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We study a distributed Principal Component Analysis (PCA) framework where
each worker targets a distinct eigenvector and refines its solution by updating from
intermediate solutions provided by peers deemed as “superior”. Drawing intu-
ition from the deflation method in centralized eigenvalue problems, our approach
breaks the sequential dependency in the deflation steps and allows asynchronous
updates of workers, while incurring only a small communication cost. To our
knowledge, a gap in the literature — the theoretical underpinning of such distributed,
dynamic interactions among workers — has remained unaddressed. This paper offers
a theoretical analysis explaining why, how, and when these intermediate, hierar-
chical updates lead to practical and provable convergence in distributed environ-
ments. Despite being a theoretical work, our prototype implementation demon-
strates that such a distributed PCA algorithm converges effectively and in scal-
able way: through experiments, our proposed framework offers comparable per-
formance to EigenGame-1, the state-of-the-art model-parallel PCA solver.

1. Introduction

Currently, datasets have gotten large, encompassing billions, if not trillions, of entries spanning
various domains [[IH10]]. This scale advanced various distributed optimization protocols, such as
federated learning [[11]], and, notably, the development of multiple distributed ML software pack-
ages [[12,[13]]. Specialized frameworks such as Ray [[14]], Spark [15]], Hadoop [16], and JAX [17] have
become popular due to their ability to speed computations significantly.

However, at the algorithmic level, most distributed implementations simulate the behavior of the
centralized versions of the underlying algorithms. That is, how distributed algorithms navigate the
parameter landscape is often designed such that we achieve a similar outcome as if data is available
in one location. There are a few key reasons for this:

e Mathematical Understanding: When there is sufficient theoretical understanding of the central-
ized version, it is often a desired goal to attain the same result by designing algorithms to emulate
the centralized counterparts. This ensures consistency and theoretical understanding.

e Algorithm Simplicity: Since centralized algorithms are better understood, distributed variants
that replicate the algorithms” outcomes enjoy the same simplicity and interpretation.

e Benchmarking: By simulating the centralized execution, comparing the accuracy and conver-
gence properties of the distributed implementation in practice becomes easier.

Yet, precisely simulating centralized algorithms in a distributed fashion could pose some challenges.
Take as a characteristic feature the notion of synchrony in distributed implementations, as this leads
to training dynamics closer to centralized training. Synchronization among workers means proper
orchestration [[18}[19]]: Synchronized implementations that wait for some or all workers to finish each
iteration before proceeding can suffer from stragglers and load imbalance [20, 21]]. Yet, while asyn-
chronous motions seem like a favorable alternative, developing an asynchronous learning method
is often complicated [22H24]], set aside the lack of theoretical understanding in many cases.

Second Conference on Parsimony and Learning (CPAL 2025).



This work addresses a fundamental question in distributed systems: whether and how to or-
chestrate workers, by focusing on a specific problem - Principal Component Analysis (PCA) [25-
32]]. While PCA is conceptually straightforward, developing efficient distributed implementations
remains an active research challenge, recently reinvigorated by the introduction of EigenGame
(133, 134]]. EigenGame departs from traditional data-parallel approaches to distributed PCA, where
each worker processes a portion of the data or covariance matrix. Instead, it introduces a model-
parallel framework inspired by game theory, where each worker computes specific principal com-
ponents. This novel approach enables PCA computation on massive datasets, as demonstrated
with the Meena conversation model and ResNet-200 [135]] activations on ImageNet [36]]. However,
EigenGame’s theoretical guarantees rely on a strict hierarchical structure: each worker handles ex-
actly one component and must wait for the convergence of higher-priority principal components
(those with larger eigenvalues) before proceeding. While effective, this hierarchical dependency
has theoretical limitations, as the impact of approximation errors in higher-ranked eigencompo-
nents on subsequent calculations remains uncharacterized in [33]].

Our approach and contributions. This work advances model-parallel distributed PCA by building
upon the collaborative computation framework introduced by [33] 34]]. Our approach proposes a
provable parallel computation of principal components without imposing strict sequential depen-
dencies among workers. Our primary contributions are:

e We introduce a distributed PCA framework that fundamentally transforms computational dy-
namics. Different from traditional sequential computational model, Our approach enables mul-
tiple workers to compute distinct principal components in parallel.

e In cases where the covariance is unknown or cannot be efficiently estimated, our algorithm can
be modified to accommodate data that comes in mini-batches.

e We provide theory that validates the convergence properties of our proposed algorithm. By for-
malizing the interaction between parallel computations and convergence rates, we establish a
theoretical benchmark for distributed PCA algorithms. This contribution underscores our algo-
rithm’s efficiency and enhances the understanding of parallel deflation processes in PCA.

e Through experiments, we demonstrate the practical efficacy of our algorithm. Our approach
meets the performance of existing algorithms on datasets as large as ImageNet [36]], justifying
our theory and highlighting the applicability of our method.

1.1. Related Works

Eigenvector-based approaches. PCA has been fundamental to statistical data analysis since its in-
troduction by Pearson in 1901 [cite]. The method was later formalized within a multivariate analysis
framework by Hotelling [26]], establishing its theoretical foundations. In its classical form, PCA in-
volves computing an empirical covariance matrix from the data, followed by its eigendecomposition.
This formulation allows the application of numerous efficient numerical methods, including QR de-
composition [137]], xLAHQR [38]], the Lanczos method [39]], and ARPACK [40], some of which are
implemented in numerical linear algebra packages such as ScaLAPACK [41]]. These methods are
effective but often require complete knowledge of the covariance matrix prior to computation.

Centralized stochastic approaches. With large datasets, iterative and gradient-based methods for
PCA have gained prominence. Krasulina and Oja & Karhunen proposed two of the earliest stochas-
tic gradient descent methods for online PCA [42}43]]. The application of the least square minimiza-
tion to the PCA has also received attention [44-47]]. More recently, [48] and [49] have proposed
efficient stochastic optimization methods that adapt to the streaming model of data (stochastic)
and focus on the theoretical guarantees of gradient-based methods in such non-convex scenarios;
see also [50H53]]. Other approaches include manifold methods [54H57]], Frank-Wolfe methods [558]],
Gauss-Newton methods [59], coordinate descent methods [60], accelerated methods [61]], as well
as variants of the PCA problem itself [[62H66]]. Nevertheless, these methods are primarily designed
as centralized algorithms.

Data-parallel distributed approaches. Prior distributed PCA approaches span several key direc-
tions. One line of work utilizes randomized linear algebra and SVD projections in distributed set-



tings, yielding strong theoretical guarantees [[67H70]]. For distributed subspace computation, recent
methods combine FedAvg with Orthogonal Procrustes Transformations [71H74]]. Approaches for
computing leading principal components leverage both convex [[75] and Riemannian optimization
for improved efficiency [76}[77]. Notable recent advances include an asynchronous Riemannian gra-
dient method that achieves low computational and communication costs [56]]. The field has also ex-
panded to address specialized scenarios, including Byzantine-robust computation [[78}[79]], stream-
ing data analysis [I80,81]], shift-and-invert preconditioning [[82]], and coreset-based approaches [I83]].

