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ABSTRACT

In in-context learning (ICL), a frozen pre-trained model solves tasks by condi-
tioning on a prompt of a few input—output examples, without gradient updates. If
the task was present in pretraining but the particular prompt sequence was not,
the resulting in-distribution generalization is retrieval-based ICL. Learning-based
ICL instead reflects out-of-distribution generalization: the model succeeds on
prompts generated by a novel task. Empirically, both forms improve with scale.
By analogy to benign overfitting in supervised learning, we call this in-context
benign overfitting: larger models more faithfully memorize the pretraining tasks
(improving retrieval ICL) while also generalizing better to novel tasks (improving
learning ICL). We prove that this phenomenon already arises in a minimal in-
context linear-regression feature-selection model. In contrast, standard in-context
linear-regression models exhibit a retrieval-learning tradeoff, where the emergence
of learning-based ICL coincides with degraded retrieval-based performance.

1 INTRODUCTION

In-context learning (ICL) has established itself as a cornerstone capability of large language models,

where the model solves tasks at inference time by conditioning on a prompt of input—output demon-

strations, without any updates to model weights (Brown et al., 2020). While the prompt contains
only a handful of examples, the model also draws on information acquired during pretraining. As

a result, there are two qualitatively different settings in which a model can succeed: it can perform

well because the underlying task was present during pretraining, or it can perform well on prompts

generated by a task that is novel relative to pretraining. Pan et al. (2023) introduced a useful dis-
tinction between these two modes of ICL, which they call retrieval and learning. Concretely, let

Diain — £0,,0,,...,60),} denote the set of tasks present during pretraining. For a task 6, a prompt

consists of 7' demonstrations and a query, Xo = [(1,v1), (®2,y2), ..., (X1, y7), 4], Where labels

y: = fo(x) are generated through a fixed mapping f that is shared across demonstrations inside the

prompt. This mapping is parameterized by the task 8 and applies to all ¢ € [T'] as well as the query

x,. The two modes are then defined as follows:

* Retrieval mode (ID generalization). We sample 8 ~ D" g0 while the prompt Xj is unseen
during pretraining, the underlying task is drawn from the pretraining task set. We evaluate whether
the model correctly predicts the query label y,. Success in this mode is consistent with the
model having memorized the pretraining tasks and retrieving the correct task mechanism from its
parameters. This mode, therefore, probes task-level in-distribution (ID) generalization.

* Learning mode (OOD generalization). We sample € ~ Dy, from a distribution that differs from
Dy, We again evaluate prediction on y,. Since the task is novel relative to pretraining, the model
cannot rely on task memorization alone and must learn from demonstrations. This mode probes

task-level out-of-distribution (OOD) generalization.
Hereon, we will refer to these as ID and OOD generalization, respectively.

Understanding these two modes has motivated a surge of work in synthetic, fully controlled settings.
These studies train transformers from scratch on sequences generated by a finite task set, for example
in-context linear regression (Garg et al., 2022; Raventos et al., 2023; Carroll et al., 2025) or Markov-
chains (Park et al., 2025), and then evaluate ID and OOD generalization as discussed above. This line
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Figure 1: Benign Overfitting in Supervised vs. In-Context Learning. Left illustrates benign
overfitting commonly observed in standard supervised learning setups, where large models far
beyond the interpolation threshold (green band) memorize the train samples while simultaneously
generalizing to new ones. We introduce and formalize an in-context analogue of this phenomenon
(right): large models (in green) memorize tasks seen during (pre)training while simultaneously
generalizing to novel out-of-distribution tasks.

of work has uncovered several qualitative phenomena, including task-diversity thresholds (Raventos
et al., 2023; Park et al., 2025) for the emergence of good OOD generalization and transient dynamics
(Singh et al., 2023; Carroll et al., 2025) in how the two modes evolve over the course of training. We
defer a detailed discussion and pointers to the relevant papers to Appendix A.

One question, however, remains conceptually unsettled: how should ID and OOD generalization
evolve with model scale? In the era of scaling laws, the prevailing intuition is that larger models
should excel in both modes. Indeed, this has been observed experimentally: Wei et al. (2023) (Figs. 2
and 3) show that in large language models, both modes tend to improve with scale: larger models
more accurately solve tasks encountered during pretraining and also generalize better to novel tasks
at inference time.

Contributions. Drawing an analogy to the literature on benign overfitting in supervised learning
(Bartlett et al., 2020; Hastie et al., 2020; Belkin et al., 2020), we frame the scaling behavior of ID and
OOD generalization in ICL as what we call in-context benign overfitting.

In-Context Benign Overfitting

Definition 1. In-context benign overfitting is the property whereby large (overparameter-
ized) models memorize ID ICL tasks, achieving low risk on prompts from D%, while
simultaneously generalizing to novel OOD ICL tasks (from Dy ).

This lifts the classical notion of benign overfitting from the sample level to the task level: whereas
standard benign overfitting concerns memorization of noisy training samples, in-context benign
overfitting concerns memorization of pretraining fasks. See Fig. 1 for an illustration.

We ground our framework in the minimal setup of in-context linear regression (Garg et al., 2022),
employing a simplified linear attention model consistent with recent theoretical works (Zhang et al.,
2023; Lu et al., 2025; Wu et al., 2023; Zhang et al., 2025). To explicitly model the effect of scale,
we incorporate a feature subsampling mechanism inspired by the double descent literature (Hastie
et al., 2020; Belkin et al., 2020). Using data generated from this model, we study the two canonical
predictors extensively studied in classical statistical learning: the minimum-norm interpolator (in the
overparameterized regime) and the least-squares solution (in the underparameterized regime). We
analyze these predictors in the proportional high-dimensional asymptotic limit, where the number of
(pre)training tasks, number of (pre)training prompts, number of in-context demonstrations, number of
learnable parameters, and the ambient feature dimension grow strictly in proportion (Lu et al., 2025).
In this regime, we derive sharp analytical characterizations of the ID and OOD risks, demonstrating
that our theoretical predictions accurately track the empirical risk curves and faithfully capture the
phenomenon of in-context benign overfitting.



2 PROBLEM SETUP

Data Model. We study in-context linear regression first introduced by Garg et al. (2022). Input
sequences are interleaved pairs X =[x1,y1, ..., 7, YT, TT4+1], Where features z; ~ A (0, X)) and
labels y; =w ' z;+¢; for a task vector w ~ Dy =N (0, X,,) and noise e¢; ~N (0, 02). We refer to
Tq:=TT41 as the query vector, ¥, :=yr+1 as the query label, and the number of demonstrations T'
as the context-length. Given the T' demonstrations (z, y:)7—,, the goal is predicting y,.

Training Data. We construct a training set by sampling a finite pool of M task vectors

{'wi}ij\il ~ Dy independently. The training task distribution is uniform over this pool, i.e.

DUt = ynif{ws, ..., wy}. We generate N training sequences X; by sampling w; ~ D

and constructing query labels yé = w;mfl + 62, forall: € [N].

Learning Model. To solve the ICL linear regression problem, we employ a simplified model inspired
by linear attention. In its vanilla form, this model has been used extensively in prior work as a
tractable framework for theoretically analyzing ICL (Zhang et al., 2025; Lu et al., 2025; Wu et al.,
2023; Zhang et al., 2024; Frei & Vardi, 2024).

Our key modeling contribution is a feature-selection formulation inspired by the double descent litera-
ture in supervised learning (Hastie et al., 2020; Belkin et al., 2020). We vary model capacity by restrict-
ing the learner to a subset of original features S C [d] of size p = |S|, sampled uniformly without re-

placement. The model first constructs a feature embedding hs, (X) = vec(x,4[S], Wae[S] ") € RP*
where ey, [S] = + ZtT:I yrx:[S] is the averaging estimator restricted to S. The prediction is then
linear in these features fg s(X) = 6 Thg, (X), with trainable parameters 6 € RP’.

Given training sequences {X;},, we obtain by minimizing the empirical risk Lemp(0) =
L||Hs,0 — y||?. The solution 8, follows the problem geometry:

¢ Underparameterized regime: For full column rank Hs,, égp is the unique least-squares solution
0s, := argming ||y — Hs, 0.

* Overparameterized regime: For full row rank Hs,, gradient descent initialized at zero
converges to the minimum-norm interpolator (Hastie et al., 2020; Bartlett et al., 2020), i.e.

Os, := argming || 0] s.t. Hs, 6 = y.
This characterization allows us to study generalization of 65, across both regimes as the model size
p varies. We evaluate the trained predictor ésp on two types of generalization:

(i) In-distribution (ID): performance on training tasks, i.e., w ~ Dia";

(ii) Out-of-distribution (OOD): performance on novel tasks, i.e., w ~ Dyy.

To define these metrics, we first introduce the task-specific mean-square-error loss, which
measures the prediction error of #s, on sequences generated from a fixed task vector w,
L(8s,;w) = Ex [(égp hs, (X) —y4)?], where the expectation is over the feature vectors and
noise in the sequence X, i.e., 1,...,xr, ¢, ~ N(0,%;) and €1,...,¢, ~ N(0,02). The ID
and OOD risks are then defined by averaging over the respective task distributions: Lip(0s,) :=
Es,Ew~pimn L(0s,;w), Loop(bs,) := Es, Ew~p,.L(0s,; w). Inboth cases, the outer expectation
Es, averages over the random feature subset S, ensuring that we evaluate performance independently
of any particular realization of it.

3 SHARP ASYMPTOTICS OF ID AND OOD RISKS

We characterize the ID and OOD risks in the joint high-dimensional limit where the ambient dimension
d, context length T', model size p, number of training tasks M, and number of training sequences N
all grow to infinity as follows: N, T, M, d, p — oo with

H—ov, YMop Lo oy e))
Throughout this section, we assume isotropic features and task vectors, i.e., 3, = aiﬂd and
S = 0214 As we will show this setting already suffices to establish the in-context benign
overfitting phenomenon. Further, following Lu et al. (2025), we fix o, = 1/ V/d and 0w = 1.



Analysis Framework. Our derivations leverage a Gaussian equivalence principle (Mei & Monta-
nari, 2019; Goldt et al., 2020). To find the asymptotic risks, we analyze a Linear Gaussian Equivalent
Problem (LGP) which matches the first and second-order statistics of our original model (see App. B).
The predictive power of this equivalence is rooted in the broader phenomenon of Gaussian universality
(Goldt et al., 2020). While a formal proof of equivalence for our problem is left for future work, we
analyze the LGP using the Convex Gaussian Min-Max Theorem (CGMT) and verify experimentally
(Sec. 4) that its theoretical risk curves accurately track the original model’s performance.

Next, we present our main results. See Appendix B for a detailed overview of the derivations.
Theorem 1 (Overparameterized Regime, v < p?). Under the asymptotic scaling (Eq. (1)), as d — oo,
the risks of minimum-norm estimator s, for the LGP (Def. 3) converge in probability to:

Loon(Bs,) > (1= 2 ) p(1+ac)(1=c(1+a+ac)+(1+atac) (o2 +pe+1-p),  Li(0s,) "> 552,

2 —
where ¢ := J%H and the scalars a and (B, are the unique positive solutions to Eq. (6) (see App. B).
Theorem 2 (Underparameterized Regime, v > p?). Under the asymptotic scaling (Eq. (1)), as
d — 00, the risks for the least-squares estimator s, for the LGP (Def. 3) converge in probability to:

2

EOOD(égp) R me (k2 (1+¢)—2¢%p) + (1+¢)pc*ml, + o2 +1 — p+ pe, ,C]D(égp) Ei ST kg

where K is a scalar defined in Eq. (9) (see App. B), m.:=m.(z.) is the Stieltjes transform of the

Marchenko-Pastur law with parameter -y = p/ i evaluated at z. = —c, and m/, denotes the derivative
of m(-) at z.

4 EXPERIMENTAL RESULTS

We present experimental results demonstrating in-context benign overfitting and validating our
theoretical predictions. We follow the setup in Sec. 2 unless otherwise noted; see App. I for details.
Fig. 2 compares our derived asymptotic . .
risk curves (Theorems 1 and 2) against /\ T e
empirical loss values. We plot both ID ~ ° !
and OOD risk as a function of the relative 3. \ /
model scale p?/v (specifically, we fix N 2 |/
and vary p). We observe that the theoret-
ical predictions closely match the empiri- 0 0
cal observations. The vertical asymptote p2/v (Model Scale)

at p?/v = 1 marks the phase transition

— Theory
Empirical

w

OOD Loss
~

p2/v (Model Scale)

between the underparameterized (p? /v <
1) and overparameterized (,02 /v > 1)
regimes. As model scale increases, both ID
and OOD loss exhibit double descent. Im-
portantly, increasing the model scale causes
the ID loss to converge to a significantly
lower value compared to the underparame-
terized regime, while the OOD loss con-
verges to a value comparable to the un-
derparameterized minimum. This demon-

Figure 2: In-Context Benign Overfitting. Comparison
of our theoretical risk curves (solid lines) vs. empirical
observations (points) for ID Loss (left) and OOD Loss
(right) as a function of model scale p?/v (with fixed
v). The horizontal dashed lines denote the asymptotic
value in the overparameterized regime. The vertical
asymptote at p?> /v = 1 marks the interpolation thresh-
old. In the overparameterized regime (p? /v > 1), the
model exhibits in-context benign overfitting: it effec-
tively memorizes pre-training tasks (low ID risk) while

strates that the model benignly overfits the simultaneously yielding a small risk on OOD tasks.
training tasks—memorizing ID tasks while simultaneously generalizing to OOD tasks, capturing
the essence of in-context benign overfitting. See App. I for experiments illustrating effect of task
diversity (M, Fig. 4 in App.), and experiments with non-isotropic ¥, 3., (Fig. 5, 6 in App.).

5 CONCLUSION

We introduced in-context benign overfitting—a task-level analogue of classical benign overfitting,
and provided sharp asymptotic characterizations showing that it arises in a minimal feature-selection
model of in-context linear regression. Moving forward, rigorously establishing the Gaussian equiva-
lence principle in our setting and extending the analysis to richer architectures (e.g., softmax attention)
and other task families (e.g., Markov chains) remain natural next steps. More broadly, our results
suggest a reassuring message: scaling up need not force a tradeoff between solving known tasks and
generalizing to new ones, even though prior theoretical models of ICL might suggest otherwise (Lu
et al., 2025; Raventos et al., 2023; Park et al., 2025) (See Fig. 3 in App. for discussion).



