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Abstract
We propose Banker Online Mirror Descent
(Banker-OMD), a novel framework generaliz-
ing the classical Online Mirror Descent (OMD)
technique in the online learning literature. The
Banker-OMD framework almost completely de-
couples feedback delay handling and the task-
specific OMD algorithm design, thus facilitat-
ing the design of new algorithms capable of ef-
ficiently and robustly handling feedback delays.
Specifically, it offers a general methodology for
achieving Õ(

√
T +
√
D)-style regret bounds in

online bandit learning tasks with delayed feed-
back, where T is the number of rounds and D
is the total feedback delay. We demonstrate the
power of Banker-OMD by applications to two
important bandit learning scenarios with delayed
feedback, including delayed scale-free adversar-
ial Multi-Armed Bandits (MAB) and delayed ad-
versarial linear bandits. Banker-OMD leads to
the first delayed scale-free adversarial MAB al-
gorithm achieving Õ(

√
KL(
√
T +
√
D)) regret

and the first delayed adversarial linear bandit algo-
rithm achieving Õ(poly(n)(

√
T +
√
D)) regret.

As a corollary, the first application also implies
Õ(
√
KTL) regret for non-delayed scale-free ad-

versarial MABs, which is the first to match the
Ω(
√
KTL) lower bound up to logarithmic factors

and can be of independent interest.

1. Introduction
Multi-armed bandit (MAB) is a classical online learning
problem with partial information feedback. In the MAB
problem, an agent is given a set of arms and needs to choose
one each time, after which the agent suffers a loss deter-
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mined by the environment. The agent’s objective is to mini-
mize the expected difference between his/her total loss and
the total loss of a fixed best arm, which is called the regret.

Among the many techniques successfully applied to MAB
algorithm design, Online Mirror Descent (OMD) (Warmuth
and Jagota, 1997) and Follow-The-Regularized-Leader
(FTRL) (Gordon, 1999) have been proven to be powerful
tools, especially in adversarial MAB settings — where at
each round t, an adversary arbitrarily picks a loss for each
arm when the agent is making a decision. The OMD/FTRL
perspective offers an alternative algorithmic form of classi-
cal adversarial MAB algorithms originating from the idea of
exponential weighting, particularly the well-known EXP3
algorithm (Auer et al., 2002b). It also leads to the develop-
ment of new MAB algorithms such as Tsallis-INF (Zimmert
and Seldin, 2019) and BROAD-OMD (Wei and Luo, 2018)
by using different regularizers. At last, the OMD/FTRL per-
spective also generalizes to other online learning tasks, e.g.,
adversarial linear bandits (Abernethy et al., 2008; Audibert
et al., 2014) or Markov Decision Processes (Jin et al., 2020).

However, in many important practical learning problems,
action feedback may not arrive immediately after execution.
For instance, in the web advertisement scenario (Li et al.,
2010), after the server selects a set of ads and renders the
page for a user, the signal about user reactions may arrive
after the server picks ads for other incoming users. Similar
situations can also happen in parallel computing (Chen and
Xu, 2019) where jobs need to be allocated to some work
node before previous jobs finish or medical experiments
(Wason and Trippa, 2014) where patients need to get treated
before the information of previous treatment is gathered.

In such cases where feedback is arbitrarily delayed, the clas-
sical OMD approach can no longer be directly applied to
guarantee similar performance. Technically, this is because
the classical OMD/FTRL framework heavily relies on tech-
niques to rearrange potential terms into a telescoping sum so
that terms from adjacent rounds cancel. Thus, delayed feed-
back makes this real-time cancellation impossible. While
it is still possible to design algorithms for delayed MABs
(Zimmert and Seldin, 2020; Gyorgy and Joulani, 2021) or
delayed MDPs (Jin et al., 2022; Dai et al., 2022) using OMD
or similar ideas, one naturally asks the following question:
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Is there a general framework for transforming existing
task-specific OMD algorithms into ones that can handle
the “delayed version” of the corresponding tasks?

In this paper, we provide a positive answer to this question
by presenting a novel OMD framework, Banker-OMD.

1.1. Our Contribution

We first present Banker-OMD, a novel framework gener-
alizing the classical OMD framework to handle feedback
delays efficiently. Unlike classical OMD that plans a new
action based only on the potential term of the previous single
round, Banker-OMD proposes a new perspective to take
all previous rounds into account, providing a robust rule
to plan new actions when action feedback is delayed. The
Banker-OMD framework achieves Õ((

√
T +
√
D)f(T ))

regret for various delayed bandit learning tasks, where T is
the number of rounds, D is the total delay, and f(T ) is a
task-specific factor irrelevant to delays. More importantly,
our framework keeps the flexibility of the classical OMD
framework — it depends on neither the choice of the reg-
ularizer nor the loss estimators and can be equipped with
various OMD techniques (e.g., doubling tricks).

To demonstrate the power of Banker-OMD, we apply it
to two important bandit learning scenarios with delayed
feedback. The first one is delayed scale-free adversarial
MAB (Section 6): in addition to the usual delays (i.e.,
the feedback of t-th round can suffer a delay of dt), the
losses can fall into a general unknown range [−L,L] in-
stead of the restrictive range [0, 1] (Zimmert and Seldin,
2020; Thune et al., 2019). As we will explain, such a
generalization is very important in real-world scenarios
such as advertisement recommendations. We design al-
gorithms that can achieve Õ(

√
KL(
√
T +

√
D)) regret.

Additionally, a small-loss style bound (Neu, 2015) is also
provided for better data adaptivity. Consequently, when
applying our algorithm to the non-delayed scale-free ad-
versarial MAB problem, our bound dominates the SOTA
Õ(
√
KL2+L∞

√
KT ) = Õ(K

√
TL) (Putta and Agrawal,

2022) and matches the Ω(
√
KTL) lower bound (Auer et al.,

2002b) up to logarithmic factors, which can be of indepen-
dent interest (see Remark 6.4 for more discussions).

The second one is delayed adversarial linear bandits (Sec-
tion 7), where the feedback can be arbitrarily delayed
and the losses are adversarial, significantly strengthen-
ing the uniformly delayed setting (Ito et al., 2020) or
stochastic linear bandit setting (Zhou et al., 2019; Ver-
nade et al., 2020). In this setting, an Banker-OMD-based
Õ(poly(n)(

√
T +
√
D))-regret algorithm is yielded.

To our knowledge, we are the first to handle feedback de-
lays in adversarial scale-free MABs and the first to allow
arbitrary (i.e., unrestricted and also unknown) delays in

adversarial linear bandits, respectively. For a better compar-
ison, we also present an overview of our algorithms together
with several related works in Table 1 (in the appendix).

1.2. Related Work

Due to space limitations, only the most relevant works are
discussed. Appendix A.1 gives a more thorough discussion.

For the vanilla delayed adversarial MABs (with [0, 1]-
bounded losses), Bistritz et al. (2019); Thune et al. (2019);
Zimmert and Seldin (2020) achieved Õ(

√
D+
√
KT ) regret,

which is optimal compared to the Ω(
√
KT +

√
D logK)

lower bound (Cesa-Bianchi et al., 2016) up to logs. How-
ever, our work does not build upon any of them. In Ap-
pendix A.2, we discuss why we develop a new framework.

For scale-free learning, most works in this line consider full-
information feedback (Orabona and Pál, 2018) or stochastic
MABs (Hadiji and Stoltz, 2023). The only upper bound
for adversarial MABs is Õ(K

√
TL) (Putta and Agrawal,

2022), which does not consider feedback delays and still has
a
√
K gap with the Ω(

√
KTL) lower bound (Auer et al.,

2002b). See Remark 6.4 for more discussions on this.

For delayed linear bandits, Ito et al. (2020) studied adversar-
ial linear bandits with known uniform delays and achieved
Õ(
√
n(n+ d)T ) regret. All other works (see, e.g., (Zhou

et al., 2019; Vernade et al., 2020)) only consider stochastic
losses. On the contrary, our algorithm can handle both ad-
versarial losses and arbitrary and unknown feedback delays.

2. Problem Setup: Delayed Adversarial MAB
Notations. For n ≥ 1, we denote the set {1, 2, . . . , n} by
[n]. We denote the probability simplex over [n] by△[n]. We
use 0 to denote the zero vector. We use 1i to denote the one-
hot vector with 1 on the i-th coordinate, i.e., (1i)j = 1[i =

j]. We use Õ and Θ̃ to ignore all logarithmic dependencies.
Let f be a strictly convex function defined on some convex
domain A ⊆ RK . For any x, y ∈ A, if∇f(x) exists, denote
the Bregman divergence between y and x induced by f as

Df (y, x) ≜ f(y)− f(x)− ⟨∇f(x), y − x⟩.

We use f∗(y) ≜ supx∈RK {⟨y, x⟩ − f(x)} to denote the
Fenchel conjugate of f . At last, we use f to denote the
restriction of function f on △[K], i.e., f(x) = f(x) if
x ∈ △[K] and f(x) =∞ otherwise.

This section focuses on delayed adversarial MABs (Zim-
mert and Seldin, 2020), which we use to introduce our
Banker-OMD framework. For the more general delayed
scale-free adversarial MAB setting and delayed adversarial
linear bandit setting, please refer to Sections 6 and 7.

In a delayed adversarial MAB, there are K ≥ 2 available
actions (arms) and T ≥ 1 rounds. For each round t ∈ [T ],
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there is a loss vector lt ∈ [0, 1]K obliviously determined by
an adversary. Meanwhile, there is also an oblivious delay dt
associated with this round (also decided by the adversary).1

We define D ≜
∑T

t=1 dt following the convention (Bistritz
et al., 2019). Losses and delays are all hidden to the agent.

At the beginning of t-th round, the agent chooses an action
At ∈ [K]. The feedback (t, lt,At

) will be revealed to the
agent at the end of the t+dt-th round. The agent can decide
At based on all historical actions, all arrived observations,
and any private randomness. Note that the agent does not
have direct access to dt’s, though it can infer the delay dt
after its feedback has arrived, i.e., after dt rounds.

The agent’s objective is to minimize the difference between
its total loss, i.e.,

∑T
t=1 lt,At and the minimal possible total

loss incurred by a single action. Formally speaking, we use
pseudo-regret (also referred to as regret for convenience) as
the performance metric for any MAB algorithm.

Definition 2.1. The pseudo-regret of an MAB algorithm is

RT ≜ max
i∈[K]

E

[
T∑

t=1

lt,At
−

T∑
t=1

lt,i

]
,

where the expectation is taken to both the algorithm’s inter-
nal randomness and randomness from the environment.

3. Vanilla OMD Framework
We review the vanilla Online Mirror Descent (OMD) frame-
work for non-delayed MAB problems in Algorithm 1. It
has been widely used in many bandit learning works (e.g.,
(Abernethy et al., 2008; 2015; Audibert et al., 2014)). Note
that we use action scales σt instead of learning rates ηt for
the ease of presentation, whose relationship is σt = η−1

t .

Algorithm 1 Vanilla OMD for MAB
Input: Number of arms K, rounds T , Legendre regularizer

Ψ : RK
+ → R (defined in Definition B.2), initial action

x1 ∈ △[K], action scales σ1, . . . , σT .
1: for t = 1, 2, . . . , T do
2: Sample At ∈ [K] according to xt. Pull arm At.
3: Receive lt,At

. Calculate l̃t ←
lt,At

xt,At
1At

.

4: Set xt+1 ← ∇Ψ
∗
(∇Ψ(xt)− 1

σt
l̃t).

Before presenting our framework, we first sketch the stan-
dard analysis of an OMD-based algorithm. By the OMD
framework itself, we can conclude that (see, e.g., Theorem
28.4 by Lattimore and Szepesvári (2020)):

E[⟨lt, xt − y⟩] = E[⟨l̃t, xt − y⟩] (∀y ∈ △[K])

1For simplicity, we focus on the standard arm-independent
delay model in the main text. Our framework is actually capable of
the more general arm-dependent delay model; see Appendix A.3.

≤ E[σtDΨ(y, xt)− σtDΨ(y, zt) + σtDΨ(xt, z̃t)], (1)

where zt and z̃t are defined as

zt = ∇Ψ
∗(∇Ψ(xt)− σ−1

t l̃t
)
,

z̃t = ∇Ψ∗(∇Ψ(xt)− σ−1
t l̃t

)
. (2)

Eq. (1) then gives the following by telescoping sums:

RT ≤ σDΨ(y, x1) +

T∑
i=1

σ E[DΨ(xt, z̃t)]. (3)

When Ψ satisfies certain conditions, one can find constants
C1 and C2 such that (see, e.g., (Abernethy et al., 2015)):

• DΨ(y, x1) ≤ C1 for any y ∈ △[K], and
• E[σtDΨ(xt, z̃t)] ≤ C2

σt
for any xt ∈ △[K] and σt > 0.

In such cases, we say (Ψ, x1) is (C1, C2)-regular. Setting

σt ≡
√

C2

C1
T then gives the following according to Eq. (3):

RT ≤
√

C2

C1
TC1 + T

(√
C2

C1
T

)−1

C2

= O
(√

C1C2T
)
. (4)

However, as noticed, the classical OMD framework heavily
relies on the availability of lt,At at the end of round t (based
on which we compute z̃t). Consequently, it’s not easy to
make an OMD-based algorithm capable of feedback delays.

To resolve this issue, the previous solution in the literature
is to carefully design the loss estimators l̃t and/or the regu-
larizer Ψ (see, e.g., (Zimmert and Seldin, 2020; Putta and
Agrawal, 2022)). However, such an idea limits the use of
OMD to complicated applications like scal-free delayed ad-
versarial MABs or delayed adversarial linear bandits. We,
on the other hand, design an enhanced framework that can
easily handle feedback delays, leaving the regularizers and
estimators to the user, as we will see in Sections 6 and 7.

