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Abstract

Insertion Language Models (ILMs) offer sev-
eral advantages over left-to-right generation
and mask-based generation. However, exist-
ing formulations of insertion-based genera-
tion have largely been ad-hoc. In this pa-
per, we derive a diffusion-style denoising ob-
jective for ILMs from first principles by for-
mulating the noising process as a continuous-
time Markov chain on the space of variable-
length sequences. We show that previous for-
mulations of ILMs can be viewed as special
cases of this denoising framework. Through
empirical evaluation on a synthetic planning
task, we show that the proposed approach re-
tains the benefits of insertion-based genera-
tion over left-to-right generation and masked
diffusion models. In language modeling, our
diffusion-based approach is competitive with
left-to-right generation and masked diffusion
models, while offering additional flexibility in
sampling compared to existing insertion lan-
guage models.

1 INTRODUCTION

Autoregressive language models (ARMs) generate se-
quences by predicting tokens from left-to-right. They
can naturally generate variable-length sequences by
using an EOS token to mark the end of a sequence.
However, certain tasks like planning and sub-goal
based infilling require a more flexible approach for se-
quence generation (Bachmann and Nagarajan, 2024).
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Figure 1: Diffusion-based Insertion Language Mod-
els (DILMs) retain the benefits of Insertion Lan-
guage Models (ILMs) while offering principled train-
ing and sampling procedures based on diffusion using
a continuous-time Markov chain framework.

Masked diffusion models can generate sequences in ar-
bitrary order while also generating multiple tokens per
step (Lou et al., 2024; Sahoo et al., 2024; Shi et al.,
2024). MDMs do not explicitly model the length of
the sequence, but are trained to predict variable-length
sequences by predicting the PAD tokens like ordinary
tokens. This impacts the quality of generation and re-
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stricts the sampling to block-based left-to-right sam-
pling (Nie et al., 2025; Yang et al., 2026; Li et al., 2025;
Wu et al., 2026). Insertion Language Models (ILMs)
(Stern et al., 2019; Patel et al., 2025), on the other
hand, generate sequences through expansion by iter-
atively inserting tokens at arbitrary positions. ILMs
combine the benefits of ARMs and MDMs — they nat-
urally generate variable-length sequences while main-
taining the ability to generate in non-left-to-right or-
der and using relative position constraints. ILMs per-
form better than MDMs and left-to-right autoregres-
sive models (ARMS) on sub-goal based planning tasks
and infilling tasks that require respecting relative or-
dering constraints (Patel et al., 2025).

Existing formulations of ILMs use ad-hoc training ob-
jectives and sampling procedures (Patel et al., 2025;
Stern et al., 2019). In this work, we derive a princi-
pled diffusion-style denoising objective and sampling
procedures for insertion-based generation. We formu-
late the noising process as a continuous-time Markov
chain over the space of sequences that drops tokens
uniformly with a time-dependent rate. We present two
noising processes and respective transformer-based pa-
rameterizations of the rate matrix of the generative
process (the reverse of the noising process). The first
parameterization models the joint probability of vo-
cabulary item and insertion location, and the probabil-
ity of the length-to-go. The second parameterization
models the rate matrix of the generative process using
independent, per-dimension probabilities allowing one
to sample multiple insertions at once. We derive the
evidence lower bound on the data log-likelihood un-
der the parameterized generative process, and discuss
the necessary computational considerations for train-
ing and sampling.

The main contributions of this work are as follows:

1. We present a principled diffusion-style denoising
framework for insertion-based generation and pro-
pose two variants of the generative process in this
framework. Figure 1 shows how the proposed gen-
erative model relates to existing sequence genera-
tion models.

2. We show that the resulting sampling procedures
unify the existing formulations of Insertion Lan-
guage Models.

3. Empirical evaluation on synthetic planning tasks
and language modeling demonstrates improved
performance over existing ILMs and MDMs.

Code to reproduce our experiments is available at:
https://github.com/dhruvdcoder/ctmc_dilm

2 BACKGROUND

In this section, we will state some elementary results
from the theory of Markov chains to set up the frame-
work for our method. We will also introduce some
notation that will be used throughout the paper (see
Appendix A for a summary of all notation).

Notation. Capital letters (e.g. X, B) are used to
denote (scalar or vector valued) random variables and
subscripts are used to denote the time index of stochas-
tic processes (e.g., X, By, etc.). Boldface vectors and
superscripts will be used to denote components of a
vector, e.g., %, X}, for the i-th component of x and
X4, respectively. Double square brackets are used to
denote the set of natural numbers up to a specific num-
ber, i.e., [n] = {1,2,...,n}. All stochastic processes
are assumed to be continuous-time unless an underline
is used, which denotes a discrete-time process (e.g.
X, X are continuous- and discrete-time processes,
respectively). We will use the shorthand p,(y | ) to
denote the transition probability P(X, =y | X; = z),
and in case of discrete time processes, we will use
Py | ).

Continuous-Time Markov Chains. Here we
briefly discuss continuous-time Markov chains
(CTMCs), and their characterization in terms of the
rate matrix. In section 3, we will leverage the rela-
tionship between DTMCs and CTMCs to describe our
noising process. Let X; be a CTMC taking values in a
countable state space X with right-continuous sample
paths. Its dynamics can be described using a state-
and time-dependent jump rate A\;(z) and a post-jump
transition kernel K(z,y) > 0 satisfying K;(z,2) =0
and ) oy Ki(z,y) = 1. The corresponding transition
rate matrix of X} is then given by

O
Ki(z,z) =0 and ZKt(x,y) =1 (1)

yeX
An informal description of the evolution of the tran-
sition probability in continuous time for small values
of h is given by the first-order discretization

Penie(y | 2) = 02(y) + h Ri(z,y) +o(h),  (2)

where d,,(y) is the indicator function that is 1 if x =y
and 0 otherwise. Intuitively, the tendency d,(y) to re-
main in the same state x is counteracted by the passage
of time and the rate parameter A¢(z) = 3, ., Ri(2,y).

Time Reversal. On the time interval [0, T}, for any
regular CTMC X; on countable state space, with ini-
tial distribution py and rate R;, the time reversal
X, = Xp_; is also a CTMC with rate Rt(x,y) =
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Figure 2: The noising process, shown on the left, is a continuous-time Markov chain that deletes one token at
a time uniformly with the deletion events arriving with rate o;. The bit vectors show the deletion path w.r.t.
the original sequence ¢y = (6, banana). On the right we show two parameterizations of the generative process.
DILM-S predicts the length-to-go and a joint probability piens(i, w | ;) over insertion locations and vocabulary
items. The generation stops when the predicted insertion rate modeled through the predicted length-to-go value,
shown using the blue arrows pointing left, goes to zero. DILM-M uses per-position insertion rate, shown as the
vertical blue bars, and p? (w | @;,i). The generation stops when the insertion rate is low for all positions. [C]
and [B] are special tokens, where the former is used by DILM-S to perform length-to-go prediction and the

latter is used by both models as a beginning-of-sequence marker to predict the token at the first gap.

pt(y)
pe()

for the time reversal X, for some parameter value 6.
Then the following proposition gives a lower bound on
the log-likelihood of the data under the parameterized
model.

Ri(y,z). ' Let R? denote a parameterized rate

Proposition 1 (ELBO). For the time interval [0,1],
let po = Pdata and p1 = prer denote the terminal time
marginals of the noising process X;. Then for the
reverse CTMC with initial distribution prer, param-
eterized rate ]%f , and the induced terminal marginal
pl, the log-likelihood I [log p(Xo)| under the model is
bounded from below by

B3 [+ Lo Ry,

v Pt|0($|$0)

where the expectation is over xg ~ Pdata,
t ~ Uniform[0, 1], 2 ~ pyjo(x | 20).

x)log R} (x,y)

The result follows by applying Dynkin’s formula for
the change of measure to the CTMC path measures
(Hanson, 2007), followed by the data processing in-
equality. We provide an intuitive proof using elemen-
tary techniques in Appendix C.1.

We have relabeled the time index of the reverse pro-
cess T —t as t to keep the notation simple. Also, at the
jump points the time reversal’s value is the left limit of the
forward process.

3 DIFFUSION-BASED INSERTION
LANGUAGE MODELS

For ease of exposition, we will make the sequence
length explicit by incorporating it into the state-
space, and therefore our domain will be the set
of all sequences up to a maximum length X =
U mas ({n} x V™), with a single example being the tu-
ple :13 = (n,&), where n is the sequence length and
x € V" the actual sequence of tokens. We will omit
the dot in @ and write it as & when the distinction is
not needed. We will use the shorthand X,, to mean
{n} x V™ — the collection of all sequences of length n.

3.1 Noising Process

The noising process proceeds by deleting tokens from
the ground-truth sequence xy. To provide intuition,
we first formulate the deletions as a homogeneous
discrete-time Markov chain with no self-transitions,
and then embed it in continuous time.