REFERENCES

Ehsan Abbasi, Fariborz Salehi, and Babak Hassibi. Universality in learning from linear measurements.
In Advances in Neural Information Processing Systems, pp. 12372—-12382, 2019.

Kwangjun Ahn, Xiang Cheng, Hadi Daneshmand, and Suvrit Sra. Transformers learn to implement
preconditioned gradient descent for in-context learning. In Thirty-seventh Conference on Neural
Information Processing Systems, 2023. URL https://openreview.net/forum?id=
LziniAXETIO.

Danil Akhtiamov, Reza Ghane, and Babak Hassibi. One-bit quantization for random features models.
arXiv preprint arXiv:2510.16250, 2025.

Ekin Akyiirek, Dale Schuurmans, Jacob Andreas, Tengyu Ma, and Denny Zhou. What learning
algorithm is in-context learning? Investigations with linear models. In Int. Conference on Learning
Representations, 2023. URL https://openreview.net/forum?id=0g0X4H8yN4T.

Peter L Bartlett, Philip M Long, Gabor Lugosi, and Alexander Tsigler. Benign overfitting in linear
regression. Proceedings of the National Academy of Sciences, 117(48):30063-30070, 2020.

Mikhail Belkin, Daniel Hsu, and Ji Xu. Two models of double descent for weak features. SIAM
Journal on Mathematics of Data Science, 2(4):1167-1180, January 2020. ISSN 2577-0187. doi:
10.1137/20m1336072. URL http://dx.doi.org/10.1137/20M1336072.

David Bosch, Ashkan Panahi, and Babak Hassibi. Precise asymptotic analysis of deep random feature
models. In The Thirty Sixth Annual Conference on Learning Theory, pp. 4132-4179. PMLR, 2023.

Tom Brown, Benjamin Mann, Nick Ryder, Melanie Subbiah, Jared D Kaplan, Prafulla Dhari-
wal, Arvind Neelakantan, Pranav Shyam, Girish Sastry, Amanda Askell, Sandhini Agar-
wal, Ariel Herbert-Voss, Gretchen Krueger, Tom Henighan, Rewon Child, Aditya Ramesh,
Daniel Ziegler, Jeffrey Wu, Clemens Winter, Chris Hesse, Mark Chen, Eric Sigler, Ma-
teusz Litwin, Scott Gray, Benjamin Chess, Jack Clark, Christopher Berner, Sam McCan-
dlish, Alec Radford, Ilya Sutskever, and Dario Amodei. Language models are few-shot
learners. In H. Larochelle, M. Ranzato, R. Hadsell, M.F. Balcan, and H. Lin (eds.), Ad-
vances in Neural Information Processing Systems, volume 33, pp. 1877—1901. Curran Asso-
ciates, Inc., 2020. URL https://proceedings.neurips.cc/paper_files/paper/
2020/file/1457c0d6bfcb4967418bfb8acl42f64a-Paper.pdf.

Liam Carroll, Jesse Hoogland, Matthew Farrugia-Roberts, and Daniel Murfet. Dynamics of transient
structure in in-context linear regression transformers, 2025. URL https://arxiv.org/abs/
2501.17745.

Xiangyu Chang, Yingcong Li, Samet Oymak, and Christos Thrampoulidis. Provable benefits of
overparameterization in model compression: From double descent to pruning neural networks. In
Proceedings of the AAAI Conference on Artificial Intelligence, volume 35, pp. 6974-6983, 2021.

Siyu Chen, Heejune Sheen, Tianhao Wang, and Zhuoran Yang. Training dynamics of multi-head
softmax attention for in-context learning: Emergence, convergence, and optimality, 2024a. URL
https://arxiv.org/abs/2402.19442.

Siyu Chen, Heejune Sheen, Tianhao Wang, and Zhuoran Yang. Unveiling induction heads: Provable
training dynamics and feature learning in transformers. arXiv preprint arXiv:2409.10559, 2024b.

Yatin Dandi, Ludovic Stephan, Florent Krzakala, Bruno Loureiro, and Lenka Zdeborova. Univer-
sality laws for gaussian mixtures in generalized linear models. Advances in Neural Information
Processing Systems, 36:54754-54768, 2023.

Zeyu Deng, Abla Kammoun, and Christos Thrampoulidis. A model of double descent for high-
dimensional binary linear classification. arXiv preprint arXiv:1911.05822, 2019.

Puneesh Deora, Bhavya Vasudeva, Tina Behnia, and Christos Thrampoulidis. In-context occam’s
razor: How transformers prefer simpler hypotheses on the fly. In Second Conference on Language
Modeling, 2025. URL https://openreview.net/forum?id=2SMnX3LBva.


https://openreview.net/forum?id=LziniAXEI9
https://openreview.net/forum?id=LziniAXEI9
https://openreview.net/forum?id=0g0X4H8yN4I
http://dx.doi.org/10.1137/20M1336072
https://proceedings.neurips.cc/paper_files/paper/2020/file/1457c0d6bfcb4967418bfb8ac142f64a-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2020/file/1457c0d6bfcb4967418bfb8ac142f64a-Paper.pdf
https://arxiv.org/abs/2501.17745
https://arxiv.org/abs/2501.17745
https://arxiv.org/abs/2402.19442
https://openreview.net/forum?id=ZSMnX3LBva

Ezra Edelman, Nikolaos Tsilivis, Benjamin L. Edelman, Eran Malach, and Surbhi Goel. The evolution
of statistical induction heads: In-context learning markov chains. In The Thirty-eighth Annual
Conference on Neural Information Processing Systems, 2024. URL https://openreview.
net/forum?id=gqaRT6QTIqgJ.

Spencer Frei and Gal Vardi. Trained transformer classifiers generalize and exhibit benign overfitting
in-context. arXiv preprint arXiv:2410.01774, 2024.

Deqing Fu, Tian qi Chen, Robin Jia, and Vatsal Sharan. Transformers learn to achieve second-order
convergence rates for in-context linear regression. In The Thirty-eighth Annual Conference on
Neural Information Processing Systems, 2024. URL https://openreview.net/forum?
id=L8h6cozcbn.

Shivam Garg, Dimitris Tsipras, Percy Liang, and Gregory Valiant. What can transformers learn
in-context? a case study of simple function classes. In Alice H. Oh, Alekh Agarwal, Danielle
Belgrave, and Kyunghyun Cho (eds.), Advances in Neural Information Processing Systems, 2022.
URL https://openreview.net/forum?id=f1NzZJ2eOet.

Federica Gerace, Florent Krzakala, Bruno Loureiro, Ludovic Stephan, and Lenka Zdeborova. Gaus-
sian universality of perceptrons with random labels. Physical Review E, 109(3):034305, 2024.

Reza Ghane, Danil Akhtiamov, and Babak Hassibi. Universality in transfer learning for linear models.
Advances in Neural Information Processing Systems, 37:125729-125779, 2024.

Reza Ghane, Anthony Bao, Danil Akhtiamov, and Babak Hassibi. Gaussian universality for diffusion
models. IEEE Signal Processing Letters, 33:116—-120, 2025.

Sebastian Goldt, Galen Reeves, Marc Mézard, Florent Krzakala, and Lenka Zdeborova. The gaussian
equivalence of generative models for learning with two-layer neural networks. arXiv preprint
arXiv:2006.14709, 2020.

Trevor Hastie, Andrea Montanari, Saharon Rosset, and Ryan J Tibshirani. Surprises in high-
dimensional ridgeless least squares interpolation. arXiv preprint arXiv:1903.08560, 2019.

Trevor Hastie, Andrea Montanari, Saharon Rosset, and Ryan J. Tibshirani. Surprises in high-
dimensional ridgeless least squares interpolation, 2020. URL https://arxiv.org/abs/
1903.08560.

Hong Hu and Yue M Lu. Universality laws for high-dimensional learning with random features.
arXiv preprint arXiv:2009.07669, 2020.

Hong Hu and Yue M Lu. Universality laws for high-dimensional learning with random features.
IEEE Transactions on Information Theory, 69(3):1932-1964, 2022.

Tengyuan Liang and Pragya Sur. A precise high-dimensional asymptotic theory for boosting and
min-11-norm interpolated classifiers. arXiv preprint arXiv:2002.01586, 2020.

Bruno Loureiro, Gabriele Sicuro, Cédric Gerbelot, Alessandro Pacco, Florent Krzakala, and Lenka
Zdeborova. Learning gaussian mixtures with generalized linear models: Precise asymptotics in
high-dimensions. Advances in Neural Information Processing Systems, 34:10144-10157, 2021.

Yue M. Lu, Mary 1. Letey, Jacob A. Zavatone-Veth, Anindita Maiti, and Cengiz Pehlevan. Asymptotic
theory of in-context learning by linear attention, 2025. URL https://arxiv.org/abs/
2405.11751.

Song Mei and Andrea Montanari. The generalization error of random features regression: Precise
asymptotics and double descent curve. arXiv preprint arXiv:1908.05355, 2019.

Theodor Misiakiewicz and Basil Saeed. A non-asymptotic theory of kernel ridge regression: deter-
ministic equivalents, test error, and gcv estimator. arXiv preprint arXiv:2403.08938, 2024.

Andrea Montanari and Phan-Minh Nguyen. Universality of the elastic net error. In 2017 IEEE
International Symposium on Information Theory (ISIT), pp. 2338-2342. IEEE, 2017.


https://openreview.net/forum?id=qaRT6QTIqJ
https://openreview.net/forum?id=qaRT6QTIqJ
https://openreview.net/forum?id=L8h6cozcbn
https://openreview.net/forum?id=L8h6cozcbn
https://openreview.net/forum?id=flNZJ2eOet
https://arxiv.org/abs/1903.08560
https://arxiv.org/abs/1903.08560
https://arxiv.org/abs/2405.11751
https://arxiv.org/abs/2405.11751

Andrea Montanari and Basil N Saeed. Universality of empirical risk minimization. In Conference on
Learning Theory, pp. 4310—4312. PMLR, 2022.

Andrea Montanari, Feng Ruan, Youngtak Sohn, and Jun Yan. The generalization error of max-margin
linear classifiers: High-dimensional asymptotics in the overparametrized regime. arXiv preprint
arXiv:1911.01544, 2019.

Andrea Montanari, Feng Ruan, Basil Saeed, and Youngtak Sohn. Universality of max-margin
classifiers. arXiv preprint arXiv:2310.00176, 2023.

Samet Oymak and Joel A Tropp. Universality laws for randomized dimension reduction, with
applications. Information and Inference: A Journal of the IMA, 7(3):337-446, 2018.

Jane Pan, Tianyu Gao, Howard Chen, and Danqi Chen. What in-context learning “learns” in-context:
Disentangling task recognition and task learning. In Anna Rogers, Jordan Boyd-Graber, and Naoaki
Okazaki (eds.), Findings of the Association for Computational Linguistics: ACL 2023, pp. 8298—
8319, Toronto, Canada, July 2023. Association for Computational Linguistics. doi: 10.18653/
v1/2023.findings-acl.527. URL https://aclanthology.org/2023.findings-acl.
527/.

Ashkan Panahi and Babak Hassibi. A universal analysis of large-scale regularized least squares
solutions. Advances in Neural Information Processing Systems, 30, 2017.

Core Francisco Park, Ekdeep Singh Lubana, and Hidenori Tanaka. Algorithmic phases of in-context
learning. In The Thirteenth International Conference on Learning Representations, 2025. URL
https://openreview.net/forum?id=XgHlwfHSXS8.

Luca Pesce, Florent Krzakala, Bruno Loureiro, and Ludovic Stephan. Are gaussian data all you
need? the extents and limits of universality in high-dimensional generalized linear estimation. In
International Conference on Machine Learning, pp. 27680-27708. PMLR, 2023.

Nived Rajaraman, Marco Bondaschi, Ashok Vardhan Makkuva, Kannan Ramchandran, and Michael
Gastpar. Transformers on markov data: Constant depth suffices. In The Thirty-eighth Annual
Conference on Neural Information Processing Systems, 2024. URL https://openreview.
net/forum?id=5uG9tp3v2q.

Allan Raventos, Mansheej Paul, Feng Chen, and Surya Ganguli. Pretraining task diversity and the
emergence of non-bayesian in-context learning for regression. In Thirty-seventh Conference on
Neural Information Processing Systems, 2023. URL https://openreview.net/forum?
id=BtAz4abxDg.

Aaditya K. Singh, Stephanie C. Y. Chan, Ted Moskovitz, Erin Grant, Andrew M. Saxe, and Felix
Hill. The transient nature of emergent in-context learning in transformers, 2023. URL https:
//arxiv.org/abs/2311.08360.

Mihailo Stojnic. A framework to characterize performance of lasso algorithms. arXiv preprint
arXiv:1303.7291, 2013.

Terence Tao. Topics in random matrix theory, volume 132. American Mathematical Society, 2023.

Christos Thrampoulidis, Samet Oymak, and Babak Hassibi. Regularized linear regression: A
precise analysis of the estimation error. In Peter Griinwald, Elad Hazan, and Satyen Kale (eds.),
Proceedings of The 28th Conference on Learning Theory, volume 40 of Proceedings of Machine
Learning Research, pp. 1683—1709, Paris, France, 03-06 Jul 2015. PMLR. URL https://
proceedings.mlr.press/v40/Thrampoulidisl5.html.

Christos Thrampoulidis, Ehsan Abbasi, and Babak Hassibi. Precise error analysis of regularized
m -estimators in high dimensions. IEEE Transactions on Information Theory, 64(8):5592-5628,
2018. doi: 10.1109/TIT.2018.2840720.

Johannes von Oswald, Eyvind Niklasson, Ettore Randazzo, Jodao Sacramento, Alexander Mordvintsev,
Andrey Zhmoginov, and Max Vladymyrov. Transformers learn in-context by gradient descent.
arXiv preprint arXiv:2212.07677, 2022.


https://aclanthology.org/2023.findings-acl.527/
https://aclanthology.org/2023.findings-acl.527/
https://openreview.net/forum?id=XgH1wfHSX8
https://openreview.net/forum?id=5uG9tp3v2q
https://openreview.net/forum?id=5uG9tp3v2q
https://openreview.net/forum?id=BtAz4a5xDg
https://openreview.net/forum?id=BtAz4a5xDg
https://arxiv.org/abs/2311.08360
https://arxiv.org/abs/2311.08360
https://proceedings.mlr.press/v40/Thrampoulidis15.html
https://proceedings.mlr.press/v40/Thrampoulidis15.html

Jerry Wei, Jason Wei, Yi Tay, Dustin Tran, Albert Webson, Yifeng Lu, Xinyun Chen, Hanxiao
Liu, Da Huang, Denny Zhou, and Tengyu Ma. Larger language models do in-context learning
differently, 2023. URL https://arxiv.org/abs/2303.03846.

