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Abstract

Foundation models for natural language processing, powered by the transformer architec-
ture, exhibit remarkable in-context learning (ICL) capabilities, allowing pre-trained models
to adapt to downstream tasks using few-shot prompts without updating their weights. Re-
cently, transformer-based foundation models have also emerged as versatile tools for solving
scientific problems, particularly in the realm of partial differential equations (PDEs). How-
ever, the theoretical foundations of the ICL capabilities in these scientific models remain
largely unexplored. This work develops a rigorous error analysis for transformer-based
ICL applied to solution operators associated with a family of linear elliptic PDEs. We first
demonstrate that a linear transformer, defined by a linear self-attention layer, can provably
learn in-context to invert linear systems arising from the spatial discretization of PDEs.
This is achieved by deriving theoretical scaling laws for the prediction risk of the proposed
linear transformers in terms of spatial discretization size, the number of training tasks,
and the lengths of prompts used during training and inference. These scaling laws also
enable us to establish quantitative error bounds for learning PDE solutions. Furthermore,
we quantify the adaptability of the pre-trained transformer on downstream PDE tasks that
experience distribution shifts in both tasks (represented by PDE coefficients) and input
covariates (represented by the source term). To analyze task distribution shifts, we intro-
duce a novel concept of task diversity and characterize the transformer’s prediction error
in terms of the magnitude of task shift, assuming sufficient diversity in the pre-training
tasks. We also establish sufficient conditions to ensure task diversity. Finally, we validate
the ICL-capabilities of transformers through extensive numerical experiments.

Keywords: In-context learning, transformer, operator learning, task diversity, linear
systems, partial differential equations.

1 Introduction

Foundation models (FMs) for natural language processing (NLP), exemplified by Chat-
GPT Achiam et al. (2023), have demonstrated unprecedented power in text generation
tasks. From an architectural perspective, the main novelty of these models is the use
of transformer-based neural networks Vaswani et al. (2017), which are distinguished from
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feedforward neural networks by their self-attention layers. Those transformer-based FMs
pre-trained on a broad range of tasks with large amounts of data, exhibit remarkable adapt-
ability to diverse downstream tasks with limited data Brown et al. (2020). The success of
foundation models (FMs) for NLP has recently sparked a large amount of work on building
FMs in domain-specific scientific fields Batatia et al. (2023); Celaj et al. (2023); Méndez-
Lucio et al. (2022). Specifically, there is growing interest within the community of Scientific
Machine Learning (SciML) in building scientific foundation models (SciFMs) to solve com-
plex partial differential equations (PDEs) Subramanian et al. (2024); McCabe et al. (2023);
Ye et al. (2024); Yang et al. (2023); Sun et al. (2024).

Traditional deep learning approaches for PDEs such as Physics-Informed Neural Net-
works Raissi et al. (2019) for learning solutions and neural operators Lu et al. (2019); Li
et al. (2020) for learning solution operators need to be retrained from scratch for a dif-
ferent set of coefficients or different PDE systems. Instead, these SciFMs for PDEs, once
pre-trained on large datasets of coeflicients-solution pairs from multiple PDE systems, can
be adapted to solving new PDE systems without training the model from scratch. Even
more surprisingly, transformer-based FMs have demonstrated their in-context learning
(ICL) capability in Achiam et al. (2023); Bubeck et al. (2023); Kirsch et al. (2022) and
in SciML Yang et al. (2023); Chen et al. (2024b); Yang and Osher (2024): when given a
prompt consisting of examples from a new learning task and a query, they are able to make
correct predictions without updating their parameters. While the emergence of ICL has
been deemed a paradigm shift in transformer-based FMs, its theoretical understandings
remain underdeveloped.

The goal of this paper is to investigate the ICL capability of transformers for solving a
class of linear elliptic PDEs. Our study is strongly motivated by the need of characterizing
the scaling and transferability /adaptability of SciFMs Subramanian et al. (2024);
McCabe et al. (2023). In fact, the computing and energy costs for training SciFMs are
substantial and increase dramatically with the sizes of the model and data. In addition, the
performance of FMs depends on several key parameters, including the size of training data,
the model size, the amount of training time, etc. It is thus extremely critical to estimate
those key parameters needed to achieve certain prediction accuracy given the allocated
compute budget prior to training. This requests a neural scaling law that can quantify
the prediction risk of an FM as a function of those parameters. While empirical scaling laws
have been identified for Large Language Models (LLMs) Kaplan et al. (2020); Hoffmann
et al. (2022) and more recently attempted in a SciFM for PDEs Subramanian et al. (2024);
McCabe et al. (2023), a rigorous characterization of scaling laws remains open. Additionally,
the generalization performance of SciFMs encounters significant hurdles due to prevalent
distribution shifts between tasks and data used in pre-training and those in adaptation
Subramanian et al. (2024); McCabe et al. (2023); Ye et al. (2024); Yang et al. (2023). For
instance, the behavior and fine structures (e.g. multiple spatial-temporal scales) of a PDE
solution can change dramatically in response to the changes in the physical parameters
and conditions. Therefore a rigorous quantification of the generalization performance of
SciFMs on downstream tasks due to the various domain shifts is an important step for
understanding their capabilities and limitations.
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1.1 Main contributions

We highlight our main contributions as follows:

e We formalize a framework for learning the solution operators of linear elliptic PDEs
in-context. This is based on (1) reducing the infinite dimensional PDE problem into a
problem of solving a finite dimensional linear system arising from spatial discretization
of the PDE and (2) learning to invert the finite dimensional linear system in-context.

e We adopt transformers defined by single linear self-attention layers for ICL of the linear
systems and establish a quantitative generalization error bound of ICL in terms of the
discretization size, the number of pre-training tasks, and the lengths of prompts used
in pre-training and downstream tasks; see Theorem 1. This bound further enables us
to prove an H'-error bound for learning the solution of PDEs; see Theorem 2.

e We establish general prediction error bounds for the pre-trained transformer under
distribution shifts with respect to tasks (represented by the coefficients of the PDE)
and the data covariates (represented by the source term), in Theorem 3 and in Theo-
rem 7 respectively. In the setting of task shifts, we introduce a novel concept of task
diversity and show that pre-trained transformers can provably generalize even when
the downstream task undergoes distribution shifts provided that the pre-training task
distribution is sufficiently diverse; see Theorem 4.

e Additionally, we provide several sufficient conditions under which task diversity con-
dition holds (see Theorem 5), and construct simple examples where the task diversity
fails to hold (see Theorem 6).

e We demonstrate the ICL ability of linear transformers for learning both the PDE
solutions and the associated linear systems through extensive numerical experiments.

1.2 Related work

ICL and FMs for PDE. Several transformer-based FMs for solving PDEs have been
developed in Subramanian et al. (2024); McCabe et al. (2023); Ye et al. (2024); Sun et al.
(2024) where the pre-trained transformers are adapted to downstream tasks with fine-tuning
on additional datasets. The work Yang et al. (2023); Yang and Osher (2024) study the in-
context operator learning of differential equations where the adaption of the pre-trained
model is achieved by only conditioning on new prompts. While these empirical work show
great transferabilities of SciFMs for solving PDEs, their theoretical guarantees are largely
open. To the best of our knowledge, this work is the first to derive the theoretical error
bounds of transformers for learning linear elliptic PDEs in context.

Theory of ICL for linear regression and other statistical models. The work Garg
et al. (2022) provides theoretical understanding of the ability of transformers in learning
simple functions in-context. In the follow-up works Akyiirek et al. (2022); Von Oswald et al.
(2023), it is shown by explicit construction of attention matrices that linear transformers
can implement a single step of gradient descent when given a new in-context linear regres-
sion task, and numerical experiments supported that trained transformer indeed implement
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gradient descent on unseen tasks. Several recent works Mahankali et al. (2024); Zhang
et al. (2023a); Ahn et al. (2024) extend the results of Von Oswald et al. (2023) by proving
that one step of gradient descent is indeed optimal for learning linear models in-context.
These works are further complemented by ICL guarantees for learning nonlinear functions
Bai et al. (2024); Cheng et al. (2023); Kim et al. (2024) and for reinforcement learning
problems Lin et al. (2023). Besides the explicit constructions of transformers to implement
desired algorithms in various learning tasks, recent works Zhang et al. (2023a); Chen et al.
(2024a) study the optimization landscape of single-layer linear transformers in learning of
linear functions and characterize the convergence guarantees of gradient descent for training
linear transformers.

Optimization analysis of transformers have also been studied in various settings, includ-
ing for learning nonlinear functions Cheng et al. (2023); Kim et al. (2024), using nonlinear
attentions Huang et al. (2023); Nichani et al. (2024) (e.g. softmax and ReLU), and multiple
heads Chen et al. (2024a). Regarding the generalization error with respect to the number of
tasks, the paper Wu et al. (2023) studies the behavior of in-context linear regression when
the transformer parameters are trained by stochastic gradient descent. The work Mroueh
(2023) proposes a general statistical learning framework for analyzing the generalization
error of transformers for ICL.

Going beyond the i.i.d setting, several works also investigate the ICL capability of trans-
formers when the data are defined by Markov chains Edelman et al. (2024) and dynamical
systems Goel and Bartlett (2023); Li et al. (2023); Du et al. (2023). We also would like
to mention several works that explain how transformers perform ICL from the Bayesian
perspective Xie et al. (2021); Zhang et al. (2023b); An et al. (2020).

Among the aforementioned works, the settings of Zhang et al. (2023a); Ahn et al. (2024);
Chen et al. (2024a) are closest to us. Our theoretical bound on the population risk extends
the results of Zhang et al. (2023a); Ahn et al. (2024) for the linear regression tasks to the
tasks of inverting linear systems that are associated to elliptic PDEs. Different from those
works where the data and task distributions are assumed to be Gaussian, the task distri-
butions considered here are non-Gaussian and are fully determined by the PDE structure.
Our out-of-domain generalization error bounds substantially improve the earlier generaliza-
tion bound Mroueh (2023) established for general ICL problems. In particular, we show
that the error due to the distribution shift can be reduced by a factor of 1/m, where m
is the prompt-length of a downstream task. This rigorously justifies that the a key robust
feature of pre-trained transformer model with respect to task distribution shifts, which has
previously been empirically observed in ICL of PDEs (see e.g. Yang et al. (2023); Yang and
Osher (2024)), but has only been rigorously studied by Zhang et al. (2023a) in the linear
regression setting.

2 Problem set-up
2.1 In-context operator learning of linear elliptic PDEs
Consider the second-order strongly-elliptic PDE on a bounded Lipschitz domain Q C R%:

{ca,vu(:ﬁ) = V. (a(x)Vu(:E)) Y V(@)u(z) = f(z), 1€ Q

u(z) =0,z € IN. o
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where a € L°°(Q) is strictly positive, V € L*®(£2) is non-negative and f € Xy C L*(Q).
By the standard well-posedness of the elliptic PDE, the solution u € X,, C H}(£2). We are
interested in learning the linear solution operator ¥ : f — u € X, in context Yang et al.
(2023). More specifically, at the training stage we are given a training dataset comprising

N length-n prompts of source-solution pairs {( l] , u{)?zl}évzl, where { fzj } hd Py for some
distribution Py on the space of functions f, and u] are the solutions corresponding to f/

and parameters (a;, V;) i1 P, x Py, where P, and Py are distributions on the coefficient a

and V respectively. An ICL model, after pre-trained on the data above, is asked to predict
the solution u for a new source term f conditioned on a new prompt (f;, u;)"; which may
or may not have the same distribution as the training prompts. Further, the prompt-length
m in the downstream task may be different from the prompt-length n in the training.

