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Abstract

Replicable algorithms produce identical
outputs with high probability when run
on independent samples drawn from the
same distribution, providing strong repro-
ducibility guarantees for machine learn-
ing pipelines. We study replicability
in machine learning in Vapnik’s gen-
eral learning setting, which encompasses
stochastic optimization over convex and
non-convex loss classes, establishing al-
gorithms with near-optimal sample com-
plexity across these settings. For general
Lipschitz losses over a bounded param-
eter space, we show that the exponen-
tial mechanism combined with correlated
sampling achieves optimal O(1/

√
n) ex-

cess risk with ρ-replicability guarantees,
but at the cost of exponential runtime.
For general Lipschitz losses, the exponen-
tial mechanism with correlated sampling
achieves optimal O(1/

√
n) excess risk and

ρ-replicability, but with exponential run-
time. For strongly convex losses over a
d-dimensional parameter space, empirical
risk minimization (ERM) paired with ran-
domized rounding achieves Õ(

√
d/(ρ

√
n))

excess risk in polynomial time. For gen-
eral convex losses, regularized ERM yields
excess risk of Õ(n−1/4). We further ex-
tend our techniques to overparameter-
ized neural networks in the Neural Tan-
gent Kernel (NTK) regime. Taken to-
gether, our results provide evidence for
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a fundamental computational-statistical
tradeoff in replicable learning, whereby
optimal replicability requires exponen-
tial time while our polynomial-time algo-
rithms incur a modest but provable sta-
tistical penalty.

1 Introduction

Reproducibility crisis in machine learning is well-
documented: small changes in datasets, random
seeds, or hyperparameters can yield qualitatively
different models (Pineau et al., 2021; Henderson
et al., 2018). This instability undermines scientific
progress and practical deployment.

Impagliazzo et al. (2022) introduced replicable
learning : algorithms that produce identical out-
puts with high probability when run on indepen-
dent samples from the same distribution using the
same random seed. Formally, an algorithm A
is ρ-replicable if for independent samples S, S′ ∼
Dn and shared randomness r, PS,S′,r[A(S; r) =
A(S′; r)] ≥ 1 − ρ. Remarkably, replicability im-
plies generalization (Impagliazzo et al., 2022): al-
gorithms stable to complete dataset replacement
must have small generalization gaps.

We study replicable learning in d-dimensions
through the lens of stochastic optimization, i.e.,
minimizing population risk L(h) = Ez∼D[ℓ(h, z)]
over some hypothesis class h ∈ H. This frame-
work unifies PAC learning, regression, and rein-
forcement learning (Vapnik, 1999; Sridharan et al.,
2009). Our contributions are:

• General non-convex optimization: Using
the exponential mechanism with correlated sam-
pling, we achieve ρ-replicability with optimal
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O(1/
√
n) excess risk for arbitrary Lipschitz losses

(Section 3.1), though with exponential runtime.

• Efficient strongly convex optimization: For
µ-strongly convex losses, we combine empiri-
cal risk minimization (ERM) with randomized
rounding to achieve ρ-replicability and near-
optimal Õ(

√
d/(ρ

√
n)) excess risk in polynomial

time (Section 3.3).

• General convex optimization: Using regu-
larized ERM, we obtain efficient replicable al-
gorithms for convex Lipschitz losses, achieving
Õ(n−1/4) rates (Section 3.4).

• Neural networks: We extend our techniques to
overparameterized neural network training in the
NTK regime (Jacot et al., 2018; Ji and Telgarsky,
2019), obtaining the first replicability guarantees
for this setting (Section 3.5).

Table 1 summarizes our main results across
different problem settings, revealing a clear
computational-statistical tradeoff landscape. We
show that correlated sampling (Bun et al., 2023)
achieves optimal rates for general problems but
requires exponential time, while rounding-based
methods provide polynomial-time efficiency but
achieve optimal rates only under additional struc-
tural assumptions.

2 Problem Setup and Preliminaries

We adopt the stochastic optimization view of learn-
ing (Vapnik, 1999; Sridharan et al., 2009): given
samples z ∼ D from an unknown distribution,
minimize the population risk L(h) = Ez∼D[ℓ(h, z)]
where ℓ(h, z) is a loss function and h ∈ H is a hy-
pothesis. This framework unifies PAC learning (0-1
loss), regression (squared loss), and reinforcement
learning (cumulative reward).

Definition 2.1 (Replicability (Impagliazzo et al.,
2022)). A randomized algorithm A is ρ-replicable
if for every distribution D and independent sam-
ples S1, S2 ∼ Dn with shared randomness r,
PS1,S2,r[A(S1; r) = A(S2; r)] ≥ 1− ρ.

Replicability ensures algorithms output identical
hypotheses across independent samples from the
same distribution. Remarkably, Impagliazzo et al.

(2022) showed that replicability implies generaliza-
tion without requiring uniform convergence: if out-
puts barely depend on the specific sample, empiri-
cal risk must concentrate around population risk.

Connections to Stability and Privacy Repli-
cability is equivalent to total variation (TV) sta-
bility (Bun et al., 2023): output distributions
under different samples have small TV distance.
This connects replicability to classical stability no-
tions (Bousquet and Elisseeff, 2002), differential
privacy (Dwork and Roth, 2014), and pseudodeter-
minism (Goldreich et al., 2013). Bun et al. (2023)
proved that replicability, differential privacy, and
perfect generalization are statistically equivalent
up to quadratic sample overhead, though they may
differ computationally (Kalavasis et al., 2024).

Replicability Mechanisms. Two complemen-
tary techniques enforce TV-stability:

1. Correlated sampling. Given distributions
Pα, Pβ with TV distance dTV, we construct cou-
pled samples that agree with probability ≥ 1 −
O(dTV). Algorithm 1 implements this via rejec-
tion sampling from a reference measure Q0: draw
candidates (ξt, yt) ∼ Q0 × Unif[0, c0] and accept
ξt when yt ≤ dPα/dQ0(ξt). Here c0 ≥ dPα/dQ0

for any α. Using the same random seed across
samples couples their outputs. From (Bavar-
ian et al., 2016), this approach achieves opti-
mal replicability P[A(Pα) ̸= A(Pβ)] ≤ 2dTV/(1+
dTV) but requires exponential runtime when ac-
ceptance probabilities are small. (Hopkins and
Moran, 2025) discusses the number of random
bits required in PAC learning. If we only allow
polynomial number of random bits, the sample
complexity will be exponentially large.

Algorithm 1 Correlated Sampling

Input: Reference measureQ0, constant c0, density
ratios {dPα/dQ0}α, sequence (ξt, yt) ∼ Q0 ×
Unif([0, c0])

1: for t = 1, 2, . . . do
2: if yt ≤ dPα/dQ0(ξt) then
3: return ξt
4: end if
5: end for
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Table 1: Comparison of replicable learning algorithms across problem settings. Here Õ(·) suppresses
logarithmic factors in n, d, δ, ρ.

Problem Excess Risk Replicability Runtime

General Lipschitz

Exponential mechanism Õ(
√
d3

ρ
√
n
) 1− ρ exp(d)

Strongly Convex

ERM + rounding Õ( d2

ρ2n
) 1− ρ poly(d, n)

Convex Lipschitz

RERM + rounding Õ(∥h
∗∥

√
d

√
ρn

1
4
) 1− ρ poly(d, n)

Neural Networks (NTK)

RERM + rounding Õ(
√
d

γ3√ρn
1
4
) 1− ρ poly(m, d, n)

2. Randomized rounding. For efficiency, we dis-
cretize outputs via random grids. Select a ran-
dom orthogonal basis and partition each axis
into intervals of length a. Map each vector x
to the center R(x) of its grid cell. This achieves
P[R(x) ̸= R(x′)] ≤

√
d∥x − x′∥/a with rounding

error ∥R(x) − x∥≤ O(a
√
d), running in poly(d)

time. The
√
d factor loss compared to correlated

sampling is the price of polynomial runtime. The
ConstructFoams scheme (Kindler et al., 2012)
achieves optimal O(∥x − x′∥/a) probability but
also requires exponential time.

Related Work Impagliazzo et al. (2022) intro-
duced replicability for discrete problems (statisti-
cal queries, heavy hitters, PAC learning), estab-
lishing the replicability-generalization connection.
Bun et al. (2023) formalized the equivalence to
TV-stability and connections to differential pri-
vacy. Kalavasis et al. (2024) proved computational
separations between replicability and privacy un-
der cryptographic assumptions. Recent work ex-
tends replicability to reinforcement learning (Eaton
et al., 2023), bandits, clustering, and specific con-
cept classes (Noivirt et al., 2026). Our work pro-
vides the first comprehensive treatment of repli-
cable continuous optimization across convex and
non-convex settings.

3 Main Results and Techniques

This section presents our main algorithmic contri-
butions for replicable learning across different prob-
lem structures. Our development proceeds in two
complementary phases. First, in Section 3.1, we de-

velop a general approach based on the exponential
mechanism (McSherry and Talwar, 2007) combined
with correlated sampling. This technique applies to
arbitrary non-convex losses satisfying mild smooth-
ness conditions and achieves statistically optimal
O(1/

√
n) excess risk rates. However, as is typi-

cal with the exponential mechanism, the approach
requires exponential computational cost in the di-
mension in the worst case.

To address computational efficiency, we turn in
Sections 3.2–3.4 to algorithms based on randomized
rounding. These methods exploit concentration
properties of ERMs in convex problems, achieving
polynomial runtime at the cost of slightly relaxed
replicability probabilities. Key insight is that when
an ERM solution concentrates sharply around the
population minimizer, adding controlled noise and
discretizing via randomized grids preserves both
generalization and replicability.