4. Banker-OMD for Delayed Bandit Feedback
We are ready to introduce our Banker-OMD framework.
We begin by inspecting the classical Eq. (1) for the vanilla
OMD framework, with a new set of terminologies for the
terms This gives a better understanding of our framework.

4.1. Terminologies in Regret Decomposition

To begin with, we sum Eq. (1) over t = 1, 2, . . . , T for an
upper bound of RT and rename the terms as follows:

RT ≤
T∑

t=1

E[σtDΨ(y, xt)]︸ ︷︷ ︸
withdrawal

−
T∑

t=1

E[σtDΨ(y, zt)]︸ ︷︷ ︸
saving
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+

T∑
t=1

E[σtDΨ(xt, z̃t)]︸ ︷︷ ︸
immediate cost

, (5)

where zt and z̃t are defined in Eq. (2).

We now explain the idea behind the names in Eq. (5). Let us
first look at the third term σtDΨ(xt, z̃t). As mentioned in
Section 3, one can bound E[σtDΨ(xt, z̃t) | Ft−1] ≤ C2

σt
=

O(σ−1
t ) when (Ψ, x0) is chosen to be “good enough.” In

other words, they can be bounded without affecting the first
two terms. Hence, we refer to them as “immediate costs” as
they immediately contribute to RT once σt’s are decided.

Then consider
∑T

t=1 E[σtDΨ(y, xt)]−
∑T

t=1 E[σtDΨ(y, zt)].
If we choose a constant scale σt = σ and pick xt+1 ← zt
(as in Section 3), it becomes a telescoping sum bounded by
σDΨ(y, x1)− σDΨ(y, zs). Therefore, we can view it in a
step-by-step manner: In round t, we manage to reduce some
regret by incurring a negative term −σDΨ(y, zt). However,
we will immediately use this term to pay the new regret
σDΨ(y, xt+1). After that, we compute zt+1 and introduce
a new negative term −σDΨ(y, zt+1) for subsequent rounds.
Thus, the −σDΨ(y, zt) terms can be viewed as bank “sav-
ings,” which ensures that one can “withdraw” σDΨ(y, xt+1)
to pay the cost of xt+1 in the future, without overdrafting.

4.2. Beyond Telescoping: Utilizing Multiple Savings

We generalize the banker idea above to tackle the challenge
of potentially absent feedback: We use more than one “sav-
ing terms” accumulated in previous rounds to make up the
current “withdrawal” σ̃DΨ(y, x) – in contrast to vanilla
OMD where only a single saving is used.

Formally, we focus on a specific round t ∈ [T ]. We aim to
design the action xt and the action scale σt wisely so that
the withdrawal σtDΨ(y, xt) is covered by several previous
savings from rounds 1 ≤ t1 < t2 < · · · < th < t, namely
σt1DΨ(y, zt1), σt2DΨ(y, zt2), ..., σthDΨ(y, zth).

2 In this
section, we treat t1, t2, . . . , th as some given sequence – its
decision rule is the focus of the next section.

In this case, we have Lemma 4.1, where the choice of x in
Eq. (6) is analog to zt used in vanilla OMD (c.f. Eq. (2)).
Lemma 4.1. For any z1, . . . , zh ∈ △[K], σ1, . . . , σh > 0
and Legendre convex Ψ : RK

+ → R, let σ̃ =
∑h

i=1 σi and

x = ∇Ψ∗
(

h∑
i=1

σi

σ̃
∇Ψ(zi)

)
, (6)

then we have

σDΨ(y, x) ≤
m∑
i=1

σiDΨ(y, zi), ∀y ∈ △[K].

2The vanilla OMD covered in the previous section therefore
reduces to the special case of h = 1 and t1 = t− 1.

In other words, once we set σt as
∑h

i=1 σti and construct
xt from Eq. (6), we automatically ensure σtDΨ(y, xt) ≤∑h

i=1 σtiDΨ(y, zti) – i.e., the t-th withdrawal is covered
by the savings from rounds t1, t2, . . . , th – as desired.

4.3. “Over-Drafting” in Case of Saving Shortage

In the presence of delayed feedback, the total accumulated
savings might not be always enough. For example, there
is no feedback in the first few rounds, but we still need to
decide xt in real time. To cover the remaining part of the
withdrawal, we propose to “over-draft” some more savings
via investing on a default action x0 ∈ △[K]. Specifically,
if we want to pick an action scale σt >

∑h
i=1 σti . Let the

shortage be bt = σt −
∑h

i=1 σti . We then add and subtract
E[bt]DΨ(y, x0) to the RHS of Eq. (5), which gives

RT ≤
T∑

t=1

E[σtDΨ(y, xt)]︸ ︷︷ ︸
withdrawal

−
T∑

t=1

E[σtDΨ(y, zt)]︸ ︷︷ ︸
saving

− E[bt]DΨ(y, x0)︸ ︷︷ ︸
imaginary saving

+

T∑
t=1

E[σtDΨ(xt, z̃t)]︸ ︷︷ ︸
immediate cost

+ E[bt]DΨ(y, x0)︸ ︷︷ ︸
investment cost

. (7)

As desired, we can use the negative term −btDΨ(y, x0) as
an “imaginary” saving – in addition to the h “actual” savings∑h

i=1 σtiDΨ(y, zti) – to apply Lemma 4.1. This allows us
to pay the withdrawal due to the following action:

xt = ∇Ψ
∗
(

h∑
i=1

σti

σt
∇Ψ(zti) +

bt
σt
∇Ψ(x0)

)
, (8)

which exactly uses up the h actual savings σtiDΨ(y, zti)
together with the imaginary one −btDΨ(y, x0).

We call bt an “investment”: When the total savings are
insufficient for a new action, we “invest” in some x0 to
make up the difference and proceed. As illustrated in Eq.
(7), such investments are not for free. They each introduces
an investment cost E[bt]DΨ(y, x0) to our total regret.

Intuitively, if for each t ∈ [T ] we can assign a sequence of
previous savings {(σt,i, zt,i)}ht

i=1 together with an invest-
ment bt, we can set σt = bt +

∑ht

i=1 σt,i, determine xt

according to Eq. (8), and yield the following regret bound:

RT ≲ E[BT ] ·DΨ(y, x0)︸ ︷︷ ︸
total investment cost

+

T∑
t=1

E[σtDΨ(xt, z̃t)]︸ ︷︷ ︸
immediate cost

, (9)

where BT ≜
∑T

t=1 bt is called the total investment.
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Algorithm 2 Banker-OMD Framework
Input: Number of arms K, regularizer and default invest-

ment (Ψ, x0), subroutine to pick action scales S
Output: A sequence of actions A1, A2, . . . ∈ [K]

1: Initialize B0 ← 0 ▷ maintain the total investment
2: for t = 1, 2, . . . , T do
3: at ← missing. ▷ whether feedback of t has arrived
4: σt ← S(t, {(As, as, ls,As

, σs, vs)}s<t). ▷ a
user-specified rule of deciding the action scale σt

5: vt ← σt. ▷ coefficient of the saving term DΨ(y, zt)
6: Initialize bt ← σt. For all s < t such that as =

arrived, set σt,s = min{vs, bt} and bt ← bt − σt,s.
▷ determine the amount of “investment” and “savings”
to form xt by minimizing bt while ensuring Eq. (10)

7: Bt ← Bt−1 + bt. ▷ update total investment Bt

8: for s = 1, 2, . . . , t− 1 do
9: vs ← vs − σt,s. ▷ spend σt,s units of savings

10: xt ← ∇Ψ
∗
( 1
σt

∑t−1
s=1 σt,s∇Ψ(zs)+

bt
σt
∇Ψ(x0)). ▷

decide xt according to Lemma 4.1 and Eq. (8)
11: Sample At ∈ [K] according to xt, pull arm At.
12: for upon receiving each new feedback (s, ls,As) do
13: l̃s ← ls,As

xs,As
1As

. zs ← ∇Ψ
∗
(∇Ψ(xs)− 1

σs
l̃s).

14: as ← arrived. ▷ saving −σsDΨ(y, xs) available

4.4. Formal Framework: Banker-OMD

In this section, we focus on assigning {(σt,i, zt,i)}ht
i=1 and

bt to every round 1 ≤ t ≤ T so that Eq. (9) is ensured.

For each round s < t, we denote its corresponding “remain-
ing savings” as vs, i.e., the coefficient before DΨ(y, zs) in
the current regret upper bound is−vs. Thus, vs is initialized
to 0 and becomes σs once the s-th feedback arrives (so zs
is revealed and the saving σsDΨ(y, zs) becomes available).
As sketched in the previous section, we must decompose
each action scale σt into an investment bt together with the
sum of several previous savings – if we use σt,s units of
saving from round s when constructing σt, then we need

bt +

t−1∑
s=1

σt,s = σt, and σt,s ≤ vs, (10)

As bt causes extra investment cost, we shall minimize bt
while ensuring Eq. (10) – in our framework, we only allo-
cate bt if using up all previous vs’s is still insufficient.

We formally present our framework in Algorithm 2, which
we call Banker-OMD. As we sketched in the previous
section, we shall expect its regret to be controlled by the
total investment BT , the action scales σt, and the remaining
savings vt – which is formalized in the following theorem.

Theorem 4.2 (Banker-OMD Regret Bound). At the end of

any round T , for any y ∈ △[K], we have

T∑
t=1

⟨l̃t, xt − y⟩ ≤ BT ·DΨ(y, x0)︸ ︷︷ ︸
total investment cost

+

T∑
t=1

σtDΨ(xt, z̃t)︸ ︷︷ ︸
total immediate costs

−
T∑

t=1

vtDΨ(y, zt)︸ ︷︷ ︸
remaining savings

, (11)

where BT , l̃1, . . . , l̃t, x1, . . . , xt, z1, . . . , zt are the vari-
able values produced by Algorithm 2 at the end of round T
and z̃t is defined as z̃t = ∇Ψ∗(∇Ψ(xt)− 1

σt
l̃t).

Theorem 4.2 offers a regret bound for Banker-OMD un-
der general parameter selection and serves as the basis for
achieving Õ(

√
T +
√
D)-style regret bounds by choosing

proper configurations (see Theorem 4.6 for an easy exam-
ple). The proof of Theorem 4.2 generally follows from our
informal intuition, i.e., inductively applying Lemma 4.1. A
formal version can be found in Appendix B.

Imitating Eq. (4) for vanilla OMD, we give the following
corollary by assuming (C1, C2)-regularity in Theorem 4.2.

Corollary 4.3. If (Ψ, x0) is (C1, C2)-regular, i.e.,
DΨ(y, x0) ≤ C1 for all y ∈ △[K] and E[σtDΨ(xt, z̃t) |
Ft−1] ≤ C2

σt
for all t ∈ [T ], then the Banker-OMD frame-

work presented in Algorithm 2 ensures

RT ≤ C1 · E [BT ] + C2 · E

[
T∑

t=1

σ−1
t

]
.

Remark 4.4. If there is no delay and we set σt ≡ σ, then
Banker-OMD coincides with the vanilla OMD with the
same σ – which is indeed our inspiration for Banker-OMD.

4.5. Tuning the Action Scales Painlessly

One may notice that in Algorithm 2, the regularizer Ψ
and the action scales σt remain unspecified. In fact, our
Banker-OMD framework inherits the flexibility of vanilla
OMD – the users can arbitrarily pick Ψ and σt as they want.
For example, Ψ can be any popular regularizer including
negative entropy, log-barrier (Wei and Luo, 2018), and Tsal-
lis entropy (Abernethy et al., 2015). The action scale σt can
also be freely decided, e.g., they may depend on the current
round index t and the statistics of experienced delays.3

In this section, we exemplify a possible tuning of σt which
automatically ensures Õ(

√
T +
√
D)-style regret bounds in

delayed bandit learning problems. In the following, we as-
sume (Ψ, x0) to be (C1, C2)-regular, which solely depends
on the the choice of (Ψ, x0) picked by the user.

3As a side note, we do not require σt’s to be monotone – even
more flexible than the vanilla OMD framework.
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Let dt denote the number of feedback that has not arrived at
the beginning of time t. We define Dt =

∑t
s=1 ds as the cu-

mulative experienced delay up to time t – both dt and Dt can
be easily maintained at run-time. Since

∑T
t=1

1√
t
= O(

√
T )

and
∑T

t=1
dt√
Dt

= O(
√
DT ) = O(

√
D) (Lemma B.1), one

only needs to tune the action scales σt as

σt =

(
1√
t
+

dt√
Dt

)−1

, ∀t ≥ 1

to upper bound the total immediate costs as

C2

T∑
t=1

σ−1
t = O

(
C2(
√
T +
√
D)
)
.

For the total investment part, we make the following obser-
vation, which follows from a direct analysis of Line 6:

Lemma 4.5. Let T0 be the largest number such that bT0 > 0.
Then, at the end of time T , we can decompose BT as

BT = BT0
= σT0

+

T0−1∑
t=1

1[t+ dt ≥ T0]σt.

Suppose that at the beginning of round T0, there are still m
feedback on the way, each corresponding to rounds t1 <
· · · < tm. Since these m feedback contributes at least(
m+1
2

)
to the total delay D, we have m = O(

√
D). Thus,

under the action scale σt =
(

1√
t
+ dt√

Dt

)−1

, we have

BT = σT0
+

m∑
i=1

σti ≤
√
t1 +

m∑
i=2

√
Dti

dti
+

√
DT0

dT0

≤
√
T +

m∑
i=1

√
D

i
= O

(√
T +
√
D logD

)
.

Therefore, we obtain the following theorem:

Theorem 4.6 (Main Theorem: Banker-OMD with Delays).
When setting σt as follows in Algorithm 2:

σt =

 1√
t
+ dt

√
ln(Dt + 1)

Dt

−1

, ∀1 ≤ t ≤ T,

we have BT ≤ O(
√
T +
√
D logD) at the end of round T .

Moreover, if in addition (Ψ, x0) is (C1, C2)-regular, setting

σt =

√
C2

C1

 1√
t
+ dt

√
ln(Dt + 1)

Dt

−1

, ∀1 ≤ t ≤ T

guarantees

RT = O
(√

C1C2(
√
T +

√
D logD)

)
.