While the ideal ICL problem above is stated for learning operators defined on infinite
dimensional function spaces, a practical ICL model (e.g. a transformer) can only operate
on finite dimensional data, which are typically observed in the form of finite dimensional
projections or discrete evaluations. To be more concrete, let {¢5 ()}, be a basis on both
X, and X, and define a truncated base set ®(x) := [¢1,- -, ¢q(z)] for some d < co. An
approximate solution @ to problem (1) can be constructed in the framework of Galerkin
method: we seek (z) = (u, ®(x)) where u € R solves the linear system Au = f, where
the matrix A = (A;;) € R™? and the right hand side f = (f;) € R? are defined by

Aij = <¢j7£a,V¢i> and fZ = <f7 ¢z>7%] =1,---,d. (2)

Note that the Galerkin method can be viewed as a special instance of the operator-
network defined by principle component analysis or PCA-Net Bhattacharya et al. (2021).
In fact, if we define the encoder & : Xy — R? on the space Xy by Erf := £, the decoder D, :
R? — X, by (Dyu)(z) := (u,®(x)) and G := R? — R? by Gf = A~'f, then ¥ := D, 0G0 &
defines an approximation to the solution operator ¥. As quantitative discretization error
bounds of PDEs are well established, e.g. for finite element methods Brenner and Scott
(2007) and spectral methods Shen et al. (2011), this paper focuses on the error analysis of
in-context learning of the finite dimensional linear systems defined by the matrix inversion
A~ which will ultimately translate to estimation bounds for the solutions of PDEs.

2.2 ICL of linear systems

The consideration above reduces the original infinite dimensional in-context operator learn-
ing problem to the finite dimensional ICL problem of solving linear systems. To keep the
framework more general, we make the following change of notations: f — y and u — x. An
ICL model operates on a prompt of n input-output pairs, denoted by S := {(y;, x;)}1; C
R? x R? with x; = A7 l'y; as well as a new query input y,+1 € R% Given multiple
prompts, the model aims to predict x,4;1 corresponding to the new independent query
input y,+1. Unlike in supervised learning, each prompt the model takes is drawn from
a different data distribution. To be more precise, for j = 1,--- , N, we assume that the
j-th prompt SU) := {(ygj),xgj)) ", is generated from the sources {yl(j) 2 i py; the
) )

solutions x;7’ are associated to the j-th inversion task via xgj ) = (A(j))_lygj where the
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matrices AG) "k pa. Informed by task matrices derived from discretizations of PDEs as
illuminated in (2), we make the following assumption on the task distribution py4.

Assumption 1. The task distribution pa is supported on the set of symmetric positive
definite matrices, and there exist constants c4,Ca > 0 such that the bounds cZIId < A=
Caly hold for all A € supp(pa). The source term'y follows a Gaussian distribution N(0,%).

Observe that Assumption 1 on A is very mild and holds for instance whenever the
coefficient a is strictly positive and V is non-negative and bounded. We will make repeated
use of the bounds!

1A lop < e, | Allop < Caa, pa —as. (3)

The Gaussian assumption on the covariate y holds when we assume that the source term
f of the PDE is drawn from a Gaussian measure N (0, %), where X : L%(Q) — L*(Q) is a
bounded, in which case the covariance matrix ¥ is defined by X;; = (¥7s, ¢5) 12(q)-

2.3 Linear transformer architecture for linear systems
Inspired by the recent line of work on ICL of linear functions, we consider a linear trans-
former defined by a single-layer linear self-attention layer for our ICL model. Following the
standard convention, we encode the data of each prompt into a prompt matrix
7 — [Y1 oo Yn Yntl ERDX(n—H)’ (4)
X1 ... Xp 0

where D = 2d. For P,Q € RP*D_ the linear self-attention module with parameters 6 =
(P, Q) is given by

1 -~ ~
Attng(Z) = Z + EPZMZTQZ,

I, 0
where M = { 0 0
the prompt matrix. Our definition of the self-attention module makes several simplifying
assumptions compared to the standard definition in the literature, namely we merge the
key and query matrices into a single matrix () and we omit the softmax activation function.
A transformer f; predicts a new label x for the downstream task by reading out the x-

component from the self-attention output, i.e.

] e R(+Dx(n+1) jg 5 masking matrix to account for the asymmetry of

d

[3(Z) = [Attng(D)]as1:pmir = Y _(€ays, Attng(Z)ent1)eds s,
j=1

where e; denotes the 7" standard basis vector. Since the output of the transformer only
reads out the last d entries on the bottom right of the output of the self-attention layer, many
blocks in P and Q do not actually play a role in the prediction defined by the transformer.
More precisely, similar to Von Oswald et al. (2023); Zhang et al. (2023a); Ahn et al. (2024),

1. Most of our estimates involve bounds on the norm of A™!, since it approximates the ’solution operator’
of the PDE. However, for technical reasons, we also require a bound on the norm of A.
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if we set P = {8 ]OD] and Q = [%2 8} with P,Q € R%*? then output of the transformer

can be re-written in a compact form: with 6 = (P, @),
TFy(Z) = PA™YV,Qy,

where Y,, := %22:1 ykyf denotes the empirical covariance matrix associated to the in-
context examples. We work with this simplified parameterization for the remainder of our
theoretical analysis.

2.4 Generalization of ICL

Our goal is to find the attention matrices P and @) that minimize the population risk
functional

Rt <[ - 4] <2l viay s

where the expectation is taken over A ~ pa, {y,y1,-.-,¥n} ~ N(0,X)®"*1 Since we do
not have access to the distribution on tasks, P and @) are instead trained by minimizing
the corresponding empirical risk functional defined on N tasks:

N
1 " 2
Ran(PQ) =+ > ||PATYOQy - A7y (6)
=1

where {A;} "% pa, {yi} "% N(0,%), and V1"

to the in-context examples {y() ...,yg)} which are (jointly) independent from y;. Our
empirical risk is closely related to the few-shot risk for in-context learning introduced in
Mroueh (2023).

A pre-trained transformer is expected to make predictions on a downstream task that
consists of a new length-m prompt {(y;, x;)}"; = {(yi, (4")"'y;)}™, and a new test sample
y, where the input samples {y;};"; U{y} ~ P, and the matrix A’ ~ P} = N(0,¥). Our
primary interest is to bound the generallzatlon performance (measured by the prediction
risk) of the pre-trained transformer for the downstream task in two different scenarios.

e In-domain generalization: The distributions of tasks and of prompt data in the
pre-training are the same as these in the downstream task (P, = Py and Pa = P}).
Thus in-domain generalization measures the testing performance on unseen samples in the
downstream task that do not appear in the training samples. The in-domain generalization
error is defined by

is the empirical covariance matrix associated

2
m(PQm) = Epp s (g1, ~N (O 5) 24D [HPA_lYmQy B A_lyH ] @

e Out-of-domain (OOD) generalization: The distributions of tasks or within-task
data in the pre-training are different from those in the downstream task, i.e. Py # P)’, or
Py # P)y. Specifically, the OOD-generalization error with respect to the task distribution
shift is defined by

Rfr/‘{‘(P, Q1) = E g, (41, g )N (0,28 (41) [HP(A/)_IYmQy - (A/)_IYH?- (8)

7
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We also define the OOD-generalization error with respect to the covariate distribution shift
by

RAPQM =By niompon [[PA¥aly a5 ] 0

Notice that the prompt length m in the prediction risk need not equal the prompt length
n in the model pre-training. We are particularly interested in quantifying the scaling laws
of the generalization errors for the pre-trained transformer as the amount of data increases
to infinity, i.e. N,n,m 1 co.

3 Theoretical results

3.1 Error bounds for in-domain generalization of learning linear systems

Our first result studies the generalization ability of the transformer obtained by empirical
risk minimization over a set of norm-constrained transformers, where the error is measured
by the prediction risk R,,. To state the result, it will be convenient to define the weighted
trace of a matrix K with respect to the covariance ¥ = WAWT:

d
Trs(K) := Z 0i2<K<pi, i),
i=1

where {(02,;)}L, = {(c2,We;)}%_, are the eigenpairs of the covariance matrix ¥. Note
that the Y-weighted trace is independent of the choice of eigenbasis of X.

Theorem 1. Let 0 = (Py, Q) € argminygy<p;Ron (6), where [|0]] := max (||Puop, ||Quop).

1

Then for n sufficiently large, we have with probability > 1 — Zol(N)

2
ACHIZIZ IS, (14 Tre(Banp,[A72)) TH(E)
2

Rm(é\) < (C2A + d) T’I’(E) n

| PN max(L 157’ o)
VN

- 1 1

Fmax(1, 57 )4 max(Tr(S), D)3, TS| —

Y

where we have omitted factors which are polylog in N.

The first three terms on the right side of (10) are the generalization errors of the ICL
model due to finite amount of training data and training tasks. The last term on the
right side of (10), which we term the “context mismatch error”, is likely due to an artifact
of our proof strategy and can potentially be removed with a refined analysis. This term
is not observed in our numerical experiments; see Figure 1. However, in the practical 2
regime where the length of the testing prompts is less than that of the training prompts

2. The performance of GPTs is known to deteriorate when the test sequence length exceeds the train
sequence length; Zhang et al. (2023a) conjectures this phenomenon to be the result of positional encoding.
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(i.e. m < n), we have ’% - %‘ < %, and hence the context-mismatch error is absorbed into
the O (%) term, leading to the following overall generalization bound
1 1
+ =+ —. 11
2t T (1)

Notice also that the prompt lengths during training and testing contribute different rates to
the overall sample complexity bound, with the sequence length n during training contribut-
ing an O(n~2) rate while the sequence length m at inference contributing an O(m™1) rate;

a similar phenomenon was observed in (Zhang et al., 2023a, Theorem 4.2) for in-context
linear regression.

~

Rm(0) S

1
m

3.2 Error bounds for in-domain generalization of learning elliptic PDEs

Building upon Theorem 1, we proceed to bound the ICL-generalization error for learning
the elliptic PDE (1). Our next result provides a rather general upper bound on the ICL-
generalization error for the PDE solution in terms of the spatial discretization error of the
PDE and the ICL-generalization error in learning the finite linear systems associated to
the discretization. The discretization error is typically fully determined by the number d of
basis functions used in the Galerkin projection. The second term is bounded by Theorem
1. In the following result, let u denote the solution to the elliptic PDE specified by (1).
We write ug for a Galerkin approximation to u with d basis functions and we write uy for
the approximate solution obtained by solving a discrete linear system with a pre-trained
transformer.

Theorem 2. Let @' be the stiffness matriz defined by ®}; = (¢}, ¢;)r2(q) and let ® be the
mass matriz defined by ®;; = (qbi,gzbj)Lz(Q). Assume that both matrices are symmetric and
positive definite. Then,

~

Ellu — Uall3 ) S Ellu = vallfg) + (1+ Anax(®729'9712)) - R, (B),

where 0 is a minimizer of the empirical risk defined in Theorem 1 and Amax(-) denotes the
largest eigenvalue of a symmetric positive definite matriz.

Theorem 2 bounds the in-domain generalization error of ICL for the PDE as a sum of
the discretization error of the PDE solver and the statistical error of learning the linear
system associated to the discretization of the PDE. It is worth-noting that there is a trade-
off between the two terms; the first term decreases as the number of basis functions (or
fineness of the mesh) increases, while the prefactor )\max(éfl/ 29p'p-1/ 2) in the second term
can grow as the number of basis functions tends to infinity. This suggests that the PDE
recovery error in the H'-metric will be large if the dimension d is either too large or too
small. We demonstrate this numerically in Figure 2 by plotting the H!'-error between the
learned solution and ground truth against the dimension d.

