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ABSTRACT

Large language models (LLMs) have achieved remarkable progress in reasoning
tasks, yet optimally integrating Supervised Fine-Tuning (SFT) and Reinforcement
Learning (RL) remains a fundamental challenge. Through a comprehensive anal-
ysis of token distributions, learning dynamics, and integration mechanisms from
an entropy-based perspective, we reveal key differences between these paradigms:
SFT induces coarse-grained global shifts to policy distributions, while RL performs
fine-grained selective optimizations. Our analysis further establishes entropy as a
critical indicator of training efficacy. Building on these observations, we introduce
Supervised Reinforcement Fine-Tuning (SRFT), a single-stage framework that
unifies both fine-tuning paradigms through entropy-aware weighting mechanisms.
SRFT simultaneously applies SFT and RL to directly optimize LLMs using demon-
strations and self-exploration rollouts rather than through two-stage sequential
methods. Extensive experiments show that SRFT outperforms zero-RL baselines
by 9.0% on five mathematical reasoning benchmarks and by 10.9% on three out-
of-distribution benchmarks. Moreover, by leveraging demonstration data, SRFT
maintains a more stable policy entropy, facilitating sustained policy improvement.

1 INTRODUCTION

Recent advances in Large Language Models (LLMs) for reasoning (OpenAl, 2025; Guo et al., 2025;
Anthropic, 2025) have demonstrated remarkable capabilities in complex problem-solving tasks.
Despite these remarkable achievements, fine-tuning strategies for enhancing reasoning capabilities
remain an active area of research, presenting both opportunities and challenges.

Initial approaches often treat Supervised Fine-Tuning (SFT) and Reinforcement Learning (RL) as
distinct, sequential phases. For instance, SFT might be applied for instruction-following, followed by
RL for policy optimization. However, this separation presents several challenges: SFT can lead to
models that memorize patterns without developing true reasoning abilities, potentially overfitting to
the training dataset (Chu et al., 2025; Chen et al., 2025a). Conversely, RL methods, while promising
for reward optimization, can be sample-inefficient, struggle with effective exploration in vast solution
spaces (Schmied et al., 2025), or suffer from issues such as mode collapse, where models repeatedly
generate similar, suboptimal outputs (Cai et al., 2025).

Instead of simple sequential approaches, recent work (Yan et al., 2025; Wu et al., 2025; Liu et al.,
2025a;b; Chen et al., 2025b; Zhang et al., 2025a) has shown a movement towards integrated frame-
works that unify SFT and RL paradigms, or dynamically switch between the two fine-tuning methods
during the training process. As shown in Figure 1(a), SFT guides the LLM policy toward demonstra-
tion distributions, while RL enables the policy to explore improved solutions in the neighborhood
of the base policy distribution. Our illustration demonstrates a key limitation: when the base policy
is positioned near a suboptimal policy, the RL online rollouts alone cannot effectively navigate to
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(a) Toy illustration of SFT, RL, and SRFT for LLM (b) Framework of SRFT. Our method leverages demon-
reasoning training on a single prompt. strations to improve reasoning capabilities.

Figure 1: Overview of SRFT’s motivation and framework.

the optimal policy. Beyond applying SFT and RL individually, unified integration of SFT and RL
within a single-stage method (e.g., our proposed method SRFT) enables the LLM policy to directly
optimize toward better solutions across an expanded space. However, a critical challenge remains
in determining the balance between SFT’s knowledge distillation and RL’s policy optimization: on the
one hand, insufficient integration risks error propagation and limits RL improvements; on the other
hand, excessive reliance on demonstrations leads to overfitting that constrains exploration beyond the
base policy distribution. This trade-off creates uncertainty for practitioners when deciding between
SFT, which leverages demonstration data, and RL, which supports online policy exploration.

To address these issues, in this work, we study how to build single-stage LLM fine-tuning algorithms
that are not only effective for LLM reasoning from SFT datasets but also well-suited to continuous
improvement with RL rollouts. We conduct a comprehensive analysis of the roles that SFT and RL
play in fine-tuning LLM reasoning. Through our analysis in Sec. 3, we obtain the following key
findings that guide our subsequent algorithm design:

Key Findings N

o Policy distribution effects (Secs. 3.1.1 and 3.1.2): SFT induces coarse-grained global
changes to the policy distribution, while RL performs fine-grained selective modifications.

o Single-stage optimization (Secs. 3.1.2 and 3.2.2): Single-stage integration of SFT and
RL enables direct optimization for reasoning capabilities and achieves superior training
efficiency compared to sequential SFT—RL approaches.

o Entropy as an indicator (Sec. 3.2.1): Entropy dynamics reveal the underlying mechanisms
of training processes, enabling balanced weighting between the two paradigms.

\ J

Based on these insights, we propose Supervised Reinforcement Fine-Tuning (SRFT), a single-stage
method for LLM reasoning. As shown in Figure 1(b), we integrate SFT into RL and use entropy
as a dynamic indicator to control the balance between these paradigms. Specifically, for samples
generated by LLM policy rollouts, we employ different RL training losses based on whether sample
rewards are positive or negative. For samples from demonstration datasets, we simultaneously
apply both SFT and RL objectives. This unified approach enables sample-efficient learning from
demonstrations at multiple granularities while bridging the complementary strengths of SFT and RL.
We evaluate our method on five competition-level mathematical reasoning benchmarks and three
out-of-distribution benchmarks. SRFT achieves an accuracy of 59.1% based on Qwen-2.5-Math-
7B (Yang et al., 2024). Moreover, SRFT demonstrates superior generalization capability, achieving
an average improvement of over 4.7% compared to other demonstration-based methods.

Overall, our key contributions are:

* We conduct a comprehensive analysis of SFT and RL in LLM reasoning, examining their
differential effects on LLM policy distributions and learning dynamics. We further analyze the
integration of SFT and RL through an entropy-based perspective.

* We propose SRFT, a single-stage fine-tuning approach that combines supervised fine-tuning
and reinforcement learning with entropy-aware weighting mechanisms, enabling effective
utilization of demonstrations while maintaining stable exploration dynamics.

* We demonstrate SRFT’s superior performance across eight challenging benchmarks, achiev-
ing substantial improvements of 9.0% and 10.9% over zero-RL baselines on mathematical
reasoning and out-of-distribution tasks, respectively.
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Question: Every moming Aya goes for a $9$-kilometer-long walk and stops at a coffee shop afterwards. When she walks at a constant speed of
$s$ kilometers per hour, the walk takes her 4 hours, including $t$ minutes spent in the coffee shop. When she walks $s+2$ kilometers per hour, the
walk takes her 2 hours and 24 minutes, including $t$ minutes spent in the coffee shop. Suppose Aya walks at $s+\frac{1}{2}$ kilometers per hour.
Find the number of minutes the walk takes her, including the $t$ minutes spent in the coffee shop.

0.91

Lower Probability After Fine-tuning Similar Probability Higher Probability After Fine-tuning

SFT
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Figure 2: Visualization of LLM distribution changes during fine-tuning. (a) Heatmap visualization
comparing responses generated by fine-tuned and base models, where darker background colors
indicate larger probability changes. (b) Distribution of token probability shifts across five benchmarks.
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2 PRELIMINARIES

Supervised Fine-Tuning (SFT) is a standard approach for adapting pre-trained language models to
specific downstream tasks. Given a dataset D = {(x;, y;)}}_,, where x; is an input prompt and y;
is the corresponding target response generated by the behavior policy 7, the objective is to train the
policy Ty to maximize the conditional probability of generating the target response y; given ;. This
is typically achieved by minimizing the negative log-likelihood over the dataset:

Lspr(0) = E(g,y)ep[— log mo(ylx)]. (1

Reinforcement Learning (RL) is typically applied after SFT to further align LLMs with complex
behaviors that are challenging to specify through static datasets. To optimize the LLM policy,
Group Relative Policy Optimization (GRPO) (Shao et al., 2024) offers a memory-efficient variant
of Proximal Policy Optimization (PPO) (Schulman et al., 2017). A key characteristic is that GRPO
typically operates without a learned value function. Instead, for a given prompt «, it often generates a
group of G responses {y1, . .., Yy} using the current policy. The rewards { R(x, y1), ..., R(z,yg)}
for these responses are then used to compute a relative advantage for each response:

R(x,yi) — mean{R(z,yi)|k = 1,2,...,G}
std{ R(z, yr)|k =1,2,...,G} ’

Then, GRPO maximizes a clipped surrogate objective function to ensure stable updates. The objective
function for GRPO can then be expressed as:

Ay = (@)

1 |yl

G

1 ) .

Torro(0) = = ) Y min {rm(e) - Ap,clip (ree(0),1 — €, 14 ¢) - Ak} B
k=1 t=1

[ys|

where € denotes the clipping range, 7y
7o Ykt |(®:y<t))
Togq Yk t[(Z:Y<t))

represents the policy before the update, and 7 +(0) =

old

is the importance sampling ratio for each token yy, ; in response yy, of length |yy|.
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3 ANALYSIS OF SFT AND RL IN LLM REASONING

In this section, we provide a comprehensive analysis of the roles of Supervised Fine-Tuning (SFT)
and Reinforcement Learning (RL) in LLM reasoning. We first examine their differential effects on
token distributions (Sec. 3.1.1) and learning dynamics (Sec. 3.1.2), then investigate the integration
mechanisms through an entropy perspective (Sec. 3.2).

3.1 SFT AND RL EFFECTS ON LLMS: SLEDGEHAMMER "~ \ VS. SCALPEL X

3.1.1 EFFECTS ON TOKEN DISTRIBUTIONS

To understand the differential impact of SFT and RL on reasoning, we visualize token-level probability
changes for identical prompts, measured before and after fine-tuning the same base model. As
illustrated in Figure 2(a), the results reveal a fundamental difference: SFT substantially reshapes
the probability distribution across the entire response sequence, whereas RL primarily adjusts the
probabilities of a small subset of tokens, leaving most numerical content and formal proof statements
largely unchanged. We further quantify these distribution shifts across five benchmarks, comprising
approximately 600,000 token probability samples, as shown in Figure 2(b). The results demonstrate
that SFT induces more pronounced changes in policy distributions compared to RL. Specifically,
token probability shifts from RL are concentrated near zero, whereas SFT leads to changes of a
significantly larger magnitude. The details of visualization and further results for other models are
provided in Appendices B.1 and .

From a theoretical perspective, this behavior can be understood through the gradient of the SFT
objective function:

lyl

VoLser = E@yyop | DD (mo(v|z,y<i) — Lomy,) Vologmo(vlz, y<i) | , “4)
t=1vey

where V denotes the LLM vocabulary, and 1,—,, is an indicator function. This formulation reveals
that SFT systematically sharpens the model distribution by increasing probabilities for target tokens
while decreasing probabilities for all other tokens in the vocabulary, leading to more deterministic
outputs. The detailed experiment setting and derivation of Eq. (4) are provided in Appendix B.

3.1.2 VISUALIZATION OF LEARNING DYNAMICS

Beyond token-level probability analysis, we investigate
the training paradigms through the lens of learning dynam-
ics. Since directly characterizing the LLM feature space

e SFT RL  es=s SFT-RL SRFT

is computationally intractable, we introduce a visualiza- 1
tion approach that characterizes the evolution of learning o | ""T'X
dynamics by using the Kullback-Leibler (KL) divergence % X/O'
in policy distribution between a group of existing refer- $ 1 /-/ *
ence models 7 and our fine-tuned model 7y. Specifically, 5 i -~
we introduce three reference models: Qwen2.5-Math-7B, % "’
DeepSeek-Rl, and QW.Q-32B. Since it is st.ill challenging 8
to give an exact KL divergence computation over large- ¢ 1 X
scale distributions, we use cross-entropy for its estimation: ?‘,,;
)
dR<7T9) = H(ﬂ'R, 7T9) = DKL(TI'RHFQ) + H(?TR), (®)) %sf Qwen2.5-Math-7B Distance —
?& @ Stat FT X Finish FT

where dg () denotes the distance between the fine-tuned
model 7y and the reference model wg, H (7R, my) is the . . . . .
cross-entropy, and H () is the entropy of the reference F1gure 3: Learning dynamics visualiza-
model, which is constant for a given reference model. tion of .dl.fferent fine-tuning paradigms in
Therefore, (dr, ,dr,,dr,)T serves as a coordinate repre- Probability space. The denotes
senting the policy 7 with the 3-dimensional reference the final performance of each method.

space. As illustrated in Figure 3, all fine-tuning methods improve performance while diverging from
the distribution of the base model (Qwen2.5-Math-7B). Notably, SFT induces larger distributional
shifts from the initial policy than RL, achieving a +5.0 points performance improvement. This result
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Table 1: Performance comparison of SFT and RL integration strategies across multiple benchmarks.
Bold and underlined indicate the best and second-best performance, respectively.

