(1- %) ! — |

éLQ _ t ty (|2
(vt () o m) I s
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+ (p2p+ 2 (1= 2)) o' = Vs

2 2 n
2pw 2w Yet1 27w B 1 ‘ 12
— — | — A 1-= — hi —Vf; .
+<nL+¢%n(L+FHMJ +A— +H< 5 nZ;HZ Fi(2N)||

Using 2/ — ¢y = 0,1 (u'™' — w'), we get (we mark the changes with color)

Tl [T AE ]
i=1

E, [f(zt-i-l) _ f(.’IJ*)] + KE, + 1B, |:Hwt+1 _ ut+1H2:|

e 7 = D] 0 [~ ]
< (L =pbyyr) (F(2") = f(a))

L+T . L+T )
PO ( 2%;# ut — & H2 _ ﬁ}gt {||ut+1 —z ||2D

4w Linax ? (4wLmax 8L
() ) (S ) o

nL B L+Tip pn

2 872w Linax
+ A (4 (1 + f) L+ Wna> F Oy — 1) Dy (2t )

, [pL P = : 2\ , Apriwl?
+ GfH ([)2 + Kkdp (1 + 1;> L? + pApL? + X <2p <1 + [)> L? + PT>> E, {HutJrl — ’wt‘ﬂ

T n

, -

B Pet;LEt [Hutﬂ _ ut’ﬂ
!

o (1= 9t =t

é _ 4 ’ _ t ty (|2
+<Vta (E+Ft+1u> +p(1 p)) |k — V()|

+ (p2p+)\ (1 - g)) Hvt - Vf(zt)H2

2pw 2w Vi1 ? 272w 8 N ]2
—_— — [ — A 1-= = h; =V f; :
+<nL+utn(L+FmM> e C n;Hz £i(2H|)

The inequality (17) implies [|u'™! — th2 < 2|juttt — utH2 +2]jut — wt|* and

LS it - e P
=1

E; [f(z"T1) = f(2*)] + KE;

+ i, [Hwt"rl - u”’lHQ}

+ B[R = TLEH|]  XE ([t = W]
< (1 —pbiy1) (f(zt) - f(fﬂ*))

LA+Tyy 2 L+Tiap [ 41w QD
_ _ 2T PR _
o (BT ot g - B Dot [ e

4C‘)Lmax p Ye+1 ) 2 (4WLmax SL)
+ =—— + K8 |1+ = | Lpax + 1 | = +— | +p8L+
p( nl ( ﬁ) ' <L+Ft+1u m )’

2 872wy
Y (4 (1 n f) L+ Twn> 01 — 1) Dy (2t y' ™)

. nL 1 . . 9 . Apr2 Zz ] )
+202,, <"2 + rdp (1 + f;) L2 4 pApL? + A <2p <1 + Tp> 124 2 >> By [[utt = o]

-
B petérlLEt [Hut-s—l _ ut’ﬂ
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, (pL P\ - f 2\ o 4priwl? v f
+ 2ﬁf+1 P +rdp (1 + P12 +papL2 + X 2p( 1+ P 2 + T + 1y (1 — g) Hwt — ufH2
2 I5) T n 2
2
)2

w (opar (1)) ot - v s P

2pw 2w Vi1 2 27’20.) ¢
(5 oo () e (1)) (R m- vt

Now, we want to find appropriate x, p, A, and v, such that

L Apr2wI? « «
202, <p2+I<&4p(1+Z)L2+p4pL2+)\<2p<1+ )LQ-l—pn>>+ut(l—2) §ut(1—z)7

4 Vit1 2 p
L Vg <p(1-2),
v <L+Ft+1,u +p(l=p)<p 5

(-5 (-5,

2pw 2w Yit1 2 272w B8 Ié]
ey p 1-2)<uf(1-2
A (L+qu tAT Tt 2) =" 4

We analyze inequalities (46) in the following lemma:

(46)

Lemma E.10 (First Symbolically Computed). Assume that for the parameter L, the inequalities
from Sections I and J hold. Then, for all t > 0, exists p in (90), k in (88), X in (82), and vy in (83)
such that (46) holds.

We proof lemma separately in Section G. Using the lemma, we have

E; [f(zt+1) — f(z )] + kE, - ; ||hi+1 _ Vfi(ZtH)H

+ v Ky [Hwt—H — ut_HHQ}

B[R = TEH|]  XE ([t = W]
< (1= pbrar) (f(') = f ()

L +T w2 L +T N2
o (S fut = ot R [ -] )
2741 2%41
4WLmax P Ye+1 )2 (4WLmax 8L)
+ + K8 Limax + v | = +— ) + p8L+
p( nL ( B) t(L—&-FtH,u pn pa P

2 872w Lmax
A (4 (1 + Tp) L+ T“ﬂ‘“‘) O — 1) Dy (2t yt )

L 2 4 2 EQ
+20t+1 (])2 + kdp <1+ 5) 12 + pApL? + X <2p <1+ >L2 PT;’)) E, [Hut*l 7ut|ﬂ
02,

p
P, [[lut+t — o]
o (1-5) [ —u !!2

o (=) K - v
a1 T)Wﬁfo i

en(1-5) (A3 -wser).
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Let us separately analyze the terms w.r.t. D¢(z%, y'™1) and E; [Hu“’l —ul HQ}:

Lemma E.11 (Second Symbolically Computed). Consider the parameters p, k, \, and vy from
Lemma E.10. Assume that for the parameter L, the inequalities from Sections L and N hold, and the
step size 0,11 < 1/a for allt > 0. Then, for all t > 0, the following inequalities are satisfied:

4w Loy ? (AwLmax 8L
p(wa +,{8(1+p)Lmax+%< Vel ) (w a +m)+p8L+

L L+T
n B i +Lrp pn @)
2 8 Lmax
+ A (4 (1 + p) L+ ”") + 0041 — 1) Dyt yt*1) <0
T n
and
L ~ 2 4 2 EQ
207, <p2 + kdp (1 + g) L? + pApL? + \ <2p (1 + f) 2 anw)) E, [Hut—H _ “tHQ}
62, L
_ pt%Et [Hut+1 -~ utHz} <o.
(43)

We prove Lemma E.11 in Section H. Using the lemma, we get

1 - t+1 (1Y ]2
ng [ PG
+ oE, |:Hkt+1 _ vf(ztﬂ)’ﬂ + AR, |:Hvt+1 _ Vf(ZtH)Hz}

< (1= pleir) (F(2) = f(2"))

E+Ft/’6 t
+p9t+1( 2741 Hu v
«
+u(1- Z) [t — |
+o(1=2) |kt = Vi)

A (1= ) et = Vi)

en(1-3) (A3t waele).

Note that 0 < 14,1 < 1y forall ¢ > 0, since 6,1 is a non-increasing sequence (see Lemma E.1 and
the definition of v; in (83)). Using

LS i - )
=1

O 8 = T A o~

E; [f(z"1!) — f(2*)] + KEq

+ uE, [Hwt+1 _ ut+1||2}

o L +T %
- t+1M]Et [Hutﬂ =
2941

QD

)

1
0t+1 S 1 min {1,

SAES)

o T
p'p

for all ¢ > 0, we obtain

E, [f(zt+1) _ f(x*):l + KE, + VtJrlEt |:Hwt+1 o ut+1||21|

2

< (1= pbis1) (f(zt) SRACE (711 Z i — Vfi(zt)H2> + vy [’ — |
+ o[k =TI+ Al Vf(zt)||2>
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L+ T Hut g
29441

|2 B E+Ft+1M]Et [Hut-H e

PP ( 29441

2D

+ vy [Hwt+1 _ ut+1||2}

Let us multiply the inequality by 79“111 :

LSt - v

=1

;5;11 <]Et [f(ZHl) - f(l'*)] + klEq

+pE,; {Hk;t+1 . Vf(ZH—l)Hz} 4R, {Hvt-i-l - Vf(zt"'l)HQ})
< (;9:_11 - ’Yt+1> (f(zt) _ f(x*) +x (:L é th . sz(zt)H?) U Hwt _ utH2

+pl|k" — Vf(zt)||2 + Aot - Vf(zt)||2>

L+T L+T
" < +2 tH Hut . x*HQ L+ 2t+1NEt {Hu”l _ x*H?}

It is left to use that I'y 1 := I'y + 741 and v441 = pOiy1T41 (see Lemma E.1) and take the full
expectation to obtain (45).

In the proof we require that, for the parameter L, the inequalities from Sections I, J, L and N hold.
In Section O, we show that these inequalities follow from (44). ]

E.5 Strongly-convex case
Theorem E.12. Suppose that Assumptions 1.2, 1.1, 1.3, 2.4 hold. Let

L Lp vV LLmaxp\/UJT VLLmaXfVWT Lmaxwp Lmaxw (49)
@ OéT’ Oéﬁ\/i ) a\ff ) 62 ) n )

B = %‘l’l7 Omin = 4mln{l7 Tt g},h? = V£i(2°) foralli € [n], w® = u° k° = Vf(29),
v =V f(2°), and Ty > 1. Then Algorithm | guarantees that

(1)~ £ + 58 [Ju” — o] < 2e0 (-5 ) (0162 = 1) + (52 4] [0 = ).

L = 660508 x max{

(50)
where
=2 X 660508><
e \/LLmaX (w + 1)y/w VLLpaxvVw + 1W/wT [ Lpaxw(w +1)2p | Lipaxw
X ) 9 )
app” \| arp’ /Py n npp
11
- 1
o’ T’ (w+1), p}

Remark E.13. Up to a constant factor of 2, one can see that the optimal I'g in (50) from Theo-
rem E.12 equals I'y = L/u. But the dependence on Iy is under the logarithm, so if the dependence
on the logarithm is not critical, one can take any I'g > 1.

Proof. All conditions from Theorem E.9 are satisfied. Let us sum the inequality (45) for ¢ = 0 to
T—-1:

ZHhT vAED|
ok [Hkuw ] + B {nv -viEnI))

oy (E [FG7) = £(a™)] +#E +urE [[lu” - o)
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+ wE [[|w® - u|]

Z||h° Vi)
+ B [[[K0 = VO] + 2B [0 - V£ })

# (R [l - o] - R [ -] )

<Ty (E [f(z°) = f(z*)] + KE

Using the initial conditions and the non-negativity of the terms, we get

E"’FO/}: Huo—x* 2.

TrE [f(z7) = f(z*)] + FT—ME [HUT -z

2 *
: *] <To (%) = r@) +
Using Lemma E. 1, we have

E [f(zT) — f(m*)] + %]E {HuT —z* 2}

< exp (—Tmin {\/g,peminb (2 (f(z°) = f(=) + (1“LO + u) [|u® — z*|’2> .

It is left to use the definitions of L and fyin. O]

E.6 General convex case

Let us use Theorem E.9 to analyze the general convex case (i can possibly be equal to zero):
Theorem E.14. Suppose that Assumptions 1.2, 1.1, 1.3, 2.4 hold. Let

L Lp mp\/UJT \/TW\/»VWT Lmaxwp Lmaxw (51)
o’ ar’ afyn 7 ay/Byn T P 7o ’
B = Shp O = min{1,2, 2,24 00 = V(0 foralli € [n], w® = u, B = V (),

W =V f(2°),and Ty € [1,L/L]. Then Algorithm I returns e-solution, i.e., E [f(zT)] — f(z*) <e¢,
after

= 660508 x max{

PUmin

1 E”zofz* 2 E||zofz*||2 1
) 1Og Toe ’ € < PO%in
T = (52)

02 .
o Inax{ﬁlgrpez ) }-i—Q lzwl>, otherwise

min

iterations, where

6 L [L |VILpax(w+1)ywr |VILmaxVw + 1W/aT \/ maxw(w + 1)2 Lmaxw
Q'_ max O(7p7 aa a\/ﬁ ) Oé\/ﬁ\/ﬁ

Remark E.15. One can see that the optimal I'g in (52) from Theorem E.14 equals I'y = E/ L. But the
dependence on I'g is under the logarithm, so if the dependence on the logarithm is not critical, one
can take any I'y € [1, L/L].

Proof. All conditions from Theorem E.9 are satisfied. Let us sum the inequality (45) for ¢ = 0 to
T—-1:

ZHhT VA | + vk [fu” — "]

T pE [HkT—Vf(z 7] +AE[HU - ViEDI)

Z [ = V£

I'r (E [f(zT) = f(z*)] + &E

<Ty (E [f(z°) = f(z*)] + KE +V()E{|‘w0—u0||2}
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+ oE [||/<:0—Vf(zo)|| } +A]E[|\v — VIR })
+ (E+FOME [Huo -z 2}) .