Remark 4.7. This theorem only provides an easy way of get-
ting Õ(

√
T +
√
D) regret. As we said, the action scales are

up to the user – as we will demonstrate shortly, a different
and more sophisticated design of σt is used in Section 6.

5. Application 0: Delayed Adversarial MAB
For a sanity check and a simple yet illustrative example,
we consider the standard delayed adversarial MAB setting.
Inspired by the Tsallis-INF algorithm for adversarial
MABs (Zimmert and Seldin, 2019), we use the 1/2-Tsallis
entropy regularizer Ψ(x) = −

∑K
i=1 2

√
xi. To ensure regu-

larity, we pick x0 = ( 1
K , 1

K , . . . , 1
K ), which ensures (Ψ, x0)

is (O(
√
K),O(

√
K))-regular (Abernethy et al., 2015). At

last, as suggested by Theorem 4.6, we determine σ−1
t as

1√
t
+ dt

√
ln(Dt+1)

Dt
. Plugging all these configurations into

Algorithm 2, we get the algorithm Banker-TINF, whose
performance guarantee is stated in Corollary 5.1.

Corollary 5.1. Banker-TINF applied to delayed adver-
sarial MABs ensures RT = O

(√
KT +

√
KD logD

)
.

Remark 5.2. While the delay-related term O(
√
KD logD)

is slightly worse than the SOTA result O(
√
D logK) (Zim-

mert and Seldin, 2020), we see that Banker-OMD conve-
niently translates algorithm design into finding a regularizer
with appropriate regularity, which is a task decoupled from
handling feedback delays. As we will present in the follow-
ing sections, this feature enables us to conveniently adapt
existing OMD-based algorithms from a large variety of non-
delayed bandits settings to their delayed counterparts.

6. Application I: Delayed Scale-Free MAB
In prior sections of this paper, we assumed by default that all
losses are [0, 1]-bounded. However, in practice, it is often
hard to quantize the feedback to a limited range in a deter-
ministic way. For example, one advertisement may cause
unexpectedly great reactions in the market, either positive
or negative. Therefore, the [0, 1]-bounded-loss assumption
may fail to capture such subtle but important scenarios —
moreover, as one will see shortly, algorithm design in such
a setting is hard, even in absence of feedback delays.

In a scale-free adversarial MAB problem (without feed-
back delays), all losses lt,a’s are within some bounded in-
terval [−L,L] and L is unknown to the agent.4 Due to
the Ω(

√
KT ) lower bound for standard adversarial MABs

(Auer et al., 2002b), a trivial lower bound Ω(
√
KTL) exists.

On the other hand, the best-known upper bound by Putta
and Agrawal (2022) only reduce to Õ(K

√
TL) in the worst

4The assumption on the boundedness of the interval is without
loss of generality because L is kept as a secret: viewing from
hindsight, such an L < ∞ always exists.
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case — a
√
K gap with the lower bound exists even without

feedback delays (see Remark 6.4 for more discussion).

A scale-free MAB algorithm is more robust to extreme feed-
back, but we want more — e.g., being robust to feedback
delays. This results in the novel setting which we call de-
layed scale-free adversarial MAB, where the feedback of
each round t will only be delivered after dt rounds; mean-
while the losses still fall into an unknown bounded range
[−L,L] instead of [0, 1]. This is again the reality: in ad-
vertisement recommendations, the effect of deploying an
advertisement also cannot be immediately observed.

6.1. High-Level Design Ideas

In this section, we outline the design idea of our algorithm.
For this section, we shall assume the losses to be non-
negative — this assumption enables us to use the 1/2-Tsallis
entropy regularizer, following the idea of Corollary 4.3.5

As scale-free losses already produce adequate difficulties
(Putta and Agrawal, 2022), we first present our solution
for non-delayed settings before presenting the delay-robust
algorithms. Assume that we face a non-delayed instance
where dt ≡ 0 and we additionally have a forecast oracle
about ∥lt∥∞ at the beginning of each round t (i.e., lt,At

∈
[0, ∥lt∥∞] always holds). With the non-delay assumption
and the forecast, we can follow the spirit of non-delayed
adversarial MAB algorithms (Zimmert and Seldin, 2019)
for an algorithm with O(L

√
KT ) regret, as follows:

Idealized Setting #1 (no delay, with ∥lt∥∞ forecast). With
the 1/2-Tsallis entropy regularizer, the total immediate costs
become

√
K
∑

σ−1
t lt,A2

t
. Analogue to the [0, 1]-bounded

case (Zimmert and Seldin, 2019), we want it to be of order
σt after applying the summation lemma (Lemma B.1). Thus,

σt =

(
1 +

t∑
s=1

∥ls∥2∞

)1/2

ensures the total immediate costs to be bounded by

√
K

T∑
t=1

∥lt∥2∞

(
1 +

t∑
s=1

∥ls∥2∞

)−1/2

= O

√K
√√√√1 +

T∑
s=1

∥ls∥2∞

 = O(
√
KTL).

The same σt also ensures the total investment cost to be
σT

√
K = O(

√
KTL). Hence, RT = O(

√
KTL).

The above reasoning shows that we can easily adapt a classi-
cal [0, 1]-valued MAB algorithm to scale-free settings with

5For the general loss case, the log-barrier regularizer can be
used to derive an even better regret guarantee (which adapts to the
losses), albeit with a more complicated analysis; see Section 6.4.

the help of accurate forecasts. In fact, with such forecasts
available, we can also generalize Banker-TINF for de-
layed adversarial MABs (Corollary 5.1) to scale-free tasks.

Idealized Setting #2 (has delay, with ∥lt∥∞ forecast). In-
spired by Theorem 4.6, we set

σt = (dt + 1)−1 ·

(
1 +

t∑
s=1

(ds + 1)∥ls∥2∞

)1/2

,

where we weigh the delays in Dt by the loss magnitudes.
The total immediate costs then become proportional to

T∑
t=1

E[σ−1
t l2t,At

]

≤
T∑

t=1

∥lt∥2∞(dt + 1) ·

(
1 +

t∑
s=1

(ds + 1)∥ls∥2∞

)−1/2

= O


√√√√ T∑

t=1

(dt + 1)∥lt∥2∞

 = O(
√
D + TL),

where we again used Lemma B.1 together with the fact
that

∑
t(dt + 1) ≤ D + T . Following the proof of The-

orem 4.6, we can bound the total investment as BT =

Õ
(√∑T

t=1(dt + 1)∥lt∥2∞
)

= Õ(
√
D + TL). Combin-

ing these two parts then gives RT = Õ(
√
K(D + T )L).

Actual Setting. In the actual situation without the ∥lt∥∞
oracle, we introduce a doubling trick to maintain an upper
bound L̂t of the maximum observed feedback ls,As . We
then replace all unknown ∥ls∥∞’s in σt with L̂t, pretending
that it is a prediction returned by an ideal oracle, i.e.,

σt = (dt + 1)−1 ·

(
1 +

t∑
s=1

(ds + 1)L̂2
s

)1/2

. (12)

While maintaining the estimations L̂t, if we receive feed-
back ls,As

exceeding the current L̂t (i.e., we underestimated
the real losses), we update the upper bound L̂ to 2ls,As

and skip that round by setting the loss estimator l̃s to 0
(see Line 11). As there is at most O(

√
D) feedback on

the way, each doubling only causes O(
√
D) rounds to be

skipped. Their losses can be bounded by the new value of
L̂t, which means the total regret caused by skipping is at
most

∑
L̂t
O(
√
DLt) = O(

√
DL) — informally, by doing

so, we get a “weak oracle” that upper bounds each |lt,At |
within a constant multiplicative error, which is sufficient for
Õ(
√
T +
√
D)-style regret as we show in Section 6.3.

6.2. Banker-SFTINF for Non-Negative Losses

We formalize the ideas presented in the last section into
Algorithm 3, with a regret guarantee stated in Theorem 6.1.
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Algorithm 3 Banker-SFTINF for Delayed Scale-Free
Adversarial MAB with Non-Negative Losses

1: Initialize L̂1 = 1. Deploy Banker-OMD (with mod-
ifications) with x0 = 1/K and the 1/2-Tsallis entropy
regularizer Ψ(x) = −2

∑K
i=1

√
xi as follows.

2: for t = 1, 2, . . . , T do
3: Set at ← missing and dt ←

∑t−1
s=1 1{as=missing}.

4: Set Dt ←
∑t

s=1(ds + 1)L̂2
s. ▷ implement Eq. (12)

5: Calculate σt =

(
(dt + 1)

√
ln(3+Dt/L̂2

t )
3+Dt

)−1

.

6: Pick new action xt as Lines 5 – 10 of Algorithm 2.
7: Play At ∼ xt and initialize L̂t+1 ← L̂t.
8: for upon receiving each new feedback (s, ls,As) do
9: L̂t+1 ← max{L̂t+1, 2ls,As

}. ▷ doubling trick
10: if ls,As

> L̂s then
11: l̃s ← 0; as ← skipped. ▷ skip s
12: else
13: l̃s ← ls,As

xs,As
1As

; as ← arrived. ▷ keep s

14: Calculate zs ← ∇Ψ
∗
(∇Ψ(xs)− 1

σs
l̃s).

Theorem 6.1. When the losses are non-negative, the
Banker-SFTINF algorithm in Algorithm 3 ensures

RT = O
(√

K(D + T ) log(D + T ) · L
)

= Õ
(√

K(D + T )L
)
.

Remark 6.2. As noticed by Cesa-Bianchi et al. (2016), any
delayed adversarial MAB algorithm must suffer Ω(

√
KT +√

D logK) regret when losses are [0, 1]-bounded. Thus, in
the scale-free setting, any reasonable algorithm must suffer
Ω((
√
KT +

√
D logK) · L) total regret (even assuming a

known L). Hence, regarding K as a small constant indepen-
dent of T , Algorithm 3 is only O(

√
log(D + T )) = Õ(1)

times worse than the theoretical lower bound.

6.3. Analysis Sketch of Banker-SFTINF

We sketch the analysis of Banker-SFTINF. A formal
version is presented in Appendix C. Denote by Et the event
that at = skipped” eventually. Let l̂t ≜ lt,At

xt,At
1At be the

unnullified estimator. We decompose the regret as follows:

RT =

T∑
t=1

E[1¬Et
⟨l̂t, xt − 1i∗⟩] +

T∑
t=1

E[1Et
⟨l̂t, xt − 1i∗⟩]

≤
T∑

i=1

E[⟨l̃t, xt − 1i∗⟩]︸ ︷︷ ︸
Banker-OMD controlled regret

+

T∑
t=1

E[1Et
lt,At

]︸ ︷︷ ︸
∥lt∥∞ estimation error

(13)

because l̃t = 1¬Et l̂t by definition. Since l̃t’s are the losses
fed into Banker-OMD, the first term decomposes into the

total investment cost E[BT ] ·DΨ(y, x0) and the immediate
costs

∑T
t=1 E[1¬Et

σtDΨ(xt, z̃t)], thanks to Theorem 4.2.

First, consider the total investment BT . Let the last new
investment be made at T0 (Lemma 4.5). Suppose that there
are m feedback corresponding to rounds T1, T2, . . . , Tm

absent at T0 (i.e., Ti + dTi
≥ T0). Then BT is bounded by

BT ≤
m∑
i=0

1

dTi + 1

√
3 +DTi

= Õ
(√

(D + T )L2
)
,

because m = O(
√
D) and

∑T
t=1(dt + 1) = O(D + T ).

For immediate costs, we can prove E[σtDΨ(xt, z̃t)] ≤√
Kσ−1

t ∥lt∥2∞ analogue to the [0, 1]-bounded cases (for-
mally stated in Lemma C.2). Moreover, we have

T∑
t=1

σ−1
t ∥lt∥2∞ ≤

√√√√ T∑
t=1

(dt + 1)L̂2
t

≤
√
(D + T )L

due to the summation lemma Lemma B.1 and ∥lt∥∞ ≤ L̂t.

Besides, the other term in Eq. (13) can never exceed
O(
√
DL) — intuitively, each “skipping” will only cause no

more than
√
D feedback on the way to be skipped. There-

fore, Eq. (13) gives RT = Õ(
√
K(D + T )L), as claimed.

6.4. Banker-SFLBINF for General Losses

As mentioned, the 1/2-Tsallis entropy regularizer only
works for non-negative losses. Fortunately, for the general-
loss case, we can use the log-barrier regularizer Ψ(x) =

−
∑K

i=1 lnxi to derive the Banker-SFLBINF algorithm
(Algorithm 4 in Appendix D.1). It not only allows us to de-
rive the same regret guarantee as Theorem 6.1 when losses
can be negative (up to logarithmic factors), but also gives
a small-loss style (Neu, 2015) adaptive regret bound. The
bound is stated in Theorem 6.3 and proved in Appendix D.

Theorem 6.3. Banker-SFLBINF in Algorithm 4 ensures

RT = Õ
(√

K E[L̃2
T ] +

√
KDL

)
,

where L̃2
T ≜

∑T
t=1(dt + 1)l2t,At

and dt is the number of
feedback absent at the beginning of round t. In particular,

RT = O
(√

K(D + T ) log TL+
√
DL logL

)
= Õ

(√
K(D + T )L

)
.

Remark 6.4. When running on non-delayed instances,
Banker-SFLBINF enjoys an Õ(

√
KTL + KL) regret
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guarantee. Meanwhile, the SOTA bounds are Õ(
√
KL2 +

L∞
√
KT ) or Õ(

√
KL2+L∞

√
KL1) (Putta and Agrawal,

2022), which both reduce to Õ(K
√
TL) in the worst case.