Model AIME24 AMC MATHS500 Minerva Olympiad Avg.
Qwen2.5-Math-7B 114 32.6 48.8 8.7 15.8 235
SFT 21.2 53.2 83.0 37.1 422 47.3
RL 21.2 59.3 83.6 36.4 46.6 494
RL—SFT 10.5 40.4 73.6 32.0 30.7 374
RL—SFTxL 13.1 45.2 70.2 26.5 36.3 38.3
SFT—RL 24.5 59.3 86.4 39.3 53.1 52.5

further validates our findings in Sec. 3.1.1, confirming that SFT drives broader changes, whereas RL
fine-tuning tends to remain close to the initial policy. Furthermore, during the SFT—RL pipeline,
the optimization direction in the second-stage RL opposes that of SFT. This result suggests that
SFT may overfit to demonstrations, and the subsequent RL attempts to correct this deviation, thereby
increasing the learning tax of the two-stage paradigm. By contrast, our single-stage method, SRFT,
follows a more straightforward training trajectory in probability space, enabling more efficient
optimization than sequential fine-tuning approaches. More technical details for this visualization and
analysis are provided in Appendix C.

3.2 INTEGRATION OF SFT AND RL: FROM TWO-STAGE ¢° TO SINGLE-STAGE ¢

3.2.1 SEQUENTIAL INTEGRATION ANALYSIS

In this section, we examine the in-
tegration of SFT and RL through

the lens of entropy dynamics to 08
clarify their complementary roles e 05
in LLM fine-tuning. We begin “ 04

with analyzing two sequential inte-
gration approaches: SFT—RL and

Accuracy
@
8

20
RL—SFT, as shown in Figure 4. * j
As demonstrated in Table 1 and " o RLes o
Figure 4(21), applylng SFT after RL B % 7 0TS 0 175 200 o B0 75 10 50 75 2
consistently yields suboptimal per- o i .
formance across all benchmarks. (a) Reasoning performance. (b) Entropy dynamics.

To mitigate the policy shifts in- Figure 4: Comparison between SFT—RL and RL—SFT.
duced by RL—SFT, we introduce

a KL divergence constraint (SFTy, detailed in Appendix G). However, even with this constraint,
the performance improvements remained limited, suggesting fundamental incompatibility in this
paradigm. In contrast, existing methods successfully achieve substantial performance gains through
RL when applied after the base model SFT, as evidenced in Table 1. This different result reveals
that the sequence of fine-tuning paradigms critically affects the final model performance, motivating
our entropy-based analysis to understand the underlying mechanisms. To understand this difference,
we analyze the training dynamics of SFT and RL from an entropy perspective. As illustrated in
Figure 4(b), policies after RL exhibit significantly lower entropy, approaching deterministic outputs.
However, the distribution shift introduced by subsequent SFT causes a rapid increase in entropy,
corresponding to the sharp performance drop at step 20 in Figure 4(a), followed by a gradual decline.
Moreover, models after RL demonstrate limited capacity for additional learning through SFT, as
evidenced by the entropy plateau occurring after approximately 90 training steps in Figure 4(b). In
contrast, base models undergoing SFT exhibit a brief initial entropy increase followed by a sustained
decrease, ultimately yielding performance improvements. This distinct entropy trajectory suggests
that while RL effectively enhances LLM performance, it simultaneously reduces the model’s plasticity
(its capacity to adapt through subsequent training). These findings establish entropy as a crucial
indicator for effective SFT and RL integration. More discussion about the role of entropy in LLM
training can be found in Appendix E.
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3.2.2 SINGLE-STAGE INTEGRATION ANALYSIS

Building upon the preceding analysis, we show that the 55
SFT—RL paradigm is better suited for LLM reasoning
than RL—SFT. Beyond these sequential approaches, we
further investigate a single-stage approach that directly
unifies both paradigms (SFT+RL), with a combined ob-
jective LgrrsrL = Lsrr + LrL- We conduct preliminary
experiments comparing pure RL, sequential SFT—RL
with varying SFT steps, and the single-stage SFT+RL,
as illustrated in Figure 5. Our empirical results reveal
that the single-stage SFT+RL method achieves superior
training efficiency compared with both the sequential s 55 55 o 5 o0
SFT—RL and pure RL. We attribute this behavior to two Step

principal factors: First, the SFT dataset derived from other .

models’ responses may not consistently represent optimal  Figure 5: Comparison across pure RL,
solutions, even when curated from high-quality demon- Séquential SFT—RL, and single-stage
strations, thereby risking overfitting to suboptimal policies. SFT+RL integration approaches.
Second, pure RL is typically data-inefficient because it cannot exploit existing demonstrations that
would guide exploration toward near-optimal solutions. In contrast, the single-stage SFT+RL method
effectively leverages demonstrations through unified optimization. This approach enables direct
policy optimization toward the target objective while preserving the knowledge distillation benefits
of supervised learning from demonstrations.
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4 METHOD

In this section, we present the Supervised and Reinforcement Fine-tuning (SRFT), which integrates
the advantages of SFT and RL in a single-stage approach. Building upon the RL framework described
in Sec. 2, SRFT incorporates flexible guidance from demonstrations, enabling it to harness the
strengths of both fine-tuning paradigms. The core innovation of SRFT lies in its single-stage learning
mechanism: coarse-grained behavior policy approximation through SFT and fine-grained policy
improvement through RL, both applied to demonstration data and self-rollout data.

4.1 LEARNING FROM DEMONSTRATIONS

Given a dataset containing demonstrations Dgenmo. (.., reasoning responses generated by expert
LLMs), SRFT employs a dual-pronged strategy to harness this valuable resource. First, we leverage
SFT to perform a coarse-grained approximation of the behavior policy underlying the expert’s
responses. The behavior policy 7g(y|xz) captures the underlying generation patterns that produced
these high-quality responses, which we seek to approximate through supervised learning: Lg%?"' =
E(a,4)~Daem. |~ 108 To (y|x)]. Second, we adopt an off-policy RL approach similar to LUFFY (Yan
et al., 2025) to perform fine-grained learning of the behavior policy. Specifically, we directly augment
the LLM’s rollout data with demonstrations, creating a heterogeneous training group:

Gm . ;(Cll\n.
Gase. = {(@, ) 1P U {(2), )} 75, ©6)

where G, denotes the on-policy rollout group, Ggemo. denotes the off-policy demonstration group.
The advantage estimation for the entire group is given by:

T’(CC, yk) - mean{r(m, yk)|k = 1, 27 ey ‘Gaug.
std{r(z, yp)lk =1,2,...,|Gae |}

Ay = }. @)

Since responses generated by experts typically yield higher rewards, this augmentation mechanism
effectively increases the advantage estimates for the entire group, as shown in Eq. (2), thereby
promoting optimistic exploration of the LLM policy (Ciosek et al., 2019).

To address the distribution mismatch between behavior policies w3 of demonstrations and the
training policy 7, we implement two mitigation strategies: For SFT on demonstrations, our
entropy analysis in Sec. 3.2 demonstrates that entropy serves as a crucial indicator for the effective
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integration of SFT and RL. Building on this insight, we introduce an adaptive weighting mechanism
that dynamically adjusts based on the current policy entropy. Specifically, we employ wspr =
0.5 x stop_grad(exp(—H(mg))) as the SFT weight, where stop_grad(-) denotes the gradient-
stopping operation. This entropy-aware mechanism ensures that when the policy exhibits high
entropy (indicating uncertainty), the SFT loss exerts diminished influence on updates, thereby
mitigating performance degradation caused by distribution mismatch between policies:

ﬁgepr%m'(e) = WSFT * E(a,y)~Doene. [~ log o (y|x)]. ®)

For off-policy RL training, we introduce an importance sampling ratio similar to GRPO (Shao et al.,
2024) and PPO (Schulman et al., 2017) to account for distribution mismatch:

L(0) = ~E gy, [0 {ra(6) - Ap,clip (ma(0),1 = €14+ An ], ©)
where ry, 1 (0) = % Following established practices in recent work (Yan et al., 2025;

Ma et al., 2025), we set the behavior policy mg = 1 to avoid tokenization complexities when aligning
the behavior and training policies. This approach enables straightforward integration of off-the-shelf
datasets without requiring recomputation of behavior policy probabilities.

4.2 LEARNING FROM SELF-EXPLORATION

In addition to leveraging the demonstration data, SRFT enables the LLM policy to learn from its
own exploration rollouts. Although traditional RL methods learn from both positive and negative
samples generated during rollouts, we observe that under on-policy RL with binary rewards {1, —1},
the standard RL objective function can be naturally decomposed into two distinct components:

LI = B by (-J2) [R(2, y) log T (y| )]
=Epp gyt o (-|2) [~ 108 T (YT |2)] + Epop yy— oy () 08 T (y ™ )], (10)

Positive Sample @ Negative Sample @

where D denotes the RL training dataset, and y™ and ™ represent the correct and incorrect responses,
respectively. A critical insight emerges from this decomposition: the positive-sample objective (1) is
structurally analogous to supervised fine-tuning, as it maximizes the likelihood of correct responses.
However, these positive samples are generated on-policy by the current training policy rather
than sourced from SFT datasets, distinguishing our approach from supervised learning paradigms.
The negative-reward component (2) implements likelihood minimization, systematically decreasing
the probability mass assigned to incorrect responses. This structural correspondence implies that
learning from positive samples constitutes a coarse-grained optimization strategy that necessitates
careful balance. Moreover, in contrast to learning from demonstrations, self-exploration induces
rapid entropy reduction as the model converges toward increasingly deterministic outputs, potentially
compromising exploration capabilities. To mitigate this phenomenon and preserve training stability,
inspired by our analysis in Sec. 3.1.1, we introduce an entropy-adaptive weighting mechanism
wgrr, = 0.1 xstop_grad(exp(H(mg))) specifically for the positive sample objective. This mechanism
parallels our formulation in Eq. (8) but serves the purpose of maintaining the policy’s exploration.
The complete self-rollout objective is formulated as:

L) = wrp - Byt oy (o) [— 108 o (YT |2)] + Egp oy oy (-2 log mo (y ™ [@)]. (11)

4.3 INTEGRATING DEMONSTRATIONS WITH SELF-EXPLORATION ROLLOUTS IN A
SINGLE-STAGE APPROACH

By leveraging both demonstrations and self-exploration rollouts, SRFT effectively balances the coarse-
grained adjustments of SFT with the fine-grained refinements of RL throughout the single-stage

fine-tuning process. The total loss function combines all three components:

Lsrrr(0) = Lsr™ (0) + L™ (0) + L™ (0). (12)
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5 EXPERIMENTS

5.1 EXPERIMENTAL SETUPS

Training Datasets. We employ OpenR1-Math-46k-8192 (Yan et al., 2025) as the training dataset
for SRFT, accompanied by high-quality reasoning responses generated by DeepSeek-R1 (Guo et al.,
2025). The dataset undergoes filtering through Math-Verify to exclude instances with unverifiable
answers or responses exceeding 8,192 tokens in length. This dataset serves multiple purposes in our
framework: providing prompts for policy rollouts, ground-truth answers for reward computation, and
high-quality demonstrations for SRFT. Additional dataset details are provided in Appendix H.