Our results instantiate a fundamental computa-
tional vs. statistical tradeoff: correlated sampling
achieves the statistically optimal coupling probabil-
ity 1−O(∥x−x′∥/a) for vectors differing by ∥x−x′∥
when adding noise of scale a, but requires exponen-
tial time; randomized rounding achieves probabil-
ity 1−O(

√
d∥x−x′∥/a), degraded by a factor of

√
d,

but runs in polynomial time. For strongly convex
problems (Section 3.3), this degradation is mild as
we still obtain near-optimal rates. For general con-
vex problems (Section 3.4), we employ regularized
ERM to induce strong convexity, but this intro-
duces a bias-variance tradeoff yielding suboptimal
n−1/4 rates. Finally, in Section 3.5, we demonstrate
that our techniques extend beyond classical con-
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vex optimization to modern neural network train-
ing. Working in the neural tangent kernel (NTK)
regime (Jacot et al., 2018), we show that gradient
descent on overparameterized networks reduces to
kernel ridge regression, which we can make repli-
cable via our regularization-based approach. We
conclude in Section 4 with a discussion and some
open questions.

3.1 General Non-Convex Problems

We begin with the most general setting, where we
make minimal assumptions on the loss function.
Consider a bounded parameter spaceH = {h : ∥h−
h0∥2≤ B} ⊆ Rd. Let the loss ℓ(h, z) be L-Lipschitz
in h and satisfy 0 ≤ ℓ(h, z) ≤ M0 ∀h, z. Given a
sample S = {z1, . . . , zn} ∼ Dn, define the empirical
risk LS(h) = 1

n

∑n
i=1 ℓ(h, zi) and population risk

LD(h) = Ez∼D[ℓ(h, z)]. Let h
∗ = argminh∈H LD(h)

denote the population risk minimizer.

The exponential mechanism provides a general-
purpose replicable learning algorithm that works
for such bounded Lipschitz losses, including non-
convex problems. The key insight, building on
work in differential privacy (McSherry and Talwar,
2007; Dwork and Roth, 2014), is that uniform con-
vergence guarantees allow us to couple the output
distributions across different samples via correlated
sampling. Unlike ERM-based approaches that re-
quire structural assumptions for concentration, the
exponential mechanism only requires that empiri-
cal risks concentrate uniformly over the hypothesis
class, a property that follows from standard cover-
ing number arguments (Shalev-Shwartz and Ben-
David, 2014).

Our analysis relies on the following uniform con-
vergence result, which can be derived via standard
VC-style or Rademacher complexity arguments:

Lemma 3.1 (Uniform Convergence). If n ≥ 2M2
0

ϵ2
·(

ln
(
2
δ

)
+ d ln

(
8BL
ϵ + 1

))
, then with probability at

least 1−δ over S ∼ Dn, suph∈H|LS(h)−LD(h)|≤ ϵ.

Remark. While we use Lipschitzness to estab-
lish uniform convergence, problem-specific struc-
ture may yield sharper bounds. For instance, if
ℓ(·, z) has low local Rademacher complexity near
h∗, localization techniques can reduce the depen-
dence on d and B (Bartlett et al., 2005).

3.1.1 Correlated Sampling for the
Exponential Mechanism

Given the empirical risk LS(h) and a parame-
ter η > 0, the exponential mechanism outputs
a random hypothesis h sampled from the prob-
ability distribution with density proportional to
exp(−ηLS(h)). Since we cannot compute the nor-
malization constant in closed form, we implement
this via rejection sampling as described in Algo. 2.
This algorithm can be seen as a specialization of
Algorithm 1

The algorithm requires a reference distribution
Q0 (taken to be uniform over H) and ac-
cepts candidates with probability proportional to
exp(−ηLα(ξt)), where Lα represents the loss func-
tion for a particular sample. By using the same
random seed (sequence of candidate points and
thresholds) across different samples, we couple
their output distributions. The following result es-
tablishes that Algorithm 2 both produces samples
from the correct distribution and ensures replica-
bility when loss functions are close.

Algorithm 2 Correlated Sampling for Exponen-
tial Mechanism
Input: Uniform probability measure Q0 over H,
loss functions {Lα(h)}α∈I , temperature η

Input: Sequence (ξt, yt) ∼ Q0×Unif([0, 1]) of i.i.d.
samples
for t = 1, 2, 3, . . . do
if yt ≤ exp(−ηLα(ξt)) then

return ξt
end if

end for

Proposition 3.2. The output A(Pα) of Algo-
rithm 2 satisfies:

1. A(Pα) has probability density pα(h) ∝
exp(−ηLα(h)).

2. P[A(Pα) ̸= A(Pβ)] ≤ η·suph∈H|Lα(h)−Lβ(h)|.

Proof sketch. Part (1) follows from the rejection
sampling principle: the acceptance probability is
proportional to the target density. For part (2),
we note that the coupling succeeds (outputs agree)
unless the acceptance decisions differ, which is
when a specific ξt is accepted by one loss func-
tion Lα, but rejected by the other loss func-



Raman Arora, Kaibo Zhang

tion Lβ. Since the ratio between exp(−ηLα) and
exp(−ηLβ) is very close to 1, this event is un-
likely to happen. We upper bound this proba-
bility by 1 − exp(−η · suph∈H|Lα(h) − Lβ(h)|) ≤
η · suph∈H|Lα(h)− Lβ(h)|.

3.1.2 Replicability and Utility Guarantees

We now establish that the exponential mechanism
achieves both strong replicability and optimal util-
ity guarantees. The key is to balance the tempera-
ture parameter: larger η increases replicability (by
making the distribution more peaked around low-
loss regions) but requires more samples to ensure
empirical minimizer is near population minimizer.

Proposition 3.3 (Replicability). Suppose δ < ρ/2

and n ≥ 2M2
0

ϵ2
·
(
ln
(
2
δ

)
+ d ln

(
8BL
ϵ + 1

))
. Then, Al-

gorithm 2 with η = ρ−2δ
2ϵ and loss function L(h) =

LS(h) is ρ-replicable.

Proof sketch. By Lemma 3.1, with probability at
least 1−2δ over independent samples S, S′, we have
suph|LS(h) − LS′(h)|≤ 2ϵ. Conditioning on this
event and applying Proposition 3.2, the outputs
agree with probability at least 1−η·2ϵ = 1−(ρ−2δ).
By a union bound, the overall replicability is at
least 1− 2δ − (ρ− 2δ) = 1− ρ.

For utility, we require a quantitative bound on how
well the exponential mechanism minimizes the em-
pirical risk. The following lemma shows that sam-
pling from exp(−ηLS) concentrates mass on near-
optimal hypotheses.

Lemma 3.4 (Utility of Exponential Mech-
anism). Given any fixed sample S, Al-
gorithm 2 returns a random hS sat-
isfying P [LS(hS)− infh LS(h) ≥ α] ≤
e−

ηα
2 max

{(
4BL
α

)d
, 1
}
.

Proof sketch. The volume of the set {h : LS(h) ≤
inf LS + α} can be lower-bounded using the Lip-
schitz constant, yielding a ball of radius Ω(α/L).
The ratio of the measure of this set under
exp(−ηLS) to the measure of the entire space is
at least exp(−ηα) · (α/(BL))d. The result follows
by bounding the probability of sampling outside
this favorable set.

Combining the uniform convergence, replicability,

and utility guarantees yields our main result for
general non-convex problems:

Proposition 3.5 (Excess Risk). If the sample

size n ≥ 2M2
0

ϵ2
·
(
ln
(
2
δ

)
+ d ln

(
8BL
ϵ + 1

))
, then with

probability at least 1 − 2δ over S ∼ Dn, Algo-
rithm 2 with η = ρ−2δ

2ϵ and loss function L(h) =
LS(h) returns hS satisfying LD(hS)− infh LD(h) ≤

2ϵ

(
1 + 2

ρ−2δ

(
ln
(
1
δ

)
+
[
d · ln

(
(ρ−2δ)BL
ϵ ln(1/δ)

)]
+

))
.

Proof sketch. By Lemma 3.1, LS(hS) ≤ LD(hS)+ϵ
and LD(h

∗) ≤ LS(h
∗) + ϵ. From Lemma 3.4 with

α chosen to make the tail probability at most δ,
we have LS(hS) ≤ LS(h

∗) + α with high probabil-
ity. Combining these inequalities and choosing α
appropriately yields the result.

Remark 1 (Excess Risk Rate for General Lipschitz
Losses). Proposition 3.5 yields the Õ(

√
d3/(ρ

√
n))

rate reported in Table 1. To see this, set ϵ =
Õ(M0

√
d/n), the threshold at which the uniform

convergence condition in Lemma 3.1 is met (ignor-
ing logarithmic factors in n, d, and δ). Substitut-
ing into the excess risk bound of Proposition 3.5,
the dominant term is

LD(A(S))−LD(h
∗) = Õ

(
ϵ d

ρ

)
= Õ

(
M0

√
d3

ρ
√
n

)
.

This matches the minimax optimal O(
√
d/n) rate

up to the d/ρ factor, which reflects the cost of cou-
pling the output distributions across samples via
correlated sampling. However, the runtime is ex-
ponential in d due to the rejection sampling proce-
dure, as the expected number of steps scales as eΩ(d)

when the acceptance probability varies significantly
over H. This motivates our turn to more efficient
algorithms for structured problems.

3.2 Efficient Replicability via Randomized
Rounding

For convex problems, the empirical risk minimizer
concentrates sharply around the population min-
imizer, opening the door to a different approach:
rather than sampling from a global distribution
over H, we compute the ERM solution, add con-
trolled noise, and discretize the output via random-
ized rounding. This strategy achieves polynomial
runtime at the cost of slightly weaker replicability
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probabilities, specifically, a
√
d factor degradation

compared to optimal correlated sampling.

The randomized rounding scheme works as follows.
We first generate a random orthonormal basis by
sampling a uniformly random orthogonal matrix
from SO(d), yielding basis vectors {v1, . . . , vd}. We
then partition each coordinate direction (defined
by vi) into intervals of length a, with the partition
offset chosen uniformly at random. This creates a
random grid tessellation of Rd with cell side length
a. For any vector x ∈ Rd, we define R(x) to be the
center of the grid cell containing x.

