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Abstract

It has been recently observed in much of the literature that neural networks exhibit
a bottleneck rank property: for larger depths, the activation and weights of neural
networks trained with gradient-based methods tend to be of approximately low rank.
In fact, the rank of the activations of each layer converges to a fixed value referred
to as the “bottleneck rank”, which is the minimum rank required to represent the
training data. This perspective is in line with the observation that regularizing
linear networks (without activations) with weight decay is equivalent to minimizing
the Schatten p quasi norm of the neural network. In this paper we investigate
the implications of this phenomenon for generalization. More specifically, we
prove generalization bounds for neural networks which exploit the approximate
low rank structure of the weight matrices if present. The final results rely on the
Schatten p quasi norms of the weight matrices: for small p, the bounds exhibit

a sample complexity 5(W7’L2) where W and L are the width and depth of the
neural network respectively and where r is the rank of the weight matrices. As p
increases, the bound behaves more like a norm-based bound instead.

1 Introduction

The success of neural networks in many applications during the most recent artificial intelligence boom
has driven substantial research efforts into understanding their generalization behavior [[1, 2} 13} 4} 5L 16].
Whilst early work [[7] focused on traditional approaches such as VC dimensions and parameter count,
the increasingly evident ability of DNNs to generalize well (even in massively overparametrized
regimes) has shifted the community’s focus beyond purely architectural bounds [8} 9]. It is now
accepted that a satisfactory explanation of Neural Networks’ generalizing abilities must incorporate
more refined information about the training process and the properties of the representation functions,
which spontaneously arise from training DNNs on natural data 10, [11]].

One of the simplest ways to characterize the ‘simplicity’ of functions learnt by neural networks
through the geometry of weight space is by considering norms of the weight matrices. Indeed, several
works have provided various bounds with reduced or absent explicit dependence on architectural
quantities, preferring to express neural network capacity through various functions of the weight
matrices. Such generalization error bounds, which primarily rely on the norms of the weight matrices
to express function class capacity are generally referred to as ‘norm-based bounds’. The earliest
attempts include many bounds obtained through various vector contraction inequalities and the
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‘peeling technique’ [12, [13]]. In this subcategory of bounds, the Rademacher complexity is bounded
iteratively by peeling off layers, resulting in a product of norms of the weight matrices. For instance,
the Rademacher complexity bound in [13]], which extends earlier work from [[12], scales asﬂ
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Here, N is the number of samples, 9B is an upper bound on the norms of the samples and A4, ..., A,
are the network’s weight matrices. A remarkable feat of this bound is the complete lack of explicit
dependence on architectural parameters (i.e., depth, width, etc.). However, the implicit dependence
introduced by the product of Frobenius norm is large: even assuming that each weight matrix has
unit spectral norm, if the rank of each A, is r and each matrix has homogeneous spectrum, then the
bound will still correspond to a sample complexity of 7%, an exponential dependence on the depth L.

Later norm-based bounds have largely favored alternative approaches via covering numbers, which
yield a less dramatic exponential depth dependence. The most recognizable examples of such results
include the bounds of [3]] and [[1]], which were independently discovered through two approaches:
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Here the Mys are arbitrary reference matrices chosen in advance El The implicit exponential depen-
dence in depth is reduced to a product of spectral norms which, at least in theory, could be expected
to scale as O(1) or forced to be a unit value [14]. With this interpretation, it becomes clearer that the
bounds improve when the networks stay close to initialization, especially if the number of updated
weights is sparse, which would make the norm || (A — M) " |21 small.

Such observations can begin to explain some of DNNs’ successes, in particular with respect to the
lottery ticket hypothesis [15]. However, they do not paint a complete picture, and are largely vacuous
by large margins. In fact, the most impressive recent bounds in the theory of neural networks tend to
implicitly incorporate data dependence. For instance, in [3} 16, [16] various upper bounds on norms
of activations of intermediary layers and Lipschitz constants of gradients are replaced by empirical
equivalents through a powerful technique called loss function augmentation, greatly attenuating
the implicit exponential dependency on depth. Pushing it to the extreme, [[11] prove bounds which
incorporate a notion of confidence for intermediary concepts learnt at each layer.

The discovery of the Neural Tangent Kernel [[17} 18] is certainly one of the biggest breakthroughs in
deep learning theory in recent years. Indeed, the underlying theory demonstrates that Neural Networks
behave approximately like kernels at the overparametrized regime, and are able to characterize the
model’s generalization behavior directly in terms of the alignment between the labels and the NTK
features of the data distribution. However, such bounds rely on very strict overparametrization
assumptions. Furthermore, it has been shown that the NTK regime does not outperform the moderate
overparametrization regime [19, [20]].

Another tremendous advance towards understanding the generalization power of neural networks
occurred with the gradual understanding that depth induces low-rank representations 21, 22,123\ 24,
25, 26]. In other words, the training dynamic of DNNs through gradient based methods naturally
encourages low-rank representations, converging to a bottleneck intrinsic dimension which captures
the data’s features parsimoniously. In particular, the connection between weight decay and implicit
Schatten quasi-norm regularizaion has been made in [26, 24]. There has been a lot of recent interest
in this phenomenon, which has been demonstrated experimentally in various contexts spanning both
DNNs, CNNs and even LLMs [27]]. The phenomenon can most easily be understood by initially
considering the case of linear neural networks. In this case, we have the following powerful result:

"For simplicity, we assume that the nonlinearities are 1-Lipschitz in this related works section.
2For instance, they can be set to zero or the initialized values of the weights



Theorem 1.1 (cf. [24], Theorem 1). Let w = min(C, d) and let By, ..., Br, be matrices such that

By e RY*4 By e RE*Y B, ..., Br_1 € R, For any matrix A € RE*? we have
N L
L|A|Z , =min ). |By|* subjectto BrB_i...By = A. (1.4)
sC, 7
=1

For any matrix Z and any 0 < p < 2, our notation ||Z s, refers to the Schatten p quasi norm of Z
1ZIE., = > oi(2)P, (1.5)

where 0, (Z) refers to the ith singular value of Z (listed in decreasing order). Thus, as p approaches
zero, the quantity || Z|[E. , approaches the rank of the matrix Z. Slightly larger values of p induce
a softer form of rank sparsity. Thus, Theorem [I.I]implies that a simple weight decay constraint
on factor matrices By, ..., By, is equivalent to a rank-sparsity inducing constraint on | A||b where
p = % — 0 when L. — co0. Deep results [24, 22]] in optimization theory demonstrate that under
specific circumstances, the above described implicit rank-sparsity inducing effect of weight decay
at large depth occurs even in the presence of activation functions: the ranks of each layer’s post
activation representations’|converges to a single quantity referred to as the “bottleneck rank”, which
can be understood as the minimum dimension required to effectively represent the data.

In this work, we characterize the effects of rank-sparsity in the weight matrices in terms of generaliza-
tion. We provide bounds which interpolate between the norm-based and parametric regimes at each
layer with the parametric interpolation technique originally developed for matrix completion [28]].
This allows us to control the L* (cf. Prop. or L? (cf. Prop. covering number of each layer
in term of the Schatten p quasi norms of the weight matrices. Treating Lipschitz and boundedness
conditions on the loss function as constant, our contributions are summarized as follows.

* We prove new generalization bounds for linear networks which incorporate the implicit
low-rank effects of depth by incorporating the Schatten p quasi norm of the weight matrix.
As p — 0, the bound provides a sample complexity of O ([C + d]rank(A)). To the best of
our knowledge, this is a new characterization of the generalization behavior of multi-class
linear classification with low-rank dependencies between the classes.

* For fully-connected neural networks, we prove (cf. Theorem [3.2)) bounds of the order of
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* Qur results hold simultaneously over every sequence of Schatten indices p,s, which we tune
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to balance the effects of the norm-based factor [% HiL:1 pill Ail and the low rank

structure in the term || Ag|P¢ ) /| Ae||P¢ (for M, = 0).
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* We also provide extensions of those results relying on Loss Function Augmentation to
replace the norm-based factor B ]_[le pi| Ai| by BE | 4B ]_[iL:z pil|Ai| where B | , is
the maximum norm of a convolutional patch at layer ¢ — 1.

* To the best of our knowledge, the proof technique, parametric interpolation, has only been
previously used in the context of matrix completion [28]], a substantially different setting.

2 Related Works

Deep Learning Theory is a vast and active area of research spanning various topics from optimiza-
tion [29, 130} 131]] to generalization [|1,|32]] and the intersection between both [17, 33]. In this section,
we focus on norm-based and parameter-counting bounds for neural networks satisfying certain norm

3For p = 1, ||+||sc.p is a norm, but we refer to it as a quasi-norm to cover the casesp < 1 and p > 1.

*Whilst the low-rank properties of the activations and weight matrices are not exactly equivalent, they are
closely related. Indeed, consider N input activations x1, ...,z x lying on a subspace of dimension r, then for
any weight matrix T € R™*", there exists a matrix W € R™*? of rank < r s.t. Wx = W for all 4.



constraints. Indeed, this is the branch of literature closest to our work. A more mathematically
detailed description of the related works is available in Sections [B]and [C|

Norm-based Bounds by peeling techniques were established for Deep Neural Networks in [[12]]
and [[13], resulting in bounds involving products of Frobenius norms of the weights (cf. equation (T.I))).
In [34]], further norm-based bounds were proved involving the products of the L! norms of the columns
of the weight matrices. Recently, the technique has also been ingeniously extended to Convolutional
Neural Networks (CNNs) in [32]], which elegantly exploits the sparsity of connections to achieve in
Li[l7 , |Ae]eevVI ], w,B
VN
patches at layer £ and B is the maximum L? norm of any convolutional patch. The results in [32]
are not directly comparable to ours, and are especially well adapted to the case where the spatial
dimension is very small. Indeed, as long as the convolutional filters are not one dimensional, the bound
depends exponentially on depth. [[16] also proves generalization bounds for CNNs which take weight
sharing into account, and the bounds form the basis for the treatment of the norm based components
in our proofs. However, the bounds in those works cannot incorporate rank-sparsity into the analysis
and scale unfavorably with depth. There is also a variety of works which applies generalization
analyses to non-standard learning settings or loss functions, including pairwise [35}136} 37] learning
or triplet-based learning and contrastive learning [38} 13914011411 142] 143|144/ 145/ 146,47, 48]. However,
such works usually focus on the effect of the loss function. In addition to the above fundamental
works, many works provide non-vacuous bounds for practical architectures through various post
processing techniques including data-dependent priors [49], optimization of the bound or network
compression/discretization [50}51,152,153]]. A particularly notable contribution is made in [54]], which
provides PAC Bayesian generalization bounds for two-layer networks where the main complexity
term involves Froebenius norms of the weight matrices, remarkably, without an additional factor of
the width, achieving non vacuous bounds in various cases. However, the bounds are PAC Bayesian
and not directly comparable to ours since the training error is replaced by an expectation over a
posterior distribution (derandomized analogues such as [55]] reintroduce a factor of width), only
GELU and EREF activation functions are covered and the number of layers is limited to 2. The
gradient dynamic of deep neural networks and deep linear networks was widely studied from
an optimization perspective to demonstrate neural rank collapse, with some works also covering
networks with activations [24} 56} 127,157,158, 159,160, |61} 162} |63]]. In terms of the implications of such
results for linear networks on generalization, one can of course consider the results which apply to
neural networks with activations and apply them to this case [1} 3]] (see Corollary [C.1|for a transfer of
such results to the linear case), or construct Rademacher complexity bounds specifically for linear
networks as in [64]. However, such approaches involve an exponential dependence on depth which
make it more difficult to capture any low-rank structure in the classes, since such structure appears for
larger values of L (smaller values of p). One can also consider all existing bounds for the multi-class
linear classification problem, where the state of the art is provided by [65] which proves a bound

of O A/ AJ%\;%Q), improving earlier results from [66, |67, 168]] in terms of implicit dependence on

bounds of the order

, where w, is the spatial dimension of the convolutional

C. Since then, the result has been extended to many variants of the learning problem, including
multi-label learning, structured output prediction and ranking problems [69, 70, [71} 72} [73]].

Parameter counting bounds such as those of [4] and [[74] apply both to CNNs and DNNSs (in fact, [74]
proves both norm based and parameter counting bounds for DNNs, CNNs and ResNets). Taking into
account implicit factors of L coming through logarithmic factors, the tightest parameter counting

bound in both cases scales like O (1 / %) where WV is the number of parameters in the network. Our

own result in Corollary @]additionally takes the low-rank structure into account. Norm-based [75]]
and parameter counting [76]] bounds have also been recently provided for transformers [[77].

To the best of our knowledge, there are only two works which have utilized the low-rank structure in
neural networks: [13]], relies on Schatten p norms of weight matrices to improve on the bound (I.T)
for matrices with low Schatten p quasi-norm. The argument relies on Lipschitz continuity arguments
and yields bounds with a decay in N worse than O (1 / VN ) The recent work [64] manages to
achieve tighter bounds taking explicit low-rank structure into account. The resulting bound scales

as L OB [HgL:1 HA[”] Lry/ % One of the consequences of the proof strategy is the presence of



explicit exponential dependence on L through the term C¥ where C is an intractable constantﬂ In
addition, even ignoring the factor of C, the bound still involves a product of spectral norms (with an
exponent of 1), whereas our bounds involve a product of spectral norms with a potentially smaller,
tunable exponent of piﬁf’Q. However, the elegant and short proof in [64] does imply that there are far
fewer polylogarithmic factors compared to our bounds. See Appendix |C|for detailed formulae.

Our proof technique draws some inspiration from [28]], which introduced the parametric interpolation
technique to estimate the complexity of matrix completion with Schatten p quasi norm constraints.
However, the derivations are radically different. Indeed, in the matrix completion literature on
approximate recovery [[79} 180l [81]], the observations are entries of an unknown matrix A: the
independent variable 2z = (4, j) in the supervised learning formulation is drawn from an arbitrary
distribution over the discrete set of entries [m] x [n]. In contrast, in our work, the observations are
modelled as outputs of a neural network, i.e., they take the form F'(x;) where F is a neural network
as defined in equation (3.6). Even for a single linear layer, the learning setting is different and the
outputs take the form Ax; instead of A; ;. The analysis in [28] relies on bounding Rademacher
complexities directly through elaborate chaining arguments, bypassing the need for covering numbers
and interpolating between p = 0 and p = 1. In fact, the authors mention that any readily obtainable
covering number would yield vacuous bounds in the matrix completion context. In contrast, our
analysis interpolates between p = 0 and p = 2 and produces chainable covers for weight spaces with
Schatten constraints. A more detailed discussion of related works is provided in Appendix [C]

3 Main Results

We consider a learning problem using a loss function 1 : R¢ x ) — R*, where C is the number of
classes (in classification) or 1 (in regression). In this work, we assume loss function is L;-Lipschitz
with respect to the L® norm and uniformly bounded by 5. In regression, the output space is J) = R
whilst in classification, it is Y = {1,...,C}. In the case of regression, an example of such a loss
function is the truncated square loss

1(9,y) = min(B, |§ — y[?). (3.1)

Indeed, in this case, the loss function is uniformly bounded by B and uniformly 2 B-Lipschitz. For
classification, a typical example used in much of the literature is the following margin loss [l |4]:

1, if argmax; 9; # vy,
Jy—max g,
~ iFY . ~ ~
(g,y) =1 ————, if0<gy— max i < 7, (3.2)
0, if g, > r{lj;(gjz + .

In this case, the loss function is uniformly bounded by B = 1 and uniformly 2/~-Lipschitz with
respect to the L norm. We assume the learner is provided with N i.i.d. samples z1,...,xy € X =
R? and the associated labels y1, . ..,yn € Y = {1,2,...,C}, each of which is drawn from a joint
distribution D ~ X x ). We are interested in high probability bounds on the generalization gap:

N
GAP = E[(Fa(a).)] ~ E[(Fa().)] = EMFa@).)] - 1 D Fae ) G3)

where E denotes the empirical expectation over the sample (z1,%1),..., (zn,yn), and Fy =
F(a,,... .A;) is our trained network. For classification, an advantage of the margin loss described in
Eq. @ is that a bound on GAP immediately translates to a bound on the probability of misclassifi-
cation: let I, x = |Z:yy7maj’§;*y 9571 denote the proportion of samples which are either classified
incorrectly or correctly but with margin < «. The misclassification probability [[1, 4} [74] satisfies

P (arg max|[Fa(z;)]. # y) <E[I(Fa(z),y)] < GAP +E[I(Fa(2),y)] < GAP +I, x. (3.4)

The constant is described as ‘rather large’ in [[78]], since it accumulates factors of Talagrand’s majorizing
measure theorem and generic chaining, suggesting at an absolute minimum C; > 11.



We provide results for three types of models: Linear Networks, Deep Neural Networks, and Convo-
lutional Neural Networks (CNN). In all the results below, the matrices M, are reference matrices
which can take any fixed value as long as it is chosen in advance. Thus, they play an analogous role
to a prior in PAC-Bayesian bounds [49]. Typical choices for M, include M, = 0 or setting M, to
the initialization when training a neural networks with gradient based methods. Whilst traditional
norm-based bounds such as (T.3) typically benefit from setting M, to the initialization, our bounds

typically perform better by setting My = 0, since this is the configuration which allows the quantity
Ag—M,|%. A2, . . . .
I ZHA@ He{\)lbc,p _ 1 ijxllsuj;‘) to approach rank(A,). We provide an experimental evaluation of the behavior

of our bounds on MNIST and CIFAR-10 for both DNNs and CNNs in Appendix

3.1 Linear Networks

We first present our results for linear networks, which amount to generalization bounds for multi-class
linear classification with a bounded loss in the presence of a low-rank structure over the classes.
However, the true value of those results is to illustrate the potential gains in generalization ability
which arise from the implicit low-rank structure which appears in neural networks trained with
gradient-based methods. In this section, we consider classifiers defined as follows:

F:R* 5RC:2— Az = B.B;_1...Biz (3.3)
for some matrices By, € RE*% By _; € R**¥ ... By e R¥*¥ B e RW*x4,

We have the following result, which shows the implications of Theorem [I.1]for generalization:

Theorem 3.1. Wp. > 1 — § over the draw of the training set, every linear network as defined in

equation (3.3) satisfies the following generalization bound: GAP —O <B log(]\l,/é)) <

5 \/[Ll%]zfpA|:ctzmin<c,d>f+2[c+d]w 5 \/[Ll%];ﬂ[zwe%r]ﬂcw]
N NLT

where B = suplY, | x|, and the O hides polylogarithmic factors of | A, |Allse,p-C,d, N,p = 2.

The idea of the proof is to separate the function class into two components by applying a tunable
thresholding operator in the singular values of the matrix A. A proof sketch is provided in subsec-
tion [3.2.1] below and the full proof is included in the appendix. Our full results in the appendix
(cf. Theorem [E.2) incorporate a finer dependency on architectural quantities such as the number of
classes through a more refined analysis over different norms at each activation space, though we
omit such subtleties from the main paper to reduce confusion. Assuming L » 1 and L;, B € O(1),

~ 2
By| = 1V4, our Theorem |3.1|scales like O 2 IBel[C+d] in sample complexity, whereas the
L p p Yy

~ 3 . 2
known result (T.2)) scales as O <L mm(c’cgz‘ |Be HFY) in [3]. Thus, the simplified analysis in the

linear case removes a factor of L3, which allows taking the limit as L — o0: in this case, our bound

behaves more and more like a parameter-counting bound since ZlBele rank(A). On the other
hand, the dependency on the input space dimension d is absent in @D Whilst it may be possible
to improve the dependency on d in Theorem assuming the input data lies on a low-dimensional
subspace, this would require significant modifications to the proofs, and is best left to future work.

3.2 Fully Connected Neural Networks

We consider neural networks of the following form

x— Fy(x):= ALUL(AL_laL,l(. Lo (Az) . ), (3.6)
where the matrices A € R"¢*™¢-1 are the weight matrices, A = (A%, AL=1 ... A') denotes the
set of weight matrices considered together, w, denotes the width at layer £ and o1, ..., o, denote
elementwise activation functions with Lipschitz constants p, for £ = 1,..., L. For any pair of

layers indices ¢; < £ we also use the notation F“+=¢2 for the function defined by F**~*2(z) =
Ag,o0, (A2 1oy, 1(.. .04 (A% 2) .. .). The result below follows from Theoremin O notation:



Theorem 3.2. Fix reference matrices M, ..., M. For every 6 > 0, w.p. = 1 — 0, the following
generalization bound holds simultaneously over all values of p; € [0, 2] for f =1,...,L:

log(1
GAP < ( \/10el1/9) /6 «/ +BLL1 g = RFA>, where (3.7)

1
2

2py
L L Pet2 HAZ MZH ”% o
= B | pil As x [”] wy + we_1] TP
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and the O absorbs polylog factors of B, W, L max; |A;i|, Ly and N. Here, p := max}_, p; denotes
the maximum of all the indices py and B := suplY_, |z;| is the maximum input L* norm.