Formally, any deletion process that does not depend
on the content of the sequence can be described by
expressing the transitions (n,&) — --- — (m, ¥) using
bit vectors in B, = ' _oBy,m, where B, ,,, is the
set of binary vectors of length n with exactly m ones,
ie. By, = {b e {0,1}" : > b = m}. Let
Idx(b) == {i € [n] | b* = 1} be the set of indices of
the ones in b, and x[b] := x'¥(®) be the subsequence
of x that only contains elements corresponding to the
ones in b. For by,by € B, = J' _,By.m, we define a

m=0
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partial order by = by if b x b, = b for all i € [n] and
S b > >0 bh, ie. we call by a predecessor of by
if the positions that are 1 in by are also 1 in by, and the
number of ones in by is less than the number of ones in
b1, e.g., 11111 > 10101 > 10001. Using this notation,
a general r-step deletion path (ng, o) — (n1,&1) —
<o = (Mp_1,@r—1) = (N, &) can be expressed using
r bit vectors by > --- > b, in B,,, = ZUZO B, such
that & = xo[bg]. To make this concrete, consider
xo = (6,banana), and the deletion path specified by
the bit vectors b; = 110111,b, = 010011, resulting
in &3 = (3,ana) as shown in Figure 2. Notice that
there could be multiple deletion paths that lead from
(n,@0) to (m,&,); in our example, by = 011111 >
b, = 000111, or just by = 000111, would also lead to
(3,ana). Since the deletion process does not depend
on the content of the state & but only on the length,
the probability of one step of deletion has the form
K(bry1 | br) o< Ogpy ) (bry1) u(br, bry1), where u is an
unnormalized joint probability mass function. In order
to make the process analytically tractable, we further
restrict the deletion process such that it deletes one
token at a time uniformly at random, which implies
that u(bk, brt1) = djp,|—1(|br+1]), where |by| =37, b,
is the number of 1s in bg. Putting these constraints
together we get

1
Kuni(be+1 | by) = m(ﬁbk»}(bkﬂ) Oy —1(|br41])-

The following lemma shows that such a noising pro-

cess is a homogeneous DTMC with transition kernel
K (z,y) that produces a closed-form expression for the
r-step transition probability py.x(y | x).
Lemma 1 (Deletion DTMC). Let Xy be a discrete-
time stochastic process taking values in X with one-step
transition probabilities governed by the deletion kernel
Kuni- Then, letting CA'Z,‘l = %, the process
X is a DTMC with one-step transition kernel and
transition probability given by

K((n, ), (m, ) = 3" 6ua(m) b (),

beB, m

Pretrpt (M) (n, &) ) = € Sp(n—m) D b (¥)-

beBy,,m

Proof sketch. To get the intuition for the expression
for transition probability, note that for kyyi, the prob-
ability of any (n—m) step delete path b,,_,, = -+ > by
is the same and is equal to +-15 ... ~L5. Meanwhile,
the number of paths one can take from b,,_,, down to
biis ("7") (") ... (1) = (R —m)!. Therefore, the
b — 1

required probability is CT = n(nf(yll)m"zz;lﬂ) =1 1 3
The formal proof is given in Appendix C.

n—m

Remark 1. Note that the transition probability is not
uniform over the set of sequences reachable from (n, &)
in r steps. Specifically, if there is more than one mask

b € By, ,— such that &[b] = ¥, then the transition
probability to land on ¢ is the sum of the probabilities
over all such cases. One can obtain a similar closed-
form expression for the transition probability for any
deletion kernel that only depends on the length and
not the content of the sequence; for example, the right-
to-left deletion is a special case, which leads to the
usual left-to-right AR generative model.

Having described the deletion process using discrete
steps, we now introduce the jump rate A\;(x) to com-
plete the description of the continuous-time deletion
process (egs. (1) and (2)). Intuitively, X, is converted
into a continuous-time process X; by dispersing the
deletion steps over the time interval [0, 1] with dele-
tion rate A\;(x) per unit time.

For efficient sampling from the noising process, we
keep the rate A:;(z) independent of the state x ex-
cept for the case when the length of the sequence is
0, in which case the rate is 0 as well, i.e., the rate is
Ae((r,&)) = 01 0.>0)(r), where o : [0,1] — Ry is a
scalar noise schedule. The following proposition gives
the transition probability under this noising process.

Proposition 2 (Transition Probability). Let X; be a
continuous-time stochastic process described in equa-
tion 1, with transition rate A\i((r,&)) = 0¢d.50y(r)
and transitions governed by the transition kernel K
that drops one token at a time uniformly at random.
Then X; is an inhomogeneous CTMC with transition
probability for s <t given by

PO (me) | (n,2))

exp(_a's,t)(s!s‘t)L7 't ml 3 6i[b](y)a
beBy,

)nfr

0<m<n

r!

1— S exp(—=3s,t)(Fs,t , m=0
7"2:31 !
where o : [0,T] — Ry is a scalar noise schedule,

Ost = f; o(u) du.

Proof sketch. We can decouple the number of tokens
dropped at time ¢ from the choice of tokens dropped,
where the former has a Poisson distribution with mean
rate 0,; and the latter has a distribution given in
Lemma 1. We separately take care of the case when
the number of tokens dropped is equal to the total
number of tokens in the sequence. The complete proof
is given in Appendix C.

Proposition 2 allows us to sample from the noising
process by first sampling the number of positions to
drop using the Poisson distribution with rate &g ;, with
maximum drops equal to the length of the sequence,
and then sampling the positions to drop by permuting
the indices of the sequence and picking the first n — d
positions. Sampling from this noising process, which
we call Joint Noising, is described in Algorithm 1.
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Independent Noising.. We can also obtain uniform
random deletions of positions as the noising process by
giving each position an independent deletion rate oy.
In particular, the corresponding transition probability

for s <tis
P ((m.8) | (n, ) = pTy(pee)™™ S bary (@)
bEB,
where ps; = exp(—0ds,). We can sample from this
noising process by sampling the number of positions
to drop using the Binomial(n, p ;) distribution instead
of Poisson(d, ). The same procedure can be used to
sample from the noising process as described earlier,
but with the Poisson distribution replaced by the Bi-
nomial distribution. Appendix C.3 provides additional
details and the analogue of Proposition 2 for the inde-
pendent noising process.

Algorithm 1 Sampling from the Noising Process

Require: Sequence (n,&), rate function o,
NoOISINGTYPE € { ) }

t ~ Uniform[0, T
if NOISINGTYPE = then

Sample d ~ Poisson(dg;) > # positions to drop
else if NOISINGTYPE = then

Sample d ~ Binomial(n
end if
d < min(d, n)
Permute the indices (1,...,n) of & to get .
Pick the first n — d positions from 7 to get © «
m([1:n—d)
10: Prepare mask b € B, ,,_4 such that b[i] = 1 if

i € m and 0 otherwise.

11: y < (L'[b] > Remove the positions to drop
12: return( (n —d,y), t)

.1 —exp(—ao,4))

3.2 Generative Process

In our case, the time reversal of the noising CTMC
is the generative process that constructs a sequence
by inserting tokens. Let X, denote {n} x V", ins :
X, x[n+1]xV — X,, ;1 denote the insertion operation
such that ins(z,i,a) = (n+ 1, z,... 2" tax?. . a"),
and Range;, () = {ins(x,i,a) | i € [n + 1],a € V}.

We parameterize the reverse rate matrix directly as
R? . Next, we discuss different options for parameter-
izing the rate Rf of the generative process. We also
remark on how these parameterizations relate to some
existing formulations of insertion language models.

3.2.1 Joint Insertion

For the joint noising process, we parameterize the
rate using a joint probability distribution over posi-
tions and tokens as follows. Let p? x [0,1] —

A"Vl be the parameterized joint probability distri-
bution (x,t) — p!(i,w|x) that takes as input se-
quence = (n,x), time ¢, and an insertion location
i € [n] and produces a joint over the insertion location
i € [n] and vocab item w. Then the generative tran-
sition kernel, given that a transition out of @ occurs
is th( ) Zm+1 Zwev pt i w | :B) ins(e,i,w) (y)
and the fully specified rate of the generative process
is

m+1
i=1 weV
where ;\f is the parameterized jump rate. Plugging

this parameterization into the bound in Proposition 1
results in a tractable estimate of the ELBO as shown
in the following corollary.

Corollary 1 (ELBO: Joint Insertion). A (biased) es-
timate of the upper bound on the negative log-likelihood
in Proposition 1 for the joint parameterization of R?
s given by

,C(Q) = ‘Clcn (9) + ﬁtokcn(a), where
L(0) =E [&f(mo[b]) _ foint yo0 S\f(:co[b])} _and

L% (0) = —E |1 Y q(i, w) log p (i, w | ao[b])
7, W
Here, the expectation is over Ty ~ pdata, t ~

Uniform(0, T], (n—m)
Uniform (B,
[m+1],w eV, and ™ =

~ Poisson(Go,¢), d1.>03(m), b ~

m), the inner sum in L% (0) is over i €
oy (n—m) 1 O

= with S =

go,t Sn,?n,at ;M0

nl ok +

(1= o)+ do(m) ). Sumn = o ford
O

xy = (n, %), and q(i,w) = W is the nor-

malized count of the vocabulary item w occurring in xg
between the (i — 1)-th and i-th 1s, with s;(b) being the
set of indices of 0s in b that fall between the (i — 1)-th
and i-th 1s.

Remark 2. This estimate is biased because we replace
Sins(,iw) (¥) log K7 (x,y) by logp,(i, w|x), where we
have removed the summation present inside the log.
This approximation is only active in the case where
two insertions lead to the exact same sequence, which
only happens in the case of contiguous repeated to-
kens. For example, if * = aaa, then ins(x,1,a) =
ins(x, 2,a) = aaaa.

Remark 3. Here we have obtained the estimator by
fixing the latent alignment between the sequence xg
and the subsequence xy[b] to be equal to the one
given by b itself, but we could marginalize over all
a € B, (xo,b) explicitly. This can be viewed as
Rao-Blackwellizing the latent alignment variable a,
yielding a lower-variance estimator of the ELBO term.
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However, this requires solving one dynamic program-
ming instance per (xg,b) pair to compute all possi-
ble alignments of the subsequence x([b] and x¢, which
can introduce significant computational overhead dur-
ing training. We leave an efficient implementation of
this approach to future work.

A detailed discussion and the complete derivation of
the corollary is provided in Appendix C.1. A method
to efficiently compute S, », on the GPU using hyp1f1
is provided in Appendix E.2.

Neural Network.. The joint probability distribu-
tion over positions and tokens is parameterized using
a standard transformer with time conditioning using
adaptive layer-norm (Peebles and Xie, 2023). For rep-
resenting each available gap, we prepend a special BOS
(beginning of sequence) token to the sequence, so that
; = (BOS,x},...,27) has length n + 1 and each in-
sertion location can be indexed by the token immedi-
ately preceding it. Let f? denote the transformer with
bidirectional attention (without the final linear projec-
tion), which takes &; and time ¢t € [0, 1] as input and
returns f¢(&;;t) € RD*4 For each insertion loca-
tion ¢ € [n+ 1] the corresponding output of the trans-
former backbone f?(&;;t)" € R? is passed through the
final linear layer U? : R* — RIVl to get a score for the
pair (i, w).