L+T
2} _ Al e ) [HUT —z"
2
Using the initial conditions, the non-negativity of the terms, and Ty < L/, we get

2

DoE [f(z7) - fa")] < Lt Toit o _ o ?

—
(=)

(F(=) = F(a*)) +
(F(°) = f@)) +L|2" ="

Using the L—smoothness and p < L < L, we have

L

IN
~

ToR [f(z7) = f(a)] < L||2° — a*||* + L||2° — 2*||> < 2L ||2° — =" ||”.
Using Lemma E. 1, we have

{Fg“exg(tpﬁmm)E[f(zT) f@)] < 2L —a|?,
MEAE [f(T) = fa*)] < 2L |2 =",

| S|

~ o+
[(AVARWAN

where ¢ := max { [pf log W-‘ ,O} . The last inequalities guarantees that Algorithm 1 re-

min

turns e-solution after (52) iterations.

O
E.7 Choosing optimal parameters
Theorem 5.2. Choose r € [0,1] and let pl, , = 7(1—r)12i+r1(a' In view of Theorem 5.1, the
values p = min {%ﬂ, ﬁ} and T = ﬁ minimize Lmairg[ll}L(,nL] m” . This choice leads to the

following number of communication rounds:

Trealistic — é (max {\/Lmax{“;‘i';’#a,a}’ Lmaxw ma);*{‘tw+1a#5,a} 7 é: (OJ + 1)7 ,U':),a }) ] (13)

The total communication complexity thus equals m”, . = © (1 — 1)Ky + 1Kq) These + d) -

Proof. We implicitly assume that p € (0, 1] and 7 € (0, 1]. Using (12) and (4), we have

new

argmin_ max m’ =argmin  max O ((1—7r)K,T +7r (K, +pd)T).
gP,T Lyax€[L,nL] %’T Linax€|L,nL] (( ) w ( a p) )

Note that only T" depends on L,,,x and 7. We have

min max T
T  Lmax€[L,nL]

(19 ( {\/ \/ \/\/LTWWU,/ -
=" min max max 5
T Lmax€[L,nL] app” \| arp’ vn,

\/mmm\/mxwﬂ \/Lmaxw LA
ay/py/np T r

e Lw+1)yw LVw+1ywr [Lww+1)?2p [Lw
= X ) A T
ap” \[ arp’ a\/pp % D

1

a’

,(w+1), p})

\HH
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The last term attains the minimum when

i 1 P 53
T_mln{w+1,<w+1)2/3}. (53)

Therefore, we get

T' := min max
T  Lmax€[L, nL

Lwt+1) Lot 1) Lot 1) [Lo 1 1)
= max 1/3 3 > 7777(("}4»1)77 3
ap,u ap-/°p 1 pu « p

where we use that

2/3
1_max{w+1,(w;r1/1:3} Smax{w+l,§(w+l)+3lp}_@<max{(w+l),1}).

T p

It is left to find

arg min (min max m:cw> —argmin© (1 — 1)K, T + 1 (Ks + pd) T')
j2 T LmaxE[Lan] P

—argmin© (A x T + B x pT"), (55)
P

where A := (1 —r)K, + rK, > 0and B := rd > 0. Note that A and B do not depend on p. If
p > 4/B, then © (AT" + BpT') = © (BpT"). The term pI” is non-decreasing function w.r.t. p.
For p > 4/B, it means that an optimal point p = 4/B. Thus the argmin (55) is equivalent to

argmin© (A x T' 4+ B x pI") = argmin © (T")
pEQo pEQo

where Qo := {p | p < %} . Thus, we have

~ L L 1 L 1)2/3 L 1)2 Lw 1 1
argmin © | max _— Cha ), (w-|1-3) , wiw+1) p’ lv*a(erl),* .
PEQo app ap apt/3u 1t pp’ p

The next observation is that this argmin is non-decreasing when p > 1/w+1. It means that the min-

imum attains at some point p € Q1 = {p|p < Yw+1,p € Qo}. Using this information, we
can eliminate the redundant terms (for instance, A,/ Llwtl) < A,/-L for p € Q) and get an
ap app

equivalent argmin

.o~ Lw 1 1
arg min © | max —_— ==
PEQ) ap.“ pp’a’p

The last term attains the minimum at

. 1 A
p—mln{w_i_l,B}. (56)
Using (56) and (53), an optimal 7 is
1/3
D
T= 7@; 1 57)

We substitute (56) and (57) to (10) and obtain (13). We use Lemma 1.4 to eliminate the redundant
terms. Note that u/, , := B/A.

Using (12) and (56), we have

m (1 - T)K redllxl|c + T (K + pd) realistic + d

realistic
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- K, +rK,
rd

1
< (1 - T)KwTrealisnc +r (Ka + ( d) Teiic +

2(1 - T)K Teaisic + 2r Ko T s + d.
Note that
mrialislic = (1 - T)K Tesiic +7 (K + pd) reatisic + @
> (1 - T)Kwreunsﬁc + KT e + d.

O

Theorem 5.4. Choose r € [0, 1], and let ], , = (14);;7‘1%. Inview of Theorem 5.1, the values

p and T given by (63) and (58), respectively, minimize wm_  from (10). This choice leads to the
following number of communication rounds:

ToPlimislic — ~ max L max{l Mw Oz} L2/3L11H/43X w + 1) L1/2L11ﬂ/d2x(w + 1)3/2
anl/3y, ’ vanp ’

Lmaxwmax{w + 1, u7, a} 1 -
\/ (W 1), poa |-
nu Ta’

optimistic @ (((1 - T)K"J + TKOC) CZ—Z)p‘imiSliC + d) .

(14)

The total communication complexity thus equals m’

Proof. We implicitly assume that p € (0,1] and 7 € (0, 1]. We start the proof as in Theorem 5.2.
Using (12) and (4), we have

argminm’, = argmin© ((1 — 1)K, T + 7 (Ko 4+ pd) T) .
P, p,T
Unlike Theorem 5.2, we know the ratio Lmax/L, thus

min 7T’
T

(@)mln(:)(max{%w \/aw \/\TLmawa)F’

vV LLpyaxvVw + 1\/w7' Lipaxw(w + 1)2 Lpaxw 1 1 (w+1) 1
Z 2 (w -
anLL b) a’ 7_7 b p

ay/pynp
The last term attains the minimum when
) n \ Y3 . 1 pl/3
T:mm{l,(LmaX) mln{w+1’(w+1)2/3} . (58)

Therefore, we get
T = mln T

_5 L3Lifd(w+1)  [LPLia(@+ D L@+ 1P (L 11 (59)
Hax app’ anl/3y ’ anl/3pl/3y ’ nu "N npu ’E’w+ ()

It is left to find

arg min (mm mnew) —argmin© ((1 — 1)K, T + 1 (Ko + pd) T')
p P

= arg min © (AxT' + B xpT"), (60)
P

where A := (1 —r)K, +rK, > 0and B := rd > 0. Note that A and B do not depend on p. If
p > 4/B, then © (AT’ + BpT') = © (BpT’) . The term pT”’ is non-decreasing function w.r.t. p.
For p > 4/B, it means that an optimal point p = 4/B. Thus the argmin (60) is equivalent to

argmin© (A x T' 4+ B x pI") = argmin © (T")
PEQo pEQo
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where Qo := {p|p < 4} . Next, we have

arg min © (T”)
PEQo
= arg min
PEQo
LBLR (w+1) | L2BLR (w0 + 1?3 |Lpaxw(@+ 12 |Luaxw 1 1
max 5 3 5 777(w+1)57 .
app’ anl/3y anl/3pl/3y nu npu D
(61)
Forp > (LL’:X) 47> using Lemma 1.4, we have p > 15,
L _ [Pl +1)
app anl/3y ’
L2 Lifax(w + 13 _ [ L2/ Lifas(w + 1)
anl/3pt/3y, anl/3
npp = np
U (Luax\"°
- < 1) < 1).
p‘(Ln) (w+1) < (w+1)

Lmax

1/3
argmin® | max | | EC L@+ D) Lol £ 1% 1
peQo anl/3y ’ nu o’

Since all terms are non-increasing functions of p, the minimum is attained at a point p =

1/3 1/3
(Li::x) oy forallp > ( max) %—&-1 Let us define

n \* 1
= < i )
Q1 {p p < <Lmax> w+1,p€Qo}

The last observation means that the argmin (61) is equivalent to

1/3
It means that for p > ( Ln ) > +1 , the argmin (61) is equivalent to

arg min
PEQ1

L2/3L11n/j’X +1) L2/3L11n/:§x( 1)2/3 Linaxw(w + 1)2p Lowew 1 1
max app’ ant/3y ) anl/3pi/3y, ; " ) et (w+1), ;
Q L Lm X 1)2 Lm < 1 1
= argmin@ max U] = w(w + ) pa " wa (W + 1) ) (62)
PEQ1 app np npp o’

1/3
where we eliminate the redundant terms using the additional information p < ( Ln ) L In

particular,
L2/3 Lafa(w + 1) LRI w+128 [
anl/3y ant/3pl/3y S\ apn

39

’U




1/3
for all p < ( Ln ) = +1 Without the condition p € ()1, the argmin (62) attains the minimum at

LI[laX
X 1 Ln \'/? 1
= max .
P 0t 1 \Lnae ) Valw + 1)372

Considering the condition p € Q1 and y, , := B/A, we have

min ¢ 1 ! n \'* 1 ma: 1 L\ L (63)
pr— X )
p ’ H’L,a, Lmax w+1, UJ+1’ Lmax \/E(W‘Fl)g/Q

It is left carefully to substitute (63) to

{5 v e03))

and obtain (14). The proof of m”, . = O (((1 — ) K, 4 rKqa) Thu) is the same as in Theo-
rem 5.2. O

a point

E.8 Comparison with EF21 + DIANA

J— T
redllsuc - O (mEFZI—P+DIANA) .

Theorem 6.1. Forallr € [0,1], m

Proof. Using the inequality of arithmetic and geometric means, i.e., \/Ty < %"y forall z,y > 0,
and L > u, we have

P L{w+1 Lyaxw(w +1 L:U’Z/a Lmaxw“aa 1
m,’;au,m=9<KLa<\/( )+\/ ( )+\/ 2+ 2y —twtp, | +d
: ap np ap np a :
A L Lmax LZ)a Lmaxw Z;a
O<K2a<+ w+w+\/ Ho, +\/ o, +,u:,a>+d>.
Y\ ap nu ap nu '

From the definition of yf, , := 4/Kk, ,, we get

L Linox LK , xrd LipaxwK? , X rd
mre\hsua = O( w,a ( + axt + w) + (\/ ad + \/ 2 + Td) + d) .
ap n ap ny

Using the inequality of arithmetic and geometric means again and r < 1, we obtain

L Lm x L Lmax
mm,mc—(9< w<+aw+w>+K’" ( +w>+d>.
o nuy afL o

6 (m:FZI—P+D[ANA) for all T e [0’ 1]' D

The last equality means that m’,

realistic

E.9 Comparison with AGD

Theorem 6.2. Forall r € [0, 1] and for all K € [d], let us take the RandK and TopK compressors
with the parameters (expected densities) i) K,, = K and K,, = min{[1-7/+K|,d} for r € [0,1/2],
ii) K, = min{[7/1—+K,d} and K, = K forr € (}/2,1]. Then we have m” .. = O (M,qp) -

realistic

Proof. Consider that r € [0,1/2], then K, = K, K, = min{[1-"/rK, d}. Therefore, we have
K, =0-7rK,+rK, <(1—-7r)K+r[1-r/rK] <3(1 -7)K
and

K, = 1-mK,+rK,>(1-r)K.
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rd rd

Using this observation, we obtain p, , := R < @or . Note that & > Ko/d and w <

w < £ — 1. We substitute the

3
=
[t
IN
2 Al

d/k,, — 1 for TopK and RandK. Thus o > mm{ P
bounds to (16) and obtain

~ TL d max d
M e O<1_T (\/7\/7 (1=r)p K\/ﬁ 1—rK KT (1—7”) >+d>

Since r € [0,1/2] and K < d, one can easily show that

%) L Lnax
mrialislic =0|dy[—+d +d|.
1% ny

It is left to use Lemma 1.4, to getm”, = O (d\[ ) O (m,) forall r € [0,1/2].