Next, using Loss Augmentation [} 6], we obtain the following extension where norm-based terms
are replaced by milder analogues relying on empirical estimates of intermediary activations. Since

the product of spectral norms estimate |z || Hle | A?| is usually large compared to the activation
norm | F9~*(z)|, this can often lead to substantial numerical improvements, as seen in Section

Theorem 3.3 (Cf. Theorem|[E.6). Fix reference matrices M, ..., M. For every § > 0, wp. > 1—34,
the following bound holds simultaneously over all values of py e [O 2 fort =1,...,L:

GAP < ( «/log 1/9) +B«/ +BLL1 B et RFA>, (3.8)

where By_1 4 = max (maxj<n [Far a1 (z;)], 1),

emp L L :;:é H‘le iustc ,De Pe2+2 14 -Re
’ . L - sePe 0p+2
: E Br_1.4 | | pill 4il X [ AP ] [we + we—q]™ " Pet

1
2

i=0

and the O notation absorbs polylogarithmic factorsﬁ of By_1.4, W, L,max; ||A;|, Ly and N. Here,
p := maxy_, py is the maximum of index p; and B := supl\ , |z;| is the maximum input L? norm.

Theorem [3.2] holds for all values of p, simultaneously: they can be optimized after training. For p, =
0 V¢, Thm[3.3|yields a sample complexity of O (L3 + L Z£=1 [we + wg_l]rank(Ag)) However,

the additive term of L3 can easily be removed with a simpler argument dedicated to the situation
where p; = 0 (cf. Thm. [E.8). Thus, our results provide a parametric complexity estimate for
neural networks whose weight matrices satisfy a low rank property: for a neural network with
fixed width 1, the sample complexity is O (WL2r ) rather than O (W2L2) in a pure parameter
counting bound: when applying Corollary [3.3] (or Thm. [E.8) to a network with fixed width W,

each weight matrix Ay € RW W only contributes O(Wr) parameters to the sample complexity,
instead of the full 2. Theorem [3.2]further incorporates approximate low rank structure. Indeed,
in equation (3.7), the indices p, interpolate between the parametric and non parametric regimes.

. A% . . .
When p increases, the term ””AHW[” captures low-rank structure inherent in very small singular

values which are not quite equal to zero. However, the threshold p¢ must be carefully tuned due
2p

to a tradeoff with the scaling factor of [Q% Hl 1 Pil A H] m . As a partial limitation, we note that

the bound does not exactly coincide with the norm-based result (I.3) when p is set to 2, since

2
there is always a parametric dependence on the input dimension from the term [C + d]7+2 : whilst
the bound is an interpolation between norm-based and parameter counting bounds, it maintains a
slight bias towards parameter counting. However, this is achieved without being uniformly inferior

%In this paper, our O notation absorbs factors of maxj_; | Ae||, which is stricter than the alternative of
accepting polylogarithmic factors of H,_f;l | A;]l. In particular, one of the multiplicative factors of L in our

bound arises from a logarithmic factor in HLI | A¢|. We find this approach more natural as it makes the full-rank
parameter counting complexity O(WL) = O(W L?) match classic lower-bounds on VC dimension [[7,[82].



to either. To see this, consider the one-layer case in an idealized situation where all the weights
take binary values € {1, —1}. Here, the norm-based bound (I.3) yields a sample complexity of

5(Cd), which agrees with parameter-counting. Theorem also yields a sample complexity of
%) (MT min(C, d) =% max(C, d)ﬁ) -0 (\/CdHAHFr — 0 (cd).

3.2.1 Proof Sketches

To highlight our proof techniques, we provide a proof sketch for simplified versions of our results.

Proposition 3.4 (Simplified form of Proposition covering number bound for one layer). Consider
the following function class of linear maps from R¢ — R™: FP .= {M e R™? |M|, <
M; | M| < s}. For any € > 0 and for any dataset 1, . .., xx € R? such that |x;|| < B for all i, we
have the following bound on the L™ covering number (cf Prop. F2 for formal definition) of the class:

Bl mdNM
[ s,

log(Non (F2.)) < [m + d] [M

€

Proof Sketch. For simplicity we assume B = 1 in the sketch. For any matrix M e FP, write
Zﬁ‘f(m’d) piuv;] for its singular value decomposition (with the singular values ordered in (any)
decreasing order, including zeros). For a threshold 7 to be determined later, we decompose every M €
FPinto M = My + My where My = Y, _p piugvy and My = Y, 14 psuv] where T is the last
index such that pr > 7. By Markov’s inequality, since | M (% = >, pi < MP, we have rank(M;) <
7 < . In addition, the spectral norm of M is bounded as follows: |M;| = p; = M| <
|M|scp < M. Thus, M; belongs to the set ¥ := {Z € FP :rank(Z) < 24, |Z| < M} (a

R

function class with few parameters its members are low-rank). Furthermore, it is clear that

min(m,d)

|Moff = >, pi < T°min(m, d).
k=T+1

Therefore Mo belongs to the class 7} := {Z € FP : | Z|%, < 7*min(m, d)} (whose members have
small norms). By a parameter counting argument, we can bound the L covering number of F7:

Noo(FF €/2) < [m + d][rank] log(%) < [m+ d]'/:_/l—: log(%).

By classic norm-based arguments (Thm. 4 in [83]), we can bound the covering number of F5 as:

2mdN Zmi d 2mdN
log(N(FL,€/2)) < [max Frob norm| log(T m ) = T m1n2(m, ) log(T m ).
€ € €

Combining both bounds gives log(Ny (FF)) < log(N (F7, €/2)) + log(N (F5, €/2))

2. 2 N P
< T ) T o+ )t (M)

€

Setting 7 = M 757777 gives log(Noo (FP)) < [m + d [24 ]P” log(24¥AM) a5 expected.
O

We then show how to extend the proof to the two-layer case. Here, we consider networks of
the form Fy : * — A20(A'x) where o is an elementwise 1-Lipschitz activation function (e.g.
ReLU) and A; € R™*4 A2 ¢ RE*™ are weight matrices. We fix p; = p2 = p € [0,2] and
81,82, M1, Mo > 0, and let F denote the class of such networks which further satisfy for all
ie{1,2}: |AY| < si; |A'], < M; (or, by abuse of notation, the corresponding matrices (A%, A1)).
For simplicity, the loss £ : R¢ x [C] — R* is assumed to be 1-Lipschitz w.r.t. the L norm.



Proposition 3.5 (Simplified form of Proposition[E.I). Suppose we are given an i.i.d. training set
(1,91),- - -, (N, yn) from a joint distribution over R? x [C] such that |x;| < B w.p. 1. For any
6 >0, w.p > 1 — 6, the generalization gap of any network Fa € F is bounded by:

0] ([5152] 2P [[n[m +d]"EEE o[+ O]] 2\/% + log(]\l/(s)> , (3.9

Po_2_ ~
where for i = 1,2, r; := [%] P*2 s a soft analogue of the rank and the O notation incorporates
polylogarithmic factors of N,m,d, C, s1, 8o, M1, M.

Proof Sketch. Since the loss function is 1 Lipschitz, we only need to find an L® cover of F, i.e.,a
set C < F such that for any A = (A, A?) € F, there exists a cover element (A, A2) € C such that

Vi, |[Fa(z:i) — Fa(wi)]o < €

(here, recall F4(x;) € R is a vector of scores for all classes). We achieve this by adapting standard
chaining techniques (see [3,5]), with the caveat that we need to change the norm of the cover at
the intermediary layer, incurring a factor of y/m. More precisely, let F1, F2 denote the set of
matrices A € R™*? and A2 € RE*™ satisfying the relevant constramts above. First, we can
apply Proposition above, with € set to €1 := €/[24/msz], to achieve a C; < F; such that for
all A € F there exists a A € C such that Vi, |o(Al(z;)) — o(Al(z;))]| < HAlmz — Alz;| <

vml| < [Alz; — Atz < /me = 5=, and log(|C|) € O [m + d][ME%B]”” =Of[m+

2p_
d]mpp?[slsgB]p% [%] ""*"). Similarly, for any A' € Cy, |o(A'z;)| < 1B Vi, and therefore

S2€

another application of Prop. [3.4|with B replaced by Bs; B and € replaced by €5 := ¢ /2 yields a cover
2p

Co (A1) with size log(|Co(AY)]) € O ([MB]] p”) -0 ([lesz]w [M] GE

€S2

The cover C := | g1c¢, C2(A") is now an e cover of F. Indeed, for any (A", A%) € F, we can define

A to be the cover element associated to A' in C; and subsequently A? to be the cover element in
C1(A%) associated to A2, which yields for any i < N:

[A%0(A'a;) — A%0(Alxy)| o < | A%0(Alz;) — A%0(A'2y) |0 + [A%0(Alay) — A%0 (Al )]0
< e+ [A2[o (AN (20)) — o (AN (@) < €/2 + s2¢/250 = .
Furthermore, the resulting cover has cardinality bounded as

2p [[m+d]1+p%[/\/ll]f+ m +C][M2]”2]>,

€51 €S9

[l38182]
€

log(|C]) € O(

which yields eq (3.9) after substituting for r; and calculations based on Dudley’s entropy integral. []

Thm [E.2]is then derived from a union bound to ensure uniformity over M, M, etc. This step is
standard for s1, so, M7, M but involves a more tedious continuity argument for the parameter p.

3.3 Convolutional Neural Networks (CNNs)

In this section, we present an extension of our results to Convolutional Neural Networks (CNNs).
Since CNNs are a well-known class of models, we leave a more thorough description of our notation
for the forward pass to Appendix|[Gl We denote the filters of each layer by A, (which incorporates
each weight only once), whist we use op(A) to denote matricization of the layer, i.e., the matrix
which represents the linear operation performed by the convolution at layer ¢ with the weights A,.
We use U, for the number of channels and d; to refer to the dimension of the input patches. This
includes both spatial and channel dimensions: if the input is an RGB image and the filter has spatial
dimension (2,2), dg = 2 x 2 x 3 = 12. Thus, the number of trainable parameters at layer ¢ is
dy—1 x Uy, and write wy for the spatial dimension at layer ¢ (for instance, a 28 x 28 image will have
wo = 28 x 28 = 784). Thus, U, x wy is the number of preactivations at layer ¢.



Theorem 3.6. Fix reference matrices My, ..., My, Forevery § € (0,1), wp. = 1 — 0, the following

generalization bound holds simultaneously over all values of 0 < py < 2forl =1,...,L:
~ log(1/6 L3 » L
GAP<O<B«/Oggv/)+Bq/N+B[LL1]2+M/NR§A>, where  (3.10)
ot A M, 2]
P _ De Ppt2 Pe
RS, = B [ piflop(4; x[ : “W] Ue + de W/ |
Fu ;1 [ Ep H p( )|1 H Op(Ag)sz [ 4 14 1] 4

B = sup®Y, |lz;|| and the O notation absorbs multiplicative factors of logarithms of the quantities
B W, AW, L max; | op(A;)|, Ly and N. Here, Wy := Uy x wy (for £ # L) and Wy, := 1.

This result incorporates weight sharing in the same sense as other CNN bounds [4], [16]; the term
| Ae — M2, only involves the weights once, irrespective of the number of patches.

sC,pe
Theorem 3.7 (Cf. Theorem|G.10). For every ¢ € (0, 1), with probability greater than 1 — 6, the
following generalization bound holds simultaneously over all values of 0 < py < 2for¢ =1,...,L:

~ | 1Og(1/5) L3 P L emp,&
GAP < 0] (B T + B W + B[L L]] 2+p NRFAP 5 where

et [IAe — M|z,
| op(Ae) e

%%—1,14 := max (max;<n,o | [Far,. ac-1(zi)]se_1., |, 1) denotes the maximum norm of a convolu-

: L L e PRE
REPE = lE [%%MHM op(A;)] ] [Ue + de—r]W/*" ] :

{=1 =/

tional patch at layer { — 1 and the O notation absorbs multiplicative factors of logarithms of the
quantities B, W, A, W, L, max; | op(4;)|, L1, N. Here, Wy := Uy x wy (for £ # L) and W, := 1.

Compared to [4], Thm. 3.7]incorporates a low-rank structure: each layer’s contribution to sample
complexity is reduced from L x Uy x d; (the number of parameters in the layer) to L[U, + d;|rank(Ay)
(Uy is the number of channels at layer ¢ and dy_; is the dimension of patches at layer £ — 1).

4 Conclusion and Future Directions

For linear networks, deep neural networks and convolutional neural networks, we have shown
generalization bounds which capture the implications of approximate low-rank structure in weight
matrices in terms of sample complexity. The bounds are expressed in terms of the Schatten p quasi
norms of the weight matrices, and are, to the best of our knowledge, the first bounds for deep learning
which incorporate both norm-based and parameter counting qualities. When p — 0, the bounds

behave like a parameter-counting sample complexity of O (L3 +L Zg;l[wg + wg_l]rank(Ag)),

taking into account (exact) low-rank structure in the weight matrices. For more moderate values of p,
the bounds incorporate norm-based quantities and incorporate approximate low-rank structure. Even
in the case of linear maps, Subsection 3.1 provides original bounds for multi-class classification in the
presence of low-rank structure over the classes, offering an alternative to classic results such as [65]].

A limitation of our work is that we require the weight matrices to be low-rank, whereas most research
on neural rank collapse [21} 27]] demonstrates instead that the activations at each layer are low-rank.
The two are very closely connected, but are not completely equivalent: it is possible that capturing
the effect of low-rank activations could lead to further improvements and insights. Crucially, we
believe a substantial modification of our proofs could tackle such situations. However, this would
require a much more challenging network-wide approach to the simultaneous tuning of the parametric
interpolation thresholds and is left to future work. Like other uniform convergence results which
are agnostic to the training procedure, our bounds are vacuous at for large-scale networks in the
absence of aggressive bound optimization, a limitation which may be addressed in future work by
better controlling the norm-based components during training, manually truncating the ranks or
incorporating data-dependent priors with a Bayesian approach. Lastly, we note that the low-rank
assumption requires overparametrization and is not always satisfied for smaller architectures or layers
(cf. Appendix D). Finally, other tantalizing future directions include proving fast rates in /N and the
extension of our work to other architectures such as Resnets and transformers.

10



Acknowledgements

Rodrigo Alves thanks Recombee for their support. The work of Yunwen Lei is partially supported
by the Research Grants Council of Hong Kong [Project Nos. 17302624]. We thank the anonymous
reviewers, Felix Biggs and Nadav Timor for their comments on our manuscript.

References

[1] Peter L Bartlett, Dylan J Foster, and Matus J Telgarsky. Spectrally-normalized margin bounds
for neural networks. Advances in Neural Information Processing Systems, 30:6240-6249, 2017.

[2] Behnam Neyshabur, Srinadh Bhojanapalli, David Mcallester, and Nati Srebro. Exploring
generalization in deep learning. In I. Guyon, U. V. Luxburg, S. Bengio, H. Wallach, R. Fergus,
S. Vishwanathan, and R. Garnett, editors, Advances in Neural Information Processing Systems
30, pages 5947-5956. Curran Associates, Inc., 2017.

[3] Behnam Neyshabur, Srinadh Bhojanapalli, and Nathan Srebro. A PAC-bayesian approach to
spectrally-normalized margin bounds for neural networks. In International Conference on
Learning Representations. openreview.net, 2018.

[4] Philip M. Long and Hanie Sedghi. Size-free generalization bounds for convolutional neural
networks. In International Conference on Learning Representations, 2020.

[5] Colin Wei and Tengyu Ma. Data-dependent sample complexity of deep neural networks
via lipschitz augmentation. In H. Wallach, H. Larochelle, A. Beygelzimer, F. d'Alché-Buc,
E. Fox, and R. Garnett, editors, Advances in Neural Information Processing Systems 32, pages
9725-9736. Curran Associates, Inc., 2019.

[6] Vaishnavh Nagarajan and J. Zico Kolter. Deterministic pac-bayesian generalization bounds for
deep networks via generalizing noise-resilience. CoRR, abs/1905.13344, 2019.

[7] Martin Anthony and Peter L. Bartlett. Neural Network Learning: Theoretical Foundations.
Cambridge University Press, Cambridge, UK, 1999.

[8] Vaishnavh Nagarajan and J Zico Kolter. Uniform convergence may be unable to explain
generalization in deep learning. In Advances in Neural Information Processing Systems,
volume 32, 2019.

[9] Chiyuan Zhang, Samy Bengio, Moritz Hardt, Benjamin Recht, and Oriol Vinyals. Understanding
deep learning requires rethinking generalization. arXiv preprint arXiv:1611.03530, 2017.

[10] Giacomo De Palma, Bobak Kiani, and Seth Lloyd. Random deep neural networks are biased
towards simple functions. Advances in Neural Information Processing Systems, 32, 2019.

[11] Colin Wei and Tengyu Ma. Improved sample complexities for deep networks and robust
classification via an all-layer margin. In International Conference on Learning Representations,
2020.

[12] Behnam Neyshabur, Ryota Tomioka, and Nathan Srebro. Norm-based capacity control in neural
networks. In Peter Grunwald, Elad Hazan, and Satyen Kale, editors, Proceedings of The 28th
Conference on Learning Theory, volume 40 of Proceedings of Machine Learning Research,

pages 1376-1401, Paris, France, 03—06 Jul 2015. PMLR.

[13] Noah Golowich, Alexander Rakhlin, and Ohad Shamir. Size-independent sample complexity
of neural networks. In Sébastien Bubeck, Vianney Perchet, and Philippe Rigollet, editors,
Proceedings of the 31st Conference On Learning Theory, volume 75 of Proceedings of Machine
Learning Research, pages 297-299. PMLR, 0609 Jul 2018.

[14] Pedro Cisneros-Velarde, Zhijie Chen, Sanmi Koyejo, and Arindam Banerjee. Optimization and
generalization guarantees for weight normalization, 2025.

[15] Jonathan Frankle and Michael Carbin. The lottery ticket hypothesis: Finding sparse, trainable
neural networks. In International Conference on Learning Representations, 2019.

11



[16] Antoine Ledent, Waleed Mustafa, Yunwen Lei, and Marius Kloft. Norm-based generalisation
bounds for deep multi-class convolutional neural networks. Proceedings of the AAAI Conference
on Artificial Intelligence, 35(9):8279-8287, May 2021.

[17] Arthur Jacot, Franck Gabriel, and Clement Hongler. Neural tangent kernel: Convergence and
generalization in neural networks. In S. Bengio, H. Wallach, H. Larochelle, K. Grauman,
N. Cesa-Bianchi, and R. Garnett, editors, Advances in Neural Information Processing Systems,
volume 31. Curran Associates, Inc., 2018.

[18] Sanjeev Arora, S. Du, Wei Hu, Zhiyuan Li, and Ruosong Wang. Fine-grained analysis of
optimization and generalization for overparameterized two-layer neural networks. In /ICML,
2019.

[19] Soufiane Hayou, Arnaud Doucet, and Judith Rousseau. The curse of depth in kernel regime. In
Melanie F. Pradier, Aaron Schein, Stephanie Hyland, Francisco J. R. Ruiz, and Jessica Z. Forde,
editors, Proceedings on "I (Still) Can’t Believe It’s Not Better!" at NeurIPS 2021 Workshops,
volume 163 of Proceedings of Machine Learning Research, pages 41-47. PMLR, 13 Dec 2022.

[20] Philip M. Long. Properties of the after kernel. arXiv preprint arXiv:2105.10585, 2021.

[21] Arthur Jacot. Bottleneck structure in learned features: Low-dimension vs regularity tradeoff. In
Advances in Neural Information Processing Systems, volume 36, 2023.

[22] Arthur Jacot. Implicit bias of large depth networks: a notion of rank for nonlinear functions,
2023.

[23] Zihan Wang and Arthur Jacot. Implicit bias of SGD in $1_2$-regularized linear DNNs: One-
way jumps from high to low rank. In The Twelfth International Conference on Learning
Representations, 2024.

[24] Zhen Dai, Mina Karzand, and Nathan Srebro. Representation costs of linear neural networks:
Analysis and design. In Advances in Neural Information Processing Systems (NeurIPS), 2021.

[25] Seijin Kobayashi, Yassir Akram, and Johannes Von Oswald. Weight decay induces low-rank
attention layers. In The Thirty-eighth Annual Conference on Neural Information Processing
Systems.

[26] Suzanna Parkinson, Greg Ongie, and Rebecca Willett. Relu neural networks with linear layers
are biased towards single-and multi-index models. SIAM Journal on Mathematics of Data
Science, 7(3):1021-1052, 2025.

[27] Laura Balzano, Tianjiao Ding, Benjamin D. Haeffele, Soo Min Kwon, Qing Qu, Peng Wang,
Zhangyang Wang, and Can Yaras. An overview of low-rank structures in the training and
adaptation of large models, 2025.

[28] Antoine Ledent and Rodrigo Alves. Generalization analysis of deep non-linear matrix com-
pletion. In Ruslan Salakhutdinov, Zico Kolter, Katherine Heller, Adrian Weller, Nuria Oliver,
Jonathan Scarlett, and Felix Berkenkamp, editors, Proceedings of the 41st International Confer-
ence on Machine Learning, volume 235 of Proceedings of Machine Learning Research, pages
26290-26360. PMLR, 21-27 Jul 2024.