Model-parallel distributed approaches. While most prior work focuses on data-parallel ap-
proaches, where each machine computes all principal components using local data, DeepMind’s
EigenGame [33]] introduced a novel model-parallel framework. Their approach reformulates PCA
as a collaborative game, where each principal component computation acts as a player maximizing
its utility through Riemannian gradient ascent. Though initially presented as a sequential process
with proved convergence guarantees, EigenGame extends to a distributed setting where compo-
nents are optimized simultaneously across machines. While this parallel extension offers practical
benefits, its theoretical convergence properties remain unanalyzed, a limitation that persists in sub-
sequent improvements [34]].

Our work complements existing literature mostly theoretically, but also practically. By eliminating
the requirement for sequential completion of principal components, our algorithmic framework
achieves comparable empirical performance to EigenGame [33]] on large-scale datasets. Crucially,
we establish rigorous convergence guarantees for parallel computation, providing the theoretical
foundation that has been missing in existing model-parallel approaches.

2. Problem statement and background

Let Y € R"*? be the matrix representing an aggregation of n properly scaled, centered data points,
each with d features. The empirical covariance matrix is given by ¥ = Y'Y € R?*4. Let u} and
Aj; be the kth eigenvector and eigenvalue of 33, with A} > --- > A}. Then uj is the kth principal
component of the data matrix Y. Therefore, when X can be easily computed, principal component
analysis aims at finding the top-K eigenvectors of the empirical covariance matrix 3, where K < d.

The leading eigenvector problem. Finding the leading eigenvector is the cornerstone of finding
multiple eigenvectors, and is thus utilized by many PCA algorithms. Mathematically, the problem
of finding the leading eigenvector uj can be formulated as the following optimization problem:
uj = argmax v' Xv. (1)
veR®:||v|2=1

In practice, algorithms like power iteration and Hebb’s rule are used to solve the leading eigenvector.

Definition 1 (Power Iteration). The power iteration algorithm Powlter (3, v,T) outputs a vector xp
based on the following iterates:
X0 =V; Xyl = BXy; X1 = X1/ [ RKeally -

Definition 2 (Hebb’s Rule). The Hebb’s Rule Hebb (X, v, T') with some fixed step size n outputs a vector
xr based on the following iterates:

X0 =V; X1 =X 02Xy X1 = X1/ [|Keg ]l -

Under mild assumptions, the output xr of both the power iteration and Hebb’s rule converges to the
top eigenvector of the input matrix 3, as the number of steps " — co. Notably, the power iteration
enjoys a linear convergence rate [49]].

Top-K eigenvector using sequential deflation. An extension of is the top-K eigenvector prob-

lem, where one aims to find uf, ... uj. Since uj, . . ., uj; form an orthonormal set, finding the top-K
eigenvector can be mathematically formulated as:
U* =[uj,...,uk] € arg max (XEV,V), (2)

Ve{Q. .k: QeSO(d)}

where SO(d) denotes the group of rotations about a fixed point in d-dimensional Euclidean space.
A classical way to solve is through deflation [26]]. Deflation operates in the following manner.



Once the top component uj is approximated, the matrix 3 undergoes further processing to reside
in the subspace orthogonal to the one spanned by the first eigenvector. This process is iterated by
finding the leading eigenvector as in ({I)) on the deflated matrix, resulting in an approximation of
the second component u3, and so forth, as described below:

3= Ea vi = Topl (E/W‘A/ka T) ;
Ek—i—l = Ek — VkVI;FEkaV;—, (3)

where Top1 (X, Vi, T) abstractly denotes any iterative algorithm initialized at v, and returns a nor-
malized approximation of the top eigenvector of the deflated matrix X, after 7" iterations of execu-
tion. Consider the eigendecomposition ¥ = ZZ/=1 Noup,up. When T — oo and Top1 (X, v, T)
solves the top eigenvector of X exactly, one can show that 3; = ZZ,:k rupup) and vy, = uj.
However, when T is finite, it is shown in [[84] that each Top1 (3, ¥, T) produces a non-negligible
error that accumulates and propagates through the deflation process.

Stochastic algorithm to find top-1 principal component. When the dataset becomes large, the co-
variance matrix ¥ may not be efficiently computed, making the previous routine of first computing
the covariance matrix and then its eigenvector infeasible. Alternatively, people estimate ¥ with
> = YTY, where Y is a mini-batch of the dataset. In this case, Hebb’s rule can be written as

xen = x YT (V) i =%/ [l

Notice that the stochastic estimate of the covariance matrix 3 is never explicitly computed.

3. The Parallel Deflation Algorithm

Algorithm overview. Our framework dis-
tributes the computation of K principal com-
ponents across K distinct workers, where Require: ¥ ¢ R*4; # of workers K; sub-routine
worker k is responsible for computing the for top eigenvector PCA(:, -, -); # of iterations 7
k-th principal component. Our innovation global communication rounds L > Kk

lies in reformulating the traditional deflation Ensure: Approximate eigenvectors {vy};_;.
process for distributed settings. The conven-  1: fork=1,..., K do

Algorithm 1 Parallel Deflation

tional sequential deflation requires the k-th % deandomly initialize ¥y inse With unit norm;
eigenvector computation to wait for the com- i: :(r:r , irl I do
plghon of zf111 previous k — 1 eigenvectors, cre- o parf or b — 1,....K do
ating a strict dependency chain that inhibits . if < 0 then
parallelization. We overcome this limitation 7. Receive vy p_1, ..., Vi_1.0-1
through an iterative two-phase approach: 8: At = Vir g1V o BV 1V
—Initial Estimation: Each worker k computes 9 Ypoe=X— Zz;ll Ay
an approximate version of the k-th deflated 10: Ve < Topl (X ¢, Vi e—1,T)
matrix using preliminary estimates of the first 11: Broadcast vy,
k — 1 eigenvectors from other workers. 12: else )
) ) 13: Vi, := Vi inits
—Iterative Refinement: Workers computing the 14 end if
first k — 1 eigenvectors continuously provide 15: end parfor

updated estimates to worker k, enabling pro- 16: end for

) . ) K
gressive refinement of the deflated matrix 17: return {Vi,L} ey
and the k-th eigenvector estimation.

This parallel approach eliminates the need for worker & to wait for the complete convergence of the
first k — 1 eigenvectors before beginning its computation. The complete specification of our parallel
deflation algorithm is presented in Algorithm[l| We detail the explanation below:

The computation process is divided into L communication rounds (Line 4). In the /th communi-
cation round, the kth worker will compute an approximation of the kth principal component vy,



by running their own sub-routine in parallel, following the rule that the kth worker only deflates
its matrix and starts computing the kth principal component after the first £ — 1 workers have com-
puted some rough estimation of the first £ — 1 principal components (Lines 7-10). Therefore, in the
¢th communication round, there can be two scenarios for worker k: i) if £ < k, this means that not
all of the first k — 1 workers have computed some approximation of their own principal component.
Therefore, worker k does not deflate the matrix and output vi ¢ = Vi init; ©4) If £ > k, then the
first k — 1 workers have at least computed one approximation of their own principal component. In
this case, worker k deflates the matrix using the most updated vectors vy y_1,...vg_1¢—1 (Line 7),
compute its approximation of the kth principal component by calling the Top1 (-) on the deflated
matrix starting from its output in the previous communication round (Line 10), and then broadcast
the current approximation to the other workers for the next communication round (Line 11). An
illustration of the algorithm is given in Figure