Hence, our algorithm dominates theirs by a factor of
√
K in

the worst case, closing the gap with the Ω(
√
KTL) lower

bound (Auer et al., 2002b). More importantly, our bound
is uniformly better than theirs because L̃2

T =
∑T

t=1 l
2
t,At
≤∑T

t=1∥lt∥22 = L2. Besides, a technical comparison with
(Putta and Agrawal, 2022) is presented in Appendix A.4.

7. Application II: Delayed Linear Bandits
In a delayed adversarial linear bandit, there is a convex
action set C ⊆ Rn where n is called the ambient dimension.
Correspondingly, there is a loss set C = {l ∈ Rn | |⟨l, x⟩| ≤
1,∀x ∈ C}. At each round t, the agent picks an action
At ∈ C. At the same time, an adversary picks a loss vector
lt ∈ C and a delay dt. Then the agent suffers a loss of
l̂t = ⟨lt, At⟩ which is revealed to the agent at the end of
the t + dt-th round. The objective of the agent is still to
minimize the pseudo-regret, now defined by

RT ≜ sup
y∈C

E

[
T∑

t=1

⟨lt, At − y⟩

]
.

OMD, as in many other problems, has been widely adopted
in non-delayed linear bandit problems (Abernethy et al.,
2008; Bubeck et al., 2012; Bubeck and Eldan, 2015). In
particular, Abernethy et al. (2008) proposed an OMD-based
algorithm BOLO for adversarial linear bandits. It uses an
O(n)-self-concordant barrier (see Definition E.3 for an ex-
act definition) together with a sampling scheme supported
on the Dikin ellipsoid (which we will introduce in Algo-
rithm 5). This algorithm achieves O(n3/2

√
T log T ) regret.

Now, we illustrate how to easily convert the BOLO algo-
rithm into a delay-robust version via our Banker-OMD
framework. We first pick an O(n)-self-concordant Ψ and
set x0 = ∇Ψ∗(0); according to Abernethy et al. (2008),
this ensures (Ψ, x0) to be (O(n log T ),O(n2))-regular un-
der the sampling scheme of BOLO. After that, we pick the
action scales according to Theorem 4.6 – resulting in the
Banker-BOLO algorithm (presented as Algorithm 5 in Ap-
pendix E.1). Our Banker-BOLO algorithm then works in
delayed adversarial linear bandits and ensures the following:
Theorem 7.1. When Ψ is an O(n)-self-concordant barrier
over C, Banker-BOLO in Algorithm 5 ensures

RT = Õ
(
n

3/2
√
T + n2

√
D
)
,

which is only Õ(n2
√
D) more than the non-delayed regret

Õ(n3/2
√
T ) achieved by BOLO (Abernethy et al., 2008).

To our knowledge, Banker-BOLO is the first algorithm
achieving Õ(poly(n)(

√
T +

√
D)) regret for adversarial

linear bandits with arbitrary delays.6 The previous feedback
delay model on adversarial linear bandits only allows con-
stant delay lengths (Ito et al., 2020); moreover, this constant
length needs to be revealed to the agent beforehand. There-
fore, our setting is far more general than the previous one.
And – more importantly – such achievements are attained
by simply plugging a non-delayed adversarial linear bandit
algorithm (BOLO) into our Banker-OMD framework.

8. Conclusion and Future Directions
In this paper, we propose the Banker-OMD framework for
bandit learning problems with feedback delays. It almost de-
couples feedback delay handling and the task-specific OMD
algorithm design. We illustrate the power of our framework
by studying two different problems — we achieve the first
near-optimal performance in both settings. Our result also
extends to non-delayed scale-free adversarial MABs.

However, the most important contribution of our work is to
illustrate the power of Banker-OMD in decoupling feed-
back delays from the algorithm design (i.e., deciding the
regularizer Ψ and action scale σt’s). Using our framework,
algorithms for non-delayed problems like Tsallis-INF
(Zimmert and Seldin, 2019) or BOLO (Abernethy et al.,
2008) can be easily tuned to handle delays. Thus, we expect
our framework to be used in many other delayed bandit
learning problems.

Moreover, Banker-OMD allows the learning scales to be
non-monotonic (see Algorithm 2), which is more flexible
than vanilla OMD even in non-delayed settings. Our frame-
work is also capable of handling arm-dependent delays (see
Appendix A.3). We leave further investigations to the future.

Besides regret, the space complexity of Banker-OMD can
also be improved: The current version requires memorizing
the actions for all rounds with absent feedback (which can
be as large asO(

√
DK)), while the algorithms specially de-

signed for delayed MABs only need O(K) space (Zimmert
and Seldin, 2020). See Appendix A.5 for more discussions.
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A. More Discussions
A.1. More Related Works

Online Mirror Descent. Online mirror descent is a concept that originated in classical optimization and first developed by
Nemirovski (1979) and Nemirovskij and Yudin (1983). It was introduced to the context of online learning no later than
Warmuth and Jagota (1997); Gordon (1999); Shalev-Shwartz and Singer (2007a;b). Since then, OMD has been used in
various online learning tasks with adversarial reward, such as MABs (Audibert et al., 2014; Abernethy et al., 2015; Wei and
Luo, 2018; Zimmert and Seldin, 2019), semi-bandits (Audibert et al., 2014; Zimmert et al., 2019), linear bandits (Abernethy
et al., 2008; Bubeck et al., 2012; Audibert et al., 2014) and Markov Decision Processes (MDP) (Jin et al., 2020; Jin and Luo,
2020). For more discussions, one may refer to the references therein.

Delayed MAB. Joulani et al. (2013) first studied adapting existing stochastic MAB algorithm to delayed settings with i.i.d.
delays. Cesa-Bianchi et al. (2016) studied adversarial MABs with uniform delays d and derived a regret lower bound of
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Table 1. Overview of Our Algorithms and Some Related Works

Algorithm Setting Regret Upper bound

Zimmert and Seldin (2020) Delayed Adversarial MAB
Ω(
√
KT +

√
D logK) (Cesa-Bianchi et al., 2016)

Õ(
√
KT +

√
D)

Banker-TINF (Corollary 5.1) Õ(
√

K(D + T ))

Banker-SFTINF (Algorithm 3) Scale-free Delayed Adversarial MAB
Ω((
√
KT +

√
D logK)L) (Cesa-Bianchi et al., 2016)

Õ(
√

K(D + T )L) for non-negative losses

Banker-SFLBINF (Algorithm 4)
Õ
(√

K E[L̃2
T ] +

√
KDL

)
= Õ(

√
K(D + T )L)

Scale-free Adversarial MAB
Ω(
√
KTL) (Auer et al., 2002b)

Õ
(√

K E[
∑T

t=1 l
2
t,At

]

)
= Õ(

√
KTL)

Putta and Agrawal (2022) Õ
(√

K
∑T

t=1∥lt∥22 + L
√
KT

)
= Õ(K

√
TL)

Banker-BOLO (Algorithm 5) Delayed Adversarial Linear Bandit
Ω(n
√
T +
√
nD) (Ito et al., 2020)a

Õ(n3/2
√
T + n2

√
D)

Ito et al. (2020) Õ(n
√
T +
√
n
√
dT ) with known uniform delays d

aPrecisely, Ito et al. (2020) gave an Ω(n
√
T +

√
ndT ) bound for the uniform delay case where the delay d is known before-hand.

Ω(max{
√
KT,

√
dT logK}). Recent works (Bistritz et al., 2019; Thune et al., 2019; Zimmert and Seldin, 2020) show that

the total overhead due to feedback delays can be controlled in O(
√
D logK) (where D is the total delay, which is dT if

the delays are uniform) by introducing a moving negative entropy component in the OMD regularizer. Remarkably, all
these works assumed [0, 1]-bounded losses, i.e., lt,a ∈ [0, 1], ∀t ∈ [T ], a ∈ [K]. Thus, our delayed scale-free MAB setting
extends existing results to allow general losses.

Delayed Linear Bandits. Zhou et al. (2019) first studied stochastic linear bandits with i.i.d. delays. Vernade et al.
(2020) then studied stochastic linear bandits with random but only partially observable delays. Ito et al. (2020) studied
adversarial linear bandits with uniform delay d, proposing an Õ(

√
n(n+ d)T )-regret algorithm and showing a near-

matching Ω(
√
n(n+ d)T ) lower bound.

Learning with Feedback Delays. Aside from aforementioned delayed MABs and delayed linear bandits, feedback delays
are also considered in stochastic Markov Decision Processes (MDPs), see, e.g., (Lancewicki et al., 2022; Howson et al.,
2021; Jin et al., 2022; Dai et al., 2022). General online optimizations with feedback delays and full information (Mesterharm,
2005; Agarwal and Duchi, 2011) or bandit feedback (Dudik et al., 2011; Desautels et al., 2014) are also extensively studied
in the literature. Finally, feedback delays in wireless network optimizations are recently handled by Huang and Huang
(2021), via the application of a preliminary version of our Banker-OMD framework.

Scale-free Learning. Scale-free settings were first studied in full-information case (e.g., (De Rooij et al., 2014; Orabona
and Pál, 2018)). The most recent work in this line (Orseau and Hutter, 2021) studies non-delayed full-information
scale-free online learning. For MABs, Hadiji and Stoltz (2023) proposed an O(L∞

√
KT logK) algorithm for stochastic

ones. Putta and Agrawal (2022) then considered the more challenging adversarial case, yielding two adaptive bounds,
Õ(
√
KL2 + L∞

√
KT ) and Õ(

√
KL2 + L∞

√
KL1), which both become Õ(K

√
TL∞) in the worst case. Here, Lp

denotes the p-norm of the flattened loss matrix, i.e., Lp = (
∑T

t=1

∑K
i=1 l

p
t,i)

1/p. Importantly, no previous work considered
delayed feedback in scale-free MABs, and we give the first attempt to solve this problem.

A.2. Why Not Use Existing Works to Solve the Delayed Scale-free Adversarial MAB Problem?

In this section, we explain why we are not satisfied with simply using existing works (e.g., (Zimmert and Seldin, 2020)) to
solve our delayed scale-free adversarial MAB setting (via techniques like doubling trick). The main reason is that handling
delays and handling scale-free losses are actually coherent — a largely delayed large loss can make the loss estimation
inaccurate for a long phase. As a result, to obtain an analysis for the modified algorithm, it still needs to resolve a few
challenging technical difficulties.

For example, consider the representative work by Zimmert and Seldin (2020). This work introduces the notation L̂miss
t,it

to
denote the sum of estimated losses of the outstanding prior steps. Originally, their analysis upper-bounds the expectation
of L̂miss

t,it
by dt. As a result, the dependence of D in final regret bound comes from summing up L̂miss

t,it
and then taking

expectation. While this argument works well when L = 1, such calculation is no longer valid if they get divided by L̂t’s, as
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a heavily delayed large loss will affect up to Θ(D) subsequent L̂miss
t,it

’s. Moreover, when there may be negative losses, L̂miss
t,it

may contain negative components, which means the step (f) in the proof of Lemma 3 (which uses second-order remainder
upper bounds of Bergman divergences) no longer holds.

Therefore, as resolving such issues are challenging and does not provide generality and flexibility on other tasks (like
delayed adversarial linear bandits), we instead propose a new framework of handling delayed bandit learning problems — as
we illustrated in the main text, our framework allows various nice properties and solves many different problems (most of
which are open problems in the literature). That’s why we do not directly adopt existing delayed MAB papers.

A.3. Arm-Dependent Delays and Banker-OMD

Throughout the paper, we discussed about feedback delays that only depends on time indices (i.e., they are irrelevant to the
actions actually taken). This model, namely arm-independent delay model, is the most common one in the literature (Thune
et al., 2019; Bistritz et al., 2019; Zimmert and Seldin, 2020; Gyorgy and Joulani, 2021). However, in realistic applications,
such an assumption is often too restrictive. For example, in medical experiments, different medicine may take different time
to show its effect.

To resolve this issue, Van Der Hoeven and Cesa-Bianchi (2022) recently proposed a more general setting called arm-
dependent delays, where there is a delay matrix δ ∈ NT×K (also chosen by an oblivious adversary) to give out delay lengths
for each (round, arm) combination. Formally, the actual delay at time t is determined by dt ← δt,At

.

Van Der Hoeven and Cesa-Bianchi (2022) pointed out that existing adversarial MAB works on arm-indepdendent delays,
e.g., (Thune et al., 2019; Zimmert and Seldin, 2020) are not capable of dealing with the new setting. They also proposed a
new algorithm guaranteeing

RT ≤
√
KT +

√√√√lnK · E

[
T∑

t=1

⟨xt, ρt⟩

]
+ ρ∗, (14)

where ρt is a K-dimensional vector such that ρt,a denotes the number of feedback of action a that is still on the way at
the beginning of round t, i.e., ρt,a ≜

∑t−1
s=1 1As=a,s+δs,a≥t. Moreover, ρ∗ ≜ maxt∈[T ],a∈[K] ρt,a denotes the maximum

number of missing observations of some action.

Although our Banker-OMD framework is presented with the assumption of arm-independent delays, we claim here that our
results also apply to arm-dependently delayed settings as long as we redefine the symbol D as the sum of all delay lengths
actually experienced, namely D ≜

∑T
t=1 δt,At . In other words, D becomes a random variable rather than a obliviously

chosen constant — therefore, we can attain a regret bound in terms of E[D], recovering Eq. (14).

Technically speaking, the reason for the difference between our result and the previous ones (Thune et al., 2019; Zimmert
and Seldin, 2020) is that, rather than directly bound the regret (which involves expectation), our core result Theorem 4.2
upper bounds the sample path loss difference

∑T
t=1⟨l̃t, xt − y⟩. When we bound the total investment namely BT , we also

derive a sample path upper bound for BT : As we only make use of bounds like
∑

i≤n 1/i = Θ(log n) and monotonicity of
functions like x/ lnx, whether D is a random variable does not affect this bound of BT . Moreover, as for each immediate
cost term σtDΨ(xt, z̃t), we either directly derive a sample path upper bound (e.g., for log-barrier Ψ, Lemma D.2), or derive
a bound for the conditional expectation E[σtDΨ(xt, z̃t) | Ft−1], we can always obtain a O(σ−1

t ) bound given appropriate
regularity conditions of Ψ. We then sum up these bounds and then apply summation lemmas to get bounds in D. Again, until
now, whether D is a random variable does not matter. At this point, we have derived an upper bound for

∑T
t=1⟨l̃t, xt − y⟩

in D. Luckily, this bound is a concave function in D (as it only involves square roots and logarithms). Taking expectations
on both sides, we can then get a regret bound in E[D], just like Eq. (14).

