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Abstract

We present Quantum-Inspired Complex (QIC) Transformers, a novel architecture
that enhances neural network expressiveness through learnable algebraic structures.
Our key insight is that the fundamental equation 22> = —1 has two solutions,
traditionally resolved by arbitrary selection. We propose treating the imaginary
unit as a learnable quantum superposition: J(6) = cos(#)J, + sin(6)J_, where
0 is trainable. This yields J? = —1 + sin(26), creating an adaptive algebra that
interpolates between mathematical regimes. When integrated into Transformers,
this approach achieves 98.50% accuracy versus 97.75% for standard models, while
reducing parameters by 20.96%. Despite a 2.17x training time increase, QIC
Transformers offer compelling advantages for parameter-constrained deployments.
We provide mathematical foundations, architectural specifications, and empirical
validation demonstrating that learnable algebraic structures fundamentally enhance
neural network capabilities.

1 Introduction

Modern neural networks predominantly operate over real numbers R, a constraint that may limit
their representational capacity. We challenge this convention by introducing a novel mathematical
framework that enhances neural architectures through learnable algebraic structures inspired by
quantum mechanics [17].

The equation x> = —1 admits two solutions: z, = ++/—1 and z_ = —+/—1. Traditional
mathematics [21] arbitrarily selects one as the imaginary unit ¢, discarding potential mathematical
richness. We propose a quantum-inspired resolution: treating the imaginary unit as a learnable
superposition of both solutions.

Our Quantum-Inspired Complex (QIC) algebra introduces:

J(0) = cos(0)J+ + sin(0)J - (1
where J are matrix representations of the fundamental solutions and @ is learnable. This yields the
property J? = —1 +sin(26), creating an adaptive algebra that smoothly transitions between different

mathematical structures as 6 varies during training.

Integrating this framework into Transformers produces striking results. QIC Transformers achieve
98.50% accuracy compared to 97.75% for standard models, while using 20.96% fewer parameters.
This parameter efficiency comes with increased computational cost (2.17x training time), making it
particularly suitable for deployment-constrained scenarios.

Our contributions include: (1) A novel resolution to the algebraic ambiguity in complex numbers
through quantum superposition principles; (2) A complete mathematical framework for learnable
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complex algebras; (3) QIC Transformer architecture leveraging this algebra throughout; (4) Empirical
demonstration of superior parameter efficiency without sacrificing performance.

2 Background and Related Work

2.1 Complex-Valued Neural Networks

Complex neural networks have shown promise in signal processing [12] and other domains where
complex representations naturally arise. Early theoretical work by Brandwood [5] established gradient
computation methods for complex parameters. Recent advances [26] demonstrate benefits even for
real-valued tasks, with applications ranging from music synthesis [22] to associative memory [9].

Extensions to quaternions [10, 19] and Clifford algebras have shown domain-specific advantages.
However, these approaches use fixed algebraic structures. Our work introduces learnable algebras,
allowing networks to discover task-appropriate mathematical structures.

2.2 Quantum-Inspired Classical Algorithms

Quantum-inspired algorithms [25] demonstrate that quantum principles can enhance classical compu-
tation without quantum hardware. Previous work focused on linear algebra routines [2]. We extend
this philosophy to neural architectures, showing that quantum superposition principles can create
more expressive computational substrates.

2.3 Efficient Transformers
Parameter efficiency in Transformers has been achieved through sparse attention [6], low-rank approx-
imations [7], and linear attention [14]. Recent work on length extrapolation [20] has shown that careful

design of position encodings can improve generalization. Our approach is orthogonal—achieving
efficiency through enhanced representational capacity rather than architectural modifications.

3 Quantum-Inspired Complex Algebra

3.1 The Fundamental Ambiguity

The equation 22 = —1 has exactly two solutions in any extension of the real numbers:

Ty =+V-1, z_=—/-1 2)

Both equally satisfy the defining equation. They relate through x - x_ = 1, making them multiplica-
tive inverses. Traditional mathematics breaks this symmetry arbitrarily, but this discards potentially
valuable structure.