Assume that r € (1/2, 1], then K, = min{["/1-rK],d} and K, = K. Using the same reasoning,
we have

Ko =0-7r)K,+7rKy <(1—7)[7/1-rK] + 71K < 3rK,
K, =0-rK,+rK,>rK,
» _rd < d
lu’w,Oé T K57a — K’

a>§andw<max{(l_r)d71}—1.

rK

By substituting these inequalities to (16), we obtain

max d d
m;’e‘alisuc ( ( “ “ w T + ) + K) + d)

Using Lemma 1.4, one can easily show that m”, = O ( 7) O (myep) forall 7 € (1/2,1].

F Auxillary Inequalities For L

We now prove useful bounds for L.

Lemma F.1 (Auxillary Inequalities). Assume that the constraint (44) hold, and a constant ¢ =
660508. Then

T Lmaxwp2 T Lmaxwp = Lmaxw
—_— L>c——— 65 L>c——
L>c P (64) > = (65) >

n

T \% LLmaxp\/"F (67) Z/ > Vv L-Lrnax\/ﬁ\/(*'-7 (68) Z/ > e \% L-erlam\/f)\/(*‘7

L>c NG 7CW > o
_ _ LpJwr __ Lypyer NN
L>c NG (70) L>c NG (71) L> e
N __ Lypye
L>c fﬂf (73) L>c \/a\/B\/ﬁ (74)
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- Lpy/w _ L./pw
Lz e (75) Lze (76)
L>cl 77) L (78) L>
(0% aT

a?f2nr? a?fnT?

~ 1/3 ~ o\ 1/3
2, .4 2,3
L >c (LLU)I)) (80) L > (Lpr> (81)

Proof. The inequalities (64) and (66) follow from (44). The inequality (65) follows from (64) and

(66):

2 B%n 2 n

bn n 2 E—Fi

The inequalities (67) and (68) follow from (44). The inequality (69) follows from (68) and 3 €

(0,1]:
V maxf \/ wT V maxf \/ wT
Using Lemma 1.4, (67), (68), and (69), the 1nequalities (70), (71) and (72) follow from

\/LLmaXp\/UJT Lp\/(UT

EZC

L

I \/

afyn = Capyn
oo VILmwBV&T _ LyBver
=T avBve T TavBve
. VL /357 | Lyp/ar
N

Next, using Lemma 1.4, and m > J/xy for all z,y > 0, the inequality (73) follows from

L 20 (44)
CLP\/<TJ<\/TWP\F§EX£+EXLma;pw§
Vapyn = apyn T2 a 27 B
The inequality (74) follows from
L\[\/ﬁ \/ maxf\/i < E « £ + E % Lmaxpw (44)<,(65) E
“VavB f vayByn T2 a2 Bn =

The inequalities (75) and (76) follow from (73), (74), and « € (0, 1] :
LpV/w < Lpy/w

Lz g m 2 aym
e VB LYVE
f\f\f NN

The inequalities (77) and (78) follow from (44), and (79) follows from (77) and « € (0, 1]. Using
Lemma 1.4, and £+ > (2y2)'/3 for all z,y, z > 0, the inequalities (80) and (81) follows from

~ 1/3
LL?wp* < L?Laxwp? 1/3 <€y Lp LSy Lp + ¢
c| ——=— c| —2—— e — — 4=
o?B2n712 - a2B32n72 -3 ar 3 3 B2n -

a?fnT? a?fnT? ar 3 ar 3 Bn

~ 1/3 1/3
2 3 2 3 (44),(65) _
(LL wp ) (L Lpaxwp ) g P c Lp ¢ X Lyaxwp A09)

42

Linaxwp® 44 -

)

(79)



G Proof of Lemma E.10 (First Symbolically Computed)

We use the notations from the proof of Theorem E.9.

Lemma E.10 (First Symbolically Computed). Assume that for the parameter L, the inequalities
from Sections I and J hold. Then, for all t > 0, exists p in (90), k in (88), X in (82), and vy in (83)
such that (46) holds.

Proof. The inequalities (46) are equivalent to

867 L - 9 dpr2wl2
el <p+ﬁ4p(1+g> L2+p4pL2+)\<2p(l+p> L2+W>> <u,
T

a 2 n
2
,/ti <%+1) < p,
ap \L+Tii1p

8p

pP— S )\a
T
8pw 8w Vi1 2 872w
t+
— 4ty — | = + A < K.
nLB ' 'np <L+Ft+1u) ng =
Let us take
8
A= pP (82)

T

to ensure that the third inequality holds. It left to find the parameters such that

802, (pL = 8 2 dpriwl?
b1 <p+K4p<1+p) L2+p4pL2+p7p 2p<1+f) LM—% <,

« 2 I}
2
L8 (%H) <),
ap \L+Tipip
Spw Sw Vi1 >2 Sp 872w
—t—|=—] +tp—- < kK.
nLp " 'np (L+Ft+1u P g =

Let us take
v = 07110k, p), (83)
where we additionally define

o 8 (L - 8 2 4pr2wL?
VEV(K,p)IZO((pQ+K4p<1+g>L2+p4pL2—‘rpf <2p<1+ p)L2—|—pTw>>,

T

n
(84)
to ensure that the first inequality holds. It left to find the parameters « and p such that
~ 8 ( b\
I/(Ii, p)f <— S P,
ap \L+T1p
Spw 8w 0 2 Sp 872w
D +u(/<;7p)<%+1 t+1 ) pﬁ_ <
nLpB nB \L+Tipp T np
. Y410t 41 Y410t 41 1 e :
Using Lemma E.1, we have o < [iTen < 7 S0 itis sufficient to show that stronger
inequalities hold:
v(k, — <p, 85
V(K p)oépL2 <p (85)
S8pw 8w 8p 871w
shadl  p)—= - < K. 86
nLﬂ—i_V(KJ p)nﬂL2+pT ng =0 (86)
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From this point all formulas in this lemma are generated by the script from Section P (see Section 4
in Section P). We use the SymPy library (Meurer et al., 2017).

Using the definition of 7, the left hand side of (86) equals

2048L%wp3p  1024L%wp?p  256L%wpp  32Lwp

L2afBnT? L2aBnT L2afBn L2afn (87)
256ﬁ2wp 256i2wp2 64wppr  8wp 4 20481i2w2p2p7'
K — — — —
L2afn L2af%n Bn Lan L2afn?

where we grouped the terms w.r.t. ». Let us take L such that the bracket is less or equal to 1/2. We
define the constraints in Section I. Therefore, (86) holds if

_4096L2wp3p 2048L%wp?p  512L%wpp  64Lwp  128wppr  16wp 4096ﬁ2w2p2p7

A L2aBnr? L2afBnt L2afn L2afn Bn Lin L2afn?
(88)

Using the definition of 7 and k, the left hand side of (85) equals

32L  16384LL%wp  16384LL2%wp>

L2a2 L4a3pn L4a352n
2048L2%p%  1024L2%p  256L%  1048576L2L2wp®  524288L2L2wp>
L2a272 L2a2T L2a? L4a3pnr? L4a3BnT
131072L212wp  1048576L2L%wp*  524288L2[ %wp® (89)
L4a3pn L4a332nr2 La352%nr
131072L2L2wp®  2048L2wpr  32768L%wpr  32768L2wp?T
L4a3/32n L2a2n L2a2fn L2a252n
1048576 L4w2p2r 1048576 L4w?pir 4096L%wp 4096 L2wp?
fj4a3I8n2 E4a3ﬁ2n2 E3a2ﬁn E302/62n ’

where we grouped the terms w.r.t. p. Let us take L such that the bracket is less or equal to 1/2. We
define the constraints in Section J. Therefore, (85) holds if

64L  32768LL%wp 32768LL2wp®  8192L%wp 81921 2%wp?
o

[ _ _ — - . 90
L2a2 L*a3fn L*a332n L3a28n L3a232n ©0)

Finally, under the constraints from Sections I and J on L, the choices of parameters (90), (88), (83)
and (82) insure that (46) holds.

H Proof of Lemma E.11 (Second Symbolically Computed)

We use the notations from the proof of Theorem E.9.

Lemma E.11 (Second Symbolically Computed). Consider the parameters p, k, A, and v, from
Lemma E.10. Assume that for the parameter L, the inequalities from Sections L and N hold, and the
step size Oy11 < Yaforallt > 0. Then, for all t > 0, the following inequalities are satisfied:

4WLmax p Y41 ) 2 (4WLmax 8L)
2 4 k8 (14 = ) Linax + 14 | = + — ) + p8L+
p( nL ( 5) * t<L-FFH1M pn pa) 7

2 872w Lmax
A (4 (1 + Tp) L+ ”‘;a) O — 1) Dy(2t, ) <0

(47)
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and

L dpr2wl?
29?“(]92“41»( B)L2+p4pL2+A<zp(1+ )L2 T))g“@ﬂlutﬂ

-
B pet;lLEt [Hut-s—l _ ut’ﬂ <0

(43)
Proof. Since p > 0 and D (2%, y"*) > 0 for all ¢ > 0, the inequality (47) is satisfied if
4fWLmax p Yt+1 )2 <4WLmax 8L>
—— + K81+ = | Lpax + ¢ | = + p8L+
nlL ( B) ! <L—|—Ft+1u n po P
2 872w Linax
+/\(4(1+p)L+W> Y1 —1<0.
T n
Note that 0;1 < i for all t > 0. Therefore, it is sufficient to show that
4WLm‘1x ’Yt-&-l > 2 <4WLmax 8L>
+ K8 Liax + v | = + — ) + p8L+
nL ( 5) : t<L+Ft+1u o pa)”
2 2 Lmax
+/\(4(1+ p)L+8T © > <3
n 4’
In the view of (83), we have to show that
4 Lmax —~ 0 4 Lmax 8L
W +n8<1+p>LmaX+y<_%H t“) (w >+p8L+
nL B L+Tiap pa
2 2 Lmax
+>\<4(1+p)L+8TW> <3
T n 4
Using Lemma E.1, we have Zt:liilr; < %L++1 lszl <1 +, so it is sufficient to show that
4w L ax v 4(,L)LmaLx 8L
+ K8 Liax + = + p8L+
nL 6 L2 pn pa o)

2 2 Lmax
+A<4<1+p>L+8”’> <3
T n 4

From this point all formulas in this lemma are generated by the script from Section P (see Section 5
in Section P).

Let us substitute (90), (88), (82), and (84) to the last inequality and obtain the inequality from
Section K. The conditions from Section L insure that the inequality from Section K holds. It left to

prove (48). Since p > 0, |, [HutJrl - utHQ} > 0and 67,, > 0 for all t > 0, the inequality (48)

holds if
4 (L ~ 2 47202
Sl rra(1+ V2 a2 (2(1+ 2 )24 Y <1 (92
L\2 53 T n

Let us substitute (90), (88) and (82) to the last inequality and obtain the inequality from Section M.
The inequality from Section M holds if L satisfy the inequalities from Section N. O

I Symbolically Computed Constraints for L Such That The Term w.r.t.  is
less or equal /2 in (87)

72, .2
256 L wp <

1
O <2 (94
L2aB?n — 4 ©4)

45



J Symbolically Computed Constraints for L Such That The Term w.r.t. p is

less or equal /2 in (89)

256L2 1 1024L%p 1
T2z < 28 95) T2a2r < 28 (96)
2048L%wpr 1 32768 L2wpr 1
L2a2n = 28 ©8) L2a26n = 28 ©9)
131972L2£2wp gi (100 131972L2E2wp2 gi (102)
L*a3fn 28 L*a33%n 28
104@576i4w2p3r - 1 (104 524g88L2£2wp2 - 1 (105)
L*a332n?2 28 L*a3Bnt 28
104&}576L2i2wp3 - 1 10m 104?57§L2i2wp4 - 1 (108)
L*a3pBnT? 28 L*a33%n7? 28
K Symbolically Computed Expression (91)
54412  16384L*  ALyaxw
L2a? Lot Ln
N 2048L%p  4096L*p*  65536L"p
L2a2T L2272 LiatT
131072042  16LLpaxw 128 Lpaxwp
Lia4r? L2an Ljn
128 Liaxwp?®  8192L3Lyaxw  512L L axwp
L3%n L4a3n L2afn
512L Linaxwp® 2048 Lmax L2w?p 2048 Lax L2w?p?
L2a832n L3afn? L3aB2n?2
4096 L LmaxwpT  32768L3Lipaxwp  65536L3 Loaxwp?
L2a2n Lia3nT LiaBnT?
69632LL2wp  69632LL2%wp?  131072L2L2wpr
L3a2fn L3a23%n Liain
26214413 Linaxwp 26214413 Lypaxwp® 278528 L2 L%wp
L4a3p8n L4a332n L4a3pn
278528 L2 L2wp?  2097152L3L2wp  2097152L3 L2wp?
L4a3B32n L5a48n L5a432n
16777216 L4L%wp  16777216L4L2wp? 1073741824 L3 LAw?p?
E%f’ﬁn E6a5lg2n f/70z5,64n2
1073741824L3 LAw?p?  2147483648L3L4w?p? 4294967296 L* L4w?p?
L7a5 322 L7a533n2 L85 34n2
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2048L2p% 1
it 7
L2072 — 28 N
32768L%wp?r 1
- < — 100
L20282n  — 28 (100)
1048576 L4w?p? 1
0 8_576 wpT <1 o3
L*a3Bn? 28
524288L2[%wp® 1
veszeol Lrwp < —  (106)
L*a332nT 28