Garrett G Wen, Hong Hu, Yue M Lu, Zhou Fan, and Theodor Misiakiewicz. When does gaussian
equivalence fail and how to fix it: Non-universal behavior of random features with quadratic
scaling. arXiv preprint arXiv:2512.03325, 2025.

Jingfeng Wu, Difan Zou, Zixiang Chen, Vladimir Braverman, Quanquan Gu, and Peter L Bartlett.
How many pretraining tasks are needed for in-context learning of linear regression? arXiv preprint
arXiv:2310.08391, 2023.

Ruiqi Zhang, Spencer Frei, and Peter L. Bartlett. Trained transformers learn linear models in-context,
2023.

Ruiqi Zhang, Jingfeng Wu, and Peter Bartlett. In-context learning of a linear transformer block:
Benefits of the mlp component and one-step gd initialization. Advances in Neural Information
Processing Systems, 37:18310-18361, 2024.

Yedi Zhang, Aaditya K. Singh, Peter E. Latham, and Andrew Saxe. Training dynamics of in-context
learning in linear attention, 2025. URL https://arxiv.org/abs/2501.16265.


https://arxiv.org/abs/2303.03846
https://arxiv.org/abs/2501.16265

CONTENTS

1 Introduction

2 Problem Setup

3 Sharp Asymptotics of ID and OOD risks

4 Experimental Results

5 Conclusion

A Related Work

B Overview of Theory
B.1 Linear Gaussian Equivalent Model .
B.1.1 Overparameterized regime .

B.1.2 Underparameterized regime

C Gaussian Equivalent Data Model

D Forming the Auxiliary Optimization Problem

D.1 Solving the Auxiliary Optimization.
D.2 Simplifying Per-Task Loss . . . . .

E Proofs for Min Norm AO
E.1 Wishart Matrix Asymptotics . . . .
E.2 General Notation . ... ... ...

E.3 Asymptotic limit of S(7,5) . . . . .

E.4 Asymptotic limit of the quadratic forms . . . . . . ... ... ... ... .. ...
E.5 First Order Optimality Conditions of D(@, 3) . . . . . o v v v v v

F Proof for LS AO

G Asymptotic Risk

G.1 Asymptotic Risk of Minimum-Norm LGP . . . . . ... ... ... ... .. ...

G.2 Asymptotic Risk of LSLGP . . . .

H Helper Lemmas

I Additional Results and Details of Experimental Settings

10

10
10
11
14

14

15
16
17

18
18
18
19
20
21

24

24
24
33

35

40



A RELATED WORK

To deconstruct the mechanics of in-context learning, a growing body of literature has turned to
controlled synthetic environments where Transformers are pre-trained from scratch on canonical
function classes. Linear regression has served as a primary testbed for these investigations (Garg
et al., 2022; Raventos et al., 2023; Akyiirek et al., 2023; von Oswald et al., 2022; Ahn et al., 2023;
Zhang et al., 2025), alongside sequence modeling tasks defined by Markov chains (Park et al., 2025;
Edelman et al., 2024; Rajaraman et al., 2024; Deora et al., 2025). A central theme in this line
of inquiry is algorithmic discovery: determining whether trained Transformers implement known
estimation procedures, such as gradient descent variants for regression (von Oswald et al., 2022;
Ahn et al., 2023; Fu et al., 2024) or induction-head mechanisms for Markov processes (Edelman
et al., 2024; Rajaraman et al., 2024; Chen et al., 2024b). Additionally, a growing body of work also
investigates the training dynamics of in-context learning for linear regression, specifically examining
the optimization dynamics for both one-layer linear attention (Zhang et al., 2025; 2023; 2024) and
softmax attention (Chen et al., 2024a).

Retreival and Learning Modes of ICL. Most relevant to our work are studies investigating the
dual nature of ICL: the retrieval and learning modes (Pan et al., 2023). Empirical works involving
transformers trained on finite task sets have identified task diversity thresholds—critical points where
the model transitions from retrieval (good ID generalization) to learning (good OOD tasks) (Raventos
et al., 2023; Park et al., 2025). While Wu et al. (2023) provided an initial theoretical quantification of
this transition in linear attention for in-context linear regression, our analysis is most closely related
to and partly inspired by Lu et al. (2025). They derive precise risk asymptotics in a proportional
limit similar to ours (Eq. (1)), but with a crucial distinction: their setup is restricted to p = 1
(utilizing all features). This difference is fundamental; as we demonstrate in Section 4 (Fig. 3), fixing
p = 1 couples model scale with the ambient dimension. Under this constraint, the in-context benign
overfitting phenomenon disappears, highlighting the necessity of the feature-selection mechanism to
decouple model capacity from data dimensionality.

Finally, we note that Frei & Vardi (2024) also coin the term in-context benign overfitting though in a
fundamentally different context. Their work focuses on in-context binary classification and interprets
ovefrfitting through the lens of label noise: they show that models can fit prompts with flipped labels
(noise) while still generalizing to the query. This is strictly analogous to classical benign overfitting
over samples. In contrast, our framework applies the concept to the task level, describing models that
overfit (memorize) the pre-training fask distribution while generalizing to novel distributions.

B OVERVIEW OF THEORY

B.1 LINEAR GAUSSIAN EQUIVALENT MODEL

Our asymptotic analysis leverages powerful machinery from high-dimensional statistics that provides
sharp characterizations for solutions of Linear Gaussian Problems (LGPs).

Definition 2 (Linear Gaussian MSE Problem). An LGP (6.,X,, X.) with 34, 3. positive definite,
is a linear regression problem with squared loss on N samples {(g;,y:;)}X_, generated as follows:
features g; ~ N (0,1;) and labels y; = g7 5420, + e;, where € = (ey,....en)T ~ N(0,3,).
Let p denote the dimension of the regressor 0, € RP, and let G = [g1,...,gn]|" € RY*P be the
feature matrix. The estimator is defined as

6=x,"%a+0,,
with the error vector a given as follows.
* If p < N: the least-squares solution
a=ars:= argngn le — Gal?.
e If p > N: the minimum-norm interpolator

a = ayN = argmin |lal| sz Ga=c¢e.
a

10



LGPs are central to our analysis for two reasons: (i) Well-established tools yield sharp asymptotic
characterizations for the generalization error of squared-loss minimizers in LGPs; (ii) A Gaussian
equivalence principle allows us to transfer these LGP results to our original (non-Gaussian) problem
setup in Section 2. We will empirically verify the accuracy of these predictions.

The LGP solves least-squares or minimum-norm optimization as in our original setup. However,
there are two key advantages in the LGP setting. First, the transition threshold between regimes is
precisely p = N: as p and N grow proportionally, the Gaussian feature matrix G is almost surely
full column rank if and only if p < N. Second, and most importantly, the optimization problems (LS
or min-norm) for LGP involve only an isotropic Gaussian matrix and independent Gaussian noise,
which admits sharp asymptotic characterizations. Instead, the original problems involve non-Gaussian
features hs, (X;) and correlated labels y = w, @, + €.

We now explicitly relate LGPs to our original setup of interest detailed in Section 2.

Definition 3 (Linear Gaussian Equivalent Problem). Consider N features hs (X;) € RP’ as in
original model with labels yé = w;r Xy + € for w; ~ DI and the corresponding least-squares
estimates. The equivalent LGP (6., 3y, Xc) is given by seiting 3y X pg , 0.+ %Eﬁlsp OHs,y

and X+ diag(opn,, ..., 0n,) with

1
Sm., = Bx. [HE Hs,| e RV, (22)
ors,y = Ex.[Hs,y] (2b)
or = ozl|lw||* + op — GIEHSPH* i€ [N]. (2¢c)

See App. C for explicit formulas for the expectations above.

Equivalence is in the strong sense that the asymptotic empirical distribution of the LGP estimator 0

matches that of the original estimator és (Goldt et al., 2020; Hu & Lu, 2020). Thus, it suffices to
characterize the former, since knowing the latter suffices to compute ID and OOD limiting risks.

The LGP parameters are chosen so that the first and second-order statistics of the LGP samples
{(gi,yi) }iev) match the first and second-order statistics (with respect to X, €) of the original data
{(hs(X3), yé)}ie[ ~]- The principle that Gaussian systems matching a non-Gaussian system to first
and second order are predictive of properties of the latter is broadly known as universality. Its roots
lie in classical random matrix theory results on eigendistributions of random ensembles (Tao, 2023).
The specific form relevant here, where the “system” refers to a random optimization problem and
“properties” to quantities such as its optimal cost or empirical distribution of its solution, has been
developed within the high-dimensional statistics literature, from early applications in compressed
sensing (e.g. (Montanari & Nguyen, 2017; Oymak & Tropp, 2018; Panahi & Hassibi, 2017; Abbasi
et al., 2019)) to more recent machine learning settings (e.g. (Hastie et al., 2019; Mei & Montanari,
2019; Goldt et al., 2020; Bosch et al., 2023; Montanari & Saeed, 2022; Hu & Lu, 2022; Ghane et al.,
2024; Akhtiamoyv et al., 2025)). The terminology Gaussian equivalence principle was introduced by
Mei & Montanari (2019); Goldt et al. (2020), who applied it to study linear regression with random
features. Since then, numerous extensions have applied and confirmed the gaussian universality
principle in various contexts, e.g., (Ghane et al., 2024; Dandi et al., 2023; Gerace et al., 2024; Pesce
et al., 2023; Misiakiewicz & Saeed, 2024; Ghane et al., 2025). It is also understood that universality
does not hold always and very recent work has extended the methodology to handle such cases (Wen
et al., 2025). Here, we identify another instance where the Gaussian equivalence principle applies.
Figure 2 empirically demonstrates this. Formalizing this equivalence rigorously is left for future
work, as our focus here is on deriving predictions and establishing in-context benign overfitting; a
formal proof could likely build on recent formal universality equivalence proofs such as (Hu & Lu,
2022; Montanari et al., 2023).

B.1.1 OVERPARAMETERIZED REGIME

We begin with the overparameterized regime p? > v (i.e., p> > N), analyzing the following
minimum-norm linear Gaussian equivalent optimization:

1 -
min §||2]1,j,18/2a+49*||2 st. Ga= D,g, (Primal)

11



where 2 Hs, and @, are as in Definition 3; D,, € RV*N isa diagonal matrix with entries (D.,):; =

on,; With o, as given also in Definition 3; G € RN *P” has i.i.d. standard Gaussian entries; g’ ~
N(0,1) is independent of G. Note that 3 Hs,» 0., and D,, depend on the pretraining task vectors

{wy, ..., wy} sampled from DI while G and g’ are independent of these.

We will derive an asymptotic characterization for the empirical distribution of the solution to (Primal).
To this end, we apply the convex Gaussian min-max theorem (CGMT) (Stojnic, 2013; Thrampoulidis
et al., 2015). The application of the CGMT to analyze minimum-norm linear Gaussian problems
(Definition 2) appears in various recent works, e.g., (Deng et al., 2019; Montanari et al., 2019;
Loureiro et al., 2021; Chang et al., 2021; Liang & Sur, 2020). While the CGMT framework provides
a general recipe, its application still requires problem-specific analysis, which we carry out here since,
to the best of our knowledge, no plug-and-play result exists for our specific setting. We outline the
key calculations below and defer remaining derivations to the appendix.

Our starting point is what is the following Auxiliary Optimization (AO):
min max la|A"™h + |A|la"g — AT Dyg’
a

+§||z;jsfa 16, 3)

where g ~ N(0,1,,2) and h ~ N(0,Iy) are independent of each other and of all other quantities.
The CGMT guarantees that the optimal cost of Eq. (3) converges to the same asymptotic limit as that
of (Primal), which sets the stage for establishing that the empirical distribution of the AO solution
converges to the same limit as that of the primal (Montanari et al., 2019; Chang et al., 2021).

Solving the AO. Following standard CGMT machinery, we reduce the high-dimensional AO in
Eq. (3) to a two-dimensional min-max optimization:

?i%%@x %JFBEQ; a ||92H2
(B30T M (g 3,%6,), (AO)
where we define the shorthand
M = M(B,u) = ”B—N]I 2+§]H5p

Direct differentiation yields that for any fixed u > 0, the objective in (AQ) is strictly concave on
B > 0 (except on a measure-zero set). Also, for any fixed 8 > 0, it is strictly convex in u > 0. This
implies that the saddle point (u., 8.) is unique whenever it satisfies . > 0.

Moreover, the same reduction that yields (AO) also shows the following closed form for a., the
minimizer of Eq. (3):

a*:a*(ﬁ*’u*) = M(B*vu*) (ﬁ*g ) 1/20 )’ (4)

where ([, u.) is the unique saddle point of (AO) (when 3, > 0). In particular, conditional on this
saddle point, a, is Gaussian, with mean and covariance determined by (5., 7). As we show next, in
the high-dimensional limit, (S, 7.) converge to deterministic values, and thus a. is asymptotically
Gaussian with mean and covariance determined by the limiting saddle point.

Deterministic reduction. In the regime specified in Eq. (1), the AO objective converges to a
deterministic function of the scalar parameters (u, 3). To state this limit compactly, we introduce
deterministic quantities defined as the in-probability limits of the following random terms:

N
, 1
Coo =Ll o 7 > on, (5a)

- . 1 —1
soo(a,ﬁ)::phmdﬂooﬁ tr(M ), (5b)

Voo (@, B): pllmd%mdo EHls/zM EHl/Za (50)

12



where (3, @, SH, ,0,., M are the normalized versions of /3, u, 2 Hs, > 0, M, chosen so that these

quantities remain O(1) (see App. D.1). We prove these convergences (with respect to the randomness
in g and the task vectors {w; };c[n]) in App. E. With these definitions, the AO objective admits the
following deterministic limit
o Bu B g a1
(U B) 7+2TCOO_7SOO(u7ﬁ)_§/UOO(u7B)a

Moreover, since D is strictly convex-concave on {@ > 0, B> 0}, the limiting saddle point (5*7 Uy )
is unique and characterized by first-order optimality conditions, which, after algebraic simplification,
yield:

Uy = ﬁ*y, where (1 — —) a=mg, 6)
a
5 a?(02 +1—p+pc) + p(l — a®c?)my — pazim!,
o (15— %)
Here, m, := m(2,) is the Stieltjes transform of the Marchenko-Pastur law with vy := p/M = p/u
(using the scaling defined in Eq. (1)) evaluated at point z, := —1/a — ¢. See Definition 4 in the
Appendix. In addition, m;, := m/ (2,) denotes the derivative of m.(z) evaluated at z,, and we have
UiJrl

used the shorthand ¢ :=

The appearance of the Marchenko—Pastur Stieltjes transform follows from the spectral structure of
by Hs, " Its explicit form (Eq. (10) in the App.) shows that 3 Hs, can be expressed in terms of blocks
of the form I, + ¢ 5; Zf\il w;[S]w;[S]T (for a scalar ¢ independent of {w;}). Because w;[S]

are Gaussian, the matrix -7 Zi\il w;[S]w;[S]T is Wishart, whose empirical spectral distribution
converges to the Marchenko—Pastur law in the proportional limit. Consequently, trace terms such as

S tr(I, +C 57 M w;[Slwi[S]T) ~! converge to quantities given in terms of the Stieljes transform.