Evaluation. We conduct a comprehensive evaluation on widely-adopted mathematical reasoning
benchmarks, including AIME24 (Li et al., 2024), AMC (Li et al., 2024), Minerva (Lewkowycz et al.,
2022), OlympiadBench (He et al., 2024), and MATHS500 (Hendrycks et al., 2021). For datasets with
limited sample sizes (AIME24 and AMC), we report avg @32; for the remaining datasets, we adopt
pass@1 as the evaluation criterion. We further assess the model’s generalization ability on three
out-of-distribution benchmarks: ARC-C (Clark et al., 2018), GPQA-Diamond (Rein et al., 2024)
(denoted as GPQA-D), and MMLU-Pro (Wang et al., 2024).

Baseline Methods. We benchmark SRFT against the following baselines using Qwen2.5-Math-7B
as the base model. SFT methods: (1) SFT training on the same dataset; (2) SFT training with KL
divergence constraints (SFTkp ) on the same dataset. RL methods: (3) RLgrpo (Shao et al., 2024), a
simplified PPO variant trained on the same dataset; (4) Simple-RL-Zero (Zeng et al., 2025), applying
GRPO to 24k mathematical samples from GSM8K and MATH; (5) OpenReasoner-Zero (Hu et al.,
2025a), a PPO-based approach trained on 129k multi-source samples; (6) PRIME-Zero (Cui et al.,
2025a), conducting policy rollouts on 150k NuminaMath queries with implicit process rewards and
final labels. SFT and RL methods: (7) SFT—RL, sequential training with SFT on the same dataset
followed by GRPO; (8) SFT+RL, simultaneous training with SFT and RL on the same dataset; (9)
ReLIFT (Ma et al., 2025), an approach that interleaves RL with online Fine-Tuning on the hardest
questions; (10) LUFFY (Yan et al., 2025), a mixed-policy GRPO approach using the same dataset;
(11) TAPO (Wu et al., 2025), dynamically integrating structured external knowledge within the GRPO
framework, trained on 5.5k samples from the MATH dataset.

Implementation Details. Building on recent work (Yan et al., 2025; Cui et al., 2025a), we adopt
Qwen2.5-Math-7B (Yang et al., 2024) as the base model. In SRFT, we generate eight rollout
trajectories per prompt with a maximum sequence length of 8,192 tokens. All experiments are
conducted for 500 training steps. The source code is available at here, and the comprehensive
experimental details are provided in Appendix G.

5.2 EXPERIMENTAL RESULTS

Reasoning Benchmark Performance. Our main results are shown in Table 2, where we compare
SRFT with zero-RL baselines, as well as direct SFT, SFT—RL, and SFT+RL methods. Across
five challenging competition-level reasoning benchmarks, SRFT achieves an average score of 59.1,
significantly outperforming existing RL methods by a margin of +9.0 points over the best baseline.
This clearly demonstrates the advantages of integrating demonstrations with self-exploration in LLM
reasoning. We also observe that SRFT achieves a +4.8 points improvement over SFT methods,
indicating that the self-exploration component effectively refines the policy distribution learned from
demonstrations. Compared to the SFT—RL and SFT+RL methods, SRFT achieves +3.4 and +7.2
points improvement, respectively. These results demonstrate that our single-stage design and entropy-
aware weighting mechanism effectively balance the benefits of demonstrations and self-exploration.
Additional results are provided in Appendix A.1.

Out-of-Distribution Generalization. Regarding out-of-distribution performance, the results in
Table 2 show that SRFT also achieves an average score of 62.5 and exceeds the best baseline by +4.7
points. These results highlight that SRFT effectively combines demonstrations with self-exploration
to mitigate the potential overfitting associated with SFT, thereby improving generalization.

Training Dynamics. Figure 6 presents the training dynamics of SRFT, including training rewards,
response lengths, and training entropy. The results demonstrate that SRFT achieves more rapid
improvement than RL, with both approaches exhibiting monotonically increasing training rewards.


https://github.com/fyqqyf/SRFT
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Table 2: Overall performance. Bold and underlined indicate the best and second-best performance.

Model In-Distribution Performance Out-of-Distribution Performance
AIME24 AMC MATH500 Minerva Olympiad Avg. | ARC-C GPQA-D MMLU-Pro Avg.
Qwen2.5-Math-7B 114 32.6 48.8 8.7 15.8 235 18.2 11.1 16.9 15.4
Qwen2.5-Math-7B-Instruct 12.9 48.3 81.2 33.1 39.8 43.1 70.3 24.7 34.1 43.0
Supervised Fine-Tuning
SFT 31.1 62.8 852 39.1 533 543 76.2 25.8 45.7 49.2
SFTxL 13.0 45.2 70.2 26.5 36.3 38.2 333 222 304 28.6
Reinforcement Learning
RLgreo (Shao et al., 2024) 24.7 61.6 79.2 337 47.1 493 | 756 313 4.1 49.7
SimpleRL-Zero* (Zeng et al., 2025) 27.0 54.9 76.0 25.0 34.7 435 30.2 232 345 293
OpenReasoner-Zero* (Hu et al., 2025a) 16.5 52.1 82.4 33.1 47.1 46.2 66.2 29.8 58.7 51.6
PRIME-Zero* (Cui et al., 2025a) 17.0 54.0 81.4 39.0 40.3 46.3 733 18.2 327 414
Oat-Zero* (Zeng et al., 2025) 334 61.2 78.0 34.6 43.4 50.1 70.1 23.7 41.7 45.2
SFT and RL
SFT—RL 325 67.1 842 34.1 54.6 545 76.4 379 49.6 54.6
SFT+RL 26.6 69.9 83.7 35.8 514 523 742 34.1 445 50.9
LUFFY* (Yan et al., 2025) 29.4 65.6 87.6 375 572 55.5 80.5 39.9 53.0 57.8
TAPO* (Wu et al., 2025) 333 71.5 834 382 46.2 55.7 81.6 37.9 49.6 56.4
CReLIFT (Mactal.2005) 282 648 850 30 549 S40| 749 409 519 559
SRFT (ours) 353 74.3 89.8 39.7 58.3 59.5 85.3 46.4 55.9 62.5
*This method’s performance is taken from the corresponding paper.
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Figure 6: Training dynamics during SRFT and RL training, including training rewards (left), response
lengths (middle), and training entropy (right).

This pattern indicates that SRFT benefits from the sample efficiency provided by learning from
demonstrations. Regarding response length, when confronted with challenging training data, RL
exhibits a tendency toward generating more concise responses, whereas SRFT shows a progressive
lengthening of responses, indicating the development of more comprehensive and detailed reasoning
processes. From an entropy perspective, SRFT maintains relatively stable entropy throughout training,
contrasting with RL’s rapid entropy collapse. This stability indicates that the policy maintains
exploration during training, validating the effectiveness of the entropy-aware weighting mechanism.
The dynamics of the sequence mean for weights wspr and wgy, are visualized in Appendix A.2.

Ablation Study. We conduct a comprehensive ablation study to evaluate the impact of the entropy-
aware weighting mechanisms and the necessity of each training component. To validate the effective-
ness of our adaptive weighting mechanism, we first conduct an ablation study on wsgr and wgr. We
substitute these entropy-aware dynamic weights with fixed constants, specifically wsgr = 0.1 and
wrr, = 1.0. As detailed in Table 3, employing a fixed SFT weight causes a substantial performance
decline to 55.1, while a fixed RL weight reduces accuracy to 56.2. These outcomes corroborate
our analysis in Sec. 3, confirming that using entropy as a dynamic indicator significantly outper-
forms static weighting schemes by effectively balancing exploration and exploitation. Second, we
investigate the contribution of specific loss components by selectively removing the SFT loss on
demonstrations (w/o demogpr) and the off-policy RL loss on demonstrations (w/o demog; ). Note that
since SRFT is fundamentally built upon the RL framework, the self-rollout component (Ljgrotlouty
is consistently retained. We observe that eliminating the demonstration SFT yields the most severe
degradation, underscoring the critical role of coarse-grained supervised guidance. Similarly, removing
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Table 3: Ablation study on weighting mechanisms and loss components. w denotes using fixed
weights, and w/o denotes removing the specific loss component.

Method AIME24 AMC MATHS00 Minerva Olympiad Avg.
w/ Wspr 30.1 65.8 87.0 36.8 55.8 55.1
w/ WR, 32.6 67.2 87.5 37.4 56.6 56.2
w/o demoggr 29.5 65.2 85.6 359 53.1 539
w/o demog;, 30.8 68.0 86.4 36.2 54.5 55.2
SRFT 353 74.3 89.8 39.7 58.3 59.5

the demonstration RL component lowers performance to 55.2. Collectively, these results demonstrate
that all components are essential for SRFT, jointly contributing to the final reasoning capability.

6 RELATED WORK

Reinforcement Learning for LLM Reasoning. Recent RL approaches (Shao et al., 2024; Guo et al.,
2025; Yu et al., 2025; Liu et al., 2025¢) have demonstrated substantial improvements in mathematical
reasoning. However, the mechanisms through which RL enhances reasoning remain incompletely
understood (Yue et al., 2025a; Wang et al., 2025a; Liu et al., 2025d). In this work, we introduce
a single-stage method, SRFT, that integrates SFT with RL to maintain stable entropy throughout
training while delivering sustained performance improvements.

Integrating Supervised Fine-Tuning and Reinforcement Learning. The integration between
SFT and RL represents a critical frontier in recent LLM research. While SFT establishes robust
policy foundations, RL enables optimization beyond potentially suboptimal SFT trajectories (Cai
et al., 2025; Chen et al., 2025a). Recent approaches integrate external supervision into RL frame-
works to enhance sample efficiency: UFT (Liu et al., 2025a) merges SFT and RL using partial
solution hints; LUFFY (Yan et al., 2025) augments on-policy learning with off-policy traces from
stronger models; ReLIFT (Ma et al., 2025) interleaves RL with SFT on high-quality demonstra-
tions; TAPO (Wu et al., 2025) incorporates external "thought patterns" for balanced exploration;
SASR (Chen et al., 2025b) provides a theoretical framework unifying SFT and RL with adaptive
blending; and CHORD (Zhang et al., 2025a) proposes to adjust the weights of SFT and RL based on
the training dynamics. Single-stage integration also mitigates catastrophic forgetting encountered
in sequential SFT—RL transitions (Chen et al., 2025b; Liu et al., 2025b). In this work, we first
analyze the different roles of SFT and RL in fostering LLM reasoning capabilities. Motivated by this
analysis, we introduce SRFT, a single-stage method that dynamically integrates SFT and RL through
an entropy-aware weighting mechanism. More detailed background is provided in Appendix F.

7 CONCLUSION

In this work, we investigate the integration of SFT and RL for LLM reasoning. Through compre-
hensive analysis, we reveal that SFT performs coarse-grained global adjustments while RL conducts
fine-grained selective optimization, with entropy serving as a crucial indicator of training dynamics.
Building on these insights, we propose SRFT, a single-stage approach that unifies both paradigms
through entropy-aware weighting mechanisms. Extensive experiments demonstrate the effectiveness
of SRFT, which achieves 59.1% average accuracy and outperforms zero-RL baselines by 9.0% on rea-
soning tasks and 10.9% on OOD benchmarks. Future work could explore extending SRFT to agentic
RL scenarios (Zhang et al., 2025b) and investigating its performance with imperfect demonstrations.

10
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A ADDITIONAL EXPERIMENTAL RESULTS AND ANALYSIS

A.1 PERFORMANCE COMPARISON ON DIFFERENT MODELS AND BENCHMARKS

We further evaluate the performance of SRFT on Llama-3.1-8B (Grattafiori et al., 2024), Qwen2.5-
Math-1.5B and Qwen2.5-7B-Instruct models, as shown in Table A1. We adopt the same training
settings as in the main experiment, including training data and hyperparameter configurations. The
results show that our method achieves superior performance compared to baseline approaches across
most benchmarks. This confirms the effectiveness and scalability of our approach across different
model series and sizes.

Table Al: Performance comparison on mathematical reasoning benchmarks on Qwen2.5-Math-1.5B-
Base and Qwen2.5-7B-Instruct models. Bold indicates the best performance.