4294967296 L4 L4w?p?  8589934592L4L4w2p3  8192L Lynax L2w?p

L3a532n2 L3a533n2 L4a25n?
8192I1Lmaxﬁ2w2p2 65536 L Ly axwpT 65536LLmaxwp27
L4a232n2 E%ﬂﬁn L2a2B32n
N 65536[:Lmaxf/2w2p7' 262}44L£2wp2 26%144Lﬁ2wp3
L4a3n? L3a28Bnt L3a283%nt
524288LL2wp®  524288LL%wp? 524288 Lyyax L2w?p?T
L3a2Bnr2 L3a232nr2 L3a28n?
524288 Linax L2w?p37  1048576L3 Liaxwp? 1048576 L3 Lyyaxwp®
L3a2/32n2 L*a3fnT L*a3p2nr
1048576 L2L%wp?  1048576L2L2wp®  1048576L2Lyax L2w?p
L4a3Bnt LAa3B2nr L5a38n?
2097152L3 Liaxwp® 20971523 Lopaswp?  2097152L2 L2wpr
L*a3fnT? L*a332n712 L4 fn
2097152L2L2wpr  2097152L2L2wp®  2097152L2L2wp?
L4a452n L4a3pnr? L4a332nr2
8388608L3L2wp?  8388608L3L2wp®  8388608LA3 Lyax L2w?p
L5aAAnT Lb5oAB2nT Lba4n?
8388608 Linax L2w?pit 8388608 Linax L2w?p®T 8388608 Linax L wp2T
L3042ﬁ47’l2 L3a262n2 L5a3ﬁn3
16777216 L3 L2wp®  16777216L3L2%wp* 16777216 LLAw2p>r
L3oABnr? L3o4B32n72 L5a4pn?
16777216 LLAW 3T 16777216 Linax L2w?p3T 3355443212 Lpax L2w?p?
E5a462n2 E3a263n2 E5a3/84n2
34603008 L2 Lypax L2w?p®  67108864L4L2wp?  67108864L4L2wp?
L5a33%2n?2 L8aPBnT L8aPB32nt
67108864 L2 Lypax L2w?p® 1342177284 L%wp® 134217728 LAL2wp*
L5a333n2 LS5 Bnr2 L6a532n72
134217728 Linax LAw3ptT 134217728 Linax LAw3p?T 134217728 L3 Lo L2w?p?
L5a334n3 L5a332n3 L6a434n?2
134217728 L2 L4w2p?r  134217728L2L4w?p3T 142606336 L3 Ly ax L2w?p?
LS5 Bn? L8a532n2 LS04 32n2
268435456 LL w?pir 268435456 LLAw2p?T 268435456 Lynax Liw3pT
I)5a4ﬁ4n2 E5a452 n2 L5 a3b’4n3
268435456 Linax LAw3p3T 268435456 L3 Lipax L2w?p? 276824064 Lynax LA w3p3 T
L5a333n3 L6a433n2 L5a3[32n3
536870912LL4w?p37 536870912 Lmax L w3pir  536870912L2 Ly oy L4 w3 p
L5a433n2 L5a333n3 L7a4B4n3
536870912L2 Lonax L4w3p?  1073741824L2 Lypax LAw3p3®  1073741824L2LAw2ptr
L7a432n3 L7a433n3 L6a5 3402
1073741824 L2 LAw?p? T 2147483648 L3 Lyyay L*w3p* 21474836483 Lypax LAw?3p?
L6a532n2 L85 34n3 L8a532n3
2147483648 L2 LAw?p3T 4294967296 Linax LOwp5T 4294967296 Ly ax LOwip3T
L6a533n2 L7a4p4n4 + L7a432n4
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48

4294967296 L3 Linax Liw3p3 4294967296 L3 L4w2p® 4294967296 L3 LAw?p?
L8a533n3 L7abB4n2r L7a532n2r
8589934592L LOw3p®t  8589934592LLOw3pPT 8589934592 Ly ax LOwptr
L7a5 3403 L7a532n3 L7a4B33n4
8580934592L3 L4w2p®  8589934592L3 L4w?pt  8589934592L3 Liw?p?
L7a534n272 L7a533n2r L7a532n272
17179869184 L Low3p*t 17179869184 L3 L4w?p® 17179869184 L* L4w?p®
L7a533n3 L7a533n272 L8aSB4n2r
17179869184 L4 L4w2p®  34359738368L2L5w3pSr 34359738368 L2 LSw3pT
L8aS32n2r L85 343 L8a532n3
34359738368 L4 L4w2p®  34359738368LAL4w2pt 34359738368 L4 LAw?pt
L3a5B4n272 L8aS33n2r L8a832n272
68719476736 L2LOw3ptt 68719476736 LAL4w2p® 1048576 L Lyax L2w?pT
T L8a533n3 L8a533n272 LAa3Bn?2
4194304 L Linax L2w?p?T  4194304L Linax L2w?p3T  4194304L2 Lo L2w?p?
E4a35n2 E4a352n2 E5a3ﬂn27
8388608L2 Liax L2w?p®  33554432L Lyyay L2w2p*t  33554432L3 Lyax L2w?p?
T L5a38n272 LAa3 342 LSa4Bn2r
34603008 L Linax L2w?p?T  67108864L Luyax L2w?p3T  67108864L Lynax Liw3p?T
L4a332n2 L4a333n2 LSa45n3
67108864 L3 Lipax L2w?p3 134217728 L2 Lypax L2w?p®  138412032L2 Lypax L2w?p?
L6a*Bn272 L5a3B4n2r L5a332n2T
268435456 L2 Lyyax L2w2p® 268435456 L2 Lyyay L2w2p* 276824064 L% Ly 0y L2w?p?
L5a334n2r2 L5a333n2T L5a332n272
536870912L Linax L*w3p?T  536870912L Lynax L*w?p?T  536870912L2 Ly ax L2w?p®
L6a434n3 L6a432n3 Loa333n272
536870912L3 Lyyax L2w2p® 570425344 L3 Ly oy L2w2p® 1073741824 L Lyyax LAw?3ps T
E6a464n27 E6a462n27 E6a4ﬁ4n3
1073741824 L Linax LAw3p3T 1073741824 L3 Lipax L2w?p® 1073741824 L3 Lyyax L2w?p?
L6 a4ﬂ3n3 E6a4ﬂ4n272 E6a4ﬂ3n27
1140850688 L Ly ax L*w3p37  1140850688L3 Lynax L2w?p* 2147483648 L Ly oy LAw3ptr
L8a432n3 L8a432n272 L8a4B33n3
2147483648L3 Lynax L2w?p®  2147483648L% Lyax LAw3p® 2147483648 L2 Lypay LAw?p?
E60453n27-2 Ii7a4ﬁ4n37' Ii70¢462n37'
4294967296 L2 Lipax L*w3pS 4294967296 L2 Linax LAw3p* 4294967296 L2 Ly o LA w3p?
L7aAB4n372 L7a433n3r L7a432n372
8589934592L2 Lyax LAw3p®  8589934592L3 Loy L*w3p® 858993459213 Ly LAw?p?
L7a4B33n372 L8a5B4n3r L3a532ndr
17179869184 L Lipax Low ST 17179869184L Linax Low*p37 17179869184 L3 L ax LAw3p®
L85 34n4 L8a532n4 L8a534n372
17179869184L3 Lypax LAw3p*  17179869184L3 Lynax LAw?3p* 34359738368 L Lyyax Low*pr
L8a533n3T L8a532n372 L85 33n4
34359738368 L3 Lnax L1w3p® _3
L8a533n372 =4



L Symbolically Computed Constraints for L Such That The Inequality from

Section K Holds

5442 - 1
L2a2 ~— 326

2048L2p < L
L2027 ~ 326
131072L4p? < 1
Liat72 — 326

128 Linaxwp? < i
L3%n — 326

512L L axwp? < 1

L2aB2n  — 326

4096 L L axwpT 1

L2a2n 326

IA

69632LL2wp _ L
L3a2fn  ~ 326

262144 L% Lypaiop _ 1
L4a3f8n — 326

278528 L2 L2wp? 1

L4a352n = 326

16777216 LAL2wp 1

L6a55n — 326
1073741824 L3 L4w?p?
E7a5ﬁ2n2

(109)

(112)

(115)

(118)

(121)

(124)

(127)

(130)

(133)

(136)

16384L* 1
i g — 110
L4t — 326 (110)
4096L%p% 1
i S 113
L2a272 326 (113)
16L L w 1
i 116
L2an — 326 (116)
81923 Lypaxw 1
- < — 119
Lia3n - 326 (119)
T2 2
2048_LmaxL wp < 1 (122)
L3afn? 326
32768 L3 Lyaxwp 1
_— < — 12
LAa3nT — 326 (125)
2LL2wp? 1
09632LL wp™ - 1 jog
L3a232n 326
26214413 Lyawp? 1
_ < — (131
L*a?f32n — 326 (13D
2097152L3 L2 1
292l Lwp o L5
L5a48n 326
16777216 L4 L2wp? 1
6TTT216L 2w _ 1
LSa532n 326
2147483648 L3 L4w?p? _ !
L7a533n2 — 326
(140)
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4L axw 1
max® - _—_ 111
ILn = 326 (i
65536L%p 1
hdandl A 114
Lia*Tt — 326 (114)
1281_‘/maxwp S i (117)
LBn 26
512L L axwp 1
oL maxtl 120
L2afn  ~ 326 (120
r2 2,2
2048_LmaXL wp < L (123)
L3aB%n2 326
65536L° Linaxtop® _ 1 126)
Lia3nT? ~ 326
13107202 L2wpr 1
o P o (129
Lian — 326 (129)
2785282 [%wp 1
ittt S G £ )
L*a38n — 326 (132)
2097152L3L2wp? 1
_ < 139
L5a32n 326
1073741824 L3 LAw?p? _ b
L7a5 34?2 — 326
(138)
4294967296 L* L4w?p* _ L
L3a534n?2 — 326
(141)



4294967296 L L4w?p? 1

— < —
L3a532n2 — 326
(142)
192LLoa L2w?p? 1
819 LLmaxL"w”p <1 (s
L*a?23%n?2 326

65536 L Lnax L2w?pT 1
L4a3n2 326

524288L1%wp® 1
L3a2pBnr? 26

524288 Lyax L2w?p3 T 2

L3a2/32n2 = 326
(154)
272,92
1048576 L= L*wp < i (157)

L4a3Bnr 26

2097152 L3 Ly axwp® < i

L4o38nr? 26
(160)
272 92
20971_52L Lwp T < i (163)
L*at32n 326

8388608 L3 L2wp? 1
_ < (166)
L5aABnt 26

8388608 Lnax L2w?pit 1
L3a234n2 326

8589934592L4 L4w?p® 1

— < —
L8a533n2 — 326
(143)
65536 L Lypaxwopr 1
— " - < — (146
L2a28n — 326 (146)
Fo 9
262_144LL wp < L (149)
L3a2fnT 326
24288LI1%wp* 1
524288LL wp” (152)

L3a232n72  ~ 326

1048576 L3 Linaxwp® 1

— < —
L*a?fBnt — 326
(155)
1048576 L2 L2wp® 1
048576 wp <L ss

L4a3B32nr 26

20971523 Lmaxwp4 < 1
L4a3B32n72 — 326
(161)

2097152L2L2wp? 1

_ — (164
L*a?fBnt? — 326 (164)

8388608L3 L2wp? _ 1

_ — (167
L5a*B2nt — 326 (167)