The abstract bound established in Theorem 2 is agnostic to the choice of PDE discretiza-
tion. Below, we present how this result can be used to derive an explicit error estimate for
the ICL in the context of a P!-finite element discretization of the PDE in one dimension.
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Example 1 (PDE recovery error with FEM discretization in 1D). Consider the elliptic
PDE (1) on a unit interval Q = [0,1]. Let I, = [(k — 1)j,kh] for 0 < k < d be the
uniform mesh on €, where h = d~! is the mesh size. Let P]'(Q) be the linear finite element
space spanned by the Pi-finite element base functions {gf)k}ﬁzo. Let uy, € PR denote the
Py -finite element approximation of the solution u. Suppose that Assumption 1 holds for
the task distributions Py, Py and assume further that a(z) € C1(Q) Py-a.s and V € C(R)
P,-a.s. Then by classical reqularity estimates for elliptic PDEs, the solution u € H?(Q2) and
satisfies |[ullg2) S [Ifllz2@) up to a universal constant. Moreover, by Theorem 3.16 in
Ern and Guermond (2004), the FEM-solution ug satisfies the discretization error estimate

v —uall g1 o) S Pllwlla2)-

It follows that
E[lu— vl oy < WElulyz @) < WEl F[Baey] = W2 THE),

where Sy : L*(Q) — L*(QY) is the covariance operator of f ~ Py. In addition, it can
be shown that for piecewise linear FEM on 1D, the stiffness and mass matrices satisfy
Amax (@120 ®-1/2) < h=2 (see e.g. equation (2.4) of Boffi (2010)). By Theorem 2, we
conclude that in the practical regime that m < n, the PDE recovery error of the transformer
1s bounded by

- L1 CAlIETHE, | dPIIBt
E[\\U—Uh\l?r{l(m}ﬁhQﬂLﬁ(EJr 2t N p)'

Note that the terms ||S7Y|op and C% depend on the number of Galerkin basis functions d.
For the matriz A corresponding to the FEM discretization, it can be shown that Cq < h™2.
In addition, when the covariance operator of the random source is given by X5 = (=A+1)™¢
for some a > 0 which controls the smoothness of the source term, it follows from the inverse
inequalities (Ern and Guermond, 2004, Lemma 12.1) that |7 |,p < h**. Inserting this
estimate to above leads to the final PDFE recovery bound in terms of the mesh size h

1 1 1
o112 2
E“W - uhHHl(Q)] Sho+ h2m + B 10+4ap,2 t hA+8a/N’

(12)

or equivalently in terms of the number of Galerkin basis functions d

) 1 d2 d10+4a d4+8a
Ellle =@l S p+ o+ S (13)
Here, we have hidden all constants from the estimate of Theorem 1 that do not depend on
the dimension d.

3.3 OOD-generalization under task distribution shift

Let # denote the minimizer of the empirical risk Rp N over the bounded set {[|0]] < M}
for some M > 0, and recall that the training tasks (modeled by A) are drawn from a
distribution p4. Let p/y denote the distribution of A in the downstream tasks, and let

10
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Rm,R,, be the prediction risk functionals defined as in (8) where the expectations over
tasks are taken with respect to p4 and p/y respectively. We would like to bound the quantity
R, (5), which represents the test error of the trained transformer under a shift on the task
distribution. We say that a pre-trained model 0 achieves OOD-generalization if its
population risk with respect to the downstream task distribution p’, converges to zero in

probability: lim,, »n M) 00 R’m(@\) E> 0. In order to state our results on OOD-generalization,
we first introduce the following “infinite-context” variant of the in-domain denoted by R«:

Roo(6) = Eanp, |(PAT'ZQ — A7H B2 2. (14)

We also define and OOD-generalization risk R’ similar to above with p4 replaced by p/s.
We denote by My and M/ the sets of minimizers of Ro, and R, respectively. We now
present a rather general theorem that bounds the OOD-generalization error.

Theorem 3. Let py and p'y denote the pre-training and downstream task distributions
respectively and assume both satisfy Assumption 1. Let Moo(pa) and Moo(p)y) denote
the minimizers of Roo and RY, respectively, and let 0 € argminjg|<pRn,n(0) denote the
empirical risk minimizer. Then

d(pa,p'y)

P dist(0, Moo (pa))? + dist(0, Moo (p'y))?,

Rin(0) S Rin(0) +
where d(pa, p'y) is a distance between the distributions pa and p'y, and the implicit constants
depend on M, 3., and the constant cq defined in Assumption 1.

The precise definition of the discrepancy d(pa,p’y) is technical and can be found in
the statement of Lemma 2 in the appendix. Theorem 3 bounds OOD generalization error
by a sum of three terms: the in-domain generalization error, the task-shift error, and the
model error, the latter of which is captured by dist(6,,, M) and dist(6, M._). A salient
feature of Theorem 4, compared to the prior ICL-generalization bound Mroueh (2023) under
distribution shift, is that the task-shift error inherits a factor of m ™!, which elucidates the
robustness of transformers under shifts in the task distribution. Theorem 4 also extends the
prior OOD-generalization result of ICL for linear regression Zhang et al. (2023a) to learning
linear systems. However, unlike in the linear regression setting, the set of minimizers of the
population risk in the linear system setting can vary substantially when the task distribution
changes. Because of this, the terms dist(é\, M) and dist(a, M) warrant a more careful
examination. Since the empirical risk R, y recovers the infinite-context population risk
Reo as n and N tend to oo and 6 is a minimizer, we expect dist(é\,./\/loo) to tend to zero
as n and N tend to oo; this is made precise in Lemma 3 in the appendix. Without further
assumptions, we cannot expect the term dist(6, M..) to decay as the sample size increases,
because 6 is not trained on data from p/,. However, we note that if M., C ML, then
dist (8, ML) < dist(#, Moo), and hence we can expect all terms in Theorem 3 to decay as
the sample size increases. This motivates the following key notion of task diversity.

Definition 1. The pre-training task distribution pa is diverse relative to the downstream
task distribution p'y if Moo € M.

11
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The importance of task diversity has been observed in the prior work Tripuraneni et al.
(2020) for transfer learning. Our notion of diversity differs from the previous notion in that
we compare the set of minimizers of population losses instead of the loss values. Theorem
4, which is a direct corollary of Theorem 3, shows that the task diversity, in the sense of
Definition 1, is sufficient for the pre-trained transformer to achieve OOD-generalization.

Theorem 4. Let pa and p'y denote the pre-training and downstream task distributions
respectively, and suppose p4 is diverse relative to p'y. Then, with 6 € argmmHgHSMRn,N(H),
we have

d(pa,p’y)
m

Ry (0) < Rn(0) + + dist(0, Moo)?,

where d(pa,py) is a discrepancy between the pre-training and downstream task distributions
that satisfies d(pa,p’y) =0 if pa = p/y.

Remark 1. Theorem 4 can be combined with Theorem 2 to obtain bounds on thef\ 00D-
generalization error for learning the corresponding PDE solution. Specifically, if 6 is the
transformer parameter obtained by empirical risk minimization on the in-domain risk, U
the corresponding PDE solution, and p'y the downstream task distribution, then the proof of
Theorem 2 immediately implies that

By, [l = @l ()] S Bumpy, [l = uallfp @] + (14 Amax (@7 H/20'@712)) R}, (8).

Notice that, under the task diversity assumption, Theorem 4 can be used to bound R;n(é\)

In Figure 3, we numerically demonstrate the robustness of pre-trained transformers
under shifts on the PDE coefficients. The numerical results show that even under more ex-
treme shifts, the OOD-generalization error is mitigated by increasing the prompt length, as
predicted by Theorem 4. This suggests that the pre-training task distributions correspond-
ing to elliptic PDE problems are sufficiently diverse in the sense of Definition 1, although
proving this rigorously remains an open question.

Since task diversity is sufficient to achieve OOD-generalization, it is natural to ask what
conditions on p4 and p’; would guarantee task diversity. The following result provides two
sufficient conditions. To state the result, we recall that the notion of the centralizer C(S)
of a subset S C R™*?: C(S) = {P ¢ R4 . PS = SPVS € S}.

Theorem 5. Let pa,p’y be two distributions on the matrices A that satisfy Assumption 1.
Then

1. If supp(p'y) C supp(pa), then pa is diverse relative to pa.

2. Define S(pa) := {A1A5" : Ay, Ay € supp(pa)}. If C(S(pa)) = {cIy: c € R}, then pa
is diverse relative to any distribution p'y.

The first statement of Theorem 5 is natural: it says that the pre-training task dis-
tribution is diverse whenever the downstream task distribution is a “subset” of it, in the
sense of supports. The second condition is particularly interesting because it implies OOD-
generalization (by Theorem 4) regardless of the downstream task distribution. The second
condition based on the centralizer of the set S(pa) is less obvious, but heuristically it

12
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enforces that the support of py must be large enough that the only matrices which can
commute with all pairwise products in S(p4) are scalars. Our empirical results suggest
that the task distributions associated to elliptic PDE problems are diverse.

An inspection of the proof of Theorem 5 reveals that if supp(p) satisfies the condition
that the centralizer of {A; 45" : Ay, Ay € supp(p;)} is trivial, then all minimizers of Roo
are of the form {(P,Q) = (cIg,c 'X71) : ¢ # 0}. In this case, it is worth noting that the
discrepancy on task distributions d(pa,p’;) defined in Theorem 4 admits a much simpler
expression. We state this result as a corollary below.

Corollary 1. Under the assumption that the pre-training task distribution pa satisfies the
centralizer condition

C({AlAgl : A, Ag € supp(pj)}) ={cly:ceR},

the out-of-distribution generalization error admits the more tractable expression

(@ +1)| 7 ((Bavpal A2 = Earny, [(4)7%]) )|

m

RLL(0) < R () + + dist(8, Moo (pa))>.
In particular, the second term, reflecting the discrepancy between pa and p'y, depends only
on the second moments of A= and (A")~L.

To conclude this section, we investigate the diversity of task distributions whose support
consists of simultaneously diagonalizable matrices. The simultaneous-diagonalizability of
task matrices has been a key assumption in the existing theoretical analysis of in-context
learning of linear systems (Chen et al. (2024a)) and in the in-context learning of linear
dynamical systems (Sander et al. (2024)). It is therefore natural to ask whether a task
distribution whose support consists of simultaneously diagonalizable matrices is diverse in
the sense of Definition 1. This question has an important interpretation in the in-context
learning of elliptic PDEs: if the diffusion coefficient a(x) and potential V(x) are both
constant, a(z) = ag, V(z) = vp, then the solution operator of the corresponding elliptic

-1
PDE is given by ( — agA + ’U()I) , whose diagonalization is independent of the constants

ao and vg. Thus, in order to understand whether a transformer that is pre-trained to solve
elliptic PDEs with constant coefficients can make accurate predictions on equations with
non-constant coefficients, it is essential to understand the diversity of task distributions
whose support consists of simultaneously diagonalizable matrices.

Theorem 6. Let py and p'y denote the pre-training and downstream task distributions,
and suppose that the matrices in supp(pa) are simultaneously diagonalizable for a common
orthogonal matriz U. Suppose additionally that there exist matrices Ay, Az € supp(pa) and
AL Ay € supp(py) such that A1 A" and A} (AS)™! have no repeated eigenvalues.

1. If supp(p'y) is also simultaneously diagonalizable with respect to U, then pa is diverse
relative to p'y.

2. If there exist matrices Ay, Ay € supp(p'y) such that A5(A))~1 is not diagonalizable
with respect to U, then py is not diverse relative to p'y.

13
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Theorem 6 reveals that a simultaneously-diagonalizable task distribution cannot achieve
out-of-distribution generalization under arbitrary shifts in the downstream task distribution;
in general, the downstream task distribution must also be simultaneously diagonalizable in
the same basis. However, it also shows that, provided the pre-training and downstream
task distributions are simultaneously diagonalizable, pre-trained transformers can generalize
under arbitrary shifts on the distribution shifts on the eigenvalues of the task matrices. This
provides a precise characterization of the diversity of a simultaneously diagonalizable task
distribution. In Figure 4, we demonstrate the importance of task diversity by computing the
OOD generalization error of a transformer pre-trained to solve Equation (1) with constant
coefficients when the task distribution at inference corresponds to a PDE with non-constant
coefficients. We find that the transformer is much more sensitive to task shifts in this case,
but the OOD generalization error is improved if the transformer parameters are initialized
around robust population risk minimizers.

3.4 OOD-generalization under covariate distribution shift

We now study the OOD-generalization error due to the distribution shift with respect to the
Gaussian covariates {y1,...,yn}, i.e., the vectors at which a task matrix A is evaluated.
The next proposition provides a quantitative upper bound for the generalization error in
terms of the discrepancy between the covariance matrices. To simplify the proof, we use a
Frobenius norm bound on the empirical risk minimizer. However, this choice of norm is not
essential to the result.

Theorem 7. Let ¥ = WAWT and & = WAWT be the covariance matrices of Gaussian
covariates used in the training and testing respectively. Let (P,Q) be minimizers of the
empirical risk associated to covariates sampled from N(0,%) and take M > 0 such that

max (|[Pllp, |Qllr) < M. Then

- PN N 1 -
RE(P, Q) S RE(P, Q)+ 11 = Sllop + W = Wy,

where the implicit constants depend on M, 2, 2, and the constant c4 defined in Assumption
1.