L(iw | @) = U (f(@;1)°)
exp(s?(i,w | @)

Yt ey exp(s? (i, w' | @)
The superscripts 7, w above indicate position and to-
ken index, respectively. Parameterizing the insertion
rate S\f as a non-negative scalar is challenging (Camp-
bell et al., 2023; Patel et al., 2025). However, we can
use the length posterior to parameterize the insertion
rate as shown in Proposition 3 in Appendix C. Specifi-
cally, denoting pyjen(l | ) =P(No—N, =1 | X, = z),
with @ = (m, &), the corresponding insertion rate is
given by

w

i w | @) =

Tt E l ifm>0
<6 T Ul o (L)
_ t,len
Av(e) = i L ifm=
ot , St,04 -

Nﬁ?, 1en(' ‘m)

We parameterize ﬁﬁlen(l | 1) using a categorical dis-
tribution on [nmax] and a dedicated input position in
the transformer backbone. In the implementation,
the network outputs logits for the full distribution
iﬁf,len(l | ;) and we use its mean

All(z)= E [l
I~P] on (|20)

This allows us to optimize the length term using the

simpler objective of matching the observed length-to-

go n—m with the predicted mean Al¢ (a4[b]), namely

Livean(8) = E | Al (@o[b]) — (n —m) log Al{ (a0[b])

mean

which differs from the corresponding Poisson negative
log-likelihood only by an additive constant indepen-
dent of 6.

Sampling.. Given the rate Rf , the generation is sim-
ulated using a simple first-order (Euler) discretization
(eq. (2)) as described in Algorithm 2. We call the
combination of joint noising and the Euler sampling
Diffusion-based Insertion Language Model with Single
Insertions (DILM-S).

Stopping condition. The Insertion Language Model
(ILM) of Patel et al. (2025), which uses a stopping
classifier to determine when to stop generation, can
be viewed as a time-agnostic special case where the
Bernoulli probability j\f (x)At in Algorithm 2 is re-
placed with a stopping probability pgtop(~ | ). Note,
however, that ILM does not use the time parameter.
Moreover, it uses a hyper-parameter ¢ to determine
when to stop generation using the stopping condition
Pliop(stop | @) < ¢. This means that there is no way
to trade-off the quality of the generated sequence by
reducing At, or equivalently, increasing the number of
sampling steps. Our method, like most other diffusion-
based generative models, allows for this trade-off.

3.2.2 Independent Insertion

For the case of independent noising, we parameterize
the rate of the generative process also using indepen-
dent, per-position rates as
m+1
Rte(w7 y) - Z Z )‘?("Ba Z) ﬁte(w | T, Z) (;ins(ac,i,w)(y)'
=1 weV
In this case, with a slight abuse of notation, we use the
same symbol p? as before but now p¢ : Xx [0, 1] x [n] —
V denotes the categorical distribution over vocabulary
item w for gap i. Applying the same approximations as
done for Corollary 1, we get the following estimate of
the upper bound on the negative log-likelihood, which
is biased for the same reasons as in Corollary 1.

Corollary 2 (ELBO: Independent Insertion). A (bi-
ased) estimate of the upper bound on the negative log-
likelihood in Proposition 1 for the independent per-
position parameterization of Rf is given by L(0) =
Lien(0) + Lioken (0),where the two loss terms are

m—+1
E | > A(@o[b], i) —"|si(b)|log Af (wo[b],4) | ,
i=1

m+1
—E Y Y logp] (af | @o[b],4)
1=1 kes;(b)
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Here, the expectation is
t ~ Uniform[0,7], m ~ Binomial(n,p;), b ~
Uniform(Bn,’m)’ ’YItmd = % with Pt = eXp(_a-O,t)7
xg = (n,&p), and s;(b) is the set of indices of 0s in b
that fall between the (i — 1)-th and i-th 1s.

over  Io ~ DPdata,

As in the joint case, in the implementation we param-
eterize a distribution over the number of tokens in-
serted into each gap, py ., (I | @¢,4), with Al (x,7) =
Elwﬁf,lcn(“zt’i) [[]. The corresponding reverse-process in-

sertion rate is then A?(xy,4) = v ALY (x4, 7). Conse-
quently, the length term can be optimized by matching
the observed gap size |s;(b)| with the predicted mean
using £7 (#) given by

m—+1
E [wind S (At (@ofb. i) [s:(b)] og Azf(:co[b],i))] ,

which recovers the same objective up to additive con-
stants independent of 6.

Neural Network.. We use the same transformer ar-
chitecture as in the case of Joint Insertion Parameteri-
zation, but now the token head is interpreted indepen-
dently at each gap:

w

$(w | @y,i) = U (f(@;1)°)
exp(s?(w | z4,1))
Sy xp( 0! 207
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That is, unlike the joint parameterization, the softmax
is taken only over vocabulary items independently for
each gap. To parameterize the distribution over the
length of each gap, we use an additional head that
outputs pf ., (I | @, ).

Sampling.. Algorithm 3 shows an efficient con-
strained 7-leaping (Gillespie, 2001) based sampling
procedure for the independent parameterization,
which can insert multiple tokens per step across dif-
ferent gaps. Additionally, this algorithm can be ap-
plied on a mini-batch of sequences in parallel.? We
call the parameterization DILM-M ; where M stands
for multiple insertions across gaps.

4 RELATED WORK

Discrete diffusion and flow matching.. Discrete
diffusion models (Sahoo et al., 2024; Shi et al., 2024;
Austin et al., 2021; Gong et al., 2024), inspired from
diffusion models (Ho et al., 2020; Sohl-Dickstein et al.,
2015; Song and Ermon, 2019), generate sequences by
iteratively denoising the tokens of a noisy sequence by
framing both the noising and the denoising processes

2We provide a simplified implementation of Algorithm 3
in PyTorch in Appendix E.4.1.

Algorithm 2 Sampling from DILM-S

Require: Sequence x = (m, (v, u)), steps MAXSTEPS
. 1
L At <_ MAXSTEPS
2: whilet <1 do
3: e < Uniform|0, 1]
N e
(@) < 50 Bt @)

4
5. if e < \!(x) At then
6: i, w e~ pi(i,w | @)
7:
8
9

_ 1
Si,m, o4

v’ < concat(v,w)
for k =1 to len(u) do

: if wlk] > ¢ then
10: ulk] « ulk] + 1

11: end if

12: end for

13: u’ « concat(u,i+ 1)
14: z <+ (v, u)

15:  end if

16:  t<«—t+ At
17: end while
18: return x

as Markov chains on countable state spaces. The dis-
crete diffusion models can only work with fixed length
sequences. They generate variable length sequences
by modeling special PAD token as an ordinary token.
Our formulation is motivated by the discrete diffusion
framework, but with some key distinctions. We do not
assume independent noise per-component as done in
Campbell et al. (2022) and subsequent works, instead
our noising process acts directly on the sequence.

Insertion-based sequence generation.. There
have been several works in the machine translation
literature that explore insertion-style generation in
sequence-to-sequence models (Stern et al., 2019; Gu
et al., 2019; Ruis et al., 2020; Patel et al., 2025).
Welleck et al. (2019) uses reinforcement learning to
learn an insertion policy using the learning to search
approach (Ross et al., 2011). The insertions in Welleck
et al. (2019) are constrained to be level order traver-
sals of a tree and cannot be arbitrary. Moreover, rein-
forcement learning can be orders of magnitude slower
than our approach and is therefore not suitable for pre-
training language models. The insertion transformer
(Stern et al., 2019) uses an efficient denoising objec-
tive to train the insertion model. It can be viewed as
implementing independent insertions rate matrix (sec-
tion 3.2.2). However, it does not parameterize the in-
sertion rate separately from the token probabilities. In
general, deciding when to stop the generation is chal-
lenging for insertion-style models (Stern et al., 2019;
Patel et al., 2025; Reid et al., 2022), and formalizing
the process a continuous time Markov chain allows us
parameterize the model in a way that separates token
predictions from the stopping probability.
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Algorithm 3 Sampling from DILM-M
. Tm—1), time t € [0,1],

Require: Sequence © = (xo,..
steps MAXSTEPS
. 1
L At MAXSTEPS

2: while t <1 do

3:  Initialize r € {0,1}™ and w € V™

4: forie {0,1,...,m—1} do

5: e ~ Uniform|0, 1]

6: if e <1 —exp(—=A(x,i) At) then
7 rfi] «+ 1

8 wli] ~ pf (w | @, 1)

9: else

10: r[i] + 0

11: end if

12:  end for

13: @’ < [PAD,...,PAD]

14: s < ROLLRIGHT(r, 1)

15:  idx_old <— ARANGE(m) + CUuMSUM(s)
16:  idx-ins < ARANGE(m) + CuMSUM(r)
17: @’ + SCATTER(%’,idx_old,x)

18:  '[idx_ins(r]] + w]r]

19: t+t+ A,z

20: end while

21: return x

Concurrent work.. More recently, Discrete flow
matching (Campbell et al., 2024; Lipman et al., 2024)
and stochastic interpolants (Albergo et al., 2023) have
been proposed as simplified frameworks for gener-
ative modeling using Markov chains, wherein there
is no noising process but only a generative Markov
chain that is constrained to generate sequence of time
marginals that converge to the true data distribution.
We provide an extended discussion of the relationship
between our work and these frameworks in the ap-
pendix D.

5 EMPIRICAL EVALUATION

We split our experiments into two parts. First, we
demonstrate that the proposed approach retains the
benefits of insertion-style generation by evaluating it
on the variable-length planning task on the star graphs
(Bachmann and Nagarajan, 2024; Patel et al., 2025).
We then evaluate the usefulness of the proposed ap-
proach on language modeling using two language mod-
eling corpora with different characteristics. We com-
pare our results with the standard left-to-right autore-
gressive language models (ARMs), masked diffusion
models (Ou et al., 2024; Zheng et al., 2025) and the
Insertion Language Model (ILM) (Patel et al., 2025).

Model For DILM-S, we use the same transformer
backbone as in Patel et al. (2025), with one change.
We introduce the time parameter ¢ using adaptive
layer normalization (AdaLN-Zero) (Peebles and Xie,
2023). For DILM-S, we also use the first token po-

Table 1: Sequence-level exact match accuracy on the
synthetic Star graph tasks.