8388608 Lmax L wp’t _ 1
L3a2/32n?2 — 326
(170)
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8192L Linax L2w?p 1

_ < — (144

L*a?2pBn? — 326 (144)
65536 L Ly axwp>T

e — (147

L2a283%n — 326 (147

262144 L1 2wp? _ 1
L3a2B2nt  ~ 326

524288 Ly ax L2w2pT _ 1
L3a2pn? — 326
(153)

1048576L Lyascop® _ 1
L4a332nr

= 326
(156)

1048576L° Limax L2w’p _ 1
L5a36n? — 326
(159)

209715212 .2 1
. YPT — _— (162)
L*aBn

— 326

2097152L2 L2wp* 1
09_7 ) wp <1 es)
L*a332n72 326

8388608 L3 Lyax L2w?p _ b
LSa4pn?2 — 326
(168)

8388608 Lmax L wp’t _ 1
L5a3pn3 — 326
(171)




16777216 L3 L2wp?

1
Loa4pnT? < 536 (172

— 326

16777216 LLYw?p’r _ 1
L304B32n?2 — 326
(175)

34603008 L2 Ly ax L2w?p? _ b
L5a332n?2 — 326
(178)

67108864 L2 Ly L2w?p? _ 1
L5a333n2 — 326
(181)

134217728 Linax L*w®p'7 _ 1
L5a334n3 ~ 326
(184)

134217728 L2 L4w2p?r 1
L6a5Bn? 326

268435456 LLAw2pir 1
L5a4B4n2 326
a

268435456 Ly ax LA w3 p37 _ L
L5a333n3 — 326
(193)

536870912LLAwp3 T 1
L5a433n2 26
a

536870912 L2 Ly, oy L 4w p? _ b
L7a432n3 — 326
(199)

16777216 L3 L2wp?

1
L3a432nr? < 356 U7

— 326

16777216 Linax L2w?p3 T 1

L302B33n?2 — 326
(176)
472 2
6710%86411 Lewp < i (179)
LbabBnt 326

134217728 L4 L 2wp? _ 1
Lba5Bnr? — 326
(182)

134217728 Linax L' _ 1
L5a332n3 ~ 326
(185)

134217728 L2 L4 p3r 1

— < —

L8 32n?2 — 326
(188)

268435456 L L w?p2 1 _ L

L5a432n2 — 326
(191)

268435456 L3 Ly o L2w?p? _ 1
L6a433n2 — 326
(194)

536870912 Ly ax LAw3ptr _ L
L5a333n3 ~ 326
(197)

1073741824 L2 Ly, oy L4 w3 p? 1

L7a4B33n3 = 326
(200)
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16777216 LLAw?p? T _ 1
L5a4pn? — 326
(174)

3355443202 Lynax L2w?p* 1

- <
L5a34n? — 326
(177)
1 472 3
67 0_8864L Lewp < L (180)
LbaP32nT 326

134217728 L4 L2wp* _ L
L6a532n12 — 326
(183)

134217728 L3 Lypax L2w?p* _ 1

LSa454n?2 = 326
(186)

142606336 L7 Linax L*w’p? _ 1
LSa432n2 — 326
(189)

268435456 L ax LA w3 p® _ b
L5a334n3 — 326
(192)

276824064 Lo LA*w3p37 _ 1
L5a3/32n3 — 326
(195)

536870912L2 Ly, 0y L4w3 p? !

L7a434n3 = 326
(198)

1073741824 L2 LAw?p*r _ 1
E6a5ﬁ4n2




1073741824L2 LA w?p?r 1
L6a532n?2 — 326
(202)
2147483648 L2 L4w?pPr _ 1
L605B33n2 — 326
(205)
4294967296 L3 Lypax LAw?p? _ 1
L83a533n3 — 326
(208)
8589934592LLOw’p°r _ 1
L7a5p34n3 — 326
(211)
8589934592L3 L 4w?2p® _ 1
L7a534n272 — 326
(214)
17179869184 L LOw3p*r _ L
L7a533n3 — 326
(217)
171798691841  Liwp® _ 1
L8abSB2n2r ~ 326
(220)
34359738368 Liw?pS _ 1
L8abp34n2r2 ~ 326
(223)
68719476736 L LOw’pir _ 1
L3a533n3 ~ 326
(226)
4194304 LLinax LPw?p?r _ 1
L4a3n? — 326
(229)

2147483648 L3 Lypax LAw3pt _ 1
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L83a534n3 = 326
(203)
4294967296 Linax Lowp®r _ 1
L70AB4n4 — 326
(206)
4294967296 L3 L*w?p® _ 1
L7a5B4n2T — 326
(209)
8589934592LLow’p’r _ 1
L7a532n3 — 326
(212)
8589934592L3 L4w?2p* _ 1
L7a583n2r — 326
(215)
17179869184 L° LAw?p® _ 1
L7a5B33n272 — 326
(218)
34359738368L2Low’por _ 1
L3aS34n3 — 326
(221)
34359738368L " L'w’p! _ 1
L8abp3n2T ~ 326
(224)
68719476736 L* Liw?p® _ 1
L8aS33n272 ~ 326
(227)
4194304 LLimax Lw?pPr _ 1
L4a332n?2 — 326
(230)

2147483648 L3 Lypyax Liw

3,,2 1
p<

L8a532n3

4294967296 Ly LOwp3

= 326
(204)

1

L70432n4 = 326
(207)
4294967296 L3 L*w?p? _ 1
L7a532n2T — 326
(210)
8589934592 Lo LEwpir _ b
L7a4B33n4 — 326
(213)
8589934592L° L4wp* _ 1
L7a532n272 — 326
(216)
17179869184 L  L4w?p® _ 1
L3a534n2T — 326
(219)
34359738368L2Low’p’r _ 1
L3a5/32n3 — 326
(222)
34359738368 Liw?p! _ 1
L3ab32n272 — 326
(225)
1048576 L Lypax L2w2pT _ L
L4a3pBn? ~ 326
(228)
4194304 L% Linax L2w?p* _ 1
L5a3Bn2T — 326
(231)



8388608 L2 Lymax L2w?p?
E5a3ﬁn272

34603008 L Lynax L2w2p*T
L4a332n2

67108864 L3 Lypax L2w?p?
E6a45n272

268435456 L2 Loy L2w?p8
E506354TL27'2

536870912 L L ax LA w3ptT
E6a454n3

536870912L3 Ly ax L2w?p® <

E6a454n27.

1073741824 L Ly o LAw3p3T

1

=326

(232)

1

= 326

(235)

1

= 326

(238)

1

= 326
241)

1

= 326
(244)

1

=326
(247)

1

L6a433n3

1140850688 L L ax LA w3 p3 T

= 326
(250)

1

LSa432n3

2147483648 L3 Lyas L2w?p®

L6a433n272

4204967296 L* Linax L*w®p® _

L7a464n372

=~ 326
(253)

1

<
— 326
(256)

1

= 326
(259)

33554432 L Lypax L2w?ptT _ !
L4a334n2 — 326
(233)

67108864L Lypax L2w2p*T _ 1
L403B33n?2 — 326
(236)

134217728 L2 Lyyax L2w?p® _ 1
L5a3B4n2T — 326
(239)

268435456 L2 Ly oy L2w? p* _ b
L5a3B33n2T — 326
(242)

536870912 L Ly, ax L 4w p? T _
LSa432n3 — 326
(245)

570425344 L3 Ly, oy L2w?p? _ L
LSa432n2T — 326
(248)

1073741824 L3 Ly oy L2w? p® _ 1

LSa434n272 = 326
251)

1140850688 L3 Ly o L2w?p? 1

LSa432n272 = 326
(254)

2147483648 L2 Lypax L4w3p® 1

= <
L7a*B4n3T ~ 326
(257)

4294967296 L2 Ly L*w3p* 1

L7aAB3n3T = 326
(260)
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33554432L3 Lo L2w?p? !
LSa4Bn2r — 326
(234)

67108864L Lypax LAw3p?T 1
L6a4pn3

138412032L2 Lyyax L2w?p? _ b
L5a3B32n2T — 326
(240)

276824064 L2 Ly oy L2w? p? _ b
L5a332n272 — 326
(243)

536870912 L2 Ly ax L2w?p® - L
L5a333n272 326
(246)

1073741824 L Ly oy L*w3pPr _ b
LSaAB4n3 — 326
(249)

1073741824 L3 Ly oy L2w? p* _ 1

LSaAB3n2T = 326
(252)

2147483648 L Lynax LAw3pir !

L6a433n3 = 326
(255)

2147483648 L2 Lyax LAw3p3 1

_ <
L7a*32n3t ~ 326
(258)

4294967296 L2 Lypax L*w3p* 1

L7a432n372 = 326
261)



85899345921 Lnax L4w®p® _ 1 8589934592 L Lw%p® _ 1 858993459213 Lupau L00®p® _ 1
L7a433n372 — 326 L3a5p4n3T — 326 L3a532n3T — 326
(262) (263) (264)

171798691841 Ly LOw'pPr _ 1 17179869184L Lo LOwpP _ 1 1717986918403 Ly Lwp _ 1
L3a534n4 — 326 L3a532n4 — 326 LBaSB4n372 — 326
(265) (266) (267)

17179869184 L3 Lypax LA w3p* _ 1 17179869184 L3 Lypax LA w3p* _ 1 34359738368 L Lyax Lowptr _ 1

LBaSB3n3T = 326 L8a532n372 — 326 L8a533n4 = 326
(268) (269) (270)

34359738368 L3 Ly ax LAw3p® _ L
L8a533n372 — 326
(271)

M Symbolically Computed Expression (92)

2L 1024L°  4096L%p

L L3a?2 L3a27
8192L3p%  256L%wp  256L>2wp>
L3a272 L28n L2B2n
1024LL2wp  1024LL%wp®  8192LL%wpr
L3aBn L3aB2n L3a2n
131072L2L2wp  131072L2L2wp®  1048576L3L2wp
L*a?fn L4a25%n L5a3fn
1048576 L3 L2wp? 1048576 L4w2p?r  1048576LAw2p3r
L5a3p32n L*a2pBn? L a2pB2n2
16777216 L4w?ptr 1677721642 pr 33554432142 p3r
l_/4 a2ﬁ4n2 E4a2ﬁ2n2 E4a2/83n2
67108864L2L4w?p?  67108864L2L4w2p? 1342177282 L4w2p3
L6a3 3402 L6a332n2 L6a333n2
268435456 L3 L4w?p* 268435456 L3 L4w2p?  536870912L6w3pdT
E7a464n2 E7a462n2 E6a354n3
536870912L%w3p3T  536870912L3L4w?p3 1073741824 L5w3ptr
L6a332n3 L7a433n2 L6a333n3
131072LL2wpr  131072LL2wp?t  524288L2L2wp?
L3a2fn L3a232n L4a?Bnr
524288L2[%wp3  1048576L2L2%wp? 1048576 L2 L2wp*
La252nr L4a2Bnr? L4a23%nr2
4194304L3L2wp?  4194304L3L2wp®  8388608L3L2wp?
L5a3BnT L3a382nr L5a3BnT?
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8388608L3L2wp?  8388608LLAw2p?r  8388608LLAw2p3T
E5a362n72 Z5a3ﬂn2 E5o¢3ﬁ2n2
67108864 L L*w2p*t  67108864LL*w2p?r 134217728 LL4*w2p3r
L5a3 3402 L5a332n2 L5a333n2
268435456 L2LAw?p® 268435456 L2 L4w2p®  536870912L2LAw?ps
i6a354n27. E6a3ﬁ2n27- E6a3l84n27-2
536870912L2L4w2p*  536870912L2L4w2p* 1073741824 L2 L4w?p®
L6a333n2r L6a332n272 L6a3p33n272
1073741824 L3 LAw?p® 1073741824 L3 L4w?p® 2147483648 LLSw?p5r
E7a4ﬁ4n27 E7a4/82n27- E7a4/84n3
2147483648 LLSw3p3T 21474836483 L4w2p®  2147483648L3 L4w?p?
L7a432n3 L7a*B4n272 L7a*B3n2r
2147483648 L3 LAw?p* 4294967296 LLSw3p*r 4294967296 L3 L4w?p® -1
E7a4/62n27-2 E7a463n3 E7a463n272 -

N Symbolically Computed Constraints for L Such That The Inequality from

Section M Holds
oL 1
il g 272
L ~ 114 (272)
8192L%p2 1
T < 27
L3a272 — 114 (275)
1024L1L%wp 1
il g 278
L3afn — 114 278)
131072L2L2%wp 1
e 2P~ (081
L*a?Bn — 114 (281)
1048576 L3 L2wp? 1
i < (284
L5a332n 114 (284)
16777216 L4w?p*
677_7 6L wp*T <L s
LAa?34n? 114