Theorem 7 states that the OOD-generalization error with respect to the covariate distri-
bution shift is Lipschitz stable with respect to changes in the covariance matrix. However,
unlike the case of task distribution shift, the covariate distribution shift error cannot be
mitigated by increasing the prompt-length in the downstream task; see also Figure 3. A
similar phenomenon was observed in Zhang et al. (2023a).

4 Numerical experiments

4.1 In-domain generalization

We investigate numerically the neural scaling law of the transformer model for solving the
linear system associated to the Galerkin discretization of the elliptic PDE (1) in the setting
of in-domain generalization. In more detail, we consider the one dimensional elliptic PDE
(—A+V(z))u(z) = f(x) on Q = [0,1] with Dirichlet boundary condition. We assume that

14
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the source term f is white noise, i.e. f ~ N(0,I), where I denotes the identity operator.
Further, we assume that the potential V' is uniform random field that is obtained by dividing
the domain into 2d+1 sub-intervals and in each cell independently, the potential takes values
uniformly in [1,2]. We discretize the PDE using Galerkin projection under d sine bases:
¢i(x) = sin(wix),i = 1,--- ,d. This leads to the linear system Au = f, where f ~ N(0,1;)
and

Al'j = k‘27T25ij + <¢Z, V¢j>L2-

The prompts used for pre-training are then built on observations of the form
((f1, A7),y (£, ATHE)).

In Figure 1: A-C, we demonstrate the empirical scaling law of the linear transformer for
learning the discrete linear system by showing the log-log plots of the £?-errors as functions
of the number of pre-training tasks N, the sequence length n during training and the
sequence length m at inference. These numerical results suggest that the decaying rates of
the prediction errors are O(N 7%),O(n_2) and O(m~1) respectively, which almost agrees
with the rates predicted in Theorem 1, except in the regime where m > n; in this case,
the numerics suggest that the scaling of the population risk with respect to n is O(n=2),
whereas Theorem 1 predicts that the error is O(n~!) in this regime. This gives further
evidence towards the potential sub-optimality of our proof strategy. Figure 1:D shows that
prediction error increases as d increases indicating that ICL of the linear system becomes
harder as the d increases.

We also demonstrate the ICL-generalization error for learning the PDE solutions. Figure
2:B shows the H'-error curve between the numerical solution predicted by the ICL-model
and the ground-truth as a function of the number of bases d, while fixing the prompt-lengths
and the number of tasks. The U-shaped curve indicates the trade-off between the dimension
of the discrete problem and the amount of data.

4.2 Out-of-domain generalization

We validate the ICL-capability of pre-trained transformers for learning the linear systems
and PDEs under shifts in the distribution of both the PDE coefficients and the source term.

Task shifts on the PDE coefficients. For task shifts, we first test the behavior of pre-
trained transformers when the smoothness of the PDE coefficients differs between training
and inference, see Figure 3, Plots (A) and (B). Specifically, for the PDE (1) in one di-
mension, we consider the task distribution shifts in @ and V' exclusively. Throughout this
experiment, the distribution of the source term f is fixed as the centered Gaussian measure
with covariance operator (—A + I)71.

We consider a as a random field sampled from a log-normal distribution, denoted
by pa(a,7), ie. a(z) = "®) where b(z) is a random field sampled from the centered
Gaussian measure with covariance operator (—A + 71)~%. For the potential V', we assume
that V is uniform random field sampled from a distribution, denoted by py (a,b), that is
obtained by dividing the domain into 2d + 1 sub-intervals and in each cell independently,
the potential takes values uniformly in [a, b]. In this experiment we fix the number of basis
d = 50. The transformer model for solving the 50-dimensional linear system is trained over
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Figure 1: The figures A-D show the log-log plots for the £?-error of learning the linear
system associated to the PDE discretization with respect to the number of tasks
N, the prompt length n during training, the prompt length m during inference,
and the dimension d of the linear system.

N = 5000 tasks with n = 300 pairs of (f,u). In Figure 3: A-B, we show the generalization
errors of the pre-trained transformer under distribution shifts with respect to a with a fixed
V ~ py(1,2) and with respect to V with a fixed a ~ p,(3,5), respectively. As for error
metrics, we consider the ¢?-error for learning the coefficient vectors, as well as the relative
L? and relative H' metrics for the PDE solutions. Figure 3: A shows that the pre-trained
transformer can perform equally well on tasks on a variety of smoothness parameters « of
the log-normal field a but perform slightly worse on tasks with less regular a. We refer to
Figure 6 in the appendix for additional plots on the distribution shifts errors with a wide
range of 7 and a. Figure 3: B shows the OOD-generalization errors under distribution
shifts on the range of the uniform field V. As shown in the figure, the errors increase as the
distribution shift of the range becomes stronger, but they decrease as the context length at
inference increases, as predicted by Theorem 4.

Covariate shifts. Next, we test the performance of the pre-trained transformer under
covariate distribution shifts. Specifically, we train the model to solve the PDE (1), where
the distribution on the coefficients is given by a(z) ~ p.(3,5) and V(x) ~ py(1,2). We
assume that the source term f ~ N(0,C.g) for C.5 = (—A + cl)~#. During pre-training,
we set ¢ = f = 1. Then, at inference, we consider solving the PDE (1), with the same
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Figure 2: The left plot shows the PDE solution defined by the pre-trained transformer
with the reference solution, obtained by Galerkin’s method with 2000 basis func-
tions. The right plot shows the H'-error between the solution predicted by the
transformer and reference solution with respect to the number of Galerkin basis
functions d.

distribution on the coefficients a(x), V(x), but under two types of covariate shifts on the
source term f:

1. At inference, instead of sampling f ~ N(0,C4,1) as in pre-training, we sample f ~
N(0,3-Cy1) and f ~ N(0,5-C1,1). In other words, we consider distribution shifts
defined by scalar multiplication on the covariance matrix; the errors are shown in
Figure 3:C.

2. At inference, we sample f ~ N(0,C.3) with (¢,3) # (1,1). In other words, we
shift the parameters of the covariance of the covariance matrix which control the
smoothness of f; the errors are shown in Figure 3:D.

Figure 3: C-D show that the pre-trained transformers are generally not robust to covariate
distribution shifts. In addition, increasing the prompt-length m does not reduce the pre-
diction errors. We refer to Figure 6 in the appendix for additional plots on the covariate
shift errors for a wider range of parameters that specify the covariance operator for f.

Testing the task diversity assumption. As another task distribution shift, we consider
pre-training a transformer to solve the equation (—A + V(z))u(z) = f on [0, 1] with zero
boundary conditions, where the potential function V' (x) is almost surely constant and f ~
N(0,1) is white noise® Specifically, during pre-training, we set V(z) = wvg, where vy is
sampled from the uniform distribution on [1,2]. Then, at inference, we consider solving the
same PDE with f ~ N(0,I) but where the potential V(x) ~ py(a,b) for various choices of
a and b In particular, the potential function is non-constant for the downstream tasks.

In this case, under a Galerkin discretization of the forward operator in the sine basis,
Theorem 6 implies that the pre-training task distribution is not diverse in the sense of

3. We use white noise for f because we expect the attention matrices that minimize the empirical risk to
be perturbations of the set {(P,£"'P~1)}, and we want to ensure that the covariance matrix ¥ of the
Galerkin projection of f is well-conditioned.
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Figure 3: Columns A and B show the prediction error of the transformer under distribution
shifts on the coefficients @ and V respectively. Columns C and D show the error
under the covariate shift in the source term f. The model is trained with d = 50,
n = 300 and N = 5000.

Definition 1, since the pre-training task distribution consists of diagonal matrices. More
specifically, any parameter of the form (P, Q) = (P, P~!), where P is an invertible diagonal
matrix, is a minimizer of the infinite-context risk for the pre-training task distribution.
However, the test error of such minimizers is larger when P does not commute with the
support of the task distribution, i.e., when P is not a multiple of the identity matrix. We
therefore expect the OOD-generalization error of the pre-trained transformer to be quite
sensitive to the initialization of the attention parameters.

In Figure 4, we plot the ¢?-error for learning the linear system, the relative L? error
for learning the PDE, and the relative H'-error for learning the PDE, of two pre-trained
transformers with different initializations. We see that the pre-trained transformer achieves
a lower OOD generalization error when the matrix P is initialized around the identity
matrix, which agrees with Part (2) of Theorem 5 which shows that P = I is a sufficient
condition on the minimizers of the infinite-context risk to achieve OOD generalization. In
particular, Figure 4: A.3-B.3 demonstrate that when the attention matrix P is initialized
near the identity matrix, the test error (in the relative L? metric) in solving the PDE

18



>

L2 Error Coefficient

>
N

Relatvie H1 Error

>
w

Figure 4:

Relatvie L2 Error

104

4x1071

3x1071

3x1071

2x107!

ICL or LINEAR SYSTEMS AND ELLIPTIC PDES

d=50, n=300

—e— V(x)=cl, c~U(1,2)
VIx)~U(1,2)
VIx)~u(2,3)

VIx) ~U(3,5)
V(x) ~U(5,10)
=+ V(x) ~U(10, 20)

3x102

4x102 6x 102 2x10°

103
Context Length (m)
d=50, n=300

—e— Vix;

Vix)

S VX,
. Ve
Vix)

., =+ V(]

)=cl, c~U(1,2)
)~U(1,2)
)~U(2,3)
)~U(3,5)
)~U(5,10)

)~ U(10, 20)

3x 102

4x10? 6x10? 2x10?

103
Context Length (m)

d=50, n=300

N\ Vi) ~ U(5, 10)

—e— V(x)=cl, c~U(1,2)
Vix) ~ U(1,2)
Vix) ~ u(2,3)
Vix) ~ U(3,5)

N\ =+=+ Vix) ~ U(10, 20)

3x102

4x10? 6x102 2x103

103
Context Length (m)

L2 Error Coefficient

B.2

Relatvie H1 Error

B.3

Relatvie L2 Error

°
x
5

IS
X
5

@
P
g

6x 1071

4x 1071

3x 1071

d=50, n=300

—e— V(x)=cl, c~U(1,2)
Vix) ~u(1,2)
Vix) ~u(2, 3)
Vix) ~U(3, 5)
Vix) ~U(5, 10)
=+=+ V(x) ~U(10, 20)

3x10?

4x10? 6x 102

10°
Context Length (m)
d=50, n=300

== V(X;
VIx]

., Vix;

)=cl. c~U(1,2)
)~
)~
ey )~
)~
)~

u(1,2)
u(2,3)
u(3,5)
u(s,10)
u(10, 20)

VIx]
. Vix
.. =+ V(X

3x10?

4x102 6x102 2x10%

103
Context Length (m)

d=50, n=300

., V(x) ~U(1,2)

—e— Vix)=cl, c ~U(1,2)

.. V(X ~U(2,3)
Vix) ~U(3,5)

.. V(0 ~U(s,10)

Vix) ~U(10, 20)

3x102

4x102 6x 107

10°
Context Length (m)

Column A shows the prediction errors of the transformer model with the attention
parameters initialized around (P, Q) = (I4,1;). Column B shows the prediction
errors of the model with the attention parameters initialized around (P, Q) =
(D, DY), where D is a diagonal matrix with diagonal term sampled from U(1,5).

with non-constant coefficients is essentially the same as the error of solving the equation
with constant coefficients; in contrast, when P is initialized away from the identity matrix,

the test error becomes much larger when the PDE has non-constant coefficients.