Extension to Stochastic PCA. The algorithm de-

Worker 1 Worker 2 Worker 3 . .
= ) F =) ol SYRICY scribed above can be applied to the case where the
covariance matrix is either known or can be effi-
ciently estimated. However, in many machine learn-
T - = T o ing scenarios, the covariance matrix may not be di-
< < L recly accessible. For instance, when data drawn
v SRl from an underlying distribution comes in a stream-

ing fashion [80]], the traditional approach of first es-
timating the covariance matrix and then solves for
its eigenvector is no longer efficient. Moreover, for
large datasets that contains hundreds of thousands
of features, it is impossible to compute or even store
the covariance matrix [33, 34]. In these cases, our
algorithm can be adapted to estimate the principal
components in a stochastic fashion.
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- o o = Vi o 15V 0—1, We notche thaAt tl}e covariance ma-
fropt(Pis, v1.0) [ropt(Zes v2s) fopi(®2vs2)  trix is estimated as ¥ ~ 3 = Y 'Y. In this case, we
have:

T 3 _ T T
Figure 1: Illustration of the parallel deflation Vi1 Bk 01 = Vi Y Y Vi

algorithm. = Y Vi e_1]3-
Therefore, each Ay 4 in Algorithmcan be written as Ay o = ||YV]€/’4,1H%V]€/’4,1V;€F/ +—1- Thus,
Line 9 becomes:
k-1
T O 2 T
She B =YY = Yy o 3Viem1Vi
k=1

This new form of Xj, ;, allows an efficient estimation of the matrix-vector product 3, ;x, as in:
k—1
>\k’ = ||Yvk/||§; Vk/ € [k - 1]; Ekvgx = YTYXt - Z j\k/ (v,;r,’z_lxt) * Vi e—1- (4)
k'=1
In the current form of Algorithm [1} the computation of Lines 8-9 takes O (Kd?) time. Moreover,
when calling the Top1 function in Lines 10, any matrix-vector multiplication 3y ;x will take O (d?)
time. Notice that in (4)), the complexity of computing each Yv; is O (nd). Thus computing A
takes O (nd). In total,(4) has a complexity of O (Knd). In , computing the first term Y " Yx
involves computing first y; = Yx;, which takes O (nd), and then YTyt, which also takes O (nd).
Thus, computing the first term Y Yx; takes O (nd) in total. For the second term, each summand
takes O(d) to compute, giving the complexity of computing the second term as O (kd). Therefore,



each iteration of () takes O ((n + k)d). This implies a saving in the computation cost, since in this
case, n is the batch size and can be much smaller than d. The complete algorithm in the stochastic
setting is given in Algorithm 2]in the Appendix.

Communication Analysis: Let Ccomm be the time for one all-reduce operation across workers. The
total communication cost per iteration is:
1

Tcomm = §K(K - 1)Cc0mm -d (5)
For high-latency environments, Ccomm can be large, resulting in a larger communication cost. In this
case, one could use a larger T', leading to a smaller communication cost (see Appendix D]). Addi-
tionally, we should notice that the communication can happen in parallel as the local computation
of the eigenvectors. From this perspective, our algorithm also has the potential to be extended to
an asynchronous version, where the eigenvectors are updated asynchronously, resulting in a non-
blocking computation on each worker.

Connection with EigenGame. The EigenGame [33]] considers the problem of solving the top-K
eigenvectors of a matrix as a game between K players, with the kth player solving v;, by maximizing
its utility: v, = arg maXy:||v|,=1Uk (v|vi,...vk_1), where:
- L (vizv)?
Us, (v | {Vk/}k,=1) =v v — Z S A
k'=1
Similarly, the deflation algorithm in (2]) also bears a game formulation, where the utility of the kth
player is given by:

k—1 k—1
Vi (V \ {Vk’}Z’;ll) =v' <E - Z vk/v;—/Evk/v,l—/> v=v Zv - Z Vi SV - (v;v)Q. (7)
k=1 k=1
It should be noted that both the EigenGame utility I/;, and the deflation utility V;, depend on only
the policy of the first k¥ — 1 players. Moreover, when the first k — 1 players recovers the top-(k — 1)
eigenvectors exactly, we shall have:

k1
_ 2 _
Vi (v | {u}, ],z,zll) =v ' Zv - E Ay (viug)  =U (v | {u}, Z/zl1> :
k=1

(6)

V;—, Evk/ '

To this end, we can also show that the set of true eigenvectors {u}}£ | is the unique strict Nash
Equilibrium defined by the utilities in (7]). The proof of Theorem I]is deferred to Appendix B}

Theorem 1. Assume that the covariance matrix X has positive and strictly decreasing eigenvalues \j >
-+ > N > 0. Then, {u} }_, is the unique strict Nash Equilibrium defined by the utilities in ([7]) up to sign
perturbation, i.e., replacing u} with —uj.

4. Convergence Guarantee for the Parallel Deflation Algorithm

We provide a convergence guarantee for the parallel deflation algorithm in Algorithm[I} The pivot
of the convergence analysis will be to track the dynamics of {Z ,} | and {v ¢}, as ¢ increases.
The dynamics of the two sequences from Algorithm|T|can be compactly represented as:

k

Spe=3— Z Vi AV 41 BV -1V g_15 Vie = Topl (Bke, Vie—1); V> k.
k=1
Here, we embed the number of solver steps 7" in the property of the abstract local solver Top1(-).
Indeed, if Top1(-) returns the exact top eigenvector of the input matrix every time it is called, then
we can easily see that v, = uj for all ¢ > k. When Top1(-) returns an inexact estimate of the
input matrix sequentially, i.e., worker k waits until the top-(k — 1) worker no longer improves the
estimation of the top-(k — 1) eigenvectors, the error is analyzed by [I84]].

Our scenario is further complicated by the continuous improvement of the eigenvector estimates
used to deflate the matrix: in each communication round, the Top1(-) function, called by worker &,
will start at the estimate of the top eigenvector of the deflated matrix in the previous round but will
be fitted to the top eigenvector of the deflated matrix in the current round. Our convergence analysis
tackles this complicated dynamic by utilizing the following abstraction of the Top1(-) sub-routine.



Assumption 1. Let 3% € R%*? be a real symmetric matrix. Let \* be its eigenvalue with the largest absolute
value, and let u* be the corresponding eigenvector of \*. We assume that there exists a real value F (2) €
(0,1) that depends on 3 such that for any x, € R?, Top1(-) satisfies:
HTopl (S,Xo) —u H < ]:( ) [lxo —u*||; -
Assumption 1| can be easily guaranteed. as long as the Top1(-) algorithm enjoys a non-asymptotic
convergence to the top eigenvector; see the Related Works section above. With Assumption |1} the
convergence of Algorithm|l]is given by the following theorem.
Theorem 2. Assume that Assumptionholds, and let F, = maxy>y F (2]@’3). Let W_j (-) be the Lambert-
W function in the —1 branc{} and define for a > 0:
~ — — ] -1
W () = W_i(—a) z'fae(()f )
1 ifa€le!t, 00)

Let {my, }5_, be a sequence of numbers denoting the convergence rates of recovering the K eigenvectors, where
mp = max {}'k, % + %mk,l} and mgy = F1 as a dummy starting point. Let {sy}}_, be a sequence of
integers denoting the starting communication round where the K eigenvectors’ error recovery enters the linear

convergence phase, respectively. To be more specific, let s; = 1 and forall k € [K — 1] and k' € [k]:
SN AL
Sp41 > max W (my,log 1my) kmy + 1 w ( o, (og /) ) + s (8)
= logl/me 7 1—my log 1/m,., e

Then, we have that the following holds for all k € [K]
[Vie —uflly, <6(6—sp+2)my T WE> s — 1 9)

In words, Theorem [2] says that starting from the s;th communication round, the recovery error of
the kth eigenvector converges according to a nearly-linear convergence rate given in (9). However,
the convergence starting point s, for the kth eigenvector must be later than the convergence starting
point for the 1,. ..,k — 1th eigenvector for a number of communication rounds. This delay in the
convergence starting point is characterized in (§)). Intuitively, the starting point s; denotes the index
of the communication round where the top-(k — 1) eigenvectors have been estimated accurately
enough for the kth worker to make positive progress.