[29] Simon S. Du, Xiyu Zhai, Barnabas Poczos, and Aarti Singh. Gradient descent provably
optimizes over-parameterized neural networks. In International Conference on Learning
Representations, 2019.

[30] Yuan Cao, Difan Zou, Yuanzhi Li, and Quanquan Gu. The implicit bias of batch normalization
in linear models and two-layer linear convolutional neural networks. In Annual Conference on
Learning Theory (COLT), 2023.

[31] Arthur Jacot. Implicit bias of large depth networks: a notion of rank for nonlinear functions,
2022.

[32] Tomer Galanti, Mengjia Xu, Liane Galanti, and Tomaso Poggio. Norm-based generaliza-
tion bounds for compositionally sparse neural networks. In Advances in Neural Information
Processing Systems, 2023.

12



[33] Spencer Frei, Yuan Cao, and Quanquan Gu. Provable generalization of sgd-trained neural
networks of any width in the presence of adversarial label noise. In International Conference
on Machine Learning, pages 3427-3438. PMLR, 2021.

[34] Henry Gouk, Timothy M Hospedales, and Massimiliano Pontil. Distance-based regularisation
of deep networks for fine-tuning. arXiv preprint arXiv:2002.08253, 2020.

[35] Stéphan Clémencon, Gdbor Lugosi, and Nicolas Vayatis. Ranking and empirical minimization
of u-statistics. The Annals of Statistics.

[36] Yunwen Lei, Antoine Ledent, and Marius Kloft. Sharper generalization bounds for pairwise
learning. Advances in Neural Information Processing Systems, 33:21236-21246, 2020.

[37] Yunwen Lei, Mingrui Liu, and Yiming Ying. Generalization guarantee of sgd for pairwise
learning. Advances in neural information processing systems, 34:21216-21228, 2021.

[38] Sanjeev Arora. A theoretical analysis for contrastive representation learning. In International
Conference on Machine Learning, 2019.

[39] Yunwen Lei, Tianbao Yang, Yiming Ying, and Ding-Xuan Zhou. Generalization analysis for
contrastive representation learning. In International Conference in Machine Learning, 2023.

[40] Jeff Z. HaoChen, Colin Wei, Adrien Gaidon, and Tengyu Ma. Provable guarantees for self-
supervised deep learning with spectral contrastive loss. In Advances in Neural Information
Processing Systems, 2021.

[41] Nong Minh Hieu, Antoine Ledent, Yunwen Lei, and Cheng Yeaw Ku. Generalization analysis
for deep contrastive representation learning. In Proceedings of the AAAI Conference on Artificial
Intelligence, volume 39, pages 17186-17194, 2025.

[42] Nong Minh Hieu and Antoine Ledent. Generalization analysis for supervised contrastive
representation learning under non-IID settings. In Forty-second International Conference on
Machine Learning, 2025.

[43] Rodrigo Alves and Antoine Ledent. Context-aware representation: Jointly learning item features
and selection from triplets. IEEE Transactions on Neural Networks and Learning Systems,
36(4):6492-6502, 2025.

[44] Naghmeh Ghanooni, Dennis Wagner, Waleed Mustafa, Anthony Widjaja Lin, Sophie Fellenz,
and Marius Kloft. Spectral dynamics of contrastive learning with spurious features. In High-
dimensional Learning Dynamics 2025, 2025.

[45] Naghmeh Ghanooni, Waleed Mustafa, Yunwen Lei, Anthony Widjaja Lin, and Marius Kloft.
Generalization bounds with logarithmic negative-sample dependence for adversarial contrastive
learning. Transactions on Machine Learning Research, 2024.

[46] Naghmeh Ghanooni, Barbod Pajoum, Harshit Rawal, Sophie Fellenz, Vo Nguyen Le Duy, and
Marius Kloft. Multi-level supervised contrastive learning. arXiv preprint arXiv:2502.02202,
2025.

[47] Weiran Huang, Mingyang Yi, Xuyang Zhao, and Zihao Jiang. Towards the generalization of
contrastive self-supervised learning. In International Conference on Learning Representation,
2023.

[48] Xin Zou and Weiwei Liu. Generalization bounds for adversarial contrastive learning. Journal
of Machine Learning Research, 2023.

[49] Gintare Karolina Dziugaite and Daniel M Roy. Computing nonvacuous generalization bounds
for deep (stochastic) neural networks with many more parameters than training data. arXiv
preprint arXiv:1703.11008, 2017.

[50] Wenda Zhou, Victor Veitch, Morgane Austern, Ryan P Adams, and Peter Orbanz. Non-vacuous
generalization bounds at the imagenet scale: a pac-bayesian compression approach. arXiv
preprint arXiv:1804.05862, 2018.

13



[51] Sanjeev Arora, Rong Ge, Behnam Neyshabur, and Yi Zhang. Stronger generalization bounds for
deep nets via a compression approach. In Jennifer Dy and Andreas Krause, editors, Proceedings
of the 35th International Conference on Machine Learning, volume 80 of Proceedings of
Machine Learning Research, pages 254263, Stockholm, Sweden, 10—-15 Jul 2018. PMLR.

[52] Sanae Lotfi, Marc Finzi, Sanyam Kapoor, Andres Potapczynski, Micah Goldblum, and An-
drew G Wilson. Pac-bayes compression bounds so tight that they can explain generalization.
Advances in Neural Information Processing Systems, 35:31459-31473, 2022.

[53] Waleed Mustafa, Philipp Liznerski, Antoine Ledent, Dennis Wagner, Puyu Wang, and Marius
Kloft. Non-vacuous generalization bounds for adversarial risk in stochastic neural networks.
In International conference on artificial intelligence and statistics, pages 4528—4536. PMLR,
2024.

[54] Felix Biggs and Benjamin Guedj. Non-vacuous generalisation bounds for shallow neural
networks. In International conference on machine learning, pages 1963-1981. PMLR, 2022.

[55] Felix Biggs and Benjamin Guedj. On margins and derandomisation in pac-bayes. In Interna-
tional Conference on Artificial Intelligence and Statistics, pages 3709-3731. PMLR, 2022.

[56] Pierfrancesco Beneventano and Blake Woodworth. Gradient descent converges linearly to flatter
minima than gradient flow in shallow linear networks, 2025.

[57] Tomer Galanti, Zachary S Siegel, Aparna Gupte, and Tomaso Poggio. Characterizing the
implicit bias of regularized sgd in rank minimization. arXiv e-prints, pages arXiv—2206, 2022.

[58] Minyoung Huh, Hossein Mobahi, Richard Zhang, Brian Cheung, Pulkit Agrawal, and Phillip
Isola. The low-rank simplicity bias in deep networks. arXiv preprint arXiv:2103.10427, 2021.

[59] Suriya Gunasekar, Blake E Woodworth, Srinadh Bhojanapalli, Behnam Neyshabur, and Nati
Srebro. Implicit regularization in matrix factorization. volume 30, 2017.

[60] Guy Gur-Ari, Daniel A Roberts, and Ethan Dyer. Gradient descent happens in a tiny subspace.
arXiv preprint arXiv:1812.04754, 2018.

[61] Nadav Timor, Gal Vardi, and Ohad Shamir. Implicit regularization towards rank minimization in
relu networks. In International Conference on Algorithmic Learning Theory, pages 1429-1459.
PMLR, 2023.

[62] Vardan Papyan, XY Han, and David L Donoho. Prevalence of neural collapse during the
terminal phase of deep learning training. Proceedings of the National Academy of Sciences,
117(40):24652-24663, 2020.

[63] Akshay Rangamani, Marius Lindegaard, Tomer Galanti, and Tomaso A Poggio. Feature learning
in deep classifiers through intermediate neural collapse. In International conference on machine
learning, pages 28729-28745. PMLR, 2023.

[64] Andrea Pinto, Akshay Rangamani, and Tomaso A Poggio. On generalization bounds for neural
networks with low rank layers. In Gautam Kamath and Po-Ling Loh, editors, Proceedings of
The 36th International Conference on Algorithmic Learning Theory, volume 272 of Proceedings
of Machine Learning Research, pages 921-936. PMLR, 24-27 Feb 2025.

[65] Yunwen Lei, Urun Dogan, Ding-Xuan Zhou, and Marius Kloft. Data-dependent generalization
bounds for multi-class classification. IEEE Transactions on Information Theory, 65(5):2995—
3021, 2019.

[66] Yann Guermeur. Lp-norm Sauer—Shelah lemma for margin multi-category classifiers. Journal
of Computer and System Sciences, 89:450 — 473, 2017.

[67] Khadija Musayeva, Fabien Lauer, and Yann Guermeur. Rademacher complexity and general-

ization performance of multi-category margin classifiers. Neurocomputing, 342:6 — 15, 2019.
Advances in artificial neural networks, machine learning and computational intelligence.

14



[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

[78]

[79]

[80]

[81]

[82]

Mehryar Mohri and Andres Munoz Medina. Learning theory and algorithms for revenue
optimization in second price auctions with reserve. In Eric P. Xing and Tony Jebara, editors, Pro-
ceedings of the 31st International Conference on Machine Learning, volume 32 of Proceedings
of Machine Learning Research, pages 262-270, Bejing, China, 22-24 Jun 2014. PMLR.

Liang Wu, Antoine Ledent, Yunwen Lei, and Marius Kloft. Fine-grained generalization analysis
of vector-valued learning. In Proceedings of the AAAI Conference on Artificial Intelligence,
volume 35, pages 10338—-10346, 2021.

Waleed Mustafa, Yunwen Lei, Antoine Ledent, and Marius Kloft. Fine-grained generalization
analysis of structured output prediction. arXiv preprint arXiv:2106.00115, 2021.

Zi-Hao Zhou, Jun-Jie Wang, Tong Wei, and Min-Ling Zhang. Weakly-supervised contrastive
learning for imprecise class labels. arXiv preprint arXiv:2505.22028, 2025.

Yifan Zhang and Min-Ling Zhang. Generalization analysis for multi-label learning. In Ruslan
Salakhutdinov, Zico Kolter, Katherine Heller, Adrian Weller, Nuria Oliver, Jonathan Scarlett,
and Felix Berkenkamp, editors, Proceedings of the 41st International Conference on Machine
Learning, volume 235 of Proceedings of Machine Learning Research, pages 60220-60243.
PMLR, 21-27 Jul 2024.

Jin Zhang, Ze Liu, Defu Lian, and Enhong Chen. Generalization error bounds for two-stage
recommender systems with tree structure. In The Thirty-eighth Annual Conference on Neural
Information Processing Systems, 2024.

Florian Graf, Sebastian Zeng, Bastian Rieck, Marc Niethammer, and Roland Kwitt. On
measuring excess capacity in neural networks. In S. Koyejo, S. Mohamed, A. Agarwal,
D. Belgrave, K. Cho, and A. Oh, editors, Advances in Neural Information Processing Systems,
volume 35, pages 10164-10178. Curran Associates, Inc., 2022.

Benjamin L Edelman, Surbhi Goel, Sham Kakade, and Cyril Zhang. Inductive biases and vari-
able creation in self-attention mechanisms. In Kamalika Chaudhuri, Stefanie Jegelka, Le Song,
Csaba Szepesvari, Gang Niu, and Sivan Sabato, editors, Proceedings of the 39th International
Conference on Machine Learning, volume 162 of Proceedings of Machine Learning Research,
pages 5793-5831. PMLR, 17-23 Jul 2022.

Yufeng Zhang, Boyi Liu, Qi Cai, Lingxiao Wang, and Zhaoran Wang. An analysis of attention
via the lens of exchangeability and latent variable models. arXiv preprint arXiv:2212.14852,
2022.

Jacob Trauger and Ambuj Tewari. Sequence length independent norm-based generalization
bounds for transformers. In International Conference on Artificial Intelligence and Statistics,
pages 1405-1413. PMLR, 2024.

Andreas Maurer. A chain rule for the expected suprema of gaussian processes. In Proceedings
of the 27th Annual Conference on Learning Theory (COLT), pages 245-257. PMLR, 2014.

Rina Foygel, Ruslan Salakhutdinov, Ohad Shamir, and Nathan Srebro. Learning with the
weighted trace-norm under arbitrary sampling distributions. In Advances in Neural Information
Processing Systems, pages 2133-2141, 2011.

Nathan Srebro and Russ R Salakhutdinov. Collaborative filtering in a non-uniform world:
Learning with the weighted trace norm. In J. D. Lafferty, C. K. I. Williams, J. Shawe-Taylor,
R. S. Zemel, and A. Culotta, editors, Advances in Neural Information Processing Systems 23,
pages 2056-2064. Curran Associates, Inc., 2010.

Ohad Shamir and Shai Shalev-Shwartz. Collaborative filtering with the trace norm: Learning,
bounding, and transducing. In Proceedings of the 24th Annual Conference on Learning Theory,
volume 19 of Proceedings of Machine Learning Research, pages 661-678. PMLR, 2011.

Peter L Bartlett, Nick Harvey, Christopher Liaw, and Abbas Mehrabian. Nearly-tight vc-
dimension and pseudodimension bounds for piecewise linear neural networks. Journal of
Machine Learning Research, 20(63):1-17, 2019.

15



[83] Tong Zhang. Covering number bounds of certain regularized linear function classes. J. Mach.
Learn. Res., 2:527-550, March 2002.

[84] Mehryar Mohri, Afshin Rostamizadeh, and Ameet Talwalkar. Foundations of Machine Learning.
Adaptive Computation and Machine Learning. MIT Press, Cambridge, MA, 2 edition, 2018.

[85] Vitaly Kuznetsov, Mehryar Mohri, and Umar Syed. Multi-class deep boosting. In Advances in
Neural Information Processing Systems, pages 2501-2509, 2014.

[86] Yann Guermeur. Combining discriminant models with new multi-class svms. Pattern Analysis
& Applications, 5(2):168—179, Jun 2002.

[87] Vladimir Koltchinskii, Karim Lounici, and Alexandre B. Tsybakov. Nuclear-norm penalization
and optimal rates for noisy low-rank matrix completion. Ann. Statist., 39(5):2302-2329, 10
2011.

[88] Yunwen Lei, Urun Dogan, Alexander Binder, and Marius Kloft. Multi-class svms: From tighter
data-dependent generalization bounds to novel algorithms. In C. Cortes, N. Lawrence, D. Lee,
M. Sugiyama, and R. Garnett, editors, Advances in Neural Information Processing Systems,
volume 28. Curran Associates, Inc., 2015.

[89] Xingguo Li, Junwei Lu, Zhaoran Wang, Jarvis Haupt, and Tuo Zhao. On tighter generalization
bound for deep neural networks: Cnns, resnets, and beyond. arXiv preprint arXiv:1806.05159,
2018.

[90] Nathan Srebro and Adi Shraibman. Rank, trace-norm and max-norm. In Peter Auer and Ron
Meir, editors, Learning Theory, pages 545-560, Berlin, Heidelberg, 2005. Springer Berlin
Heidelberg.

[91] Robert A Vandermeulen and Antoine Ledent. Beyond smoothness: Incorporating low-rank
analysis into nonparametric density estimation. In M. Ranzato, A. Beygelzimer, Y. Dauphin, P.S.
Liang, and J. Wortman Vaughan, editors, Advances in Neural Information Processing Systems,
volume 34, pages 12180-12193. Curran Associates, Inc., 2021.

[92] Chen Xu, Zhouchen Lin, and Hongbin Zha. A unified convex surrogate for the schatten-p norm.
In Proceedings of the AAAI Conference on Artificial Intelligence, volume 31, 2017.

[93] Fanhua Shang, Yuanyuan Liu, and James Cheng. Tractable and scalable schatten quasi-norm
approximations for rank minimization. In Artificial Intelligence and Statistics, pages 620—629.
PMLR, 2016.

[94] Fanhua Shang, Yuanyuan Liu, and James Cheng. Unified scalable equivalent formulations for
schatten quasi-norms. arXiv preprint arXiv:1606.00668, 2016.

[95] Peter L. Bartlett and Shahar Mendelson. Rademacher and gaussian complexities: Risk bounds
and structural results. In David Helmbold and Bob Williamson, editors, Computational Learning
Theory, pages 224-240, Berlin, Heidelberg, 2001. Springer Berlin Heidelberg.

[96] Clayton Scott. Rademacher complexity. Lecture Notes, Statistical Learning Theory, 2014.

[97] Yann Guermeur. Rademacher complexity of margin multi-category classifiers. Neural Comput-
ing and Applications, 32:17995-18008, 2020.

[98] R.M Dudley. The sizes of compact subsets of hilbert space and continuity of gaussian processes.
Journal of Functional Analysis, 1(3):290-330, 1967.

[99] Antoine Ledent, Rodrigo Alves, Yunwen Lei, and Marius Kloft. Fine-grained generalization
analysis of inductive matrix completion. In M. Ranzato, A. Beygelzimer, Y. Dauphin, P.S.
Liang, and J. Wortman Vaughan, editors, Advances in Neural Information Processing Systems,
volume 34, pages 25540-25552. Curran Associates, Inc., 2021.

16



NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We discuss limitations of the results in multiple places in the main paper and
appendix.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification:
Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer:
Justification:
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: Computing the bounds over many different runs is computationally prohibitive.
In addition, similarly to norm-based bounds, our results demonstrate the bounds’ ability to
capture the relationship between each trained network’s weight configurations and the test
performance. This cannot be achieved if the results are averaged over many runs. We do
run our experiments over many width configurations on both DNNs and CNNs for many
width configurations and observe similar behavior. Lastly, the focus of our work is mostly
theoretical, and our experimental setup is in line with comparable literature.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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8.

10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification:
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: this work is of purely theoretical nature and there are no negative possible
societal consequences to consider.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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11.

12.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.
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13.

14.

15.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification:
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification:

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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16. Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Table of Notation

Notation Meaning
[-15 1l Spectral norm of a matrix
(o P (L2) Norm of a vector
[l Er Frobenius norm of a matrix
[ sc.p Schatten p quasi norm of a matrix
([ Nuclear norm
1Z]2,1 225 2
C Number of classes
1 Loss function
L Lipschitz cgonstant of 1
(w.r.t. L™ norm)
B upper bound on 1

Ag € RWexwes
M € Rwexwes

Weight matrix at layer ¢

Reference matrix at layer ¢

oy (Elementwise) Activation function at layer ¢
P Lipschitz constant of o
Fy(z) = NN with weight matrices A, ..., Ap

Apop (A top_1(...o(A'T) ...

e

(Cf. Equation (3:6))
00, (A0, 005—1(. .. op41(Ap12) .. .))
Map from layer ¢; to layer £

Architectural Quantities

L Depth
N Number of samples
Wy Width at layer ¢
W maxeL:O wy
(Maximum width of the network)
w, min(wg, we—1)
Wy [we 4+ we—1]
Wy [wew,] if £#L w;, if =1L
d input dimension
Function Classes
Fiu, {(Z e R™*: | Z||p, < M}
p {ZeRmd: | Z|E, , < MP =rsP;
§ 1Z] < s}
Ers {AeR™?: rank(A) <, |A] < s}
By {Ag e Rt Ay — Mesep, < Mes [Ae] < se}
Fa {Fa=F, . :A€B V< L} (cf. Eq. (EI))
={Fa=Fu,, a4 —Milsxc <M, |A|<s¢ VE<L}
L)‘“'“g {)\aug(FA,a:,y) : FA 6]:5}
LEAaus {Naug(Fa,z,y) : FaeFg}

Constraints/scaling factors

DPe

p = maXype

Schatten index for layer ¢

Maximum Schatten index over all layers
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Upper bound on || Z|

s
Sp Upper bound on || A¢|| (fully connected)
M Upper bound on || Z s,

M, Upper bound on | A — Mp|sc,p,

r /:f (rank proxy)

) /\S/Zip (rank proxy)

B sup;Ly | i

T a priori upper bound on rank(Ay)

By_1,4 max (max;<n | Far,__ae ()], 1)

Constants/log factors

(16[MP +1][b+p1][l+s][m+d] n 7) mN

Lz =
F/}_p (16[M” +1][b4i][1+s][m+d]2 n 7) mN
T ep+2

1-\]__?7( [ (16[-’\’1@” 11T, Pi;2+1][1+5£][‘”2+w£—1]2 + 7) ’weN]

epg+2
14

Ty [(16[%% PRIy pess A0 VIE spllwrtwp o] 7) wLN}

GLPL+2
r 128 T, [Tpi + s + 1°[ + 1[Li L + 1]IW4N?|

. | b+ UL Ly + W N T/ o + s + 1]
a (' = 40T’ cf. eq (ET41))
12 [[b+ (L L+ N T, [ Al + 1] [4T7 + BT, pil Asl]

YFC
Otog 21og [4W + 5T T, pl Ail] |1 1og(®)] + L | S, [1og([Ac))] + 2log(4W)]
Tr [% + 2][LL +WN [T, [[oi + 10 Ai] + 2] + 1]
QPews 2log [AW + b, pil Ae|] % B
log [1og(8)] + L[S37, [log(I[4c])] + X1 log(Be,a) + 2log(47) ||

Convolutional Neural Networks
Oy Number of convolutional patches at layer ¢

Spatial dimension at layer ¢

w
Ogel Number of qutial dimensions
before pooling at layer ¢
Uy Number of channel dimensions at layer ¢
dy Dimension of input patches at layer ¢
St0 ¢ (U] x [wi] oth Con:tollelll;gngal Patch
Ay € RUexde Weight matrix at layer ¢
M, e RUexde Initialized weight matrix at layer ¢

Convolution operation
A 4o associated to Ay

Represented by the matrix op(Ay)
- RUexOe _, RUexwe

ot Activation function (including pooling)
FQ‘ (O'LOAALOO'L_loAAL—lO...O'lOAAl)(I‘)
Al,A%,.., AL (Cf. Equation (G.1))
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Si—oUs x Ors
(Total number of preactivations)
Sy deoy x Up
(Total number of parameters in the network)

lop(Ae)| < s¢ VE<L, |AL]

{FA = F(ih...,AL) s Ae = Myllse < Mo,
2,00 S SL}
Spatial patch size at layer ¢
max i | (x:) so.o||

Maximum norm of a convolutional patch at input layer

Constants/log factors for CNNs

Ye

YC Aaug

T

¢
IR

/
Tl

'k

I‘Ca)\aug

12 [[B + UL L +1WAN T [oif op(A:) | + 1]
x [4W + BT, pif op(4)][]
121 + 1[L L +WAN [T il op(A0)] + 11 | %
[4W + B [; pil op(A:) ]

(w[MP +1][b+%11[1+s][U’+d] I 7) U'NO

[(16[/\/{@” +1][be=1£ii+1][1+‘/Zsf]WA + 7) NA}
eret?