Evaluation of risk. We are now ready to evaluate the asymptotic limit of the ID and OOD risks.
Fix a task vector w. We first express the per-task loss (Eq. (7)) in terms of the error vector a; see
Lemma 1 for the proof:

1T
Llaw) = 'S S(w) Ty a +aafz(w)0*
Term-1(a) Term-1(b)

1 75 1/2 = wl®

+2ﬁ Yy E(w)O*—I— +o;,
Term-1(c)

o (LaTE P w e w) + 18] (w e w) %)

va* s d

Term-2
Here 3(w) := Ex [hs, (X )hs,(X) "] and 3(w) denotes its normalized version; likewise, Xz
is the normalized version of X Hs,- All normalizations are chosen so that each term in Eq. (7) is
O(1) under the scaling in Eq. (1).

Then, to compute the limits for the ID and OOD losses, we take the expectation of Eq. (7) over Dgi{(n

and Dy, respectively. We then substitute the AO’s prediction for the error vector a (derived in
Eq. (4)), normalized and evaluated at the deterministic optimal scalars (3., i ):

*M(,B*,ﬁ*)il (B*g d'?E 1/20 ) s (8)

where g ~ N(0,1,2) is independent of the environment variables 3 Hs,: 05 {on, }N . Finally, we
derive closed-form limits for each component of Eq. (7) using Eq. (8). Detailed computations for the
OOD loss limits (Terms 1(a)-(c) and Term 2) are provided in Lemmas 4 and 5, and the corresponding
ID loss limits are derived in Lemmas 6 and 7.

With these we arrive at our first main result.

13



Theorem 3 (Asymptotic Risk of Minimum-Norm LGP). Consider the minimum norm estimator
0s, for the linear Gaussian equivalent problem in Definition 3 under the overparameterized regime

(v < p?). Under the asymptotic scaling defined in Eq. (1), as d — oo, the ID and OOD risks converge
in probability to the following deterministic limits:

Loon(0s,) 2> (1 - ;) p(1 4+ ac)(1 — (1 + a + ac))
+ (14 a+ac)(o? 4+ pc+1—p),
L:ID(OASP) i %Bfa

2 —
where ¢ := %‘H and the scalars a and B, are the unique positive solutions to Eq. (6).

B.1.2 UNDERPARAMETERIZED REGIME

In the underparameterized regime (where v > p?), the estimator ésp is the unique least-squares
solution. We analyze this setting using the same framework applied in Appendix B.1.1 for the
overparameterized case. Since the derivation is analogous (in fact, considerably simpler due to the
strong convexity of the objective and simpler analysis of the AO) we defer the intermediate steps to
App. F and present the final limits directly. The asymptotic behavior in this regime is governed by a
scalar Ko, which arises as the high-dimensional limit of the dual variable in the auxiliary optimization
(recall Eq. (5)):

Ko 1= | 9)
v (p—”Z — 1)
Theorem 4 (Asymptotic Risk of LS LGP). Consider the least-squares estimator ésp for the linear

Gaussian equivalent problem in the underparameterized regime (v > p?). Under the asymptotic
scaling in Eq. (1), as d — oo, the ID and OOD risks converge in probability to:

EOOD(ésp) R me (k2 (14 ¢) — 2¢%p) + (1 + c)pc®m,

+on+1—p+pc

p v
Lip(Os,) — ﬁfﬁi@,

2
where koo is defined in Eq. (9), ¢ := U”TH, and m¢ = m.(z.) is the Stieltjes transform of the
Marchenko-Pastur law with parameter vy = p/ i evaluated at z. = —c. In addition, m., denotes the

derivative of m~(-) at ze.

C GAUSSIAN EQUIVALENT DATA MODEL

Here, we discuss the moment-matching process for the first and second moments involving features
g and labels y in Definition 3 with those from the original data model discussed in Section 2.
Recall that for the Gaussian equivalent data model, the features are i.i.d g; ~ N (0, % Hsp) for

all i € [N], where Hs, matches the second moment of the original feature matrix Hs, by

definition as X Hs, ‘= %E [ng H, Sp] Below, we show that the first moments also match, i.e.,
Elg] = E[hs, (X)].

We compute the first and second moments of feature matrix Hs, by finding the expected value of
each feature row. By definition, we have

Efhs, (X)] = Elvec(@[S]wuw,[S]) "] = E[ta[S]] @ E[z,[S]] = 0,

where the second equality uses the independence of the query vector from the the rest of the context,
and the third equality uses z, ~ N(0, o21,).
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Next, we compute the second moment of H, s, We have

YH,, = %E [ngHsp} = %zn:E[hzhﬂ
i=1

4 M
> {(Ufalluh‘ll2 + o)Lz + 0o (T + 1) (w;[SJwi[S]T) @ I |- (10)
1=1

Here, the first equality uses the independence of the rows of Hs,, and the second equality follows by
using Lemma 16.

Recall that the labels in the Gaussian equivalent problem are generated as y; = g, 6, + ¢;, where
we select 6, and noise €; such that the moments, E[y], o m 4 = E[HSTP y] and E[yy "] also match
with that of the original problem.

First, in the original model, E[y] = 0. In the Gaussian equivalent data model, E[y] = E[g]" 0, +
E[e] = E[e]. To match, we require E[e] = 0.

Next, as the labels 3 are independent, E[yy "] is a diagonal matrix, and we only need to look at the
entries E[y?].

In the original model, we have
Ely*] = E[(w "z + )*] = o7 |w|* + o7..
For the Gaussian equivalent data model,
Ely’] = 0, Sr, 0. + E[¢’].
Therefore, for the Gaussian equivalent data model €; ~ N(0, U?Li ), where

o2 =U§||wi|\2+a,2l—0;rEH$p0* =: d2. (11)

uz

Here, w; corresponds to the task vector for sample i € [n].

Recall that G € RY*P” has i.i.d. entries Gi; ~ N(0,1), so that GE%i has i.i.d. rows distributed
p
as N(0, X Hs, ). Therefore, the remaining second moment-matching condition gives

U'Hspy = E[E}-{EP GTGZ%EP 9*] = EZEPE[GTG}E;—]/E 0* = NEHsp 0*7

which implies
1

0, = NE;_Ilsdespy. (12)

Here, using Lemma 16, we have

UHspy =K

n M
Z hiyi] = Z %E[hiyi]
i=1 i=1

M
= = olwilS| © wiS] (13)

i=1
D FORMING THE AUXILIARY OPTIMIZATION PROBLEM

Min norm using Gaussian equivalent. First, recall the minimum norm defined using the Gaussian
equivalent data. We have

min 11|6]]* subjectto G(6 — 6,) = D9, (14)
where D,, is a diagonal matrix with the i entry equal to o,,, for sample i € [n]. Lastly, we use

g’ ~ N(0,1) to denote noise that is independent of entries in G € RN*P* Here, the rows of G,
gi ~ N (0,2 g, ) are i.i.d sampled for all i € [N].
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Changing variable
Do (0-6.) = (15)

and substituting G < GE%E , where G now refers to entries from unit variance isotropic Gaussian,
P
Eq. (14) is now

1/2

rmn 7||2 a+0,||*> subjectto Ga = Dy,g'.

Using Lagrangian formulation, the solution to the above problem is the same as the one to the
following unconstrained min-max problem.

mmm)z‘lx)\ "Ga - A"Dyg' + 2\|E_1/2a+0*|\2.

Applying the CGMT Thrampoulidis et al. (2015; 2018), the corresponding Auxiliary Optimization
(AO) is

1/2

mlnmax la|ATh+ |Ala"g — AT Dyg' + 3125, CL—|—0*||2

Let 8 = ||A||, and X, be the corresponding unit norm direction, then the above can be written as

min max A" (||a||h — Dywg') + fa"g + %HE;;S/Q(I + 6, |)?
@ X,B>0 P

R T 1 —1/2 2
= minmax | (lafh - Dug')ll+Ba’ g+ 5Zh, a+ 6.
where the final step uses the fact that the objective maximizes over A when A = H“Z“Eiﬁtg”

The objective is convex in a and linear, hence concave, in 3. As shown in previous works, e.g.
(Chang et al., 2021), the constraint sets can be restricted to compact subsets, hence using Sion’s
minimax theorem we can swap the order of the optimization to min-max to maxg ming:

. —1/2
maxmin 5| (flafh - Dug')ll + Ba’g + %”EHS/Z] a+ 0,

Next, using the variational characterization of the sqrt function (again, see for example (Chang et al.,
2021, Sec. B.4)), the above optimization is

. h—D,g’)? T 1)5—1/2 2
%gé(angglo BTU +I8(”a” - 9)” 4 Ba'g+ §||2Hs,, a+0,| (16)
2
Next, as n — oo, we have ”}:L” — 1 and h% — 0, and % — %Z?:l d? — 0in

probability. Here and onwards, we denote d; = o,,,. Replacing these random quantities in Eq. (16)
yields the following asymptotically equivalent optimization wpal:

S+3or df —1/2
max min 5+ GRS 4 faTg + D5 fa + 0. (17)

Notice, we have a quadratic in a. Minimizing the above w.r.t. a, the optimal is at

1/2 n —
a,:=a,(B,u) =M '(Bg - =g / 0.), M := %H+2H{Sp. (18)
Plugging this back in Eq. (17), it snnphﬁes to
maxmin 3¢+ 8RS — L(3g - 3,/%0.) T M (B - 2570 + 1% a0)
B>0 u>0
R(u,B)

D.1 SOLVING THE AUXILIARY OPTIMIZATION.

The subsequent analysis will use the saddle point (@, 3.) of the deterministic limit objective
defined below. Formally relating (@, () to the finite-dimensional saddle point requires a uniform
convergence argument for the AO objective for which we refer the reader to Chang et al. (2021, Sec.
B.4). We treat this as a standard technical condition and proceed.
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Choice of scaling. We next identify the natural normalization under the asymptotic regime. For our
setup, note that ||0,]| = ©(d*/?), \; = ©(1/d?) for all i € [p?], where )\; denote the Eigen values

of ¥ . Moreover, i = O(d?), where \; denote the Eigen values of M. Using this, and Egs. (1),

(10), (12) (13) and (18), we define the following rescaled quantities:

u:=u/d, fB:=p/d% (19)
- 1 o [wi?
Sh, = A, = <03 TP ) T + —Z w;[Slw;[S]T) @1, (20)
— G/ ——
M = dMS = %]IJr szp (21)
— 0, 1 ——1
0. == i o=, (S wis o wis) @
Next, we normalize the auxiliary objective (AO) by d>, and get the following objective
1
Dd(uvﬁ) = ﬁR(ua/B)
31 -1 1/2— 1/2— -1

2d

=, B S 2 2 TvF 1 = /2
:5u+ﬁﬁ2di 2d2ﬁ M g——@ She M- EHS(’*W M S, 0.+
=1

Using Lemma 14, it follows that

1 =1 . 1 ——1 _ > 1 = —1 /2
li,H;OQdZQ M g:dli)rgoﬁtr(M ) =t 500 (T, B), hm 0 o5 M E 0*20
(23)
Further, define the deterministic limits
= 17T——1/2——1——1/2—

Coo = lim — Zd Voo (14, B) : S0.5u, M Sy 0. (24)

Using Eq. (23), Eq. (24) we have the following deterministic limit of D4(7, 3)
D(@,B) = 22 + Loy — Zso (@, B) — Luo(a, B). (25)
Here, we first compute limg_, . Dg(u, 3), and then, since limg_, ”52*[1“ = 0.5, we omit it as it is

independent of 3, %

D.2 SIMPLIFYING PER-TASK LOSS

Lemma 1. The per-task loss evaluated at fixed w with respect to the error vector a is given by.

1T .
L(a;w) = a Sy *S(w )EHl/Qa-i-gHIE( )0, +27 a S S(w)b.
—_— d
Term-1(a) Term-1(b) Term-1(c)

_9 1 a T2 0 w]]? 2
d1/2 HS (w®w)+d (w®w) +T+O—n'

Term-2

Proof.
L(Bs,;w) = Ex [0 hs,(X) — yg*.
=03 Ex.[hs,(X)hs,(X))0s, + Ex [y;] — 203 Ex y[hs, (X)yq]
=03 Ex.[hs,(X)hs,(X) 105, +o2|w]® + 0 — 265 Ex y[hs, (X)y,]. (26)

Term-1 Term-2
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Let 3(w) := Ex [hs, (X)hs, (X) "]. Then, using Lemma 16 and Eq. (1), define
2
3 (w) = d*B(w) = % (””C’i' + a,%) L2 + (1 + Tld) (w[Slw[S]") @ L,

1/2

To simplify Term-1 and Term-2, we use 63 =X/ "a + 0, from Eq. (15), and Lemma 16.

First, we have Term-1:
(Sht 1/2 a+0,) S(w) (S5 1/2a_H9 )_arz—lmz(w)E 1/2 a+0 S(w )0*+2aTEEZZE(w)0*

1/2

=1/2— 1/2
=a'S, S(w)Ey, a

1
+0§: 9+2—T2
AR

Term-1(a) Term-1(b) Term-1(c)

E(w)@ . (27)

Next, we have Term-2:
05 Exylhs, (X)y,) = (S a +60.)T (ciw[S] ® w[S])

S
=0 aTEHls/Qw®w+040Tw®w

1
TEHZQw@w—&— —GTw®w

@2 d?
T 1/2 12T
= 77759 Y, (w®w)+g0* (w R w). (28)
Substituting Eqs. (27) and (28) in Eq. (26) finishes the proof. O]

E PROOFS FOR MIN NORM AO

E.1 WISHART MATRIX ASYMPTOTICS

Definition 4. Let i be a probability measure on R. The Stieltjes transform of i, denoted by m,,(2),
is a function defined for all complex numbers z € C \ supp(u) by:

z) = /Ridu(x

Remark 1 (Stieltjes transform of the Marchenko-Pastur law). In the asymptotic regime where

p, M — oo with p/M — +, the limiting spectral distribution of the normalized Wishart matrix W, is

the Marchenko-Pastur law p.,. Its Stieltjes transform m.,(z) is determined by the quadratic equation:
2ymy(2)* + (z+7 — 1)my(2) + 1 =0.