A.4. Technical Comparison with (Putta and Agrawal, 2022)

Compared to our work, Putta and Agrawal (2022) did not explicitly estimate the actual loss range L (whereas we did by
introducing L̂t’s). Hence, instead of our tuning σt ∝ (1 +

∑t−1
s=1 l

2
s,As

+ L̂2
t )

1/2 ≈ (1 +
∑t

s=1 l
2
s,As

)1/2, they can only set
σt ∝ (1 +

∑t−1
s=1 l

2
s,As

)1/2 – thus, they can only use the following summation lemma different from Lemma B.1:

n∑
i=1

xi√
1 +

∑i−1
j=1 xj

≤ O

√√√√1 +

n∑
i=1

xi + max
1≤i≤n

xi

 .
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The maximum of xi causes an extra term that is proportional to the maximum reciprocal of probabilities to pull each arm in
their regret bound. Consequently, their algorithm must include explicit uniform exploration, i.e., playing (1− γt)xt +

γt

K

instead of xt for the t-th step. Even for non-delayed settings, γt = Ω(t−1/2) is needed for Õ(
√
TL) style total regret.

Therefore, if one directly adapts their technique to delayed settings, the regret bound would involve a term proportional to

max
1≤t≤T

∑
s≤t:as=“missing” at t

x−1
s,As

,

which could be as large as Θ(
√
DT ) in the worst case, making their framework incapable to feedback delays.

In a nutshell, there are essentially two improvements in our delayed scale-free MAB results: the first one is due to the novel
learning rates (which improves the regret in non-delayed settings), and the second one is due to our proposed Banker-OMD
framework (which easily generalizes the non-delayed regret bounds to delay-robust ones).

A.5. Computational and Space Complexity of Banker-OMD

Computational Complexity. Notice that the loop in Lines 8-9 of Algorithm 2 is to greedily spend up previous savings to
meet the desired new action scale σt. Thus, by maintaining a linked list of all “non-exhausted” savings, the loop only needs
to scan amortized O(1) previous time indices to decide each new xt. Hence the algorithm displayed in Algorithm 2 can be
implemented with an amortized time complexity of O(K) per action – which matches vanilla OMD.

Space Complexity. While the computational complexity of Algorithm 2 is the same as vanilla OMD, the space complexity
is much larger as we need to memorize all previous actions. Fortunately, we can also adopt a slightly different decision
rule of σt,s and bt (which is not included in the current version for ease of presentation), which further reduces the space
complexity to O(

√
DK) while maintaining a per-step O(K) amortized time complexity:

1. Calculate the sum of all available savings v =
∑

s<t,as = arrived vs.
2. If v < σt, fill up the remaining proportion by bt = σt − v. Otherwise, let bt = 0. This step ensures that Lemma 4.5 (the

upper bound on the total investment BT ) still holds.
3. Finally, for each s < t where as = arrived, we set σt,s = min(v, σt)

vs
v . In other words, we set σt,s ∝ vs such that∑

s<t,as = arrived σt,s = min(v, σt), which ensures Eq. (10).

Under the new policy, xt in Line 10 of Algorithm 2 becomes

xt = ∇Ψ
∗

min(v, σt)

σt

∑
s<t,as = arrived

vs
v
∇Ψ(zs) +

bt
σt
∇Ψ(x0)

 .

Therefore, by tracking
∑

s<t,as = arrived
vs
v ∇Ψ(zs), we can obtain xt by applying the mirror map Ψ

∗
(·) to the current∑

s<t,as = arrived
vs
v ∇Ψ(zs). Because we always have vs ∝ σs, each update does not involve calculating the summation

again and thus can be done in O(K) time – again the same as vanilla OMD. Moreover, in this version, we only need to
memorize the actions whose feedback is absent, giving O(

√
DK) space consumption.

B. Technical Details for Online Mirror Descent and Banker-OMD
Throughout the paper, we use

Ft = σ (A1, . . . , At, l1,A11[d1 + 1 ≤ t], . . . , lt,At1[dt + t ≤ t])

to denote the filtration of σ-algebra when studying random quantities indexed by time. Below, we present a summation
lemma that we heavily use when tuning the learning scales.

Lemma B.1 (Summation Lemma (Auer et al., 2002a, Lemma 3.5)). The following holds for any non-negative
x1, x2, . . . , xT ’s:

T∑
t=1

xt√
1 +

∑t
s=1 xs

≤ 2

√√√√1 +

T∑
t=1

xt.

15



Banker-OMD: A Universal Approach for Delayed Online Bandit Learning

B.1. Legendre Functions and Their Properties

Definition B.2 (Legendre Functions). For a strictly convex f defined on a convex domain A ⊆ RK , we say f is Legendre if
(i) int(A) is non-empty, (ii) f is differentiable on int(A), and (iii) limn→∞ ∥∇f(xn)∥2 →∞ for any sequence (xn)

∞
n=1

in int(A) converging to some x ∈ ∂ int(A).

The proof of the following lemmas can be found in any textbook for convex analysis, e.g., (Rockafellar, 2015).

Lemma B.3. Let C ⊆ Rn be a convex set, f : C → R be a Legendre function. Then,

1. ∇f is a bijection between int(C) and int(dom(f∗)) with the inverse (∇f)−1 = ∇f∗;
2. Df (y, x) = Df∗(∇f(x),∇f(y)) for all x, y ∈ int(C);b
3. the convex conjugate f∗ is Legendre.

We now give a formal proof to the single-step OMD regret bound Eq. (1), stated in the following lemma.

Lemma B.4. For any σ > 0, x, y ∈ △[K], l ∈ RK
+ and Legendre function Ψ : RK

+ → R, we have

⟨l, x− y⟩ ≤ σDΨ(y, x)− σDΨ(y, z) + σDΨ(x, z̃) (15)

where
z = argmin

x′∈△[K]

⟨l, x′⟩+ σDΨ(x
′, x), z̃ = argmin

x′∈RK
+

⟨l, x′⟩+ σDΨ(x
′, x), (16)

or equivalently,

z = ∇Ψ∗
(∇Ψ(x)− 1

σ
l), z̃ = ∇Ψ∗(∇Ψ(x)− 1

σ
l). (17)

Proof. Ψ is Legendre hence ∇Ψ explodes on ∂RK
+ , which guarantees that the minimizer x′ in the definition of z̃ in Eq.

(16) will lie in int(RK
+ ) and ∂

∂x′ [⟨l, x′⟩+ σDΨ(x
′, x)] = 0. The bijection property in Lemma B.3 then asserts this argmin

definition is equivalent to the definition in Eq. (17) using mirror maps ∇Ψ and ∇Ψ∗. Since Ψ is a Legendre function on
△[K], similar argument suggests that the definitions for z in Eq. (16) and Eq. (17) are equivalent.

The definition of z̃ in Eq. (17) implies l = σ(∇Ψ(x)−∇Ψ(z̃)). The first order optimality condition of z in Eq. (16) implies
that ⟨ 1σ l +∇Ψ(z)−∇Ψ(x), y − z⟩ ≥ 0 for any y ∈ △[K]. Hence we have

⟨l, x− y⟩ = ⟨l, x− z⟩+ ⟨l, z − y⟩
≤ σ⟨∇Ψ(x)−∇Ψ(z̃), x− z⟩+ σ⟨∇Ψ(z)−∇Ψ(x), y − z⟩
(a)
= σ(DΨ(z, x) +DΨ(x, z̃)−DΨ(z, z̃))− σ(DΨ(y, z) +DΨ(z, x)−DΨ(y, x))

= σDΨ(y, x)− σDΨ(y, z) + σDΨ(x, z̃)− σDΨ(z, z̃)

≤ σDΨ(y, x)− σDΨ(y, z) + σDΨ(x, z̃)

where (a) uses the following “three-point identity” of Bregman divergences:

DΨ(a, b) +DΨ(b, c)−DΨ(a, c) = ⟨∇Ψ(c)−∇Ψ(b), a− b⟩.

B.2. Detailed Proofs in Section 4

First of all, we study when the immediate cost terms E[σtDΨ(xt, z̃t)] in Algorithms 1 and 2 can be uniformly bounded:

Lemma B.5. If Ψ(x) =
∑K

i=1 f(xi) where f ′′(x) = x−α, α ≥ 1, then in Algorithms 1 and 2, for any t ≥ 1 we have

E[σtDΨ(xt, z̃t) | Ft−1] ≤
K

2σt
.

Proof. In fact, for any choice of Ψ and t ≥ 1 we have

σtDΨ(xt, z̃t) = σtDΨ∗(∇Ψ(z̃t),∇Ψ(xt))

16
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= σtDΨ∗(∇Ψ(xt)−
l̃t
σt

,∇Ψ(xt))

= σt

(
Psi∗(∇Ψ(xt)−

l̃t
σt

)−Ψ∗(∇Ψ(xt))− ⟨xt,−
l̃t
σt
⟩

)

=
∥l̃t∥2∇2Ψ∗(θt)

2σt
, (18)

where in the last step we write the Bregman divergence into a second order Lagrange remainder, θt is some element inside
the line segment connecting∇Ψ(xt)− 1

σt
l̃t and∇Ψ(xt).

Note that under this particular Ψ(x) =
∑K

i=1 f(xi), we have

• ∇2Ψ∗(·) is diagonal,
• The diagonal elements of ∇2Ψ∗(·) are non-decreasing on the line segment [∇Ψ(xt)− 1

σt
l̃t,∇Ψ(xt)],

and we can further upper bound Eq. (18) by 1
2σt
∥l̃t∥2∇2Ψ∗(∇Ψ(xt))

= 1
2σt
∥l̃t∥2∇2Ψ(xt)−1 . Therefore,

E[σtDΨ(xt, z̃t) | Ft−1] ≤ E[
1

2σt
∥l̃t∥2∇2Ψ(xt)−1 | Ft−1]

=
1

2σt

K∑
i=1

xα
t,i E[l̃2t,i | Ft−1]

=
1

2σt

K∑
i=1

xα
t,i E

[
l2t,At

1[At = i]

x2
t,i

∣∣∣ Ft−1

]

=
1

2σt

K∑
i=1

xα−1
t,i

≤ K

2σt
.

B.2.1. PROOF OF LEMMA 4.1

We give a formal proof for the “convex combination in the dual space” lemma of Banker-OMD (Lemma 4.1) here.

Proof of Lemma 4.1. Let x̃ = ∇Ψ∗(
∑h

i=1
σi

σ ∇Ψ(zi)), we have

σDΨ(y, x)
(a)

≤ DΨ(y, x̃)

(b)
= σDΨ∗(∇Ψ(x̃),∇Ψ(y))

= σDΨ∗(

h∑
i=1

σi

σ
∇Ψ(zi),∇Ψ(y))

(c)

≤ σ ·
h∑

i=1

σi

σ
DΨ∗(∇Ψ(zi),∇Ψ(y))

(d)
=

h∑
i=1

σiDΨ(y, zi)

where (a) is due to the Pythagorean theorem for Bregman divergences (DΨ(y, x̃) = DΨ(y, x) +DΨ(x, x̃) ≥ DΨ(y, x)),
(b) is due to the duality property of Bregman divergences, (c) is due to the convexity of the first argument of Bregman
divergences, and (d) uses again the duality property.

17
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B.2.2. PROOF OF THEOREM 4.2

It is then easy to see that the general regret bound for Banker-OMD (Theorem 4.2) is just a summation over the single-step
regret bounds in Lemma 4.1. A formal proof is presented here.

Proof of Theorem 4.2. When T = 0 this bound trivially holds. Suppose inequality Eq. (11) holds for all T ≤M , then the
difference of Eq. (11)’s RHS between T = M + 1 and T = M is at least

(BT+1 −BT )DΨ(y, x0) + σT+1DΨ(xT+1, z̃T+1)−
T∑

i=1

△viDΨ(y, zi)− σT+1DΨ(y, zT+1)

= (bT+1DΨ(y, x0) +

T∑
i=1

σT+1,iDΨ(y, zi))− σT+1DΨ(y, zT+1) + σT+1DΨ(xT+1, z̃T+1)

(a)

≥ σT+1DΨ(y, xT+1)− σT+1DΨ(y, zT+1) + σT+1DΨ(xT+1, z̃T+1)

(b)

≥ ⟨l̃T+1, xT+1 − y⟩,

which is the difference of Eq. (11)’s LHS between T = M + 1 and T = M . Here we use △vi to denote the change of
the variable vi in Algorithm 2 from the end of time T to the end of time T + 1, (a) is due to Lemma 4.1, (b) is due to
Lemma B.4. Thus by induction, we are done.

B.2.3. PROOF OF LEMMA 4.5

Proof of Lemma 4.5. Lemma 4.5 is a special case of the following fact: at the end of any time T , BT =
∑T

i=1 vi. This
fact can be easily verified by an induction on T . If GreedyPick is used, when we encounter a new round T and observe
bT > 0, it is guaranteed that at that moment, any non-zero vi is corresponding to an action whose feedback is still on the
way (including the action AT we are going to play).