14

(16[./\/1p +1][b+1][1+s][U" +d]U"w" 7) UNO
epi2

[+ 21[L Lo+ 1IWAN T [[ps + 1[4i] + 2] + 1]

[b+ 1[L(Ly +1))WAN [T, [[pi + 1]si + 1]

Table 1: Table of notations for quick reference
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B Table of Comparison to Existing Literature

Linear Classification
Linear Networks

Proof Technique

Bound (excluding polylog factors) Reference

Parameter Counting Liy/ % [4]
(66,
[ AIZ, (671,
Norm Based Ly B4/ C—F™ [=4].
[64]

Norm-based/peeling C ming (Rank(By))
from Linear Networks LB N [T, 5] (4]
Norm-based LB % [65]
eIl 2 Deduced from
Norm-based LiBL: AT o f (3]

Parametric Interpolation

N

2 2p_
BL7 \/‘BZQAEJA’ [C-d]
1 N

B rank(A)[C+d]

or [1]]
cf. Corollary

cf. Theorem [3.

p = 0 in above line

N
DNNSs, norm-based
Peeling L1 % [13]
1AL 2,1 L 1
Peeling L1 B maxe —7 ] [Hz:1 HAzH] [L] o (3]
Nﬁ p
L Cr/wy ”‘?jﬁ‘r +Z£:2 Cf*ecnggﬁ Hfﬁ!ﬁr
Peeling 1 VN . [64)
< [Tz [ AelB
(Peeling) L,CEB [HeL:1 HAgﬂ] Lzﬁ Particular case of above
1
— S I
i B (T ) (5, )’
3
- L Lo laemoTig )
Covering Numbers L Tlﬁ Hz=1 | Ag| Ze=1 T%u il
DNNs,
Parameter Counting
WSL
By 7R [
WL
By (74
LISE  [we+we—q ]rank(Ap)
B\/ [EEs e N 2 Theorem
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DNNs
Parametric Interpolation

BILL]77 4/ %
2py
L L Pe+2
_ B . i Al :| X
lzu [BTIE ol Al oo
1
2 2
Ap—M,|EE pet2 Py
|:” IZHAZHZJE 'W] ‘ [we + WE—1]1+”+2 ]
B[L L=
_2pPg_
L L pe+2
Parametric Interpolation 2 [%E—LA [Tize pill As H] X
. Theorem 3.3
& Loss augmentation 1
2
Ap—M,|5E pet2 Py
[ s e
CNNs,
Parameter Counting
WSL
B i 4]
B\ ¥
LIYE | [Ug+dg—1]rank(Ag)
B\/ [, 10 N Jrank(Ao)| Corollary |G.6
CNNes,
Norm-based
3
2772
i Lilliy lop(Ad)| (L (Uswel[Ae=Me] 213
Covering Numbers % [24_1 ( (wy H o;(A[)eH 2 1> ] [16]
. LiJl7 |AeleevVITI]  w,B
Peeling =1 =L 321
CNNs
Parametric Interpolation
B[LL]¥7,/ %
N - Theorem |(G.5}
L L PeF2 Note:
L[ BT llop(a0)] ™ %
[24_1 |B T il op(4))] N
1 for ¢ # L
[ Ae—Me|5E 5, W% # aI(ld Wi, :=)1.
| scagie | e+ dealw,
] B[LLi|="
2pyp
i i 25:1 [%%71 A HiL:Z pil OP(Ai)”] " x
Parametric Interpolation , TheoremB3.7

and Loss augmentation

N

[ Ae—M|5E 5,

2 Py
pp+2 P2
W] é [Ue+dz1]Wz”ﬂ
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Table 2: Summary of results and previous State of the Art. By convention, all results are expressed

in O notation, which hides polylogarithmic factors of all relevant architectural W, A, W, L) and
scaling (maxy | A¢|, | A|sc, etc.) quantities. In addition, we only consider the dominant Rademacher

complexity term: for simplicity we ignore both the missing terms of O (B log(]\}/&)> and additional

terms of the form O (4 / #) which would occur from making the bounds post hoc w.r.t. to the norm
constraints (some works do this explicitly whilst some do not).
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C In-depth Comparison to Existing Works

In all the descriptions below, the O notation absorbs polylogarithmic factors in
B, W, max; || A, N, L as well as the Lipschitz constant L; of the loss or the margin .

Recall that in [3], it was shown that

log(1/0)\ _ ~ (. INVW [ | AelZ
GML0<BN)<014¢N<JEMD<ZXﬁ> RN (eR))

In [[I]], it was shown that with probability greater than 1 — § over the draw of the training set we have

log(1/6) _ ~ 1 L LA = M)T(S,
GAP— B\ == <O | L — [T 144 A I N (eh)
N VN ,H ; K

Note that equation (C.IJ) was discovered concurrently with (C.2)) with a different approach ([3] relied
on a PAC Bayes approach).

C.1 Bounds for Linear Neural Networks

In this subsection, we briefly list generalization bounds which can be obtained for linear maps in the
multi-class classification case, focussing especially on the ones which apply to linear networks of the
form By, ... Bj.

Most of the early literature on generalization bounds for linear multi-class classification focused on
kernels, which are a slightly more general setting.

For a single output (C = 1), it is well known from early results [68, [83] that the Rademacher
complexity ['| of linear classifiers is bounded as O (1/‘12%2@2) <O (% ‘4}\}2) Early

work on generalization bounds for multi-class classification [[85} 168l (66 |67, [86} I87] used inequal-
ities for Rademacher complexities of composite function classes to obtain bounds of the form

O (‘B CH%”%T . Later in [88163]], the bound was refined to O (% 14 lFr> by exploiting the L*

continuity of common loss functions.

In [64]], the authors proved the following bound specifically targetted at linear networks of the form
A= BL...BgBll

~ C ming (Rank(Bg))
0 (93\/ N H |Be] ) - (C.3)
Note that [ [, ||Be|| = | A and |A|| min, /rank(B¢) > ||A|+/rank(A) > |A|g. Thus, the bound

in (C3) behaves at least as O («/ Cl’;:,%) , which exhibits the same behavior as the results in [86, [66].

The results are expressed in terms of vector output Gaussian complexity, which has the advantage of
yielding bounds for L2 Lipschitz loss functions. When the loss function is L* Lipschitz, the bound

from [63] will be tighter by a factor of v/C (ignoring any logarithmic factors). The main advantage of
the bound in equation (C.3) is the introduction of the novel proof technique which also allows the
authors to derive the bound (C.9) for neural networks with activation functions.

Comparison between Bound (C.I)) and Theorem 3.1 for linear networks:
It is worth noting that the Bound (C.I)) can be instantiated as follows:

"For simplicity, we use O notation, however, many of the result in this section do not require logarithmic
factors when expressed as a function of Rademacher complexity only. However, making them post hoc w.r.t. to
the constraints requires additional logarithmic factors.
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Corollary C.1. With probability greater than 1 — & over the draw of the training set, every matrix A
satisfies the following generalization bound

2
ClAlg -
'L

N

~ 1 1 L—1 3
GAP<O|B w*Ll%“A” i

(C4)

Proof. By the proof of Theorem the values of By, ... By, which minimize the weight decay
regulariser ZeL=1 | Be||2, satisty | By| = | A| = and even o;(B;) = 04(A)% for all £,i where o4(Z)
denotes the ith singular value of the matrix Z. It follows that for this choice of Bys, we have

il 2
[Tive 1Bill = HA||% and | B3, = | A| X .. The theorem follows upon replacing the values into
2 sc, ¢

equation (C.I). O

In contrast, for p = % our Theorem scales as

Qe

2p » -
L7 \/ B2 | A% min(C, d) 7 max(C, )7
1 P
N

o \/m AIE e+ ), )

The two are not directly comparable: for one thing, the bound in (C.4) is purely norm-based, which
means that it enjoys more obvious scaling properties. This also makes it more vulnerable to large
inputs. It is worth noting that both bounds potentially improve when L grows, as this influences
the schatten quasi norm index. However, this benefit is strongly mitigated in the case of (C.I)) by
the multiplicative factors of L, which are not present in our case. The explicit dependency on C is
also worse in (C.I), but we believe this is an artefact of the L? based proof technique and might be
improvable with an argument more carefully dedicated to the linear case.

C.2 Norm-based Bounds for Fully Connected Neural Networks

In [13]], extending work from [12], Rademacher complexity bounds of the following order were

obtained:
~ %QL L A 2

In addition, the same paper [[13]] contains other variants, which mostly consist of products of various
norms of the weight matrices. For instance (Corollary 2 page 13) for any fixed value p: GAP <

L 1
L] 2+p 1
[ Aelll H — | (k)
=1 p N2+

.
where U is an apriori upper bound on max, ”’?‘QH’] . Note: we have simplified the expression to adapt

it to our O notation assuming that ]]fo(%) < O(W% ), where M, (A) (resp. M (A)) are upper bounds

on the Schatten p and spectral norms of A respectively (such an assumption makes sense since for
e . — . —1 . . .
any matrix with dimensions bounded by W, we have ”‘ﬂ;ﬁm < Wr). It is not possible to directly

compare the factors of L in our bounds and in (C.7) since a fully post hoc version of that result would
likely involve further factors of L as in our own proof.

O|B

+ L, BU

~ log(%)
N

Note that{ < W, thus setting p = % we obtain for instance

; _
GAP —O <B 10g(1/5)> <O (LISB TT1Al WL) . (C.8)
(=1

N N3

31



Still in the category of ‘peeling’ based bounds relying on vector contraction inequalities, the recent
work of [[64] (cf. Theorem 7), which appeared independently of the present work, has established
bounds of the following form for the Gaussian complexity of neural networks with fixed norm and
rank constraints

A1 Fr L—¢ ~ A Fr
HL AV TAE + X O Covniel iy co

where 7, is an upper bound on the rank of layer £. In fact, a notable property of the bound is that
there are no logarithmic factors in the Rademacher complexity bound: however, note the Rademacher
complexity bound into an excess risk bound would incur at least a logarithmic factor of N, and
making the bound post hoc w.r.t. the norm constraints would incur additional logarithmic factors
of the norms, as well as a non logarithmic factor of VL. Here, C7, C5 are unspecified constants
inherited from [78]] (which are described as ‘rather large’ on page 4 of [78]). However, the authors
in [64] do conjecture that the constants and the accompanying explicitly exponential dependence on
depth could be removed with a more careful analysis

® < < [ﬁAeH] ﬁ) (C.10)

where & denotes the Gaussian complexity, and r the minimum rank of the weight matrices
Ai, .. AL

Comparison between (C.10) in [64] and (E.125)

Both results take the low-rank structure of the weight matrices into account and improve when neural
collapse occurs. However, both the proof techniques and the final results differ significantly. Whilst
translating the bound (C.10) into an excess risk bound would imply at least a logarithmic factor of N,
and making the bound post hoc w.r.t. the norm constraints would incur additional logarithmic factors
of the norms, as well as a non logarithmic factor of /L, the bound for the Gaussian complexity is free
of any logarithmic factors (in contrast, even our Rademacher complexity bound from the calculation
in Proposition includes logarithmic factors of the norms arising from the application of L*
results such at Lemma , which could give it an advantage when L is small. On the other hand, the
bound El;?] and [C.9]exhibit both explicit and implicit exponential dependence on depth through the
factors C” and [ [ | A¢l| respectively. In contrast, the result inhas no non logarithmic dependency
on norm based quantities. In fact, it belongs to the family of parameter counting bounds, whilst (C.I0)
is a purely norm based. In the case where all the spectral norms and the norms of the datapoints are

considered to be O(1), the bound (C-I0) amounts to a sample complexity of O(C2Lr2 L2TW), whilst
Theorem amounts to a sample complexity of O (£L2W): thus, the bounds are nearly identical

in this particular situation apart from the removal of a factor of rC¥' (which removes exponential
dependence on depth) in our work at the cost of additional logarithmic factors. It is worth noting that
the proofs are radically different: we rely on layer-wise covering numbers analogous to [} 4} [74, [16]]
whilst [64] relies on vector contraction inequalities and is closer to the works of [12[13]]. In particular,
one of the factors of L inside the square root in Theorem [E.8]arises from making the bounds post hoc
w.r.t. the spectral norms. It would be interesting to investigate whether this factor can be removed
when assuming that | A;| = 1 for all L.

Several other comparable bounds are proved in [64], which appeared independently of the present
work. The bounds only apply to the exactly low-rank case, whilst we provide a more refined analysis
based on the singular value spectrum decay implicit in the low Schatten p quasi norm constraints.
In addition, we also consider convolutional neural networks, and the proof techniques are radically
different.
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C.3 Norm-based Bounds for Convolutional Neural Networks:

In [16]], it was shown that[ﬂ

L T,)\2/3 H
GAP -0 (B log(]\l/é)> <0 ﬁ[&:l(\/ﬁe)] C.11)

whereif ¢ < L — 1,

U7 op Au
Ty = Be—1(X)|/(A¢ — M‘-’)Tuzlmglgi( W
andif ¢ = L,

B

y

T, |AE — ME|g,.

Here, we denote B,(X) = max; |F{~¢(x)||¢, where the norm |||, denotes the maximum L2 norm
of a convolutional patch for a vector of activations at layer ¢.

The above bound relies on loss function augmentation to control the L2 norm of patches at
each layer. However, the following simpler bound (Theorem E.2) can also be of interest:

GAP -0 (Bq/l‘)gg\}/‘”> <

& [ LVETTiz | op(40)]
VN

3
2

L 2
Ugw||[Ar — M¢] T2 1> ’
. . C.12
2 < [op(A7)] (12

Recently, in [32] an ingenious approach was used to provide bounds for convolutional neural networks
in terms of products of the Frobenius norms of the weight matrices. The bounds and proof techniques
are closer to the school of [12} [13]] than those of [1]], and rely on vector concentration inequalities and
direct calculations of Rademacher complexities rather than covering numbers, whilst incorporating
many novel elements specific to the CNN situation. We have, considering a post hoc version of

Theorem 3.2 in [32] and translating to our notation, GAP —O <B log(l\}/é)) <

5 (5. /P2, BTl [Adleny LTT, weB

N VN ’

(C.13)

where w, denotes the spatial size of the convolutional patches at layer £ and B = max, ; ||(z;)go.0 |
is the maximum L? norm of a convolutional patch in the input.

The bounds (C.12) and (C.I3) exploit the sparsity of connections at the first layer to obtain bounds
which only depend on the maximum norm of an input convolutional patch (as opposed to the full
norm of the input), a characteristic which is shared by our result (cf. theorem @ In addition, the
results in [16] exploit the weight sharing to involve only the norms of the weight matrices (rather than
the linear operators op(Ay)) in the numerator. Quite remarkably, the bound in [32]] achieves a similar
effect in the context of peeling type results by relying exclusively on the sparsity of connections.
Our results for CNNs can be interpreted as a low-rank generalization of those in [[16] incorporating
low-rank structure in the weight matrices, just as our results for DNNs generalize those of [1].
However, the results in [32] are not directly comparable, since they belong to the peeling family,
affording them a more favorable dependence on width but a poorer dependence on depth if the norms
| A¢|| g are moderately large.

8As explained in the main paper, our convention on O notation is stricter than that in [16]: we allow the O
to absorb factors of log(max/_, | A¢||), but we treat log(] [+_, | A¢|) as O(L), which explains the additional

multiplicative factor of v/L. This factor is absent in [[74] due to the use of a purely L? covering number approach,
though the implicit dependency on the number of classes at the last layer is stronger.
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C.4 Parameter Counting Bounds

In [7], generalization bounds based on VC dimensions were established for fully connected neural
networks. In more recent research the focus of parameter counting bounds has been on different
architectures such as Convolutional Neural Networks or ResNets. We focus on CNNs below as this
work focuses on DNNs and CNNgs.

In [4] (Theorem 3.1 ), the following bound is proved for CNNs with fixed norm constraints:

~ WSL log(1/4)
GAPéO(B«/N+B«/N>, (C.14)

where W := Zszl dy—1 x Uy denotes the total number of parameters in the network and S is an a
priori upper bound on [[max, | A¢|] — 1].

Later in [74]] (Theorem 3.4), the following result was showrﬂ

~ WL log(1/0)
GAP<O<B«/N+B«/N>. (C.15)

Note: in [4], the regime of interest is that where the spectral norms of the weight matrices approach
1, which explains the appearance of the quantity S. In fact, the quantity appears through an upper
bound on the product of spectral norms as (1 + v)* < exp(vL), thus, the multiplicative factor of

[LS] can relatively straightforwardly be replaced by O(L). This results in a bound which looks

identical to equation (C.13) when expressed in O notation. However, the bound in [[74]] presents many
other advantages, including applicability to Resnets and much smaller constants and logarithmic
factors. We also note that [89] provide rank-sensitive bounds for neural networks. However, the
bounds include a multiplicative factor of the Jacobian of the full network (both outside and inside the
logarithmic factors): the bounds will coincide (up to log factors) with our pure parameter counting
bounds in the particular case when all the spectral norms of the weights are exactly equal to 1, but
behave less favorably in other cases.

D Experiments

In this section, we present some experiments to demonstrate that our bound can successfully capture
the low rank structure in the weights to improve upon competing bounds. Although the numerical
advantage of our bounds over the best compared method (the parameter counting bounds of [74]),
the bounds generally show a much milder growth as the width of the layers grows compared to all
existing bounds when the generalization gap is kept relatively constant. Thus, our bounds are able
to adapt to capture the presence of unused function class capacity in the form of low-rank weights.
We present results for both DNNs on the MNIST dataset and CNNs on the CIFAR-10 dataset. All
experiments were run with 128 CPUs with 500GB ram and DGX A100.

D.1 Fully-connected Neural Networks (MNIST)

To evaluate the bounds’ behavior for fully connected neural networks, we conducted experiments
on the MNIST dataset. We set the number of non-linear hidden layers to L = 3 and varied the
width of the hidden layers w, in {300, 400, 500, 700} to explore different regimes. To guarantee
that we could analyze the phenomenon studied in this research, we enforced rank-sparsity through
two complementary approaches: (1) implicitly, by preceding each non-linear hidden layer with four
linear layers. (2) explicitly, by regularizing the neural network through weight decay. We selected
the regularization parameter from {107%,5 x 107%,1073, ..., 10%} and analyzed models with the

°Note, keeping in line with the convention used for the O notation in this paper, we interpret [max; | A¢|] as
a constant. This implies that the presence of the quantities C; ; in [74] introduces a logarithmic dependency in

[max, | A¢|]” inside the square root, corresponding to a multiplicative factor of L inside the square root.
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highest weight decay that achieved an accuracy of at least 0.9. We then maximize the margin y
subject to I, x < 0.1.