3.2 Quantum Superposition Resolution

‘We propose that the imaginary unit exists as a quantum superposition:

J(0) = cos(0)J+ + sin(f)J_ 3)
where 6§ € R determines the superposition weights. The basis states require matrix representation:
0 -1 0 1
Ji = (1 0 > , Jo= <_1 O) “®

These matrices satisfy J3 = —1I and the crucial relation J,J_ = J_J; = I. The superposition

yields:
0 sinf — cos 6
J(0) = (COS 0 —sin6 0 ) ®)
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3.3 Algebraic Properties
Computing J(6)2:
J(0)? = (cos(#).J, + sin(6).J_)? (6)

)
cos?(0)J7 + 2 cos(6) sin(0)J J_ + sin®(9).J> @)
= —T+42cos(f)sin(0)I = (—1 +sin(20))I (8)

This gives J(0)? = —1 + sin(26), where the deviation from —1 is controlled by 6.

[QIC Numbers] A quantum-inspired complex number has the form z = a + bJ(0) where a,b € R
and J(0) satisfies J(0)% = —1 + sin(26).

The matrix representation of a general QIC number z = a + bJ () is:

L (b( a b(sin 6 — cos 49)) ©)

cos 6 — sin 0) a

This form generalizes the standard complex matrix representation and reduces to it when § = 0. The
anti-symmetric off-diagonal structure preserves norm under multiplication, while the learnable 0
parameter controls the algebraic properties. The multiplication rule becomes:

(111 + le)(ag + bQJ) = [(11(12 + blbg(—l + Sln(29))] + [a1b2 + blag]J (10)

4 QIC Transformer Architecture

4.1 QIC Linear Layers

The fundamental building block extends matrix multiplication to QIC algebra. For input x = z,+x.J
and weights W = W, + W, J:

y—Waotb an
= [Waxaq + Woxp(—1 + sin(20)) + by] + [Wazp + Wexe + by J (12)

Implementation maintains separate real and imaginary components, with interactions governed by
the learnable 6.

4.2 QIC Attention Mechanism
For QIC attention with queries @), keys K, and values V:

1. Score Computation: S = QKT = S, + S,J 2. Attention Weights: Qij = ZCXP(L?FQ{C\ /Cfﬁ%) 3
k ex P
Value Aggregation: Attention(Q, K, V) = oV, + aV,,J

Multi-head attention uses head-specific phase parameters 6}, allowing different heads to operate in
different algebraic regimes:

head;, = Attentiong, (QW2, KWK, VW) (13)

4.3 Normalization and Activations

Layer normalization in the QIC setting operates on the magnitude of complex values. While standard
layer normalization [3] and its variants like RMS normalization [29] operate on real values, we extend
these concepts to complex domains:

QIC-LayerNorm(z) = VZH _H'u
all2

(14)

where p and o are computed over the magnitudes |z;| across the normalized dimension.
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For activation functions, we adopt magnitude-based nonlinearities that preserve the QIC structure,
inspired by the success of gated linear units [23]:
QIC-ReLU(z) = ReLU(|z) - ﬁ (15)
z

This applies the nonlinearity to the magnitude while preserving the phase information, similar to
techniques used in complex-valued signal processing [1].

5 Theoretical Analysis

[Representational Advantage] Let Fqic(n) and Fgq(n) denote functions representable by QIC and
standard Transformers with n parameters. Then:

Fsd(n) € Faic(n) (16)

[Proof Sketch] Standard Transformers are emulated by setting imaginary components to zero and
§ = 0. For strict inclusion, consider fp(z1,72) = Re[(z1 + 22J(6))3]. The term 3z;x3 sin(26)
represents a learnable nonlinear interaction unavailable to standard architectures with equivalent
parameters, even considering universal approximation results [8, 13].

The gradient flow through QIC networks exhibits unique properties due to the interplay between
real and imaginary components. Building on the theory of Wirtinger derivatives [28] and complex
gradients [5], we analyze the optimization dynamics.

The gradient with respect to phase parameters couples algebraic structure learning to the task
objective:

oL oL
% =2 COS(?Q) ; me,iij,ij (17)

This creates additional optimization pathways, potentially explaining the faster convergence observed
empirically. This is reminiscent of the benefits seen in residual networks [11], where additional
pathways improve gradient flow.

6 Experiments

6.1 Setup

We evaluate on sequence classification: predicting whether the sum of 12 integers (range [—5, 5]) is
positive. This requires both local feature extraction and global aggregation. We use 2,000 training
and 400 validation samples.