Model Stareasy Starmedium Starnard
ARM 32.3 75.0 23.0
MDM 100.0 36.5 21.0
ILM 100.0 100.0 99.1
DILM-S 100.0 100.0 99.3
DILM-M 100.0 98.60 95.1

sition to model 5\?(33) For DILM-M, we model the
per-position insertion rate A\?(z, i) using an additional
feedforward layer on top of the transformer backbone.

5.1 Planning Task

The simple star graph task (Bachmann and Nagara-
jan, 2024) and its harder variable-length variant (Pa-
tel et al., 2025) are minimal tasks designed to exem-
plify limitations of ARMs and MDMs. 3 This is a
sequence-to-sequence task where the source sequence
contains randomly permuted edges of a star-shaped
graph, followed by the start and the target node. The
model needs to generate the edges that connect the
start and the target node going through the junction
of the star. This task is difficult for ARMs trained to
predict from left-to-right using teacher forcing (Bach-
mann and Nagarajan, 2024) because the model is over-
whelmed by the training signal for the easy-to-predict
non-junction edges and it never learns to perform the
implicit lookahead required to generate the edge that
immediately follows the junction. MDMs, which can
model all the tokens simultaneously, can generate the
correct sequence only when the arm length is fixed (Pa-
tel et al., 2025). As shown in Table 1, both DILM-S
and DILM-M continue to enjoy the same benefits as
ILM and achieve almost perfect accuracy on all three
versions of the task.

5.2 Language Modeling

For all the language modeling experiments, we use a
transformer backbone with 12 layers, 768 hidden di-
mensions, and 12 attention heads with ~87 million
non-embedding parameters and train it from scratch
using the AdamW optimizer on 8 A100 GPUs.

LM1B. For language modeling on short sequences, we
use the One Billion Word Benchmark (LM1B) (Chelba
et al., 2013), which contains short sequences from the
news domain. We preprocess that data by tokenizing
it with the BERT tokenizer (Devlin et al., 2019) and
pad to a maximum sequence length of 128. We use a

3We use the dataset from (Patel et al., 2025).
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Figure 3: Generative perplexity vs. number of sampling steps for models trained on LM1B (left) and OpenWeb-
Text (right). The annotations show the token entropy values.

Table 2: Evaluation of unconditional generation qual-
ity using per-token NLL under Llama 3.2 3B. The rows
with the dataset names contain the NLL and entropy
of the examples in the training data.

NLL, Ent+ len
LMI1B 3.71 3.08 28
ARM 3.94 3.12 30
MDM (Sahoo et al., 2024) 4.81 3.70 85
ILM (Patel et al., 2025) 4.67 2.80 21
DILM-S (ours) 4.65 2.87 30
DILM-M (ours) 4.76 2.99 48
OpenWebText (padded) 2.59 5.01 533
MDM 3.96 4.64 320
ILM 4.65 5.46 860
DILM-S 3.74 4.33 267
DILM-M 3.92 4.54 478

learning rate of 1074, effective batch size of 512, and
train for 1 million steps.

To evaluate unconditional generation we compute per-
token negative log-likelihood (NLL) under Llama-3.2-
3B (Grattafiori et al., 2024) for 1000 unconditionally
generated sequences. As seen in Table 2, both DILM-
S and DILM-M are competitive with the ILM (Patel
et al., 2025), with DILM-S doing slightly better. The
key advantage of the diffusion-based formulation is the
ability to trade-off sample quality and number of for-
ward passes. As shown in Figure 3, the generative
perplexity of both DILM-S and DILM-M improves as
we increase the number of sampling steps.

OpenWebText.. For language modeling on longer
sequences, we use the OpenWebText (Gokaslan and
Cohen, 2019) corpus. We preprocess the OpenWeb-
Text corpus by tokenizing it using the GPT-2 tok-
enizer, removing sequences that are longer than 1024
tokens, and padding to a maximum sequence length
of 1024. We use a learning rate of 107%, effective

batch size of 512, and train for 300 thousand steps.
For evaluation, we compute the per-token negative
log-likelihood under the GPT-2 Large model for 1000
unconditionally generated sequences from each model;
Table 2 reports these values. We can see that DILM-S
and DILM-M obtain better NLL than ILM and MDM.
Figure 3 (right) shows the generative perplexity wvs.
number of sampling steps on OpenWebText. Here we
observe again that the diffusion-based formulation al-
lows for better trade-off between sample quality and
number of forward passes. The generative perplex-
ity for ILM is very high at low sampling steps (128); it
falls rapidly at medium sampling steps (256), and then
remains flat even as the sampling steps are increased.
DILM-S and DILM-M both exhibit a smoother trade-
off curve between the generative perplexity and the
number of sampling steps. However, on longer se-
quences, we observe token repetitions, which show up
in the lower entropy values.

6 CONCLUSION

We presented a diffusion-based approach for variable-
length sequence generation, leading to two new param-
eterizations of the generative process. With clearly
stated assumptions, we derived a low-variance learn-
ing objective for both parameterizations, and demon-
strated their efficacy empirically on planning and lan-
guage modeling tasks.

Limitations and future work.. While DILM-M can
generate multiple tokens, it is still constrained to pro-
duce only one token per gap. This can hinder the
ability of the neural network in leveraging correlations
between tokens that occur in contiguous spans. A
multi-token insertion model that can insert contiguous
spans of tokens is a promising direction for further ex-
ploration. Scaling insertion-based generation to larger
models and longer sequences also remains an interest-
ing direction for future work.
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ting, assumptions, algorithm, and/or model.
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(time, space, sample size) of any algorithm.
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(b) Complete proofs of all theoretical results.
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3. For all figures and tables that present empirical
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dhruvdcoder/ctmc_dilm. Appendix E con-
tains some key implementation details, which
are also available in the code.]
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perparameters, how they were chosen). [Yes,
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A Summary of Notation

Notation Description
General
(Q,0,P) Probability space from which all random variables are drawn.
w Sample point in
X:, B;, D; Random variables (capital letters)
z, b, d Values of random variables (lowercase)
X,z Non-scalar random variables and values (boldface)
X, B Sets (blackboard font)
[n] Set of natural numbers {1,2,...,n}
A Simplex of dimension n, i.e., {p €R" |p>0,> i p; =1}
', X' i-th component of & and X respectively
Xy, By, D, Continuous time stochastic processes
Xk, By Discrete time stochastic processes
psje(x | ') or ps (2, x) Transition probability P(X; =« | X; = a')
Prjw (| ') Transition probability P(X;, =« | Xp = @)
oa(a) Indicator function for set A: 1 if a € A, 0 otherwise
op(a) Shorthand for 74 (a)
Diag(A) Diagonal matrix with diagonal elements given by A
Specific variables
A\ Vocabulary of tokens
Vri=Vx---xV Set of token sequences of length n. VO := () by convention.
X, {n} x V"
By,m Set of all bit vectors of length n with exactly m 1s.
B, U:;:O B, m, i.e., set of all bit vectors of length n.
[-]:B, >N The number of 1s in a bit vector; |b| = Y 7| b’
Idx(b) == {i € [n] | b' = 1} The set of indices of the ones in b
del(z, i) del(zt...2%. .. o™ d) =o' ottt an
ins(x,,a) ins(x!... 2. 2" ia) =2t 2T ettt g

Range;, () For = (n, &), Range,,.(x) = {ins(x,4,a) | i € [n+ 1],a € V}

ms

Table 3: Summary of notation used throughout the paper.

B Background: Continuous-Time Markov Chains on Countable State Spaces

In this section, we will review some elementary results from the theory of CTMCs on countable state spaces
that are used in the main paper text. Most of these results are well known and can be found in introductory
textbooks on stochastic processes like Cinlar (2013).

B.1 Structure of CTMCs

Let X; be a CTMC taking values in a countable state space X.

Definition 1 (Waiting time). The random variable W;(w) = inf{s > 0 : X (w) # X;(w)} is called the waiting
time of the CTMC.

The following proposition states that the conditional distribution of the waiting time is exponential and only
depends on the current state.

Fact 1 (Conditional Distribution of Waiting Time). For any z € X, and t > 0,

t+u
]P’(Wt>u|Xt:x):exp<—/ A(x,s)ds), u>0,
t



CTMC Framework for Insertion Language Models

where A(z, s) € [0, 00], with the convention that if Mz, s) = oo, then P(W, > u | Xy = ) =0 for all u > 0.
Proof. Note that {W; > u+v} = {W; > u, Wy, > v} because w € {W; > u+v} implies X;(w) = Xy (upo) (W) =
X4y (w), which further implies that w € {W; > u} and w € {Wy4,, > v}. Therefore,

P(W: >u+v| X =x)

=P(W; >u, Wiy >0 | Xt =2)

=PW; >u| Xy =2)PWigo >v | Xy =2, W > u)

=P(We > u | Xy = 2)P(Wiyy > v | Xepy =) (Markov property)

Denoting P(W; > u | X; = x) as p(x, u;t), we have
p(z,u+v; t) = p(x,u; t) plz, v; t+ ). (3)

Setting u = 0 we get p(z,v; t) = p(x,0; t) p(x,v; t), which implies that p(x,0; t) = 1 since p(z,v; t) is not
identically zero. This, along with Equation 3, implies

p(z,u+v; 0)
p(z,u; 0)
= logp(x,v; u) = logp(x,u + v; 0) — log p(x,u; 0)

u+tv
= p(z,v; u) = exp (—/ Az, s) ds) ,

where A(z, s) = —d% log p(z, s; 0), i.e., f;w Az, 8) ds =log p(x,u + v; 0) — log p(x, u; 0). O

p(x,v; u) =

Next we will show that a CTMC with right-continuous sample paths can be decomposed into a product of
Poisson process arrivals and DTMC transitions.

Definition 2 (Right-continuous CTMC). A CTMC X; is said to have right-continuous sample paths if for any
t € [0,00),

lim X, = X;.

st

Definition 3 (Types of States). Let X; be a CTMC with rate parameter A(x, s) as described in Proposition 1.
Then a state x € X is called

e absorbing if A(z,s) =0 for all s > 0,
o stable if 0 < A(x,s) < oo for all s >0,
o instantaneous if A\(x,s) = oo for some s > 0.