Remark 1. By the definition that my, = max {F, + + £2mj_1}, one could see that my, < 1 since

Fi < 1forall k € [K]. The convergence rate in (9] involves the product of a linear term £ — s, + 2
and an exponential term m{, ** . When / is large enough, mj ** ! decays at a much faster speed
than the increase of £ — s;, + 2, thus giving a nearly-linear convergence rate.

Remark 2. Upper bound on the separation between the s;’s. By using the inequality that
W_1(e %=1 > —1 — v/2u — u [85]], we could obtain that W (a) < log /a4 \/2(log /a — 1) + 1 when

€ (0,e71). Therefore, we can conclude that W = O(max{1, log /a}). Notice that (8)) requires that
sk+1, the starting point of the linear convergence for the error of v,41 ¢, must be later than sy, ..., s
for some steps. Using the bound of W (a), one could simplify (8)) to:

1\ " kXX kmy, + 1
> O log — 1+1 . .
B <max{(ogmk) ( e A1~ >‘2+2>’ L —my })

This simplification implies that a smaller m; would cause a smaller decay between s; and sj41.
Since my, depends on Fy, a smaller m;, can be achieved by doing more local steps in the call to Top1(-).
However, since the decay between s;, and s, is measured in terms of the communication rounds,
doing more local steps also increases the computation time per round in the delayed periods.

Sketch of Proof. The key challenge in proving Theorem [2] lies in handling the dynamic, asyn-
chronous nature of our algorithm. Unlike sequential deflation, where each principal component

!The Lambert-W function in the —1-branch is defined as the inverse of the function f(z) = ze® when
z € (—oo,—1).
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Figure 2: Comparison of the convergence behavior of parallel deflation, EigenGame-c, and
EigenGame-/; in deterministic setting on (a). synthetic dataset with power-law decaying eigen-
values, (b). synthetic dataset with exponentially decaying eigenvalues, and (c). MNIST dataset.

is computed after the previous ones have converged and stays fixed, our method deals with simul-
taneous updates of all principal components. This requires careful analysis of how errors propagate
and accumulate across different workers. To start, we derive upper bounds of the per-iteration dif-
ference between the actual deflated matrix X and the ideal deflated matrix 3}, and the difference
between the estimated eigenvector vy, ¢, and the ground-truth eigenvector uj. Notice that these two
upper bounds are inter-dependent. We apply Davis-Kahan Sin® Theorem [[86]] to derive the bound
between the matrices” top-eigenvectors based on the matrix differences. Next, we carefully choose
a convergence starting point s; for each eigenvector. Construct two simpler two-dimensional se-
quences { By, ¢} and {G} ¢} starting from s;’s that upper bound these differences. Lastly, we unroll
the bounds on {Bj ¢} and {G}, ¢} to arrive at a closed form upper bound on error of the estimated
eigenvector vy, ». The detailed proof is deferred to Appendix|C]

5. Experiments
In this section, we experimentally verify the performance of the parallel deflation algorithm.

Baseline algorithms. We compared the parallel deflation algorithm with power iteration as the Top1
subroutine with the distributed version of EigenGame-« [33] and EigenGame-y [34]]. EigenGame-
a was proposed as a sequential principal component recovery algorithm and can be adapted as a
distributed algorithm. Both EigenGame-a and EigenGame-u are restricted to the case of one iter-
ation of update per communication round. We modified their algorithm to generalize to multiple
iterations of update in Algorithm [3|and Algorithm [4|in Appendix | As in the implementation of
[133]] and [34]], we do not project the utility gradient to the unit sphere.

Evaluation Metric. We evaluate the performance of the three algorithms by computing how close
the recovered principal component is to the true eigenvector of the covariance matrix. For the set
of true principal components {u}}¥_, and a set of recovered principal component {v;}£_ , we use
the following metric to compute the approx1rnat10n errmﬂ

1
2
5u*K_,vK = min |ju} —s-v 10
(‘{ itr=1 {VE}E 1 K {i}| k k||2 (10)
Deterministic Experiments. For synthetic experlments, we choose the number of features d = 1000,
which gives the covariance matrices X € R1000x1000 e consider ¥ generated with two different
eigenvalue spectra: i) a power-law decaying spectrum A} = f, and i¢) an exponential decaying

spectrum A}, = 15. We choose the number of local updates in each communication round 7 to
be T' € {1,5}. We ran parallel deflation, EigenGame-«, and EigenGame-/ to recover the top-30
eigenvectors (K = 30). For each setting, we run 10 trials with different random initialization.

2We choose this metric instead of the Longest Correct Eigenvector Streak [33]] to study the precise dynamic
of the recovery error as the number of computations steps increases.
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Figure 3: Comparison of the convergence behavior of parallel deflation, EigenGame-c, and
EigenGame-1; in stochastic setting on (a). synthetic dataset with power-law decaying eigenvalues,
(b). MNIST dataset, and (c) ImageNet dataset.

Figurea|presents the convergence behavior of the three algorithms with 7" € {1, 5} on the synthetic
matrix with A} = T Both EigenGame-p and parallel deflation demonstrate stable convergence to a
low error value under the case of I' = 1 and T' = 5, with parallel deflation converging slightly slower
than EigenGame-/: in the first 200 total steps, and then arriving at a lower error than EigenGame 1
in the last 100 total steps. Figure esents the result on the synthetic matrix with A} = 125, with
similar conclusions. In both Figure[2a|and Figure[2b] the setting of 7' = 1 shows a faster convergence
than T = 5. This isbecause T' = 1 allows more communication in a fixed number of total steps 7' x L,
which keeps the deflated matrices of each local worker to be better updated.

We also use the real-world dataset of MNIST, Y € R60000x784 jn Figure[2d We choose T € {1, 5}
and aim at recovering the top-30 eigenvectors. We observe a similar convergence behavior of the
three algorithms as above. For EigenGame-a, the case T' = 1 converges even slower than the case
T = 5. We hypothesize that this is because one local iteration is not sufficient for the top eigenvector
solvers to provide an accurate enough estimate for the following solvers to make positive progress.