The results can be seen in Figure @} To facilitate comparison, denser bars are lower than less
dense bars when compared to their counterparts, i.e, by considering models with the same width. In

addition, we only plot the bounds in O terms, ignoring all polylogarithmic factors. This facilitates
the comparison since some competing baselines are post hoc whilst some are not: our bounds hold
uniformly over all values of py, || Ay — My sce.p,, 7y €tc., whilst some of the related works do not
explicitly perform the required union bound to achieve this. The practice of evaluating the numerical
values of generalization bounds only up to polylogarithmic factors [74} |64] or not at all [3 4] is
in line with the literature. When comparing to [64], we evaluate the bound for two values of the
intractable constant C; = 1, 2. This is to account for the the authors’ statement that the factor of C¥
could potentially be removed with a more refined proof, and certainly underestimates the numerical
value of the established bound, since the constant C} is ‘rather large’ [78]]. We include both versions
of our bound: Theorem 3.2] (without loss function augmentation) and Theorem [3.3](with loss function
augmentation). A key observation is that as the width increases, our bounds do not increase as fast
as the competing results, suggesting a successful use of the rank sparsity of the problem: in this
experiment, the accuracy and generalization gap are constant (overparametrized regime), therefore,
the more modest growth exhibited by our model indicates a better ability to capture true generalization
error than the competing methods, which show a much sharper growth with width.

o] —
- Width (w)
—_ -~ 300
D 24 A 400
M - 500
8 =l 700
N @] n TR
(@)]
O ©
-
N
T Y7
c
>
O N H
o HHH HHHH (TN
—~— ~—~ -~ ~~ ~oc ~u ~o - —a — o« ” o o
55 28 £C =0 =25 ST 9% S a4 0 gl R 5
=) o~ S = S & IS < 1< S 20 S~ 25 OE OE
Sgo34 8 5S4 Sg B¢ Sg 30 5Y S0 5% Ts o T
= H = = = = £ = s S0 = o ko) S S
B i ] ] B i B 53 B 50 8C £ =
£ = = = 5 %] =] S 28 2 = =y
5 ] e S 2 b & Ew 2C 8 g4
51 Z Z Z i ¥y < [ [y = =
2 2 2 S o I = & &
= ¢ & & & & e
e S e 2

Figure D.1: Empirical comparison between our generalization results and previous works.

Further Validation of the Low-rank Condition Moreover, the singular value spectra plots from
Figure [D.6]below demonstrates the presence of rank sparsity in our trained models. This confirms the
observations made by a multitude of recent papers in the optimization literature [21} 22} 27]], which
further explains why our bounds’ advantage improves when the width increases. In this example,

even the value p, = 0 yields an advantage over classic parameter counting bounds due to the exact
low-rank structure.

D.2 Convolutional Neural Networks (CIFAR-10)
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Figure D.2: Spectral Decay of Intermediary Layers in the MNIST Dataset (Fully Connected).
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D.3 Convolutional Neural Networks (CIFAR-10)

In this section, we present experiments on the CIFAR-10 dataset. We train a neural network with 3
convolutional layers with kernel size (3, 3) each followed by 5 fully connected layers. The last (output)
layer has width 10 since there are 10 classes, and the width of the intermediary fully connected
layers is varied between 100 and 1000. Due to the additional computational burden of the task and
the more pronounced overparametrization, we evaluate the bounds on a single trained network for
each architecture. To moderate the effect of norm-based factors, we employ spectral regularization,
constraining the spectral norms of all weight matrices to 1. We set the margin dynamically to ensure
a loss of only 1 percent in accuracy compared to a margin of zero. As in the fully connected case, we
note that as most of the bounds are asymptotic in nature (and many of the sources do not calculate the
explicit constants) their ‘practical evaluation’ challenging. For this reason, we only evaluate dominant
term of each bound (ignoring the constants and logarithmic factors) and we employ a logarithmic
scale, which is better suited to this asymptotic analysis since the bounds differ from each other by
very large factors. This is also standard practice in the related literature [[74} 4. [I] whenever bounds
are evaluated. As in the fully connected case, our bounds outperform the competing ones. However,
more interesting is the fact that our bounds exhibit a milder dependency on the width, which better
aligns with the true generalization error.
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Figure D.3: Numerical Comparison of our Bounds with other Bounds from the Literature (CNNs,
CIFAR-10).

Furthermore, to provide further evidence of spectral decay and strong approximate low-rank structure
in our trained models, we provide the following plots of the singular spectral of the weights of our
trained models. The plots confirm that the approximate low-rank structure is stronger for larger
widths, which also explains the fact that our bounds’ advantage over existing approaches widens in
such overparametrization regimes.

We also provide a few additional comparisons to validate our conclusion that our bounds respond to
varying degrees of overparametrization better than pure parameter counting bounds. As mentioned
in the main paper, the choice of p, can be made after training, as the bounds hold uniformly over
their choice. In fact, the choice of p, made after optimizing the bounds is a relevant factor in the
interpretation of the bound in terms of overparametrization regime: a larger but moderate value of
p (in the range [0.2, 1]) indicates that the norm-based factors are moderate enough to be involved
in the bound and that the low-rank structure in the weight matrices is sufficiently pronounced to
be exploited. On the other hand, a value of p = 0 can indicate one of two things: either (1) the
norm-based factors are too large for the low rank structure to be exploited, or (2) the weight matrices
are exactly low-rank. In our experiments, we observe the optimization of the bound often results
in the value py = 0 being chosen for convolutional layers, whilst the fully connected layers tend to
correspond to more moderate values of py. This can be seen in Figure [D.5]|below, which corresponds
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Figure D.4: Illustration of the Spectral Decay of the Trained Models on the Layer fc2.

to the most overparametrized CNN model (w = 1000) where the p;s are selected based on the
optimization of the bounds from Theorem [3.7) (with loss function augmentation).
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Figure D.5: Chosen Values of p; (with Loss Function Augmentation) for the most Overparametrized
CNN Model (width = 1000)

The results are somewhat expected: convolutional layers are already quite parameter efficient, making
the exploitation of the low-rank structure comparatively less necessary. Furthermore, the norm-based

factors arising from the product ]_LL: ¢ 8; are larger since convolutional layers have a larger spectral
norm due to the repetition over patches. On the other hand, the fully connected layers are able to
select larger values of p; due to a more pronounced low-rank structure and moderate norm-based
factors achieved through a combination of loss function augmentation and spectral regularization
during training.

We note that the choice of p, generally introduces a tradeoff which is only imperfectly captured
by the regime corresponding to the value of p; chosen when optimizing the bound. Indeed, lower
values of p, correspond both to a bias towards the parameter-counting component of our bounds and
stronger exploitation of the approximate low-rank structure (assuming the norm based factors are
not too large). Thus, more moderate values of p, are preferable in terms of the bounds’ responsivity
to changes in architecture, whilst setting very close to zero can sometimes be beneficial in terms
of overall numerical performance due to the convergence to a parameter counting result. To better
isolate the bounds’ ability to capture low-rank structure and its indirect effect on function class
capacity, we evaluate the bounds when fixing the value of p, to various values for all layers. We
then compare the behavior of our results from Theorem @ (without loss function augmentation,
in blue) and Theorem [3.7] (with loss function augmentation, in turquoise) to the parameter counting
baseline of [74] (in yellow). To isolate the behavior as the overparametrization increases, we plot the
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ratio between the value of the bounds compared to the value of the same bound for a width of 100.
Similarly, we also plot the ratio of the fest error (in red) compared to the test error for a width of 100
(i.e. 0.2793). The results are in Figure[D.6] below.
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Figure D.6: Relative Growth of our Main Results as a Function of Width

We can directly observe that for moderate values of py, both our bounds are successful at capturing
the implicit function class restriction that occurs through both norm-based effects and spontaneous
rank-sparsity in the overparametrized regime: for small widths (100 to 300), the bounds all grow
linearly, which correspond to a parameter-counting behavior (indeed, the parameter count grows

quadratically in the width, which results in linear growth of the term 4 / % where D is the number of
parameters), at the regime of moderate overparametrization (width 300 to 700), our bounds maintain

39



relatively constant behavior, which matches the behavior of the test error. Then, at the extremely
overparametrized regime (widths 800 to 1000), the bounds begin to grow again and exhibit less stable
behavior, which also better matches the behavior of the test error compared to the parameter counting
baseline, which continues to grow linearly.

E Generalization Bounds for Fully Connected Networks

In this section, we prove our generalization bounds for classes of neural networks with Schatten p
quasi norm constraints on the weight matrices. For each layer ¢, we have a set of admissible matrices
RWeXwe-1 5 B, 1= {Az € RweXwe-1 . HA@ — Mg“se,m < My; HA4” < 84} and

Fp = {FA:F(Al AL)ZA@EB( WgL} (E.1)

.....

= {FA = F(Al-,--~7AL) : HA[ — MZHSC <M, HAH <s; WL L}

We define similarly:
FEt={Fy" " =Fa,.. 4y AeBy Vi< U}, (E.2)
where we define
By={Ap e RY*"“ =1 1 |Ap — My|se,p, < My; | Al < se}.

Proposition E.1. Fix some reference/initialization matrices M* € RW1*wo = Rwixd  7Arl e
RwEXwi—1 = REXWe-1 Agsume also that the inputs x € R? satisfy |z| < bw.p. 1. Fix a set of
constraint parameters 0 < py < 2,89, My (for{ =1,...,

With probability greater than 1 — § over the draw of an i.i.d. training set x1, ..., xy, every neural
network Fa(z) := Apop (A Yor_1(...01(A x) .. .) satisfying the following conditions:

”AK*MEHSC,M s M, Vi<i<L
JA] < s Vi<i<L-1
< sg, (E.3)

also satisfies the following generalization bound:

E[I(Fa(z),y)] — — Zl Fa(z:),yi)
i=1

log(3)  2404/log,(4L)1 )[B+1] "
6[B +1]4/ ‘C’;\,‘S 082( \/Nog (1+LLI)mRM,S,p,b (E.4)

where Raqs,pb 1=

SIS

2pg 2ry

ppt2 5 2 pr+2 5 5 PL
2= D12 25 _pLt2 2
rePet? w0 [wew,) ”“ b | | e rePL P wt wl " ,

e

(E.5)

= [[b +1][LLy +1]WN ]_[f;l[[pi + 1]s; + 1]] and we use the shorthands g := A:T’%? wy =

min(we, we—1), We = [we + we—1].

Proof Write Fj for the class of neural networks satisfying conditions (E.3). By Lemma [[.7) with
o= N and Proposition | we have the following bound on the empmcal Rademacher complexity
of F B
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Rs(loFp)

2py

2p
4 12 (P 1+ LL)]%7 & P S T
< N + ﬁ § 96 10g2(4£) |:(In1_1|’—1(€]_1)):| Z leplszl Ty Pe+2 wZPeJr? u}epEJr? de
~ ’ =1 i
\/— . o
4 1204/log, (4L YR o2 Rt 1
< N (1+L1Ly) T4 2 lepZSl] Ty Pet? wﬁ“w/“ ‘L Ede—kB—l
/=1 N
L 2pfz %
4 1204/log,(4L)[log(N) + B e 2 2o ke
< N + Og2( \/%Og( ) * ](1 + LLI 2+p Z [bnpi&} I, P42+2 ’lj}ep£+2 ’LZ);£+2
(E.6)
Next, by Theorem [[.6] we have w.p. > 1 — 4,
N
log(4/6) 8
E[L(Fa( — E.7
[(Fa(a ; S6By\ oyt (E.7)
2, 3
2404 /1og (4T)[log(N) + B] pe 2 3
T Og2( \/%Og( )Jr (1 +LL1 Z lbnplsll repl.;.z —ZPZ‘F u~)€pz+
=1
log(5)

6[B +1]

i ( ¢ :

2Py
240«/1 (4D)1 )[B+1] L A T Vi
0g,(4L) log(IV +LL)T% Z lbnl%s?] ré”;“’ wy g

where the last inequality holds for N > 9 (if this doesn’t hold, inequality (E-4) holds trivially).
Plugging equation (E.7) into equation (E.6) yields the result from equation (E-4) as expected.

O

Using Proposition [E.T|we can prove the following post hoc version, where the values of p, can be
optimized.

Theorem E.2. With probability greater than 1 — 6, for any b € R*, every trained neural network

F4 and sampling distribution with ||z < bw.p. 1 satisfy the following generalization gap for all
possible values of the pys:

1
N

1 51 O VI 1
6B +1] Og B/ S+ 480[B+1)(1 + L L) ngc osN) 5

E[I(FA( ) I(FA :m

||Mz

where ©1og 1= 2log [4W + b T, pill Ail] [|log ()| + L[S, | 1og(I|Acl)| + 210(477) ||
e =12 |[b+ 1L L +10WN T il Ail + 1] [4W + T, o4l

on the input samples’ L? norm and where

i ] b is an a priori bound
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Py
L-1 L-1 pe+2 | A — M;|Pe e 2 e
l Z lbﬂﬂAz s |Al||] [|Ae|p4 SC,Pe ] w;wr? [WEQZJ pe+2
£=1

i=1

i=1 IAL H2,oo L =L

2 __ 1
4z — ML%,,L]““ ww}

L1 pL¥T
bprl ALl | ] piAi|]

Furthermore, the result also holds with b replaced by the empirical quantity b = max; <y [l2:]|-

Proof. Let A1, Ay > 0 be positive real numbers to be determined later. For every set of values
k) kM) k(0 e Zand 1 < kP < £ (where ¢ = 1,..., L) we apply propositionfor the
following values of b, k(0 M, py, 6

be—b= Xp( k(”) (E.8)

¢ — §¢ = exp(A1k©9 /L) (E.9)
My — M, = 5@7’2 with (E.10)
7o 1= exp(A kM) (E.11)

pe — e = DokP) (E.12)

9 Ik® =3, (k0| =5, (kMO (E.13)

L
5k(b)7k(51f,)7k(/\45)7]€(?1/) 5A2 33L T1

This implies that with probability greater than 1 — 6,.) p(sp) p(Me) K(pe) s

S log(éb ( >4<M> ( >)
E[I(FA Z FA xl z < 6B k() K ;V,k o) k(pe
240, /logy (4L, vy gor) ) log(N)[B +1] N
+ JN (1+ LL])2+PRk(pz),k(Me)Jc(h)’k(SZ)7 (E.14)

where  Rywp pmo) o) g0 18 defined as  the  value of  Raqspp  for
b,se, My, pe taking the values defined in equation (ER) and Liw) koo =

[ [exp(k®A) + 1][L +1W N [T}y [pr exp(k+04) +1]].
Note that

L
1 2 1 2
Ok ko0) gMe) ) = SAL _——— L1 [Az] [ E E]%H < 55 <. (E.15)

E®) k() (M) (Pe) €7

Thus, equation (E.14) holds simultaneously over all admissible values of k), k(s¢) k(Me) [ (pe)
with probability > 1 — 4.

For a given neural network F'4 and choice of pys, we utilise the result above for the following values
of k®) f(se) (Mo (o).

E® = [log(b)/A4] (E.16)
k) = [log(se) L/ A
KM = [log(r)/Aq]

(pe) . | PL
R {AJ
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where b < max; HZ‘ZH Sp «— HA[H Ty «— HAZ Mz”SC’W/HA”m = Zl Ui(A — Mg)m (for ¢ # L)

andry, « ||[Ap — Mp|2e, /IALIS", < vwr Y, 0i(Ap — Mp)Pr.

For these values, we certainly have:

Lroy peo <

:h

<exp(2A1) [[b+ 1[LLy +1]WN | |[[pi + 1]s; + 1]

Il
-

[

L
[exp(A1)b + 1][L; +1]W 1_[ pisi exp(A1/L) +

1]]

because I := [[b +1][LL +1]WN Hiil[[pi +1]s; + 1]] Further, we have

Ty < Ty et

Note also that

20, 2 2|ny —
2 e 2= pd oy < a,
Do+ 2 pe+ 2 Pe+ 2

and

2 _ 2 2[}5@ — pg] 2A2

= < < Ay/2.

Pe+2 pe+2  [pe+2][pe+2] 4
Thus, we can continue:

Ry pgmo) ko) g0 <

2py

Py

L Py +2 %
[ Z leXP(Al)b 1_[ DiSi exp(Al/L)] féw-%—’z ’lf);ﬁ—z @sz+21
(=1 7

< exp(A

2pyp 1
Prt2 2 N
~py+2 7:Dg+2 ~ py+2
Z b H PiSi T w, W,
i

_ -
Az/2 L Ptz L -
< eXp lbnplsl‘| l 2 [bnpisi] r;e+2 w;@+2wp[+2]
=1 L
[ 72 L Pe+2
< ' [bnpisz] et/ lz lbnpzsz‘| [re We]P
i =1

N
[
ot
e
r 1
=
2
2
e
1

1
“‘g
)

1
w‘g
J

N
o
s

f >
>

I

g

~
m‘m

X

<

N

R

r max(Al,A2;
4w + bH ,OiSi]
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(%28
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et
S
X
S
W
N
g
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M‘M
1
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—
S -~
.
s
S
W
N
I
il
N
H
V]
—
=
~
g
Y
=
s
I
+l\3
%]
g
Sy
s
ERN
M
S

= exp(QAl)Ea

1
2

(E.17)

(E.18)

(E.19)

(E.20)

(E21)

(E.22)

(E.23)

(E.24)

(E.25)

(E.26)

(E.27)

(E.28)

(E.29)

(E.30)



where at equation (E:23)) we have used equation (E220), at equation (E:26) we have used equa-
. . .. ﬁ@ Do .

tion (E19), at equation (E27) we have used the trivial fact that ;2 > 522~ and at equation (E.28)

we have used equation (E:21) and the fact that r, < w,.

Equation (E:30) motivates the choice

log(2)
A=Ay = _ : E31
T log [AW + b, pisi] (3D

which ensures that

Rk(p(),k(./\/le),k(b),k(se) < 2Rp,. (E.32)

Note that for this choice of Ay and Ay, we can write first (from equation (E-I7)),

Ly poo < T4 [4W + bHPHAZ} (E.33)

and then:

1
log
Opt) p(se) (Mo gwo)

1
<log(5) + [3L + 1]log(3) + l|k(b)| + Y [KEO 4 YT KM 1 + Llog(1/As)
14

L

] + [|k(b)| + K6 +Z|k(M”|1 (E.34)
4 4

1 _
< log(g) + L l4.3 + loglog l4W + bH PiSi

< log(%) +L [4.3 + loglog l4W + bH piAzIIH +2 (E.35)
ll log(b)| + L lZ | log([| A¢[)| + log(W) | | /A, (E.36)
(=1
1 _
< log(g) + L l4.3 + log lélW + priHAgH (E.37)

L
+2log l4W + priAeII] ll log(b)| + L lz [ Tog([[Ac[)] + log(W)H

l=1

L
< log(%) +2+2log lﬁlW + pri||A£|1 ll log(b)[ + L lZ [og([l[Ac[)] + 210g(4W)H

l=1

1
= log(5) + 2+ Olog (E.38)

where at equation (E334) we have used the definition of Ay (i.e. equation (E3I)) and the fact

log(log(2)) > —1, at equat10n (1?3_3[) we have used equations (E-I6) , and at equation (E:37) we
have used the fact that log(2) > 5 and the inequality log log(z) < log(x) and at equation (E.38) we

have used the definition of @log

We now plug equations (E:30), (E:32), (E-38) and (E:33) into equation (E:14) to obtain:
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log(ak@) w(s0) :Mw & (Pe) )
E[l(Fa(z),y 2211 (Falz;),y:) < 6[B+1] ) N 1
2404 /10g5 (2L ) jocop) ) log (V) [B +1] v
T (1+ LL1)T P Ryt Mo ) gl

VN

6[B +1] % + 6[B+1]4/ Lj\?log

\/1082 (ST [41V + b TT, pill Ael]) log(N)
+480B(1 4+ LL)= I P

log(1/0 2+ 05
6[B +1] #+6[B+1]4/ +A(?lg + 480 B(1 + LLy) ™7 x

wog(lz [[b-+ LL L+ 10N TTE, [[or + s+ 1] [477 + bTT, pil Adl]) log(N)

(E.39)

N R
log(1/6 2+ O
6[B+1] 7Og§\/ ) +6[B +1]q/7+z\?1 g
1 1
480 B(1 + LLy) =7 \/W ) log(N RFA, (E.40)

where at line (E39) we have used equation (E-32), and at the last line we have used the definition

L
Yro =12 l[b +1][LL +1]WN H[piHAiH + 1]1 l4v_v + priAiI] .

This concludes the proof of the first statement.

For the second statement, it suffices to use an elementary form of loss function augmentation
by considering the following augmented loss for any value of b greater than 1: l'(z,y) =
max(1(Fa(z),y), B1ljz|>s). Indeed, given any training set x1,...,xx (not necessarily satisfy-
ing |z;|| < b), we can apply Proposition [E.11]to the training set {z; : ||z;| < b}, which results in a
cover of I’ o Fg with respect to the whole set {x;} since I’ = B whenever |z;| > b. The cover is
bounded above by the RHS of equation (E.I3T)) and we can continue the argument as in the proof
above and conclude that

1

E[V(Fa().y)] - v 2l Fale)v) < Q, (E41)

||Mz

where Q is the right hand side of equation @ Note that the argument above already uses a
posthoc argument to show that the bound holds for all values of b simultaneously with a single failure
probability. Thus, the same is true for equation (E-4T). Note that it is not necessary for I’ to be
Lipschitz in the input z, since no cover of input space is required.