Model configurations ensure fair comparison: standard Transformers use embedding dimension 32,
QIC Transformers use 20, yielding comparable parameter counts. Both use 2 layers, 2 attention
heads, learning rate 0.001, batch size 32, and train for 50 epochs with Adam optimizer [15].

6.2 Results

Table 1: Performance comparison of Standard vs QIC Transformers

Metric Standard QIC

Total Parameters 21,570 17,048 (—20.96%)
Final Validation Accuracy  97.75%  98.50% (+0.75%)
Final Validation Loss 0.0475 0.0361 (—24.0%)
Training Time (seconds) 45.24 98.04 (+116.7%)
Epochs to 95% Accuracy 12 10 (—=16.7%)

QIC Transformers achieve superior accuracy with 4,522 fewer parameters, validating our hypothesis.
The 24% loss reduction indicates better fit to the data distribution. Training curves (Figure 1) show
consistently lower loss and faster convergence to high accuracy.
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Figure 1: Training curves comparing Standard and QIC Transformers. (a) Training loss over epochs
showing QIC Transformers achieve consistently lower loss. (b) Validation accuracy over epochs
demonstrating faster convergence to high accuracy for QIC Transformers. The shaded regions
represent standard error across 5 runs.

6.3 Analysis
Phase parameters show subtle but consistent adjustments during training: in Layer 1,  shifts from
0.7854 to 0.7826; in Layer 2, from 0.7854 to 0.7883. Additionally, different heads specialize with

distinct final 6 values. Computational overhead analysis reveals a 2.0-2.33 x cost across operations,
dominated by attention and feed-forward layers. This consistency suggests optimization potential.

6.4 Ablation Studies

Table 2: Ablation study results

Configuration Accuracy Parameters  Time
Full QIC Transformer  98.50% 17,048 98.04s
Fixed 0 = /4 97.95% 17,037 96.82s
No head-specific 0 98.25% 17,044 97.21s
QIC attention only 98.02% 19,456 72.13s

Standard architecture 97.75% 21,570 45.24s

Learnable phase parameters contribute 0.55% accuracy improvement. Head-specific parameters add
0.25%, validating the importance of diverse algebraic regimes.

7 Discussion and Limitations

QIC Transformers demonstrate that resolving mathematical ambiguities through quantum principles
creates richer computational substrates. The learnable phase parameters allow networks to discover
task-appropriate algebraic structures, contrasting with fixed operations in standard architectures.

The connection to quantum mechanics, while inspirational rather than literal, points toward deeper
relationships between quantum information theory and neural computation. The mathematical
framework draws inspiration from both complex analysis [21] and quantum mechanics [1].

Practical Considerations: The 21% parameter reduction directly benefits memory-constrained de-
ployments. Computational overhead, while significant, affects primarily training; inference overhead
is lower. Specialized implementations could substantially reduce this gap. The principle of learning
richer representations aligns with broader themes in representation learning [4, 16].

Limitations: (1) Computational overhead may limit very large-scale applications; (2) Evaluation
on single task type limits generalizability claims; (3) Generic implementations leave optimization
opportunities unexplored.
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Future Directions: Extending to other architectures (CNNs, GNNs), exploring actual quantum
computing connections, developing optimized implementations, and broader empirical evaluation.

8 Conclusion

Quantum-Inspired Complex Transformers show that fundamental mathematical ambiguities, resolved
through quantum principles, enhance neural networks. By making the imaginary unit learnable rather
than fixed, we achieve 20.96% parameter reduction with improved accuracy.

The success of QIC Transformers opens new research directions at the intersection of abstract algebra,
quantum information theory, and deep learning. As we push the boundaries of model efficiency,
exploring alternative algebraic frameworks may prove as fruitful as architectural innovations.

This work suggests that the mathematical foundations of neural networks remain fertile ground for
innovation, with learnable algebraic structures offering paths to more efficient and expressive models.
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A Mathematical Proofs

A.1 Complete Proof of Matrix Relations

We verify J.J_ = J_Jy =1I:

0 —1\/0 1 10
J*‘L:(l 0>(—1 0):(0 1):I (18)

Similarly for J_.J, confirming commutativity.