For z € C\ supp(p):

o (2) = —(z+y-1) —/(z+7—-1)2 — 42y
v 227 '

E.2 GENERAL NOTATION

We use the following notation throughout the appendix. Let G be a M x p random matrix with
independent and identically distributed entries G;; ~ N(0,1). Let g; denote row i of G. Let
W, = L GTG denote the normalized Wishart matrix. Let A1, ..., A\, denote its eigenvalues. Let
g ~ N (0,I,2) be independent of W, and let w ~ N(0, 1) be independent of (g, W),).

Let ® denote the Kronecker product, and tr(-) denote the trace. We state some of its properties below.
For conformable matrices A, B, C, vectors a, b,

(A B)"'=A"1'9 B!, (29)

tr(A ® B) = tr(A) tr(B), (30)
(A®Ivec(C) = vec(AC), 3D
(AI)(B®I)=(AB)®1, (32)
vec(ab')vec(ab’)" =bb" ® aa’ (33)
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Also,
vec(A) vec(B) =tr(A" B). (34)

Let II,,» 4 denote the permutation matrix with all entries O or 1, and each row has exactly one 1 and
most one 1 per column. Let a, b, ¢,V’, ¢, 3, k € R be constants. Also, let S C {1,...,d} denote a
subset of indices, with |S| = p. Next, we define matrices

A=cl,+bW,, B=al,+ A" =al,+ (cl, +bW,)*
T=A®I, =cl: + bW, @1,
M=B®I,=al:+3X"",

S(w) = (¢ 145 4§10 + (wlSwls]") @ 1,
S(wy) = (145 4+ ) + (S [S]T) @1,

where w; = g;, the jlh row of G. Next, define vectors

M
1
_ _ -1 _ | st

v =vec(W,), 6=% (MZQZ®QZ> =3""v,

i=1
u=pg—d/*s",

and scalars
(1+ac) c

Za = — )y  Re = T

ab

We consider the asymptotic regime where d, p, M — oo with ratios

where p, uu € (0, 00). The following lemmas are in the asymptotic regime d, p, M — oo with fixed
ratios, we will use shorthand limg_, o, to denote limg p pr—o0-

E.3 ASYMPTOTIC LIMIT OF S(7, )

Lemma 2. The normalized trace of the p* x p* random matrix M~! converges almost surely to a
deterministic limit:

; 1 -1y _ p’ 1
dl;rr;o d—Qtr(M )="— (1 - abmﬂ,(za)> .
Proof. Using properties of the Kronecker product (Egs. (29) and (30)), we have:

tr(M_l) = tlr(B_1 ®l,) = ptf(B_l) =ptr ((a]lp + (I, + pr)_1>71) :

The normalized trace is:
1 _ PP < 1 -t PP & b\ + ¢
—tr(MYH) =2 _— —
d? x ) p? P a+c+b)\i ngab)\ +ac+1’

As p, M — oo, and the empirical spectral distribution of W, converges to the Marchenko-Pastur law
. The sum converges to the integral:

_ Atc/b

A+ (ac+1)/ab Ha(A)-

Using Lemma 10 (Z; with 21 = 2., 20 = z,) gives the final expression. ]
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E.4 ASYMPTOTIC LIMIT OF THE QUADRATIC FORMS

Lemma 3. Let Q, := 0T X~ Y/2M~'S~1/20. Almost surely,

. 1 _ zc / a 2
dlgrgo ng = p(b—2 m’(ze) + g(zc(zc 2zq) My (20) + 25 mv(za))),

Proof. First, we simplify Qg:
0T271/2M71271/20 — UT271271/2M71271/2271’U
v BT PMIE T 2y,
Since M shares eigenvectors with X, it commutes with 3, and we have that
2—3/2M—12—3/2 — E—?)M—l — (az?) + 22)—1
Hence, Q, = v (aX? + £2)~1v. Using Egs. (29) and (31), we have

(aX? 4+ 2% 'v = vec ((aA® + A%) "W).
Using Eq. (34), we get
Qp = tr (Wy(aA® + A*)'W,) = tr (Wj(aA3 + A%,
Since W), and A share eigenvectors, with eigenvalues A; and ¢ + bA;, respectively,
p 2
Al
@ = ; (c+ b)) (alc+bN;) +1)°

As p, M — oo, the empirical spectral distribution of W, converges to the Marchenko-Pastur law fi-,
yielding
1 p A2
lim -Qp = — d .
A 5@ = 0E | T oot (ac+ 1)jab) @
Using Lemma 10 (Z3 with z; = z., 29 = z,) gives the final expression for the first result.

For the second part, we have that
0’20 =0 I7'EE v =0 = 0.
Using Egs. (29) and (31),
Sty = B lvec(Wy) = vec(A™'Wy).
Using Eq. (34),
020 = vec(W,) vec(A™'W,) = tr (WaAT'W,) = tr (WA,

Since W), and A share eigenvectors, with eigenvalues A; and ¢ + b);, respectively,

As p, M — oo, the empirical spectral distribution of Wp converges to the Marchenko-Pastur law (.,
yielding

)\2
li 0T20 —— _4d .
i 3 e

Using Lemma 10 (Z; with 21 = 0, 20 = 2z.), we get

/ %/b Ayt () = 1+ zemy (20).

Then using Lemma 10 ((v), with ag = 1, 1 = 21 = 2, ag = 0), we get the final expression. ]
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E.5 FIRST ORDER OPTIMALITY CONDITIONS OF D(, j3)

Theorem 5. Consider D(, 3) as in Eq. (25). Let a := ﬁ" . Then, the solution of ming maxz D (i, )
is given by

_ 2
By WPt 1)+\/(w/92—(6+ D) +dyev/p>
u_a) a = 270(171//,02) b V—M I
5 a?(624+1—p—+pc)+p(l—a c/)(m?(za) — pazim! (z,) 35)
2 _ v _ MylZa
(1= - =)
Proof. We derive the first order optimality conditions of D(, ). First, we have
9D(a,B) _
o
ﬂ ﬂcoo 62 6500(71,5) 1 aUoo(a B) _
2 w2 o 2 ou (36)
Similarly, we have
oD(w, 8) _
aB B
u _ B2 8soo(u B) 1 Ovoo (@, B) B

We first simplify the limits v, Soo before we get the partial derivatives. First recall that

1 1 O w2 1 &
— i T
EHSP = d3EH5p -7 <0721 + i ; d > L2 + M iZI(U’i[S}wi[S] ) @1,
— Br.  ——1
M:: % = EH—"_EHS})
M
— 7] 1 __ -1 1
9, = 7* = %EH{S OHs,y Hs, <M ZwL[S] ® w1[8]>
i=1

2

Then, since limg_, o M = 1, using Lemma 2 with Ml = M,a= %, b=1,c¢c= U”TH,'V = ,u_l,
Za = f% — ¢, we get
I 1\ i 1w o211
Seo(T, B) = dlir{; dtr(M™) = dlirgo Htr(M ) =p* (2 — Lmy(za)) . (38)

Using Lemma 3 with 3 = iHsp ,0 =0,, we get

1/2

_ = N PR 7 1,a-1/27 . 1/2=
v (@, B) = lim = (T /%0.)T M (35/%0.) = lim d(EHS

6,) M (Zy! 0.)

= p(ch’ (ze) + ac(c+ 224)my (20) + azim.,(z4)).

As both s (1, 3) and v (%, 3) depend on @, 3 through a, we use the derivatives with respect to a to
find the partial derivatives wrt u, 3.

0500 (, ) O0so0c(i, B) Oa 8500(;1,5) < Bu) '

ou  da a0
0500 (10, B) B D500 (0, B) Oa B 0500 (W, B) (v
98  ~ da 0B  da ( )
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Moo (T, B) 8voo(u B) da  dve(, B) (_5u>
Ot da 9du  Oa )

6'”00(1_1'75) _ avoo(ﬂvﬂ)% _ avoo(ﬂvﬁ) (Z)
o3 Oda 9B  Oa A

Substituting back in Eq. (36)

OD(@,B) B Pew B2 0500(u,B) 10v(uw, B)
ou 2 22 2 oa 2 oa

_B_ B P <3soo< 5)> <5’/> 1 (3“00(“5)> (W)
2 2u2 2 da u? 2 da a2
B Bes . PP 0ss(T, B) n Br Ovs (1, B) B

T2 2@ 2@ Oa 2u2 da =0
Simplifying it further we get this is
a2 — oo + Bgyasoo(uaﬁ) + Vavoo(uaﬁ) -0
oa B Oa B
— ’l_L2 = Co — V 62 6500 (U, B) + aUOO (’U,, 6) ) (39)
da da

Similarly, substituting in Eq. (37)

ODS) %4 foimd)-

u 62 0800 (1, ﬁ) 1 v (@, B)
o8 2 2
u

o8 2 0B

Using Eq. (39), we get
c ~ 1
0=+ -2=2-_9 oo (@ _ - 00_72
-+ ﬂ7 Bsi(u,ﬁ) ﬂ(c u)

= U= B5s(1 ). (40)
Using Eq. (38) and simplifying Eq. (40), we get
= 2 (1= ()
A % (1= gmy (z)) =1,
— ( —p%)a:m,y(za). 41)

Eq. (41) can be simplified as follows. MP quadratic for m.,(z):
zymy(2)* + (z+7 — D)my(2) + 1 =0.

Substituting z = z, = —1/a — ¢, m,(z,) = a(1 — v), we have
1 1
<_a - c) va* (1 —v/p?)* + (_a —c+v— 1) a(l—v/p*)+1=0
= —(1+acha(l - v/p)? — (1 +ac)(1 - v/p?) + (v = Da(l — v/p?) +1=0

= el —v/p*)?a® + (1L —v/p*)(w/p* = (c+1)a+v/p* =0

v 2
= ey(1—v/p*)a’ + ((c+1) —w/p*)a— {255 = 0.
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Solving for a using the quadratic formula finishes the proof for the first part.

Define

) = — (PO2ED) D)),

da da

Next to get a simplified form of this, we use 42 = a% and get the partials

da
_ 1 1
Soo(ﬂﬁﬂ) = P2 (a - an'y(za)> ’
050 (10, 3 1 2 1,
el & S R

voo(ﬂ B) = p(chi{(—c) + ac(c+ 2z4)m~(—c) + a(za)*m~ (24))
T = p(emy(—c) (c + 22, + i) + zamy(2q) (za + z) + %"m;(za))

= g (=) + st () (= ) + 2 2

s
EI

oo (1,

— |32 2( ai? + %my(za) - a{;ﬂ%(%))
+p (—c may(—¢) + 24m(24) <(11 - c) + me'y(za)> ]

=20 (1= 2o+ o)) () + (= ) ) = o 2.

2
Next, we simplify c.,. Using Eq. (11) and Lemma 3 with ¢ = U"f“, b =1, we have

1
2 2 2
Coo == lgn 2 (E d>— hm <E o2||w;||* + no? —n@] YHs, 9)

1=1

M
- (ZM ) o i 07, 0.

=1

B B 9
=v hm — <Z|wl ) - lel)Igo aH* YH,, 0. tvo,
=v(l+02)—vp(l —c+cm,(—c)) =v(o2 +1—p+ pc— pc*m,(—c)). (43)
We can write Eq. (39) as
@* = oo + Voo (@, B),

Substituting ¢~ and g using Eqs. (42) and (43), and using a = 'B Y we get

- —~ 2 1
B2v = a*(oy, +1 = p+ pe) + 32p? (1 = —my(za) + CLQmQ(Za)) +p (1= a?c®)my(za) — pazgmy(za).
Solving for /32 gives Eq. (35).

[
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F PROOFFOR LS AO

The PO is

1
min ~||Ga — Dyg'||*> = minmax v’ Ga
a 2 a u

By direct application of the CGMT, the AO is

1
u' Dyg' — §HuH2 .

1
minmax [[ug"a+ Jalh u—u" Dyg' 5 lul?
a u

Let o = ||al|, 8 = ||ul|, and & and @ be the corresponding unit norm directions. Then the above can

be written as

1
min max Bag'a+ fu’ (ah — Dyg') — 562.

a>0,a 5>0,1

Solving for a and w, the optimal is at

g N

a=——" u =

lgll’
Plugging these back, we have

ah — D,,g’

mlnmax B||ah D.g'|| - Ballg| -

a>0 B8

— i (a2 + 3,

= — | min
a>0

where ()4 = max{z,0}. Thus, using Eq. (1),
2 Zz 1 dZQ

loh — Dwg'||"

1
ﬁ—MmQ—Qﬁ

2

n
na®+ Y d? - alg|

=1

Zz 1d22

oy =
74%?‘9

Then, we get a,. = —a,g. Using Eq. (24),

Koo := lim
d—oo

In the limit, a, = Koo Hg—“.

G ASYMPTOTIC RISK

e <p g% ~ 1).

G.1 ASYMPTOTIC RISK OF MINIMUM-NORM LGP

Lemma 4 (Term-1, OOD Loss). Using M, %, ¥ (w), u, 0 of the same form as Appendix E.2, let

1
T)(w) == d—zuTM In125(w

Th(w) := gHTE('w)O, Ts(w) =

Then,
lim By, [Ty (w)] = (1+b +)J1,

d—o0

lim Eu, [Ty(w)] = LY +)P

d—o0 b2

lim B, [T3(w)] = —(1+V +)p <—

d—oo

)%

clac+2)
b3

24

s-1/2M 1

d3/2

moy(ze) + %z

2
a

1
——u M2 25(w)e.

(1+ 2zemy (2e) + 22m. (2c)) (44)

1
My (2a) + bzz?m;(za) , (45)



where

2
_°r [B;) (bmw(za) - 2m’7(2a)) — 2 abzezq (Mo (2e) — my(24)) + 20m. (2¢) + zzm’y(za)] .