Stochastic Setting. We generate X with power-law decaying spectrum as in the deterministic ex-
periments. We sample LLD. samples from A (0, X) and pass the sampled data batches to parallel
deflation and EigenGame in a streaming fashion. We use a decaying step size for all three algo-
rithms, and the result is given in Figure[al In this setting, parallel deflation shows a slightly worse
performance than the two EigenGame algorithms. We hypothesize that this is because parallel de-
flation is more sensitive to the step size tuning in the stochastic case. In Figure we plot the
performance of parallel deflation and EigenGame in the stochastic setting of the MNIST dataset.
Parallel deflation achieves similar performance to EigenGame-;:, with a slightly faster convergence
speed in the early phase of the algorithm.

We also test the performance of parallel deflation on the ImageNet dataset [[36] that contains

= 1.2M images of d = 50176 pixels. Due to the size of Y, it was not possible in our set up
to compute or store the covariance matrix on a single device. We use both parallel deflation and
EigenGame-x to compute the top-10 eigenvector of the dataset. Since no "ground-truth" principal
component is known, we can use an aggregation of the terms v} v, as a metric to evaluate the
quality of the solved principal components. To follow the internal hierarchy of the eigenvectors
that the leading eigenvectors are free to explore more space and thus are expected to attain a larger
vTXv, we penalize terms with larger index with a discounting factor. This result in the following
metric:
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Notice that a larger value of M (-) implies a higher quality of the recovered eigenvectors. Figure
shows that in this large scale dataset, our algorithm can keep up with the performance of the state-
of-the-art algorithm EigenGame-.

6. Conclusion

We present an algorithmic framework for computing the principal components in a distributed fash-
ion. We introduce additional parallelism by early-starting the computation of the following eigen-
vectors based on the initial rough estimation of leading principal components and continuously
refining the local deflated matrix based on updated estimated principal components. Our frame-
work has a similar game-theoretic formulation as the EigenGame, while enjoying a nice convergence
guarantee even in the distributed case. Future work can focus on empirically examining the poten-
tial of using other Top1 subroutines in our parallel deflation algorithm, such as Oja’s rule.
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A. Appendix
B. Missing Proof from Section

Proof of Theorem (1| Letuj, ..., u}be thesetof eigenvectors of ¥, and A, ..., A} be the corresponding

eigenvalues, potentially with some A, = 0. Recall that in the game formulation of the deflation
algorithm, the utility function of the kth player is given by

k—1
- 2
Vi (V | {Vk/}]]:/zll) =v v - E V5 Eve (V;lc—/V)
k=1
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and when vy, = uj, for k¥’ € [k — 1], we have

k—1
k—1 2
Vi (V \ {uzl}k,zl) =v'Zv-— Z A (v,j,v)
k'=1
It should be noted that X has the eigendecomposition 3 = Zi,zl Agupup . Therefore we can
rewrite v Sv as Y0, A%, (vTuz,)z. Thus, the utility becomes

k=1
d 2
Vi (v Huidi ) = 20 A (vTug)
k'=k
Since ujf,...,u’ spans R? and are mutually orthogonal, we can write v = Z?Zl Bju;. where
Z;'l=1 7 = 1. Then we have

2
k—1 d k—1
Vo (v I {u* }d _ Z AF ZB,U*TU* _ Z A ,82
k b ik=1) = / juy; U, | = 1B
k' =k j=1 K=k

Since A;’s are strictly decreasing and positive, we must have that the maximum of V, (v | {uj, }Z,:l)

is only attained when 37 = 1, which implies that v = +uj will be the only optimal policies for player
k.

The uniqueness can be shown by induction. To start, we notice that V; does not depend on the
policy of the other plays. Therefore, the only optimal policy for player 1 is v; = fuj. This shows
the base case. Now, assume that within the top-(k — 1) players, the optimal policies are v, = Fuj,
for k' € [k —1]. By the formulation of the utility functions, these optimal policies are not affected by
the policy of player k, . .., K. Moreover, it should be noted that the utility of player & only depends
on the top-(k—1) players. Therefore, the optimal policy for player k must be v, = £uj. This finishes
the inductive step and completes the proof. O

C. Missing Proof from Section [4]

We first introduce a tool that we will utilize in the proof in this section.

Lemma 1 (sin © Theorem [186]]). Let M* € R4 and let M = M* + H. Let a} and a; be the top
eigenvectors of M* and M, respectively. Then we have:

Hl],

sin Z a* a < —m=
AR 1}_minj¢k|02—0’j|

C.1. Proof of Theorem 2

Define ¥} = Eizl Aruiu, * as the "ground-truth" deflation matrix. Recall that the parallel deflation
algorithm executes

k—1

She == ViV BV eV g5 Vi = Topl (Bke, Vie—1) (12)

k'=1
Let uy , denote the top eigenvector of X . In particular, it suffices to show that the quantity
[vie —up|l2 decreases as ¢ increases. Combining Assumption (1| and the definition that F; =
maXxy>g F (Ekyg),we have that

[Vie = urelly < Frl[Vie—1 — ugell, (13)

We could upper bound ||v ¢—1 — uy ¢||, using

Vi, e—1 = Wrelly <[ Viem1 — ety + [Uge — g1,
< Vi1 — g e—1lly + [[age — uilly + [uge-1 — ugll,
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Combining this upper bound with gives
IVee = whelly < Fie (Vi1 = wemally + e = willy + [ -1 — ugll,) (14)

Moreover, the triangle inequality implies that
[Vie = uilly < [[vie = arelly + [luke =gl (15)
Now, and ([15)) give a pretty good characterization of the propagation of the errors. It remains
to characterize ||uy ¢ — uj||, for each ¢, and then we can dive into solving the recurrence. A naive
bound would be that [luy¢ — ujll, <2, as [[ugel, = [[ugll, = 1. However, notice that uy ¢ is the top

eigenvector of Xy, , and X}, respective. Thus, we can invoke the Davis-Kahan Theorem to obtain a
tighter bound. This property is given by Lemma 2} whose proof is deferred to Appendix[C.2]

Lemma 2. Assume that 1 = A} > X5 > .... If the following inequality holds for some co > 1

k—1
Co — 1
DAl = Vi eally € —— (M = M) (16)
1 460
then we have that
dey k—1
[ug,e —agll, < L Z A g = Vi e—all, (17)
k k+1 k=1

Now, we are going to use induction to proceed with the proof. Notice that, in order to control
|lug,e — ug|, using Lemma one only need to control the recovery error of all previous eigenvectors
llup, — vire—1lly, as given in (16]). Thus, fix some k, we will assume the inductive hypothesis that
there exists some s such that for all £ > s, we can guarantee (16)). For the case of k = 1, this is
obvious, as the left-hand side of ([16]) is 0. When k£ > 1 and we can gather the conditions as
1Vie = Wielly < Fre (Vi1 — wre—lly + [uke = uilly + w1 — ugll,)
i, = Vielly < [1Vie =k elly + lune = ugll,
Ae k—1
0
R e Vs v ST g =il V> sy,
k k+1 k=1
For simplicity, we let