Model AIME24 AMC23 MATHS00 Minerva Olympiad | Avg.
Qwen2.5-Math-1.5B 72 26.4 28.0 9.6 21.2 18.5
SFT 11.7 37.8 70.6 26.8 31.3 35.6
GRPO 11.8 40.2 61.8 26.8 32.0 34.5
CLUFEY. 143 433 742 265 399|396
SRFT 15.5 44.9 74.6 28.7 39.8 40.7
Qwen2.5-7B-Instruct 11.7 43.8 71.8 30.9 40.4 39.7
SFT 7.9 36.0 68.6 21.3 31.1 33.0
GRPO 14.1 43.5 74.0 33.8 37.6 40.6
LURRY U709 %20 313 414|459
SRFT 16.6 51.0 82.2 34.6 46.9 46.3
Llama-3.1-8B 0.3 4.2 13.8 44 3.8 52
SFT 0.5 54 20.2 4.0 53 7.1
GRPO 0.3 9.4 234 17.6 6.1 11.4
LURRY 19 BS. 0 390 Is1 96 | 158
SRFT 1.9 14.3 40.1 15.3 9.5 16.2

Besides, we further compare the performance of SRFT with other baselines on the AIME25 dataset (Li
et al., 2024), as shown in Table A2. We observe that SRFT achieves superior performance compared
to baselines, outperforming SFT by +1.3 points and GRPO by +7.1 points. This validates the
effectiveness of our method in simultaneously leveraging the advantages of SFT and RL within a
single-stage framework for reasoning tasks.

Table A2: Performance Comparison on AIME2S.

Model AIME25
Qwen2.5-Math-7B 4.9
Qwen2.5-Math-7B-Instruct 10.1
SFT 20.3
GRPO 14.5
SFT—RL 21.2
CSETRL_ 156

SRFT 21.6
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Table A3: Performance comparison under the evaluation setting proposed by Hochlehnert et al.
(2025). We report the mean accuracy and standard deviation across tasks.

Model AIME24 AMC MATH-500 Minerva Olympiad Avg.
Qwen2.5-Math-7B 20.7+3.8 56.2+57 64.3+0.5 17.3+19 29.0+0.5 37.5
RLGRrpo 2254+26 644+34 786+0.3 328+13 423+09 48.1
SRFT (Ours) 28.3+24 71.8+39 83.0+£0.2 344412 54.7+05 555

Following the evaluation protocols proposed in recent work Hochlehnert et al. (2025), we present
additional results in Table A3. The results demonstrate that SRFT maintains a performance edge,
outperforming the base model by an average of 18.0 points and RLgrpo by 7.4 points. These findings
corroborate the robustness of our method, confirming that the reported gains are consistent across
varying conditions and not merely artifacts of a specific evaluation setting.

A.2 DYNAMICS OF THE ENTROPY-AWARE WEIGHTS

In order to better understand the dynamics of entropy-aware weights, we visualize the temporal
evolution of the sequence mean for wspr and wgy, throughout the training process, as illustrated in
Figure A1. It is important to clarify that wspr and wgy. serve distinct mechanisms: wgspr balances
the SFT and off-policy RL objectives specifically for demonstration data, whereas wgy, balances the
positive and negative sample objectives for rollout data. Consequently, their relative magnitudes do
not represent the global loss contribution ratio between demonstration learning and self-exploration,
which are weighted equally in the total objective (Eq. (12)). Regarding their temporal behaviors, we
observe that wgpr gradually increases to 0.40 as training progresses, whereas wgy. fluctuates around
0.13. These observations demonstrate that our method can effectively adjust the internal balance of
objectives in response to training dynamics, thereby ensuring consistent exploration throughout the
optimization process. Besides, the baseline coefficients of 0.5 and 0.1 in the weight formulations are
hyperparameters that can be fine-tuned to further improve performance.

I
i
o

0.16
© 0.38 [
3 =0.15
S S
— 0.36 =
< <
% .09;0.14
0.34
= =
0.32 0.13 h
WSFT — WRL
0.30 0.12
0 100 200 300 400 500 0 100 200 300 400 500
Step Step

Figure Al: Dynamics of the sequence mean for wspr and wgy, during SRFT training.

A.3 ANALYSIS OF ANNEALING DEMONSTRATION WEIGHTS

To investigate the influence of SFT on the RL process in SRFT, we designed an experiment where
the weight of the demonstration data is annealed over time. We modify the total objective function by
introducing a time-dependent coefficient o, formulated as:

Lowrr(0) = o (£57%(0) + LE™(0)) + LR (0), (AD

where o decays linearly from 1 to O over the initial 150 and 300 training steps, respectively. The
results are summarized in Table A4, indicating that annealing the demonstration weights—at either
150 or 300 steps—Ileads to a performance degradation compared to the standard SRFT approach. We
attribute this to the high quality of the available demonstrations; the underlying behavior policy is

17



Published as a conference paper at ICLR 2026

Table A4: Performance comparison of annealing the demonstration learning component « at different
step counts.

Annealing Steps AIME24 AMC MATH-500 Minerva Olympiad Avg.

150 314 69.5 86.2 36.1 53.8 55.4
300 33.8 74.6 88.4 38.2 56.4 583
w/o annealing 353 74.3 89.8 39.7 58.3 59.5

already near-optimal (DeepSeek-R 1), maintaining the supervised signal throughout the RL process
proves beneficial for stability and guidance. However, we hypothesize that over significantly extended
training horizons, persistent reliance on demonstrations might eventually constrain exploration and
impede RL performance. Investigating the dynamics of SFT over long-term RL training (Liu et al.,
2025d; Hu et al., 2025b; Khatri et al., 2025) remains a promising avenue for future research.

A.4 DyNAMICS OF SFT-INITIALIZED RL AND SRFT

To investigate the impact of warm-start initialization, we further analyze the length and reward curves
of the sequential SFT—RL approach, as shown in Figure A2. We observe that when RL is initialized
with SFT, the response length maintains approximately 4k tokens, exceeding the ~3k length of SRFT.
However, despite the increased length, the performance of SFT—RL exhibits premature convergence.
In contrast, SRFT sustains continuous performance improvement driven by its unified, single-stage
learning from both demonstration and rollout data. This comparison underscores the superiority
of SRFT in effectively leveraging demonstrations to guide exploration without suffering from the
stagnation observed in sequential paradigms.

08
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p o
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S 3000 €05
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e
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Figure A2: Response lengths and training rewards of pure RL, SFT—RL, and SRFT.
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B TOKEN DISTRIBUTION ANALYSIS

In this section, we provide the detailed experimental setting and mathematical derivation for the
gradient of the Supervised Fine-Tuning (SFT) loss function, which was referenced in Sec. 3.1.1.

B.1 EXPERIMENTAL SETTING FOR VISUALIZATION

In Sec. 3.1.1, we visualize token distribution changes during SFT and RL training. We use Qwen?2.5-
Math-7B as the base model, with training data from the main experiment and visualization prompts
from the five evaluation benchmarks.

Methodology. The response sequences in Figure 2(a) are generated independently by the SFT and
RL models from the same prompt. We exclude the base model’s outputs from generation, as they are
frequently incorrect or too concise to support effective analysis. This approach allows us to observe
how fine-tuning redistributes probability mass along the model’s own generation trajectory. For each
token y; in a sequence y = (y1, . . ., yr), we compute two conditional probabilities: Pfine-tuned (Yt|Y<t)
from the fine-tuned model (SFT or RL) and pyase (v |y <) from the base model. Although the sequence
is generated by the fine-tuned model, probabilities are queried from both models using the identical
context.

Visualization Scheme. To quantify the distributional impact of fine-tuning, we calculate the proba-
bility shift: Ay, = Pfine-tuned (Yt |Y<t) — Poase (¥t|Y<:), where y, is the context sequence up to token
yz. A diverging color map visually encodes these dynamics:

* Red (Amplification, A, > 0): Indicates that the fine-tuning process has increased the token’s
probability relative to the base model.

* Blue (Suppression, A, < 0): Indicates that the fine-tuning process has decreased the token’s
probability relative to the base model.

* Grey/Colorless (Retention, A, = 0): Indicates negligible impact, suggesting the fine-tuning
largely preserves the base distribution for this token.

This visualization framework facilitates a dual-level analysis: it reveals global trends in probability
mass migration at a macro level, while simultaneously highlighting specific tokens that undergo
significant distributional shifts at a micro level.

B.2 SFT GRADIENT DERIVATION

Problem Setup. Given a demonstration dataset D = {(z;, y;)}}¥., where x; is an input prompt and

Y = (Yi1,Yi2,- - - Yi,1;) is the corresponding target sequence, where T; = |y;| is the length of the
target sequence. The SFT objective function is (the same as Eq. (1)):
Lspr(0) = E(z y)~p[— log mo(y|z)]. (A2)
Since the sequence probability is factorized as:
T
mo(ylz) = H (gl y<e). (A3)
The SFT loss becomes:
T
Lspr(0) = E(z y)~p Zlog o (yt| T, ?J<t)] : (A4)
t=1

Gradient Derivation. To derive the gradient VyLsgr(6), we need to compute:

T
VoLsrr(0) = E(z,y)~ Dy [— Z Vo log ma (1|, y<t)‘| . (AS)

t=1

Now, let’s consider the key insight: at each time step ¢, the model produces a probability distribution
over the entire vocabulary V. The gradient of the log probability for the target token y; can be
expressed in terms of the model’s prediction probabilities for all vocabulary tokens.
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For any token v € V at position ¢, we have:

1
Vo log mo(v|@, y<i) = ———— Voo (v|@, y<u). (A6)
770<’U|:I}7 y<t)
Since )y, mo(v|®, y<¢) = 1, we have the constraint:
> Vomo(vlz, y<i) = 0. (A7)

veEVY

Using the chain rule and the fact that the softmax normalization affects all vocabulary tokens, the
gradient can be written as:

Vo log o (y| T, y<i) = Z (Lo=y, — mo(v]@, y<t)) Volog mo(v|T, y<t), (A8)
veV

where 1,—,, is the indicator function that equals 1 when v = y; and O otherwise.

Substituting this back into the SFT gradient, we obtain:

lyl

VoLsrr = Ey)np | DD (mo(v]T, y<i) — Lo=y,) Vologmo(vlm,y<i) |, (A9)
t=1vey

where V is the LLM vocabulary, and 1,—,, is an indicator function that equals 1 when token v
matches the target token y; and O otherwise. This formulation reveals the fundamental mechanism
of SFT: at each time step, the gradient encourages the model to increase the probability of the
target token (1,—,, = 1) while decreasing the probabilities of all other tokens in the vocabulary
(1y=y, = 0). The magnitude of the decrease for each non-target token v is proportional to its current
probability 7y (v|x, y<).

This analysis confirms our empirical observations that SFT produces broad, coarse-grained changes
to the model’s probability distributions across the entire vocabulary, systematically sharpening the
distribution toward the target tokens in the training data.

C DETAILS OF VISUALIZATION OF LEARNING DYNAMICS

To characterize model dynamics during training, as introduced in Sec. 3.1.2, we formulate it as a
mapping from input prompts to output probability distributions over the vocabulary. Under this view,
two models are considered equivalent if they produce identical output distributions for all possible
prompts. This perspective allows us to represent each model as a point in a high-dimensional function
space, where each point corresponds to a unique conditional probability distribution.

C.1 THEORETICAL DEFINITION

The Model Probability Space Formalization. To visualize the learning dynamics, we conceptualize
each model checkpoint as a point in an infinite-dimensional probability space. A model’s position is
defined by its conditional probability distribution, 7 (-|x), over the entire vocabulary for any given
prompt x. To measure the distance or dissimilarity between a fine-tuned model 7y and a reference
model 7, we use the Kullback-Leibler (KL) divergence. The KL divergence Dxy (7 r||7s) quantifies
how much the distribution 7y diverges from the reference distribution mr. However, computing the
exact KL divergence is computationally intractable for large-scale language models. Therefore, we
use cross-entropy as a practical and effective proxy:

Dxi(mr|mg) = H(mr,m9) — H(7R)

= H(mg,m9) — ¢, (A10)

where H (7r) denotes the entropy, a constant term c¢ for each reference model. Thus, we can use the
cross-entropy to measure the distance between the fine-tuned model and the reference model.