B.2.4. PROOF OF THEOREM 4.6

The general method for O((
√
T +
√
D logD)f(T )) regret bounds (Theorem 4.6) can be proved following the same proof

sketch we presented in the text to deal with σt = ( 1√
t
+ dt√

Dt
)−1. To be specific,

Proof of Theorem 4.6. When Banker-OMD uses GreedyPick and action scales σt =

(
1√
t
+ dt

√
ln(Dt+1)

Dt

)−1

, we

have

T∑
t=1

σ−1
t =

T∑
t=1

 1√
t
+ dt

√
ln(Dt + 1)

Dt


≤

T∑
t=1

(
1√
t
+
√
ln(D + 1)

dt√
Dt

)
= O(

√
T +

√
D logD)

where in the last step, we use the fact that Dt is a cumulative sum of d1 . . . , dt and apply the summation lemma Lemma B.1.

In order to bound BT , consider the last moment T0 at which Bt gets increased, and suppose at the beginning of T0 there are
m = dT0

feedback on the way, each corresponding to actions at time t1 < · · · < tm respectively. Then it is easy to see
that dti ≥ i− 1 for any 1 ≤ i ≤ m, for at the beginning of time ti, actions invoked at time t1, . . . , ti−1 are still on the way.
Furthermore, we have D ≥ dT0

+
∑m

i=1 dti =
(
m+1
2

)
hence m = O(

√
D).

σt =

(
1√
t
+ dt

√
ln(Dt+1)

Dt

)−1

guarantees that σt ≤
√
t and σt ≤ 1

dt

√
Dt

lnDt+1 = O
(√

D
logD

)
1
dt

, where the last step is

18
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due to the monotonicity of
√

x
ln x+1 when x is sufficiently large. According to Lemma 4.5, we have

BT = σT0 +

m∑
i=1

σti

≤ O

(√
D

logD

)
1

dT0

+
√
t1 +

m∑
i=2

O

(√
D

logD

)
1

dti

≤
√
T +O

(√
D

logD

)(
m∑
i=2

1

i− 1
+

1

m

)
= O(

√
T +

√
D logD).

C. Technical Details for Banker-SFTINF
By plugging Theorem 4.2 into Eq. (13), we get the following regret decomposition for Algorithm 3:

Lemma C.1. Algorithm 3 guarantees

RT ≤ BT sup
y∈△[K]

DΨ(y, x0))︸ ︷︷ ︸
Total investment

+

T∑
t=1

E[σtDΨ(xt, z̃t)]︸ ︷︷ ︸
Immediate costs

+

T∑
t=1

E[1Et lt,At ]︸ ︷︷ ︸
Skipping error

(19)

where Et denotes the event that the feedback of round t’s action is marked to “skipped”, σt, Bt, xt, z̃t are variables
determined by Algorithm 3.

Below, we will bound the three terms in Eq. (19) within O(L
√

K(D + T ) log(D + T )) one by one.

C.1. Bound for Total Investment Term

For the total investment term BT supy∈△[K] DΨ(y, x0)), recall that we choose Ψ to be the 1/2-Tsallis entropy function,
which guarantees that supy∈△[K] DΨ(y, x0) ≤ 2

√
K. Thus it suffices to bound BT . Applying Lemma 4.5, suppose the last

round on which we make a new investment is T0 and that time, there are m previous feedback corresponding to rounds
T1, . . . , Tm still on the way, then we have

BT =

m∑
i=0

σTi

=

m∑
i=0

1

dTi
+ 1

√
3 +DTi

ln(3 +DTi
/L̂2

Ti
)

≤

(
m∑
i=0

1

dTi
+ 1

)
· max
1≤t≤T

√
3 +Dt

ln(3 +Dt/L̂2
t )

≤

(
m∑
i=0

1

i+ 1

)
· max
1≤t≤T

L̂t

√
3 +Dt/L̂2

t

ln(3 +Dt/L̂2
t )

(a)

≤ O(logm) · O

(
L

√
D + T

ln(D + T )

)

≤ O(logD) · O

(
L

√
D + T

ln(D + T )

)
≤ O

(
L
√
(D + T ) logD

)
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where in step (a) we simply control the L̂t factor out of the square root by L, and utilize the fact that Dt/L̂t ≤ t +∑t
s=1 dt for all t and the function (3 + x)/ ln(3 + x) is increasing. Thus we have show the total investment is within

O
(
L
√

K(D + T ) logD
)

.

C.2. Bound for Immediate Costs

To deal with the immediate costs, we first show each immediate cost term E[σtDΨ(xt, z̃t)] can be bounded very similarly
compared to the [0, 1]-bounded loss case.

Lemma C.2. Let Ψ be the 1/2-Tsallis entropy function, xt ∈ △[K], At be an independent sample from [K] according to xt,

l̂t ∈ RK
+ , l̃t =

l̂t,At

xt,At
1At

. Let z̃t ≜ ∇Ψ∗(∇Ψ(xt)− l̃t
σt
) then we have

σtDΨ(xt, z̃t) ≤
l̂2t,At

x
−1/2
t,At

σt

and

E[σtDΨ(xt, z̃t)] ≤
√
K
∥l̂t∥2∞
σt

.

Proof. If suffices to follow the calculation we used in the proof of Lemma B.5:

σtDΨ(xt, z̃t)
(a)
= σtDΨ∗(∇Ψ(z̃t),∇Ψ(xt))

= σtDΨ∗(∇Ψ(xt)−
l̃t
σt

,∇Ψ(xt))

= Ψ∗(∇Ψ(xt)−
l̃t
σt

)−Ψ∗(∇Ψ(xt))− ⟨xt,−
l̃t
σt
⟩

(b)
=
∥l̃t∥2∇2Ψ∗(θt)

2σt

where (a) is due to the duality of Bregman divergences, and (b) regards the Bregman divergence as a second order Lagrange
remainder, θt is some element inside the line segment connecting∇Ψ(xt)− 1

σt
l̃t and∇Ψ(xt).

Here our Ψ is the 1/2-Tsallis entropy function, then ∇2Ψ∗(·) is diagonal. We can verify that Ψ∗′′
ii (θ) = Ψ′′

ii(Ψ
′−1
i (θ))−1 =

2((−θ)−2)3/2 = −2θ−3 is increasing for all i and θ < 0. Also notice that all components of l̃ are non-negative, hence we
have ∇2Ψ∗(θt) ⪯ ∇2Ψ∗(∇Ψ(xt)) = ∇2Ψ(xt)

−1, and therefore

σtDΨ(xt, z̃t) ≤
∥l̃t∥2∇2Ψ(xt)−1

2σt
=

l̃2t,At
x

3/2
t,At

σt
=

l̂2t,At
x
−1/2
t,At

σt
≤
∥l̂t∥2∞x

−1/2
t,At

σt
.

Taking expectation on both sides of the inequality, we can further get

E[σtDΨ(xt, z̃t)] ≤
∥l̂t∥2∞
σt

K∑
i=1

x
1/2
t,i ≤

√
K
∥l̂t∥2∞
σt

.

For the immediate costs term, the after-skipping estimator l̃t used in Banker-SFTINF can be regarded as an importance
sampling estimate for l̂t ≜ lt · 1{lt,At≤L̂t}, which is a vector in RK

+ , thus Lemma C.2 applies, giving that

E[σtDΨ(xt, z̃t) | Ft−1] ≤
E[l̂2t,At

x
−1/2
t,At

]

σt
≤

L̂2
t E[x

−1/2
t,At

]

σt
≤
√
K

L̂2
t

σt
.
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Therefore, it remains to bound
∑T

t=1 E[
L̂2

t

σt
]. We can write

T∑
t=1

L̂2
t

σt
=

T∑
t=1

(dt + 1)L̂2
t√

3 +Dt

√
ln(3 +Dt/L̂2

t )

(a)

≤ O(
√

log T )

T∑
t=1

(dt + 1)L̂2
t√

3 +Dt

(b)

≤ O(
√

log T ) · O(
√

1 +DT )

≤ O(L
√

(D + T ) log T ),

where in step (a), we make use of the fact that Dt/L̂
2
t ≤ t +

∑t
s=1 ds for all 1 ≤ t ≤ T to bound

√
ln(3 +Dt/L̂2

t )

universally for all t by
√
ln(3 +D + T ) = O(log T ); in step (b), recall that Dt is just the sum of all (ds + 1)L̂2

s for
s = 1, 2, . . . , t, thus we can apply the summation lemma Lemma B.1. Thus we have verified that the immediate costs are
within O(L

√
K(D + T ) log T ).

C.3. Bound for Skipping Error

It remains to bound the skipping error term
∑

E[1Et
lt,At

]. For simplicity, denote lt,At
by l̂t, also let T ≜ {t ∈ [T ] : ¬Et}

denote the set of all skipped time indices. We begin with the following important observation:

Lemma C.3. For any indices s, t ∈ T , if l̂t < 2l̂s, we have s+ ds ≥ t, i.e., the feedback of action As arrives later than the
decision At being made.

Proof. Otherwise l̂s would be used to update L̂s+ds+1, thus L̂s+ds+1 ≥ 2l̂s, but t ≥ s + ds + 1 so we should have
L̂t ≥ L̂s+ds+1 ≥ 2l̂s, a contradiction.

Suppose |T | = m and denote by t1, t2, · · · , tm the elements of T , which are sorted in the arrival order of their feedback.
Consider partitioning T into non-empty subsets T1 ≜ {t1, t2, . . . , tm1

}, T2 ≜ {tm1+1, tm1+2, . . . , tm2
}, · · · , Tm ≜

{tmk−1+1, . . . , tmk
} (specially, we denote m0 = 0, mk = m), with the following two properties hold:

• (intra-subset loss upper bound) for each 0 ≤ i < k, we have l̂tj < 2l̂tmi+1 for all mi < j ≤ mi+1;
• (inter-subset loss lower-bound) for each 0 ≤ i < k − 1, we have l̂mi+1+1 ≥ 2l̂mi+1.

Such partition does exist and can be found by a greedy scan over T . The intra-subset and inter-subset loss requirments
allow us to conclude that the number of subsets k is O(logL). Besides, for each subset Ti, Lemma C.3 states that all
time indices in this subset are no later than the arrival of the feedback of time tmi+1, namely tmi+1 + dtmi+1

. Therefore,
|Ti| ≤ dtmi+1

+ 1 ≤ O(
√
D).

After making these observations, one can bound the total losses incurred by rounds in each Ti by

∑
t∈Ti

l̂t
(a)

≤ 2|Ti|l̂tmi+1

(b)

≤ 4 · 2−(k−i)|Ti|l̂tmk−1+1

(c)

≤ 4 · 2−(k−i) · O(
√
D) · L

≤ O(2−(k−i)
√
DL)

where in step (a) we make use of the intra-subset loss relationship in Ti, in step (b) we apply intra-subset loss relationship
for k − i− 2 times to control l̂tmi+1 by l̂tmk−1+1 , in step (c) we apply |Ti| ≤ O(

√
D).

Thus the total loss incurred by T , i.e., the skipping error, is bounded by O(
√
DL).
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D. Technical Details for Banker-SFLBINF
In this section, we introduce our algorithm Banker-SFLBINF and also analyze its performance.

D.1. Algorithm Design

Algorithm 4 Banker-SFLBINF for Delayed Scale-Free Adversarial MAB

1: Initialize L̂1 = 1, D0 ← 1
2: Run Banker-OMD with x0 = 1/K, the log-barrier regularizer Ψ(x) = −

∑K
i=1 lnxi and GreedyPick scheduler,

with some additional processing at each round as below.
3: for t = 1, 2, . . . do
4: at ← missing, dt ←

∑t−1
s=1 1{as=missing}.

5: Dt ← Dt−1 + dt. ▷ Also maintain ordinary experienced total delays
6: Dt ←

∑
s∈{1,...,t}:as=missing(ds + 1)L̂2

s +
∑

s∈{1,...,t}:as=arrived(ds + 1)l2s,As
.

7: σt =

(
(dt + 1)

√
ln(3+Dt/L̂2

t )
3+Dt

√
K lnT

)−1

.

8: if dt ≤
√

Dt/K then
9: σt ← max{σt, 2L̂t}

10: Pick new action xt as indicated by Algorithm 2. Play At ∼ xt.
11: Initialize L̂t+1 ← L̂t.
12: for upon receiving each new feedback (s, ls,As

) do
13: L̂t+1 ← max{L̂t+1, 2|ls,As |}.
14: if |ls,As

| > L̂s or ls,As
< − 1

2σs then
15: l̃s ← 0; as ← skipped. ▷ an additional skipping criterion
16: else
17: l̃s ← ls,As

xs,As
1As

; as ← arrived

18: zs ← ∇Ψ
∗
(∇Ψ(xs)− 1

σs
l̃s).

Compared to Banker-SFTINF, this algorithm uses log-barrier regularizers Ψ(x) = −
∑K

i=1 lnxi (Abernethy et al.,
2015). This regularizer tends to allocate more exploration probabilities to all arms (Agarwal et al., 2017) and leads to various
adaptation properties (Wei and Luo, 2018) — which enable us to derive a small-loss style (Neu, 2015) regret bound. Besides
the different regularizers, the main differences between Algorithms 3 and 4 are highlighted in blue, including different action
scales (Lines 7 and 9) and one more skipping criterion (Line 14).

The change in the regularizer together with the more strict skipping criterion (Line 14) makes it possible to control each
immediate cost term E[σtDΨ(xt, z̃t)] to by some quantity proportional to 1/σt even when the losses are negative. One can
refer to Lemma D.2 in the appendix for more details. The post-processing to the learning scales (Line 9) is a technical
modification matching up with Line 14 to make the regret still of order O(

√
K). At last, the meticulous Dt in Line 6 allows

us to additionally derive the small-loss style regret bound.

D.2. Regret Decomposition

The regret decomposition we will use here is slightly different from Eq. (19) because Ψ is now the log-barrier function,
which explodes on the boundary of ∆[K].

Lemma D.1. Define
∆′[K] ≜ {x ∈ ∆[K] : xi ≥ 1/T, ∀i ∈ [K]},

then, Algorithm 4 guarantees

RT ≤ O(KL) +BT sup
y∈△′[K]

DΨ(y, x0))︸ ︷︷ ︸
Total investment

+

T∑
t=1

E[σtDΨ(xt, z̃t)]︸ ︷︷ ︸
Immediate costs

+

T∑
t=1

E[1Et
lt,At

]︸ ︷︷ ︸
Skipping error

(20)
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where Et denotes the event that the feedback of round t’s action is marked to “skipped”, σt, Bt, xt, z̃t are variables
determined by Algorithm 4.