Proposition 3.6 (Properties of Randomized
Rounding). Randomized rounding scheme satisfies:

1. Rounding error: ∥R(x)− x∥2≤ a
2

√
d, ∀x.

2. Replicability: For any two fixed vectors

x, x′ ∈ Rd, P[R(x) ̸= R(x′)] ≤
√
d∥x−x′∥2

a .

Proof sketch. For part (1), the maximum distance
from any point to the center of its grid cell is
achieved at the corners, where the distance is
(a/2)

√
d. For part (2), two points are rounded to

different centers only if they lie in different grid
cells. The probability of this event is bounded by
the probability that at least one of the d coordi-
nate projections (in the random basis) crosses a
grid boundary. Each coordinate crosses a bound-
ary with probability at most ∥x − x′∥2/a

√
d, and

summing over coordinates yields the result.

Comparison with correlated sampling. The
ConstructFoams rounding scheme of Kindler et al.
(2012) achieves the optimal probability bound
P[R(x) ̸= R(x′)] ≤ c∥x−x′∥2/a without the

√
d fac-

tor, matching correlated sampling. However, like
correlated sampling, ConstructFoams requires ex-
ponential time in d. Our randomized grid approach
sacrifices this

√
d factor to obtain poly(d) runtime,

making it practical for high-dimensional problems.
In the convex settings we consider next, this degra-
dation is acceptable. It introduces an additional√
d multiplicative factor in the sample complexity,

which is mild compared to d or d2 dependence al-
ready present from uniform convergence.

We now apply this rounding technique to convex
optimization problems, beginning with the favor-
able case of strong convexity.

3.3 Strongly Convex Optimization

We first consider the setting where the loss func-
tion exhibits strong convexity, ensuring rapid con-
centration of the ERM solution. Let the parameter
space be H = Rd and assume the loss ℓ(h, z) is µ-
strongly convex and differentiable w.r.t. h. Denote
hS = argminh LS(h) and h∗ = argminh LD(h). As-
sume that ∥∇hℓ(h

∗, z)∥2≤ M for all z.

Strong convexity provides powerful concentration:
the ERM solution hS lies close to h∗ with high
probability, and this proximity persists across inde-
pendent samples. Following lemma, which follows
from standard arguments combining strong convex-
ity with concentration of gradients (Shalev-Shwartz
and Ben-David, 2014), quantifies this behavior.

Lemma 3.7 (Concentration of Strongly Convex
ERM). With probability at least 1−δ over S ∼ Dn,

∥hS − h∗∥2≤ M
µ
√
n

(
1 +

√
2 ln 1

δ

)
.

Proof sketch. By strong convexity and first-order
optimality condition, ∥hS − h∗∥2≤ 1

µ∥∇LS(h
∗)∥2.

Since E[∇LS(h
∗)] = ∇LD(h

∗) = 0 and the gradient
is an average of n independent random vectors with
ℓ2 norm bounded by M , standard concentration
using McDiarmid’s inequality yields the result.

Given this concentration, our algorithm is straight-
forward: compute the ERM solution hS , then ap-
ply the randomized rounding scheme from Sec. 3.2.
Let h̃S = R(hS) denote the rounded output.

Replicability. The concentration guarantee im-
mediately implies replicability when we choose the
grid size appropriately.

Proposition 3.8 (Replicability for Strongly
Convex ERM). Suppose δ < ρ/2. If
the rounding scheme uses grid size a =

2M
√
d

(ρ−2δ)µ
√
n

(
1 +

√
2 ln 1

δ

)
, then h̃S is ρ-replicable.

Proof. By Lemma 3.7, with probability at least 1−
2δ over independent samples S, S′, we have

∥hS − hS′∥2≤ 2 · M

µ
√
n

(
1 +

√
2 ln

1

δ

)
.

By Proposition 3.6, conditioning on this event,

P[h̃S ̸= h̃S′ ] ≤
√
d∥hS−hS′∥2

a ≤ ρ−2δ. A union bound
yields overall replicability 1− ρ.
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Generalization. The rounding error is con-
trolled by the grid size a, which we have chosen
inversely proportional to

√
n. This ensures the esti-

mation error and discretization error are balanced.

Proposition 3.9 (Generalization for Strongly
Convex ERM). Suppose δ < ρ/2. With probability
at least 1 − δ over S ∼ Dn, the rounding scheme

with a = 2M
√
d

(ρ−2δ)µ
√
n

(
1 +

√
2 ln 1

δ

)
ensures

∥h̃S − h∗∥2≤
M(d+ 1)

(ρ− 2δ)µ
√
n

(
1 +

√
2 ln

1

δ

)
.

Proof. By the triangle inequality, ∥h̃S − h∗∥2≤
∥hS − h∗∥2+∥h̃S − hS∥2. The first term is
bounded by Lemma 3.7, and the second by Propo-
sition 3.6(1) using ∥R(x)− x∥≤ a

√
d/2.

Remark 2 (Excess Risk Rate for Strongly Con-
vex ERM). If we additionally assume the pop-
ulation risk LD is β-smooth, then LD(h̃S) −
LD(h

∗) ≤ β
2 ∥h̃S − h∗∥22, giving excess risk

Õ(M2d2/(ρ2µ2n)), which scales as Õ(d2/(ρ2n)) af-
ter absorbing problem-dependent constants. This
matches the non-replicable rate of O(1/n) for
strongly convex problems up to the d2/ρ2 factor
from randomized rounding. The factor d degrada-
tion relative to correlated sampling (which would
give Õ(d/(ρ2n))) is the price of polynomial-time
computation: correlated sampling achieves the op-
timal coupling probability 1−O(∥x− x′∥/a), while
randomized rounding achieves 1−O(

√
d∥x−x′∥/a),

inflating both the grid size and the rounding error
by

√
d. The dependence on ρ reflects the tradeoff

between replicability (larger ρ easier) and accuracy.

3.4 General Convex Optimization

When the loss is convex but not strongly convex,
the ERM solution may not concentrate as sharply.
For instance, in the Lipschitz-bounded setting, the
distance ∥hS−hS′∥2 between ERM solutions on in-
dependent samples can be as large as O(1) even as
n → ∞ if the problem is poorly conditioned. To
address this, we employ regularized empirical risk
minimization (RERM): we add an ℓ2 regulariza-
tion term to the loss, artificially inducing strong
convexity (Shalev-Shwartz and Ben-David, 2014).

Let the parameter space be H = Rd, and assume
the loss ℓ(h, z) is convex, differentiable, and L-
Lipschitz in h. Let h∗ = argminh LD(h) denote

the unregularized population risk minimizer. For a
regularization parameter µ > 0, define the regular-
ized empirical risk minimizer

hS = argmin
h

[
LS(h) +

µ

2
∥h∥22

]
.

The regularized loss is µ-strongly convex, so
Lemma 3.7 applies with gradient bound determined
by the Lipschitz constant L.

Lemma 3.10 (Concentration of Regularized
ERM). With probability at least 1 − 2δ over inde-
pendent samples (S, S′) ∼ D2n,

∥hS − hS′∥2≤
2L

µ
√
n

(
1 +

√
2 ln

1

δ

)
.

As in the strongly convex case, apply randomized
rounding to hS to obtain the output h̃S = R(hS).

Proposition 3.11 (Replicability for Regularized
ERM). Suppose δ < ρ/2. If the rounding scheme

uses grid size a = 2L
√
d

(ρ−2δ)µ
√
n

(
1 +

√
2 ln 1

δ

)
, then

h̃S is ρ-replicable.

The proof is analogous to Proposition 3.8.

Generalization via uniform stability. To
bound the excess risk, we appeal to the theory
of uniform stability (Bousquet and Elisseeff, 2002),
which provides a powerful tool for analyzing regu-
larized algorithms. An algorithm is uniformly sta-
ble with rate α(n) if changing a single training ex-
ample alters the output by at most α(n) in loss.

Definition 3.12 (Uniform Stability). An algo-
rithm A is called uniformly stable with rate α(n)
if for any dataset S = {z1, . . . , zn} and any S(i) =
{z1, . . . , zi−1, z

′, zi+1, . . . , zn} differing in one ex-
ample, supz|ℓ(A(S(i)), z)− ℓ(A(S), z)|≤ α(n).

It is well-known that µ-regularized ERM for L-
Lipschitz losses is uniformly stable with rate
2L2/(µn) (Shalev-Shwartz and Ben-David, 2014).
This stability directly implies generalization: the
expected excess risk satisfies E[LD(hS)]−LD(h

∗) ≤
2L2/(µn) + (µ/2)∥h∗∥22, where the second term re-
flects the bias from regularization.

For our rounded output h̃S , the rounding error in-
troduces an additional term bounded by L · a

√
d/2

by Lipschitzness. Combining these observations
yields the following result.
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Proposition 3.13 (Generalization for Regu-
larized ERM). Setting δ = ρ/4, the round-

ing scheme with a = 2L
√
d

(ρ−2δ)µ
√
n

(
1 +

√
2 ln 1

δ

)
returns h̃S satisfying ES [LD(h̃S) − LD(h

∗)] ≤
µ
2∥h

∗∥22+
2L2(d+1)
µρ

√
n

(
1 +

√
2 ln 4

ρ

)
.

Remark 3 (Excess Risk Rate for General Con-
vex Optimization). Setting the regularization pa-
rameter µ to balance the bias and variance terms
in Proposition 3.13, i.e., setting

µ2 =
4L2(d+ 1)

∥h∗∥22ρ
√
n

(
1 +

√
2 ln

4

ρ

)
,

yields an excess risk of Õ(∥h∗∥2L
√
d/(

√
ρn

1
4 )).