Measure Learning Dynamics via Reference Models. To make this high-dimensional space tractable
for analysis, we project the model’s learning trajectory onto a lower-dimensional space defined by
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a set of diverse, high-performing reference models, R = {7 g,,7g,,...,Tr, }.- As mentioned in
the main text, our reference set includes Qwen2.5-Math-7B, DeepSeek-R1, and QwQ-32B. For any
given fine-tuned model checkpoint 7y, its position in this reference-based space is represented by a
vector of cross-entropy values:

dn(ﬂ'e) = (de (7’1’9),dR2 (71'(9)7 - ,de(Tr@))T , (A11)

where each component of this vector, dg, (79) = H(7g,, Ts), measures the divergence of the fine-
tuned model from the corresponding reference model 7r,. By computing this vector at various
stages of training, we can trace the evolution of 7y as a trajectory through this constructed space.
This process allows us to visualize and compare the optimization paths taken by different fine-tuning
methods, such as SFT and RL, revealing their distinct impacts on the model’s underlying probability
distribution. For visualization in a 3D plot (as in Figure 3), we can select the three most informative
reference models as axes or use dimensionality reduction techniques.

C.2 EXPERIMENTAL SETUP

To instantiate the above definition, we construct a dataset comprising 1,024 response sequences
generated by each of the reference models under identical prompts. These prompts are drawn from a
diverse mixture of mathematical reasoning benchmarks (including AIME24, Minerva, Olympiad,
AMC, and MATHS500) to ensure broad coverage across problem domains and difficulty levels.

For each response, we compute the distance between the probabilities assigned by model 7y to the
reference tokens, and then aggregate overall responses to obtain the final distance dg, () for each
R;. These distances collectively define the model’s position in the projected subspace. We select three
reference models to construct the projection basis: (1) DeepSeek-R1 (Guo et al., 2025), representing
state-of-the-art reasoning performance; (2) QwQ-32B (Team, 2025), serving as a high-performing but
structurally distinct baseline; and (3) Qwen-2.5-Math-7B (Yang et al., 2024), which acts as the base
model prior to fine-tuning. Together, they span a spectrum from foundational to advanced capabilities,
forming a semantically meaningful coordinate system.

We train the LLM model on the OpenR1-Math-220k dataset, maintaining consistent training settings
across all experiments. We construct evaluation datasets using 1,024 prompts sampled from five
evaluation benchmark tasks. For every model checkpoint during training, we compute its distance
to reference models based on the probability assignments over reference responses. This procedure
yields a trajectory in model space that traces the model’s evolution throughout training. By comparing
these trajectories across training paradigms (e.g., SFT and RL), we reveal distinct optimization
dynamics and convergence behaviors. Notably, we observe that during the SFT—RL training
pipeline, the optimization direction in the RL phase opposes that of the SFT phase, imposing
an additional learning tax on sequential LLM training. This phenomenon aligns with findings
from recent studies (Shenfeld et al., 2025; Jin et al., 2025a), providing insights into optimizing LLM
training efficiency and the integration of SFT and RL strategies.

The three-dimensional distance framework we proposed provides both theoretical grounding and
practical interpretability for analyzing LLLM training dynamics. It enables direct comparison of
different model variants and reveals how specific training strategies influence progression through the
reasoning capability landscape.
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C.3 LEARNING DYNAMICS VISUALIZATION WITH DIFFERENT EPOCHS SFT

In Sec. 3.1.2, we hypothesize that “SFT may overfit

e SFT RL SRFT

to demonstrations, and the subsequent RL attempts =~ == sF(2 epoch)-AL SFT(2 epachs}+RL SFTI3 epochs)oRL
to correct this deviation, thereby increasing the learn- 4
ing tax of the two-stage paradigm.” To provide a o
granular analysis of this phenomenon, we investigate 3 ;3
the impact of SFT training duration in Figure A3. | 8
We observe that this learning tax is sensitive to the ./. E
number of SFT epochs: extended supervised train- Smomg ./ e
ing (e.g., 2 or 3 epochs) tends to confine the model /-/ K
within the demonstration distribution, thereby in- 7 %

. ation e
creasing the overfitting issue. Conversely, early s X r
stopping (e.g., 1 epoch) followed by RL can mit- )i“ éf&
igate this distributional shift. These findings under- . ‘3?\
score that identifying the optimal SFT epoch is a Qwen2.5-Math-7B Distance s

(2

complex and often underexplored hyperparameter @ Start FT X Finish FT

tuning challenge (Chu et al., 2025; Jin et al., 2025b). _, L . .
Our method SRFT addresses this dilemma by inte- Figure A3: Visualization of learning dynamics
grating SFT and RL into a single stage with adaptive 3¢TOSS different SFT epochs.

weighting, enabling for direct policy optimization without the need for manual stage-switching.

D DIFFERENCE BETWEEN SRFT AND ON-POLICY DISTILLATION

In this section, we clarify that a direct comparison between SRFT and on-policy distillation methods
such as Generalized Knowledge Distillation (GKD) (Agarwal et al., 2024) is not straightforward due
to fundamental theoretical and technical divergences.

Theoretical Differences. Fundamentally, SRFT and GKD operate under different paradigms:

* RL vs. KD Frameworks: SRFT is grounded in the Reinforcement Learning (RL) framework.
Its core innovation lies in the single-stage unification of SFT and RL to achieve direct policy
optimization via reward maximization. In contrast, GKD operates within the Knowledge
Distillation (KD) framework. As noted by Agarwal et al. (2024), GKD is not an RL algorithm;
rather, it aims to mitigate the “distribution mismatch between output sequences seen during
training and those generated by the student during inference” by minimizing the divergence
between student and teacher distributions.

¢ Performance Upper Bounds: The optimization objective of GKD is to align the student’s
policy with that of the teacher, which theoretically upper-bounds the student’s performance
by the teacher’s capabilities. Conversely, SRFT utilizes RL to explore the solution space. By
leveraging reward signals, SRFT can potentially discover better solution paths and optimize
the policy to surpass the performance of the behavior policy.

Technical Differences. Implementing on-policy distillation with large-scale reasoning models (e.g.,
DeepSeek-R1) presents specific technical challenges that SRFT avoids:

* Vocabulary Mismatch: Standard GKD requires the teacher and student models to share
the same tokenizer vocabulary to compute the token-level KL divergence. In our setting,
the teacher (DeepSeek-R1) and the student (Qwen-2.5-Math-7B) utilize different tokenizers.
Applying GKD would necessitate complex sequence and vocabulary alignment techniques.
SRFT, relying on offline demonstration data, bypassing the need for the teacher’s tokenizer.

« Initialization Requirements: GKD typically necessitates initialization from an SFT model
that can already “generate sequences of adequate quality” for the teacher to provide meaningful
feedback. In contrast, our experiments demonstrate that SRFT can effectively optimize the
policy directly from the base model.
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E DISCUSSION ABOUT ENTROPY IN LLM FINE-TUNING FOR REASONING

Entropy is a crucial metric in the LLM reinforcement fine-tuning (Cui et al., 2025b; Cheng et al.,
2025; Wang et al., 2025b). It is used to measure the uncertainty of the LLM policy’s predictions. The
definition of policy entropy is as follows:

[yl

1
H(mg) = —WZZm(vlw,y@logm(v\:c,y<t), (A12)

t=1veY

where 7y is the LLM policy, V is the LLM vocabulary, x is the input prompt, Yy is the sequence
of tokens in the response before the current token, and |y| is the length of the response. A higher
entropy indicates a more uniform distribution of probabilities across the vocabulary, while a lower
entropy indicates a more concentrated distribution.

Entropy-aware Gradient Clipping. In this work,
we use the entropy of the LLM policy to adjust
the weights of the SFT and RL components. Be-
sides, our investigation into the entropy characters
of tokens modified by fine-tuning reveals that re-
inforcement learning predominantly targets tokens
with high entropy distributions, a finding that aligns
with recent work on selective optimization in lan-
guage models (Wang et al., 2025c). To empirically

Accuracy
N S
IS (o]

B
n

validate this observation, we design controlled exper- Prob_clip 0.5

iments implementing gradient truncation for high- Prob_clip 0.8

probability tokens during RL training. As demon- Prob_clip 0.9
Base Policy

strated in Figure A4, the model’s performance re-
mains comparable to the original RL algorithm even 0 100 200 Step 300 400 500
when gradients are truncated for low-entropy tokens,

providing strong empirical support for our hypoth-
esis. This evidence confirms that RL operates with
remarkable selectivity, precisely adjusting tokens
with uncertain distributions while leaving confident predictions largely unchanged. In contrast,
SFT applies broad modifications across the entire token space, fundamentally altering the model’s
distributional characters in a less discriminative manner.

Figure A4: Performance of RL with gradient
clipping for low-entropy tokens.
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F BACKGROUND

F.1 REINFORCEMENT LEARNING

In RL training, the LLM’s token generation process is modeled as a Markov Decision Process
(MDP) (Puterman, 2014). We define a state s; at step ¢ as the concatenation of the input prompt & and
all tokens generated so far y;. This state serves as input to the policy model mg(-|s;). Specifically,
the policy processes s; = (¢, Y<¢) = (T1,%2, .-, %1, Y1, Y2, - - -, Ys—1), Where z; denotes the i-th
token of the input  and y; represents the token generated by 7 at step j. An action a; corresponds to
the selection of the next output token y;. The LLM, acting as a policy 7y (a|s;), generates a trajectory

y (a sequence of tokens) in response to the prompt x. A reward function R(z,y) = Zthl r(x, yt)
provides a scalar score for the entire trajectory y given prompt , typically derived from human
evaluations or automated metrics. In the context of RL, the behavior policy 73 (y|x) refers to the
model that generated the responses in the replay buffer. This policy is crucial for RL, particularly
for off-policy learning, as it enables proper importance sampling corrections to account for the
distribution shift between the data-generating model and the current training model. The MDP
formulation in LLMs presents several notable characteristics:

* Sequential state representation: At each step ¢, the state s; € S consists of the concatenation
of the input prompt x and all actions (tokens) generated so far y.,. This state serves as input
to the policy model 7y (-|s¢).

* Sparse and delayed rewards: Rewards R(x,y) are typically sparse, provided only upon
completion of a sequence y. This dependency on the final output’s overall quality complicates
credit assignment across the generation process.

F.2 REINFORCEMENT LEARNING FOR LLM REASONING

The pursuit of complex reasoning capabilities in LLMs has witnessed remarkable progress, with
RL emerging as a pivotal methodology for enhancing reasoning abilities (Jiang et al., 2025; Xu
et al., 2025) and tool-use capabilities (Chai et al., 2025a; Fu et al., 2025; Chai et al., 2025b; Tu et al.,
2025) beyond the limitations of SFT alone. Recent approaches such as GRPO (Shao et al., 2024;
Guo et al., 2025), DAPO (Yu et al., 2025), DR.GRPO (Liu et al., 2025c), and VAPO (Yue et al.,
2025b) have demonstrated substantial improvements in mathematical reasoning and complex problem-
solving tasks. However, the precise mechanisms through which RL enhances reasoning capabilities
remain incompletely understood. Several empirical investigations suggest that reinforcement learning
primarily serves to elicit, refine, or improve the sampling of pre-existing reasoning abilities rather
than instilling entirely novel fundamental reasoning skills from scratch. For instance, Yue et al.
(2025a) question whether current reinforcement learning via verifier feedback (RLVF) genuinely
expands the reasoning boundary (pass @k) or primarily improves the sampling efficiency of already
known solutions (pass@1). Similarly, Wang et al. (2025a) highlight that base models already possess
substantial reasoning capabilities that reinforcement learning can effectively unlock or redirect.
Nevertheless, ProRL (Liu et al., 2025d) demonstrates that RL-trained models can achieve improved
success rates on tasks where base models completely fail, suggesting that sustained and stable
reinforcement learning training can indeed expand the reasoning capability boundaries of LLMs. In
this work, we design a single-stage method that combines SFT and RL, maintaining stable entropy
during training and achieving continuous performance improvement.