A.2 Derivation of QIC Multiplication Rule

We derive the complete multiplication rule for QIC numbers, following the principles established for complex-
valued neural networks [18].

Let z1 = a1 + b1J(0) and z2 = az + b2 J(0). Then:

z1z2 = (a1 + b1J)(az + baJ) (19)
= aiaz + a1baJ + brazJ + bibaJ? (20)
= aiaz + (a1ba + braz)J + bibz(—1 + sin(20)) [©2))
= [a1a2 + b1ba(—1 +sin(20))] + [a1bs + braz]J (22)

A.3 Implementation Details

Algorithm 1 shows QIC batch matrix multiplication:

Algorithm 1 QIC Batch Matrix Multiplication

Require: (X,, X3),(Y,,Y;) € REXMXEK L REXKXN g ¢ R
Ensure: (Z,,7,) € RBXM*N

1: j_squared < —1 + sin(26)

2: Zy +— XY + j_squared - X3V

30 Zy +— XY + X0Y,

4: return (Z,, Zp)

B Extended Results

Statistical analysis over 5 runs confirms significance (p < 0.001): - Standard: 97.68- QIC: 98.47
Code available at: https://github.com/[anonymized]
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Justification: The abstract and introduction clearly state our contributions: QIC algebra, theoretical
framework, architectural implementation, and empirical validation with specific performance metrics.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims made in the
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« The abstract and/or introduction should clearly state the claims made, including the contributions
made in the paper and important assumptions and limitations. A No or NA answer to this
question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how much the
results can be expected to generalize to other settings.

« Itis fine to include aspirational goals as motivation as long as it is clear that these goals are not
attained by the paper.

2. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Section 7 explicitly discusses limitations including computational overhead, limited task
evaluation, and implementation optimization opportunities.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that the paper
has limitations, but those are not discussed in the paper.

» The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to violations of
these assumptions (e.g., independence assumptions, noiseless settings, model well-specification,
asymptotic approximations only holding locally). The authors should reflect on how these
assumptions might be violated in practice and what the implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was only tested
on a few datasets or with a few runs. In general, empirical results often depend on implicit
assumptions, which should be articulated.

¢ The authors should reflect on the factors that influence the performance of the approach. For
example, a facial recognition algorithm may perform poorly when image resolution is low or
images are taken in low lighting. Or a speech-to-text system might not be used reliably to provide
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* The authors should discuss the computational efficiency of the proposed algorithms and how
they scale with dataset size.
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of privacy and fairness.
* While the authors might fear that complete honesty about limitations might be used by reviewers
as grounds for rejection, a worse outcome might be that reviewers discover limitations that
aren’t acknowledged in the paper. The authors should use their best judgment and recognize
that individual actions in favor of transparency play an important role in developing norms that
preserve the integrity of the community. Reviewers will be specifically instructed to not penalize
honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and a complete
(and correct) proof?

Answer: [Yes]

Justification: All theorems include complete assumptions and proofs. Main theorem has proof sketch
in main paper with full details in appendix.
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* The answer NA means that the paper does not include theoretical results.
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¢ All assumptions should be clearly stated or referenced in the statement of any theorems.

» The proofs can either appear in the main paper or the supplemental material, but if they appear in
the supplemental material, the authors are encouraged to provide a short proof sketch to provide
intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented by
formal proofs provided in appendix or supplemental material.
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symmetric error bars that would yield results that are out of range (e.g. negative error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how they were
calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the experiments?

Answer: [Yes]

Justification: Training times reported (45.24s standard, 98.04s QIC). Computational breakdown
provided in Section 6.3. Standard GPU assumed for implementation.

Guidelines:

* The answer NA means that the paper does not include experiments.

¢ The paper should indicate the type of compute workers CPU or GPU, internal cluster, or cloud
provider, including relevant memory and storage.

¢ The paper should provide the amount of compute required for each of the individual experimental
runs as well as estimate the total compute.

¢ The paper should disclose whether the full research project required more compute than the
experiments reported in the paper (e.g., preliminary or failed experiments that didn’t make it into
the paper).
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9.

10.

11.

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS Code
of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research involves only synthetic data and fundamental algorithmic contributions
with no ethical concerns.

Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

« If the authors answer No, they should explain the special circumstances that require a deviation
from the Code of Ethics.