This

demonstrates the claims of Theorem 6 and highlights the importance of task diversity in
achieving OOD generalization.
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5 Conclusion

In this work, we studied the ability of a transformer characterized by a single linear self-
attention layer for learning the solution operator of a linear elliptic PDE in-context. We
characterized the generalization error in learning the associated discrete linear systems
and PDE solutions in terms of the number of pre-training task, the prompt length during
pre-training and testing, the size of the discretization, and various distribution shifts on
the PDE coeflicients. We also conducted extensive numerical experiments to validate our
theory. Several questions remain open for future investigations. First, it remains to check
the validity of the centralizer condition in Theorem 5 for random matrices that arise from
the discretization of PDEs with random coefficients. Our numerical experiments empirically
confirmed the validity of such condition for elliptic PDEs with a wide range of random
coefficients, but a rigorous proof is still lacking. Second, it would be interesting to establish
analogous theory for nonlinear and time-dependent PDE problems. In these more complex
settings, it is crucial to characterize the role that depth and nonlinearity play in the ability
of transformers to approximate the PDE solution. Moreover, it is also important to quantify
the prediction error under distribution shifts in the tasks and covariates. We plan to explore
these directions and report the results in the future.
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Appendix A. Notation

Before delving into the proofs of our main results, we briefly go over all relevant notation:
e Physical dimension of PDE problem: dj
e Dimension of task matrix for ICL: d
e Task matrix for ICL: A
e Covariates for ICL: {y1,...,¥n}
e Prompt matrix for ICL: Z
e Empirical covariance matrix of {y1,...,yn}: Yn
e Distribution on tasks: pa4
e Upper bound on largest eigenvalue of A~! over supp(pa): ca
e Covariance operator of the distribution on L?(Q)-valued covariates: X ¢
e Covariance matrix of the distribution on R%valued covariates: 3
e Parameters of transformer: 6 = (P, Q)
e Prediction of the transformer with parameters 6: TFy(Z2)
e Population risk for training: R,
e Population risk for inference: R,

e Empirical risk: R, n
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” Infinite-context” population risk: R

Number of context examples per prompt during training: n

Number of context examples per prompt during inference: m

Number of pre-training tasks: N

Appendix B. Proofs for Subsection 3.1

In this section we prove Theorem 1, which controls the (in-distribution) generalization error
for in-context learning of linear systems in terms of the context length during training, the
context length during inference, and the number of pre-training tasks.

Proof of Theorem 1. Step 1 - error decomposition: Throughout the proof, we use
the notation 0 = (P, Q) and [|0|| = max(|| P||op, || Qllop)- Write £(A, Yy, y;0) = |[(PATY,Q—
A71)y|]?, so that the risk functionals can be expressed as

1 N

Rn (0) = EA,Yn,yg(Aa Yna Y; G)a Rn,N(G) = N Z; E(Ala Y7£Z)7 Yis 0)
Let us introduce an auxiliary parameters ¢ > 0 — to be specified precisely at the end of

the proof — and define the events

A(Yn,y) = {!yH < VIE) + 4 [Yallop < 1S lop (14t + \/z)}

Define the truncated loss function as (f(A,Y,,,y;0) = (A, Y, y;0) - 1{Ag+}(Yn,¥),
and let RY,, R ., and RY, denote the associated truncated risk functionals. Further, let 6*
denote a fixed i)arameter, to be specified later on. We decompose the generalization error
into a sum of approximation error, statistical error conditioned on the data being bounded,
and truncation error that leverages the tail decay of the data distribution. In more detail,

we have
Run(@) = (Run(@) = RE,0)) + (RE(0) = Rin @) + (R (B) = RE,w(67) (1)
+ (Run (0) = RE(0%)) + (RE(0) = Rn(607)) + Ron(0°) (16)
< sup (Run(0) = RL,(6)) +2 sup |RL,(6) — e, x(6)] (17)
lel<m lon<m
+ (Riun @ = Rin(69) + int | R(E") (18)

where we discarded the nonpositive term (Rt(ﬂ*) - R(G*)) This decomposition mimics the

standard decomposition of generalization error into approximation and statistical errors,
with an additional term that arises from truncating the data. Similar techniques have
recently been used in Cole and Lu (2024) and Park et al. (2023). There is one more

technical detail to be addressed. We would like to say that the term (Rﬁn ~(0) —Ri.. N(G*))
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is nonpositive with high probability, as a consequence of the minimality of 0. However, the
parameter ¢ is a minimizer of the empirical risk R,, y corresponding to the context length n
during training, as opposed to the empirical risk R, v corresponding to the context length
m during inference. However, it is easy to see that the following bound holds

Rbyw(0) = Riyn(0) <2 sup (Rh, w(0) = Ru(0)) +2 sup (RL x(6) = RL(H)) (19)

e <m o<
+ s (Ra(0) = Rin(0)) + sup (Ra(6) = R1(0)) (20)
+2 s [Rin(8) = Ra(8)] + (Rl (0) + R 5 (67)). (21)

Plugging the estimate 19 into the bound from (15) gives the final bound

Ron(@) <2 sup (R =Ry, ) (0)+ sup (Ro —R;)(0) (22)
llo]<M o[<m
data truncation error
+4 sup <an — anN> (0) +2 sup <RZ — R%N> (9) (23)
llol<st ol <M
statistical error
+2 sup [Rpu(0) = Ra(6)| + (REn(0) = Row(69) + Ru(6?)  (24)
llol<M S
- <0 woh.p. approx. error
context mismatch error
=I+II+II[+1V+V. (25)

The plan of action is to bound term I using the tail decay of the data and term I using
tools from empirical process theory; term II7 is controlled via Lemma 12; term IV can
be shown to be nonpositive with high-probability, and term V', the approximation error, is
controlled by Proposition 1.

Step 2 - bounding the truncation error: By Lemma 7 and Example 6.2 in Wain-
wright (2019), when y ~ N(0,X) and Y}, is the empirical covariance of iid samples from
N(0,%) we have

P(A;(Ya,y)) < exp ( nth) e (- CH;QH;)

for some universal constant C' > 0. Therefore, for any [|f|| < M, we can apply the
Cauchy-Schwarz inequality to obtain

Rn(6) = Riy(6) = BI(PA'YnQ — A7)y HAf ()
1/2
< (BIPAYQ - ay)) " B(Af (Vo)

< (i) ) o) o (<1 o (- i)
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This shows that the truncation error is quite mild, since R and t can be made large — in fact,
we will see that the generalization error depends only poly-logarithmically on R. Analogous
bounds hold for supyg<as (Rn - R%) ().

Step 3 - Reduction to bounded data: Note that by the union bound,

Bt —ﬂAt . y1)

=1

satisfies
2 2

P(By,rt) > 1 —N(exp(— %) +exp(— CHEHop))

Moreover, on the event By ¢, we have £(-; ) = ¢%(-; ), and hence b= argmin g < Ry (6).
Therefore, if we restrict attention to the event By r:, we may assume boundedness of the
data, which is crucial to proving statistical error bounds, and the error term

~

1V = (Riv(®) - Riy(6"))

is nonpositive by the minimality of RY, (5) For the remainder of the proof, we assume that
the event By, g, holds, i.e., all expectations taken are conditioned on the event By g ;.
Step 4 - bounding the statistical error: The statistical error is measured by

sup R (0) — Ri, n(0)]
lloll<m

= sup ‘EAynyfe(A Yo, y) — Zﬁe Y0y,
loj<m

where ly9(A,Y,,y) = |(PA71Y,Q — A71)y||?. By Theorem 26.5 in Shalev-Shwartz and
Ben-David (2014), we have with probability at least 1 — 4,

||;||up Eay,ylo(A, Yo,y Zﬁo D yi)| < Rady({ls : |0]| < M}) (26)
<M
2log(1/6
+ sup ||4glleo - g]E]/), (27)
lo|<Mm

where the Rady ({¢p : ||0]| < M}) is the Rademacher complexity defined by

N
1 )
Radn ({£o : 0]l < M}) = Ee,unit(i<1)) Sup —  _ ilo(Ai, YD, y3),
lo<m N Z;

and the expectations over Y,, and y are taken over the truncated versions of the original
distributions. Note that on the event By, we have

I(PATY,0Q — ANy < MY |SI2, <1+t+\[> (x/Tr +t) ,

28



ICL or LINEAR SYSTEMS AND ELLIPTIC PDES

and hence the second term in Inequality (26) is bounded from above by

M2, <1+t+\[> (\/TH)Z. 21°<%;V(1/5),

It remains to bound the Rademacher complexity of {ly : ||#]] < M}. Notice that by the
triangle inequality, we have

Eez sup Nzez” PA 1Y Q- A )y1H2

lol<M
1 Y _ _
=E, sup — Z€i<”PAi_1Y7§Z)QYi||2 + 147 s - 2<PAZ1Y,§”QYi,A;1yi>)
o< N =
1Y . 1 Y .
<Ee sup = 6| PATYOQu + 2B, sup = e PATY,OQys A7 ya),
HQHSM =1 H‘9H§M =1

where the last inequality follows from the triangle inequality, noting that the term Zf\il el A ly; [&

is independent of 8 and hence vanishes in the expectation over ¢;. Now, define the function
classes

01(M) = {(A, Yo, y) = [PATY.Qy|* : 0] < M},
02(M) = {(A,Yy,y) = (PATY,Qy, A™ly) : [|0] < M}.

By Dudley’s integral theorem Dudley (1967), it holds that

N Dy (M)
1 12 !
E, sup N E el PA Y, DQy;? < 1 f \[
lon<ar +¥ =

\/logN<€)1(M), Il dr,

(28)
where J\/(@l M), - HN,T> is the 7-covering number of the function class ©1(M) with

respect to the metric induced by the empirical L? norm ||F|% = + Zfil F(A;, Y,Si),yi)2
and

Di(M) = suwp [IPATY, Q2|
ol <M N

Note the bound

Dy(M)* = sup *ZIIPA Y Qyi|*
o<y N

%ZMB yip3 [ <1+t+\/>> (WH)
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2 2
and hence D;(M) < M4c?4||2||(2)p<1 +t+ \/%> (\/Tr(Z) + t) . Similarly, for 6; =
(Pr, Q1),02 = (P2, Q2), with [[61]],[|62]] < M, we have

1 N

102 = 62013 = 5 D2 = P)AT YO (Q1 — Qa)yill!

i=1

N
N2, 1 e
< 16M* \zugp@ vt \/ﬁ) R 3 I(P = P)ATY Q1 — Q)
=1

4 4 5014 dy* 4 2 2
< MUK S]8, (14t 41/ 2) (VIRE) +1) - max ([P = o3, Q1 — Qzll3,).
This shows that the metric induced by || - |5 is dominated by the metric d(6;,62) =

2 2
max (||P1 — Psl|op, ||Q1—Q2||Op), up to a factor of M20124||E||gp<1+t+ \/g) («/Tr(E)—l—t) .

The covering number of the set {||0|| < M} in the metric d(-,-) is well-known, from which
we conclude that

logN<@1(M), |- IIN,T) < 2d%log (M%i,uzngp (1 + %))

Optimizing over the choice of € in Equation (28), this proves that

1 Y ‘
E, =Y el PATY O Qy 2 29
HgsHugpM ;6 | yill (29)
d> M2, (1 +t+ \/%)2(\/Tr(2) + t>2
- o( i ). (30)

where O(-) omits factors that are logarithmic in N. An analogous argument proves a bound
of the same order on the quantity

N

1 _ ; _
E., sup — g e (PA; 1Yn(Z)QYiaAi 'yi),
lefN<ap +¥ 5

which in turn bounds the Rademacher complexity Rady ({¢s : ||0]] < M}) by the right-hand
side of Equation (29). Combining this Rademacher complexity estimate with the overall
statistical error bound (26), we conclude that

sup |RL(6) = Ri, n (0)

lol| <M
(2 + \/21og(1/8)) M4 |[DI12, (1 Y4 \/g)Z(\/Tr(z) n t>2

—0 Vi

holds with probability at least

9 2
1_5_N(exp(_n;)+exp(—cug||®))
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by a union bound. The same argument proves in analogous bound on the statistical error
term

sup | Ry, (0) = Ry, n(0))|,
loll<n

where n is replaced by m in the bound of Equation (29).

Step 5: Bounding the context mismatch error The context mismatch error satis-
fies the bound

1 1
sup  [Run(0) — Rn(0)| < 2M*¢4 max(Tr(%), ||Z]|zp)Tr(Z)‘f _ f’,
lol|< A 0 m

The proof of this fact is deferred to Lemma 12.
Step 6 - Approximation error: It remains to bound the approximation error term
R(6*). From Proposition 1, we have

Rm(6%) <

6 [15—112 6
ciTr(E) i CAHZ ||op||ZHopTr(E) +O(L)

m n? mn

for an appropriate choice of 6*, where C| and C> depend only on the task and data
distributions. Moreover, upon inspection of the proof of Proposition 1, we see that the
0* = (I4,Q,) that attains this error is an O(1/n)-perturbation of the pair (I, X ~!). Thus,
if n is sufficiently large, we are guaranteed that 6* belongs in the set {||#]] < M} for
M > 2max (1, [|[Z7|op).