(46)

Proof. We first work with T3 (w). Using Lemma 11, since w is independent of g, W,,, we get
c + b +1 T _
e M

Since M and X share eigenvectors, they commute, and we have that M~ !X 1M ~! = £~I1M~2,
Further, we have that

uTE_lM_Qu — 529T(2—1M—2)g + d0T2—1/22—1M—22—1/20
o ﬂd1/20T271/2271M72g o 6d1/2gT271M72271/20
_ ﬂ2gT(E_1M_2)g T deTE—QM—QO _ 2ﬁd1/2gT2_3/2M_20.

Ey[T1(w)] = s 'M .

1
Jy = dlingo ?uTz—lM—Qu

3/2
— lim 52 T(= M 2)g + lim 20T22M~20 — Jlim P 95gTE3/2M 20

p—ro0 p2 p—oo P p3/2
= lim BT (p) + lim T, (p), 47)
where
Ti(p) := itr(2*1M*2), Th(p) := lim 1¢9Tz:*2M*29,

d2 d—oo d
For the first term as g € RP* we apply Lemma 14 with d; = p? and get
1 1
lim —g (="M ?)g = lim — tr(2*1M72).
p—0o0 p p—00 p

Also, for the third term, from Lemma 14 it follows that

Ts=3/2M20 = 0, (48)

lim
p—00 P

as | S73/2M 26 = O(||0]]) = O(vec(W,)) = O(\/p).

329

For Z; (p), using Egs. (29), (30) and (32) we have that

L) = & (a7 B o)
= p; r((cl, + pr)_l(aHP + (clp + pr)_l)_2)
p? P 1 1 p? P c+ b\
:;;c—&—b)\ (a—l—cﬁ))\) ?; 1—|—ac—|—b)\))

As p, M — oo, the empirical spectral distribution of W, converges to the Marchenko-Pastur law fi-,
yielding

plggof N aQb (A ( )i——i_l—iz/cb/ab) drnie (V)-
Using Lemma 10 (Zy with 21 = 2., 25 = z,) gives
/ P’ 1,
plggoI 1(p) = %(mv(za) — %mv(za)). (49)
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For T} (p), since M and X share eigenvectors, and using Egs. (29), (31), (32) and (34), we have
'S M =0 EE M 2E v =0 T M %
=v (A™*B 2@ )vec(W,) = vec(W,) 'vec(A™*B7*W,)
=tr(W;A*B7?).
Using this, we get

1 u A2
I/ p
Zc+b/\ a4+ (c+bX)~ Zc+b/\ alc+br;) +1)2

As p, M — oo, the empirical spectral distribution of W, converges to the Marchenko-Pastur law fi-,
yielding

)\2
lim T}(p) = —L / d A
i T2(p) = g A+ ¢/b)2(A + (1 + ac) /ab)? atp o (A)
Using Lemma 10 (Z7 with 21 = 2,4, 20 = 2.), we get
lim 7/ P 224%c Zg / Zg /
Jim To(p) = 57 Z;;‘:f;;};(Tnv(zc)"7n7(zu))'+ (;—j:Z;Sgrnv(zc)-+ (;‘f:‘;;yiﬂqv(Za) .

(50)

Using 2z, — z. = —1/(ab) to simplify Eq. (50), and substituting it with Eq. (49) in Eq. (47) gives the
final expression in Eq. (46).

Next, working with T5(w), using Lemma 11, we have

1 1+0+¢ 1+ +¢
Ey | -0 Z(w)0]| = MQTQ - vagﬁv_
d d d
Using Eqgs. (29), (31) and (34), we have
v B 7% = vec(W,) Tvec(AT*W,) = tr(WPQ(ch +bW,)~?). (51

Therefore,

1+ (140 +)p < A2
w |-07TE = —
Lle (w)@} p — (c+bAi)?

As p, M — oo, the empirical spectral distribution of W), converges to the Marchenko-Pastur law (.,

yielding
. 1 1+ +)p A2
lim By | -0 Z(w)0| = dp (N). 52
e [d (w) } b2 /(/\+c/b)2 (V) (52)

Using Lemma 10 (Zg with z; = z.) then gives the expression in Eq. (44).

Next, working with T3(w), using Lemma 11, we have that

1+V +¢

Ew[T,g(UJH = WUTM71271/20
1 bl /
— %,Jrcl (5d*1/29TM*12*1/20 — 0T2*1/2M’12*1/20) .

Using Lemma 14, we have that

lim ™M '2129 = lim T™M'2-129 =0,

1
in g329 poho p3/29
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as [|[M~'E7120]| = O(||0]]) = O(| =~ 'vec(W,)|| = O(/p).
Using this we have
1
lim By, [T3(w)] = —(14 b +¢) lim Z4(p), Zi(p) = -0~ VM I="Y29.  (53)
d— o0 d—o0 d
Since 3 and M share eigenvectors, and using Egs. (29), (31), (32) and (34), we have
1 1
Ti(p) = Eszflzfl/QMflzflﬂzflv = gfuT2*=°’1\/r1fu

1 1
= Jvec(W,) Tvec(ABTIW,) = S te(W;AT*B ™) (54)

= % tr(W, (cl + bW,,) "> (al + (cI + bW,) "))

_ry z?
- ;}Z (c+bX;)2(alc+bA;) +1)°

i=1

As p, M — oo, the empirical spectral distribution of W, converges to the Marchenko-Pastur law fi-,
yielding,

p A2
lim 7} / dpi~y (N). 55
P 3lp) = ab? (A+¢/b)2(A+ (1 + ac)/ab) () 43
Using Lemma 10 (Z3 with z; = 2., 25 = z,) and simplifying gives the final expression in Eq. (45).
O

Lemma 5 (Term-2, OOD Loss). Using M, 3, u, 0 of the same form as Appendix E.2, consider the
scalar random variable

1
Up(w) := WuTM Iy~ 1/2(w®w)+d0T(w®'w) (56)

Then, almost surely,

Jim By [Up(w)] = £ (14 zam (za) ).

Proof. Using E,,[w ® w] = vec(l,) and since w is independent of g and W,,, we have that

1
Eu[Up(w)] = u M"Y 2vec(L,) + EBTvec(]Ip).

1
d3 73/2
Considering the first term, we have

1 1
W’U,TM In12vec(l,) = df/? TMIE~Y2yec(l, )fgaTzfl/QM*lzfl/%ec(ﬂp).
Using Lemma 14, we have that
3/2
dlggo %gTM—lz—l/Qvec(lp)—plggo Bp’;/z TM-1m- 1/2vec(Hp) 0,

as |[M~'X"tvec(L,)|| = O(y/p). Since M and X share eigenvectors, they commute and we have
that ©~1/2M~12-/2 = =M. Therefore

lim E,,|[U,(w)] = — lim Z{(p) + lim Zj(p) (57)
d— o0 d—o0 d— o0
1 1
Ti(p) = goTE*M*lvec(JIp), T(p) = 89Tvec(11p). (58)

For 7} (p), using Egs. (29), (31), (32) and (34) we have that

1 1
Ii(p) = p v 22 M vec(l,) = —v' (A72B™Y) @ I, )vec(l,) = gvec(Wp)vec(A72Bfl)

Ai
« (c+bAi)(alc+bAi) +1)

HM*@ &‘H

tr(W,A 2B~ 1) = £
b
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As p, M — oo, the empirical spectral distribution of W, converges to the Marchenko-Pastur law fi-,
yielding

A
lim 7 P / .
ML) =2 | G E o+ (1 ad)jan) YW
Using Lemma 10 (Zy with 21 = 2., 22 = 2,), and z. — z, = 1/ab we get
. P
Jim Ti(p) = 2 (e (22) = zams (20). (59)

Next, for 7} (p), using Egs. (29), (31), (32) and (34), we have that

d
_ 1 _ p
Tp) = jo B vee(l) = ju(W,d™) = £ 37 S
=1

As p, M — oo, the empirical spectral distribution of W, converges to the Marchenko-Pastur law fi-,
yielding

/ p A
dlggoz( p) = b/mdﬂw()\)-

Using Lemma 10 (Z; with z; = z.), we get

lim Z5(p) = 2(1 + zem (22)). (60)
d— o0 b
Substituting Eq. (59) and Eq. (60) in Eq. (57) finishes the proof. ]

Lemma 6 (Term-1, ID Loss). Using M, %, 3 (w;), u, 8 of the same form as Appendix E.2, let

1
Ty (w;) := ﬁuTM Iy 125 (w, )27V 2M L u,

1
Ty (w;) ;:aaTz(wj)e, Ts(w;) := WuTM In=125 (w;)6.

Then, almost surely

dlin;O—ZTl w;) b+c)T1a+T1b,

M

|

dlLH;OMZITQ(wJ) (V' + )T+ Top
iz

M

. 1

dll{goﬁz:lTB(wj) (b +C)T3a+T3b
j=

where T , = Ji from Eq. (46),

Tvp = b%

292
p-B 1 1
+ 20 (1 + (za - ab> my(2q) — abzamfy(za)> ;

T2,a = % (1 + 2Zcm’y(zc) + Z?miy(zc)) 5

— 2abzazc(2eM (2¢) = 2y (2a)) + 22 (M (2c) + zem (zc)) + Za (M (2a) + 2am " (2a))

b
Top = b% (1+ 22+ 322m (2.) + 25m (zc)) ,
clac+2) a 1
o= p (=20 (o) i )+ s 20

Tz3p=p (_c(acb;—Q)(l + zemo (20)) + %zi(l + zamoy(24)) + b%zf(my(zc) + zcm;(zc))) )
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Proof. Recall
» N\ /Hw]H b/ ]I S 'ST I
(wj) = d + + (w;[Slw;[S] ) @ L,.
We have

1
Tl(wj)—ﬁuTM 13125 (w, )22 Mt

:%uTM*z*l/?(a@H’)z 1201y +d W M S (w;[S|w,[S]T) @ 1,) 52 M.

T1,a(wy) T1p(wy)
Let us first consider the limit of T} ,(w,). We have
M

M

m ! m N -

Jim g 2 Thalten) = Jim Gy 3w Mt (¢ ) B
J=1 i=1

1
= +) lim —u MIZ M 1, (61)
d—o0 d?
where we use the fact that limg_, o ||w||?/d = 1 for w ~ N(0,1;). The above limit is same as

Eq. (46) derived in OOD loss.

Next, we solve the limit of T} ;(w;). We have

M
) 1 W TM-1s-1/2 T —1/2n -1
dlggom ElTLb('wJ) dhngo dZME MY ((w;[Slw;[S] ) ® 1) M™'u
i=

M

1 _ _
:dhlgoﬁ u M1x~ 1/2<M2(wj[8]wj[8]—r)®]lp>2 V2M 1y
j=1

1
= lim —u M VH(W,oL,)S "V M .

d—oo d?

Using the definitions of 3, M we have
u M V2(W, o) S VM lu =u' S M W, @ Tu,
where we use the fact that 3, M, (W, ® I,) share Eigenvectors and hence commute. Plugging the
definition of u, we have
u' MY W, @ Lu=3%¢g 'MW, 2l,g+d0 T M 2W, 21,0
—2BdY?*g"E 3P M W, ® 1,0.

Following similar steps to Eq. (48),

1 TS PM W, 91,0 = hm TS 2MTIW, @ 1,0 = 0,

e p29 3/29

Using Lemma 14 again, we get

= Jim g (MW, ®1,)g = hm ; tr(E_lM_QWp ®1,).
Following similar steps to the calculation of Eq. (49) in OOD loss, we get the following integral (with
an additional \) factor in the limit p, M — oo

2
. & 1 2“, A + C/b
phlgo P2 tr(Z7 M7 @1p) = a2b / A+ (1 + ac)/ab)? dpnip o (V)-

Simplifying this using result in Eq. (49) and Lemma 10 (v) we get

)\"‘C/b p2 1 1 ,
d A) = 1 7 a) — T a a .
aQb )\_|_ (1 + ac)/ab)? finip  (A) 2b + 3 My (2q) e m.,(2a)

29



Again, using similar steps to result derived in Eq. (50), we get

1 _ _ P A2
lim =TS 2M W, @ 1,0 = /
2 Wo @18 = i | M BT o0+ (L ae)japyr e Y

Using Lemma 10 (v) with Eq. (50) gives the following expression for the above integral

p 22q2¢ 22 /
W m(zcmfy(zc) - Zamfy(Za)) =+ m(mry(Zp) + zcm,y(zc))
2'2 ,
+m(m7(za) + Zamry(za)) (62)

Combining Eq. (61) and Eq. (62), gives the result. Next, we consider T»(w)). It is easy to see that it

decomposes to the following similar to T4 (w;)

Tz (w;) = BT( 7)0

Ty.a(wj) T2 (wj)

The limiting average limg o0 7557 Zj\il Ty (wj,), similar to the average for 77 (w;), it is easy to see

that limg_, o0 dg—lM Zfil T5 o(w;) uses the same integral as derived in Eq. (44) for the OOD loss.

The term 75, (w;) average in the limit

Following similar steps to the calculation in Eq. (51), we get the following trace expression (with an
additional W, factor)

1
lim eT(W ®1,)0 = lim — tr(W23(cl, + bW,)?)

d—oo d d—soo d

)\2
:P/)\m dpy (),

= L (1 220my (20) + 322 () + 2 (20))

where the integral follows from calculation in Eq. (52). The final equality follows by combining
Lemma 10 (v) with integral solved in Eq. (52).

Next, for T3(w; ), we get a similar decomposition to 77 (w;) and T5(w;)

Ty(w;) = u M~ (c’ ”“’5 I® b')e Fu M (w;[S]w;[S]T) ® 1,)8.