Vee —ukelly = Dres  [uge —uilly = Bres  [[uf — viel

Moreover, we let Cr, = ——2%2 . Then the iterates are simplified to

/\27)‘24&
Dyo < F, (Dgyo—1+ B¢ + Bre—1)
Gre < Do+ By
k—1
B <Cy Z Mo G o1
k=1
where we set G ¢ = 0 for all £. Then G, ¢ can be written as
-1
Gre < F*Dys + Z Fi=" (Bry + Bro—1) + Bryg
0'=s
for any s € [¢]. Here, the first term can be made small as long as we choose a large enough ¢. The
third term is the unavoidable error propagation. The second term can cause G, ¢ to grow, and needs
a careful analysis. To understand the recurrence between Gy, ; and By, 4, we use the following lemma
Lemma 3. Let §j, be given forall k € [K]suchthat1 < § < ... < §g. Let sy, € Z be given forall k € [K]
such that 1 = sg < s; < --- < sg. Consider the sequence {Bk,l}goigk and {le}?isk—lfo” all k € [K]
characterized by the following recurrence

9 = le

k—1
B < Ck Z N G i—1
k=1
1 (18)
Gre < f£78k+1Dk,sk—1 + Z Fi™" (B + Bry—1) + B
e/:Sk-—l

17



Let my = max{Fy,vx—1} forall k € (K] and mo = —1. Let {y}<_ _, be given such that v_1 = vy = 0
and vy = 5 + iymy for all k € [K]. Define sequences { By}, and {Gr .}, _, forall k € [K]as

5 {min {2, mi= (0= 3+ 1) Bk,gk} if 0> 5
k.l — _ R i A
Ck ZZ’jl )\Z/G}C/ sp—1 %ff = S

(19)
= {mi SkJrl(E Sk + Q)Gk sh—1 lfﬁ > Sk
k. —

Disy-1+Brsy 14 Brao ifl=s,—1

kmy, — ~
andSk; 2 %4—8164—2

Sk Sk2< 1

Suppose that 5,11 > si, and sy, satisfies satisfies m;, < s

Moreover, suppose that By, 5, < 2 for all k € [K]. Then the following two conditions hold
1. Bk,é > Bklfm’ all ¢ Z ék
2. ék,g > ijfOT allt > s, — 1

The proof of Lemma [B]is deferred to Appendix[C.3} Lemma [3]implies that under proper condition
of s;, and 5;, we have
Gro < Gru

< max{fk,Vk_1}£75k+1(€ — Sk + l)ék‘,sk—l

= max{Fp, Y1} (= s+ 1) (Dk,5k—1 + Brg,—1 + Bk,sk—z)
By definition, we have that Dy s, -1 = [|[Vk,s,—1 — Ug,s,—1]|, < 2. Moreover, the definition in ((19))
gives that Bk,sk—l < 2and Bk,sk_g < 2. Therefore, we can conclude that

Gre<6({—sp+1) max{}'k,'yk,l}z_s’“H
Now, we go back to the condition of s; and 8. The requirement of {s;}X , and {3;}% ; can be
gathered below
1:SO<81§ sKand1<,§1<«~<,§K

k M1 +3k +2

Sg+1 > sk and s >

— sp—8p—1

1.
2.
3. mik -5, —2< l
4omi P (0= 8+ 1) S AL G s

()\* Apyq) forall £ > 5,

where the first three conditions are directly required by Lemma ]3| and the fourth condition is re-
quired because the upper bound on By, ¢ in hold only when

k—1

Z /\*/ |uk, — Vi o— 1H2 =

k'=1

S (M)

from Lemma Notice that since Bk, s = Ck Z:,_:ll /\Z,GA;«, s,.—1, enforcing the fourth condition
directly implies that By, s, < 2. Now, we are going to simplify these conditions. A useful tool will
be the following lemma, whose proof is provided in Appendix

Lemma 4. Let m € (0,1) and € € R be given. Let g(x) = m*(x + 1), and let W_4 (-) be the Lambert-W
function. Then

1. When ¢ > —————, then any x > 0 satisfies g(x) < €

em log m’

2. When e < —W, then any x > long_ (emlogm) — 1 satisfies g(x) < €

Notice that #4 in the conditions above implies that |2y ¢ — Sj [ » < “=% (A; — Aj;,) and

k—1

L
By s, = E Ao Grrsom1 <cp—1
K=1

18



Choose ¢y = 3 then guarantees that By, ;, < 2. Now, we aim at simplifying Condition #4 above. To

start, we notice that the term mijgl’“ (¢ — 3 + 1) achieves global maximum at ¢ — §;, = ﬁ —
1 9
with value v —m 5/ Therefore, it suffices to guarantee that
k—1 ) oy
> NoGrog1 < —logmy_y om0 5 (AF =it
k=1
From Lemma we have that for £ > s, — 1, Gy ¢ < CAT’M, and
Gk,g = mi_sk-H (f — Sk + 2) ék75k_1
with G s, _1 < 6. Therefore, it suffices to guarantee that
= * Sp—Spr+1 /A A W_l 1 * *
Z Aoy M (8 — s +2) Grs, -1 < —logmy_y -my ) - 5 (Ar = Net1)
k=1
which would be satisfied if we have
c s, R R * * "1 1
z.,m‘,i’f sl (8K — s +2) Grpspym1 < — g(k —k1+)1 logmp_q1-my """
Thus, 5, must satisfy for all s
Sp—s+1 [ n AL — Ak a1
mys T (B — s +2) < “Bonp (k- 1 OBt e 20
With the help of Lemma[d] Condition #3 transfers to
1 .
Sp > ——W_4 (mk_l log mk_l) + &+ 1
log my—1
Similarly, Condition #4 transfers to
5 1 Ak — Ak TEmpy !
which can be guaranteed as long as
]' )\z - )\2-‘1-1 2 log wlL
S > ————"=(logmg_1)" -m,_, " | +sp —2
"= logmy 1( Soha;, (OB g
Gathering all requirements, we have
1 k—1 — 1
S > max {W_l (mg—1logmg_1), ()W} + 8 +1
logmy—1 1—my1
1 N = Ak o TeEmiT
S > -1 0T (] 1) ) s — 2
k= IOg myg: ( 36]€>\2/ (Og M 1) Mh—1 ok

Plugging 5, into the lower bound of s, shows that the condition in suffice to guarantee that
Lemma[3lholds. Thus, we can conclude that

Ve —uflly = Gre < 6 (€ — sp, +2) mi =1

which finishes the proof.

C.2. Proof of Lemmal[2

Applying the Davis-Kahan Theorem, if we let Ap11¢ = Amax (Zk¢), then for all k, ¢ such that
135 — kel p < Af — Mgy, we have

1% = el

A = Aky1e

ke —ug|l, <
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By definition, we have

k—1
* ok kT, _ T T
=3 - E )\k/uk/uk/ ; Elﬁ[ =3 - E (Vk/’filz\/k/’gfl) Vk;’jflvk/,gil
k'=1 k'=1

Thus, we can write the difference between the two matrices as

k—1 k—1
* E * T T § * T *T
Ek - Ekl == ( k' Vk/ygilz"k/’[fl) Vk/-,‘eflvk‘/,lfl + )\k/ (Vk’lflvk’,éfl - uk/Uk/ )
k=1 k=1

It is easy to see that for v/ ¢—; and v}, with unit norm,

* kT

[Vireoavib ooy —wpupd | =2 = 2(vi o1, uf)* < lufy = vir e

2=

Moreover to bound ’)\2, — v,j,,gflzlvk/,g_l , = Vi ¢—1 — uj,, and write

Vi1 Zvi 1 = (uafy — 8) B(uf, —8) = A\ — 20,8 Tuf, + 8 26

Therefore, we have

|>\*/ Vk/ — 12Vk/ o— 1| = |—2)\k/6Tuk/ + 5T25| < 2)\*,/ ||V1€/,g_1 — 112./”2 + )\I ||V]€/7g_1 — uZ/”g
This gives
k—1
I - Besllp < 3 (33t — vie ol + A ks — v e 2)
k'=1