Proof. Denote by i∗ the actual offline optimal arm, let ỹ be the l2-projection of 1i∗ onto ∆′[K], it is easy to see (for
sufficiently large T )

ỹ =

{
1− K−1

T if i = i∗

1
T otherwise.

Hence

RT = E[
T∑

t=1

⟨lt, xt − 1i∗⟩]

= E[
T∑

t=1

⟨lt, xt − ỹ⟩] + E[
T∑

t=1

⟨lt, ỹ − 1i∗⟩]

≤ E[ sup
y∈∆′[K]

T∑
t=1

⟨lt, xt − ỹ⟩] + E[
T∑

t=1

∥lt∥∞ · ∥ỹ − 1i∗∥1]

≤ E[ sup
y∈∆′[K]

T∑
t=1

⟨lt, xt − ỹ⟩] + 2KT,

the first term can then be analysed normally using Theorem 4.2.

Below, we will control the three terms in Eq. (20).

D.3. Bound for Immediate Costs

Banker-SFLBINF (Algorithm 4) is designed for scale-free MAB problem instance with general (possibly negative) losses,
where the argument when we prove Lemma C.2 no longer works. When we are dealing with general losses, the importance
sampling estimators l̃t may contain negative components, and we cannot simply upper bound the Hessian ∇2Ψ∗(θt) by
∇2Ψ∗(∇xt). To solve this issue, in Algorithm 4, we instead use log-barrier Ψ(x) = −

∑K
i=1 ln(xi) as the regularizer to

utilize the following property:

Lemma D.2. For any xt in the interior of△[K], σt > 0, l̃t ∈ RK , let Ψ be the log-barrier function, z̃t = ∇Ψ∗(∇Ψ(xt)−
1
σt
l̃t), if for all i ∈ [K] we have z̃t,i ≤ 2xt,i, then

σtDΨ(xt, z̃t) ≤ 2σ−1
t

K∑
i=1

x2
t,i l̃

2
t,i.

In particular, if At is an independent sample from [K] according to xt, l̂t ∈ RK , and l̃t =
l̂t,At

xt,At
1At l̃t is an importance

sampling estimator determined by l̂t and At, we have

σtDΨ(xt, z̃t) ≤ 2σ−1
t l2t,At

.

Proof. Similar to the proof of Lemma C.2, we can write

σtDΨ(xt, z̃t) =
1

2
σ−1
t

∥∥∥l̃t∥∥∥2
∇2Ψ∗(wt)

=
1

2
σ−1
t

∥∥∥l̃t∥∥∥2
∇2Ψ(∇Ψ∗(wt))−1

(21)

where wt = ∇Ψ(xt) − θ
σt
l̃t for some θ ∈ (0, 1). When Ψ is the log-barrier function, we have ∇Ψ(x) =

(−1/x1,−1/x2, . . . ,−1/xK)T , ∇Ψ∗(θ) = (−1/θ1,−1/θ2, . . . ,−1/θK)T. The monotonicity of each coordinate of
∇Ψ∗ implies that for any i ∈ [K] we have

min{z̃t,i, xt,i} ≤ ∇Ψ∗(wt)i ≤ max{z̃t,i, xt,i}.
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The condition z̃t,i ≤ 2xt,i for all i ∈ [K] implies that ∇Ψ∗(wt)i ≤ 2xt,i for all i. Plugging this upper bound and
∇2Ψ(x) = diag(x−2

1 , x−2
2 , . . . , x−2

K ) into (21), we get

σtDΨ(xt, z̃t) ≤ 2σ−1
t

∥∥∥l̃t∥∥∥2
∇2Ψ(xt)−1

= 2σ−1
t

K∑
i=1

x2
t,i l̃

2
t,i.

Intuitively, Lemma D.2 suggests that it remains safe to apply single-step OMD regret upper bounds when the intermediate
result z̃t does not get too large, which is automatically guaranteed when the actual suffered loss lt,At is not too large
compared with the action scale σt. This fact is formally stated as follows.

Lemma D.3. For lt, xt, At, z̃t discussed in Lemma D.2, if lt,At
≥ − 1

2σt, then z̃t,At
≤ 2xt,At

.

Proof. It suffice to investigate the mirror map

∇Ψ(x) = (−1/x1,−1/x2, . . . ,−1/xK)T

and
∇Ψ∗(θ) = (−1/θ1,−1/θ2, . . . ,−1/θK)T.

Now l̃t is an importance sampling estimator, hence only the At-th coordinate can be non-zero and z̃t,i = xt,i for all i ̸= At.

As for the At-th coordinate, we have

z̃t,At
= ∇Ψ∗

(
∇Ψ(xt)−

1

σt
l̃t

)
At

= −
(
−x−1

t,At
− lt,At

σtxt,At

)−1

= xt,At ·
(
1 +

lt,At

σt

)−1

,

it is then easy to see that we have z̃t,At
≤ 2xt,At

whenever lt,At
≥ − 1

2σt.

Recall that in Algorithm 4 we slightly modified the skipping criteria (Line 14) to guarantee the effective pre-importance-
sampling lt,At

fed into Banker-OMD no less than − 1
2σt, thus by Lemma D.3, we can apply Lemma D.2 to all summands

in the immediate costs term in Eq. (19). Specifically, we have for all 1 ≤ t ≤ T ,

σtDΨ(xt, z̃t) ≤ 1¬Et2σ
−1
t l2t,At

.

Define D̃t to be a quantity similar to Dt used in the algorithm by

D̃t ≜
∑

s≤t:¬Et

(ds + 1)l2s,As
.

Recall that the actual Dt used in Algorithm 4 is

Dt ≜
∑

s≤t:as=“missing” at the beginning of time t

(ds + 1)L̂2
s +

∑
s∈{1,...,t}:as=“arrived” at t

(ds + 1)l2s,As

Compared to Dt, D̃t does not take into account rounds that were not skipped at the beginning of time t but are skipped
some time later. Also, for an unskipped round s, it contributes (ds + 1)l2s,As

to D̃t, but l2s,As
L̂2
s to Dt. It is thus guaranteed

that D̃t ≤ Dt.
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We further define

σ̃t =

(dt + 1)

√
ln(3 + D̃t/L̂2

t )

3 + D̃t

√
K lnT

−1

,

which is basically σt with Dt replaced by D̃t. Then σt ≥ σ̃t, again by the monotonicity of (3 + x)/ ln(3 + x/a). Then we
can write

T∑
t=1

σtDΨ(xt, z̃t) ≤ 2

T∑
t=1

1¬Et
σ−1
t l2t,At

= 2
∑

t≤T :¬Et

σ−1
t l2t,At

≤ 2
∑

t≤T :¬Et

σ̃−1
t l2t,At

= 2
√
K lnT

∑
t≤T :¬Et

√
ln(3 + D̃t/L̂2

t ) ·
(dt + 1)l2t,At√

3 + D̃t

(a)

≤ 2
√
K lnT · O(

√
log(D + T ))

∑
t≤T :¬Et

(dt + 1)l2t,At√
3 + D̃t

(b)

≤ 2
√
K lnT · O(

√
log(D + T )) · O(

√
1 + D̃T ) (22)

≤ O(L
√
K(D + T ) log T log(T +D))

≤ O(L
√
K(D + T ) log T )

where in step (a) we make use of the fact that D̃t/L̂
2
t ≤ t+

∑
s≤t ds and then universally bound all D̃t/L̂

2
t by D + T ; in

step (b) we utilize the fact that Dt is the cumulative sum of 1¬Es
(ds+1)l2s,As

, which is just the numerator of each summand,
hence we can apply the summation lemma Lemma B.1.

Let L̃2
T ≜

∑T
t=1(dt + 1)l2t,At

denote the cumulative actually suffered square loss, weighted by the delay backlog size, we
can see D̃T ≤ L̃2

T since D̃T only takes unskipped time slots into account. Plugging D̃T ≤ L̃2
T into Eq. (22), then taking

expectation on both sides, finally noticing that square root is a concave operation, we get

E

[
T∑

t=1

σtDΨ(xt, z̃t)

]
≤ O(

√
K(1 + E[L̃2

T ]) log T ).

D.4. Bound for Total Investment Term

To bound the total investment term, we first identify the order of the factor supy∈△′[K] DΨ(y, x0)):

Lemma D.4. When Ψ is the log-barrier function, we have DΨ(y, x0) ≤ K lnT +K = O(K log T ) for all y ∈ ∆′[K].

Proof. Notice that ∆′[K] is a compact convex subset of RK
+ (actually, it is a polyhedron), Ψ is a convex function over RK

+ ,
the maximum value of Ψ must achieve on the boundary of ∆′[K]. Due to the symmetry of coordinates of x0, it suffices to
verify the bound for all vertices y from ∆′[K], and now we have

DΨ(y, x0) = (K − 1)

(
− ln

1

T
+ ln

1

K
+K

(
1

T
− 1

K

))
+

(
− ln

(
1− K − 1

T

)
+ ln

1

K
+K

(
1− K − 1

T
− 1

K

))
≤ (K − 1) lnT − ln

(
1− K − 1

T

)
+K
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≤ K lnT +K.

It then suffices to bound the leading coefficient BT .

The choice of σt in Algorithm 4 (Line 7, Line 9) satisfies

σt ≤

(dt + 1)

√
ln(3 +Dt/L̂2

t )

3 +Dt

√
K lnT

−1

+ 1
{dt≤

√
Dt
K }
· 2L̂t.

By Lemma 4.5, there exists some t0 ≤ T such that

BT = Bt0 = σt0 +

t0−1∑
s=1

I[s+ ds ≥ t0]σs. (23)

Let t1 < t2 < · · · < tm be the time slots whose feedback has not arrived at time slot t0, we will have m = O(
√
D).

Furthermore, at time slot ti, we must have dti ≥ i as the feedback of t1, t2, · · · , ti are all absent, which can be used to

bound the number of i’s satisfying dti ≤
√

Dti

K . Therefore, BT can be further bounded by

BT =

m∑
i=0

σti

≤
m∑
i=0


(dti + 1)

√
ln(3 +Dti/L̂

2
ti)

3 +Dti

√
K lnT

−1

+ 1
{dti

≤
√

Dti
K }
· 2L̂ti


(a)

≤
m∑
i=0

(dti + 1)

√
ln(3 +Dti/L̂

2
ti)

3 +Dti

√
K lnT

−1

+ 4

(√
D

K
+ 1

)
L

= O

(√
D

K
L

)
+

1√
K lnT

m∑
i=0

1

dti + 1

√
3 +Dti

ln(3 +Dti/L̂
2
ti)

(24)

≤ O

(√
D

K
L

)
+

2L√
K lnT

m∑
i=0

1

dti + 1

√√√√ 3 +Dti/L̂
2
ti

ln(3 +Dti/L̂
2
ti)

(b)

≤ O

(√
D

K
L

)
+

2L√
K lnT

·

√
3 +D + T

ln(3 +D + T )

m∑
i=0

1

dti + 1

≤ O

(√
D

K
L

)
+

2L√
K lnT

·

√
3 +D + T

ln(3 +D + T )
· O(logD)

= O

(√
D

K
L+

√
(D + T ) logD

K log T
L

)

where in step (a), we simply bound L̂t,i by 2L, and utilizing dti ≥ i for all i ≥ 1 to write
∑m

i=0 1{dti
≤
√

Dti
K }
≤∑m

i=0 1{i≤
√

Dti
K }
≤
∑m

0=1 1{i≤
√

D
K } ≤

√
D
K + 1; (b) uses the monotonicity of (3 + x)/ln(3 + x) and the fact that

Dt/L̂
2
t ≤ t+

∑t
s=1 ds.

In order to get a bound in L̃2
T =

∑T
t=1(dt+1)l2t,At

, similarly define L̃2
t ≜

∑t
s=1(ds+1)l2s,is and define m̃ ≜ max1≤t≤T dt.

We must have m̃ = O(
√
D) since D ≥

(
m+1
2

)
. Recall that in Algorithm 4 the value of Dt we pick is
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Dt =
∑

s≤t:as=“missing” at t

(ds + 1)L̂2
s +

∑
s≤t:as=“arrived” before t

(ds + 1)l2s,As

≤
t∑

s=1

(ds + 1)l2s,As
+ L̂2

t

∑
s≤t:as=“missing” at t

(ds + 1)

(a)

≤ L̃2
t + L̂2

t (m̃+ 1)2

≤ L̃2
t + 100DL̂2

t

where (a) holds because in the sum
∑

s≤t:as=“missing” at t(ds + 1), the number of summands and the value of each summand
are both bounded by m̃+ 1.