Next, we have:

E[I(Fa(x ]lvilFA (1)
1=1
1 N
<E[/(Fa@).9)] - ;1<FA($1‘)7%‘) (E.42)
<Q+iilFA% i W(Fa(3),ys) (E.43)
N =1 i=1
<@ (E.44)
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where at the second line [E.42] we have used the fact that I’ > 1, at the third line (E:43) we have
used equation (E-4T)) and at the fourth line (E:44) we have used the fact that b = max; |z;|. This
completes the proof.

O

E.1 Tighter Results with Loss Function Augmentation

In this section, we use the technique of Loss Function Augmentation to improve the scaling of the
bound with respect to norm based quantities.

We first recall the following definition of the ramp loss (defined for any B), which we use in controlling
the intermediary activations of the neural network:

(z = B)

Ap(z) = min(B * B). (E.45)

We now consider the following augmented loss function:

laug(FA’ ‘r) (= Inax <2I<HI?X1 [Abe(HFg_)e(x)”)] 71(FA(x)7y)7B 1x|>b0) : (E46)

We first prove the following extension of Lemma[E.12]to incorporate the loss function augmentation
over activations.

Lemma E.3. Assume sy = 1 and let by (for { = 0,1,..., L) be some positive real numbers with
by = 1/ Ly. Define py = sup,~; pi—u/bu where as before, pi_, = p; Humle Sun P -

Assume as in Lemma that we have a fixed dataset 1, . ..,z N with |x;| < by for all i < N.

Let B, ..., By be arbitrary subsets of the spaces R¥¢*"“t=1 and instantiate the rest of the notations
from Lemma and explicitly set €p = Th
There exist covers Cy < By,...,Coe < By X ...By,...,C, < By x ...By such that for all

A= (A,...,Ar) € By x ...By, there exist A' AV such that forall ¢ < L, A = A'~L .=
(AL, ... ALY e Co_p and foralli < N, ¢ < L:

‘)\aug(FAaxiay) - )\aug(F/Dxivy” <e (E47)

Furthermore the covers satisfy the following covering number bound:

L
10g(|Co—rl) < ). log(No ¢ (Be, €0, N, 3by1)), (E48)
=1

where as before, for any b > 0 and N € N, N o(By, e, N, b) is defined as the minimum number
N such that for any dataset 571, . .. ,:cfvfl with N < N and |«t7"|, < bforalli < N, where
I-lle = [+l for € # L and ||| . = |- |co-

Proof. The proof is quite similar to the proof of Proposition 8 in [42], itself inspired from [[74} 5} [16].
We will construct the covers such that they satisfy the following claim:

Claim 1: There exists a cover Co_, 1, satisfying equation (E-48)) such that forany A = (A!,... AF) e

B x ...By, there exists a Al, . AL such that for each x € X and each ¢ < L, one of the following
two conditions is satisfied:
VO <O FSE g a0 (@) = FE7° g0t a0 (@)]e < epe (E.49)

or there exists £; < £ such that

IFS% o (@)]e > 3b, (E.50)

Al
1...,AN
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(Here as usual |-, = ||-|2if £ # L and ||| = |+|o0)-
Proof of Claim 1:

For the first layer, writing X := {z1,..., 2y}, we know by assumption that there exists a cover
C1(X) = Cp—1 < By such that for all A; € By , there exists a A; € C1(Xp) such that for all i < N,

[(AY — AY)(2)|| < €1, (E.51)
from which it also follows that
|Fart (1) = Fa (@) = o (Alz) — o1 (A (22))]| < erpr. (E.52)

It follows that { F4>! : A € By} < Fg~tis an L®2 cover of F3~ as required: equation (E49)
holds for ¢ = 1.

For the inductive case:

Assume that the covers Cy_.1,...,Co—¢ have been constructed and satisfy the claim up to and
including layer /.

For each element A°~¢ of Cy_,s, we can split the dataset X into two sets X ¢.40—¢ © X and
[Xe},io—w]c as follows:

Xy foe = {a: €X Wl < L1 |FIN (@) < 3bgl} . (E.53)

Next, by the definition of N, ¢(By, €7, N, 3b,_1 ), there exists a cover Cyy1, 40—t © Byyy such that
for any AT € By, 1, there exists A“™ € C; zo0-. such that for any z € X, jo-.,

[ AT R () = ATV (@) e < e (E54)

Accordingly, we define the cover

Comerr = ) {A%} % Cpuy o (E.55)

AO_’ZECK
For any A%~ — (A, ..., Ay By x ... x By, the associated cover element A0+
is defined by (A, ..., A%, A“"1) where (A, ..., A") is the cover element of Co_, associated to
(AY, ..., A?) defined by the induction hypothesis, and A*! is the cover element of Cy 1 associated

to A“*! by the definition of N ¢(Be, €7, N, 3by—1) to satisfy Condition (E.54).

Equation (E.54) implies that for any © € X, 70, condition (E:49) holds for the value ¢; = /. In
addition, we already know from the induction hypothesis that the same condition holds for ¢; < /.
Therefore, the condition holds forall /1 < £+ 1forall z € X ¢, 0t Furthermore, by definition of
Xy go—e, any x € [ X, zo-.]¢ has to satisfy equation (E.50) for some £; < £ + 1. Thus, every z € X
indeed satisfies either condition or condition (E.50), as desired.

This concludes the proof of the claim.

To finish the proof of the lemma, it only remains to prove equation |E_LZ71 Consider an arbitrary
A€ By x ...Byp and the associated cover element A = (A, A2, ... AL).

Let 2 € X be an arbitrary sample. Let £* be the smallest number less than L — 1 such that

|FSTE 10(@)]e > 3be. (E.56)

.....

and let £* = L if the above equation doesn’t hold for any value of /.
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By instantiating the claim for any ¢ < ¢*, we know that equation (E:49) holds for all ¢; < ¢. Thus,

!Ab[ 1P >H>—Abe<qurf@< 1] E57)
H Fole(z) — F3oh (@) (E.58)
b Z H 0—>£ AL AL Ae( ) F0—>.l At Al Ag(x)H (E.59)
l1=1
1 L
< 7 Z 651p€1—>€ (E.60)
Pei—e (E61)
b( Elzl Lppl’l
1 ¢ € g

P10 S —€ S E, (E.62)

g J— -
be /~Z, Lpe,—0/be L

where at equation (E:60) we have used the claim, at line (E.6T)) we have used the definition of ¢, ,
and at line (E-62) we have used the definition of /g, .

In particular, it certainly follows that if / < L — 1,
|Faoe@)] = [FRo” (@) = [Faoe (@) = Fgo”he (2)]| > 8be = be = 26, (E63)

which implies that Agyg(Fa, 2, y) = Aaug(F1, 2, y) = 0 and equation (E47) indeed holds. On the
other hand, if £* = L, then since by, = 1/ L, equation (E:62) instantiated for £ = ¢* = L also shows
that

W(Ea(x),y) —1(Fa(z). y)l < e (E.64)
whilst (E.62) instantiated for any ¢ < L — 1 also shows that

jmax [N (|FA"(@))] = max [, (IF3 (@))]) < e (E.65)
Together, equations and (E.63)) imply that equation (E.47) holds, as expected.
O

Proposition E.4. For any granularity € > % and any values of 1 < by, ,...br_1, s¢, pe, there exists

a cover C of the augmented loss class {/\aug(FA,x,y) cA= (A AN e By x ... x BL} with
cardinality bounded as follows:

2py
pet+2 5 Py Py
s o Pet2 ~Pe+2
reret2 T, (B.66)

min(e, 1)

2p
L +Ly) %57 & L
log (|C]) < 2881log,(4L') [(l)] Z [be1 H Sipi
=1 i=t

Proof. The proof is analogous to that of proposition [E.T1]and consists in plugging in the one layer
covering number estimates (Propositions (F-4)) and ( E é)) into equation (E.48)), taking into account
our new definition of ¢y = Z’if[ :
L
log (IC]) < ) 10g(Nog,e(By, €, N, 3be_1))
=1

— b P +2 2 Py
72[ Z [./\/le — 1] £ u_}epew [wzwz]pe$2 10g2(r]-‘r",é)

€¢

(E.67)

) R —
N [/\/lLbL—l:| L 1II£L+2 pL+2 10g2(F}‘P ) . (E68)
€L
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Note also that since we are assuming that sy > 1 for all £ and by > 1 for all £ # L, we also

have ¢) = 2’ Z > €pg_.r, thus, the bounds on the logarithmic factors I'zp 1, ' zp , derived in

equations m still hold. Thus, we can continue:

M b P +2 #2 ~%
log (|C]) < 72logy(T Z[ S 1] Sl Tl (E.69)
L M ; :1::7.2
_ _1peL[1 +L sipi |7 FoFZ ~Fets
<7210g2(I‘)Z[ ebi1peLlL l] e p] Wl (E.70)
L(1+L 7 L L " .
< 72log,(T )[m 1 Z [ bg_lnsipi] w;f”wg’f” (E.71)
=1 =L
2p I 2Py —
L(1+L) > et e
— 288 log, (4I) [mmt 1‘ ] > l 1 nsim} r T ] (E.72)
=1 =
as expected.
O

Then, we can proceed with the following straightforward analogue of Proposition [ET}

Proposition E.5. Fix some reference/initialization matrices M' € R¥1*wo = Rwixd ML ¢
RWLXwi—1 = REXWL-1_ Assume also that the inputs x € R? satisfy |x| < bwp. 1. Fix a set
of constraint parameters 0 < py; < 2,1 < sg, My (for £ = 1,...,L). Also fix some numbers
1< bgl,...bL,1 and by, = L%

With probability greater than 1 — § over the draw of an i.i.d. training set x1, ..., Ty, every neural
network Fu(z) := Apop(AX=Yor_1(...01(A %) .. .) satisfying the following conditions:

JAY — M gep, < My VI<(<L
JA] < se Vi<(<L-1
1AL 2,00 < 5L (E.73)
IFS~ ()| <bs, VI<SL—-1 Vi<N (E.74)

also satisfies the following generalization bound:

E[I(Fa(z),y)] — — Zl Fa(z:),vi)
=1

log($)  4164/log,(4T) 1 )[B+1] »
6[B+1]4/ OgN§ 08:( \FOg [L(l + L) Ratspe,  (ET5)

where R s,p.b, 1=

Nl

21)@
L—-1 +2
P 2p;,

P ’2 2 PrL
Z[bf lﬂpzsz] v ] [weaw )7 + by pr] e r e wpt wi |

(E.76)

and as usual, T := [[b + 1[LL +1WN T2 [[pi + 1]s: + 1]] and we use the shorthands rp :=

T W = min(we, we—1), W := [we + we—1].

Proof. We first note that with a calculation nearly identical to that of the proof of Proposition [E.T]
relying on Proposition instead of Proposition with an additional factor of v/3 and (1 + L L;)
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replaced by L(1 + L) as well as b ]_[iL=1 s;p; replaced by by Hf: ¢ Sip1, we obtain the following
bound on the augmented loss class Agyq:

E [/\aug(FAvx y N Z >\aug FAaxuyz)

1=1
log(%) 8324 /log, (4T) log(N)[B +1] p
< 6[B+1 ) 2( L1+ L)]ZF R M sp.0,- E.77
[ + ] N \/N [ ( + 1)] M,s,p,by ( )
However, we know by definition of A, that
E P\aug(FAa z, y)] = EI(FA(J:): y) (E.78)

Furthermore, since the last condition in (EZ73) holds, we certainly also have:

1
¥ Z Aaug (Fas i i) = 7 W(Fa(@i), i)- (E.79)
i=1

The result now follows.
O

We can now apply the above results to obtain a post hoc version using argument similar to those used
in the proof of Theorem [E.2]

Theorem E.6. With probability greater than 1 — 6, for any b € R™, every trained neural network F 5
satisfies the following generalization gap for all possible values of the p,s:

E[(Fa(x),y)] — — Zl Falzi),yi) (E.80)

65 +1] log( 1/5 L5+ @1o}uq

FAvAaug ’

+832[B+1][L(1 + L) \/%log(]\f) N

where @10‘%”9 =

2log l‘lW +b] [ il Acl

L L-1
|log(b)| + L [Z | Log ([ A¢)] + ) log(Be.a) + 210%(4V_V)H :

/=1 /=1

ie = 12[ b+ L LW N T [l Ail + 1| [4W + 0 TT il Ail] b = maxi¥, Ja,
and where

R duny = (E.81)
2
Ll = e |Ae = M|, 177 2o e
2 %Efl,ApLHAzHZOO 1_[ szAz” Tt T risepe 1I)€P5+ [wgﬂe] etz (E.82)
= lly AP
LD z
i prita | 1A Z MRy, | T e e | (E.83)
' 1AL 155

where B,_1 4 1= max (maXigN |Far,. ae-1(zq)l], 1).

Proof. Let A1, Ay > 0 be positive real numbers to be determined later. For every set of values
E®) 00 pMe) f(s0) € 7 and 0 < k(PO < Alz (where ¢ = 1,...,L) we apply proposition
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for the following values of b, k(5 M, py, 6:
b—b=exp(Ak®) (E.84)
by — by = exp(A1k00)
S¢ — §¢ = exp( 1k /L)
My — My = szre with
7o := exp(Ark M@))
De < Pri= Azk(m)

L(®) JACTIN I k(o) |— e (Mp)
B o) gt o) = DAL 34L 2 KOTSRS Ol (g gs)

Using Proposition this implies that with probability greater than 1 — §,,) KOO R0 KM kpe)s

L s log(5 (®) xbe) (3) Mp) W))
E[I(FA(‘T)ayﬂ - NZI(FA(I‘Z),:IJZ) < 68 LANCIL J;V k k
i=1
4164 /1og (4L v j(ep) ) log(N)[B +1] .
+ [L(1+ L])]mRk(pZ)’k(Mf)’k(b)’k(S()7 (E.86)

VN

where Rk@)’kw),k(w)’k(MZ)?k(m is defined as the value of Raqspp, for
b,be,s¢, My,pe  taking the values defined in equations (E84) and Ly e =
[[exp(k(b)A) + 1][L +1]WN [TE [pr exp(kGD A) + 1]].
Note that
L
1 2 1

514:(”) £®0) k(s0) (M) fpe) = 5A2 L1 ’VAQX [Z §]3L+1 <.
k®) ko) k(se) (M) L (Pe) i€Z

(E.87)

Thus,  equation holds  simultaneously over all admissible values of
E®) gt (se) p(Me) E(pe) with probability > 1 — 4.

For a given neural network F'4 and choice of pys, we utilise the result above for the following values
of k®) f(se) [ (Me) (o).

k®) = [log(b)/A1] (E.88)
k) = Tlog(Be,4)/A1] (E.89)
k0 = [log(s¢)L/A1]

kMO = [log(re)/Aq]

k(m) = pi
[Az 7

where b — max; |z;, be — Byp.a, s¢ — HAeH rp «— [|[Ap — Moy
(fOI'g #* L) and 1y, < ”AL - ML”SC pL/”‘AT

sc,p//HA”pz = Zz U’L(A - Mf)pé
< Vwr Y 0i(Ap — Mp)Pe).
As in the case of Theorem [E.2} the following equation still holds as it doesn’t involve k(%) (cf.

Eq. (E17))

Ek(b),k(sz) <

L
[exp(A1)b + 1][Li +1]WN [ [[pisi exp(A1/L) + 1]] (E.90)
i=1

:h

< exp(241) l[b + [LL +10WN [ [[pi + 1]s: + 1]] — exp(2A1)T, (E.91)

Il
—

1



because I := |[b+ 1][LL; +1]WN Hle[[pi +1]s; + 1]] For the same reason, we still have (cf.
equations (E.19), (E.20) and (E21))):

Fo <r1pet, (E.92)

2p, 2py 2[pe — pe] -
— < —= < 2|pp — 2< A E.93
Git2 prst2 ot 2 [Pe — pe)/ 2 (E.93)

and
2 2 2 []5@ — pg] 2A

2
_ - < < Ay/2. E.94
pe+2 pe+2  [pe+2][pe+2] 4 2/ (E5D

Thus, plugging in the new values of k() k() f(s0) [(Me) k(Pe) into the definition of R s b, =

L 2rg 2o 5w |?
T Pe T, Pe e
D be—1 T Lizp pisi] Pe™2 xePe™ w0 by we now obtain:

Ripv) ko) ko0) k(M) fipe) (E.95)
L L ", s 12
< l Z [GXP(A )be—1 n piSi eXP(Al/L)] fe””wepﬁz ﬁ’epﬁzl (E.96)
=1 =L
25, 1
L L ppt+2 2 v |2
l Z [be—1 exp(A1)] H pilsi eXP(Al/L)]l fepzﬁ AT 1 (E.97)
=1 it
2pyp 1
L L Pe+2 2 2
< exp(A Z lbe_l I1 pisll o 1 (E.98)

L L = L =tz . v 172
[exp(A l Z lbe—1 H pisi] lbe—1 H pisi] P wzp‘]” wepﬁz] (E.99)
=1 it
_ 1
2

% L p2;#2 2 5o T
< |exp(Ar) b]—[msi] lZ lbg_1npi8i] r;f”w;f”w;f“ (E.100)
[ =1 i=L n
- 2 _ZPr_ -1
2 L L pe+2 R f’i 2
< |e®t bnpisil eB1/2 [2 lb@ll_[pisi] [rg @e] o2 (E.101)
L 1 =1 =4 i
r _ o B2 2pg 1
2 L L pe+2 2 2 Py 2
< e (o] [pisi lZ lbg_l npisil ry7ee? w;f”w;f“} (E.102)
L ) | =1 =4
B _ _ Ay . 2pyg 1
R L L Pe+2 ) |2
< e o] Josi| @ || D) [bema] Jpisi|  [rewedmew; (E.103)
L 7 | (=1 i={
- ] A
5 S
< e o] pisi| @2 | Resrn, (E.104)
- max(Al,AQ)_
<|4aW+b]] pisi] R A Aangs (E.105)

where at equation (E.99) we have used equation (E.93)), at equation (E-T00) we have used the fact that
i

by < b Hle pis; (differently from the proof of Theorem|E.2)). The rest of the calculation is analogous
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to the proof of Theorem[E.2} at equation (]EE[) we have used equation (E-92), at equation (E102)
.. p~£
we have used the trivial fact that ;P > (E-103) we have used equation (E.94)

+2
and the fact that ry < wy.

2+p

Thus, since the multiplicative error term is unchanged, we can proceed, as in the proof of Theorem|[E-2]
to set

Ay = Ay = _log(2) : (E.106)
log [4W + b1, pisi]
ensuring
Ritro) pMo) i pe0) < 2R, (E.107)
Similarly, as before, we can write first (from equation (E.90))
Ek(b)7k(sz) <I4 l4W + bnpi|Ag] (E.108)
and then:
1
log ( ) (E.109)
Ok ko0) kMo gpe)
1
<log(5) + [4L + 1]log(3) + [ [k |+ Y K| + Y [k + > kM| | + Llog(1/A,)
0 ¢ ¢ ¢
(E.110)
1 _
<log(5) + L l5.5+10g10g [4W+bﬂpisiH (E.111)
+ [|k(b)| +Z k()| +Z k(0| +Z |k(Me)|1
¢ ¢ ¢
(E.112)
1 _
<log(5) + L [5.5 + loglog l4W + bﬂpiAAH +1.5 (E.113)

L L—1
+[|log<b>|+Ll2|log<|Ae||+Zlog By.4) + log(W >H/A1 (E114)

=1 {=1

1 _
< log(g) +L l5.5+10g l4W+pri||Atz| +1.5 (E.115)

L L—1
+ 2log lélW + pri|Ag|1 [|1og ) + L [2 [log (]| Ael)] + Z log(By,a) + log(W)]]

l=1

< log(%) + 1.5+ (E.116)

L—-1
2log [4W + bnpi|A£||] lllog( )+ L lZ | log([[[Ae)] + ) log(Be,a) + 210%(4W)H

{=1 {=1

1
=log(5) + 1.5+ Clad (E.117)

where at equation (E-TTT)) we have used the definition of A, (i.e. equation (E-T06)) and the fact that
log(log(2)) > —1, at equation (E.114) we have used equations (E-88) , and at equation (E.113)) we
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have used the fact that log(2) > 1 and the inequality log log(z) < log(x), at equation m we
have used the fact that 41og(4) > 5.5, and at equation (E-1T7) we have used the definition of ©; g

We now plug equations (E-103), (E-107), (E.117) and (E:108) into equation (E-86) to obtain:

1 ¥ IOg(%(b) w(s0) i(z\m k(pw)
E[l(Fa(2), 9)] - v Y 1(Fa(i). ) < 6[B+1] Lo
i=1

832, /10g2(2Fk(b) kw)) log(N)[B +1] )
L(1+ Ll)]i

TP Ry pbo) o) (M) gpe) (E.118)

_|_

1.5+ O
log( 1/5 6[B+1]

6[8 +1] log (E.119)

Vloga(8T [ 4W+bH pillAc|]) log(N)
+ 832BL[(1 + L] 2+P RFAy)\au_q (E.120)

<oty P ol [ a1 ®120

\/1o< (164 L L PN [T lp: + 1si + 1] [477 + 5[, pil ] log(V)

N RFA,AM,g
(E.122)
log(1 1.
65 +1]«/%m + 6B H]«/‘r’JFT@‘Og (E.123)
2 /i )1
832 BIL(1 + L))z Y108 VFC g % s (E.124)

where at line (E.T20) we have used equation (EI07), and at the last line we have used the definition

yre =12 l[b + UL L +1WN [ [loil Al + 1]1 l4W + priAi|] .

i=1

This concludes the proof.