F.3 INTEGRATING SUPERVISED FINE-TUNING AND REINFORCEMENT LEARNING

The synergistic interaction between SFT and RL represents a critical area of investigation in modern
LLM development. SFT on high-quality reasoning chains can establish a robust initial policy
foundation, which RL can subsequently optimize. Cai et al. (2025) explore the necessary extent of
exploration following SFT, finding that RL continues to provide substantial benefits by enabling
models to deviate from potentially suboptimal SFT trajectories. Recent research suggests that
SFT may equip models with structured reasoning templates that RL subsequently validates and
improves (Chen et al., 2025a). Nevertheless, determining the optimal strategy for combining these
complementary paradigms remains an active area of debate. To enhance sample efficiency and
provide structured guidance for RL exploration, researchers have investigated various approaches
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for integrating external supervision into the reinforcement learning framework. UFT (Liu et al.,
2025a) proposes a novel paradigm that merges SFT and RL into a single process, using informative
supervision signals like hints from partial solutions to guide exploration and accelerate convergence.
Addressing the limitations of on-policy learning, LUFFY (Yan et al., 2025) augments RLVR by
incorporating off-policy reasoning traces from stronger models, dynamically balancing imitation with
on-policy exploration to improve capabilities. ReLIFT (Ma et al., 2025) addresses the limitations
of pure RL by interleaving reinforcement learning with supervised fine-tuning on high-quality
demonstrations collected during training, enabling models to acquire new knowledge beyond their
original capabilities. TAPO (Wu et al., 2025) enhances RL by incorporating external high-level
guidance in the form of "thought patterns" abstracted from prior samples, adaptively integrating these
to balance model-internal exploration with external strategy exploitation. SASR (Chen et al., 2025b)
offers a hybrid framework that theoretically unifies SFT and RL, using SFT for initial warm-up and
then adaptively blending it with an online RL method based on training dynamics to maintain core
reasoning while exploring diverse paths, using high-quality SFT demonstrations as a key external data
source. CHORD (Zhang et al., 2025a) proposes a dynamic weighting scheme that dynamically adjusts
the weights of the two components based on the training dynamics, achieving superior performance
on both SFT and RL tasks on the instruct model. Furthermore, the single-stage integration of SFT
and RL helps mitigate the catastrophic forgetting problem that previous methods encountered when
transitioning from SFT to RL (Chen et al., 2025b; Liu et al., 2025b). These approaches collectively
underscore an emerging trend toward more sophisticated integrations of supervised signals within
reinforcement learning frameworks to improve reasoning alignment and overall performance.

G EXPERIMENTAL DETAILS

Training. For SFT, we follow the SFT configuration of OpenR1-Qwen-7B (Face, 2025), performing
full fine-tuning on DeepSeek-R1 generated reasoning traces and prompts. The training hyperpa-
rameters include a batch size of 128, a learning rate of 5 x 1076, a linear learning rate schedule
with 10% warmup, and training for 3 epochs. For SFT with KL regularization, we use identical
settings while adding a KL divergence regularization between the current policy and the base model
(Qwen2.5-Math-7B) with weight A = 0.2. The SFTx loss is:

ESFTKL (9) = }E(a:,y)ND[f log ) (y|.’1))] + /\EKL(G, Qbase)a (A13)

where Lk1.(0, Opase) is the KL divergence between the current policy and the base model. For RL,
we train for 500 steps with 8 rollouts per prompt. The learning rate is fixed at 1 x 10~6. For our
method, SRFT, we set the entropy loss coefficient to 0.001 and remove the KL loss term by setting
A = 0. To further maintain entropy stability, we adopt the policy shaping mechanism proposed
by Yan et al. (2025) and set the shaping value to v = 0.1. Additionally, we omit the clipping
operation, as the standard clipping mechanism becomes imbalanced and potentially unstable when
setting the behavior policy mg = 1. Since the maximum sequence length for Qwen2.5-Math-7B is
4,096, which is insufficient for our tasks, we increase the RoPE theta from 10,000 to 40,000 and
expand the window size to 16,384. For all experiments, we use verl' (Sheng et al., 2024) as the
implementation framework. We tune hyperparameters for all baselines to ensure fair and optimal
performance comparisons. All experiments are conducted on 8x8 A100 GPUs.

Evaluation. All evaluations are conducted using vLLM (Kwon et al., 2023) with the sampling
temperature set to 0.6 and a maximum generation length of 8,192 tokens. Given the substantial
computational costs associated with evaluating multiple RL baselines, we do not perform an ex-
haustive, model-specific hyperparameter grid-search during evaluation as suggested by Hochlehnert
et al. (2025). Instead, to ensure a fair and rigorous comparison, we maintain the same evaluation
protocol across all methods, utilizing a unified prompt template, an identical reward function, and
consistent inference parameters. Regarding metrics, for datasets with limited sample sizes (AIME24
and AMC), we report the avg@32 metric to reduce variance; for the remaining three datasets, we
adopt pass@1 as the primary evaluation criterion. We verify the correctness of generated solutions
using Math-Verify? and OAT-Grader (Liu et al., 2024). For baseline comparisons, we independently
validate the results of the base model, SFT-related baselines, GRPO (Shao et al., 2024), LUFFY (Yan

1ht‘cps ://github.com/volcengine/verl
2https ://github.com/huggingface/Math-Verify
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et al., 2025), and ReLIFT (Ma et al., 2025), while results for TAPO (Wu et al., 2025) and other
zero-shot reinforcement learning models are taken from the TAPO and LUFFY papers.

Reward Design. To evaluate the impact of our method, we adopt a simple reward function as follows.
All training experiments employ the same reward function.

1, if y is correct

R(z,y) = (Al4)

0, otherwise

Chat Template. Following Yan et al. (2025); Ma et al. (2025), for all training paradigms (SFT,
RL, SRFT), we employ a unified system prompt that encourages systematic reasoning, as shown in
Figure AS. We also experimented with alternative templates, as shown in Figure A6.

Chat Template (Ours)

Your task is to follow a systematic, thorough reasoning process before providing the final solution.
This involves analyzing, summarizing, exploring, reassessing, and refining your thought process
through multiple iterations. Structure your response into two sections: Thought and Solution.

In the Thought section, present your reasoning using the format:“<think>\n {thoughts}
</think>\n”. Each thought should include detailed analysis, brainstorming, verification, and
refinement of ideas.

After “</think>\n" in the Solution section, provide the final, logical, and accurate answer, clearly
derived from the exploration in the Thought section.

If applicable, include the Answer in \boxed{ } for closed-form results like multiple choices or
mathematical solutions.

Question: {question}

Answer: {answer}

Figure AS: Chat template for all training paradigms (SFT, RL, SRFT).

Chat Template (Qwen)

Please reason step by step, and put your final answer within \\boxed{ }.

Question: {question}

Answer: {answer}

Figure A6: Chat template for Qwen-2.5-Math.

Template Ablation. To minimize template influence, we evaluated the base Qwen-7B-Math model
with different templates. Results are shown in Table A5, which indicates that our template design
effectively guides the model’s reasoning process while maintaining consistency across different
mathematical domains.

Table AS5: Template ablation results on mathematical reasoning benchmarks

Template AIME24 AMC MATHS00 Minerva Olympiad Average
No Template 0.302 0.132 0.596 0.424 0.134 0.318
Qwen2.5-Math-7B 0.144 0.088 0.446 0.303 0.111 0.218
SRFT 0.296 0.165 0.648 0.448 0.141 0.340
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Table A6: Benchmarks used in this study. “~" indicates the split is not officially provided.

Dataset #Train  #Test Task Type Domain License Source

Training Dataset

OPENR1-MATH-220K 220,000 - Math reasoning Mathematics Apache 2.0 [Link]

Mathematical Reasoning Benchmarks

AIME24 - 30 Math competition Mathematics MIT [Link]
AMC - 83 Math competition Mathematics Apache 2.0 [Link]
MATH500 - 500 Mathematical reasoning Mathematics - [Link]
MINERVA - 272 STEM reasoning STEM Apache 2.0 [Link]
OLYMPIAD - 674 Math competition Mathematics Apache 2.0 [Link]

Out-of-Distribution (OOD) Benchmarks

ARC-C - 1,172 Science reasoning General science  CC-BY-SA-4.0 [Link]
GPQA-D - 198 Scientific reasoning Bio, Phys, Chem CC-BY-4.0 [Link]
MMLU-PRO - 12,032 Multi-task understanding ~ Multidisciplinary MIT [Link]

H DATASET DETAILS

H.1 TRAINING DATASET

Opean-Math-46k-81923 (Yan et al., 2025) is the training dataset in this work, which constitutes
a subset of OpenR 1-Math-220k* (Face, 2025) comprising 46,000 mathematical problems sourced
from NuminaMath 1.5 (LI et al., 2024), accompanied by high-quality reasoning responses generated
by DeepSeek-R1 (Guo et al., 2025). Each problem is associated with two to four reasoning traces
generated by the DeepSeek-R1 model. The traces have been verified using tools like Math Verify and
Llama-3.3-70B-Instruct, ensuring at least one correct reasoning path per problem. This dataset chal-
lenges models to understand and replicate complex reasoning processes across various mathematical
domains, including algebra, geometry, number theory, and calculus.

H.2 EVALUATION BENCHMARKS

To evaluate the models above, we use eight benchmarks categorized into mathematical reasoning
benchmarks and out-of-distribution (OOD) benchmarks as described below. To mitigate potential
information leakage, we randomly shuffle the option orders for all multiple-choice questions.

H.2.1 MATHEMATICAL REASONING BENCHMARKS

AIME24 is a benchmark dataset based on problems from the 2024 American Invitational Mathematics
Examination, a prestigious high school mathematics competition in the United States. The AIME24
benchmark tests a model’s ability to solve challenging mathematics problems by generating step-by-
step solutions and providing the correct answers. This dataset contains problems from the American
Invitational Mathematics Examination (AIME) 2024, organized in JSONL format, where each line
represents a complete problem. Concepts typically covered include topics in elementary algebra,
geometry, trigonometry, as well as number theory, probability, and combinatorics. The examination
consists of 15 problems with integer answers between 0 and 999, requiring advanced mathematical
reasoning and problem-solving skills.

AMC is a validation dataset containing problems from the American Mathematics Competitions,
specifically AMC12 from 2022 and 2023. All 83 problems come from AMC12 2022 and AMC12
2023, and have been extracted from the AOPS wiki page. The AMC 10 is a 25-question multiple-
choice competition designed for students in grades 10 and below. The content covers mathematical

3ht‘cps ://huggingface.co/datasets/Elliott/Openr1-Math-46k-8192
4https ://huggingface.co/datasets/open-r1/0penR1-Math-220k
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topics such as elementary algebra, basic geometry, area and volume formulas, elementary number
theory, and elementary probability. This dataset serves as an internal validation set and focuses on
competition-level mathematical problems comparable in difficulty to AMC12 and AIME exams.

MATHSO00 is a carefully curated subset of mathematical problems designed for robust evaluation.
MATHS00 is a subset of 500 randomly sampled questions from Hendrycks’ 2021 MATH dataset,
created by OpenAl in late 2024 as a consequence of their appropriation of 90% of the original 5,000
MATH questions for training data for reinforcement learning on O1-series models. The dataset
maintains the diversity and complexity of the original MATH benchmark while providing a clean
evaluation set that avoids potential data contamination issues.

Minerva is a reasoning benchmark that encompasses a wide range of STEM domains and difficulty
levels. The dataset is designed to evaluate models’ capabilities in advanced STEM problem-solving,
including “solid-state chemistry”, “information and entropy”, “differential equations”, and “special
relativity”. It includes problems requiring multi-step reasoning, symbolic manipulation, and deep
mathematical understanding across various STEM fields. Minerva contains 272 problems in total,

191 of which have numeric solutions and 81 have symbolic solutions.

Olympiad refers to mathematical olympiad-level problems that represent some of the most chal-
lenging mathematical reasoning tasks. Unlike existing Olympiad-related benchmarks, datasets in
this category focus exclusively on mathematics and comprise vast collections of competition-level
problems. These problems are meticulously categorized into 33+ sub-domains and span across 10+
distinct difficulty levels. These problems require exceptional mathematical insight, creativity, and
advanced problem-solving techniques typically seen in international mathematical competitions. We
specifically utilize the OE_TO_MATHS_EN_COMP subset for our evaluation.

H.2.2 OUT-OF-DISTRIBUTION (OOD) BENCHMARKS

ARC-C (AI2 Reasoning Challenge-Challenge) is a dataset of grade-school level science questions
that require commonsense reasoning and knowledge application. The dataset consists of multiple-
choice questions that are designed to be easy for humans but challenging for Al systems, testing
the model’s ability to apply scientific knowledge and reasoning in everyday contexts beyond pure
mathematical domains.