This n− 1
4 rate is significantly slower than the stan-

dard n− 1
2 rate for non-replicable convex optimiza-

tion, and slower than the n−1 rate we achieved for
strongly convex problems. This suboptimality is
inherent to the approach. Without strong convex-
ity, we cannot simultaneously achieve sharp con-
centration (which requires large µ) and low bias
(which requires small µ). The noise injection we
use here is not well-suited to general convex prob-
lems. In contrast, the exponential mechanism of
Section 3.1 automatically adapts to the curvature
of the loss landscape and achieves the optimal n− 1

2

rate even for non-convex losses, though at exponen-
tial computational cost. This illustrates a funda-
mental computational statistical tradeoff in replica-
ble learning. Optimal rates seem to require either
exponential time (correlated sampling) or problem-
specific structure (e.g., strong convexity).

3.5 Application to Neural Networks

We now demonstrate that our techniques extend
beyond classical convex optimization to modern
neural network training. We work in the neural
tangent kernel (NTK) regime (Jacot et al., 2018;
Du et al., 2019; Allen-Zhu et al., 2019), where gra-
dient descent on an overparameterized network be-
haves like kernel ridge regression with a fixed kernel
determined by the initialization. This reduction
allows us to apply our RERM-based replicability
approach from Section 3.4.

Problem Setup. Consider a binary classifica-
tion problem with data (x, y) where x ∈ Rd with
∥x∥2= 1 and y ∈ {−1,+1}. We train a two-layer

ReLU network f(x;W,a) = 1√
m

∑m
s=1 asσ(⟨ws, x⟩),

where W ∈ Rm×d is the weight matrix with rows
ws, a ∈ {−1,+1}m is a fixed random sign vec-
tor, σ(z) = max{0, z} is the ReLU activation, and
m is the width. We initialize ws,0 ∼ N (0, Id)
and as ∼ Unif({−1,+1}), and train only the first
layer weights W using the logistic loss ℓ(z) =
ln(1+exp(−z)). Following Ji and Telgarsky (2019),
we assume the data satisfies a margin condition in
the infinite-width kernel space:

Assumption 1 (NTK Separability). There exist
γ > 0 and a mapping v̄ : Rd → Rd with ∥v̄(z)∥2≤ 1
such that for any (x, y) ∼ D,

y

∫
Rd

⟨v̄(z), ϕx(z)⟩ dµN (z) ≥ γ,

where ϕx(z) = x · 1[⟨z, x⟩ > 0] and µN is the stan-
dard Gaussian measure on Rd.

This assumption states that the data is linearly sep-
arable with margin γ in the feature space defined
by the NTK at initialization. Under this condi-
tion, Ji and Telgarsky (2019) showed that gradi-
ent descent finds a global optimum efficiently when
m = Ω(poly(1/γ) log n).

3.5.1 NTK Reduction to Kernel Method

The key insight of NTK theory is that for suffi-
ciently large m, the network remains close to ini-
tialization throughout training, and its behavior is
well-approximated by a linear model in the gradi-
ent features ∇W f(x;W0,a). We make this precise
through a series of lemmas stated without proof;
see Ji and Telgarsky (2019); Allen-Zhu et al. (2019).

Lemma 3.14. If m ≥ 25 ln(2n/δ), then
with probability at least 1 − 2δ over the ran-
dom initialization, for all W satisfying ∥ws −
ws,0∥2≤ r/

√
m, ∀s and all training examples xi,∣∣∣f(xi;W,a)− 1√

m

∑m
s=1 as⟨ϕxi(ws,0), ws − ws,0⟩

∣∣∣ ≤
C(m,n, δ, r), where C(m,n, δ, r) =

√
2 ln(4n/δ) +√

2/π · r2/
√
m+ r

√
ln(n/δ)/(2m).

This shows that within a ball of radius r/
√
m

around initialization for any s (which we de-
note Hr), the network function is approximately
a linear function of the weights. We can
thus define a convex surrogate loss ℓ̃(W, zi) =
ℓ( yi√

m

∑m
s=1 as⟨ϕxi(ws,0), ws−ws,0⟩−C(m,n, δ, r)),

and minimize the regularized empirical risk
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WS = argmin
W∈Hr

[
L̃S(W ) +

µ

2
∥W −W0∥2F

]
,

where L̃S(W ) = 1
n

∑n
i=1 ℓ̃(W, zi).

3.5.2 Replicability and Generalization

Since the surrogate loss is Lipschitz and we are min-
imizing a strongly convex objective, the analysis
follows the pattern of Section 3.4. We apply ran-
domized rounding in the md-dimensional space of
weight matrices (view W as a vector in Rmd), get-
ting W̃S = R(WS) after projection back onto Hr.

Lemma 3.15. With probability at least 1−2δ over
independent samples (S, S′) ∼ D2n,

∥WS −WS′∥F≤
2

µ
√
n

(
1 +

√
2 ln

1

δ

)
.

Proposition 3.16 (Replicability for NTK).
The rounding scheme with grid size a =
4
√
md

ρµ
√
n

(
1 +

√
2 ln 4

ρ

)
ensures W̃S is ρ-replicable.

For generalization, we combine the empirical risk
bound (following from stability of RERM) with
a uniform convergence guarantee adapted to the
NTK setting. The details involve controlling the
variation of the network function over Hr using
Rademacher complexity; we refer to Ji and Tel-
garsky (2019) for the precise argument.

Theorem 3.17 (Generalization bound). Let ϵ ∈

(0, 1). Let m ≥
(
163
√
ln 4n

δ + 39 ln 1
ϵ

)2
/γ4. Set

r = 12
γ

√
2 ln 4n

δ + 4
γ ln 1

ϵ , µ =

√
4md(1+

√
2 ln(4/ρ))

ρr2
√
n

.

Then, w.p. at least 1 − 4δ, the population risk,
P(x,y)∼D[yf(x; W̃S ,a) ≤ 0] of W̃S is bounded by

2ϵ+4

√
mdr2

ρ
√
n
(1 +

√
2 ln(4/ρ))+

r√
n
+3

√
2 ln(2/δ)

n
.

Remark 4 (Excess Risk Rate for Neural Net-
works in the NTK Regime). Setting m =
Θ
(
(ln(4n/δ) + ln2(1/ϵ))/γ4

)
(the minimum width

required for the NTK approximation to hold) and
the corresponding r = Θ̃(1/γ), the bound on the
generalization error in Theorem 3.17 scales as

Õ
(
ϵ+

√
d

γ3√ρn1/4 + 1
γ
√
n

)
. To achieve error O(ϵ),

we require n = Ω̃
(

1
γ2ϵ2

+ d2

ρ2γ12ϵ4

)
samples. The

first term Ω̃(1/γ2ϵ2) is standard NTK sample

complexity without replicability (Ji and Telgar-
sky, 2019). The second term Ω̃(d2/(ρ2γ12ϵ4)) re-
flects the cost of replicability: the dependence on d
and ρ comes from the rounding scheme, while the
1/ϵ4 term arises from the bias-variance tradeoff in
RERM. Since the second term dominates, the over-

all population error is Õ
( √

d
γ3√ρn1/4

)
.

4 Discussion and Conclusion

We have developed a comprehensive framework
for replicable stochastic optimization across convex
and non-convex settings. Our exponential mecha-
nism achieves minimax optimal O(1/

√
n) rates for

general non-convex problems, demonstrating that
replicability does not fundamentally limit statisti-
cal efficiency. However, optimal replicability prob-
abilities via correlated sampling require exponen-
tial time. Polynomial-time algorithms using ran-
domized rounding incur a

√
d factor degradation in

replicability probability but achieve near-optimal
rates when problem structure (strong convexity) is
available. For general convex problems, regulariza-
tion forces a bias-variance tradeoff yielding subop-
timal n−1/4 rates, highlighting a gap between effi-
cient and exponential-time methods.

Open questions. Several important directions
remain: (1) Can efficient algorithms achieve opti-
mal n−1/2 rates for general convex replicable learn-
ing, or does this require exponential time? (2) Can
replicability extend beyond the NTK regime to
practical neural network training? (3) What are
tight lower bounds for replicable learning as a func-
tion of problem structure? (4) How can these algo-
rithms be made practical for large-scale problems?

Conclusion. Our work establishes replicability
as a viable stability notion for machine learning,
providing clear algorithmic paths forward depend-
ing on problem structure and computational con-
straints. The tools we develop, correlated sampling
for statistical optimality, randomized rounding for
efficiency, bridge the gap between the reproducibil-
ity needed for scientific progress and the inher-
ent instability of stochastic algorithms. By pro-
viding formal guarantees that algorithms produce
consistent results across independent runs, replica-
ble learning offers a foundation for restoring trust
in machine learning through mathematical guaran-
tees enforced by algorithmic design.
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Supplementary Materials

A Detailed Proofs

This appendix contains complete proofs of all results stated in the main paper. We organize the proofs
by the section in which the corresponding result appears.

Notation. Throughout the appendix, we use the following notation:

• LD(h) = Ez∼D[ℓ(h, z)]: population risk

• LS(h) =
1
n

∑n
i=1 ℓ(h, zi): empirical risk on sample S = {z1, . . . , zn}

• h∗ = argminh∈H LD(h): population risk minimizer

• hS : the output of an algorithm given dataset S

• h̃S = R(hS): rounded output

• [x]+ = max{x, 0}: positive part

A.1 Missing Proofs in Section 3.1

Proof of Lemma 3.1. Let {h1, h2, . . . , hK} ⊆ H be an ϵ
4L -net ofH, that is, ∀h ∈ H, there exists 1 ≤ i ≤ K,

such that ∥h − hi∥2≤ ϵ
4L . By a standard packing number argument, we can construct the ϵ

4L -net such
that h1, h2, . . . , hK are ϵ

4L -separated, that is, ∀i ̸= j, ∥hi − hj∥2> ϵ
4L . Therefore, the balls centered at hi

of radius ϵ
8L are disjoint balls. We can upper bound K via calculating the total volume of these balls:

K ·
(

ϵ
8L

)d ≤
(
B + ϵ

8L

)d
. This implies K ≤

(
1 + 8BL

ϵ

)d
.