Fact 2 (Right Continuity). A CTMC X, has right-continuous sample paths if there are no instantaneous states.

Figure 4 shows an example of a sample path of a right-continuous CTMC with states X = {a, b, c}. Assume for
the rest of this section that the CTMC is right-continuous, i.e., the mapping t — X;(w) is right-continuous for
almost all w € Q and there are no instantaneous states. Moreover, X is countable and has discrete topology, A
is the point at infinity if X is not finite. If X is finite, then we don’t need A and the one-point compactification
of X is the same as X. Let T, be the time of the n-th jump of the CTMC, with T = 0, and let X,, = X7, when
T, < oo, and X,, = X,,_1 when T, = oo, where the last condition is needed to handle the case of an absorbing
state. Then the following holds for all n > 1

XTn if T;, < o0,
Xn—l if Tn = OQ.

IO:O§ Woo:oo; In:Infl'i_WTn,l; Xn:{

The next proposition clarifies the structure of CTMC X; in terms of the arrival times T;, and the transitions
X,,. Specifically, it shows that X, is a DTMC and the waiting times T}, — T,,_1 depend only on the current state
X,—1, and are independent of the past.
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0 2 4 6 8 10

Figure 4: Sample path of a right-continuous CTMC with states X = {a, b, c}.

Fact 3 (Structure of CTMC). Let X; be a right-continuous CTMC with states X. Then for all n € N, and
2 €X, and u € Ry, we have

P(Xpp1 =2, Tpor —Tpn > u| Xoyo o, X, Do, .., Th) = Ky (2! | ) e A@wit),

if {Xn =2, T, =1t} occurs. Here A(x,u; t) = f:+u Mz, 8)ds, Kipy(2' | 2) >0, and Kiyo(2' | z) =1.

z’eX

Proof. First we will convert the desired probability into one that uses the continuous-time variables and then
apply Proposition 1. First note that knowing Xy, ..., X, and Ty, ..., T, is equivalent to knowing the values of
X, for all s <T,,. Therefore,

]P(Xn+1 = :L'/7 In+1 -T,>u | X07~~~7XH>T07'”7In)
= P(XTW+WT” = .’KI, WTn >u | X, 8 < In)

Now we will use the fact that T}, is a stopping time, because the event {T,, < t} can be determined by knowing
the values of X for s < t; specifically, {T,, < t} occurs if and only if there exists 0 < s1,...,s, <t such that
X, # X5, foralli =1,...,n—1, which can be determined by knowing the values of X for all s < t. Therefore,
using the strong Markov property, we have

P(X1, 1wy, =2, Wr, >u| X5, s <Tp)

=P(X1,+wy, =2, Wr, >u| Xr,)

=P(Xr1, 4wy, =2 | X1, Wr, > u) P(Wg, >u| Xr,)

If T, = t and Xp, = X,, = x, then the rightmost expression is equal to exp(—A(xz,u; t)) by Proposition 1.
Moreover, since {X; = x, W} > u} = { X415 = x, s < u}, we have
P(Xipw, =2 | Xy =2, Wy > u) = P(Xpqugwyy, =2 | Xegs =2, s < u)
=P(X 4wy +Wipa = ' | Xegu = @)
= Kiiu(2' | 2)

Fact 4. Denote P(Xyyy = 2" | Xy = x) as pypue(2z’ | ). Then,

t+u
Priup(a’ | @) = e MEU05(2! ) + / Aw,5) e MO 5N K (y | @) pryugs (2 | y) ds.
t yeX
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Proof. Assume that n — 1 transitions have occurred by time ¢. Then,

Perule(a’ | 2) = P(Xeyy = 2 | X¢ = 2)
=P Xy =2, T —t>u| Xy =) + P(Xyyy = 2", T, —t <u | Xy =)

The first term on the right-hand side is equal to e*A(I’“”)(;(x/, x) because

PXiyu =2 T, —t>u| Xy =2) =P(Xpyu =2, T, —t >u| Xp, =x)
=P(Xtyy=2a"|T,—t>u, Xp, =2) P(T, —t >u| X; =1x)
=6(2,z) e M@%Y By Proposition 1)

O

We can take the derivative of the expression above w.r.t. u to get Kolmogorov equations and show the form of
the rate matrix decomposed into A and K.

Fact 5 (Kolmogorov Forward Equation). Let X; be a right-continuous CTMC with states X. Then, for all
t€[0,00), z,2’ €X, and v > t,

0
ot 1®) = D poe(@’ [9) Ry | @),
yeX
where
Ro(y|z) = Mz, v)K,(y | z) z.fx £y,
_/\(.1?,1}) ngc =v.

is the rate matriz of the CTMC, K,(y | x) is the transition kernel of the embedded DTMC, and \(x,v) is the
rate parameter of the CTMC.

B.2 Time Reversal

Definition 4 (Time Reversal). The time reversal of a regular CTMC X; on a finite horizon [0, 7] is defined as
X; such that X; = X, for all t € [0,T] except the jump times. For the jump times, T, X1, = XT_T;.

Fact 6 (Time Reversal of CTMC). The time reversal of a reqgular CTMC X; is also a regular CTMC with the
rate matrix

Rufoy) = P

RT—t(ya 1:)

C Proofs

C.1 ELBO

Proposition 1 (ELBO). For the time interval [0,1], let pg = pPdata and p1 = pPret denote the terminal time
marginals of the noising process Xy. Then for the reverse CTMC with initial distribution prer, parameterized
rate RY, and the induced terminal marginal pf, the log-likelihood E [logpg (Xo)] under the model is bounded from
below by

EY [—I?f(x, y)+ M&(% x)log R (x,y)

vie pt|0($|$o)

where the expectation is over Xy ~ Pdata,
t ~ Uniform[0, 1], 2 ~ pyjo(x | 20).
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Proof. The result can be proved for any regular CTMC using Dynkin’s formula (Hanson, 2007) for the change of
measure on the CTMC path space followed by the data processing inequality as discussed in Lou et al. (2024).

In order to provide useful intuition for the result, we instead use elementary techniques to provide an informal
argument in which we derive the continuous-time ELBO from the discrete-time ELBO, and then use that to
establish the result. Assume that the time range is [0,1], and we discretize the time into K intervals of equal
length At = 1/K. The endpoints of the intervals are 0 =ty < t; < --- < tx = 1. For brevity, we will use k
instead of t; throughout the derivation.

Before we begin, we recall a few useful facts that we will use multiple times.

1. Taylor expansion of log:

z?
log(1 —r— 4.
og(l4+z)=x 2+3
2
=2 — 5 +oa?) (4)

2. For a,b >0,

log(ab + o(a)) = log(a(b + o(1)))
(a) +log(b+ o(1))
= log(a) +log(b(1 + o(1)))
(a) + log(b) + log(1 + o(1))
(a) +log(b) + o(1) (5)

3. Bayes rule and the Markov property imply

o Q(J«“k \ 900)
q(xp | Thg1,T0) = 2@ [0) xO)CI(QTkJrl | )
=r ka k + ]-)Q(xk+1 ‘ xk)v (6)

o _a(zrlze) s
where we denote the ratio m with r(k, k + 1).
With slight abuse of notation, we will denote the probability law of the noising process with g and its time-reversal
with p. To begin, recall that the discrete-time ELBO (Ho et al., 2020) is given by

T
logpg(zo) = E  logpe(zolz1) — E > Dxw [g(@i-1|we, w0) | po(wr—1 | 24)] — Dxwlg(ar | 20) || po(r)]

1o |zq T2~y 1| 20 g

Lr

—Lo Lyir—1

We will focus on one term of Li.p_1, denoting it by Ly; we will also drop 6 from pgy for brevity. Taking the
expectation inside the summation for Li.r_; and writing one term, we get

Li(zo) = E  Dxvlq(@k | Tr11,20) | p(2h | Th11)]
Lk+1~qk+1]0

= E  —H[q(wk | Tk11,70)] + CE[q(wk | Th41,70) | (k| Tht1)]

Tk+1~4k4+1]0

We will expand the entropy and the cross entropy terms by writing the conditional probabilities in terms of
the forward and reverse rate matrices and making approximations knowing that we will ultimately apply the
limit At — 0, and K — oco. The approximations do not introduce any error but are a way to apply the limit
throughout the derivation to manage the complexity of the expressions. The following are the expressions for
the conditional probabilities in terms of the forward and reverse rate matrices:

q(zg | Trg1,m0) = (kb + 1) (0, (Tht1) + Ri(Tr, Trp1) At + o(Al))
P(@k | Tha1) = Ou, (Trt1) + Rig1 (Tegr, m) At + 0(At) (7)



CTMC Framework for Insertion Language Models

where we assume r(k, k + 1) exists and is finite, i.e., ¢(g41 | 29) > 0. We will also suppress the indices involved
in r(k,k + 1) and 04, (v41) for brevity as they do not change in the following derivation. So unless stated
explicitly, r = r(k,k+ 1) and 6 = 0, (zr+1) and 0 =1 — 0y, (Tp41)-

— CE[q(zk | Trq1,20) || p(2r | Trg1)]

= a(xk | zai1,20) log play | Th11)

Tk

=" (5 + Ri(wn, wrs1) At + o( A1) log (5 + Rper (s, ) AL+ o(At))

Tk

Note that

10g(0 + Rir1 (1, 21) At + 0(At)) = 5log(1 + Ryy1 (wxr1, 2x) At + o(At))
+ 010g( Ry 1 (€ry1, k)AL + o( At))
— (Rt (211, 20) AL+ 0( A1)

+ 0 log(Ryr1(zrs1, 2x) AL) + o(At)  (by 4)

— (Rt (211, 20) AL+ 0( A1)
+ 0 log(Rir1(zri1, 2x) AL) + o At)

= 5(Rk+1(a?k+1,xk)At)
+ 8(log(Rev1(wxt1,71)) +log(Al) +0(1) + o(At)  (by 5)  (8)