Step 7 - Balancing error terms: Putting everything together and applying the error
decomposition from step 1, we have shown that

Rm@5cz(M2E[HYn||§pP/2+1)E[||y||411/2-\/exp(—"”)mp( L)
2Tr(E[A~2]%)

2 ~ ClZlop
2 2
M (S)2, (141 + \/g) (V) +1)
+ + ,
VN z

with probability at least
nt? t2
1—N<exp(— —) +exp(—7)).
2 ClXlop

We choose t and § such that
2 2
o+ (exp(—%) +eXp(_CHtZ||Op>> :pOI;(N)'

4. For simplicity, we have omitted the terms from the truncation and statistical errors which depend on m,
as they do not change the order of the final bound with respect to m, n, or N.
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It is clear that for this to be satisfied, we can take both ¢ and § to be logarithmic in N. For
such t and §, we have, omitting universal constants and log(/N) factors, that

__ATH(E) | SIS RIS TE) A (MRl + 1) Elly |2
Rm(0) < + 5 +
m n N
| EMIAIIE,
VN

1
, W.p.>1—

1 1
MG max(Te (), (B3 T = | w2 1 s

We omit the third term from the final bound, since, asymptotically, it is dominated by the
fourth term. ]

We now present an important preliminary result, which gives an upper bound on infy R,,,(6),
the minimal risk achieved by a transformer in the infinite-task limit. To motivate our result,
we first observe that for § = (P, @), the output of the transformer TFy at a prompt Z of
length m corresponding to a task matrix A is

TFy(Z ( leyl )Qy

Since x; = A~ 'y;, we can equivalently write the prediction of the transformer as
TFy¢(Z) = PA™'Y,,Qy,

where Y, w ZZ 1y1y1 is the empirical covariance associated to the context vectors
{y1,... ,ym} Note that if we set P = Id and Q = X! to be the inverse of the data
covariance matrix, then for sufficiently large m we have TFy(Z) ~ A~'y. This suggests
that the transformer can learn to solve linear systems in a way that is extremely robust to
shifts in the distribution on the task matrices. We note that similar choices of attention
matrices have been studied in the linear regression setting (Ahn et al. (2024), Zhang et al.
(2023a)). Our result essentially employs the parameterization P = Idy and Q = X!, but
with an additional bias term to account for the fact that the sequence length n during
training may differ from the sequence length m during inference.

Before stating our result precisely, let us define B := Ez~,, [A~2]. In addition, recall
the weighted trace of a matrix K with respect to the covariance ¥ = WAW?T defined by

d
Trs(K) ==Y o7 {Kei, 0i),

where 0%, . ., ‘7(21 are the eigenvalues of ¥ and ¢; = We; are the eigenvectors. Note that the
weighted trace is independent of the choice of eigenbasis.

Proposition 1. With

-1
Qn:B<LHEB+TL®E> ,
n n
we have
2
2 4 2 —1112
2 mr(x)  CaCallZloIE 5, (1 + Trs(B) ) Tr(X)
o< unts | GBI ) )
m n? mn
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Proof By Lemma 8, we can write Q, = X! + %K, where

1K lop < 1= lopIZllop (1 + Trs(B) ) 5. (31)
It follows that

Ron(La, Qn) = Eay,, [Tr(A™ (Vi Qn — 1) 2(QnYon — Ig) A7)
= By, [Tr(B(YinQn — 1)2(Q Y —1a))], B:=E[47?]
= Tr(BY) + Ey, [Tr(BY;nQ,2QLY,,)] — Tr(BXQ,Y) — Tr(BEQI'Y)
= Tr(BY) + Tr(BXQ,XQ,Y) — Tr(BXQ,X) — Tr(BXQI'Y)

n %(Tr (BZQREQZE> + Trz(QnEQZ)Tr(BE))

where the last equality follows from Lemma 4. Writing Q,, = X7 + %K and doing some
simplifying algebra, we find that
1 —1 1 T 1
Ron(Ta; Qu) = = (Te((B + Trs(S7'T)8) ) + 5 Tr (BEKSKTS) +0(- )
m n mn

_ %(Tr((g + dId)Z)> + %ﬁ(BZKZKTZ) - O(%),

where we used the fact that Try(X7!) = d. Using the bound on the norm of K stated in
Equation (31), and the fact that || Bllop < ¢, we have
2
Tr(BESKEKTE) < cz,c§,|12||gp\|z—1||gp(1 + Trg(B)) T (D).
Similarly, the bound
Tr((B +dIq)Y) < (4 + d)Tr(X)
holds. We conclude that

2
(L@, < AT | ACHIDIGIS G, (1 + Tes(B) ) +o(=-)

m n? mn/’

To justify our ansatz for upper bounding the approximation error (i.e., how the matrix
@y, in Proposition 1 was chosen), we introduce the following lemma.

Lemma 1. The minimizer of the functional Q — R,(I4, Q) is given by

where B = E[A™2] and Tre(-) denotes the S-weighted trace.
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Proof Let us recall the definition of the population risk functional

2
R, Q) =E[||47 (va@ - 1)y ].
where Y, = %2?21 yiyil denotes the empirical covariance of {y;}* ;. Note that, con-
ditioned on A and {y;}",, A7} (YnQ -1 )y is a centered Gaussian random vector with
covariance A~! <YnQ -1 )E(QYn -1 ) A~!. In addition, since the task and data distribu-
tions are independent, we can replace the task by its expectation. It therefore holds that
2
B[4~ (v - 1)o| | = Bx[m(B (v - 1)z (@™ - 1))].

Since this is a convex functional of @, it suffices to characterize the critical point. Taking
the derivative, we find that the critical point equation for the risk it

VoR(14,Q) = Ey, [2Q"Y,,BY,, + Y;,BY,,Q¥] — 22 BY. = 0.

Using Lemma 4 to compute the expectation, we further rewrite the critical point equation
as

1 Try (B 1 Tr(X
(iBz n mE)Q n QT("+ np 4 D )z) — 2B
n n n n
This equation is solved by the matrix @), defined in the statement of the Lemma. |

Appendix C. Proofs and additional results for Subsection 3.2

Proof of Theorem 2. By the triangle inequality, we have
E[llu = @all3s )| < 28 [llu — wall )| + 2B [llua — @l3 0|

Notice that E [Hud - ﬁdH%Q(Q)} =Rnm (é\), where § is as defined in the statement of Theorem

1. The desired estimate therefore follows, provided we can bound IE[Hud — @H?{l(ﬂ)} by a

multiple of IE[Hud — @H%Q(Q)]. For any g = Zzzl ckr € span{dy }¢_,, we have

d
2
2 _ 2 /
917 @) = lgllz20) + H ;cmk(@‘ £2(Q)
g CT(¢ + (b/)c
= &Iy + @2 d2)¢
< (14 Ao (B 120D 1/2)) |2
= (14 Amax(®720'071/2)) || g3y,

where ¢ = ®¢ We conclude that

E Hud_u/\dH%—[l(Q) S (1+)\max((1)71/2@/q)71/2)‘E HUd—U/\dH%Q(Q)] - QIElkaiidH(ka%[l(Q)Rm(e))
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and therefore that

~

E = Balfn ] S Bl = oy | + (14 A (720072 - R, 9)

Appendix D. Proofs and additional results for Subsection 3.3

Proof of Theorem 3. Recall that § € argmin g <prRn,n(0) is the ERM. Let 0, = (P, Q«)

denote a projection of 0 onto the set Moo and let 0, = (P, Q.) denote a projection of )
onto M. Let €1 = ||6 — 04| and €3 = ||§ — €.]|. Then we have the error decomposition

~ ~ ~

Ron(0) = R (0) + (R, (6) = R, (65)) + (R (05) = Rin(64)) + (Ran(0+) — Ren(0))

Taking the infimum over all projections 6, and 6, of 9 onto Meo(pa) and M (py), followed
by the supremum over 0 in {||f|| < M}, we arrive at the bound

Ri(0) < Rm() + sup inf |Rpn(6.) — R, (01)] + sup Rm(01) — R (62)]
18]1< 1 OO 1101 1,1621| <M, |01 62| <e2
+ sup | R3n(61) = Ry (62)]

1011110211 < M, [|61 =02 || <e1

The second and third terms can be bounded using a simple Lipschitz continuity estimate.
Note that for m sufficiently large and 6 = (P, Q) with [|6]| < M, we have

I(PATY0Q — ATHEY2|3 S A1+ [|Z]|opM?)*Tr(E)
for any A € supp(pa). It follows that
Rin(8) = Eanpa v [I(PATY0Q — A7HEV?| 3]
is O (4 (1 + ||Z]JopM?)?Tr())-Lipschitz on {||f]| < M}. We therefore have

sup R (61) — R (02)] < (A(1+ [[S]lopM?)*Tr(X)) €.
161111102 /|<M,||01—02 || <ex

An analogous bound holds for supjjg, || 16.(<,]|61 62| <es | R (01) — Ri,(02)], since the test
distribution p/, is also assumed to satisfy Assumption 1. To bound the term |R.,(6x) — R}, (6.)],
we recall by Lemma 5 that for any 6 = (P, Q),

Rom(0) = ROO(H)—I—%IE Ampa [TH(PATIEQEQTESATPT) 4 Trg (QEQT) Tr(PATISA™I P

and
Ry (0) = RL(0) + %E Anp, [Tr(P(A’)—12Q2QT2(A’)—1PT)

n Trz(QEQT)Tr(P(A’)—12(A')—1PT)} .
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In particular, since 6, € argmingRoo(0) and ¢, € argmingR. (), and each functional
achieves 0 as its minimum value, we have

[ Rm(6:) — Ry, (62)] < %’EANPA [Tr(P.AT'2Q.2QTsAPT)
+ Trsy(Q Q1) Tr (P AT'SATPT)]
— By, [T(PL(A) 1 3QUE(QL)TS(A)  (P)T)
+ T (QU(QUT)Te(PL(A) ()~ (P T)]|
1
=t [Bacna[F(40.)] — By, [£(A: )]

It follows that

IN

sup  inf ‘Rm(e*) —R;n(ﬂ)‘

1 .
— sup it By, [£(450.)] — By, [F(A360)]
18] < 00

M@ <n 00
. 1 d( / )
- m pA7pA )

where, again, the infimum is taken over all 0. € argminge . (p)ll0 — §||2 and 0, €

argming ¢ Moo(p:4)||9, — §||2 Combining the estimates for each individual term in the er-
ror decomposition, we obtain the final bound in the statement of Theorem 3. The fact that
the bound we have obtained tends to zero as the sample size (m,n, N) — oo follows from
examination of each term in the estimate: the in-domain generalization error R,,(6) tends

d(pa,p’y)
m

to zero in probability by Theorem 1, the term is deterministic and tends to zero

as m — oo, and dist(g,/\/loo) tends to zero as N and n tend to infinity, respectively, by
Proposition 3. u

The discrepancy d(pa,p’y) defined in the proof of Theorem 4 may not be a metric, but,
crucially, it satisfies d(pa,pa) = 0. This ensures that the error term due to distribution
shift in Theorem 4 vanishes when the pre-training and downstream tasks coincide. We give
a simple proof of this fact below.

Lemma 2. Let

Apa ) = sup inf [Baop,[£(4:0)] = Earny, [F(A360)],
[[5917 At

where the infimum is taken over all projections 6, and 0., of 0 onto the sets Mo (pa) and
Moo (py) respectively, and

f(A4;0) = T(PA'2QEQTSAIPT) + T (QEQT) THPA™ISATIPT), 6 = (P,Q).
Then d(pa,p'y) =0 if pa = py.

Proof Note that we can upper bound d(pa,pa) by

d(pa,pa) < sup inf |Eavy, [f(A;0.)] = Eavp,[f(A;0.)]),
lol<ar =~
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where the infimum is now taken only over all projections 6, of 6 onto Moo(pa). Clearly we
have

EAnpa [f(A§ 9*)] —Eap, [f(A; 9*)] =0

for all 0., hence d(pa,pa) < 0. Since d(pa,pa) is clearly non-negative, we conclude that
d(pa,pa) = 0. ]

The next proposition gives a characterization of the minimizers of the functionals R
and R.,. Apart from being interesting in its own right, it is a key tool to prove Theorem 5.