If n ≥ 2M2
0

ϵ2
·
(
ln
(
2
δ

)
+ d ln

(
8BL
ϵ + 1

))
, ∀1 ≤ i ≤ K, Hoeffding’s inequality gives PS∼Dn [|LS(hi)−LD(hi)|>

ϵ
2 ] ≤ 2 exp

(
− ϵ2n

2M2
0

)
≤ δ

K . A union bound implies PS∼Dn [|LS(hi)− LD(hi)|≤ ϵ
2 , ∀1 ≤ i ≤ K] ≥ 1− δ.

From the definition of the covering number, ∀h ∈ H, there exists 1 ≤ i ≤ K, such that ∥h − hi∥2≤ ϵ
4L .

|LS(hi)− LD(hi)|≤ ϵ
2 implies

|LS(h)− LD(h)| ≤ |LS(h)− LS(hi)|+|LS(hi)− LD(hi)|+|LD(hi)− LD(h)|

≤ L · ∥h− hi∥2+
ϵ

2
+ L · ∥h− hi∥2≤ ϵ.

Therefore, PS∼Dn [|LS(h)− LD(h)|≤ ϵ,∀h ∈ H] ≥ 1− δ.

Proof of Proposition 3.2. In this Proposition, we assume 0 ≤ Lα(h) ≤ M0. We first prove part 1. Denote
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pα := P(ξt,yt)∼Q0×Unif([0,1])[yt ≤ exp(−ηLα(ξt))]. For any measurable set A ⊆ H,

P[A(Pα) ∈ A] =

∞∑
t=1

[output ξt and ξt ∈ A]

=
∞∑
t=1

(1− pα)
t−1 ·

∫
A
exp(−ηLα(h))dQ0(h)

=
1

pα

∫
A
exp(−ηLα(h))dQ0(h).

The density pα(h) = 1
pα

exp(−ηLα(h)) ∝ exp(−ηLα(h)). For the second part, we first define mt =
min{exp(−ηLα(ξt)), exp(−ηLβ(ξt))} and Mt = max{exp(−ηLα(ξt)), exp(−ηLβ(ξt))}.

1 ≥ mt

Mt
= exp(−η · |Lα(ξt)− Lβ(ξt)|) ≥ exp

(
−η · sup

h∈H
|Lα(h)− Lβ(h)|

)
≥ 1− η · sup

h∈H
|Lα(h)− Lβ(h)|.

Condition on {ξt}t≥1,

P [A(Pα) = A(Pβ)] ≥
∞∑
t=1

P[A(Pα) and A(Pβ) both output ξt]

=
∞∑
t=1

t−1∏
s=1

P [ys > Ms] · P [yt ≤ mt]

=
∞∑
t=1

t−1∏
s=1

(1−Ms) ·mt

≥
(
1− η · sup

h∈H
|Lα(h)− Lβ(h)|

) ∞∑
t=1

t−1∏
s=1

(1−Ms) ·Mt

=

(
1− η · sup

h∈H
|Lα(h)− Lβ(h)|

)(
1−

∞∏
t=1

(1−Mt)

)
= 1− η · sup

h∈H
|Lα(h)− Lβ(h)|. (Mt ≥ exp(−ηM0) > 0 ⇒

∏∞
t=1(1−Mt) = 0)

Therefore, P [A(Pα) ̸= A(Pβ)] = 1− P [A(Pα) = A(Pβ)] ≤ η · suph∈H|Lα(h)− Lβ(h)|.

Proof of Proposition 3.3. By Lemma 3.1, with probability at least 1− 2δ over independent samples S, S′,
we have suph|LS(h)−LD(h)|≤ ϵ and suph|LS′(h)−LD(h)|≤ ϵ. Triangle inequality implies suph|LS(h)−
LS′(h)|≤ 2ϵ. Let hS denote the output of Algorithm 2 with loss function LS(h).

P [hS ̸= hS′ ] = P
[
hS ̸= hS′ , sup

h
|LS(h)− LS′(h)|> 2ϵ

]
+ P

[
hS ̸= hS′ , sup

h
|LS(h)− LS′(h)|≤ 2ϵ

]
≤ P

[
sup
h
|LS(h)− LS′(h)|> 2ϵ

]
+ P

[
hS ̸= hS′ , sup

h
|LS(h)− LS′(h)|≤ 2ϵ

]
≤ 2δ + P

[
hS ̸= hS′

∣∣∣∣sup
h
|LS(h)− LS′(h)|≤ 2ϵ

]
≤ 2δ + η · 2ϵ = ρ. (Proposition 3.2)
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Proof of Lemma 3.4. Let h∗S ∈ argmin
h∈H

LS(h) denote the empirical risk minimizer. Denote H1 :=

{h ∈ H|LS(h)− LS(h
∗
S) ≥ α} and H2 :=

{
h ∈ H

∣∣LS(h)− LS(h
∗
S) ≤

α
2

}
.

P
[
LS(hS)− inf

h
LS(h) ≥ α

]
=P [hS ∈ H1]

=

∫
H1

exp(−ηLS(h))dQ0(h)∫
H exp(−ηLS(h))dQ0(h)

≤
∫
H1

exp(−ηLS(h))dQ0(h)∫
H2

exp(−ηLS(h))dQ0(h)

≤ exp(−ηα

2
)
Q0(H1)

Q0(H2)

≤ exp(−ηα

2
)
Q0(H)

Q0(H2)
.

Since LS(h) is L-Lipschitz, H3 :=
{
h ∈ H

∣∣∥h− h∗S∥2≤
α
2L

}
⊆ H2. It is easy to verify that H3 contains a

ball of radius min{ α
4L , B}. Therefore,

Q0(H)

Q0(H2)
≤ Q0(H)

Q0(H3)
≤ Bd

min{ α
4L , B}d

= max

{(
4BL

α

)d

, 1

}
.

P
[
LS(hS)− inf

h
LS(h) ≥ α

]
≤ exp(−ηα

2
)
Q0(H)

Q0(H2)
≤ exp(−ηα

2
)max

{(
4BL

α

)d

, 1

}
.

Proof of Proposition 3.5. Applying α = 2
η

(
ln (1/δ) +

[
d · ln

(
(ρ−2δ)BL
ϵ ln(1/δ)

)]
+

)
in Lemma 3.4, we know that

P
[
LS(hS)− inf

h
LS(h) ≥ α

]
≤ exp

(
−ηα

2

)
max

{(
4BL

α

)d

, 1

}

= max

{
exp

(
−ηα

2

)
·
(
4BL

α

)d

, exp
(
−ηα

2

)}

≤ max

exp
(
−ηα

2

)
·

(
4BL

2
η ln (1/δ)

)d

, δ

 (α ≥ 2
η ln (1/δ))

= max

{
exp

(
−ηα

2

)
·
(
(ρ− 2δ)BL

ϵ ln (1/δ)

)d

, δ

}
(η = ρ−2δ

2ϵ )

≤ δ,

where we used α ≥ 2
η

(
ln (1/δ) + d · ln

(
(ρ−2δ)BL
ϵ ln(1/δ)

))
in the last inequality. Therefore, with probability

≥ 1−δ, LS(hS)−infh LS(h) ≤ 2
η

(
ln (1/δ) +

[
d · ln

(
(ρ−2δ)BL
ϵ ln(1/δ)

)]
+

)
. Lemma 3.1 gives that with probability

≥ 1 − δ, suph∈H|LS(h) − LD(h)|≤ ϵ. A union bound implies these two events hold simultaneously with
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probability ≥ 1− 2δ. Assume these two events hold and recall that h∗ ∈ argmin
h∈H

LD(h). We have

LD(hS) ≤ LS(hS) + ϵ

≤ inf
h
LS(h) +

2

η

(
ln (1/δ) +

[
d · ln

(
(ρ− 2δ)BL

ϵ ln(1/δ)

)]
+

)
+ ϵ

≤ LS(h
∗) +

2

η

(
ln (1/δ) +

[
d · ln

(
(ρ− 2δ)BL

ϵ ln(1/δ)

)]
+

)
+ ϵ

≤ LD(h
∗) +

2

η

(
ln (1/δ) +

[
d · ln

(
(ρ− 2δ)BL

ϵ ln(1/δ)

)]
+

)
+ 2ϵ

= LD(h
∗) + 2ϵ

(
1 +

2

ρ− 2δ

(
ln

(
1

δ

)
+

[
d · ln

(
(ρ− 2δ)BL

ϵ ln(1/δ)

)]
+

))
.

A.2 Missing Proof in Section 3.2

Proof of Proposition 3.6. For part 1 of this proposition, the maximum distance from any point to the
center of its grid cell is achieved at the corners, where the distance is a

2

√
d. Now we look at part 2.

Condition on any fixed basis vector vi. Since the partition offset is chosen uniformly at random, the
probability that x and x′ cross the grid boundary in the direction of vi is

P
[
x and x′ cross the grid boundary in the direction of vi

∣∣vi]
=max

{
|⟨x− x′, vi⟩|

a
, 1

}
≤|⟨x− x′, vi⟩|

a
.

Now we take the expectation over the random basis vi. Note that the distribution of vi is uniform on the
unit sphere.

P
[
x and x′ cross the grid boundary in the direction of vi

]
≤Evi

|⟨x− x′, vi⟩|
a

≤
√
Evi [⟨x− x′, vi⟩2]

a

=

√
(x− x′)⊤Evi

[
viv⊤i

]
(x− x′)

a

=
∥x− x′∥2

a
√
d

.

A union bound implies

P
[
x and x′ cross at least one grid boundary

]
≤

√
d∥x− x′∥2

a
.
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A.3 Missing Proofs in Section 3.3

Proof of Lemma 3.7. h∗ = argminh LD(h) implies ∇hLD(h
∗) = Ez∼D [∇hℓ(h

∗, z)] = 0. The empirical

approximation of this gradient is 1
n

n∑
i=1

[∇hℓ(h
∗, zi)]. Define f(z1, . . . , zn) :=

∥∥∥∥ 1
n

n∑
i=1

[∇hℓ(h
∗, zi)]

∥∥∥∥
2

.