Therefore,
— CElg(zk | @h+1,20) [ P(2k | Th+1)]
= Z {5Rk+1 Tht1, .’L‘}c)At + (SAtRk(l‘k, $k+1) 10g(Rk;+1 (3;‘19+1, l‘k)) + At 10g(At> + O(Aﬁ)}
= Z {5Rk+1 Tpt1, Tp) AL + 5AtRk (Tk, Tht1) IOg(Rk_H(l‘k_H, xE)) + O(At)}
= AtRk+1(.’L'k+17 Tpy1) + At Z rRi (T, Tpt1) log(Rk+1(.%'k+17 xk)) + O(At) (9)
TRFTht1
Similarly,

—Hlq(z | ®rt1,20)] = Z {6 + Ry (zp, 2py1) At + o(At) }logr {0 + Ri(xh, may1) At + o At)}

Tk

= Z T {5Rk(xk, :ZJk_H)At + gAtRk(l‘k, :E;H_l) log(Rk(zk, xk-’,—l)) + O(At)}

Ty

+ Z orlogr + rAtRg(z, xp41) logr

Tk
= AtRi(zrs1, h1) + At D rRi(r, 41) 1og(Ri(zh, Trs1)) + o(At)
ThFATR41

+ At Z Ry (zg, xgp+1)rlogr (since rlogr = 0 when xp = xp41) (10)

ThFATk 1
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Putting the two together, we get

Ly l‘o = K ZTAt (5Rk xk,xk_H) +(5Rk(xk,xk+1)1og(Rk(xk,xk+1)) +5Rk(xk,xk+1)logr]

$k+1
H term
. - . o(At)
— [FRusr@rsr, 20) + ORu(on, ) log(Rusa (wasn, )| +2, (11)
CE term
Recall that r = %, and the expectation is over 2y 11 ~ qu11j0(- | o). The entropy is constant with respect

to R

> Ly ZAt > a(@ri [ 20)) q(xk'zO)) {0($o,$k,$k+1)

- = — (Trp1 | o
. - . o(At
- [5Rk+1(53k+1a w) + O R (Tk, Tht1) log(Rk+1(zk+1,wk))} + (At)
CE term
Now recall that § and § are shorthand for &,,(y) and 1 — 6, (y), respectively, and therefore
x . i
q (¥zo) 6z, () Re (21, y) = Re(we, 1) Z Rt (zt,y (12)

-'1715 |$0 YF£TL

As At — 0, K — oo, we get 41 — 24, ,, = 4 for t € [0,1], and the summation becomes an integral (since the
Markov chain is assumed to be regular, the limit is well defined). Denoting limg o0 >, Li(z0) as L(zo) and
using Equation (12), we get

ton = [ OUCAED Z”'"‘”O [6R0(1,9) + 3Ry, 2.) los(Ra )]t + Clao)

(x| z0)

. [—mt,y) B R ) (R a1,) | + Cl)

O

Corollary 1 (ELBO: Joint Insertion). A ( bzased) estimate of the upper bound on the negative log-likelihood in
Proposition 1 for the joint parameterization ofR s given by

,C(@) = Elcn(e) + »Ctokcn (9), where
ﬁlen(e) _— [;\f(mo[b]) _ ryioint log 5\?(5130[[)]) ’ and

LN (9) = —E | 3" Y ali,w)log 7 (i, w | ao[b])
Here, the expectation is over Ty ~ Pdata, t ~ Uniform[0,T], (n — m) ~ Poisson(do), dy.>03(m), b ~

Uniform(B,,.,,,), the inner sum in L) is over i € [m + 1,w € V, and o™ = o‘"(gi_m) with
0,t Sn,m,o¢

S’n)mm = [(1 = do(m)) + do(m)Sn.0,], Snoe = Dpeo 7::2’,, xo = (n, &), and q(i,w) = Mw is the

normalized count of the vocabulary item w occurring in @y between the (i — 1)-th and i-th 1s, with s;(b) being
the set of indices of Os in b that fall between the (i — 1)-th and i-th Is.
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Proof. Replacing the rate matrices in Proposition 1 with their respective components, we get

5 [t + P R ) 0 R )|

v peo(x | @o)

= -\ T $ €T M 2) 1o Q - N -
ng{ Ae(x) Ky ( 7y)+pt|0(w\w0)>\t(y)Kt(y, )1 g()\t( ) Ky ( ,y))}
= i) + log(u(@) 3 Koy, )P0 TO )

t
bt P/\o(fﬂ | o)

the length term(A)

£ 3 Ky ) P Z ) 10g (K(any)

et Pt\o(fﬂ | o)

the token term(B)

The length term (A):

Let € = (m, &), y = (r,9), and &g = (n, &g) for some n > r > m. Then

For t > s, and m > 0, from equation 19 we have

P(N;=m+1| Ng=n) e Ost(g, )Tl (n —m)!

)

P(Ny=m|Ny=n)  (n—m~—1)! e Tt (Fg )"
n—m

55,7&
For m = 0, we need the tail of the Taylor series for the exponential to compute the denominator:

P(N;=m+1|N,=n) P(N;=1]|N,=n)

P(Ny=m|N,=n)  PN;=0]|N,=n)

B 6_&3"’(5'8’,5)”_1 1
_ ] —1 e st G, k
(n—1)! 1— ZZ:O e k(!ff t)
ou! 1
(=1 o _ ol (‘?ki'f)’“
an! 1
- _ B )n+k
(n L) Zk 0 cznfi-k)'
n 1

n!(ds,0)*
Ts.t > o k)

Using Sn.o, = D peo n('njfkt)), , and Sn,m,zn = (1 = 6g(m)) + do(m)Sn,.s,, we can combine the two cases to get

P(Ny=m+1|N;=n) n-m 1 (13)
P(Nf =m | Ns = n) 5571‘/ gn,m,at
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For r = m + 1, we have
pt|0(y | zo)
Pt|0($ \ xo)
n—m K(yvx)]P)(Xn—m—l = y ‘ XO = S.UO)
50,2& Sn,m,a't Z:ZEV’”Jrl P(Xn,m,1 =2 ‘ Xo = (to)K(Z,$)

Due to the sum over y, the length term simplifies to

Kt(ya r

% — Q K y P anmf =1 X =dq
- M(x) + op ———"— (n~ m) log A+ () Zyzo K 2)P( — vl 0 %)
00,t Sn,mﬁat ZZGVMJA P(Xn,m,1 =z | XO = :BO)K(Z7 CB)
= @)+ o) 06 i () (14)

00,t Pn,m,o
The token term (B):

Now we write the token term (B) along with the outer expectation, where we will denote P(X, = ¢ | Xo = @0)
as prio(y | o).
]P(]_Vt =r | J_VO = TL) K(y7$)yn—m—l|0(y | 150)
@~pjo (@) =2 P(N; =m | No =n) 3, cymr1 Pn-m—1)0(2 | £0)K(z, )

Ni(y)log (K@, y))

o g (n —m) K(y,@)pn—m—1)0(Y | ffco)( log (Kt(wo[b], y))

00, x~pyo(-|20) S'n)mﬁt yevmt Zzevnﬁ—l pnfmfno(fz ‘ iiJO)K Z,.’I})
Ot (n—m) pn—m—1|0(y | ‘7}0) K(y,.’l}o[b])

=-——E = ~ — log ( Ky (xo[b),
0. b Snmo ye%v;ﬂ Y seymt1 Pn—m—1j0(Z | @o) K (2, 2o[b]) g( «(@olt] y))

S 161 (@) R G014 (o [b])
O IR e
O¢ (n — m) Z b’ €By mi1 m+1 =1

g log (Ki(wo[b], )
00,t m,b Sn’m7g't gevm+ Z Z S0 v'1(2) miil ddel(z,i) (o[b])
2€Vm+1 b €B,y i1 m+1) i=1 m+1
m—+1 N
3 daano (@ofb]) log (Kiwolt] 2ofv)

oy mvein

= 5_07 s S’ i m+1

K T, gt Z Z 6del (o [b'],2 ( [b])
b EBy my1 1=

Now let’s look at the numerator:

m—+1

> ) Saet(@otp),i (o[b]) log (f(t(ﬁﬂo[b]’ mo{b’]))

b By my1 =1

m—41 m—+1
= Z Z H Oao[pr]7 (T0[b [Z duw(xo[b ] log (Kt(azo[b],:co[b/])>
b eEBy,m+1 =1 |[j=0%#i weV

m+1 m—+1
=33 > | TT G oo | bu(aolb]) og (Ko (o[t ao[b]))
i=1 weVb B, my1 | j=0%i
m—+1
-y ¥ > dulah) log (Ki(wolb],wola v ex]))
=1 weV aeB,, n(xo,b) kEs;(a)
m—+1

= > Y > ZcSw(ac’g)log(f(t(mo[b],:co[aVek]))

a€B,m(@o,b) i=1 kEs;(a)weV
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where ej, € By, 1 is the vector of length n with all Os except for the k-th position, B, ., (2o, b) = {a € By,
xo[a] = xo[b]}, and s;(a) is the set of indices of zeros in a that fall between the (i — 1)-th and i-th 1s. The re-
indexing in the third line above is justified by a bijection between the pairs (b',4) satisfying dqei(zo[pr],:) (2o [b]) = 1
and the triples (a, i, k) with a € B,, ,, (2o, b) and k € s;(a). To see this, fix such a pair (b',4). Since deleting the
i-th token from x([b’] yields xo[b], there is a unique original index k € [n] that is present in b’ but not in the
subsequence corresponding to g[b]. Let a := b’ A(1,, —ey), so that b’ = aVey and xg[a] = xy[b]. Moreover, the
index k must lie in the gap of a corresponding to insertion location ¢, and therefore k € s;(a). Conversely, given
any triple (a,i,k) with @ € B,, ,,,(zo,b) and k € s;(a), defining b’ := a V e;, gives a unique predecessor mask
in B,, ;41 such that deleting the i-th token from x([b’] yields xo[b]. Therefore, summing over valid pairs (b’ 1)
is equivalent to summing over triples (a, i, k). For example, the following schematic illustrates a repeated-token
case with &y = banana and x([b] = ana, where multiple masks a give the same subsequence:

olojololola
@ @ @ xo[b] = ana

Be 5 (0, b) {011100, 010011, 000111}

L—3
choosea (0] (1) (0) @‘ 0 a = 010011

v o) (1 [ b'=aVes = 010111

del(mo[b’], 3) = X9 [b]