67108864 L2 L4w2p* _ 1
E6a3ﬁ4n2

102413 1 4096L3p 1
it 2 il 274
L3a2 ~ 114 273) L3a27 ~— 114 @74
256 L2wp _ 1 276) 256 L2wp? _ 1 @
L2B8n ~ 114 [232n — 114
1024LL2wp® 1 8192LL%wpr 1
_— < — et S
L3aB2n — 114 (279) L3a2n 114 (280)
131072L2L2wp? 1 1048576 L3 L2 1
+W < —  (282) +W < —  (283)
L*a282n 114 L5a38n 114
1048576 L4w?p? 1 1048576 L4w?p? 1
0 8?76 wp't 1 (285) 0 %576 wp°T <1 (286
L*a?8n? 114 L*a?32n? 114
16777216 LAw?p? 1 33554432 4w?p? 1
0L W L (ggg) S P T o (289)
LAa2p32n? 114 L*a2B3n? 114
67108864L°Lw?p* _ 1 134217728 L2 L*w?p? _ 1
Lba3/32n2 — 114 Lba333n2 — 114
(291) (292)
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268435456 L3 L4 w?p*
E7a4ﬂ4n2 =

536870912L5w?p3r
L8a332n3 =

131072LL2wpr _ 1
L3a2pn — 114

524288 L2 %wp? !
La2B2nr  ~ 114

4194304L3 L2wp? _ 1
L5a3BnT

8388608 L3 L2wp* 1
L5a332n72

67108864 L LA w2ptr
E5a3ﬁ4n2

268435456 L2 L w?p®
L6a3B4n2r

536870912L2 L4 w?p*
L6a333n2r

1073741824 L3 LAw?p® _
E7a4ﬁ4n27

1

114
(293)

1

114
(296)

(299)

(302)

(305)

(308)

=114

311)

~ 114

(314)

=114

317)

— 114

(320)

268435456 L3 LAw?p? _ 1
L7a432n2 ~ 114
(294)

536870912L3 L4w?p? _ 1

L704B33n2 =114
(297)
T2 2
131072 L2wp? - 1 (300)
L3a232%n 114
1048576 L2 L2wp? 1
- P« (303)
L*a2fnT? 114
41943043 L2wp3 1
- WP~ (306)
L5a332nt 114
8388608 L L4w?2p? 1
_ YPT o (309
L5a3Bn? 114

67108864 L LA w2p>T _ b
L5a332n?2 — 114
(312)

268435456 L2 L4w?2p? 1
LSa352n2T — 114
(315)

536870912L2L*w?pt 1
L6a332n272 ~ 114
(318)

1073741824 L3 LAw?p? _ 1
E7a4ﬁ2n27
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536870912L5w?p°r _1
L6a334n3 ~ 114
(295)

1073741824 L5w?ptr !

L60333n3 114
(298)
272 2
524%88L Lwp < 1 (301)
L*a2fBnt 114
1048576 L2 L2wp* 1
© it AP (304)
L*a?32n72 114
8388608 L3 L2wp? 1
7 nt AP (307)
L5a3Bnt? 114
8388608 L L4w?2p? 1
. YPT o _— (310
L5a332n2 114

134217728 LLAw?p*r _ 1
L5a333n2

536870912L2 [ w?pb _ 1
L6a334n272

1073741824 L2 [ w?p® 1
L6a333n272 <

2147483648 LLSw3pr _ 1
L7a4 54713
(322)



2147483648 LLSw3p3T !

2147483648 L3 L*w?p* 1

2147483648 L3 L4w?p®

L7a432n3 =114 L7a4B84n2 72

(323)

L70432n272 =114 L7a433n3

4294967296 L LSw3pir

(326)

~ 114

(324)

1

~ 114

(327)

2147483648 L3 L4w?p*

E7a4ﬁ3n27

4294967296 L3 L4w?p>

L7a433n272

O Symbolical Check That The Constraints from Sections I, J, L and N
Follow From The Constraint (44)

Note that the inequalities from Lemma F.1 follow from (44). Therefore, the inequalities from Sec-
tions I, J, L and N follow from (44), if they follow from the inequalities from Lemma F.1. We now
present it’. These results are checked and generated using the script in Section P (see Section 6 in

Section P)

(93) follows from (74), (74).

(94) follows from (73), (73).

(95) follows from (77), (77).

(96) follows from (78), (77).

(97) follows from (78), (78).

(98) follows from (72), (72).

(99) follows from (71), (71).

(100) follows from (70), (70).

(101) follows from (77), (77), (74), (74).
(102) follows from (77), (77), (73), (73).
(103) follows from (74), (74), (72), (72).
(104) follows from (73), (73), (72), (72).
(105) follows from (78), (77), (74), (74).
(106) follows from (78), (77), (73), (73).
(107) follows from (78), (78), (74), (74).
(108) follows from (78), (78), (73), (73).
(109) follows from (77), (77).

(110) follows from (77), (77), (77), (77).
(111) follows from (66).

(112) follows from (78), (77).

(113) follows from (78), (78).

(114) follows from (78), (77), (77), (77).
(115) follows from (78), (78), (77), (77).
(116) follows from (77), (66).

(117) follows from (65).

(118) follows from (64).

(119) follows from (77), (77), (77), (66).

Tss

one should apply b (= ¢) two times.
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(a) follows from (b),(c)” means that one should use (b) and (c) to get (a). It is possible that b = ¢, thus

~ 114

(325)

~ 114

(328)



(120) follows from (77), (65).

(121) follows from (77), (64).

(122) follows from (74), (74), (66).

(123) follows from (74), (74), (65).

(124) follows from (69), (69).

(125) follows from (78), (77), (77), (66).

(126) follows from (78), (78), (77), (66).

(127) follows from (77), (74), (74).

(128) follows from (77), (73), (73).

(129) follows from (77), (77), (72), (72).

(130) follows from (77), (77), (77), (65).

(131) follows from (77), (77), (77), (64).

(132) follows from (77), (77), (74), (74).

(133) follows from (77), (77), (73), (73).

(134) follows from (77), (77), (77), (74), (74).

(135) follows from (77), (77), (77), (73), (73).

(136) follows from (77), (77), (77), (77), (74), (74).
(137) follows from (77), (77), (77), (77),(73), (73).
(138) follows from (77), (77), (77), (73), (73), (73), (73).
(139) follows from (77), (77), (77), (74), (74), (74), (74).
(140) follows from (77), (77), (77), (74), (74), (73), (73).
(141) follows from (77), (77), (77), (77),(73), (73), (73), (73).
(142) follows from (77), (77), (77), (77), (74), (74), (74), (74).
(143) follows from (77), (77), (77), (77), (74), (74), (73), (73).
(144) follows from (77), (74), (74), (66).

(145) follows from (77), (74), (74), (65).

(146) follows from (68), (68).

(147) follows from (67), (67).

(148) follows from (77), (72), (72), (66).

(149) follows from (78), (74), (74).

(150) follows from (78), (73), (73).

(151) follows from (81), (81), (81).

(152) follows from (80), (80), (80).

(153) follows from (72), (72), (65).

(154) follows from (72), (72), (64).

(155) follows from (78), (77), (77), (65).

(156) follows from (78), (77), (77), (64).

(157) follows from (78), (77), (74), (74).

(158) follows from (78), (77), (73), (73).

(159) follows from (77), (77), (74), (74), (66).

(160) follows from (78), (78), (77), (65).

(161) follows from (78), (78), (77), (64).

(162) follows from (77), (77), (71), (71).

(163) follows from (77), (77), (70), (70).

(164) follows from (78), (78), (74), (74).

(165) follows from (78), (78), (73), (73).
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(166) follows from (78), (77), (77), (74), (74).

(167) follows from (78), (77), (77), (73), (73).

(168) follows from (77), (77), (77), (74), (74), (66).
(169) follows from (70), (70), (64).

(170) follows from (71), (71), (65).

(171) follows from (74), (74), (72), (72), (66).

(172) follows from (78), (78), (77), (74), (74).

(173) follows from (78), (78), (77), (73), (73).

(174) follows from (77), (74), (74), (72), (72).

(175) follows from (77), (73), (73), (72), (72).

(176) follows from (71), (71), (64).

(177) follows from (77), (77), (73), (73), (64).

(178) follows from (77), (77), (74), (74), (65).

(179) follows from (78), (77), (77), (77), (74), (74).
(180) follows from (78), (77), (77), (77),(73), (73).
(181) follows from (77), (77), (74), (74), (64).

(182) follows from (78), (78), (77), (77), (74), (74).
(183) follows from (78), (78), (77), (77),(73), (73).
(184) follows from (74), (74), (71),(71), (64).

(185) follows from (74), (74), (71), (71), (66).

(186) follows from (77), (77), (77), (73), (73), (64).
(187) follows from (77), (77), (74), (74),(72), (72).
(188) follows from (79), (78), (71),(71),(71),(71).
(189) follows from (77), (77), (77), (74), (74), (65).
(190) follows from (77), (73), (73), (70), (70).

(191) follows from (77), (74), (74), (71), (71).

(192) follows from (73), (73), (72), (72), (64).

(193) follows from (74), (74), (71), (71), (65).

(194) follows from (77), (77), (77), (74), (74), (64).
(195) follows from (74), (74), (72), (72), (65).

(196) follows from (77), (74), (74), (70), (70).

(197) follows from (74), (74), (72), (72), (64).

(198) follows from (77), (77), (74), (74), (74), (74), (64).
(199) follows from (77), (77), (74), (74), (74), (74), (66).
(200) follows from (77), (77), (74), (74), (74), (74), (65).
(201) follows from (77), (77), (73), (73), (70), (70).
(202) follows from (77), (77), (74), (74), (71), (71).
(203) follows from (77), (77), (77), (74), (74), (74), (74), (64).
(204) follows from (77), (77), (77), (74), (74), (74), (74), (66).
(205) follows from (77), (77), (74), (74), (70), (70).
(2006) follows from (74), (74), (74), (74), (72), (72), (64).
(207) follows from (74), (74), (74), (74), (72), (72), (66).
(208) follows from (77), (77), (77), (74), (74), (74), (74), (65).
(209) follows from (78), (77), (77), (73), (73), (73), (73).
(210) follows from (78), (77), (77), (74), (74), (74), (74).
(211) follows from (78), (76), (76), (71), (71), (70), (70).
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(212) follows from (77), (74), (74), (74), (74), (72), (72).
(213) follows from (74), (74), (74), (74), (72), (72), (65).
(214) follows from (78), (78), (77), (73), (73), (73), (73).
(215) follows from (78), (77), (77), (74), (74), (73), (73).
(216) follows from (78), (78), (77), (74), (74), (74), (74).
(217) follows from (78), (76), (76), (71), (71),(71), (71).
(218) follows from (78), (78), (77), (74), (74), (73), (73).
(219) follows from (78), (77), (77), (77),(73), (73), (73), (73).
(220) follows from (78), (77), (77), (77), (74), (74), (74), (74).
(221) follows from (79), (78), (74), (74), (71), (71), (70), (70).
(222) follows from (77), (77), (74), (74), (74), (74), (72), (72).
(223) follows from (78), (78), (77), (77),(73), (73), (73), (73).
(224) follows from (78), (77), (77), (77), (74), (74), (73), (73).
(225) follows from (78), (78), (77), (77), (74), (74), (74), (74).
(226) follows from (79), (78), (74), (74), (71), (71),(71), (71).
(227) follows from (78), (78), (77), (77),(74), (74), (73), (73).
(228) follows from (77), (71), (71), (66).

(229) follows from (77), (72), (72), (65).

(230) follows from (77), (72), (72), (64).

(231) follows from (78), (77), (74), (74), (66).

(232) follows from (78), (78), (74), (74), (66).

(233) follows from (77), (70), (70), (64).

(234) follows from (78), (77), (77), (74), (74), (66).

(235) follows from (77), (71), (71), (65).

(236) follows from (77), (71),(71), (64).

(237) follows from (77), (74), (74), (72), (72), (66).

(238) follows from (78), (78), (77), (74), (74), (66).

(239) follows from (78), (77), (73), (73), (64).

(240) follows from (78), (77), (74), (74), (65).

(241) follows from (78), (78), (73), (73), (64).

(242) follows from (78), (77), (74), (74), (64).

(243) follows from (78), (78), (74), (74), (65).