We then need to assume that, for some ¢y > 1,

Z )\*/ |11k/ Vi o— 1H2 S

k'=1

S AL

In this scenario, we can conclude that [[u}, — vi/ 1|, < Aj. Combined with the condition that
7 =1, we have

k—1
||E* Ek ZHF < 4 Z )‘*’ |uk’ — Vi o— 1”2 C ()‘* ZJrl)
0
k/_
Moreover, we have
4 k—1 dco k—1
uy ¢ — uj, 372)\* up — Vi1 _72)\* up — Vi1
H kH2 )\2 _)\k+1Z 4 ‘ k! ||2 A* )\2+1 = 4 | k' T ||2

where the last inequality follows from A}, — Axy1,0 > AL — Af iy — (125 — Bl p = o L (A=)

C.3. Proof of Lemmalf3l

To start, we will need to prove an auxiliary lemma

Lemma 5. Lef the sequence ~{]§k7g};>‘;%71 41 be defined as

Ek,f = min {2,mf:§1"‘ (K — S, + 1) Bk7-§k}

with some EM,C < 2and my_1 € (0,1). Then for all s that satisfies ij’“ <5
we have that

and s > L 4G,
R 1 k-1 b=
Bos<|>+2—ms_ B s
k,é_<k+ 2 my 1> k,
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Proof. To start, by definition, we can write Bk’s as
Bk)s = min {2, mZiélk (s—38+1) Bk7§k}
Since Bk’gk_ < 2, we have
mi 1 (s—sk—i—l)Bkék < 2my_ s"(s—ék—i—l) <2

where the last inequality follows from the condition m} 3¢ < Therefore, we can write By,

as

ss+1

B —mi Slk (5_§k+1)Bk,§k

»S

Recall that for any ¢ > s we have
Bk,[ = min {2 mi Slk (f - §k + 1) Bk7§k}
A - -1 .
Plugging in By, 5, = (mi:‘;’“ (s — 8k + 1)) By, we have

A [75.£_§k+1.B

Bk,é < mp_ w k,s
4 ~
, 0 — 35, +1 .
l—s k
< my, ( 11 M)'Bk,s
V' =s+1
s—8p+1 b=
< ’rn,]C —s <s§k> Bk,s
s— &, +1\"° .
= (mk . }CA> By.s
S — Sk
l—s
1 k—1 A
<=4+ — By s
< <k+ i mk) k,

where the last inequality is because s > ﬁLm"k + 55, implies that

ST m.lk”;;’;kﬂLl (h=Dme+1 1 k=1
s 5 e k kR "
This completes the proof. O

We will use induction on £ to prove the lemma.

Base Case: £ = 1. In this case, by the definition of BLgl, we have 31,51 = 0. Moreover, by the
definition of Bu for ¢ > s;, we have Bl’g = méf‘é’“ (L—5,+1) Bk}gk = 0. Lastly, by the definition
of By, we have By, = 0. Therefore, we must have that Beu =0 = By, forall ¢ > 5. This
shows Condition #1. Using 31713 = 0 = B; ¢, we can derive that GL[ = ]_—14751+1D1781_1’ and Gy =
]-'f _Sﬁ'lDle,l. This implies that G ¢ < CA}'M, and shows Condition #2. Thus, we have shown that
the case k = 1 holds.

Inductive Step. Now, we assume that for all k < k, the following holds
1. BH > B  forall £ > 3;

2. G}},@ Z G’;l for all ¢ > Sfc -1

We wish to show that the above three conditions hold for k = k + 1. We start by showing Condition
#1 for k = k + 1. By Condition #2 in the inductive hypothesis, we have that G e 2 G fe for all
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¢ > s; — 1. Since 8,11 > s;, for all k < k, we have that G’;C , > G forall £ > 5,41 — 1. Therefore, in
the case of £ = 841

k k
Bit1.6 < Crp1 Y MyGroo1 < Cryr D NyGrrom1 = By
k=1 k=1
Next, we show that Bk+1,€ > Bty forall £ > §pyq. If Bk+1,1€ > 2, then we directly have Bk+1,£ >
Biy1,¢ since Bt1¢ < 2. Otherwise, suppose Byy1¢ < 2. Since 8341 > sy for all &/ < k, by the
definition of G, ¢, we have

G o1 =mp ™ (g1 — s+ 1) G s -1
Based on the definition of Bk+1’sk, and since my, > my, for all k > k, we have that

A~ 0—&y R ~
Bryio=my " (0= 38kp1+ 1) Bryisy,

k
£—35 ~ A
=my, (0= k1 + 1) Crpr D MGy 1
k=1

k
-3 P A
2 Ck+1 E )\Z,/mk/ ket (e - SkJrl + 1) Gk,,glﬁ»l*l
k'=1

k
L—s,/ ~ A
> Ck+1 Z )\Z,mk/ Sk (f — Spy1 T+ 1) (5k+1 — Sk + 1) Gk/,sk/fl
k=1

k
> Cra1 D Momy ¥ (0= sy +1) Grr a1
k=1
k A
= Cr41 Z Mo G-t
k=1
where the third to the last inequality is due to (£ — 841 + 1) + (Sg41 —sw +1) =1 =L —spr + 1,
and for alla > 1,0 > 1, we will have ab > a + b — 1. By the inductive hypothesis, we have that
G‘k/l > Gy g forall £ > 5541 > s — 1. Therefore, it must hold that
k

Brt1,0 2> Cria Z AoGrre—1 > Biyie
B=1

This proves Condition #1 for E=Fk+1. Next, we will prove Condition #2 for k=k+1. To start,
when ¢ = sp41 — 1, we have
Grire = Diy1,sp41-1+ Bkﬂ,sk“q + Bk+1,sk+172
while by we have
Gry1,e < Dig1yspp1—1 + Brgtsi—1

Since Bry1,s,,,-2 > 0and Biy1,6,,—1 > Bri1,s,,,—1 as proved above for s

must have that CAJ;HM > Gpy1,6 when £ = s, — 1. Next, we show that Gkﬂ,é
£ > spy1 — 1. To start,

> Spy1 — 2, we
>

Giy1,¢ when

-1
—Sp+1+1 L1
Grt1,0 < }-ﬁﬂ Diy1,00-1+ E Frr (Bryr,er + Bry1,e—1) + By
U=sp41—1
¢
O s+l 0
< Fryl Diy1s00-1+ E Frr1 (Brsr,er + Brrae—1)
U=sp41—1
¢
l—sp4+1+1 0—0 (5 ~
< Fril Diy15p41-1+ E Frr1 (Bk+1,€' + Bk-+1,é/—1>

[’:Sk+171
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By definition of Bkﬂ’g, invoking Lemmalwith s = Sp+1 —2and s = sp+1 — 1, we have that, as long

o 81 —2
as sy41 satisfies mp* ' T < m and s;4q > &F — )m" + 3341 + 2, it holds that
L—sk1+2 5
BkJrl ¢ < ’Y BkJrl Sk4+1— 2
L—spr1+1 5
BkJrl ¢ < ’Y BkJrl Sk4+1— 1

for all £ > s;,. Therefore

‘
L—spy1+1 ~ A
Grr10 < Frpy Dii1,spp-1+ Z ]:k+1 (Bk+1,é’ + Bk-&-ll’—l)

0 =sp41—1
J4

L—spy1+1 0—0 ' —spi1+1
o1 Dyy1,6,,-1+ E Frr1 Vi Biia PR By, Shp1—2
Z/:Sk+1—l

< max{fk+l>'yk}€_3k+l+l (Dk+175k+1*1 + (Z — Sk41+ 1) (Bk+175k+1*1 + Bk+175k+172)>
< max{Fps1, 7} (= k41 4+ 1) (Dkﬂ,sﬂrl + Brtso1 + Bk+1,sk+r?)