Ty al0;) Tou(ws)

The limiting average limg_, o d21M ZM T3(w;), similar to the limiting averages computed for
T (w;) and Th(w;), it is easy to see that limg_, o dzM 27 1 T5,4(w;) uses the integral Eq. (55).
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For limg_, o ﬁ Zﬁl T3.,(wj;), following similar calculations to Eq. (54), we have the expression
below (with an additional W, factor)

M
1 1
lim —— § T3 p(w;) = - tr(WSAB™)

)\2
ab?/)\(/\—i—c/b)Q()\—&—(1+ac)/ab

clac+ 2
UL

where the second equality follows similar steps from Eq. (54) to Eq. (55), and the last inequality
follows by combining the result in Eq. (55) with Lemma 10 (v). O

Lemma 7 (Term-2, ID Loss). Using M, %, 3(w), u, 0 of the same form as Appendix E.2, let

dpi, (A
)u()

1
(1 zems (22)) + 322(1 + 24y (20)) + 3522 (s () + zcm;<zc>) ,

Ty(w)) i= e M2 (w0,[8] @ 2w, S)) + 567 (1,18] @ 0, [S))

Then, almost surely

M
lim ﬁ ;wan = —E(ze(1+ zem () = a1+ 2amy () + £ (1 + 2e(1+ zem (=)

Proof. Consider the average of the first term. Using -7 Z;Vil w;[S] @ w;[S] = vec(W),), we have

M

1 1w B e 1 _ e
T > uTMTIE T2 (w)[S] @ wylS)) = WgTM In-12vec(W,) — EHTE L2PMIE=2gec(W,).
j=1
Term 1 above is 0 in the limit d — oo, using Lemma 14. Term 2 simplifies to
1 1 1
EHTE_UZM_lE_l/Zvec(Wp) = gvec(Wp)TE_QM_lvec(Wp) = gvec(Wp)TA_QB_1 @ I,vec(W,)

1
= Evec(Wp)Tvec(A_ZB_le)
1 —2 e
= Str(WyATB ™).
Here, second equality follows from the definition of 8 and the fact that Ml and 3 commute. Third
and fourth equality use the definition of 32, M and Eq. (31) and Eq. (32). In the limit
A / A
ab? | (A+¢/b)(A+ (14 ac)/ad)

= Bze(l 4+ zems () = 2a(1 + zams (20))),

where second equality follows by Lemma 10 with Eq. (59). Next, for term 2

1
Jim 5 tr(WJA?B™!) = dpy (V)

.1 7 o L 2 41
lim EG vec(Wp)—dlirgodtr(WpA )

d—o0
P A
== [ A——=duy(A
b / Ot oy W
= P4 21+ zem (20)).
The first equality follows by using definition of 8,3 and Eq. (31) and Eq. (32). Second equality

follows by the fact the empirical distribution of W), converges to Marchenko-Pastur law ;. in the
limit, and the final equality uses Lemma 10 with Eq. (60).

We restate Theorem 3 below followed by the proof.
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Theorem 6 (Asymptotic Risk of Minimum-Norm LGP). Consider the minimum norm estimator
0s, for the linear Gaussian equivalent problem in Definition 3 under the overparameterized regime

(v < p?). Under the asymptotic scaling defined in Eq. (1), as d — oo, the ID and OOD risks converge
in probability to the following deterministic limits:

Loon(8s,) D> (1= ) p(1 +ac)(1 = (1 +a+ac)) + (1 +a+ac)(o? +pe+ 1= p), (63)

v
7

Lin(6s,) L =B (64)

Proof. From Eq. (18) and using Egs. (19) to (22), we have

_ 1——1
a=M"(Bg - B5%0.) = M '(Bg —d"/*Sy’0.).
Substituting this in Lemma 1, we get Term-1(a) as
1 - 1/25-1/25 \TwF 1/2 1/2=——1, > 1/25-1/25
ﬁ(ﬂ*g—d EHSPG) M E 2( )EH M (B.g—d EHSPG*).

Similarly, Term-1(c) is

"S5 8(w)8, = —5 (Bg - /7S *0.) M S S(w).

d3/2

Similarly, Term-2 is

N 1 — 1/2 11

03, Ex[hs, (X)ys) = <75 (Beg = /" S "0.) ™M 'S (w0 w) + 28, w o w
OOD Loss. Using these, and Lemma 4 and Lemma 5 with 3 = iHsp’ 0=6,, M=DM,b=1,
V4+cd=c=vy=pt 2= —% — ¢, z. = —c, and defining m, = my(z,), m), 1= m’v(za),

me = m~(—c), m; := m! (—c), we have

A ~ 1 1
Loon(Bs,) = (1+ ) (7 (m - agm;) + pleml + 2zqac(me — ma) + 22m)))

Term-1(a)

+(14)p(1=2em.+3m.) =2(1+¢)p[—clac+ 2)me + az?mq + m!
( )p( C c P C a''ta c

Term-1(b) Term-1(c)
—2p(1 4 zamy) + 1+ 02,
N————’

Term-2

Using the expression for 3 from Eq. (35), Term-1(a) can be simplified as:
(1+¢) (a(ai +1—p+pc) + pziamg + pc*m), — 2p(1 + ac)cmc)
Combining all terms, we get

EOOD(éSP) =mg(—24)p(—aze(1 4+ ¢) + 2a2,(1 + ¢) + 2) + me(1 + ¢)p(2z4ac — 2¢ + 2¢(ac + 2))
+my(1+0)pc’(1+1=2) + (L +c)a(on +1—p+pc) +p(l+c—2) +1+0n.

Simplifying this and using m, = a(1 — v/p?), we get Eq. (63).
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ID Loss. Using the expressions for Term-1(a), Term-1(c) and Term-2 computed above, Lemmas 1,
6 and 7, we have
1

N _ 1
‘CID(BS;:) = 0(5202 (ana - a;gmfz) + p(Clec + 2Zaac('rnc - ma) + ng:z))

Term-1(a)-old part

_ 1 1
4322 (aQ(l + 2gmy) — a—3(ma + zamfl)) + p(CQ(mc + zeml) + 2z4ac(zcme — zgmy) + zﬁ(ma + zamy))

Term-1(a)-new part

+cp (1= 2eme + >ml,) + p(1 — 2¢ + 3c*m, — *m))

Term-1(b)-old Term-1(b)-new

— 2¢p [—c(ac+ 2)m. + azZmg + *m] —2p {a‘l +azdmg + (3¢ + ac®)ym, — c3mg}

Term-1(c)-old Term-1(c)-new

1

—2p(1 —c+ *me —a™ "t — 22me + 22mg) +1 + 02,

Term-2-new

Combining terms, we have
A 72 21 L, 1 2 2
Lip(0s,) = B7p — (za+¢)|ma——m, | +1——mg | +mapza (—2ac —2zqac + 24 — 2acz, — 202, — 2za)
a a a

+ pml, (cz2 4 23) + pme (2ac 2 + ¢ — 2z4ac® — 2¢% 4 3¢ + 2% (ac + 2) — 2(3¢* + ac?))
+pml (- 4+ - -2 +2%) +1+02 +p(—2(1—¢)+1—2c+c)

~ 1 1 1 v 1—a%c? 22
= ﬂ2p2a—2 <_a (ma - am;> + ,02> + %mu - pa—“m; +024+1—p+pc.

Using the expression for 3 from Eq. (35), we simplify and get Eq. (64).

O
G.2 ASYMPTOTIC RISK OF LS LGP
Lemma 8 (OOD Loss). Using X, X(w), 0 of the same form as Appendix E.2, let
1
Tl(w) = H |‘29T271/22(w)271/2g7
g
1 1
Tr(w) := g V23 (w)8, Ts3(w) := g TV (wew).
Villg|| Vd|g||
then
1+0 +¢
lim Eo[Ty(w)] = 2 "% (),  lim Eu[Ta(w)] =0,  lim Ey[Ts(w)] = 0.
d—o0 b d—o0 d—o0
Proof. We first work with T3 (w). Using Lemma 11, since w is independent of g, W,,, we get
d+b+1 _
EulTi(w)] = 0 Ty
gl
Using Lemma 14, and since limg_, Hgi\l =1, we have that
1
. Ts—1, _ (i & -1
dlggo ||g||2'g g = dlggo p? (=),
Using Eqgs. (29) and (30), we have
1 1 1& 1
—tr(Z7) = —tr(A7H) = = . 65
o (57 = (AT p;wb& (65)
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As p — oo, the empirical spectral distribution of W), converges to the Marchenko-Pastur law i,
yielding

lim E [T(w)]—l/#d (A) = T (20)

e W= AT p W T g e
Next, for T(w), using Lemma 11, since w is independent of g, W,,, we have that

"+ +1
Eq[Ts(w)] = @+ +1) Ty-1/2¢9
Vd|g||

Using Lemma 14, it follows that

. L re1/2g _
dlggo Wg 6 =0,
which concludes the proof for the second part.
Finally, working with T5(w), Using E,,[w ® w] = vec(I,) and since w is independent of g and
W,,, we have that
1

= g
V|g||

Foy [T5(w)] T~Y2vec(L,).

Using Lemma 14, it follows that
. L re1/2 _
dli)n;o Wg Y/ 4vec(l,) =0,
which concludes the proof for this part. O

Lemma 9 (ID Loss). Using 3, X(w;), u, 0 of the same form as Appendix E.2, let

1
T (wj) == g' =B (w;) =" g,

glP?
1 1
To(w;) := g V25 (w;)6, Ts3(w;j) :== g =7 (w; @ w;j).
7 Vgl ’ 7 Vgl T
Then, almost surely
M 1 M M
dlggoﬂgﬂ(wj) = 51+ zem (20)), dlgroloM;Tz(wj) =0, dg&M;Tg(wn =0.

Proof. We first work with T’ (w;). The average is

M

1 11 B B 1 _ _

= Tl(wj):M”gnngz 1/2 (d%ﬂ;’)z 1/2g+ng2 V2w, o 1,)5"1/2g.
i=1

This just follows using definition of 3 (w;). Next, in the limit d — oo, term 1 follows using Eq. (65).
The limit of second quantity above

: I w12 12 o A —1/2 —1/2
Jim ”gnzg p (W, ®1,)% g—dgr&pz tr(X (W, 1L,)37=)

.1 1
= plggo = tr(X7W,1,))
1

= lim —tr(A"'W,)

p—o0 p

1 A 1
=— | ——dp,(N) =-(1 ¢))-

| () = 0 zm (20)
Here, we use commutation of 3 and W), ® II,, and properties Eq. (30), Eq. (32). The final equality
follows as when p, M — oo, the empirical spectral distribution of W), converges to the Marchenko-
Pastur law 1.

Next, the limiting averages of T5(w;) and T3(w);), using Lemma 14, and similar steps used in
Lemma 8 both evaluate to 0. O
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We restate Theorem 4 below followed by its proof.

Theorem 7 (Asymptotic Risk of LS LGP). Consider the least-squares estimator ésp for the linear

Gaussian equivalent problem in the underparameterized regime (v > p*). Under the asymptotic
scaling in Eq. (1), as d — oo, the ID and OOD risks converge in probability to:

Loop(B5s,) > mo () (K2, (1 + ¢) — 2¢%p) + (1 + c)pc®mil (2c) + 0% + 1 — p + pe,

P
ﬁlD( ) — Lz io,

where K is defined in Eq. (9).

Proof. Substituting a = ﬁ g and using Eq. (27) and Eq. (28) in Eq. (26), we have that

K2 1/2— 1/2 l-Te, K — /2,

La;w < G S B(wE g+ =0, D(w)l, +2——=—g 'S,/ T(w)0

(@) = gjp9 Pas, B0)Em;, 9+ 6. Bl +277 o' B, w8,
Koo  T-1/2 17 9
_2(d1/2||g||g EHSp(w®w) 70+ (w@w)>+l+an.

Using Lemma 8, Eq. (44), Eq. (60), and b = 1, + V' = ¢, we have that

Loop(s,) := lim Ey[L(a;w)]

d~>oo
= Ko (1+ )my(2e) + (L4 ¢)p (1 + 2z¢m (2c) + zfm;(zc)) —2p(1 4 zemoy(20)) + 1 + 02
= my (2e) (k% (1 + ¢) = 2¢%p) + (1 + ¢)pcml (ze) + o7 + 1 = p + pe,
where using Eq. (43),

. Coo _ 02 +1—p+pc— pcPmy(z.)

o v -1
l/(pﬁ 1) p2

Similarly, using Lemma 9, we have

EID(éS = hm —ZE a; w;)]

= K2 (cmﬂ,(zc) +1—cmy(ze)) +cp (1 — 2emy(20) + CmeY(zc))

+ p(1 = 2¢+ 3c®m (2.) — CSmW( &) —2p(1 —c+cmy(z.)) +1+02

Y g2
200‘

= k2 — pcPm(z.) + 02 +1—p+pc=

H HELPER LEMMAS

Lemma 10. Ler 21, 22, 23, g, a1, a2 € R be constants and f(-) be a function. Using

@)= [T e = [ o),

(i) I, = [ i:i; dpy(A) = 1+ (22 — 21)mo(22),

(i) I == [ ()\)‘:7;21)2 dpy(A) = my(22) + (22 — 21)ml (22),

(ii)) Ty = [ oeartbonmzs (V) = ooy (21(21 = 222)my (1) + 23my (22) + 23 (21 —
z9)m’, (21),
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() Io = [ seamomzy W (V) = 25 (2imy (21) — 2o (22)),
) i [ f(N) dpy(A) = ao + army (21) + agm, (21), then

/Af( )dpy(A) = oo + a1 + (a121 + az)my (21) + azziml (21),

i) Ig == [ ﬁ dpy(A) = 14 2z1my(21) 4 27m, (z1),

.o 2 Z12
(vii) Tr i= [ sy A () = Gy (3 (1) + 8l (22) = 2222 (my (1) = my (22)):

Proof. The proof relies on obtaining partial fraction decompositions and using the definitions of
/
m’Y(Z>7 m,y(z)

First, for 77, note that

A — Z1 zZ9 — 21
P o, Tl (22 — z1)m (22)
Next, for Z,, we have
A— 21 1 Z2 — 21

(A — 29)2 =N + D) = I = my(22) + (22 — 21)m/ (22).

Next, for Z3, we have
A2 2 1 z1(21 — 229) 1 22 1

= + )
()\ — 2’1)2(>\ — 2’2) Z1 — %2 ()\ — 2’1)2 (21 — 2’2)2 A — Z1 (21 — 2’2)2 A — Z9

which gives 73 = ﬁ(h(h — 2z9)m(21) + 28ma (22) + 21 (21 — z2)m, (21).

Next, for 74, we have

A oz 1 29 1
()\—21)()\—22)_,21—22)\—21 22—2’1)\—2’2’
which gives 7, = —Z—m (1) + 2 -my(22).

For the next part, we have

1 1
army(21) + agml (21) = ag + o / pup dpey () + a2 / e

)2 dpuy ()

This gives

J A () = a0 [ A )+ [ 52 )+ an [ s )

=ag + a1(1 + z21m,(21)) + az(m, (21) + z21m4(21)),

where we used Z; for the first term and Z, for second term. Simplifying this finishes the proof for
this part.