(244) follows from (77), (74), (74),(71),(71), (64).

(245) follows from (77), (74), (74),(71), (71), (66).

(2406) follows from (78), (78), (74), (74), (64).

(247) follows from (78), (77), (77),(73), (73), (64).

(248) follows from (78), (77), (77), (74), (74), (65).

(249) follows from (77), (73), (73), (72),(72), (64).

(250) follows from (77), (74), (74), (71),(71), (65).

(251) follows from (78), (78), (77), (73), (73), (64).

(252) follows from (78), (77), (77), (74), (74), (64).

(253) follows from (77), (74), (74), (72), (72), (65).

(254) follows from (78), (78), (77), (74), (74), (65).

(255) follows from (77), (74), (74), (72), (72), (64).

(256) follows from (78), (78), (77), (74), (74), (64).

(257) follows from (78), (77), (74), (74), (74), (74), (64).
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(258) follows from (78), (77), (74), (74), (74), (74), (66).
(259) follows from (78), (78), (74), (74), (74), (74), (64).
(260) follows from (78), (77), (74), (74), (74), (74), (65).
(261) follows from (78), (78), (74), (74), (74), (74), (66).
(262) follows from (78), (78), (74), (74), (74), (74), (65).
(263) follows from (78), (77), (77), (74), (74), (74), (74), (64).
(264) follows from (78), (77), (77), (74), (74), (74), (74), (66).
(265) follows from (77), (74), (74), (74), (74), (72), (72), (64).
(266) follows from (77), (74), (74), (74),(74), (72), (72), (66).
(267) follows from (78), (78), (77), (74), (74), (74), (74), (64).
(268) follows from (78), (77), (77), (74), (74), (74), (74), (65).
(269) follows from (78), (78), (77), (74), (74), (74), (74), (66).
(270) follows from (77), (74), (74), (74), (74), (72), (72), (65).
(271) follows from (78), (78), (77), (74), (74), (74), (74), (65).
(272) follows from (79).

(273) follows from (79), (77), (77).

(274) follows from (79), (78), (77).

(275) follows from (79), (78), (78).

(276) follows from (76), (76).

(277) follows from (75), (75).

(278) follows from (79), (74), (74).

(279) follows from (79), (73), (73).

(280) follows from (79), (72), (72).

(281) follows from (79), (77), (74), (74).

(282) follows from (79), (77), (73), (73).

(283) follows from (79), (77), (77), (74), (74).

(284) follows from (79), (77), (77), (73), (73).

(285) follows from (76), (76), (72), (72).

(286) follows from (75), (75), (72), (72).

(287) follows from (75), (75), (70), (70).

(288) follows from (76), (76), (71), (71).

(289) follows from (76), (76), (70), (70).

(290) follows from (79), (77), (73), (73), (73), (73).

(291) follows from (79), (77), (74), (74), (74), (74).

(292) follows from (79), (77), (74), (74), (73), (73).

(293) follows from (79), (77), (77), (73), (73), (73), (73).
(294) follows from (79), (77), (77), (74), (74), (74), (74).
(295) follows from (75), (75), (73), (73), (72), (72).

(296) follows from (76), (76), (74), (74),(72), (72).

(297) follows from (79), (77), (77), (74), (74), (73), (73).
(298) follows from (76), (76), (73), (73), (72), (72).

(299) follows from (79), (71), (71).

(300) follows from (79), (70), (70).

(301) follows from (79), (78), (74), (74).

(302) follows from (79), (78), (73), (73).

(303) follows from (78), (78), (76), (76).
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(304) follows from (78), (78), (75), (75).

(305) follows from (79), (78), (77), (74), (74).

(3006) follows from (79), (78), (77), (73), (73).

(307) follows from (79), (78), (78), (74), (74).

(308) follows from (79), (78), (78), (73), (73).

(309) follows from (79), (74), (74), (72), (72).

(310) follows from (79), (73), (73), (72), (72).

(311) follows from (79), (73), (73), (70), (70).

(312) follows from (79), (74), (74), (71), (71).

(313) follows from (79), (74), (74), (70), (70).

(314) follows from (79), (78), (73), (73), (73), (73).
(315) follows from (79), (78), (74), (74), (74), (74).
(316) follows from (78), (78), (75), (75), (73), (73).
(317) follows from (79), (78), (74), (74), (73), (73).
(318) follows from (78), (78), (76), (76), (74), (74).
(319) follows from (78), (78), (76), (76), (73), (73).
(320) follows from (79), (78), (77), (73), (73), (73), (73).
(321) follows from (79), (78), (77), (74), (74), (74), (74).
(322) follows from (79), (73), (73), (73), (73), (72), (72).
(323) follows from (79), (74), (74), (74), (74), (72), (72).
(324) follows from (79), (78), (78), (73), (73), (73), (73).
(325) follows from (79), (78), (77), (74), (74), (73), (73).
(326) follows from (79), (78), (78), (74), (74), (74), (74).
(327) follows from (79), (74), (74), (73), (73), (72), (72).
(328) follows from (79), (78), (78), (74), (74), (73), (73).
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Jupyter Notebook for Symbolic Computations

1 Import Necessary Libraries
[ 1: import os
from IPython.display import display

import sympy
from sympy import Symbol

from utils import FileWriter, ConstraintsAggregator
from utils import get_factors, get_term, search_factors,
—latex_repres_of_inequality

2 Initialize a File for Results

[ J: file_path = '../paper/result.txt'
if os.path.exists(file_path):
os.remove(file_path)

fw = FileWriter(file_path)

3 Initialize Symbols From the Paper

[ ]: rho = Symbol('rho', nonnegative=True)
kappa = Symbol('kappa', nonnegative=True)
lmbda = Symbol('lambda', nonnegative=True)

omega = Symbol('omega', nonnegative=True)
p = Symbol('p', positive=True)

tau = Symbol('tau', positive=True)

beta = Symbol('beta', positive=True)
alpha = Symbol('alpha', positive=True)

n = Symbol('n', positive=True)

L = Symbol('L', positive=True)
L_hat = Symbol(r'\hat{L}', positive=True)
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[]1:

[1:

[1:

L_max = Symbol(r'L_{\max}', positive=True)

L_bar

I

Symbol (r'\bar{L}', positive=True)

4 Assistant for “First Symbolically Computed” Lemma

4.1 Calculate Expressions

nu_hat_exp = (8 / alpha) * (p * L / 2
+ kappa * 4 * p * (1 + p / beta) * L_hat**2
+ rho * 4 x p * Lx*x*x2
+ rho * (8 * p / tau) * (2 * p * (1 + 2 x p / tau) *,
< Lk*2
+ 4 % p * tau**2 * omega *
—L_hat**2 / n))
nu_hat = Symbol(r'\hat{\nu}', nonnegative=True)
# The left hand sides of the inequalitzes
rho_lhs = nu_hat * (8 / (alpha * p * L_bar ** 2))
kappa_lhs = ((8 * p * omega) / (n * L_bar * beta)
+ nu_hat * (8 * omega) / (n * beta * L_barx**2)
+ rho * (8 * p) / tau * (8 * tau ** 2 * omega) / (n * beta))

4.2 Display Them

display(nu_hat_exp)
display(rho_lhs)
display (kappa_lhs)

4.3 Symbolically Calculate The Steps From The Proof

constraints_agg = ConstraintsAggregator ()

rho_lhs = rho_lhs.subs(nu_hat, nu_hat_exp)
kappa_lhs = kappa_lhs.subs(nu_hat, nu_hat_exp)

# Group Terms w.r.t. kappa

kappa_lhs_poly = sympy.poly(kappa_lhs, kappa)

kappa_coef = kappa_lhs_poly.all_coeffs()

kappa_lhs = kappa_lhs.expand() .collect(kappa)
fw.write(sympy.latex(kappa_lhs) + ", \label{eq:kappa_expand}")

# Find Conditions When The Coefficients Near Kappa <= 1/2
terms = sympy.expand (kappa_coef [0]) .args

latex_string = constraints_agg.add_constraints(terms)
fw.write(latex_string)
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# Define kappa

kappa_solution = (2 * kappa_coef[1]).expand()

fw.write("\kappa \eqdef " + sympy.latex(kappa_solution) + ". \label{eq:
—kappa_sol}")

# Group Terms w.r.t. Tho

rho_lhs = rho_lhs.subs(kappa, kappa_solution)

rho_lhs = rho_lhs.expand().collect (rho)
fw.write(sympy.latex(rho_lhs) + ", \label{eq:rho_expand}")

# Find Condittions When The Coefficients Near rTho <= 1/2
rho_lhs_poly = sympy.poly(rho_lhs, rho)

rho_coef = rho_lhs_poly.all_coeffs()

terms = sympy.expand(rho_coef [0]) .args

latex_string = constraints_agg.add_constraints(terms)
fw.write(latex_string)

# Define rho
rho_solution = (2 * rho_coef[1]) .expand()
fw.write("\\rho \eqdef " + sympy.latex(rho_solution) + ". \label{eq:rho_sol}")

5 Assistant for “Second Symbolically Computed” Lemma

5.1 First Inequality

[ 1: bregman_coef = ((4 * omega * L_max) / (n * L_bar)
+ kappa * 8 * (1 + p / beta) * L_max
+ (nu_hat / L_bar**2) * (4 * omega * L_max / (p * n) + 8 x L /|,
~(p * alpha))
+ rho * 8 * L
+ Imbda * (4 * (1L + (2 * p) / tau) * L + 8 * taux*2 * omega *
~L_max / n))
display(bregman_coef)

lmbda_solution = rho * 8 * p / tau

# Substitue all known ezxpressions to the term
bregman_coef = \
bregman_coef . subs(nu_hat, nu_hat_exp) .subs(lmbda, lmbda_solution).
—subs (kappa, kappa_solution).subs(rho, rho_solution)
bregman_coef = bregman_coef.expand() .simplify() .expand()
latex_string = latex_repres_of_inequality(bregman_coef)
fw.write(latex_string)

# Find Conditions When bregman_coef is Less or Equal <= 1/2
terms = bregman_coef.args
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latex_string = constraints_agg.add_constraints(terms)
fw.write(latex_string)

5.2 Second Inequality

dist_coef = (4 / L_bar) * (L / 2
+ kappa * 4 * (1 + p / beta) * L_hat ** 2
+ rho * 4 *x Lx*2
+ Imbda * (2 * (1 + 2 * p / tau) * L**2 + 4 * tauk*2 *
—omega * L_hat**2 / n))
display(dist_coef)

dist_coef = \
dist_coef.subs(lmbda, lmbda_solution).subs(kappa, kappa_solution).subs(rho,,
—rho_solution)
dist_coef = dist_coef.expand().simplify() .expand()
latex_string = latex_repres_of_inequality(dist_coef, rhs="1")
fw.write(latex_string)
terms = dist_coef.args
latex_string = constraints_agg.add_constraints(terms)
fw.write(latex_string)

6 Check That The Constraints Follow From The Inequalities from The
“Auxillary Inequalities” Lemma.

6.1 The Inequalities from The “Auxillary Inequalities” Lemma:

from collections import OrderedDict
_contstant = 1
proposals = OrderedDict ([

("eq:lipt:max_2", (L_max * omega * p**2) / (betax*2 * n)),

("eq:lipt:max_1", (L_max * omega * p) / (beta * n)),

("eq:lipt:max", (L_max * omega) / (n)),

("eq:1lipt:1_1_max_2", (sympy.sqrt(L * L_max) * p * sympy.sqrt(omega *
—~tau)) / (alpha * beta * sympy.sqrt(n))),

("eq:1lipt:1_1_max_1", (sympy.sqrt(L * L_max) * sympy.sqrt(p * omega *
~tau)) / (alpha * sympy.sqrt(beta * n))),

("eq:1lipt:1_1_max_p", (sympy.sqrt(L * L_max) * sympy.sqrt(p * omega *
~tau)) / (alpha * sympy.sqrt(m))),

("eq:lipt:hat_2", (L_hat * p * sympy.sqrt(omega * tau)) / (alpha *,
~beta * sympy.sqrt(n))),

("eq:lipt:hat_1", (L_hat * sympy.sqrt(p * omega * tau)) / (alpha *,
—sympy . sqrt(beta * n))),

("eq:lipt:hat_p", (L_hat * sympy.sqrt(p * omega * tau)) / (alpha *

—sympy.sqrt(n))),
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[]1:

[]:

("eq:lipt:hat_alpha_2", (L_hat * p * sympy.sqrt(omega)) / (beta * sympy.
—sqrt(alpha * n))),
("eq:lipt:hat_alpha_1", (L_hat * sympy.sqrt(p * omega)) / (sympy.sqrt(beta,
—* alpha * n))),
("eq:lipt:hat_no_alpha_2",(L_hat * p * sympy.sqrt(omega)) / (beta * sympy.
—sqrt(n))),
("eq:lipt:hat_no_alpha_1",(L_hat * sympy.sqrt(p * omega)) / (sympy.sqrt(beta,
% n))),
("eq:1lipt:plain", (L) / (alpha)),
("eq:lipt:plain_p_alpha", (L * p) / (alpha * tau)),
("eq:lipt:plain_no_alpha", (L)),
("eq:lipt:double_lipt_2", sympy.cbrt((L * L_hat**2 * omega * p**4) /.
— (alpha**2 * beta**2 * n * taux*2))),
("eq:lipt:double_lipt_1", sympy.cbrt((L * L_hat**2 * omega * p**3) /.
—(alpha**2 * beta * n * tauxx2))),
D
const = 660508
for k, proposal in proposals.items():
proposals[k] = (const * proposal / L_bar).expand()
proposals_factors = [get_factors(proposal) for _, proposal in proposals.items()]

6.2 Search The Right Inequalities for Each Constraint

# Takes ~1 hour on a laptop
import tqdm
constraints = constraints_agg.get_constraints()
constraints_inequalities = []
for i, factor in enumerate(tqdm.tqdm(constraints)):
num_of_base_factors_to_use = -int(factor[L_bar])
path = search_factors(factor, num_of_base_factors_to_use, proposals_factors,
pos_hints=[L, L_max, L_hat, omega, p],
neg_hints=[alpha, n])
constraints_inequalities.append(path)
assert path is not None

text = constraints_agg.prepare_text_from_proposals(proposals,

—constraints_inequalities)
fw.write(text)
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P.1 File utils.py
import os
from collections

from copy import

import sympy

import defaultdict
copy

x*xkwvargs)

class _defaultdictwithconst (defaultdict):
def __init__(self, xargs, **kwargs):
super (_defaultdictwithconst, self).__init__(*args,
self.const = None
def __copy__(self):
obj = super(_defaultdictwithconst, self).__copy__Q)

obj.const =

self.const

return obj

def get_factors(term):

nun

factors.

Ex: A"2 / B~(1/2) -> {A: 2, B: -1/2}
Args:

paraml: sympy expression (sympy.Mul).
nnn
factors = _defaultdictwithconst (int)
factors.const = 1

const_assigned =
assert isinstance(term,

False
sympy . Mul)

for el in term.args:

free_symbols =

if len(f

list(el.free_symbols)

ree_symbols) == 0:

assert not const_assigned

const_assigned = True
factors.const = int(el)
continue

assert len(free_symbols) == 1

power =
assert i
factors [

el.as_powers_dict () [free_symbols [0]]
sinstance (power, sympy.Rational)
free_symbols [0]] = power

return factors

def get_term(factors):

nun

Ex: {A:
Args:
paraml:
result =
for k, v in

result =

The inverse function to the get_factors function:

2, B: -1/2} -> A~2 / B~ (1/2)

dictionary with factors

factors.const

factors.items () :
result * k **x v

return result

def search_factors(factors,

num_of_base_factors_to_use,

neg_hints=[]):

nun

Checks i
factors from
Args:
paraml:
param?2:
param3:

f it possible to decompose ’factors’

’base_factors’
dictionary with factors

number of base factors to use
list of dictionaries with factors
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Converts a sympy expression with the sympy.Mul type to a dictiomnary with

converts factors to a term

base_factors, pos_hints=[],

using num_of_base_factors



61 param4 and paramb: hints to the algorithm that helps to improve performance

62 Returns:

63 A list with indices (with repetitions) of ’base_factors’ that compose ’
factors’.

64 If it not possible, then the function returns None.

65 nnn

66 def _check_hints(factors_):

67 for k in pos_hints:

68 assert factors_I[k] >= 0

69 for k in neg_hints:

70 assert factors_[k] <= O

71 _check_hints (factors)

72 for base in base_factors:

73 _check_hints (base)

74 def _search_factors(factors, num_of_base_factors_to_use, path, base_factors):
75 if num_of_base_factors_to_use == 0:

76 return factors.const <= 1 and all([factors[k] == 0 for k in factors])
77 for index, choice in enumerate(base_factors):

78 factor_choice = copy(factors)

79 factor_choice.const = factor_choice.const / choice.const
80 for k, v in choice.items():

81 factor_choice[k] = factor_choicel[k] - v

82 skip = False

83 for k in pos_hints:

84 if factor_choicel[k] < O0:

85 skip = True

86 break

87 for k in neg_hints:

88 if factor_choicelk] > O:

89 skip = True

90 break

91 if not skip and _search_factors(factor_choice, num_of_base_factors_to_use
- 1, path, base_factors):

92 path.append (index)
93 return True

94 return False

95 path = []

96 if _search_factors(factors, num_of_base_factors_to_use, path, base_factors):
97 return path

98 else:

99 return None

102 class FileWriter (object):

103 def __init__(self, file_path):

104 self . _file_path = file_path

105 assert not os.path.exists(file_path)

107 def write(self, text):
108 with open(self._file_path, "a") as fd:
109 fd.write("{}\n".format (text))

I
> class ConstraintsAggregator (object):
3 def init__(self):

1
1
1
1
14 self._constraints = []
1
1
1
1

6 def get_constraints(self):

7 return self._constraints

8

119 def add_constraints(self, terms):

120 denom_constant = self._denom_constant (terms)
121 terms_global_index = []

122 for term in terms:

123 terms_global_index.append(len(self._constraints))
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134
135
136
137
138
139
140
141
142
143
144
145
146

148
149
150
151
152
153
154
155
156

157

158
159
160
161
162
163
164
165

166

167
168
169
170
171
172
173

self. _constraints.append(get_factors(term * denom_constant))
return self._prepare_text(terms, terms_global_index)

def prepare_text_from_proposals(self, proposals, constraints_inequalities):

# assert len(constraints_inequalities) == len(self._constraints)

text = 7’

proposals_labels = list(proposals.keys())

for global_index, ineq in enumerate(constraints_inequalities):
constraint_label = self._get_label(global_index)

text += "& \eqref{{{}}}".format(constraint_label) + " \\textnormal{

follows from } "
for i, index_proposal in enumerate (ineq):

text += "\eqref{{{}}}".format (proposals_labels[index_proposall])

if i == len(ineq) - 1:
text += "."

text += ", "
text += "\\\\"

return text

def _denom_constant (self, terms):
return 2 * len(terms)

def _get_label(self, global_index):
return "eq:sympy:constraints:{}".format(global_index)

def _prepare_text(self, terms, terms_global_index):

text = 7

denom_constant = self._denom_constant (terms)

num_per_column = 3

for i, (global_index, term) in enumerate(zip(terms_global_index,
if i % num_per_column == O:

text += r"\begin{tabularx}{1.2\linewidth}{XXX2}"
text += r"\begin{equationl}"
text += sympy.latex(term) + " \leq \\frac{{1}}{{{}}}".format(
denom_constant)
text += "\label{{{}}}".format(self._get_label(global_index))
text += r"\end{equationl}"
if i % num_per_column == (num_per_column - 1):
text += r"\end{tabularx} "
else:
text += "&"
def ceildiv(a, b):
return -(a // -b)
for i in range(len(terms), ceildiv(len(terms), num_per_column) *
num_per_column) :
if i % num_per_column == (num_per_column - 1):
text += r"\end{tabularx} "
else:
text += "&"
return text

174 def latex_repres_of_inequality(coef, rhs="\\frac{{3}}{{4}}"):

175
176
177
178
179
180
181
182
183
184

185

latex_string = "&"
for i, term in enumerate(coef.args):
latex_string = latex_string + sympy.latex(term)
if i == len(coef.args) - 1:
latex_string += " \leq " + rhs
else:
if 1 % 3 == 2:
latex_string += " \\\\ & +"
else:
latex_string += " + "

return latex_string
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Q Experiments

Q.1 Setup

We now conduct experiments on the practical logistic regression task with LIBSVM datasets (Chang
and Lin, 2011) (under the 3-clause BSD license). The experiments were implemented in Python
3.7.9. The distributed environment was emulated on machines with Intel(R) Xeon(R) Gold 6248
CPU @ 2.50GHz. In each plot we show the relations between the total number of coordinates
transmitted from and to the server and function values. The parameters of the algorithms are taken
as suggested by the corresponding theory, except for the stepsizes that we fine-tune from a set
{2%|i € [—20,20]}. For 2Direction, we use parameters from Theorem 5.2 and finetune the step size
L.

We solve the logistic regression problem:

exp (afj2y,,)

2:1 exp (a;jxy)

)

1 m
filxy, ..., x) = - Zlog 5
j=1

where z1, ..., z. € RY, ¢ is the number of unique labels, a;; € R? is a feature of a sample on the
i™ worker, y;; is a corresponding label and m is the number of samples located on the i worker.
The Rand K compressor is used to compress information from the workers to the server, the Top K
compressor is used to compress information from the server to the workers. The performance of
algorithms is compared on CIFAR10 (Krizhevsky et al., 2009) (# of features = 3072, # of samples
equals 50,000), and real-sim (# of features = 20958, # of samples equals 72,309) datasets.

Q.2 Results

In Figure 2, 3 and 4 we provide empirical communication complexities of our experiments. For each
algorithm, we show the three best experiments. The experiments are collaborative with our theory.
2Direction enjoys faster convergence rates than EF21-P + DIANA and AGD.

<~V AGD (No
A~ AGD (No C
<~ AGD (No C

. =P EF21P + DIANA: Step size: 256.0

A~ EF21.P + DIANA: Step size: 128.0
—8 EF21P + DIANA: Step size: 64.0
4 2Direction: Step size: 512.0
—— 2Direction: Step size: 256.0
~®- 2Direction: Step size: 64.0

B EF21-P + DIANA: Step size: 256.0
- EF21-P + DIANA: Step size: 126.0
8~ EF21-P + DIANA: Step size: 64.0
- 2Direction: Step size: 512.0
= 2Direction: Step size: 256.0

2 3 7 5 1 2 3 7 5
#bits / n (workers-to-server) le8 #bits / n (server-to-workers) le8

Figure 2: Logistic Regression with real-sim dataset. # of workers n = 100. K = 1000 in all
COmpressors.
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Figure 3: Logistic Regression with CIFARIO dataset. # of workers n = 10. K = 1000 in all
COMpressors.
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Figure 4: Logistic Regression with CIFARIO dataset. # of workers n = 100. K = 1000 in all
COMpressors.

R Convergence Rate of CANITA obtained by Li and Richtarik (2021)

In their Equation (54), Li and Richtérik (2021) derive the following bound for their CANITA method:

B[P < 0 (max { ra) (4D ALy,

In the regime when w > n, choosing b = w and § = © (%) in their Equation (10) gives

E[FT*] <0 (max { (1 “’)37 (1+b)(B+ 3/2)L}>

T3 T2
o (max { (1 ;;»37 lefn +3/2)L })

cofem{ 15222

This means that the correct convergence rate of the CANITA method (Li and Richtarik, 2021) is

_fe(amesvy). ez
"o+ (1+22) VE), wen. 2

Comparing this result with our Theorem E.14 describing the convergence of our method 2Direction,
one can see that in the low accuracy regimes (in particular, when I —75 dominates in (329)), our result

improves © () to at least © (log 1) . However, the dependence O (log 1) should not be overly
surprising as it was observed by Lan et al. (2019) already, albeit in a somewhat different context.

S Comparison with ADIANA

We now want to check that our rate (14) restores the rate from (Li et al., 2020). Since ADIANA
only compresses from the workers to the server, let us take » = 0, the identity compressor operator
cP (z) =z forallz € ]Rd, which does not perform compression, and, as in (Li et al., 2020), consider
the optimistic case, when L,,x = L. For this compressor, we have o = 1 in (2). Note that ufwz =0.
Thus the iteration complexity (14) equals

optimistc _ & [ 11 (w+1) [Lw+1)*? JLww+1)
o )
_ (max{[\/ (W+1) 3/27\/Lw(:/j*1),(w+1)}>’ 330

3/2 .
where we use Young’s inequality: L (zfﬁ) < \/% \/ % x 13 + %% Without the server-

to-worker compression, Algorithm 1 has the same iteration (330) and communication complexity as
(Li et al., 2020).
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