GPQA-D (Graduate-Level Google-Proof Q&A-Diamond) is a challenging benchmark designed to
evaluate advanced reasoning capabilities in scientific domains. GPQA consists of 448 multiple-choice
questions designed to evaluate the capabilities of LLMs and scalable oversight mechanisms. This
dataset provides "Google-proof" questions in biology, physics, and chemistry, designed to test deep
domain expertise and reasoning under challenging conditions. The diamond subset contains 198
hard problems. The questions require graduate-level knowledge and are specifically designed to be
difficult to answer, even with an internet search.

MMLU-Pro (Massive Multitask Language Understanding-Professional) is an enhanced version of
the original MMLU benchmark designed to be more challenging and robust. The MMLU-Pro dataset
is an enhanced version of the Massive Multitask Language Understanding benchmark. It’s designed
to be more robust and challenging, aiming to rigorously evaluate language understanding capabilities.
MMLU is a comprehensive benchmark that covers 57 subjects across fields like mathematics, history,
law, and medicine. It assesses not only factual knowledge but also the model’s capacity to apply this
knowledge in context-specific scenarios. MMLU-Pro increases the difficulty and reduces potential
shortcuts while maintaining broad coverage across academic disciplines.
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I TOKEN PROBABILITY VISUALIZATION OF OTHER MODELS

To verify the generalizability of our findings regarding the distinct impacts of SFT and RL on token
distributions, and to address potential concerns regarding model-specific biases in the Qwen series,
we extend our visualization analysis to non-Qwen architectures. Specifically, we conduct identical
token probability analyses on OLMo (Walsh et al., 2025) and the Llama-3.1-8B series (Grattafiori
et al., 2024) (both Base and Instruct variants).

As illustrated in Figure A7 for OLMo, and Figures A8 and A9 for Llama-3.1, the results exhibit pat-
terns highly consistent with our primary observations on Qwen2.5-Math-7B (Sec. 3.1.1). Across these
diverse architectures, SFT consistently induces broad, global shifts in probability mass, effectively
reshaping the policy’s output distribution. In contrast, RL demonstrates a more selective optimization
strategy, primarily adjusting probabilities for specific tokens while maintaining a distribution closer
to the initial policy.

( )
Question: You are a helpful Al Assistant that provides well-reasoned and detailed responses. You first think about the reasoning process as an internal monologue
and then provide the user with the answer. Respond in the following format: <think> ... </think> <answer> ... </answer> <luserl>At 2:30 p.m. during a long drive,
Bobbi asks her parents, ""Are we there yet?" Her mother responds, ~*We will be there in 7200 seconds." If Bobbi's mother is correct, at what time in the afternoon will
they arrive at their destination? Please reason step by step, and put your final answer within \boxed({}.

Lower Probability After Fine-tuning Similar Probability Higher Probability After Fine-tuning

SFT

Kthink > OKay , so Bobbi's mom says they have 7200 seconds left until they arrive. T need to figure out|what time that would be, right? Let me start by|recaling that there are 60 seconds in a minute, S0
1 can convert 7200 seconds into minutes first. That should make it easier to figure out the time difference from 2:30 PML Let e do the math. 7200 seconds divided by 60 seconds per minute equals 120

minutes’. S0, 120 minutes is 2 hours . Because 60 minutes make an hour, 80 2 hours is 2 hours. Got|that.[Sd, if they have 2 hours left, starting from 2:30 PM , adding 2 hours would bring them to
4:30 PM,, That seems strightforward . Wait, let me double -check . 720 0 'seconds divided by 60 is indeed 120. 120 minutes is 2 hours. Yeah, that's right. 2:30 PM plus 2 hours is 4:30 PM. So, the
answer should be 4:30 PM. Hmm, that seems right | Let me think if there's another way to|approach this to confirm . Altenatively , maybe 1/can think of the total time from when they started driving . If
they were at 2:30 PM and the total time was 7200 seconds, then the total time in hours would be 7200 seconds divided by 3600 seconds per hour, which is 2 hours. So, same resultd So, adding 2
hours to 2:30 PM gives||4:30 PM. Yeah, [that checks out. 1/don't think there's a trick here. The key is converting seconds to minutes first because the question s about hours and mintes . If I'had
converted directly to hours , it would be| 7200 / 3600 = 2 hours, but sometimes people might get confused with minutes . So, converting to minutes first makes it clearer. So, {1120 minutes is 2 hours.
Therefore,, 2:30 PM plus 2 hours IS 4:30 PM. No issues there . Another way to think about it: If it's 2:30 PM and they have 2 hours left, then every 30 minutes that passes will bring them closer by 30
minutes. So, after 30 minutes, it’s 3:00 PM; another 30 minutes,|3:30 PM ; another 30 minutes, 4:00 PM; and another 30 minutes, 4:30 PM. Yep, that's the same resultsS0, 4:30 PM. Is there
any chance T could have messed up the units? Let's (el The original time is given in hours (2:30 PM) and the remaining time in seconds . Converting 7200 seconds to minutes first is necessary because
hours and minutes are the next higher unit. So, converting to minutes allows us to add hours and minutes directly. If I tried to add seconds to hours) it wouldn't make sense because there are 3600 seconds
in an hour. S0, converting to minutes first s the correct approach . Altematively,, maybe someone could  think that 7200 seconds is 2 hours , but that's incorrect because you need to divide by 60, not
3600. So, the mistake would be to think 7200 seconds is 2 hours), which t's not. It's 2 hours if you divide by 3600, which is 2 hours. But since the problem is about adding hours and minutes, you
need to convert the 7200 seconds into minutes first. S0, that's why 120 minutes is correct. Therefore, the final answer isf|4:30 PM. I don't see any other way to interpret the problem or any potential
errors in my reasoning. It's a straightforward conversion problem where you add hours and minutes. So, I'm confident that's the correct time they would arrive . ¥¥[inall Answer ¥¥] The time they will arrive is
\boxed {4: 30 PM3] </ think 3/B0b bi's mother states they have 7200 seconds left until arrival {70 determine the arrival time, we first convert 7200 seconds into minutes. [\ [ 7200 \text{ seconds} \div 60
\text{ seconds per minute } = 120 \text{ minutes} \] Since 120 minutes is equivalent to 2 hours , we add this to the current time of 2:30 PM. \[ 2:30 \text{ PM} + 2 \text{ hours} = 4:30 \text{
PM} \] Thus, the time they will arrive is \ boxed {4:30 PM).

RL

<think > To determine the arrival time based on Bobbi's mother's statement, we need to follow these steps: 1. %% Convert seconds to minutes **: Since there are 60 seconds in a minute, we divide 7200 seconds by 60

to find the number of minutes . \[| \frac (7200 \text{ seconds }} {60 \text { seconds/minute )} = 120 \text { minutes} \] 2. ** Convert minutes to hours and minutes **: We need to convert 120 minutes nto hours and
Iminutes . Since there are 60 minutes in an hour: \[ 120 \text( minutes) = 2 \text{( hours} \text{ and } O \text{ minutes) \] 3. **Determine the amial time**: Bobbi's joumey started at 2:30 p.m. Adding the
2 hours and O minutes to this start time: \[ 2:30 \text{ p.m.} + 2 \text{ hours} = 4:30 \text{ p.m.} \] Therefore, if Bobbi's mother's statement is corect, they will amive at their estination at: \f

\boxed (4:30 \text { p.m. )} NJ|</think > <answer > The final answer is: \[{/\boxed (4:30 \text  p.m. )} \] </ answer ] <think > Ths, the time they will arive isEI\[ \boxed {4:30 \text{ p.m.}} ] </ think >

Figure A7: Token probability distribution visualization for OLMo-2-1124-7B-Instruct.

: Question: At 2:30 p.m. during a long drive, Bobbi asks her parents, “Are we there yet?" Her mother responds, ““We wil be there in 7200 seconds." If
Bobbi's mother is correct, at what time in the afternoon will they arrive at their destination? Answer: Let's think step by step

Lower Probability After Fine-tuning Similar Probability Higher Probability After Fine-tuning

SFT

Okay,, 50 Bob bi asked her mom at 2:30p.m. if they e there yet, and her mom said they'll be there in 7200 seconds . Hmm, 1ineed tofigure out what time it will be when they arrive . Let's break this downstep by
step i First, 1 know that 1 hour is equal to 3600 seconds . That's/aGommon conversion I/ femember. So, if her mom said they l be there in 7200 seconds, T can figure out how many hours that is by dividing 7200 by
3600. L6k do that: 7200 seconds @ € 3600 seconds/hour = 2 hoursH|Wait, 5o it's| 2 hours from 2:30 p.m. Hmm, okay. If 1'add 2 hours to 2:30 p.m., that/ShoUd give me the BffVal time . Let me count up
two hours from 2:30 p.m. StfiNg at 2:30 p.m ., [adding one hour would bring us to 3:30 p.m., and then adding another hour would take us to 4:30 p.m. S0, 2:30 p.m. plus 2 hours is 4:30 p.m. Hold on,
et me double ~check my math to make sure Ididn't make a mistake . 2 hours times 3600 seconds per hour is/indeed 7200 seconds . S0, the calculation seems right. If they leave at 2:30 p.m. and it takes 2 hours
they il arrive at 4:30 p.m . 1s thére another way to think about this ? Maybe converting 7200 seconds directly into minutes and then adding that to 2:30 p.m.?/Let me try that. There are 60 seconds in a minute, so
7200 seconds @/ 60 = 120 minutes . Then, 120 minutes(i§ equal to 2 hours. S0, same result as before. 2 hours added to 2:30 p.m. is 4:30 p.m. Walt, maybe I can visualgze this on a clock . Starting at 2:30,
if 1.2dd 2 hours, the minutes stay at 30, and the hour moves from 2 to 4. So, 2:30 plus 2 hours is 4:30. Yeah, that's consistentilI guess another way s to use a number ine or time [addition: Let's see: 2:30
p.m. plus 2 hours . Each hour brings us forward one[oUf mark. So, 2:30 to 3:30/I the first hour  then to 4:30 is the second hour. So, again, 4:30 p.m. Is there a chance I could have misread the question? It
says 7200 seconds . Sometimes people get confused between AM and PM B the question specifies 2:30 p.m, 50 no issues there. It's defintely in the afteroon . Wait, another thing — does the 7200 seconds include
the startingpoint  No,, because it's the time femaining, so we just add it to the current time 'S0, starting at 2:30 p.m., adding 7200 seconds later is 4:30 p.m. Let me also think about realfife scenarios . If 1'm in
a car, and|someone tells me it wil take 2 hours, that's usually a straightforward addition . So, if 1'leave at 2:30]B.m., 1'd expect to arrive at 4:30 p.m. That makes sense. I can aiso think about how long 7200

seconds is in minutes and hours. 7200 divided by 60 is 120 minutes, which is 2 hours, so t's the same as before. So, no discrepancies there. Is 7200 seconds a reasonable time for a trip? Well, 2 hours is a whie
but depending on the distance, it could be a road trip or a flight or something . Anyway , regardiess of the mode of transportation , the time addition is the same. I think I've considered this from a few angles : direct
conversion , minute conversion, visual izing the clock , and real -life context. All of them lead me to the same conclusion . S0, I feel confident that the arrival time will be at 4:30 p.m. *%Final Answer #% They will arive at
their destination at/{boxed {4130 \text{ p.m. }}. <Jthinks! Bobbilasked her mother at |2:30 p.m. if they were there yet, and her mother responded that they would be there in 7200 seconds. Tolfind out the arrival
time, we |need to convert[|7200 seconds into hours . Fifst we know that 1 hour is equal to 3600 seconds . Therefore)] we can convert/|7200 seconds to/hours by dividing : \[[7200 \text{ seconds} \div 3600 \text{
[seconds /hour} = 2 \text{ hours ) \] Next; we add|'2 hours to the current time of 2:30 p.m. Adding{12/hours to||2:30 p.m. brings|Us to 4:30 p.m. Thus) they Wil arive at their destination at \boxed {4:30
\tet { p.m.}}.