Next, for Zg, we have

A2 21 ? 2z 21
— = =1 =1
(/\—21)2 ( +/\—21) +/\—21+()\—21)2’

which gives Zg = 1 4 2z1m.(21) + zim/, (21).

Next, for Z7, we have

A2 _ 1 21 2 2
()\—21)2(>\—22)2 o (21—2’2)2 A—Zl )\_22

- 1 Z% + Z% . 22’12’2 1 _ 1
o (Zl —22)2 ()\—21)2 ()\—22)2 Z1 — 22 /\—Zl )\—22 ’

which gives Z; = ﬁ (zfmfy(zl) + z5ml (z2) — 221‘“%;2 (moy(21) — m»Y(ZQ))) O

36



Lemma 11. E,,[X(w)] = (¢ + b + 1)[ .

Proof. Since w ~ N(0, 1), we have E[ww "] = 1; and E[||w]||?/d] = 1, hence

Eop [S(w)] = (C’E[ wl®) 4 b’)]Idz FE[(ww )@ L] = (¢ + b + 1.

Lemma 12 (Gaussian tail bound). If X ~ N(0,?), then for all t > 0,

t2
Pr(|X|> 1) <2 (——)
H1X] > 1) < 2ex( — oy

Lemma 13 (Sub-exponential tail bound). If X; are i.i.d., zero mean, sub-exponential random
variables, then there exist universal constants K, cy > 0 such that || X;|y, < K and

d
2 t
Pr( il > t) < 2exp(—c0 min{ , }) forallt > 0.
e K2|al3" Kllal|l

Lemma 14. Let a; € R% and A; € R4*D st ||lay|| = O(1/d?), ¢ > 0 and eigenvalues of A,
are ©(1). Then,

lim g a; =0
dIA)OO

1 1
lim —g TAg = lim d—tr(Al)

dlg)OO d1*>OO 1

Proof. For the first, we know that if g ~ N(0,1,,), then g"a; ~ N(0, ||a1|?). Using standard
Gaussian tail bounds from Lemma 12 with |la; || = O(1/d{), we have limg, ,~, g a1 =

Next, let A; = VAV T be the Eigenvalue decomposition of A;. We have
d
g'Ag=(V'g)"ANV g)= 4 Z Xigi®,

where V'Tg =: g ~ N(0,14,). We know that X; := G;2 —1 are 0 mean i.i.d sub- exponential random
variables for all i € [d;]. Applying sub-exponential tail bound from Lemma 13 to Z 1 NiX;, we

have
dit?  t
>t) = 2exp(—cod1 min {, }) forall t > 0.
) A% Amax

< 2exp| —cody min ﬁ i
> p 01 CQ,C 9

where inequality uses A; = ©(1). Therefore

dy

Pr(
dlzl

1 ZAZ-XZ-

dy
1 1, .
dlhgloo o 21 AiX; = dlhgloo dT( Ag —tr(Ay)) =
where we use that Zf;l A = tr(A) = tr(Aq). O

Lemma 15. Let ©; € RY have i.i.d. entries x4[i] ~ N(0,02), and let w € R? be fixed. For a
subset S C [d] with |S| = p, denote by x:[S] € RP and w[S] € RP the corresponding coordinate
sub-vectors. Then

Ef(w @) @:[8]@:[S]T] = ol w|*T, + 20% w]S]w(s]T.
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Proof. Write x; = 0,9 where g ~ N (0, I;) has independent standard normal entries. Then

(w' )2 i) = o (w” g) gig; = (Z wkgk) 995
Expanding the square and taking expectations,
d
E[(wth)2 wt[i]wt[j]] = Ui Z wrwe Blgrgegig;]-
k=1

By Isserlis’ (Wick’s) theorem for a zero-mean Gaussian vector,
El9r9¢9i9;] = 0redij + 0kidej + 0k j0ei,

where d,;, is the Kronecker delta. Hence
d

E[(w " ) z:[i]lze[j]] = Z wiwe (kedij + Okidej + Oj0e;)
=1

=0, (U E wk+wlw]+w]wz>
k=1

= o2 (8w + 2wy ).
Restricting to indices ¢, j € S and collecting these entries into a p X p matrix yields
Ef(w " @0)? 2:(S]w[S]T] = o [w]’T, + 20tw(S|w(S],
as claimed. O

Lemma 16. Under the setup described in Section 2, where S C [d] be any subset of indices of
size p, w € R? be a task vector, x1, ..., zr, T, € R? be i.i.d. samples from N(0, o21y), labels
Y = w' T; + €, where e, ~ N(0,02), and

Barg|S] = % S @S] € RY, b, (X) = vee(w,[S] @avglS]T)-
t=1

Then the following hold:

Ex c[hs,(X)hs,(X)'] = %ﬁ [(oZ][w]f* + o7)T2 + (T + 1oz (w[Slw[S] ") ® 1, ] ,
Ex ylhs, (X)yg] = oqw[S] @ wlS].
Term-I1

Proof. We first simplify Term-I. We have that
Ex.[hs,(X)hs,(X)'] = Ex.c [(vec(w[S]tbuwe[S] ") (vec(z,[S)ww,[S] ")) '] -

Using Eq. (33), and since x, is independent of w,ys = % > ¢ Yy, separating the expectation, we get

1 T T T
EX,E[hSp<X)hSp(X) ] = T2 E (Zytwt[5]> (Z yt/mt'[5]> ®E[mq[5]mq[5]T]

t=1 t'=1 Term-1(ii)

Term-I(i)

For Term-I(ii), since z,[S] ~ N(0,021,), we have E[z,[S]z,[S]"] = 021,. Next, we simplify
Term-1(1).

[M]=

E <Z ytwt[3]> ( Yoy [S] ) = Z Elyeye z[Sly [S}T]

t=1t'=1

T
= Elyiz[S]2:[S] T+ D Elyyem:[S] @w[S] ]
t=1 LA
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First, looking at ¢ # ¢’ terms, we have:
Elysyea:[S] @y [S]T] = El(w @ + &) (w2 + ) 2,[S] 20[S] ]
= E[(w" ;) (S]] E[(w " @v) xv[S]"]
= aﬁﬂpxd'w wTﬂgxd
= o, w[Sw(S] ",
where the second equality follows by independence and E[e] = 0, and for the third equality, we use
the definition of II, x4, and that = ~ A(0, 021).
Next, consider the terms with ¢t = ¢':
Ely; x| = E[(w ' a; + €)*a[S] 2:[S] ]
= E[(w " x:)* [S] 2:[S]"] + Ele} z:[S] (S]]
= opllw|? I, + 205 w[Sw[S] T + o7071,

= (ozllwl* + 0Z07)I, + 203w[S)w[S] T,

where the third equality follows by using Lemma 15 and that  ~ A/(0, 021,).

Combining the T diagonal terms and T'(T — 1) off-diagonal terms, we have

T T T
E (Z ytwtm) (Z g [8}) — T [(Hw]? + 0202)T, + 20 w[SJwlS] ] + T(T - Dortw[STwls]
t=1 t'=1

= T(og|wl|® + oZon)L, + (2T + 1% = T)opw[S|w[S] |

n

= T(o%w]]® + 0202)L, + (I° + T)o*w|S)w|S].

T n

Combining this resultant Term-1(i) with Term-1(ii), we get Term-1:

Ex . |[hs,(X)hs, (X)"] =

Next, let us simplify Term-II:

EX,y[hSp (X)yq} =Ex. [Vec(wq[s]ang[S]T>(wqu + 6)]

> y[S]

Term-I1(i)

®F [24[Slzy | w.

1
=_E
T

Term-II(ii)

First, let us simplify Term-1I(i). We have

Z YLy [S]] =K [Z(w—rwt + 6)%[8]1

t

= ZE [azt[S]a::] w =T,y qw = To? w[S].
¢

E

Similarly, Term-11(ii) is 02w|[S]. Combining these two, we get Term-1I:

Ex y[hs, (X)y,] = oqw([S] ® w[S].
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I ADDITIONAL RESULTS AND DETAILS OF EXPERIMENTAL SETTINGS

Comparision with Lu et al. (2025). Next, in Fig. 3, we isolate the setting studied by Lu et al. (2025)
by fixing p = 1 (i.e., using all features) and vary the overparameterization ratio via 1/v. We visualize
the theoretical and empirical ID (left) and OOD (right) loss values. Crucially, in this setting, we do
not observe in-context benign overfitting. While the OOD loss decreases as expected, the ID loss
monotonic increases with overparameterization. This divergence stems from the nature of the scaling:
varying 1/v requires altering the ambient dimension d relative to N, which fundamentally changes
the underlying data distribution. In contrast, our feature-selection model (varying p < 1) allows us
to scale the model capacity p while keeping the underlying data distribution fixed—a proxy that we
argue more faithfully captures the effect of scaling model size. Consistent with our perspective, this
parallels observations in supervised learning: standard linear regression without feature selection
does not exhibit benign overfitting (Hastie et al., 2019).
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— Theory
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® 20
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a o /
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N 05
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Figure 3: Absence of In-Context Benign Overfitting. Theoretical (lines) vs. empirical (points) ID
(left) and OOD (right) risk as a function of overparameterization 1/v with fixed p = 1 (recovering
the setting of Lu et al. (2025)). In contrast to Fig. 2, this setting exhibits a retrieval-learning tradeoff:
as the model becomes more overparameterized, OOD generalization improves, but ID performance
degrades (higher loss). This underscores that varying ambient dimension d is distinct from scaling
model capacity p against a fixed data distribution.
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Figure 4: Task Diversity vs. Model Scale. Theoretical heatmaps for ID Loss (left) and OOD Loss
(right) as a function of task diversity 1 and model scale p. Lighter colors indicate higher loss. Vertical
cuts (fixed 1) demonstrate in-context benign overfitting: larger models (p ~ 1) minimize ID loss
without sacrificing OOD performance. Horizontal cuts (fixed p) reveal the task diversity threshold:
increasing diversity forces a transition from memorization (low ID, high OOD) loss to learning-based
ICL (high ID, low OOD risk).

Impact of Task Diversity and Scale. Next, we investigate the role of varying the number of training
tasks M, which we call task diversity p and its interplay with model scale p. Figure 4 visualizes our
theoretically derived ID (left) and OOD (right) risk landscapes as a joint function of model scale (p)
and task diversity (). Our analysis recovers and clarifies the task-diversity thresholds identified in
prior work (Raventos et al., 2023; Park et al., 2025):

* Fixed Task Diversity (1): Consistent with Fig. 2, for any fixed number of pre-training tasks,
increasing model scale (p) induces double descent in both ID and OOD risks. Consequently,
sufficiently large models (p ~ 1) achieve lower ID loss than their underparameterized counterparts,
and similar OOD loss confirming that in-context benign overfitting persists across different diversity
regimes.

* Fixed scale (p): In contrast, for a fixed overparameterized model (p > +/v), increasing task
diversity (u) presents a trade-off. Higher diversity improves OOD generalization but degrades ID
performance, as memorizing more tasks becomes increasingly difficult for a fixed-capacity model.
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The critical point where ID performance begins to degrade while OOD performance improves

corresponds to the task diversity threshold established in previous literature (Raventos et al., 2023;

Park et al., 2025).
Power Law Covariance. Thus far, we have assumed isotropic covariance matrices for ¥, and X,
which suffices to establish in-context benign overfitting. For completeness, in Fig. 5, we replace the
isotropic covariance matrices 3, and ¥, with power-law decay (diagonal entries decaying with
exponent o = 1; see Appendix I for details). In this setting, we observe a stronger form of in-context
benign overfitting: as scale increases, both ID and OOD losses converge to values strictly lower than
their respective minima in the underparameterized regime.

ID Loss
OOD Loss

02%/v (Model Scale) 02/v (Model Scale)

Figure 5: Power Law Covariance (Random Selection). Experimental (Left) ID and (Right)
OOD loss curves where covariance eigenvalues (3,,, 3,) follow a power-law decay (o = 1).
Using random feature selection, the overparameterized regime achieves strictly lower risk than the

underparameterized minimum for both ID and OOD tasks.
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Figure 6: Power Law Covariance (Top-p Features). Experimental (Left) ID and (Right) OOD loss
curves using top-p feature selection. In contrast to random features, we do not observe in-context
benign overfitting here; the overparameterized performance is strictly worse than the underparameter-
ized minimum for both ID and OOD risks.

In Fig. 6, instead of random p features, we consider top p features. In this case, consistent with
observations in the supervised learning setting (Belkin et al., 2020), we do not observe in-context
benign overfitting: As the model scale is increased, both ID and OOD loss values converge to a higher

value than in the underparameterized regime.

Settings. For Fig. 2, we set d = 80,7 = 120, M = 10, n = 400, and sweep over p = 2,6, ...,62.
For Fig. 3, we setd = p = 80,7 = 120, M = 10, and sweep over n = 640, 960, 1280, . . ., 20480.
For the experiments in Figs. 5 and 6 and those in this section, we set d = 30,7 =40, M = 6,12,n =
100, and sweep over p = 2,4, ..., 28.

41



6 6
s § p=020 5] § u=020
§ u=040 ” § u=040

» 4 @ 4
8 S
2 3 2 31
=2 8 2

1 1

0 . . . 0 . . .

0 2 4 6 8 0 2 4 6 8
0%/v (Model Scale) 0%/v (Model Scale)

Figure 7: Power Law Covariance (Only X,,,). Experimental (Left) ID and (Right) OOD loss curves
where task vector covariance eigenvalues follow a power-law decay (o = 1). Using random feature
selection, the overparameterized regime achieves strictly lower risk than the underparameterized

minimum for ID tasks but not for OOD tasks.
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Figure 8: Power Law Covariance (Only X,,). Experimental (Left) ID and (Right) OOD loss curves
where task vector covariance eigenvalues follow a power-law decay (o = 1.5). Using random feature
selection, the overparameterized regime achieves strictly lower risk than the underparameterized

minimum for both ID and OOD tasks.
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Figure 9: Power Law Covariance (Only 3). Experimental (Left) ID and (Right) OOD loss curves
where feature covariance eigenvalues follow a power-law decay (o« = 1). Using random feature
selection, the overparameterized regime achieves strictly lower risk than the underparameterized

minimum for ID tasks but not for OOD tasks.
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Figure 10: Power Law Covariance (Only X). Experimental (Left) ID and (Right) OOD loss curves
where feature covariance eigenvalues follow a power-law decay (o = 2.5). Using random feature
selection, the overparameterized regime achieves strictly lower risk than the underparameterized

minimum for ID tasks and for lower y for OOD tasks.
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