ES∼Dnf(z1, . . . , zn) = ES∼Dn

∥∥∥∥∥ 1n
n∑

i=1

[∇hℓ(h
∗, zi)]

∥∥∥∥∥
2

≤

√√√√√ES∼Dn

∥∥∥∥∥ 1n
n∑

i=1

[∇hℓ(h∗, zi)]

∥∥∥∥∥
2

2


=

√
1

n
Ez∼D

[
∥∇hℓ(h∗, z)∥22

]
≤ M√

n
.

From McDiarmid’s inequality, ∀t > 0,

P [f(z1, . . . , zn)− ES∼Dnf(z1, . . . , zn) > t] ≤ exp

(
− t2n

2M2

)
.

Setting t = M

√
2 ln 1

δ
n , we obtain with probability ≥ 1− δ,∥∥∥∥∥ 1n

n∑
i=1

[∇hℓ(h
∗, zi)]

∥∥∥∥∥
2

≤ M√
n
+ t =

M√
n

(
1 +

√
2 ln

1

δ

)
.

The strong convexity of LS(h) implies

∥hS − h∗∥2 ≤
1

µ
∥∇hLS(hS)−∇hLS(h

∗)∥2

=
1

µ
∥∇hLS(h

∗)∥2

=
1

µ

∥∥∥∥∥ 1n
n∑

i=1

[∇hℓ(h
∗, zi)]

∥∥∥∥∥
2

≤ M

µ
√
n

(
1 +

√
2 ln

1

δ

)
.

Proof of Proposition 3.8. By Lemma 3.7, with probability at least 1− 2δ over independent samples S, S′,

we have ∥hS−h∗∥2≤ M
µ
√
n

(
1 +

√
2 ln 1

δ

)
and ∥hS′−h∗∥2≤ M

µ
√
n

(
1 +

√
2 ln 1

δ

)
. Triangle inequality implies

∥hS − hS′∥2≤ 2M
µ
√
n

(
1 +

√
2 ln 1

δ

)
. We apply Proposition 3.6 to ensure replicability.

P
[
h̃S ̸= h̃S′

]
=P

[
h̃S ̸= h̃S′ , ∥hS − hS′∥2>

2M

µ
√
n

(
1 +

√
2 ln

1

δ

)]
+ P

[
h̃S ̸= h̃S′ , ∥hS − hS′∥2≤

2M

µ
√
n

(
1 +

√
2 ln

1

δ

)]

≤P

[
∥hS − hS′∥2>

2M

µ
√
n

(
1 +

√
2 ln

1

δ

)]
+ P

[
h̃S ̸= h̃S′

∣∣∣∣∣∥hS − hS′∥2≤
2M

µ
√
n

(
1 +

√
2 ln

1

δ

)]

≤2δ +

√
d

a
· 2M

µ
√
n

(
1 +

√
2 ln

1

δ

)
= ρ. (Proposition 3.6)
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Proof of Proposition 3.9. From Proposition 3.6, ∥h̃S − hS∥2≤ a
√
d

2 = Md
(ρ−2δ)µ

√
n

(
1 +

√
2 ln 1

δ

)
. From

Lemma 3.7, with probability at least 1− δ, ∥hS − h∗∥2≤ M
µ
√
n

(
1 +

√
2 ln 1

δ

)
. Triangle inequality implies

with probability ≥ 1− δ,

∥h̃S − h∗∥2≤
Md

(ρ− 2δ)µ
√
n

(
1 +

√
2 ln

1

δ

)
+

M

µ
√
n

(
1 +

√
2 ln

1

δ

)
≤ M(d+ 1)

(ρ− 2δ)µ
√
n

(
1 +

√
2 ln

1

δ

)
.

(ρ ≤ 1)

A.4 Missing Proofs in Section 3.4

Proof of Lemma 3.10. Denote h∗µ = argminh
[
LD(h) +

µ
2∥h∥

2
2

]
. It implies ∇hLD(h

∗
µ) + µh∗µ = 0.

The empirical approximation of this term is 1
n

n∑
i=1

[
∇hℓ(h

∗
µ, zi) + µh∗µ

]
. Define f(z1, . . . , zn) :=∥∥∥∥ 1

n

n∑
i=1

[
∇hℓ(h

∗
µ, zi) + µh∗µ

]∥∥∥∥
2

.

ES∼Dnf(z1, . . . , zn) = ES∼Dn

∥∥∥∥∥ 1n
n∑

i=1

[
∇hℓ(h

∗
µ, zi) + µh∗µ

]∥∥∥∥∥
2

≤

√√√√√ES∼Dn

∥∥∥∥∥ 1n
n∑

i=1

[
∇hℓ(h∗µ, zi) + µh∗µ

]∥∥∥∥∥
2

2


=

√
1

n
Ez∼D

[
∥∇hℓ(h∗µ, z) + µh∗µ∥22

]
=

√
1

n
Ez∼D

[
∥∇hℓ(h∗µ, z)∥22−∥µh∗µ∥22

]
≤ L√

n
.

From McDiarmid’s inequality, ∀t > 0,

P [f(z1, . . . , zn)− ES∼Dnf(z1, . . . , zn) > t] ≤ exp

(
− t2n

2L2

)
.

Setting t = L

√
2 ln 1

δ
n , we obtain with probability ≥ 1− δ,∥∥∥∥∥ 1n

n∑
i=1

[
∇hℓ(h

∗
µ, zi) + µh∗µ

]∥∥∥∥∥
2

≤ L√
n
+ t =

L√
n

(
1 +

√
2 ln

1

δ

)
.

The strong convexity of LS(h) +
µ
2∥h∥

2
2 implies

∥hS − h∗µ∥2 ≤
1

µ
∥∇hLS(hS) + µhS −∇hLS(h

∗
µ)− µh∗µ∥2

=
1

µ
∥∇hLS(h

∗
µ) + µh∗µ∥2

=
1

µ

∥∥∥∥∥ 1n
n∑

i=1

[
∇hℓ(h

∗, zi) + µh∗µ
]∥∥∥∥∥

2

≤ L

µ
√
n

(
1 +

√
2 ln

1

δ

)
.
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Similarly, with probability ≥ 1− δ over S′, ∥hS′ −h∗µ∥2≤ L
µ
√
n

(
1 +

√
2 ln 1

δ

)
. A union bound and triangle

inequality imply that with probability ≥ 1− 2δ,

∥hS − hS′∥2≤ ∥hS − h∗µ∥2+∥hS′ − h∗µ∥2≤
2L

µ
√
n

(
1 +

√
2 ln

1

δ

)
.

Proof of Proposition 3.11. By Lemma 3.10, with probability at least 1 − 2δ over independent samples

S, S′, we have ∥hS − hS′∥2≤ 2L
µ
√
n

(
1 +

√
2 ln 1

δ

)
. We apply Proposition 3.6 to ensure replicability.

P
[
h̃S ̸= h̃S′

]
=P

[
h̃S ̸= h̃S′ , ∥hS − hS′∥2>

2L

µ
√
n

(
1 +

√
2 ln

1

δ

)]
+ P

[
h̃S ̸= h̃S′ , ∥hS − hS′∥2≤

2L

µ
√
n

(
1 +

√
2 ln

1

δ

)]

≤P

[
∥hS − hS′∥2>

2L

µ
√
n

(
1 +

√
2 ln

1

δ

)]
+ P

[
h̃S ̸= h̃S′

∣∣∣∣∣∥hS − hS′∥2≤
2L

µ
√
n

(
1 +

√
2 ln

1

δ

)]

≤2δ +

√
d

a
· 2L

µ
√
n

(
1 +

√
2 ln

1

δ

)
= ρ. (Proposition 3.6)

Proof of Proposition 3.13. We first establish uniform stability of regularized ERM (Step 1), then use
stability to bound the generalization gap (Step 2), and finally combine with rounding error to obtain the
excess risk bound (Step 3).

Step 1: Uniform stability. We show that the µ-regularized ERM algorithm is uniformly sta-
ble with rate 2L2

µn . Recall that for S = {z1, . . . , zn} and S(i) = {z1, . . . , zi−1, z
′
i, zi+1, . . . , zn}, denote

hS = argmin
h

[
LS(h) +

µ
2∥h∥

2
2

]
and hS(i) = argmin

h

[
LS(i)(h) +

µ
2∥h∥

2
2

]
. By the strong convexity of

LS(h) +
µ
2∥h∥

2
2 and LS(i)(h) +

µ
2∥h∥

2
2, we have

LS(hS(i)) +
µ

2
∥hS(i)∥22≥ LS(hS) +

µ

2
∥hS∥22+

µ

2
∥hS(i) − hS∥22

and

LS(i)(hS) +
µ

2
∥hS∥22≥ LS(i)(hS(i)) +

µ

2
∥hS(i)∥22+

µ

2
∥hS − hS(i)∥22.

Adding these two equations, we get

µ∥hS(i) − hS∥22≤
1

n

[
ℓ(hS(i) , zi)− ℓ(hS , zi) + ℓ(hS , z

′
i)− ℓ(hS(i) , z′i)

]
≤ 2L

n
∥hS(i) − hS∥2.

This implies ∥hS(i) − hS∥2≤ 2L
µn . We thus have supz|ℓ(hS(i) , z)− ℓ(hS , z)|≤ L · ∥hS(i) − hS∥2≤ 2L2

µn , which
is exactly uniform stability.

Step 2: Generalization Gap. The generalization gap of hS can be bounded as

ES∼Dn [LD(hS)− LS(hS)]

=E{z1,...,zn,z′1,...,z′n}∼D2n

[
1

n

n∑
i=1

ℓ(hS(i) , zi)−
1

n

n∑
i=1

ℓ(hS , zi)

]
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=
1

n

n∑
i=1

E{z1,...,zn,z′1,...,z′n}∼D2n [ℓ(hS(i) , zi)− ℓ(hS , zi)] ≤
2L2

µn
.