Proposition 2. Fiz a task distribution pa satisfying Assumption 1. Then 0 = (P,Q) is a
minimizer of Reo if and only if P commutes with all elements of the set {A1A2_1 c Ay, As €
supp(pa)} and Q is given by Q = Z_leP_lAgl for any Ay € supp(pa).

Proof Recall that
Roo(0) = Eap, [|(PAT'EQ — ATHSY2|3], 6 = (P,Q),

and Myo(pa) = argmingRoo(0). Let us first prove that for any pa satisfying Assump-
tion 1, § € My (pa) if and only if PA™!YQ = A~! for all A € supp(pa). Let us first
observe that the minimum value of Ry, is 0 - this is attained, for instance, at P = Iy
and Q = Y71. It is clear that if the equality PA™'XQ = A~! holds over the support
of pa, then Eanp,[[[(PATIEQ — A~1)EY2||2] = 0. Conversely, suppose (P, Q) satisfies
Eamp,[[|(PATIEQ — A7Y)XY2|12] = 0. Fixing Ag € supp(pa) and € > 0, let pa(Ag) de-
note the normalized restriction of p4 to the ball of radius € centered about Ag. Then the
equality Ea,, [|[(PAT'EQ — A=) X/2||2] = 0 implies that

Eanpa, (a0 [|(PATIZQ — ATSV2|E] = 0

for each € > 0. Since pa (Ag) converges weakly to the Dirac measure centered at Ay, we
have that ||(PA;'2Q — Ag1)X2||% = 0, and hence that PA;'SQ = Aj'. As Ay was
arbitrary, this concludes the first part of the proof.

Now, suppose 0 = (P,Q) is a minimizer of R. By the previous argument, this is
equivalent to the system of equations PA™'¥Q = A~! holding simultaneously for all
A € supp(pa). In particular, for any fixed Ag € supp(pa), the equation PA512Q = AO_1 can
be solved for @, yielding Q) = E_lAOP_lAal. Since the matrix () is constant, this implies
that the function A — AP~ 'A~! is a constant on the support of p4. We have therefore
shown that the minimizers of Ro, can be completely characterized as {(P, X' 4o P71 4, ") :
P € R¥4} where Ay is any element of supp(p4). In addition, the fact that the function
A — AP71A71!is constant on the support of p4 implies that P commutes with all products
of the form {A; A5 : Ay, Ay € supp(pa)}. [ ]

We now give a proof of Theorem 5.

Proof of Theorem 5. 1) This is a direct corollary of Proposition 2.
2) Let 0, = (Ps,Qs) be a minimizer of Ro,. Then Proposition 2 implies that P, €
C(S(pa)). Since the centralizer of S(p4) is trivial by assumption, this implies that P, = Iy
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for some ¢ € R\{0}. Using the characterization of minimizers of R+, derived in Proposition
2, we have that @, solves the equation cA~!XQ, = A~! for all A € supp(p4), and therefore
Q=c'x L |

Proof of Corollary 1. By combining Theorems 4 and 5, we immediately derive the bound
on the out-of-distribution generalization error

+ dist(0, Moo (pa))?,

- - d /
Rip(0) = Ron(0) + (pj‘;bpf“)

where the distance d(pa, p'y) is given by

d(pa,Pla) = |Rm(0s) — R, (65)

)

and 6, is defined as the projection of 0 onto the Mo (pa). Under our assumptions, we have
Moo(pa) = {(clg, e 1271) 1 ¢ € R\{0}}, and applying Lemma 6 to compute R,,(fx) and
R, (6.), we obtain

d(pa,¥y) = (d+1) |Tr ((Eavpa[A7?] ~ Earny, [(4)72) £)].

Before proving Theorem 6, we first introduce a preliminary lemma.

Lemma 3. Let pa be a task distribution satisfying Assumption 1. Suppose that the support
of pa is simultaneously diagonalizable with a common orthogonal diagonalizing matriz U €
R4, Assume in addition that there exist Ay, Ao € supp(pa) such that AlAgl has distinct
eigenvalues. Then My (pa) = Ous, where

Ouy = {(P,S'PY): P=UDU", D = diag(\,..., )} -

Proof By Proposition 2, a parameter (P, Q) belongs to M (pa) if and only if P com-
mutes with all products of the form {AiA;1 : A, A; € supp(pa)}, in which case @ is
defined by Q = Z_IAOP_lAal for any Ag € supp(pa). Let Ay, Ay € supp(pa) be as defined
in the statement of the lemma. Since P and A; A, ! are commuting diagonalizing matri-
ces and A1 A, ! has no repeated eigenvalues (Strang (2022)), they must be simultaneously
diagonalizable. This implies that P is diagonal in the basis U, and hence @ is given by
Q=314 P 1At =n"1pL ]

Proof of Theorem 6. For 1), if the support of p/; is also simultaneously diagonalizable
with respect to U, then Lemma 3 implies that My (pa) = Mo (p)y) = Ous, where Oy 5,
where Oy x; is as defined in the statement of Lemma 3. This proves that if the support of
p'y is also simultaneously diagonalizable with respect to U, then p4 is diverse.

For 2), we must find a minimizer of R, which is not a minimizer of R, . Consider
the parameter § = (P,X"'P~!), where P = UDU” for D an invertible diagonal matrix
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with no repeated entries. By Lemma 3, 6 is a minimizer of Ro.. Let A%, A} € supp(p/y)
be such that A4(A})~! is not diagonalizable with respect to U. Since A5(A})~! and P are
not simultaneously diagonalizable and P has no repeated eigenvalues (Strang (2022)), P
does not commute with A5(A})~1. By Proposition 2, 6 is therefore not a minimizer of R,
completing the proof. [ |

Appendix E. Proofs for Subsection 3.4

We begin by stating a more formal version of Theorem 7 where the constants are more
explicit.

Theorem 8. Let ¥ = WAWT and ¥ = WAWT be two covariance matrices, let (]3, Q)
be minimizers of the empirical risk when the in-context examples follow the distribution

N(0,%) and take M > 0 such that max (Hﬁ”p, H@HF> < M. Then

R (P, Q) S RA(P, Q) + AM* max(|| S op, | = 0p) | — Elop
1
+* CAM4maX(HE||Op7HEH0p) Tr(% )(HZ E||0p'i‘||A AH1+HW W”Op)

Theorem 7 then follows from Theorem 8 by bounding [|A — Al; < |[|Z — X|op, merging
the term

1
— - M max((Sops [Elop)*Tr(E) (I = Sllop + 14 = A1)

into the second term, and omitting the constant factors.

Proof of Theorem 8. By the triangle inequality, we have

RL(P.Q <RL(P.Q)+ sw  |RL(PQ) - RAPQ)| (32)
IIPIIOP,HQIIOP<M

It therefore suffices to bound the second term. From the proof of Proposition 1, we know
that

Try,(QEQ")

m

TH(PA2QEQTs A PT Tr(PA_lEA_lPT)}

+IEA[Tr(A_1EA_) Tr(PAISQDA™Y) - Tr(A12QTS A~ 1PT)} (34)
Similarly, we have

Trs. (QEQT)

Tr(PA™IEQEQTEALPT +
m

RE(P,Q) =

Ea[" 1 TH(PA-'SA™1PT))

+EA[ﬁ(A—1iA—1) Tr(PATISQSA™Y) - Tr(A™'8QTS A~ 1PT)} (36)
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We seek to bound the difference |R,(0) — R%(Q)‘ by bounding the respective differences

of each term appearing in the expressions for R> and R;n By a simple applications of
Holder’s inequality and the triangle inequality, we see that

EATr(PATH(EQY — SQN)A™Y) < Eal|[AT'PATYp|2QE — SQE||p
< &PIF (IS - D)QTIr + 1£Q( - £)r)
< &P (1QTlF + I1EQ1F) % = Slop

< 264[|1P||pllQy max(||op, [ Ellop) 1% — Sllop
= 23 M? max(||Sl|op, [ Zllop) 1= — llop.

Analogous arguments can be used to prove the bounds
EsTr(AH(ZQTS — £QT2)A™PT) < 264 M max([|Zlop. [1Z[lop) 1 — Zlop,
EATr(A™HE - 2)A™Y) < A8 = Zllop
and
EATr(PATH(2QEQTY — 2QEQT) A PT) < A M* max(||Zlop, 1X]lop)*1Z — Elop-

Notice that the term above dominates each of the preceding three terms. For the final term,
we have

Trs(QEQT)Tr(PAT'SA™IPT) — Trg (QEQT) Tr(PA™'SATPT)
< |Trs(@¥QT) — Trg (QEQT)|[Tr(PA~ 2471 PT)|

Tr (QSQT)|

Te(PA~Y(S — S)A*PT)j.
By Lemma 10 and Holder’s inequality, the second term satisfies
T (QEQT) || Te(PAY (2 = )47 PT)| < AMYS]opTe(S) - 2 = Sl
Similarly, using Lemma 11, the first term satisfies
T (@QEQT) — Trg (Q9QT)||Te(PA~ w41 PT)|
< AMSllop (TS = Sllop + 15 op (14 = Alls + 2Te(E) W = Wlop ))

Combining the estimates for each individual term and taking the supremum over the all
P, ) with Frobenius norm bounded by M yields the final bound

R (P Q) S R0 (P, Q)+ M (Dl D2 = Sl
+ - AM max([Zlop, [ op) Tr(E) (I ~ Sllop + 1A — All + 1~ W)
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Appendix F. Discussion on dependence of constants on dimension

It is important to consider the dependence of the constants appearing in Theorem 1 on the
dimension of the linear system. Recall that in the PDE setting, the dimension d corresponds
to the number of basis functions used in Galerkin’s method, and hence the true PDE solution
is only recovered in the limit d — oo.

Since the solution operator of the PDE is a bounded operator on L?(), the norm of the
inverse A~! is uniformly bounded in d, and hence the constant c4 = sup Acsupp(pa) 1A |op
is dimension-independent. Similarly, constants involving the norm of the covariance ¥ are
dimension-independent, since we always have

Ellop < [[Ellop,  Tr(E) < Tr(Xy),

where X is the covariance of the source f on the infinite-dimensional space. However, the
constant Ca4 = SUP gcsupp(p4) [ Allop is unbounded as d — oo, because the limiting forward
operator is unbounded on L?(Q2). Similarly, the constant ||~ 71|, is unbounded as d — oo.
The precise growth of these constants depends on the distributions on the coefficients of
the PDE; as a prototypical example, we have [|Alo, = O(d?) for the Laplace operator
under FEM discretization in 1D. It is thus important to consider the trade-offs between
discretization and generalization error with respect to the dimension d; this is explored in
Example 1 for the specific case of FEM discretization.

Appendix G. Auxiliary lemmas

We make frequent use of the following lemma to compute expectations of products of
empirical covariance matrices.

Lemma 4. Let {y1,...,y,} C R? be did samples from N(0,%) and assume that ¥ =
WAWT, where A = diag(c?,...,03%). Let Yy, = %Zzzl yryl associated to {y1,...,yn} and
let K € R¥? denote a deterministic symmetric matriz. Then
n+1 Trs(K)

SKY + —ly,

E[Y,KY,] =
n n

where Trs(K) = Z?:l 02 (K g, 0) and g := We, denote the eigenvectors of ¥.

Proof Let us first consider the case that W = 1, so that the covariance is diagonal with
entries o7, . .. ,03. Observe that

E[(Y,KY,)j] =E

d
1
Z ﬁ ( Z <yk7 ei><yk’7 ej><yk7 €f> <yk’7 €y, >KE,€’

6r=1 KAk
n
+ ) {ei yk)ej, v (ee y) ea, yk>K£,€’>] :
k=1
When i # j, we compute that
d
> E[<yk,€i><yk’a€j><yk7€Z><yk’7€£’7>K£,£’} = 0703 K
=1
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and
d
> E[<yk,ei><yk,€j>(yk,€e><yk,€eu>Kz,6/ = 20707 Ki;.