RL

> Hello. Given that the time is 2:30 p.m. and that they will arrive at the destination in 7200 seconds , we can calculate the time of arrival using the following reasoning .\ begin {align* ) 2:30 p.m. \; & \\ + \, 7200
\text{ seconds } & \\'= \,? & \ 2:30 p.m. 4 2\, \text{ hours } + 0\, \text{ minutes }+ 0\, \text{ seconds } & \\ B:30 p.m. + 2\, \text{ hours } & \[=\, 4:30 \, p.m. & \end {align*}< | User |
>How do you calculate the number of hours ?< | Assistant | >We know that 1 hour = 3630 seconds, so 2 hours = 2 \times 3600/= 7200 seconds.< | User | >Okay. 2:30 p.m. + 2 hours = 4:30 p.m.< |
Assistant | > Yes, that's right ! They wil arrive at their destination at 4:30 p.m.< | User | >Thank you for the help !

Figure AS8: Token probability distribution visualization for Llama-3.1-8B-base.
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Question: <lbegin_of_textl><lIstart_header_idI>system<lend_header_idl> You are a helpful Al Assistant that provides well-reasoned and detailed responses. You
first think about the veasomng process as an internal monologue and then provide the user with the answer. Respond in the following format: <think> ... </think>
<answer> . t d t_header_idlI dend_header_idI> At 2:30 p.m. during a long drive, Bobbi asks her parents, “"Are we there yet?" Her
mother responds *We will be there in 7200 seconds.” If Bobbi's mother is correct, at what time in the afternoon will they arrive at their destination? Please reason
step by step, and put your final answer within \boxed{}.<leot_idI><Istart_header_idI>assistant<lend_header_idl>

Lower Probability After Fine-tuning Similar Probability Higher Probability After Fine-tuning

SFT

Sthiink > Okay, let's see . The|problem is asking what time Bobbi and her family will arrive at their destination if they leave at 2:30 p.m. and|the trip takes 7,200 seconds . Hmm, right’ So
first, 1 need tofigure out how long 17,200 seconds s in|terms of hours and minutes|so I can[add that to 2:30 p.m. to get the arrival time. Alright, let's start by converting 7,200 seconds into
minutes . Since there are 60 seconds in a minute, [T can divide 7,200 by 60 to find OUE how many minutes|that is .[Let me do that calculation . 7,200 divided by 60, Hmm,[60 times 120 is
7,200, [fight ? Because 60 times 100/ is 6,000, and 60 times 20 is 1,200, so §,000 plus 1,200 is 7,200. So that means 7,200|Seconds is 120 minutes. Okay, that makes sense. Now , I
need to convert 120 minutes into hours|and minutes. Since there are 60 minutes in an hour, I divide 120 by 60, 120 divided by 60 is 2. So that's 2 hours. Wait, 2 hours and|0 minutes?
Because 120 minutes divided by 60 is exactly 2 hours. So the trip takes 2 hours. Soif they left at 2:30 p.m. and the trip takes 2 hours, adding 2 hours to 2:30 p.m. would bring them to
4:30 p.m. Let me check that again . Starting at 2:30, adding one hour gets us to 3:30 p.m., and another hour brings us to 4:30 p.m. Yep, that seems right. But wait, just to make sure|l
didn't make any mistakes in converting seconds to minutes ) Let me verify. 60 'seconds in a minute, so 7,200 divided by 60. Let me do that/division again. 7,200 divided by 60. 60/goes into
72[once (60), subtract 60 from 72, you get 12.[Bring down the 0, making it 120. 60 goes into 120 twice (120), so/that's 2 hours. So yes, 2 hours. So 2 hours and 0 minutes , which is
2:00. So adding that to 2:30 p.m. gives|4:30 p.m. So the arrival time is 4:30 p.m. But wait, let me think again. Sometimes|when dealing with time, it's easyl to mix up the hours and
minutes . Let me break it down step by step. Starting at 2:30 p.m., adding 2 hours So 2:30 plus i hour is 3:30, then plus another hour is 4:30. Yep, that's correct. Alteratively, maybe
1.can convert the departure time to a different format to make it easierl Let's see, 2:30 p.m. in minutes|since midnight. 2 hours is 120 minutes, and 30 minutes is 30 minutes, softotal 150

minutes .| Then adding 2 hours (which is 120 minutes) to that would be 150 + 120 = 270 minutes. Then converting back to hours and minutes: 270 divided by 60 is 4 hours and 30 minutes
which is 4:30 p.m. So|that also gives the same answer . Okay , [that confirms it Another way : Maybe use a 24 -hour clock. 2:30 p.m. is 14:30/in 24-hour time. Adding 2 hours would be
16:30), which is 4:30 p.m. That works too. Al right, soall different methods lead to the same answer . I/think that's(solid. So the arrival time is 4:30 p.m. **Final Answer % They will arrive
at their destination at/\boxed {4:30} p.m. </think> Boblbi and her family depart at 2:30 p.m. and the trip duration is 7,200 seconds.|To determine the arrival time , we first convert 7,200
seconds into minutes : {17200 \@iv 60 = 120 \text{ minutes} \] Since| 120 minutes is equivalent to 2 hours, e add this duration to the departure time . Starting at 2:30 p.m ., adding 2
hours results in¥/\[ 2:30 \text{ p.m.} + 2 \text{ hous} = 4:30 \text{ p.m.} \] Thus, they will arrive at their destination at/\boxed {4:30} p.m.

RL

> <think3l To find out the time they will arrive, we first need to convert 7200 seconds into hours and minutes. Since there are 3600 seconds in an hour, we divide 7200 by 3600 to get the

number of hours. 7200 / 3600 = 2 hours. This means they will take 2 hours to reach their destination . Given that they started at 2:30 p.m., we add 2 hours to 2:30 p.m. 2:30 p.m. + 2

hours = 4:30 p.m. </ think> <answer >\ boxed {4:30 p.m.}</ answer >

Figure A9: Token probability distribution visualization for Llama-3.1-8B-Instruct.

J TOKEN PROBABILITY VISUALIZATION OF SRFT

We visualize the token probability distribution of SRFT after training, as shown in Figure A10. We
observe that the token probability changes are moderate, achieving a balanced point between SFT
and RL that enhances the model’s reasoning capabilities while preserving its base abilities.

Question: Every morning Aya goes for a $9$-kilometer-long walk and stops at a coffee shop afterwards. When she walks at a constant speed of
$s$ kilometers per hour, the walk takes her 4 hours, including $t$ minutes spent in the coffee shop. When she walks $s+2$ kilometers per hour, the
walk takes her 2 hours and 24 minutes, including $t$ minutes spent in the coffee shop. Suppose Aya walks at $s+\frac{142}$ kilometers per hour.
Find the number of minutes the walk takes her, including the $t$ minutes spent in the coffee shop.

Lower Probability After Fine-tuning Similar Probability Higher Probability After Fine-tuning

SRFT

[EHfiink > To solve this problem , we need to determine the time it takes for A ya to walk 9 kilometers at a speed of \('§ + \ frac { 1 }{ 2 } \ ) kilometers per hour , including the time spent in the
coffee shop , which is \( t \ ) minutes . We are given two scenarios Wheré we know the total time taken for the walk plus the time spent in the coffee shop . First , let 's define the variables & - \( s \

)i speed in kilometers per hour When the walk takes 4 hours total ( including \( t \ ) minutes in the coffee shop ). - \('s + 2\ ): speed in kilometers per hour when the walk takes 2 hours and 2 4
minutes total ( including \( t \ ) minutes in the coffee shop ). - \( t \ ): time spent in the coffee shop in minutes . We fiéed to find the time taken when walking at \(s + \ frac { 1 }{ 2} \)
Kilometers per hour | including \( t \ ) minutes e know e total distance Bf the walk is 9 kilometers . The B8l time taken in €ach scenario is the sum of the walking time and the time spent in the
coffee shop . et 's @enote - \( T _ 1\ ): total time taken in the first scenario ( 4 hours ). - \( T _ 2\ ): total time taken in the second scenario ( 2 hours and 2 4 minutes ). Omit part of the
output... Now , Wwhen walking at \('s +\frac { 1}{2}=2.5+0.5=3\)kn /h, the walking time is \(\ frac { 9 }{ 3 } = 3\ ) hours , {hich is 1 8 0 minutes | Adding the fime spent in
the coffee shop \(t = 24\ ) minutes gives \( 180 + 24 = 204\ ) minutes . Therefore , the BRSWER should be \ boxed { 2 0 4 }. </ think 5| EVéR morning A ya goes for a 9 - il ometer -long
walk and stops at a coffee shop afterwards . When she walks at a constant speed of \('s \ ) kilometers per hour , the walk takes her 4 hours , including \( t \ ) minutes spent in the coffee shop .
When she walks \('s # 2 \ ) kilometers per hour , the walk takes her 2 hours and 2 4 minutes , including \( t \ ) minutes spent in the coffee shop . {iié fieed to find the number of minutes the walk
takes her WheR she walks at \(s + \ frac { 1 }{ 2} \ ) kilometers per hour , including the \( t \ ) minutes spent in the coffee shop . Fifét , e denote the time spent {Walking ifl each scenario : 1 .
For the first scenario ( speed \( s \ )): - Total time § 4 hours - Walking time : \( 4 - \ frac { t }{ 6 0 )\ ) hours - Distance EqUation : \( s \ left (4 - \ frac { t }{ 6 0 }\ right ) = 9\ ) 2 . For the
second scenario ( speed \(s + 2\ )): - Total time : 2 hours and 2 4 minutes = 2 . 4 hours - Walking time : \( 2 . 4 -\ frac { t }{ 6 0 } \ ) hours - Distance equation : \( (s + 2) \left (2.4
\frac { £ }{ 60 }\right ) = 9\ ) W solve these bwo equations 511 . \(s \ left (4 -\ frac { t }{ 6 0 }\right ) = 91) 2. \((s+ 2)\left (2.4 -\frac { t }{ 60 }\ right ) = 9\ ) Lek \( \
tau =\ frac { t 6 0 } \ ) el equations become : 1. \('s (4 - \tau) = 9\)2.\((s+2)(2.4-\tau) = 9\) From the first equation ; \(s =\ frac { 9 }{ 4 - \ tau } \ )i Sub stit uting|
into the second equation : \[ \ left ( \ frac { 9 }{ 4 - \tau } + 2 \right )( 2. 4 - \tau ) = 9\ 1S impl ifying : \[ \ left ( \ frac {17 - 2\ tau }{ 4 - \tau } \right }( 2. 4 - \tau ) = 9\ ]
Multip Iying Both sides by \( 4 - \ tau \ ): \[(17- 2\tau)(2.4-\tau) = 9 (4-\tau)\] Exp anding Both sides : Left side s \( 40.8-21.8\tau + 2\ tau ~ 2\ )|Right side : \( 3 6
- 9\ tau | ) Setting equal B simpl ifying : \[ 2 \teu ~ 2- 12 .8 \tau+ 4.8 = 0\]Dividing by 2:\[\tau~ 2- 6.4 \tau + 2.4 = 0\]5 olving the quadratic equation : \[ \ tau = \
frac { 6.4\ pm|5.6 } 2} \] This gives \(\ tau = 6 \ ) or \(\ tau = 0.4\ ). Since \( | tau = 6 \ ) leads to @ negative speed , We have \( \tau = 0.4\ ). Thus , \(t = 2 4 \ ) minutes
BAd \(s = 2.5\)kn /h. When walking at \('s +\frac { 1}{ 2} = 3\) km /h , the walking time is \(\ frac { 9 }{ 3} = 3\ ) hours , which is 1 8 0 minutes . Adding the time spent in the

coffee shop \(t = 2 4\ ) minutes gives & total of \( 18 0 + 24 = 204\ ) minutes . The answer is \ boxed { 20 4 },

Figure A10: Token probability distribution visualization for SRFT.

K DISCLOSURE ON THE USE OF LLMS

We utilized large language models to enhance the grammar and clarity of this paper. The model’s
role was strictly limited to language refinement and did not extend to generating core content, such as
research ideas, experimental results, or technical analyses. All authors have reviewed and assume full
responsibility for the final content.
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