Step 3: Excess Risk Bound. The excess risk of h̃S can be bounded as

ES∼Dn [LD(h̃S)− LD(h
∗)]

=ES∼Dn [LD(h̃S)− LD(hS)] + ES∼Dn [LD(hS)− LS(hS)] + ES∼Dn [LS(hS)− LD(h
∗)]

≤L∥h̃S − hS∥2+
2L2

µn
+ ES∼Dn

[
LS(hS) +

µ

2
∥hS∥22−LD(h

∗)
]

≤L · a
2

√
d+

2L2

µn
+ ES∼Dn

[
LS(h

∗) +
µ

2
∥h∗∥22−LD(h

∗)
]

(Proposition 3.6+definition of RERM)

=
L2d

(ρ− 2δ)µ
√
n

(
1 +

√
2 ln

1

δ

)
+

2L2

µn
+

µ

2
∥h∗∥22

=
µ

2
∥h∗∥22+

2L2

µn
+

2L2d

µρ
√
n

(
1 +

√
2 ln

4

ρ

)
(δ = ρ

4)

≤µ

2
∥h∗∥22+

2L2(d+ 1)

µρ
√
n

(
1 +

√
2 ln

4

ρ

)
. (ρ ≤ 1)

Remark. The n−1/4 rate in Proposition 3.13 is suboptimal compared to the n−1/2 rate achieved by
the exponential mechanism (Proposition 3.5). This gap arises because Gaussian noise and randomized
rounding are not well-adapted to general convex problems. The regularization parameter µ must balance
approximation bias (µ∥h∗∥22/2) against the variance of the regularized solution (∝ 1/µ), leading to a
bias-variance tradeoff that yields n−1/4 rates. The exponential mechanism circumvents this by sampling
directly from a distribution adapted to the loss landscape.

A.5 Missing Proofs in Section 3.5

We first restate a few results in Ji and Telgarsky (2019).

Given the initialization (W0,a), for any 1 ≤ s ≤ m, define ūs := 1√
m
asv̄(ws,0), where v̄ is given by

Assumption 1. Collect ūs into the rows of the matrix U ∈ Rm×d. It holds that ∥ūs∥2≤ 1/
√
m and

∥U∥F≤ 1.

Lemma A.1 (Lemma 2.3 in Ji and Telgarsky (2019)). Under Assumption 1, given any δ ∈ (0, 1), with
probability at least 1− δ over the random initialization, it holds simultaneously for all 1 ≤ i ≤ n that

yi
〈
∇W f(xi;W0,a), U

〉
≥ γ −

√
2 ln(n/δ)

m
.

For any W , and any ϵ > 0, and any 1 ≤ i ≤ n, define

αi(W, ϵ) =
1

m

m∑
s=1

1 [|⟨ws, xi⟩|≤ ϵ] .

Lemma A.2 (Lemma 2.4 in Ji and Telgarsky (2019)). For any ϵ > 0, with probability at least 1− δ over
the random initialization, it holds simultaneously for all 1 ≤ i ≤ n that

αi(W0, ϵ) ≤
√

2

π
ϵ+

√
ln(n/δ)

2m
.
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The next lemma controls the output of the network at initialization.

Lemma A.3 (Lemma 2.5 in Ji and Telgarsky (2019)). Given any δ ∈ (0, 1), if m ≥ 25 ln(2n/δ), then
with probability at least 1− δ over the random initialization, it holds simultaneously for all 1 ≤ i ≤ n that
|f(xi;W0,a)|≤

√
2 ln(4n/δ).

Now we can prove Lemma 3.14.

Proof of Lemma 3.14. Combining Lemma A.3 and Lemma A.2 with ϵ = r/
√
m, we know that with

probability at least 1 − 2δ over the random initialization, it holds simultaneously for all 1 ≤ i ≤ n

that |f(xi;W0,a)|≤
√
2 ln(4n/δ) and αi(W0, r/

√
m) ≤

√
2/π · r/

√
m +

√
ln(n/δ)
2m . For all W satisfying

∥ws − ws,0∥2≤ r/
√
m, ∀s,∣∣∣∣∣f(xi;W,a)− f(xi;W0,a)−

1√
m

m∑
s=1

as⟨ϕxi(ws,0), ws − ws,0⟩

∣∣∣∣∣
=

∣∣∣∣∣ 1√
m

m∑
s=1

asσ(⟨ws, xi⟩)−
1√
m

m∑
s=1

asσ(⟨ws,0, xi⟩)−
1√
m

m∑
s=1

as1[⟨ws,0, xi⟩ > 0] · ⟨ws − ws,0, xi⟩

∣∣∣∣∣
=

∣∣∣∣∣ 1√
m

m∑
s=1

as (σ(⟨ws, xi⟩)− σ(⟨ws,0, xi⟩)− 1[⟨ws,0, xi⟩ > 0] · ⟨ws − ws,0, xi⟩)

∣∣∣∣∣ . (1)

We consider two different types of s.

First, if |⟨ws,0, xi⟩|> r/
√
m, combining with |⟨ws−ws,0, xi⟩|≤ ∥ws−ws,0∥2≤ r/

√
m, we know that ⟨ws, xi⟩

and ⟨ws,0, xi⟩ have the same sign, and thus

σ(⟨ws, xi⟩)− σ(⟨ws,0, xi⟩)− 1[⟨ws,0, xi⟩ > 0] · ⟨ws − ws,0, xi⟩ = 0.

Second, if |⟨ws,0, xi⟩|≤ r/
√
m, then

|σ(⟨ws, xi⟩)− σ(⟨ws,0, xi⟩)− 1[⟨ws,0, xi⟩ > 0] · ⟨ws − ws,0, xi⟩| ≤ |⟨ws − ws,0, xi⟩|≤ r/
√
m.

We can use the above discussion to simplify equation 1.∣∣∣∣∣f(xi;W,a)− f(xi;W0,a)−
1√
m

m∑
s=1

as⟨ϕxi(ws,0), ws − ws,0⟩

∣∣∣∣∣
=

∣∣∣∣∣ 1√
m

m∑
s=1

as (σ(⟨ws, xi⟩)− σ(⟨ws,0, xi⟩)− 1[⟨ws,0, xi⟩ > 0] · ⟨ws − ws,0, xi⟩)

∣∣∣∣∣
=

∣∣∣∣∣∣ 1√
m

∑
s:|⟨ws,0,xi⟩|≤r/

√
m

as (σ(⟨ws, xi⟩)− σ(⟨ws,0, xi⟩)− 1[⟨ws,0, xi⟩ > 0] · ⟨ws − ws,0, xi⟩)

∣∣∣∣∣∣
≤ 1√

m

∑
s:|⟨ws,0,xi⟩|≤r/

√
m

|σ(⟨ws, xi⟩)− σ(⟨ws,0, xi⟩)− 1[⟨ws,0, xi⟩ > 0] · ⟨ws − ws,0, xi⟩|

≤ 1√
m

·m · αi(W0, r/
√
m) · r/

√
m

≤
√
2/π · r2/

√
m+ r

√
ln(n/δ)/(2m).

Triangle inequality implies∣∣∣∣∣f(xi;W,a)− 1√
m

m∑
s=1

as⟨ϕxi(ws,0), ws − ws,0⟩

∣∣∣∣∣
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≤

∣∣∣∣∣f(xi;W,a)− f(xi;W0,a)−
1√
m

m∑
s=1

as⟨ϕxi(ws,0), ws − ws,0⟩

∣∣∣∣∣+ |f(xi;W0,a)|

≤
√
2 ln(4n/δ) +

√
2/π · r2/

√
m+ r

√
ln(n/δ)/(2m) = C(m,n, δ, r).

From Lemma 3.14, we can show that the original logistic loss is upper bounded by the convex surrogate
loss. With probability at least 1− 2δ over the random initialization,

ℓ(W, zi) = ℓ(yif(xi;W,a))

= ℓ

(
yi ·

1√
m

m∑
s=1

as⟨ϕxi(ws,0), ws − ws,0⟩+ yi ·

(
f(xi;W,a)− 1√

m

m∑
s=1

as⟨ϕxi(ws,0), ws − ws,0⟩

))

≤ ℓ

(
yi√
m

m∑
s=1

as⟨ϕxi(ws,0), ws − ws,0⟩ − C(m,n, δ, r)

)
= ℓ̃(W, zi). (2)

Proof of Lemma 3.15. Denote W ∗
µ = argmin

W∈Hr

[
L̃D(W ) + µ

2∥W −W0∥2F
]
. The gradient of the ob-

jective at W ∗
µ equals ∇W L̃D(W

∗
µ) + µ

(
W ∗

µ −W0

)
. The empirical approximation of this term is

1
n

n∑
i=1

[
∇W ℓ̃(W ∗

µ , zi) + µ
(
W ∗

µ −W0

)]
. Define this approximation error as

f(z1, . . . , zn) : =

∥∥∥∥∥ 1n
n∑

i=1

[
∇W ℓ̃(W ∗

µ , zi) + µ
(
W ∗

µ −W0

)]
−
[
∇W L̃D(W

∗
µ) + µ

(
W ∗

µ −W0

)]∥∥∥∥∥
F

=

∥∥∥∥∥ 1n
n∑

i=1

∇W ℓ̃(W ∗
µ , zi)−∇W L̃D(W

∗
µ)

∥∥∥∥∥
F

.