E.2 The Case p, = 0 for all /
We note that both of the above results hold for all values of the pys, including 0. However, the fact
that Theorem [E.2]is posthoc with respect to all combinations of values of p, introduces an additional

term of 4 / % In this subsection, we show that this can be avoided with a more dedicated proof for
the case py = 0.

We first note the following immediate corollary of Proposition [E.T}

Proposition E.7. Instate the assumptions of Proposition and assume additionally that py = 0
for all €. With probability at least 1 — § over the draw of the training set,

E[(FA(), )] — 5 D Fa(ai),v0)

4 L
6[B +1] log]ff) 4 20y 10g2(4%)g(m[8+1] lZ[wg v wg_l]fg] , (E.125)

{=1

where Ty is an a priori upper bound on rank(Ay).

54



Next, we consider the following post hoc version.
Theorem E.8. W.p. > 1 — § over the draw of the training set, every neural network satisfies:
1 XN
El(Fa(x),y)] - N Z W(Ea(z:),y:)

i=1

log(%)  2404/log,(4Tx)1 B+1] | &
6[B+1]x/ogN‘5 o83 \Rﬁog ha [Z wy + wp_ ] rank(Ay)

log(4/8) + 21og | [B + 2] [Ty (| Ael +2)| + Llog(W)
N )

—+

|A;| + 2] + 1].

where Tr = [B + 2][LL; +1]WN Hfﬂ[[ﬂz‘ +1][

Proof. We apply Proposition simultaneously for all the values of b, s, € N, and 7, € [IW] after
setting
)

Ob.sy 7 = . E.126
T b 12 [ [se + L2WE ( )

Note that

SWE[n?/6 — 1]'+F
> 0,507 < T <. (E.127)

beN, ,s,eNL ,fgSW

Thus, inequality (E.123)) holds simultaneously over all values of b, s, € N, and 7, € [W] with failure
probability § with the loss function 1 replaced by /., as in the proof of Theorem

We apply this to s, = [|A¢|], b = [B], 7 = rank(A*). This immediately yields

E[1(Fa(z Z (Falzi),

log(5— 240+ /log, (40 ) 1 1] [ &
6(B+1] 6]:;“" 0y/log, (41') log(N)[B +1] Z [we + wy—1]rank(4e) |,
=1

VN
(E.128)
where
L
I'r < l[b + [LL +1]WN [ [[lp: + 1]si + 1]1
i=1
L
< [B+2[LLi+1]WN [ [llps + 1[I Al +2] + 1].
i=1
Next, we note that
L J—
log((S ) < log(4/6) + 2log [ [B + 2] n 1Al +2) ] + Llog(W). (E.129)
b,sz,Fz (=1
Plugging this back into equation (E.128) yields the result as expected.
O
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E.3 Covering Number Bound for Fully Connected Networks

In this subsection, we use the results of Section E] to construct a covering number bound for the class
of fully connected neural networks. First, we briefly recall the following definitions.

Definition E.9 (Covering number). Let V < R™ and | - | be a norm in R™. The covering number
wrt. | - (V,e,| - |), is the minimum cardinality m of a collection of vectors
vl ..., v™ e R" such that sup,cy min;—1,_, |[v—v7| < e Inparticular, if 7 = RY is a function
class and X = (z1,x2,...,z,) € X™ are data points, N (F(X), €, (1/4/n)| - |2) is the minimum
cardinality m of a collection of functions F 3 f!,..., f™ : X — R such that for any f € F, there
exists j < m such that 3,7, (1/n) | f7(z;) — f(xi)|2 < €2 . Similarly, N(F(X),¢, | - |lx) is the
minimum cardinality m of a collection of functlons F o fh...,f™: X — R such that for any
f € F, there exists j < m such thati < n, |fj (x1)| <e

Definition E.10. Let F be a class of real—valued functions with range X. Let also S =
(z1,22,...,2,) € X be n samples from the domain of the functions in 7. The empirical Rademacher
complexity Rg(F) of F with respect to z1, T, . . ., T,, is defined by

Rg(F) := Egsup — Z 6if (), (E.130)
feFrn
where § = (01,02,...,0,) € {£1}" is a set of n iid Rademacher random variables (which take

values 1 or —1 with probability 0.5 each).

We now have the following result on the covering number of the class Fz.
Proposition E.11. let 21, ..., xx € RY be an arbitrary set of inputs satisfying |x;| < b for all i. We
have the following bound on the [ covering number of the class Fg for any granularity L<e:

log (N (1oFg,€))

2
2p Pe

=P otz _2
1+ LL ¢ MPE etz 2 _Be
2410 ( )[(Inln 5 11 ] Z lbnp181‘| [ ef)é ] L wépe+2wepe+2

2pp
24 L Pet2
1+ LLy) DERIPIN T—
< 961og, (41) [( 1 ] Z leplsZ] v P G (E.131)
where p = maxy(ps), w, = min(we,we_1), Wy = [we + we1], T, = /‘S’%Z and
4

Wy = [wew,] if ¢ # L w; if { = L. Here we also have T' = 1287% and T =

[[b +1][LL +1]WN ]_[Z.Lzl[[pq; +1]s; + 1]] where W := max,_ 01,..., Wy -

Before proving Proposition [E.TT] we will need the following Lemma, which we will later apply to
the following choice: B, := {A; € R¥¢*%e1 ¢ | Ay — My|se,p, < Me; |Ae| < se}-
Lemma E.12. Let €y, ...,er, > 0 be some arbitrary positive real numbers, and assume we have a

fixed dataset x1, . .., xn with |z;|| < bforalli < N. Let By, ..., By, be arbitrary subsets of the
spaces RWe>we-1,

There exist covers C1 < Bi,...,Coe < By x ...By,...,C, < By x ...Byr such that for

all (Ay,...,Ar) € By x ...BL, there exist A AL such that for all ¢ < L, A2t =
(A',... A% e Cy_yandforalli < N,

4

| F3t e (i) — F%f,‘i_7,ae($z‘)“2 < Z epi-e If L#L
=1

~

IFSE ae(@i) = FE5 ae(@i)lo < ), apir. (E.132)
=1

1% .
Here pe, e, := pe, [ [,24, 11 pese where po = 1 by convention.
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Furthermore the covers satisfy the following covering number bound:

L
log(|Corl) < D log(No ¢ (Br, €6, Ny bpo 1)), (E.133)
(=1

where for any b > 0 and N € N, Na,e(Be, €o, N, b) is defined as the minimum number N such that
for any dataser ¢! ... 735?]51 with N < N and |z~ ¢ < bforalli < N, where |-|; = |-| for
t# Land || =[] -

Proof. The proof consists in stringing together the covering numbers of each individual layer with
arguments analogous to those in the comparable literature on generalization bounds for neural
networks [[1} 116} 74].

For the first layer, writing X := {z1,..., 2y}, we know by assumption that there exists a cover
C1(X) = Cp—1 < By such that for all A1 e B , there exists a A1 € C1(X) such that for all ¢ < N,
[(A' — AY)(2)|| < €1, (E.134)

from which it also follows that

[FAT! (1) = F§ ()| = or(Alas) — o1 (AN ()] < erpr. (E.135)
It follows that {Fg?l cAle Bl} < F3~1is an L% cover of F~! as required: equation|E.132
holds for ¢ = 1.
For the inductive case:

Assume that the covers Co_,1, . .., Co—¢ have been constructed and satisfy equation (E.132). For
each element A°~¢ of Cy_,,, we have

| FGarse (i)]l2 < poseb.

Thus, we can construct a cover Cp, 1 (F%U_Lﬂ (X)) < By such that for all A**! e By, there exists
a A' e By, such that for all i < N, we have

|‘F(0;€+1Ae AHl)( ) F(();€+1Ae Aul)(xz)uf-&-l €0+1 (E~136)
and
log (|Co+1(F357%(X))]) < log(WNop,e+1(Bes1, €041, N, bpo—se)). (E.137)
‘We now construct the cover
Comerii= | Con(FF(X)). (E.138)
AU"ZECQ*J

For any A',..., A**!, by the induction hypothesis 1] there exists (A, ..., A%) € Cy_, such that
foralli < N,

Y4

|FR ae(@) = F§2° g (@)l < D apime.
=1

Thus we have

[Fa e (20) = FRo s (@)
<IEGT R (@) = 37 5 e @)l + 1P b e (@) = P4 b (@)
< perrsen [F3TY g0 (@) = FE° go(@a)] + poa | AN (PSSt (20) — A (FSY (22)]
4 241
< Per18e+1 Z €E1Pl— + Po+1€0+1 = Z €r,
=1 =1

1f ¢ = L the theorem is proved, so we can assume £ # L in which case ||+ |¢ = |||
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as expected. Furthermore, by construction (E.I38)), the cardinality of Cy_, 41 certainly satisfies:

[Come+1] < |Come] X Nooe+1(Bes1s €41, N, bpo—se+1)

< [ [Newoa(Besr, e, N, bpo ) x Nog ey (Beyas eesr, Nybpoaeyr)
=1
0+1

= [ [Nooa(Besr, e, N, bposi),

=1
where at the last line we have used the induction hypothesis. O

We can now proceed with the Proof of Proposition[E.TT]

Proof of Proposition[E11] For any choice of €1, ..., 1, by Lemma[E.12] we know that 1 0 Fjz admits
an L cover C with granularity ¢ = Zil €¢p¢—1, and cardinality

log (IC]) < Zlog (Noo,e(Bes €0, N bpo—se—1)).- (E.139)
=1
Let us denote w, := [w; + we—1], w, = min(we,we—1) and we further define w, =

[wew,] if £#L w;, if (=1L

Further, by Propositions (F4) (for ¢ # L) and (F2) (for layer ¢ = L), we can further continue from
equation @D as follows:

log (IC]) < Zlog (Nop.e(Bes €0, Ny bpoe—1))

=1
— M bpoi—1 it Lt
<o) 5 | FO T 0 a7 o
b - P +2 _2
+ [/\/tLpOLl] ’ ot wy pitt logy(T'zp, )1

L-1 2PL
Mlb 0—sf—1 P(/Jr? 2 Py MLb 0L —1 pL+2 2  _PL_
< 2410g2 [Z e 0Po—e-1 ’LT);”Q [wew,]7e+2 + ML YPo—~L-1 G TR LR

L =L
=1 €L
L Msz()az 1 wets T ~etE
< 241og, (T 2[ ] wy ) (E.140)
(=1
P ¢
where Tpp, = [(16[/\/1@ £ +1[bIT; =1 Pisi +1][1+se][we+we—1]? +7> ’LU[N], Trop =
P/+2
1’

[( 6[MLPL +1][b[]], pis +1 +vwrsp][we+wrp—1]

PL+2
€L

+ 7) wr, N 1 (indeed, note that since

HAIHQ,OO < sp, we certainly have |Ar| < wrgsy). Next, we upper bound the logarithmic
factors arising from I' zp , and " zp ;. as follows:

T pe s < Km[mm MEL 1[0+ 1T [lor + s + 1PWES[L L + 1] . 7) WN}

min(1, )
L f— —
< [128 ]_[[[pi + 1]s; + 1130 + 1][Ly L + 1]W4N2] =T =128, (E.141)
where I := [[b+ [LTy+1]WN Hle[[pi +1]s; + 1]] and we have used the fact that
maxy gizl < W\/wL.
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We now set €y := p(;ii = j"ffs_pv for some a such that ), oy = 1/L;. Note that this ensures
e i=e+1 5P

that the granularity of the cover C is

L L
Qe
e=L1 ) eper =Li Y, oo = €. (E.142)
(=1 (=1 Pt—L

Then, we can plug in the value of € into equation (E.140) to obtain:

I 2py

_ b s P2 2 _Pe

log (|C]) < 241log,(T) Z [W] ¢ w;z+2 wépwz
(=1

w

L
b i85 2 _pr
< 2410g2 Z [MZ Hz#@p Si ] 7épg+2 'lbgp£+2
Pe
lebl_[ PiSi 2 h s
< 24L;logy (T ; [65@0&@ w, W,
2pyp
(1+LL)]*7 L pe+2 M, vz .
.Q. R4 7 Pe
241og,(T) [ ETYER) } ;1 prZsZ [ e ] @) P wl T, (E.143)
where at the last line, we have set ay = Lﬁ O

F Covering Numbers for Linear Maps with Schatten Quasi-norm Constraints
(One Layer Case)

In this section, we prove covering number bounds for classes of linear maps with bounded Schatten p
quasi norms, which corresponds to the one layer case in our analysis. Thus, the results in this section
form the basic ingredient used for the proofs in all other sections. To achieve this, we begin with the
following parameter counting argument to bound the complexity of low rank matrices. Proposition [FI]
is known, but we reproduce the proof for completeness. The other results in this section are original
to the best of our knowledge.

Proposition F.1 (Cf. [28] (Lemma D1 page 30), cf. also [90, O1l). Let &, s denote the set
{AeR™%: rank(A) <, |A|, < s}. There exists a cover C < &, with respect to the spec-
tral norm such that

log (IC]) < Mudkb4}+6]—5Qm+ﬂﬂ. (F.1)

Proof. First, note that every matrix A € &, s can be written as A = WVT for W e Rm*" Ve Réxr
with ||| < /s and |V| < +/s. Then, by Lemma (L4)), there are €/2+/s covers C) and C, of the balls

of radius /s in R™*" and R%*" (w.r.t. the spectral norm) with cardinalities
6
oz (1) < [ og |1+ |

log (IC;|) < [dr]log [1 + 665] : (F.2)

Let A=WVT e & s, we define A =WVT where W (resp. V) is the cover element in C; (resp. Cy)
associated to W (resp. V). By definition of the covers via Lemma we have

WV—WMWV—WM<£E- (F.3)
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Using this, we certainly have
A~ Ale =WV —WVT],
<SWEWT Vo + (W =WV,
< Wl (VT = VD)o + [(W = W)V

<s =e. (F4)

€ €
SNCRENEN
Thus, C := {A eR™. A=WVT WeC,Ve Cr} is a valid cover of &, s w.r.t. the spectral
norm. Furthermore, by equations (F.2) we certainly have

log (IC[) < log (|G1]) + log (IC:) (F.5)
< [m + d]rlog [1 + 68] , (F.6)
€
as expected. O

Proposition F.2 (L* cover of FP ). Consider the set of matrices with a bounded Schatten norm as
follows: FP :={Z e R™*% || Z — M|f. , < MP =rsP; | Z| < s} (where M is a fixed reference

sc,p
matrix), viewed as linear maps from R to R™, and assume as usual that we have a training set
r1,...,oN € R? such that |x;| < bforalli < N.

There exists a cover C = FP such that for all Z € FP, there exists a Z € C such that for all i < N,
we have

(Z = Z)zi]e < € (E7)
and

Mb]7 L,
log (IC]) < 24 [] [m + d]7+2 min(m, d)7+= log, (T 7»)
€

bS 1)2% 1_L
<24 [m + d]r'~7+2 log, (Czr) ,

€

where T zp := (16[Mp +1][b+p1][1+s][m+d] I 7) mN.
' =

Remark F.3. Note that in particular, the proposition holds for p = 0, replacing M? with a constraint
on the rank. In that case, the proposition follows immediately from Proposition[F.1} Furthermore, it
also follows from the limiting case as p — 0. This is only true thanks to a careful management of the
logarithmic factor T zp: indeed, in addition to the constraint | Z[Z. , < M?”, we also independently
require the constraint | Z|| < s. This second constraint is only necessary to maintain good scaling as
p — 0. Indeed, we could have bounded | Z| via | Z| < | Z||sc,p < M. However, this would result in
a factor of M (without an exponent of p) inside the logarithmic term, making the bound blow up at a
rate of 1/p as p — 0. To see this, note that as p — 0,

log(12lle,) _ o los(eank(2)
p p

IOg(HZHsc,p) = ) — 0. (F.8)

Proof. The proof relies on the general "parametric interpolation” technique developed in [28]. After
a simple translation argument, we can assume without loss of generality that M = 0. Let 7 be a
threshold to be determined later. We first prove the following claim:

Claim 1: Any matrix Z € FP can be decomposed into a sum Zy + Zy where Zy € &, am and
Zy € Fiy, wherer; = ME and My? = 72 min(m, d).

Proof of Claim 1:

Let py, ..., Pmin(m,q) denote the singular values of Z, so that that the singular value decomposition
of Zis Z =Y, pj vxw, for some unit vectors vy, € R™ and wy, € R%.

Let T = max (k : p, > 7) and write Z1 = >, _p ppvpwy, and Zy = Z — Zy = D1 pp, VkWy, -
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Note that by Markov’s inequality, since |Z|E. , < MP, we have that rank(Z;) < T < ME

=
Furthermore, we clearly have |Z1| = p; = | Z| < |Z]sc,p < M. Thus, Z; € &, r as expected.
Next, it is clear that
min(m,d)
1Zolf = > Pk < r*min(m, d). (E9)
k=T +1

Thus, Z5 € ]-"%A as expected, which concludes the proof of the claim.

Thus, it follows that for any choice of 7 and granularlty €, we can apply Propositions [F.1] and [[.3]
to obtain €/2 covers C; < &, and Cy € F? i, such that for any Z; € &, am and for any
Zy € J-'/\,12 there exist Z; € C; and Z, € Cy such that for all i < N, ||(Z1 — Z1)%4]|le < €/2 and
|(Zo—Z3)zi]| < €/2. Itis then clear that forany Z € FP, theelement Z = Z,+Z5 € &, m +F%y,

satisfies |(Z — Z)x;|o < €. Thus, C = C; + Co is the required e cover of FP (which satisfies
inequality -| and by Propositions - (with € < ¢/(2b) since the required granularlty is ¢/2 and
Proposition |F.1| gives a cover w.r.t. the spectral norm) and. (with € — €/2) its cardinality satisfies:

log (|C[) < log (IC1]) + log (|Cal)
2
<[m+ d]r1 log [1+ 12bs] 144/\/12 b [(16/\42 >md]
€

r 12sb] 144 d)b 1 )b
:[m+d]/\/ilog[1+ > ]+ u mm(m " 1o 2[(6”“1“(7" ) +7>mN],
T € €

(F.10)

where at Equation (FI0) we have substituted the values of r; and Ms. This motivates the following
choice of 7:

7= 144772 M7t erizp e [[m“ﬂ)]m, (E11)

min(m, d
which leads to the following covering number bound:

_2p_ 2
» b7 )7+ 12sb
log (IC|) < 1447+2 [J\f ] [m+ ]Mp llog [1+ i ]

min(m,d)” »+2

lllG[Mb ]2+P min(m, d)ﬁ; [m +d] P+2b ] 1 ]
+ log,

€

72 2 ) 16[MP +1][b + 1][1 + s
<24 [Mb] [m + d]7+2 min(m, d)?»+2 log, [( GLM" +1] —= [L+s]fm +d] +7) mN]
€

ep+2

where at the last line, we have used the fact that p < 2 and therefore 1447%2 < 12. The proof is
complete. O

We have the following very direct L2 analogue, which follows directly by applying Proposition [F2]
with € « €/4/m.

Proposition F.4 (L? cover of FP ). Consider the set of matrices with a bounded Schatten norm as
follows: FP :={Z e R™*% HZ M|P. , < MP =rsP;|Z| <s} (where M is a fixed referenece
matrix) viewed as linear maps from R% to R™, and assume as usual that we have a training set
x1,...,xN € R such that |z;| < bforalli < N.

There exists a cover C < FP such that for all Z € FP, there exists a 7 € C such that for all t < N,
we have

I(Z = Z)ai]2 <e. (E12)
and

log (|C]) <24 [Mb

P2 p P
6] [m + d] 7+ min(m, d) 75 [m] 72 log, ( )

b p+2
<24 [S] [m + d]** 752 117552 log, ()
€ r
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where T’

;L (16[Mp +1][b+})][1+s][m+d]2 n 7) mN.

P e
Fr ept+2

G Extension to Convolutional Neural Networks (CNN)

In this section, we generalize our results to Convolutional Neural Networks. In particular, this section
culminates in Theorem [G.3] which provides a post hoc generalization bound for convolutional neural
networks whose weight matrices have low Schatten p quasi norm.

We first introduce some more detailed notation, which generally follows the existing literature on
norm based bounds [16] and is reintroduced for completeness. One difference is that we assume that
the pooling operation only operates on the spatial dimension (which is standard in real life CNNs
applications), which results in the single notation U, for the channel dimension at layer ¢, which
replaces both notations m, and U, from [16].