Leveraging this upper bound for Dt’s, we can continue from Eq. (24) to obtain an upper bound in L̃2
T :

BT ≤ O

(√
D

K
L

)
+

1√
K lnT

m∑
i=0

1

dti + 1

√
3 +Dti

ln(3 +Dti/L̂
2
ti)

≤ O

(√
D

K
L

)
+

1√
K lnT

m∑
i=0

L̂ti

dti + 1

√√√√ 3 +Dti/L̂
2
ti

ln(3 +Dti/L̂
2
ti)

(a)

≤ O

(√
D

K
L

)
+

1√
K lnT

m∑
i=0

L̂ti

dti + 1

√√√√ 3 + L̃2
ti/L̂

2
ti + 100D

ln(3 + L̃2
ti/L̂

2
ti + 100D)

≤ O

(√
D

K
L

)
+

1√
K lnT

max
1≤t≤T

{
L̂t

√
3 + L̃2

t/L̂
2
t + 100D

ln(3 + L̃2
t/L̂

2
t + 100D)

}
m∑
i=0

1

dti + 1

≤ O

(√
D

K
L

)
+

1√
K lnT

max
1≤t≤T

{
L̂t

√
3 + L̃2

t/L̂
2
t + 100D

}
1√

ln(3 + 100D)

m∑
i=0

1

dti + 1

= O

(√
D

K
L

)
+

1√
K lnT

max
1≤t≤T

{
L̂t

√
3 + L̃2

t/L̂
2
t + 100D

}
O(logD)√
ln(3 + 100D)

≤ O

(√
D

K
L

)
+

1√
K lnT

√
L̃2
T + (3 + 100D)L̂2

T

O(logD)√
ln(3 + 100D)

= O

(√
D

K
L

)
+O

(√
logD

K log T

√
L̃2
T + (3 + 100D)L̂2

T

)

≤ O

(√
D

K
L

)
+O

√ L̃2
T logD

K log T
+

√
(1 +D) logD

K log T
L


where step (a) plugs in our Dt bound into L̃2

t . Taking expectation on both sides, we can see

E[BT ] ≤ O

(√
D

K
L

)
+O

√E[L̃2
T ] logD

K log T
+

√
(1 +D) logD

K log T
L

 .

Combining the bounds for E[BT ] and supDΨ(y, x0), we can make the following conclusion:

Lemma D.5. In Eq. (20), the total investment term when y is restricted on ∆′[K] is bounded by

sup
y∈∆′

[K−1]

E [BT ·DΨ(y, x0)] = O
(√

KD log TL+
√
K(D + T ) logD log TL

)
,
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sup
y∈∆′

[K−1]

E [BT ·DΨ(y, x0)] = O
(√

KD log TL+

√
K logD log T E[L̃2

T ] +
√

K(1 +D) logD log TL

)
.

D.5. Bound for Skipping Error

It finally remains to bound
∑T

t=1 E[1Et
lt,At

], the skipping error term in Eq. (20). We claim the following result:

Lemma D.6. In Algorithm 4, the expected number of skipped time slots, namely the
∑T

t=1 E [1Et ] term in Eq. (20), is
bounded by O(

√
D logL+

√
KD). Furthermore, the skipping regret is bounded by O((

√
D logL+

√
KD)L).

Proof. For any 1 ≤ t ≤ T , define the following two events

Ut ≜
{
|lt,At

| > L̂t

}
,

Vt ≜

{
|lt,At | ≤ L̂t, lt,At < −

1

2
σt

}
.

In other words, Ut happens if and only if round t is skipped by Algorithm 4 due to the skipping criterion inherited from
Algorithm 3, and Vt happens if and only if round t is skipped solely due to the new skipping criterion lt,At < − 1

2σt. Hence
our goal reduces to bound

∑T
t=1 E [1Ut

] +
∑T

t=1 E [1Vt
], where the first sum is bounded by O(

√
D logL) according the

argument in Appendix C.3. Therefore, it suffices to bound
∑T

t=1 E [1Vt ].

Recall that we maintain experienced total delay Dt in Algorithm 4 and we have D0 = 1, DT = D + 1. For any integer
i ≥ 0, define a stopping time

τi ≜ inf

{
t ≥ 0 : Dt ≥

D

2i

}
.

Clearly, we have τi ≤ T and τ0 ≥ τ1 ≥ · · · almost surely holds. The idea is to bound the sum of 1Vt
during any two

successive stopping times τi and τi−1. That is, to bound
∑τi−1−1

t=τi
1Vt for each i ≥ 1.

Notice that for a t ≥ τi, the value of Dt is at least D/2i. If Vt happens, then at time t, Line 9 of Algorithm 4 cannot

be executed (otherwise we will have σt ≥ 2L̂t and lt,At
< − 1

2σt ≤ −L̂t, a contradiction), which means dt >
√

Dt

K .

Therefore conditioned on Vt and t > τi, we have Dt −Dt−1 = dt >
√

Dt

K ≥
√

D
2iK , and

∑τi−1−1
t=τi

1Vt
must be no more

than D
2i−1 /

√
D

2iK =
√
KD21−i/2. We can then conclude that

T∑
t=1

1Vt
=

T∑
t=τ0

1Vt
+

∞∑
i=1

τi−1−1∑
t=τi

1Vt

≤ (D + 1)

/√
D

K
+

∞∑
i=1

√
KD2−

i
2+1 = O(

√
KD).

Therefore, we have
∑T

t=1 E[1Et
] =

∑T
t=1 E[1Ut

]+
∑T

t=1 E[1Vt
] = O(

√
D logL+

√
KD). Furthermore, the total skipping

regret is therefore no more than L
∑T

t=1 E[1Et
] = O(

√
DL logL+

√
KDL).

E. Technical Details for Banker-BOLO
E.1. Algorithm Design

In the language of Banker-OMD, Banker-BOLO uses x0 = ∇Ψ∗(0) as the default investment option. As noticed
by Abernethy et al. (2008), when Ψ is O(n)-self-concordant and σt’s are at least 8n, this choice ensures (Ψ, x0) to be
(O(n log T ),O(n2))-regular under the sampling scheme over Dikin ellipsoids (Line 8). According to Theorem 4.6, we then

pick the action scale as σt = max

{(√
lnT
nt + dt

√
ln(Dt+1) lnT

nDt

)−1

, 8n

}
and achieve Õ(n3/2

√
T + n2

√
D) regret.

In the following section, we give more rigorous justification on the applicability of Banker-OMD to the linear bandit prob-
lem, the (O(n log T ),O(n2))-regularity of the regularizer, and the sampling scheme combination used by Banker-BOLO.
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Algorithm 5 Banker-BOLO for Delayed Adversarial Linear Bandits
Input: Number of dimension n; Time horizen length T ; Legendre function Ψ : C → R.
Output: A sequence of actions A1, A2, . . . , AT ∈ C.

1: D0 ← 0.
2: for t = 1, 2, . . . , T do
3: Set at ← missing, dt ←

∑t−1
s=1 1{as=missing}, and Dt ← Dt−1 + dt.

4: Calculate σt ← max

{(√
lnT
nt + dt

√
ln(Dt+1) lnT

nDt

)−1

, 8n

}
.

5: Pick new action xt as indicated by Algorithm 2.
6: Let {et,1, . . . , et,n} and {λt,1, . . . , λt,n} be the eigenvectors and eigenvalues of∇2Ψ(xt).
7: Sample it uniformly from [n] and εt from a Rademacher random variable.
8: Play At defined by At = xt + εtλ

−1/2
t,it

et,it . ▷ sample on the Dikin ellipsoid
9: for upon each new feedback (s, l̂s) do

10: l̃s ← l̂s · nεsλ
1/2
s,is
· es,is . ▷ loss estimator matching with the sampling scheme

11: Set zs ← ∇Ψ∗(∇Ψ(xs)− 1
σs
l̃s) and as ← arrived.

E.2. Regret Analysis

When we use a regularizer Ψ that is a Legendre function natively defined on the convex action set C, we have the following
alternatives for Lemma B.4 and Lemma 4.1:

Lemma E.1. Let C be a convex subset of Rn with non-empty interior, then for any σ > 0, x, y ∈ int(C), l ∈ Rn and
Legendre function Ψ : C → R, we have

⟨l, x− y⟩ ≤ σDΨ(y, x)− σDΨ(y, z) + σDΨ(x, z)

where
z = argmin

x′∈△[K]

⟨l, x′⟩+DΨ(x
′, x), (25)

or equivalently,

z = ∇Ψ∗(∇Ψ(x)− 1

σ
l).

Lemma E.2. For any m ≥ 1, z1, . . . , zm ∈ int(C), σ1, . . . , σm > 0 and Legendre function Ψ : C → R, let σ =
∑m

i=1 σi

and

x = ∇Ψ∗(

m∑
i=1

σi

σ
∇Ψ(zi)),

we have

σDΨ(y, x) ≤
m∑
i=1

σiDΨ(y, zi)

for any y ∈ int(C).

Lemma E.1 and Lemma E.2 can be proved in almost the same way as Lemma B.4 and Lemma E.2. In fact, in the case of
Ψ natively defined on C, the update rule Eq. (25) already guarantees l = σ(∇Ψ(x) − ∇Ψ(y)), we no longer need Ψ, a
“constrained version” of Ψ as we did in the MAB case.

Follow the same reasoning in Section 4, we can see that Banker-BOLO has the following regret bound:

T∑
t=1

⟨l̃t, xt − y⟩ ≤ (

T∑
t=1

bt)DΨ(y,∇Ψ∗(0)) +

T∑
i=1

σtDΨ(xt, zt) (26)

for any y ∈ int(C). Theorem 4.6 continues to apply to
∑T

t=1 bt and gives an O(
√
T +

√
D logD) bound for this total

investment coefficient. In order to derive the claimed regret bound in Theorem 7.1, it remains to justify the following
properties
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• l̃t is an unbiased estimate for the true loss vector lt, i.e., E[l̃t | Ft−1] = lt;
• E[σtDΨ(xt, zt)] can be bounded by O(n2/σt);
• DΨ(y,∇Ψ∗(0)) can be uniformly bounded by O(n log T ).

These properties are, therefore, all unrelated to the presence of feedback delays, and all have been proved in (Abernethy
et al., 2008). For the sake of completeness, we put the most important technical lemmas here.

Definition E.3. A self-concordant function Ψ : C → R is a C3 convex function such that

|D3Ψ(x)[h, h, h]| ≤ 2(D2Ψ(x)[h, h])3/2.

Here, the third-order differential is defined as

D3Ψ(x)[h, h, h] ≜
∂3

∂t1∂t2∂t3
|t1=t2=t3=0 Ψ(x+ t1h1 + t2h2 + t3h3).

It is further called ϑ-self-concordant if

|DΨ(x)[h]| ≤ ϑ
1/2[D2Ψ(x)[h, h]]

1/2.

Definition E.4. If Ψ is a self-concordant barrier over C, for x ∈ int(C) and r > 0, define the open Dikin ellipsold of radius
r centered at x as the set

Wr(x) ≜
{
y ∈ C : ∥y − x∥∇2Ψ(x)−1 ≤ r

}
.

We have the following properties of Dikin ellipsoids (refer to (Nemirovski, 2004, Page 23) for proofs):

Lemma E.5. For any x ∈ int(C), we have

1. W1(x) ⊆ C;
2. For any ∥h∥∇2Ψ(x)−1 < 1, we have

(1− ∥h∥∇2Ψ(x)−1)2∇Ψ2(x) ≼ ∇2Ψ(x+ h) ≼ (1− ∥h∥∇2Ψ(x)−1)−2∇Ψ2(x).

Lemma E.5 asserts that any Dikin ellipsold of radius 1 centered in the interior of C will be contained in C. Recall that in
Algorithm 5, the new action At is sampled from the surface of a unit-radius Dikin ellipsold centered at xt (Line 8), so At is
guaranteed to be a valid action in C. Lemma E.5 also states that, within a unit-radius Dikin ellipsold inside C, the Hessians of
Ψ are “almost proportional” to the Hessian at the center of the ellipsold. This fact plays a crucial role in bounding immediate
costs E[σtDΨ(xt, zt)]. Prior that, we need another lemma.

Lemma E.6. For any 1 ≤ t ≤ T , we have
zt ∈W 4n

σt
(xt).

Lemma E.6 is Lemma 6 of (Abernethy et al., 2008); refer to the original paper for a proof. It claims that the single-step
OMD image zt is located within a Dikin ellipsold centered at xt. Combining Lemma E.5 and Lemma E.6, we can derive an
upper bound for immediate costs.

Lemma E.7. In Banker-BOLO, if σt ≥ 8n, we have

E[σtDΨ(xt, zt) | Ft−1] ≤
2n2

σt
.

Proof. Similar to the proof of Lemma B.5, we have

σtDΨ(xt, zt) =
∥l̃t∥2∇2Ψ∗(θt)

2σt
=
∥l̃t∥2∇2Ψ(wt)−1

2σt

where θt is some element inside the line segment connecting ∇Ψ(xt)− 1
σt
l̃t and ∇Ψ(xt), wt = ∇Ψ∗(θt). According to

Lemma E.6, wt is located in W 4n
σt
(xt) ⊆W1/2(xt). We can thus apply the second result in Lemma E.5 to get

σtDΨ(xt, zt) =
∥l̃t∥2∇2Ψ(wt)−1

2σt
≤

2∥l̃t∥2∇2Ψ(xt)−1

σt
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hence

E[σtDΨ(xt, zt) | Ft−1] ≤
2

σt
E[∥l̃t∥2∇2Ψ(wt)−1 | Ft−1]

≤ 2

σt
E[∥nλ1/2

t,it
· et,it∥2∇2Ψ(wt)−1 | Ft−1]

=
2n2

σt
.

In order to derive an upper bound for the investment term DΨ(y,∇Ψ∗(0)), we first introduce the following property of
ϑ-self-concordant barriers. The proof can be found in (Nesterov and Nemirovskii, 1994, Page 34).

Lemma E.8. Define
πy(x) ≜ inf{t ≥ 0 : y + t−1(x− y) ∈ C}.

If Ψ is a ϑ-self-concordant barrier on C, then for any x, y ∈ int(C), we have

Ψ(y)−Ψ(x) ≤ ϑ ln
1

1− πx(y)
.

Corollary E.9. Define CT ≜ {y ∈ C : π∇Ψ∗(0)(y) ≤ 1− 1/T}, if Ψ is a ϑ-self-concordant barrier on C, we have

sup
y∈CT

DΨ(y,∇Ψ∗(0)) ≤ ϑ lnT.

This uniform upper bound for DΨ(y,∇Ψ∗(0)) over CT is enough for us to design linear bandits algorithms. The reason is,
for any y ∈ C \ CT , the definition of CT guarantees that there exists a y′ ∈ CT such that

T∑
t=1

|⟨lt, y − y′⟩| = O(1)

uniformly holds. Therefore there is a only constant difference between RT and supy∈CT
E[
∑T

t=1⟨lt, xt − y⟩].
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