= Gri1
where in the last equality we use my11 = max{Fj+1, v} and
Grit,s01-1 = Diyt1,sp01-1+ Brat,sp -1 + Bry1,s, -2
This proves Condition #2 under ¢ > s;; — 1, which finishes the induction step and completes the
proof.

C.4. Proof of Lemmald

First, we prove the case ¢ > — Notlce that the function g(z) achieves global maximum at

elogm

_ 1 _ ; 1 Tog 1/m
T = g i/m 1 with value Tog [ 111 Tog 7 L ! Moreover, notice that
1
1 1 —1 m — logm e logm lOgm 1
m,leg1/m = — = — - — S €
log1/m mlogm mlogm emlogm

Therefore, for all z > 0 we would have g(x) < e. Next, we consider the case e < — In this

em logm
case, r >

W_1 (emlogm) — 1 implies that
(x4 1)logm < W_; (emlogm)
By the monotonicity of W_;, we have
(z +1)logm - e@FDe™ > e logm
which gives (z + 1)e®!6™ < e. Thus, we have g(z) = (z + 1)m?® < .

log m

Ablation studies.

We conducted additional ablation studies for the parallel deflation algorithms, with the results
presented in Figure [l In Figure [fa] we conduct additional experiments comparing how differ-
ent choices of the number of local updates 1" contribute to the convergence speed. In particular,
since in each communication round, the local updates of all workers are done in parallel, T x ¢
would represent the total time elapsed under the ideal scenario of no communication cost. We
could see from Figure [4a|that a smaller 7" results in a faster convergence speed. Remarkably, since
we choose T' x L = 1200 and aim at recovering 30 eigenvectors, the case where T' = 40 corresponds
to L = 30, demonstrating the convergence behavior of the sequential deflation algorithm. Figure[4a|
thus supports that introducing additional parallelism into the deflation algorithm indeed speeds
up the computation process. On the other hand, Figure {4b| considers the case where the commu-
nication cost is the major burden. In this case, we can run the parallel deflation algorithm with a
larger number of local updates, hoping to make more progress within one communication round.
Indeed, Figure [b|shows that a large number of local updates result in a faster convergence within
a fixed number of communication rounds on larger datasets.
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Figure 4: Ablation study of the parallel deflation algorithm. (a) shows the benefit of the run-time
by increasing the parallelism. (b) shows the benefit of decreasing the communication cost by in-
creasing the number of local iterations.

E. Stochastic Parallel Deflation Algorithm

In this section, we provide the explicit form of the stochastic version of the parallel deflation algo-
rithm as discussed in Section[3} Notice that in this algorithm we choose Hebb's rule as the Top — 1
subroutine for the convenience of a clearer presentation. However, any subroutine that use 3y, ,
only for a matrix-vector multiplication can enjoy a similar efficient implementation.

Algorithm 2 Stochastic Parallel Deflation with Hebb’s Rule

Require: Batch of data in the (¢, ¢)th iteration Y“ ; # of eigenvectors (workers) K; # of iterations T';
global communication rounds L > K, step size 1.

Ensure: Approximate eigenvectors {vk},f:l.
1: fork=1,...,K do

2: Randomly initialize ¥4, ini¢ With unit norm;

3: end for

4: for{=1,...,Ldo

5: fork=1,..., K do

6: if k < ¢ then

7 Receive Vig—1y---3Vk—140-1

8: V0,0 = V-1,

9: forézl,...,Tdo
10: Ak’,Z,t = |‘Yg7tvk/’g_1‘|§ VE' € [k — 1]}
11: Skt = Y;Ig,tYk,z,th,e,tq - 212;11 Akt et (V];r/’g_1vk,z,t71) Vi -1
12: Vet = (V-1 — 18k,e,0)/ [ Vi,et—1 — 18k,t.ell5
13: end for
14: Broadcast vi ¢ 1= v o1
15: else
16: Vi = Vi init)
17: end if
18: end for
19: end for

20: return {vk,L}f:1

F. Baseline Algorithms

We provide the generalization of the EigenGame-a [I33] and EigenGame-y [134] algorithms with
multiple iterations of local updates 7' > 1 in Algorithm [Bland Algorithm[4] In particular, it should
be noted that EigenGame-« and EigenGame-. use covariance matrices computed on subsets of the
data in each iteration, where in our case we assume that the covariance matrix is computed on
the whole dataset before the algorithm runs. Moreover, if we set T = 1 in both Algorithm [3|and
Algorithm[d] then we recover the original EigenGame-a and EigenGame-/; algorithms.
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Algorithm 3 EigenGame-«

Require: ¥ € R¥*%; # of eigenvectors (workers) K; # of iterations T'; global communication rounds
L > K, step size 7.
Ensure: Approximate eigenvectors {v}1_,.
1: fork=1,...,K do

2: Randomly initialize ¥V, 151+ With unit norm;

3: end for

4: for{=1,...,L do

5: fork=1,...,Kdo

6: if k£ </ then

7: Receive vi g_1,..., Vi—1,0-1

8: V6,0 = Vi—1;

9: fort=1,...,Tdo

k—1 Vi g 1SV e t—1

10: 8htt = BVE -1 — D W BV e—1;
11: Vieet = (Viyet—1 — 18k,t,0)/ | Vi,et—1 — 18k.te ]l
12: end for
13: Broadcast v ¢ := Vi o1
14: else
15: Vi, i= Vi, init;
16: end if
17: end for
18: end for

19: return {Vk,L}?zl

Algorithm 4 EigenGame-p

Require: ¥ € R¥*%; # of eigenvectors (workers) K; # of iterations T'; global communication rounds
L > K, step size 7.
Ensure: Approximate eigenvectors {vk}szl.
1: fork=1,...,K do

2: Randomly initialize vV, in;+ With unit norm;
3: end for
4: for/=1,...,Ldo
5: fork=1,..., K do
6: if k < ¢ then
7: Receive vi¢—1,...,Vi_1,0-1
8: Vi,0,0 = Vii—1;
9: fort=1,...,T do
10: 8kt = BVE,0t—1 — E’Z«_:ll Vi 01 EVk -1 Vi -1
11: Viet = (V-1 = 18k,t.0)/ [[Viet—1 — 18kl
12: end for
13: Broadcast v ¢ := v o1
14: else
15: V0 = Vi, init;
16: end if
17: end for
18: end for

19: return {vkyL}le
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