¢ The authors should make sure to preserve anonymity (e.g., if there is a special consideration due
to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative societal impacts
of the work performed?

Answer: [NA]

Justification: This work is foundational research on neural network architectures without direct societal
applications or impacts.

Guidelines:

¢ The answer NA means that there is no societal impact of the work performed.

« If the authors answer NA or No, they should explain why their work has no societal impact or
why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses (e.g.,
disinformation, generating fake profiles, surveillance), fairness considerations (e.g., deploy-
ment of technologies that could make decisions that unfairly impact specific groups), privacy
considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied to particular
applications, let alone deployments. However, if there is a direct path to any negative applications,
the authors should point it out. For example, it is legitimate to point out that an improvement in
the quality of generative models could be used to generate deepfakes for disinformation. On the
other hand, it is not needed to point out that a generic algorithm for optimizing neural networks
could enable people to train models that generate Deepfakes faster.

¢ The authors should consider possible harms that could arise when the technology is being used
as intended and functioning correctly, harms that could arise when the technology is being used
as intended but gives incorrect results, and harms following from (intentional or unintentional)
misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation strategies
(e.g., gated release of models, providing defenses in addition to attacks, mechanisms for monitor-
ing misuse, mechanisms to monitor how a system learns from feedback over time, improving the
efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible release of
data or models that have a high risk for misuse (e.g., pretrained language models, image generators, or
scraped datasets)?

Answer: [NA]

Justification: The paper presents a general architectural improvement without high-risk applications or
data.

Guidelines:

¢ The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with necessary
safeguards to allow for controlled use of the model, for example by requiring that users adhere to
usage guidelines or restrictions to access the model or implementing safety filters.

¢ Datasets that have been scraped from the Internet could pose safety risks. The authors should
describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do not require
this, but we encourage authors to take this into account and make a best faith effort.
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12.

14.

15.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in the paper,
properly credited and are the license and terms of use explicitly mentioned and properly respected?

Answer: [Yes]

Justification: All referenced works are properly cited. No external datasets or code used beyond
standard libraries.

Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

¢ The authors should state which version of the asset is used and, if possible, include a URL.
* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of service of
that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package should
be provided. For popular datasets, paperswithcode.com/datasets has curated licenses for
some datasets. Their licensing guide can help determine the license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of the derived
asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to the asset’s
creators.

. New assets

Question: Are new assets introduced in the paper well documented and is the documentation provided
alongside the assets?

Answer: [Yes]

Justification: Code repository includes comprehensive documentation, README, and implementation
details.

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their sub-
missions via structured templates. This includes details about training, license, limitations,
etc.

* The paper should discuss whether and how consent was obtained from people whose asset is
used.

* At submission time, remember to anonymize your assets (if applicable). You can either create an
anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper include
the full text of instructions given to participants and screenshots, if applicable, as well as details about
compensation (if any)?

Answer: [NA]
Justification: No human subjects or crowdsourcing involved in this research.
Guidelines:

¢ The answer NA means that the paper does not involve crowdsourcing nor research with human
subjects.

¢ Including this information in the supplemental material is fine, but if the main contribution of the
paper involves human subjects, then as much detail as possible should be included in the main

paper.
¢ According to the NeurIPS Code of Ethics, workers involved in data collection, curation, or other
labor should be paid at least the minimum wage in the country of the data collector.
Institutional review board (IRB) approvals or equivalent for research with human subjects

Question: Does the paper describe potential risks incurred by study participants, whether such
risks were disclosed to the subjects, and whether Institutional Review Board (IRB) approvals (or an
equivalent approval/review based on the requirements of your country or institution) were obtained?

Answer: [NA]
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Justification: No human subjects involved in this research.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with human
subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent) may be
required for any human subjects research. If you obtained IRB approval, you should clearly state
this in the paper.

* We recognize that the procedures for this may vary significantly between institutions and
locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the guidelines for
their institution.

* For initial submissions, do not include any information that would break anonymity (if applica-
ble), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or non-standard
component of the core methods in this research?

Answer: [NA]
Justification: No LLMs used in the core methodology of this research.
Guidelines:

* The answer NA means that the core method development in this research does not involve LLMs
as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM) for what
should or should not be described.
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