T

(=)

S

Note that the denominator is the same as the numerator except for the log term, and therefore the overall token
term is an expectation over the uniform probability mass function w(a,i,k | o, b) on the set

Oz, b) = {(a,i,k) | a € By, m(x0,b), i € [m+1], k € si(a)}.
At this point, before introducing any approximation to the reverse kernel, the token term is

O L) B S (Ki(olb), mola v ex)))

00,t m,b Sn,m,at a,i,k~m(-|zo,b)
Therefore, we get an unbiased estimate of the token term by taking a single sample (a,i,k) ~ 7(- | o, b). In

fact, up to this point we can also fix a = b without introducing bias, provided we keep the outer expectation
over b ~ Uniform(B,, ,,,). To see this, for any subsequence g € V™, define the equivalence class

C(y) ={a €Bym | xo[a] = ¥},
and define

m—+1
h(a,y)

(Kt (y,zola VvV ek])>
i=1 k€s;(a)

The exact estimator obtained from the expectation over 7(- | g, b) can then be written as

|ZZ ( Zhay |ZZhay |Zhbw0

¥ bEC’(y) aEC(y) Y acC(y) Br.m bEB,m

Therefore, averaging over all (i,k) while fixing a = b yields another unbiased estimator. The samples are
correlated, but the correlation does not introduce bias. Thus, we can equivalently use (n —m) correlated samples
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by fixing a to be the same for all samples and equal to b, which gives the exact estimator

o (n m—+1
2L E (Ru(@olb] ooV ex]))
0.t mb On,m,y i=1 kes;(b)weV
m—+1
() t (TL
~ - E = fus (i, 2 | 20[b]))
0,t m n,m,o¢ i=1 kes;(b) weV

o arge ~ .
=" E LS Bt | mo.b) log (sl | olB]) (15)

00 t m, b Sn m,o¢ o

i€[m+1],
weV

(*) Here, in the second step, we invoke the following approximation. We fix the alignment between the positions
of the current sequence x[b] and a predecessor state, and identify the predecessor state xo[bV ey] by the insertion
location i and token xf. Under this approximation, the reverse kernel K (x[b],xo[b V ex]) is replaced by the
parameterized insertion probability p¢ (i, 25 | 2o[b]). This is exact whenever the predecessor state determines
a unique insertion location-token pair, and becomes approximate in the repeated-token case discussed below. If

x = aa and y = aaa, then the same predecessor state y can be obtained from « by inserting the token a at any
of the three insertion locations. Therefore, Ki(x,y) = Z?Zl pY (i,a | x), and replacing log (kt(x,y)) with a

single aligned term log (ﬁ?ns(i, a | :1:)) is an approximation in this case.

Finally, p{*#*"(i,w | xo,b) = —L_ Z( )5w(w§) can be seen as the target joint probability distribution over
kes;(b

positions and tokens. To see this, note that Z?ﬁl $;(b) = n —m. Putting eq. (14) and eq. (15) together, we get

the final expression. O

Remark 4 (Rao-Blackwellization). Instead of using the unbiased estimator obtained by fixing a = b, we could
marginalize over all @ € B, ,,(xo,b) explicitly. This can be viewed as Rao-Blackwellizing the latent alignment
variable a, yielding a lower-variance estimator of the ELBO term. However, this requires solving one dynamic
programming instance per (g, b) pair to compute all possible alignments of the subsequence x([b] and @, which
can introduce significant computational overhead during training. We leave an efficient implementation of this
approach to future work.

Proposition 3 (Insertion rate from the length posterior). Fizt and a current state x = (m,&). Let L := No— Ny
and define

pt,len(l | -'13) = ]P)(L =1 | X; = m)

Then the pointwise minimizer of the conditional length term in Corollary 1 is

A L
Ae(z) = %E l

Ot l
Xi=x| = — enll | @) =———.
t ‘| = b1 ( | )S’

00,t 1>0 m-+1l,m,o¢

Proof. By Equation (14), for a sample with current state X; = @ = (m, &) and initial length Ny = n, the length
contribution to the ELBO is

;\t(m) —atw

5—0,75 n,m,o

log M\ ().

On the event {X; = x} we have N; = m, hence n —m = L and n = m + L. Therefore,

. n—m N o L <
Sol) = o= og 3y () = Sefa) — Lo — 2 tog Au(a).
00,t Sn m,o¢ 00 t Sm+L m,o¢
Taking the conditional expectation with respect to L given X; = x yields

0o,t SerL,m,a't

~ L ~
(@) — 2 = log hy(x)
00,t Sm+L,m,m,

X, = m] log A\¢().
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Note that if m > 0, then S'erL,m’Jt =1, so this reduces to

() — 770-26 E[L | X; = x]log A ().
00,t
More generally, let

L
c(x) = U
00,t SerL,m,a't

Xt—.’l;|.

The conditional objective is f(a) = a — ¢;(x)loga for a > 0. Its derivative is f'(a) = 1 — # and f"(a) =
Cta(m) > 0, so the unique minimizer for ¢;(x) > 0 is a = ¢;(x), and if ¢;(x) = 0 the minimum is attained at a =0

by continuity. Therefore,

R o L
Ni(@) = ale) = 2 E [S
s m+L,m,o

XtCC‘|.

Expanding the conditional expectation over the posterior of L gives

. o l
Al(z) = ﬁ Prien(l ] ) 3
)t >0 m+l,m,o¢

C.2 Joint Noising

Lemma 1 (Deletion DTMC). Let Xy be a discrete-time stochastic process taking values in X with one-step
(n—m)!

transition probabilities governed by the deletion kernel kun;. Then, letting C’f}l = A (D)

the process X
is a DTMC with one-step transition kernel and transition probability given by

K((n, &), (m Z Sn—1(m) 8] (¥),

bEBn m

Prtrpi (M, 9)|(n, &) = C1 & Z Oaie) (Y
beB,,,
Remark 5. Let 1, be the vector of length n with all 1s. Assume that z = (I,2) and @ = (n,) such that
x = z[b] for some b € B;,, with [ > n. Then there exists a bijection ¢p : B;,—1 — B, ,,—1 such that Kuni(a |
b) = kuni(¢s(a) | 1,,), and zla] = z[¢pp(a)] for all @ € B; ,,—1 with kuni(a | b) > 0. This is all to say that at any
point during the deletion process, we can freely replace the current sequence (n, &) with some longer sequence
(I, 2) and vice versa, such that & = z[b], and it will not change anything about the subsequent deletion process.

Now note that

DD D (@) dae(®)

z€Xy bEB; n cEBp n_1

YD Smg®

beEB; » cEBy n—1

) ;
= Z Z 52[0,] (y)
beB; n a€A; -1

= Y (-n+1)dq@) (16)

acB; 1

Here, (a) follows from the fact that for a specific b, there exists a unique x such that © = z[b]. Therefore, we
replace  with z[b]. In (b), A;n—16 = {@ € B;n—1 | Kuni(a | b) > 0}. In the final step, we get rid of the sum
over b by first noting that UbGB A p—1p = B 1, i.e., while going over the double sum, every a € B; 1
appears at least once. Using this we flip the order of the summation and note that for a specific @ € B; 1,
there will be I — (n — 1) choices for b such that Kuni(a | b) > 0 because there are [ — (n — 1) positions with zero
in @ and exactly one of them has to become 1 to obtain a valid b.
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Proof. The transition kernel is given by

K((naw)a (may)) = ]P)(‘XkJrl = (m»y) | Xy = (TL,:I?))
= Z Kuni(b | 1) Ogpp) (¥)

beB,

1 . i
= Z m5{1n>4}(b) 5\1”\—1(|b|) 5@[1;] (y) (by definition of Kyn;)
beB, T

The process is clearly Markovian because the transition probabilities only depend on the current state and any
history does not change the one-step transition probability, and therefore any future transition probabilities.

To get the r-step transition probability we can use the Chapman-Kolmogorov equation, which in the case of a
DTMC simply means that we take the product of the one-step transition probabilities and marginalize over the
intermediate states.

Denoting zg = ¢ = (n, &), z. =y = (m,¥y), and by = 1,,, and using the expression for K from above, we get

the following expression for one step of marginalization.

ZK(Z(), zl)K(zl,zz)

1 . 1 .
=> 1 > nfo%o—l(”l)%[bl](zl) > ;15n1—1(n2)521[b2](22)

zZ1 bleanoynl b2E€Bny ny

As in Remark 5, we note that for a specific by, there exists a unique z; such that z; = x[b;]. Therefore, we can
replace z; with x[b;] in the above expression and get rid of the sum over z;. We can also apply the conditions
on ni and ng to write them in terms of ng.

1 1 )
= > > ﬁfs(zo [b1])[b2] (22)

L]
b1EBng,ng—1 ba€Bn—1,ng—2

= Y () (1)

beBn s N )

In the final step, we removed the summation over b; using the same argument as we used in Equation (16). We
also renamed by to b to simplify the notation, and used the fact that ng = n and = z5. We can now repeat
this procedure r — 1 times to get the following expression for the r-step transition probability, which concludes
the proof.

P(Xpir = (m,y) | Xi = (n,2))

Z HK(Zifl,Zl)

Z1,..,2r—1 1=1

= Z K(zr—1,2) Z -"ZK(ZQ,Zg) ZK(zo,zl)K(zl,Z2)

Zr—1 Zr—2 z2

r! .
-2 nn—1) (- (- 1))5¢[b](y)5r(n —m)

bEB,, m
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Proposition 2 (Transition Probability). Let X; be a continuous-time stochastic process described in equation 1,
with transition rate A((r,&)) = 0y 6.501(r) and transitions governed by the transition kernel K that drops one
token at a time uniformly at random. Then X, is an inhomogeneous C'TMC with transition probability for s <t
given by

o (m ) | (n,®))

exp(—s.¢)(Fs¢)" "™ ml! .
D{=Ze, )(n!‘ ) > Oap(y), 0<m<n
bEB,m

n—r

1— Z:l cxp(*as,t)r(fs,t) H’ m=20

where o : [0,T] — Ry is a scalar noise schedule, G5, = fst o(u) du.