Let z € RV*" denote an input ‘image’, A € RV*¢ and S, S2,..., 5% be O ordered subsets of
({1,2,...,w} x {1,2,...,U}) each of cardinality d corresponding to the convolutional ’patches’.
We will write A 4 () € RU*© for the image of = under the convolutional operation associated with
A Aa(2)j0 = Z?=1 XsoAji. The sets 51,582, ..., 59 represent the image patches where the
convolutional filters are applied, and A would be represented via the “tf.nn.conv2d” function in
Tensorflow (or “torch.nn.functional.conv2d” in Pytorch). To represent the patches at a given layer,
we add a layer index /. For instance, if the input is a 28 x 28 x 1 image and the convolutional filters
are of size 2 x 2 with stride 2, §¢~1=0:0=1 = §0.1 = {(1,1),(1,2), (2,1), (2,2)} represents the first
convolutional patch, and S%2 = {(3,1),(3,2), (4,1), (4,2)} represents the second convolutional
patch.

We will also write op(A*) for the matrix in RY¢Q¢-1xUe—1we—1 that represents the convolution
operation A 4¢ (after unravelling all the dimensions), as we will rely on its sepctral norm || op(A)|
in calculations. To represent the full architecture, we use the index ¢ to represent the ¢’th layer:
for instance, the /th layer’s convolutional operation is denoted by A 4¢ : RUe-1xwe—1 _, RUex O
and acts on the ¢ — 1th layer’s activations in the space. It is also assumed that the last layer is
fully-connected.

The architecture above can help us represent a feedforward neural network involving possible (intra-
layer) weight sharing as

FSige an RV S RUEXWE s (0 0 Apqr 0010 A1 0...010Aq)(2), (G.1)

where for each ¢ < L, the weight A’ is a matrix in R¥*% and for each ¢, oy : RV¢ X0t — RUexwe
is L™ Lipschitz with constant p, and represents both the elementwise activation operation and any
spatial pooling.

G.1 One Layer Case

‘We now consider the covering number of the class of functions corresponding to a layer’s convolu-
tional operation with a matrix A such that ||[A — M||sc,, < M for some number M.

Proposition G.1 (L® cover of €? for a convolutional layer). Assume we are given a training set

x1,...,xy € RV sych that sup; , | (x;)s0. | < b. Consider the set of matrices with a bounded
Schatten norm as follows: FP := {Z € RU'>d .| 7z — M., < MP =rsP;||op(Z)| < s} (where

M is an arbitrary reference matrix) and the associated class €F := {A4 : A € FP} of linear maps
. . . / !
representing the assocated convolution operations from RY*™ to RU * ",

There exists a cover C < €F such that for all Z € €, there exists a Z € C such that foralli < N, we
have

[(Az = Az)(zi)|oo < € (G.2)
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and

Mb = , 2
log (|C]) <24 T [U" + d]7#2 min(U’, d) 72 log, (Der)

bs p+2
<24 [ ] [U + d] min(U’, d)7+2 r' =572 log, (Ter),
€

where Tgp = (16[/\/117 U+ L[L+s)[U"+d] 7) U'NO.

ept2

Proof. Note that |Z| < ||op(Z)| < s. Thus, the proposition follows immediately from Proposi-
tion [F.2] applied to the auxiliary dataset collecting each input convolutional patch as a sample and
replacing N « NO and m < U’.

O

We also have the following immediate L? version, which follows from the previous proposition with
€ < 7 and utilizing the L™ Lipschitzness of the nonlinearity .

Proposition G.2 (L? cover of ¢? for a convolutional layer). Instate the notation of Proposition

and consider a p-Lipschitz activation function o : RU' %O — RU' %% There exists a cover C such
that for all Z € €2, there exists a Z € C such that for all i < N, we have

<
[(Az — Az)(zi)|re < ep (G.3)

and

log (IC]) < 24 [/\Z] [U" + d]7=2 min(U’, d)7+2 [U'w']7+2 log, (T

bs p+z
24[ ] [U’-{—d] P+2[Uw]1’+2log2( / )7

where Flczz — (16[/\/117 +1][b+1]£71+s][U'+d]U/wl N 7) U'NO.

P2z
‘We now move on to our covering number bound for the class of CNNs with fixed norm constraints:
we write
F = {Fa = F&, oy A — Mille < My [op(A0)] <50 Y <L |AL o <51}

for the class of all neural networks whose matrices satisfy the norm constraints with fixed constraints
My, s etc.

G.2 Covering Number For the Class 7§

We have the following analogue of Proposition [E.TT|for the convolutional case:

Proposition G3. Let T1,... TN be a given training set sat-
isfying ||z < b for all i Consider  the class F§ =
{FA = F& a1 Ac= Milee < My op(AD] < 50 V<L |Af 200 L} of all

CNNs satisfying a set of fixed norm constraints for a given set of pg, My, sg. We have the following
covering number bound for the loss class | o}"g forany e > %

;Tpp
(1+LL1):| «

log(Nop (1 o}_g,e)) <72 log2(4£¢) [ min(e, 1)

(G.4)

Py

L w+2 Pe ﬁ
Zlbﬂpis’] [Mz ] [Us + de—1] 77 min(Up, dg_y) 707 W7,
/=1 7

S[p[

where D¢ := [b + 1][L Ly +1]WAN [T, [[pi + 1]s: + 1].
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Proof. The proof is similar to that of Proposition[E.TT} most differences are in the detailed calcula-
tions.

As before, for any choice of €1, . . ., €1, by Lemma|E.12} we know that 1 oF§ admits an L cover C
with granularity € = Zle €¢pe—1, and cardinality

log (|C]) < Elog Nopo(BS €0, N, bpo_e—1)), (G.5)
=1

where Bf = {4, e RU>d—1 |4 — My|lscp, < My; |op(Ag)| < s¢} (for € # L) and Bf :=
{Ag € RUexde-1 . ”AL — My, HSC,pL ML, H Op AL H SL}
We now use the following notation: we write U, for the number of channels at layer ¢ and d, for

the number of pixels in each convolutional patch at layer ¢, so that min(Uy, dy—1) is the minimum
dimension of the filter applied at layer . we also write W, := U, x wy with the convention that

Wi, = 1. We also write W := 25:1 dy—1 x Uy for the total number of parameters in the network

and A := Ze%:o Uy x Oy_; for the total number of preactivations/input dimensions including both
the input and the final layer output. Note that by Propositions[G.T]and [G.2] we can continue from
equation (G.5) as follows:

L Mpbpose—1 % _2 _py P

log (|C]) <24 ) [J] [Ue + de—1]707% min(Ue, de—1) 72 W, logy (D% o),
=1

(G.6)

where for all ¢ < L, Ffrp 0= l(lG[M“w H][bnf:lﬁiiﬂ][Hﬂsdw"‘ + 7) NA} (indeed, since

:Dg+2
€

| A} 2,00 < 81, we certainly have |AL| < sp.A).

We now set ¢y = as before and bound all the logarithmic factors as follows:

(LLy +1)p€4>L

s, < l(m[ 1T [[p;lmggsi;r P+ UL L +1vAT 7) NA]

< [64 ﬁ[[pi +1]s; + 11%[b + 1][Ly +1]WA3N21 < [4r%)? (G.7)

=1
where [ := [b + 1][LL; +1]WAN Hle[[pi + 1]s; + 1]. Plugging the value of epsilon into
equation (G.6) we can continue with a calculation similar to that of equations (E.143):

log (IC1)

o Py
[Uz + dgfl]pf% Inin(Ug, deil)ﬁwfﬂ'?

b R p+2
7210g2 41’\@ 2 |:M£ PO—L— 1] £

£=1
2p
1+ LL) |2
< 72log, (40¢ d+Lh)
0g2(41) [ min(e, 1) ]
21i£ 2
T T M P e 2 T
;1 lbnpisi] [ ng»e ] [Ue + dg—1]7072 min(Up, dp—1) o2 W,
as expected. H

G.3 Generalization Bound with Fixed Constraints (CNNs)

Based on the above, we obtain the following analogue of Proposition [E.T}

Proposition G.4. Fix some reference/initialization matrices M* € RW1*wo = Rwixd Al e
RwLXwi—1 = RCXWL—1_ Agsume also that the inputs x satisfy |z| < bw.p. 1. Fix a set of constraint
parameters 0 < pp < 2,80, My (for{ =1,...,L).
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With probability greater than 1 — 6 over the draw of an i.i.d. training set x4, ..., TN, every neural
network F$ () defined with equation (G.1) satisfying the following conditions:

”AZ - MZ”SC,pg < ME V1 < / < L
lop(A)el < s¢ Vi<li<L-1
IAL 2,00 < s, (G.8)

also satisfies the following generalization bound:

LN
E[(Fa(z),y)] — N - W(Fa(xi),y:)

log(4)  2084/log,(4%) log(N)[B +1 .
< 6[B+1]4/ Ogj\([é)+ l \/)N WL ](1+LL1)WR/¢\A’S’p’b, (G.9)

where RS, pb =

Nl=

S[p’«

L p1/+2 M[pg 2 5 ) Py
St v] Jeisi [ ] v [Up + dor )77 min(Uy, de—y) 2 W/ | (G.10)
7

withre ¢ := Mz and L% := [b+ 1][L L +1]WAN [T, [[pi + 1]si + 1].

2 _Py

Proof The proof is exactly the same as that of Pr0p0s1t10n E.11|with e w;’f“ w,* ** replaced by

Pe+2

Te' [Ue + dp—1]7e™® per? min(Uy, dp— 1)Pe+2 W”” and the initial constant of 98 replaced by 72. [

G.4 Post Hoc Result for CNNs

Based on the above, we are finally in a position to present the following analogue of Theorem [E.2] for
the convolutional case:

Theorem G.5. With probability greater than 1 — 6, for any b € RY, every trained neural network
F4 and sampling distribution with ||z < bw.p. 1 satisfy the following generalization gap for all
possible values of the pys:

E[(Fa(z),y 21 (Fa(x),y:) (G.11)

og(1/0) . |2 2 log(e)!
6[5B + 14/0g /%) 1"g+4163+1 (1+LL)™ Og%NOg RS,

L
N
2log [MA +sup i [ T il op(fmﬂ [| log(sup )| + L [Z | log(]| op(A))] + 2log<4AW>H
Ve =

L
12 l[% + 1[LL+1IWAN  Jloil op(40)] + 1]] [4W + 8] [ pllon(4))]

i=1

and where

65



2pp_ 2
e [ |Ag — MelE¢ p, } Pet?
lop(Ae)|Pe

L—1
R%A :—[ Z [sup [

{=1

d

Proof. The proof is the same as that of Theorem [E.2] with the constant 240 replaced by 208, with
| Ag| replaced by | op(Ay)|, and W replaced by AW.

L—1
[ ] pil op(A
=1

2pr,
pr+2

2 1
”AL MLH&C »PL ] e 7PL2+2 wl’iﬁ—2‘| ’
‘ L —L '

L—1
n pil Ail
i=1

O

G.5 The case p, = 0 (CNN)

For p; = 0 we obtain the following immediate corollary from Proposition [G.4]

Corollary G.6. Instate the notation and assumptions of Proposition|G.4|, and assume additionally
that py = 0 for all {. We have

N
1
EW&()H—N2mm0>)
g(4) 2084/log (4T%) log B+1] | &
6[5 +1] 5 : 2 Us + do-1)ie (G.12)
where 7y is an a priori upper bound on rank(A;) and as usual, T¢ = [b +

[LLi+1WAN [T [[ps + 1]si + 1].

With a union bound, we achieve the following post hoc version:

Theorem G.7. Wp. = 1 — § over the draw of the training set, every neural network satisfies:

N ) 2084/10 (4T'%) log(N)[B +1]
1 ga( g
E[I(Fa(z 2 (Fa(zs), 51) < 6[B+1] | 284 6
z=1

(G.13)

where TS, = [[% +2)[L Ly +1IWAN 1= [ + 1[I Ai]l + 2] + 1]] .

Proof. The proof is nearly exactly the same as that of Theorem [E.§] O

G.6 Results for CNNs with Loss Function Augmentation

Proposition G.8. For any granularity € > % and any values of 1 < by,,...br_1, S¢, pe, there exists

a cover C of the augmented loss class L& avs = {)\aug(FA, xz,y): Fac€ }'g} with cardinality
bounded as follows:

log (IC|) < 216 log(4L % 9 ) x (G.14)

2p
L 1 L Stp L L py+2 s b ’:De
[Hl)] 2. [bé—l I1 Sz‘p’] [Ue + 11772 min(Up, dy—1) 702 W0
=1 i=t

min(e, 1)

Proof. The proof is similar to that of Proposition[G.3]and with the main difference only in the
calculation of the log terms. By Lemma|E.3]and Propositions and[G.2] there exists a cover C of
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the loss class )\aug(FA) with cardinality satisfying

log(|C]) < Zlog (Noo,e(BE €0, N, 3bg—1)) (G.15)
=1

b P +2 L e
< 72 Z [ ¢ Ue— 1:| ¢ [UZ + défl] P22+2 min(U£7 dffl) pei2 WEP17,+2 10&@?3}“”-
=1

Next, recall that

bee

Lpe

and py, = maxy pg, /by < maxy pgl_,g/(min(l,Lfl)) < poy—episi[l + L] < pe,ppisi[l +
Li] = pillize, 41 Lpisi[1 + Ly], thus

(G.16)

€p =

€

€2 T T (G.17)
7 Lpso[1+ L]

Thus, by a nearly identical calculation to that in equation (G.7) we obtain
16[maxy 2427 + 11TT%  [[ps + 1]s: + 113[b + 1][L Ly +1]W.AL5
mwgg[( [max, S + 1] [ ;2 [[pi + Hsi + 1°[b + 1][L T +1] L) N

axI’
MRt e min(e, 1)

L
< [64 [ Tllpi + 1si + 116 + 1][Ly +1]WA3N2] < [ADEAeus]3 (G.18)
i=1

where Do = [b + 1][L(L; +1))WAN Hle[[pi + 1]s; + 1]. Thus, we can continue from
equation (G.I3): log(|C|) <

€ Mau [ Mybpy 72 2 VI
216 log (4T g)Z it [Us + dy_1]77 min(Uy, dg_1) 72 W,

2py

L [Mz be—1peL[1+ Ll [T, Sipi] etz

< 216log(40%Aeur) 3

€

£=1
2 _pe P
X [Ue + do—1]7e™ min(Up, dg—1) Pe+2 W;e
L +1Ly) )7 & Lo
< 216 log(40ens) | 221 be— ”
og (4L ) [ min(e, 1) Z et Hszpl
{=1 =0
_2 _Pe %
X [Ue + dp—1]7¢™ min(Up, dg_1) 7e+2 W,/
as expected.
O
Next, similarly to the proof of Proposition[G.4} we can obtain:
Proposition G.9. Fix some reference/initialization matrices M* € RW1*wo = Rwixd AL e

RwLXwi—1 = RCXWL-1_ Agsume also that the inputs x satisfy |z| < bw.p. 1. Fix a set of constraint
parameters 0 < pp < 2,80, My (for{ =1,...,L).

With probability greater than 1 — 6 over the draw of an i.i.d. training set x1, ..., TN, every neural
network F$ () defined with equation (G.I) satisfying the following conditions:

JA® = M¥se.p, < Mo Vi<l<L
[lop(A)e] < s Vi</<L-—1
S S (G.19)
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also satisfies the following generalization bound:

E[(Fa(x),y)] — — Zl Fa(xi),y:) (G.20)

log(4)  3614/log, (40" *u0) log(N)[B +1
6[B +1] Og5 + 2 \ﬁ> U ](1+LL1)2+pR

[ )\auq

where RM ;“;g =
b

N

L P1’+2 M,Pe ] ez s o )
Vi 4 ) —2 . _Pe P42
> lbzd Ipiszl [ ] e’y [Ue + de—1]7¢72 min(Uy, dg—y1 ) 7eF2 W'
=1 i=t

Sgpl

with e ¢ := 2405 and TS w0 .= [b+ 1][L(Li +1))WAN [T, [[p: + 1]s; + 1].

Proof. The proof is the same as that of Proposition with an additional factor of /3, relying on
Proposition[G.§]instead of Proposition[G.3] O

Finally, we can obtain the following post hoc version from the above.

Theorem G.10. With probability greater than 1 — 6, for any b € R™, every trained neural network
F 4 satisfies the following generalization gap for all possible values of the pys:

N
E[(Fa(z),y Z (Fa(zi),y;) < 6[B+1] logﬁ\l/éﬁ (G.21)

2 4+ @ e 4/10 ) log(
6B\ —— i + T22[B+1][L(1 + L)) gw“““g gV Ring,

where

‘7A(l'(l/ N
GIQOg 9 :=2log l4W.A + Sztzlfl) [ HpZH op(Ai)|] X

lllog(sup ls[)] + L lz [ log(ll op(Ao) )] + Z log(|B—1,4]) + 210g(4«4W)]
{=1 {=1

L
VE Aguy 1= 12 H[% + 1[LLy +1]WAN [ [[pil op(A:)| + I]H [4‘7/ +%B Hpi\l op(A:)]

i=1
and where
2p£
€>\ 5otz
| Bt s 11 oe| -
=1 i=0+1
| Ag — My|Ee ,, |77 2 e
L) U, +dy_117Pe72 min(U,. dy_)Per2 W et
[ [ op(Ag)|Pe [Ue + de—1]7¢2 min(Uy, dg—1) 72 W,

Proof. The proof is the same as that of Theorem [E-6 with the original constant of 416 replaced by
361 and | A¢|| replaced by | op(Ag)]. O
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H Generalization Bound for Linear Networks with Schatten Constraints

In this section, we briefly mention that it is possible to prove alternative bounds for linear networks
assuming the presence of Schatten quasi norm constraints on the factor matrices (instead of L?
constraints). Indeed, a generalization of Theorem @] (Theorem @ allows also one to translate such
constraints into a single Schatten quasi norm constraint on the linear map A.

Theorem H.1. For any 0 < py < 1, write p for the conjugate such that % = Zngl % Wp.=21-9

over the draw of the training set, every linear network as defined in equation (3.9) satisfies the
following generalization bound:

N oL plBy, [C +d]
cap—0 (i BEIT) <o | mys 22 i .

where B = suplNzl (B

I Known Results

This section collects some well-known results which are key to our proof, and which we include for
the benefit of self-completeness.

Theorem L.1 ([24], Theorem 1). Ler w > min(C,d) and let By, ..., By, be matrices such that
By e RY*4 By e RE*¥Y B, ..., Br_1 € R**Y. For any matrix A € R**? we have
) L
LIAIZ , = Z |Be|? subjectto BLB_1... By = A. (1.1)
» L

Theorem L.2 ([92] 93] 94]). Let w > min(C,d) and let By, ..., By, be matrices such that B; €
R¥*4 By e REX% By ... ,Bj_1 € RYX¥. Fixpy,...,pr such that % => pi

For any matrix A € R¥*% we have

B
1AJZ. , = Z [p| ebc’m] subjectto BpBy_1...B; = A. 1.2)

Proposition 1.3 (Cf. Proposition 5 in [16] (with U = 1), see also [63]). Let x1,...,zy € R? be
such that || z;|| < b for all i < N. For any fixed choice of reference matrix M € R™*%, consider the

set F\t of matrices A € R™* 4 such that ||A — M |, < a. For any € > 0 there exists a cover C < Sy
such that for all A € Fyy, (A—M)z;|o < cand

272
log (IC]) < 3652b log, [(8@() + 7) ] : (L.3)

Lemma 1.4 (Lemma 8 in [4]). The (internal) covering number N of the ball of radius k in dimension
d (with respect to any norm |-|) can be bounded by:

d d
N < F”ﬂ < (3’“ . 1) (14)
€ €

Recall also the following lemma from [83]]:

Proposition LS. Letn,de N, a,b > 0. Supp0se we are given n data points collected as the rows of
a matrix X € R, with | X; .2 < b,Vi =1,...,n. For Ug(X) = {Xa : |af: < a,a € R},
we have

36a2b> 8abn
log N (Uap(X), € ||+]|0) < = log, ( . + 6n + 1) .
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Theorem 1.6 (Generalization bound from Rademacher complexity, cf. e.g., [93], [96l, [97] etc.).

Let Z, Z,, ..., ZN be iid. random variables taking values in a set Z. Consider a set of functions
F e [0,1]%. V8§ > 0, we have with probability = 1 — § over the draw of the sample S that
N
1 log(4/9)
E(f(Z2)) < + i)+ 2 —
Ve F, E(f(2)) N;ﬂz )+ 2R(F) + 3\ —

where Rg(F) can be either the empirical or expected Rademacher complexity. In particular, if
f* eargming rE(f(Z)) and f € argminr + Zf\]:l f(zi), then

P log(2/d
E(f(2)) < E(F*(2)) + 4%s(F) + 6 2L,
Lemma 1.7 (Dudley’s entropy theorem [98]], this version from [16}99], see also [1,[74}4]]). Let F be
a real-valued function class taking values in [0, B]. Let S be a finite sample of size N. We have the
following relationship between the Rademacher complexity R(F|s) and the L? covering number

N(}—|S7 € H”2>

) 12 (B
R(Fls) < inf <4a+ WL V9og N(F|S, e, |-2)d6> ,

2),

where the norm ||-|o on RY is defined by |z|% = %(Zil |z
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