ES∼Dnf(z1, . . . , zn) = ES∼Dn

∥∥∥∥∥ 1n
n∑

i=1

∇W ℓ̃(W ∗
µ , zi)−∇W L̃D(W

∗
µ)

∥∥∥∥∥
F

≤

√√√√√ES∼Dn

∥∥∥∥∥ 1n
n∑

i=1

∇W ℓ̃(W ∗
µ , zi)−∇W L̃D(W ∗

µ)

∥∥∥∥∥
2

F


=

√
1

n
Ez∼D

[
∥∇W ℓ̃(W ∗

µ , z)−∇W L̃D(W ∗
µ)∥2F

]
=

√
1

n
Ez∼D

[
∥∇W ℓ̃(W ∗

µ , z)∥2F−∥∇W L̃D(W ∗
µ)∥2F

]
≤
√

1

n
Ez∼D

[
∥∇W ℓ̃(W ∗

µ , z)∥2F
]

≤ 1√
n
. (∥∇W ℓ̃(W ∗

µ , z)∥F≤ 1)

From McDiarmid’s inequality, ∀t > 0,

P [f(z1, . . . , zn)− ES∼Dnf(z1, . . . , zn) > t] ≤ exp

(
− t2n

2

)
.
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Setting t =

√
2 ln 1

δ
n , we obtain with probability ≥ 1− δ,

∥∥∥∇W L̃S(W
∗
µ)−∇W L̃D(W

∗
µ)
∥∥∥
F
≤ 1√

n
+ t =

1√
n

(
1 +

√
2 ln

1

δ

)
.

The strong convexity of L̃S(W ) + µ
2∥W −W0∥2F implies

L̃S(W
∗
µ) +

µ

2
∥W ∗

µ −W0∥2F≥ L̃S(WS) +
µ

2
∥WS −W0∥2F+

µ

2
∥W ∗

µ −WS∥2F

and

L̃S(WS) +
µ

2
∥WS −W0∥2F

≥L̃S(W
∗
µ) +

µ

2
∥W ∗

µ −W0∥2F+⟨∇W L̃S(W
∗
µ) + µ

(
W ∗

µ −W0

)
,WS −W ∗

µ⟩+
µ

2
∥W ∗

µ −WS∥2F .

Adding these two inequalities, we get

µ∥W ∗
µ −WS∥2F ≤ ⟨∇W L̃S(W

∗
µ) + µ

(
W ∗

µ −W0

)
,W ∗

µ −WS⟩
= ⟨∇W L̃D(W

∗
µ) + µ

(
W ∗

µ −W0

)
,W ∗

µ −WS⟩+ ⟨∇W L̃S(W
∗
µ)−∇W L̃D(W

∗
µ),W

∗
µ −WS⟩

≤ 0 + ⟨∇W L̃S(W
∗
µ)−∇W L̃D(W

∗
µ),W

∗
µ −WS⟩

(W ∗
µ minimizes L̃D(W ) + µ

2∥W −W0∥2F and WS −W ∗
µ is a feasible direction)

≤ ∥∇W L̃S(W
∗
µ)−∇W L̃D(W

∗
µ)∥F ·∥W ∗

µ −WS∥F .

This implies with probability at least 1− δ,

∥W ∗
µ −WS∥2≤

1

µ
∥∇W L̃S(W

∗
µ)−∇W L̃D(W

∗
µ)∥2≤

1

µ
√
n

(
1 +

√
2 ln

1

δ

)
.

Similarly, with probability at least 1− δ over S′,

∥W ∗
µ −WS′∥2≤

1

µ
√
n

(
1 +

√
2 ln

1

δ

)
.

A union bound and triangle inequality imply that with probability ≥ 1− 2δ,

∥WS −WS′∥2≤ ∥W ∗
µ −WS∥2+∥W ∗

µ −WS′∥2≤
2

µ
√
n

(
1 +

√
2 ln

1

δ

)
.

Proof of Proposition 3.16. By Lemma 3.15, with probability at least 1 − 2δ over independent samples

S, S′, we have ∥WS − WS′∥F≤ 2
µ
√
n

(
1 +

√
2 ln 1

δ

)
. We apply Proposition 3.6 to ensure replicability.

Select δ = ρ/4.

P
[
W̃S ̸= W̃S′

]
=P

[
W̃S ̸= W̃S′ , ∥WS −WS′∥F>

2

µ
√
n

(
1 +

√
2 ln

1

δ

)]
+ P

[
W̃S ̸= W̃S′ , ∥WS −WS′∥F≤

2

µ
√
n

(
1 +

√
2 ln

1

δ

)]

≤P

[
∥WS −WS′∥F>

2

µ
√
n

(
1 +

√
2 ln

1

δ

)]
+ P

[
W̃S ̸= W̃S′

∣∣∣∣∣∥WS −WS′∥F≤
2

µ
√
n

(
1 +

√
2 ln

1

δ

)]
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≤2δ +

√
md

a
· 2

µ
√
n

(
1 +

√
2 ln

1

δ

)
(Proposition 3.6)

=
ρ

2
+

√
md

a
· 2

µ
√
n

(
1 +

√
2 ln

4

ρ

)
= ρ.

To derive the generalization guarantee, we utilize the uniform convergence provided in Ji and Telgarsky
(2019). They defined Wρ :=

{
W ∈ Rm×d

∣∣∥ws − ws,0∥2≤ ρ for any 1 ≤ s ≤ m
}
. Equation (B.1) in Ji and

Telgarsky (2019) states with probability at least 1− δ over S ∼ Dn, for any W ∈ Wρ,

Ez∼D[−ℓ′(yf(x;W,a))]− 1

n

n∑
i=1

[−ℓ′(yif(xi;W,a))] ≤ ρ
√
m

2
√
n

+ 3

√
ln(2/δ)

2n
. (3)

Here they used −ℓ′ as the surrogate loss of the 0-1 loss. This surrogate loss satisfies 0 ≤ −ℓ′(z) ≤ 1 and
−ℓ′(z) ≤ ℓ(z). We will apply ρ = r/

√
m in our proof.

Proof of Theorem 3.17. We first upper bound the empirical risk.

1

n

n∑
i=1

ℓ(yif(xi; W̃S ,a)) ≤
1

n

n∑
i=1

[
ℓ(yif(xi;WS ,a)) +

∣∣∣f(xi; W̃S ,a)− f(xi;WS ,a)
∣∣∣] (ℓ is 1-Lip)

≤ 1

n

n∑
i=1

ℓ(yif(xi;WS ,a)) +
∥∥∥W̃S −WS

∥∥∥
F

(f is 1-Lip)

≤ 1

n

n∑
i=1

ℓ(yif(xi;WS ,a)) +
a
√
md

2
(Proposition 3.6)

≤ 1

n

n∑
i=1

l̃(WS , zi) +
a
√
md

2
(from equation 2 with probability ≥ 1− 2δ)

≤ 1

n

n∑
i=1

l̃(WS , zi) +
µ

2
∥WS −W0∥2F+

a
√
md

2

≤ 1

n

n∑
i=1

l̃(W0 + rU, zi) +
µ

2
∥W0 + rU −W0∥2F+

a
√
md

2
(definition of RERM)

≤ 1

n

n∑
i=1

l̃(W0 + rU, zi) +
µr2

2
+

a
√
md

2
(4)

Now we upper bound the RHS of equation (4). From Lemma A.1, with probability ≥ 1 − δ, for any
1 ≤ i ≤ n,

l̃(W0 + rU, zi) = ℓ

(
yi√
m

m∑
s=1

as⟨ϕxi(ws,0), rūs⟩ − C(m,n, δ, r)

)

≤ ℓ

(
r

(
γ −

√
2 ln(n/δ)

m

)
−
√

2 ln(4n/δ)−
√

2

π
· r2√

m
− r

√
ln(n/δ)

2m

)
(Lemma A.1)

≤ exp

(
−r

(
γ −

√
2 ln(n/δ)

m

)
+
√
2 ln(4n/δ) +

√
2

π
· r2√

m
+ r

√
ln(n/δ)

2m

)
(ℓ(z) ≤ exp(−z))
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≤ exp

(
−rγ

2
+
√
2 ln(4n/δ) +

√
2

π
· r2√

m
+ r

√
ln(n/δ)

2m

)
(given condition implies m ≥ 8 ln(n/δ)

γ2 )

≤ exp
(
−rγ

4

)
. (given conditions imply max

{√
2 ln(4n/δ),

√
2
π · r2√

m
, r

√
ln(n/δ)
2m

}
≤ rγ

12 )

Combining this inequality with equation (4), we obtain

1

n

n∑
i=1

ℓ(yif(xi; W̃S ,a)) ≤
1

n

n∑
i=1

l̃(W0 + rU, zi) +
µr2

2
+

a
√
md

2

≤ exp
(
−rγ

4

)
+

µr2

2
+

a
√
md

2

≤ ϵ+
µr2

2
+

a
√
md

2
(given condition implies r ≥ 4

γ ln 1
ϵ )

= ϵ+
µr2

2
+

2md

ρµ
√
n

(
1 +

√
2 ln

4

ρ

)
(a = 4

√
md

ρµ
√
n

(
1 +

√
2 ln 4

ρ

)
)

= ϵ+ 2

√
mdr2

ρ
√
n
(1 +

√
2 ln(4/ρ)). (plug in µ)

Since −ℓ′(z) ≤ ℓ(z), we get

1

n

n∑
i=1

[−ℓ′(yif(xi; W̃S ,a))] ≤ ϵ+ 2

√
mdr2

ρ
√
n
(1 +

√
2 ln(4/ρ)).

From equation 3, with probability ≥ 1− δ,

Ez∼D[−ℓ′(yf(x; W̃S ,a))] ≤ ϵ+ 2

√
mdr2

ρ
√
n
(1 +

√
2 ln(4/ρ)) +

r

2
√
n
+ 3

√
ln(2/δ)

2n
.

Since the 0-1 loss ℓ0−1(z) = 1[z ≤ 0] is upper bounded by −2ℓ′(z), we conclude that

P(x,y)∼D[yf(x; W̃S ,a) ≤ 0] ≤ 2ϵ+ 4

√
mdr2

ρ
√
n
(1 +

√
2 ln(4/ρ)) +

r√
n
+ 3

√
2 ln(2/δ)

n
.
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