00=1

On the other hand, for i = j, we have

d

> E{(?yk,€¢><Z/k',6i><yk,€z>(yk',€z',>Kw] =0;Ki;
00=1
and
d d
> E[(Z/k,ei>2<yk,€£>(yk’6zu>Ku/ =20}Kii+07 Y 07Ky
=1 =1

Putting everything together, we have shown that

n+1 Try (K

The result then follows since (XKX);; = 0703 K; ;. For general covariance ¥ = WAWT,
we have Y, KY, = W(ZnWTK WZn)WT, where Z,, is the empirical covariance matrix
associated to {WTyy,...,WTy,}. Noting that W7y ~ N(0,A) for y ~ N(0,%), we can
apply the above result to WKW :

E[Y,KY,] = WE[Z, (W KW)Z,]WT

—w (™ LAwT WA + TrE(K)A)WT
n n
_nF sy By
n n

We quickly put Lemma 4 to work to give a tractable expression for the population risk.
Lemma 5. For 6 = (P,Q), we have

R(0) i= Eay, [|(PATY,Q — ATHEY? 3] = B4 (PAT'EQ — AHE?| 3]
+ lEA Tr(PAT'2QEQTSAT PT) + Tre(QEQT) Tr(PA™ S AT PT)|.
n

42



ICL or LINEAR SYSTEMS AND ELLIPTIC PDES

Proof This follows from a direct computation of the expectation with respect to Y, :

Eay,[(PATY,Q — A"HEY2|2] = Eay, [Tr((PA™YY,Q — A H2(QTY, A7 PT — A71)))
=Eay, [Tr(A'SA™ + PATY,Q2Q Y, A7 PT — PA7Y, QA — A7'2QTY, A7 PT)]
=F4[Tr(A7I8A™ — PATINQYA™ — A7 12 v AL PT]

+Eay, [Tr(PATY,Q2QTY, A1 PT)]
= Fy[Tr(AI8A™ — PATIEQYA~! — ’1EQTEA*1PT]
n+1

+ IEA[Tr(PA 1»QeTsA~IPT)) + IEA[Trg(QEQT)Tr(PA Iy A= PT)]
A[H(PA '£Q - ATHZV 3]
+ %IE 4| Tr(PATI2QEQTsA~1PT) + T&z(QZQTm(PA—le—lpT)},

where we used Lemma 4 to compute the expectation over Y,, in the second-to-last line. W

It will also be useful to derive a simpler expression for the population risk R,,(#) when
6 belongs to the set Oy = {(cIg,c X1 : c € R\{0}}.

Lemma 6. Let P = cly, Q = ¢ 'X7! for c € R\{0}. Then

d+1

Rm(e) = n

Ea| (47247,
Proof Using Lemma 4 to compute the expectations defining R,,, we have
Rm(0) = Ez[Tr(A71SA™ — PATIEZQRA™! — _1EQTEA_1PT]

n+1EA[Tr(PA 1505QTn A PT) 4 EA[TrE(QEQT)Tr(PA I 4-1pT)),

Since P = cI; and Q = ¢ 'Y7!, we have that PAT'YQYA™!, A7'2QTSA'PT and
PA'SQXQTSAPT are all equal to A~12 A1, and

EaTrs(QEQ)Tr(PATISATIPT) = By Trg (B~ H)Tr(A7 124,

Therefore, after some algebra, the population risk simplifies to

Ron(6) = = D 1y (4-1ma71) .

n

Noting that Try(X7!) = d, we conclude the expression for R, () as stated in the lemma. W

We quote the following result from Theorem 2.1 of Rudelson and Vershynin (2013).
Lemma 7. [Gaussian concentration bound] Let y ~ N(0,%). Then

{\|y|y>\/T+t}<2exp( e )

ClI%llop

where C' > 0 is a constant independent of ¥ and d.
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We use the following result to control the error between @Q,, and ¥~

Lemma 8.

-1
Let Q, = B("THBE + ME) be as defined in Lemma 1. Assume that n satisfies

n

1S oy |2 (1a + Trs(B)B )

n

Op<

N | =

Then we can write .
Qn — 2_1 + 7517
n

where & satisfies
€001 S 1S oplISllop (1 + Trs(B)) O3,

Proof Using some algebra, we find

-1
Qu=n5("— gy LE(B)Z)
n n
-1
_ <n—i— 12+ Trg(B)EB_l)
n n

_ (z n %Z(Id n Trg(B)B*1)>_1.

By Lemma 9, we have

_ _ €
1Qn == lop < II=" lop - ——

where
127 lop

Z(Id + TrE(B)B‘1>

* op

n
This gives the final bound

X 1= op Z(Id +Trz(B)B*1) o \|2—1||0p||2|yop(1 +Trg(B)HB_1||Op)

[@n—=2""lop S < ,
n n

Here, we used the bound < < e which holds for e sufficiently small; in particular, for

€€ (0,1/2), we have ;& < 2e. [ |

The following result, used to bound the inverse of a perturbed matrix, is a standard
application of matrix power series.

Lemma 9. Suppose that A is an invertible d x d matriz and D € R4 satisfies || D||,p <
m for some € < 1. Then

€
1—¢€

I(A+ D)~ =A™ op < |47 op -
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Proof Note that A4+D = (I;+DA')A. Under our assumption on D, we have | DA™!|op, <
[ Dllopl| A~ lop < 1, which implies the series expansion

o0

(I+DA )1 =>"(-DA .
k=0

It follows that
-1
(A+D)~! = ((1 + DA‘1>A)
-1
— a7 (1+ DA™
=AY (=DATHE,
k=0
In turn, this gives the bound

(A+ D)™ = A7 op = |47 Y (DAY
k=1

op

< A7 lop Y IDATHG,
k=1

o0
- k
<A M lop > €
k=1

€

= |4~ :
1A~ lop
|
Recall that for a positive definite matrix ¥ = WAW?7 and a symmetric matrix K,
d
Trs(K) =Y o7 (Kei, ),
i=1
where o7, . .. ,O’?l are the eigenvalues of ¥ and ¢; = We; are the eigenvectors of >.
Lemma 10. For any symmetric matriz K, we have
Trs(K) < | K op TH(X).
Proof For each 1 <1i <d, we have (K;, pi) < | Kyillllgill < || K|lop. Therefore,
d d
Trs(K) =Y 07 (Kei,0i) < || Kllop Y 07 = | K|lopTr(Z).
i=1 i=1
|

In order to prove Theorem 7, we also need the following stability bound of Try(K) with
respect to perturbations of both ¥ and K.
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Lemma 11. Let ¥ = WAWT and £ = WAWT be two symmetric positive definite matrices
and K, K two symmetric matrices, let {02}, and {52}, be the respective eigenvalues of
Y and % and let {¢;}d, and {@;}&, be the respective eigenvectors. Then

Trs(K) = TrgK| < THE)IK = K op + 1K op (14 = &lly +2T(E) W = Wy ).

Proof We have

Trs(K) — Trg(K) <

Trs (K) — T&ci(K)’ v ‘T&"i(K . f()’. (37)

The second term in (37) can be bounded by an application of Lemma 10, which yields

Trs(K — K)| < TrE) K = Klop.

To bound the first term in (37), we first use the estimate

Try(K) - Tfi(K)‘ < ‘ i (01'2 - &i2><K90i790i> + ’ i(;g(g((% = @i), i) + (K@i, i — s5z‘>> ’
i=1 i=1

The first term above can be bounded by

d d
> (o7 = 32)(Ki 00| < 1K op - Y
=1 ]

1=
To bound the second term in (38), note that for any 1 <4 < d, we have

2
g;

= || K lop - 1A = Al (38)

~2

(K (i = @i pi) < K llopllpi = ill < K lop|W = W lop,

and similarly (K, — @) < || K|lop||W — Wlop. It therefore holds that

d
|2 ((K (i = 300, 0i) + (K i o = 80) ) | < 2K lopTH(ENW = Wilop.
=1

Combining all terms yields the final estimate
[ Trs () = Trg K| < THSK = Kllop + 1K lop (114 = Al + 2Te(E)[W = Wlop ).

The following lemma bounds the ’context mismatch error’, which arises in the proof of
Theorem 1.

Lemma 12. The bound

1 1
Sup [Ryn(60) = Ru(6)| < 20 max(TH(%), | £I3,) TH(Z)| - — |
o1 <M noom

holds.
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Proof Denote § = (P, Q). Recall that, as a direct consequence of Lemma 5, we have
Rn(0) = Ea[Tr(AT'SA™!) — Tr(PATIEQEA™Y) — Tr(AT'2QTEATTPT)
T
n+1 )+Trg(QEQ )Tr
n

+ Tr(PA™'2QEQTvA-PT (PAT'SATIPT],

An analogous expression holds for R, (6). Therefore, for 6 satisfying ||6|| = max(||P||op, ||Qllop) <
M, we have the bound

Ron(6) — Rn(e)‘ - ’% - %( ’IE A|TH(PATIZQEQTEATIPT) 4 Trg(QEQT) Tr(PA™' RAT PT)| ‘

1 1
< |2 = —| 20 max(Tr (), B2, Tr(D).
n m
[ |

The following lemma is an adaptation of Wald’s consistency theorem of M-estimators
(Van der Vaart, 2000, Theorem 5.14). We use it to prove the convergence in probability of
empirical risk minimizers to population risk minimizers.

Lemma 13. Let # € R™, z € R?, and suppose £(-,-) : R? x R™ — [0, 00) is lower semi-
continuous in 6. Let mg = mingE[l(x,0)] for some fized distribution on x, and let Oy =
argmingE[¢(x,0)]. Let {On}nen be a collection of estimators such that supy ||On|| < 0o and

mo — EN[E(Z,G())] = Op(l)

Then dist(y, Op) 5 0.

Proposition 3. For any sequence {é\n’N}n,NeN of minimizers of the empirical risk Ry, N
with supy ||0n, n|| < 0o for all n, we have

~

lim lim dist(0,,n, Moo) = 0, in probability.

n—o0 Ntooo

Proof For each fixed n € N. we can apply Lemma 13 to the empirical risk minimizer
0n,n. In this context, the condition of the lemma amounts to the condition that R, (6.) —

R N(0nn) = op(1), for any 6, € argmingR,,, which is satisfied since

-~

Ra(0.) = Ry (Bn) = (Rul02) = Rux(02)) + (R (0) = R (@) ).

The first term tends to zero in probability by the law of large numbers, and the second term
is non-negative by the minimality of 8, y. This proves that

lim dist(@n, N, M,) =0, in probability,
Ntooco

where M,, = argmin,R,(0). Consequently, since R,, and R are polynomials in 6 such
that the coefficients of R, converge to the coefficients of R, as n — oo, we have by the
triangle inequality that

lim lim dist(6, v, Mso) = 0, in probability.

n—o0 N—o00
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Appendix H. Additional numerical results

In this section, we present some additional numerics. The plots in Figure 5: A.1-C.1 are
identical to those in Figure 1: A-C, but Figure 1: A.2 - C.2 also show the slopes of the
log-log plots as a function of the sample size. This makes it easier to compare the empirical
scaling laws with those derived in Theorem 1. Figure 6: A.1-A.3 shows the heat maps for
the PDE error with respect to the parameters a and 7 that define the log-normal random
field a(x), while Figure 6: B.1-B.3 shows the heat maps for the PDE error with respect to
the parameters ¢ and § of the covariance of the source term f. These plots confirm that
pre-trained transformers are more robust under task shifts than they are under covariate
shifts. They also suggest that the pre-trained transformer is better at tolerating shifts on

the parameter ¢ of the covariance operator compared to shifts on 5.

A1

B.1

Error

C.1

Error

Figure 5: Plots A.1-C.1 are identical to those shown in Figure 1. Plots A.2-C.2 show the
slopes of the error curves in the left column as functions of various sample sizes.
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A 1 LoglO L2 Error Coefficient (m=500) B-1 L2 Error Coefficient (m=500)
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Figure 6: Column A shows the heat map for the error with respect to the parameters o
and 7 on the distribution of a(z) (the training distribution is a(z) = ¢*®) with
b(x) ~ N(0,(—A+7I)~%), @« =3 and 7 = 5). Column B plots the heat map for
the error with respect to the parameters # and ¢ on the distribution of the data
f(z) (the training distribution is f(x) = b(z) with b(z) ~ N(0,(=A + cI)=#),
B = ¢ = 1). The transformer model is trained with n = 300 and d = 50, and
error is computed on a new task with m = 500 prompts.
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