Proof. An equivalent way to represent the continuous-time and discrete-time noising processes is X; = (N, Xt),
and X = (Nk, X,), respectively, where N; and N}, are the lengths of the sequences at time ¢ and k, respectively.
Using this, we can write the transition probability as

P(X: = (m,y) | Xs = (n,x))
=P(Ny=m, X, =9 | Ny =n, X, = &)
=P(X, =9 | X, =&,Ny =n,N, =m)P(N, =m | Ny =n, X, = &)

Wp(X, = 9| Xy = No=n)P(N, =m | N, =n)

b . .

2 P(Xo = (m.9) | Xo = (n.@))P(N = m | No =n) (18)
Here, in (a), P(X; =9 | Xs =2, Ny =n,N, =m) =P(X,_,, =9 | X, = &, Ny = n) because the embedded
DTMC is time-homogeneous, and given the initial and final lengths, the CTMC only depends on the transitions
of the embedded DTMC. Now note that deletions arrive with rate A\i((r,&)) = o:6{r > 0}, and therefore the
number of deletions until there is nothing left to delete has a Poisson distribution with rate 7, = f: o(u) du.

The general expression for P(N; = m | Ny = n) can be obtained by creating a special case for the absorbing
state m = 0 and noting that the total probability is 1:

e*ESYt(a_Syt)nfm .
— 7T ifo<m<n
P(N, =m | Ny =n) = (n=m)! -

e Tsit(G,)"F . (19)
1= = (n(_';c’)'l) it m=0.

We obtain the transition probability for the CTMC by substituting the expression for P(X,,—,, = (m,y) | Xo =
(n,#)) from Lemma 1, and for P(N; = m | Ny = n) from Equation (19), in Equation (18). O

C.3 Independent Noising

We can also obtain uniformly random deletion of positions by giving each position an independent deletion clock
with rate o;. So the probability that a position is retained at time ¢ given it was present at time s is p;; =

exp(—as,), with 6,4 = f: o(u) du. At time ¢t the number of retained positions is therefore Binomial(n, ps,;), and
conditional on length m, the mask is uniform over B,, ,,.

Proposition 4 (Transition probability for Independent Noising). Let X; be the continuous-time process where
each of the n positions is deleted independently with rate o;. Then for s <t,

. . n _ 1 . _ .
pt|s((may) ‘ (n7 SC)) = <m> pg’ft(l - ps,t)n " (T) Z 62[1}] (y) = pg,Lt(l - p&t)n m Z 63:[()] (y),
m beBn,m bEBn,nl
for 0 < m <n, with ps; = exp(—0s). The empty sequence (0,0) has mass (1 — ps¢)™.

Proof. For each position i € [n], let b° € {0,1} indicate whether that position is retained at time ¢ given it was
present at time s. Since the deletion clock at each position has rate oy, the survival probability over [s,t] is

P(b' =1) = s, = exp(=0s,t),
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and the indicators are independent across positions. Hence the retention mask b = (b!,...,b") satisfies

B(b) = poy(1 = pes)" .
Therefore, for any ¥ of length m,
Pt\s((m ) | (n, w))
Z P(b) 01| (M) S2(6) (V)

beB,

= Z ngt(l - ps,t)nim 5m[b} (y)
beB, m

= (L= pa)™™™ Y Sapp ()

beBy,m

Equivalently, since every mask in B, ,, has the same probability, the number of retained positions is
Binomial(n, ps,;), and conditional on |b] = m, the mask is uniform over B,, ,,,, which gives the first factorization
in the proposition.

O

Corollary 3 (Independent Noising). A (biased) estimate of the upper bound on the negative log-likelihood in
Proposition 1 for the independent per-position parameterization of R?, when the noising process is per-position
deletion (Proposition 4), is given by

L(0) = Lien(0) + Lioken(8), where

m—+1
£70) =B | 3 M@olbl, ) = 3"ss(b) o8 X (mole], |
m—+1
Etoken(g) -E ,ytnd Z Z 10gpt 370 | iL'O[ } )
i=1 kes;(b)

Here, the expectation is over o ~ Pdata, t ~ Uniform[0, T], m ~ Binomial(n, p;), b ~ Uniform(B,, ,,,), 1"¢ =
758 with py = exp(—0o,¢), ®o = (n, @), and s;(b) is the set of indices of 0s in b that fall between the (1 —1)-th
and i-th 1s.

Proof. For @ = (m, &), write

m—+1

Rtg(w7y> = Z Z /A\?(mu Z) ﬁ?(w | 3372) (Sins(m,i,w) (y)

i=1 weV

Fix &y = (n, o) and = xo[b]. As in the proof of Corollary 1, we plug this factorization into Proposition 1 and
separate the contribution into the negative rate term and the predecessor-weighted log term.

The negative term is exact:

m+1 m—41 )
ZRG x,y) Z Zx\f(m,i)ﬁf(w|x,i): Z)\f(az,i).
y#£x =1 weVv =1

For the log term, if y = ins(x, i, z&) for some k € s;(b), then Proposition 4 gives

peo(y [ o)  p (L —p)nmt py

Prio(x | x0) Pl —p)nm 1—p

and the forward deletion rate from y to x is o;. Hence every missing original index contributes the same
coefficient

ind _ Ot Pt

"t 1— Py .
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As in Corollary 1, we now use the same approximation for the log term: for each gap i, we pair the deleted
indices k € s;(b) with the factorized reverse rate and replace

log RY (a0 [b], ins(xo[b], i, zf))
by

log A (wo[b], ) + log pf (x | @o[b], 7).

With this approximation, the contribution to the upper bound on the negative log-likelihood becomes

m+1 m—+1
E| Y A(@o[b],i) = %™ D |si(b)[log A (ao[b], i)
i=1 i=1
m+1
YD logpf (af | ao[bl,d) |,
=1 k€s;(b)

where the expectation is over g ~ pdata, t ~ Uniform[0,T], m ~ Binomial(n, p;), and b ~ Uniform(B,, ,,).
Grouping the first two terms as Lion(6) and the last term as Lioken(0) gives the stated result. O

D Extended Discussion on Related Work

Relation to discrete flow matching and stochastic interpolants.. Our work is closely related in spirit
to recent discrete flow matching and stochastic interpolant approaches for sequence generation (Campbell et al.,
2024; Albergo et al., 2023). In those frameworks, one typically specifies data-conditional target rates Ry (xy, - | o)
directly and trains a model Rf (z¢,-) to match them, often using a Bregman divergence. In contrast, our starting
point is an explicit diffusion-style noising process: a deletion CTMC on variable-length sequences whose reverse-
time dynamics define the generative insertion process. Conceptually, the target-rate construction in flow matching
plays a role analogous to the choice of noising process in diffusion, but the modeling perspective is different: in
our case the reverse process is obtained from a concrete forward deletion mechanism, rather than being specified
directly.

Comparison with Edit Flows.. Havasi et al. (2025) also study continuous-time generation on discrete se-
quences, but they do so through conditional discrete flow matching with edit operations. The high-level similar-
ity is that both approaches use Markovian sequence evolution in continuous time and both can be trained with
closely related rate-matching objectives. The main difference is that our construction is tailored to insertion-
only generation. We begin with a deletion process that acts directly on complete sequences and then derive the
reverse insertion model, whereas Edit Flows directly parameterizes a generative chain over a broader class of
edit operations: insertions, deletions, and substitutions. The presence of deletion operations in the generative
process necessitates that the noising process insert spurious tokens thereby making the explicit expectation over
the alignments completely intractable. Under an insertion-only restriction our formulation provides a way to
perform Rao-Blackwellized estimation of the ELBO objective using dynamic programming as stated in remark 4.
If the Edit Flows operations were restricted to only insertions, and the alignments were sampled as we currently
do in our implementation, the Bregman divergence for insertion-only rate matching, after ignoring the constant
terms, would produce a training objective similar to the one given in our corollary 3.

Comparison with FlexMDM.. FlexMDM (Kim et al., 2025) is a concurrent work that also generates sequences
by growing a partial sequence over time using insertions. The main distinction between DILM and FlexMDM
lies in the choice of what is inserted and how the forward process is defined. In our model, a generative step
inserts a vocabulary token directly into a gap. In FlexMDM, a generative step inserts a fresh MASK token into a
gap and separately allows already-present MASK tokens to be unmasked. Thus both methods are insertion-based,
but ours chooses token identity at insertion time, whereas FlexMDM defers that decision to a later unmasking
step.
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(a) Joint Poisson noising. (b) Independent noising.

Figure 6: Empirical joint distributions of initial length Ny and noised length N; on OpenWebText training
documents. For each sequence we draw ¢ from the same uniform distribution on [g, 1] used in training (¢ = 107%).
In Figure 6a, we sample D ~ Poisson(dg,) with the log-linear schedule (omin,0max) = (50,3000) and set
Ny = max(No — D, 0). In Figure 6b, we sample D ~ Binomial(Ng, 1 — exp(—o¢)) With (0min, Omax) = (0.1,20)
and set Ny = Ny — D. Both panels show hexagonal-bin densities with log-scaled counts (darker is more mass).
Joint noising yields additive shrinkage, with visible mass near N; = 0 for short inputs, whereas independent
noising is closer to multiplicative shrinkage, so the typical noised length tracks the original length more closely.

E Implementation Details

E.1 Choosing the Noise Schedule
Unlike fixed-length MDMs, where the noise schedule is not as critical (Zheng et al., 2025; Ou et al., 2024), picking
the right noise schedule is important for variable-length generation. We want the generator to generalize across

different sequence lengths, and therefore we need to pick a noise schedule that provides sufficient coverage of all
final lengths in the noised sequences.

E.1.1 Joint Noising

We use the log-linear schedule for joint noising defined as

t
U(t) = Omin Tmax )
Omin

100 o 1
where 0 < Opmin < Omax are hyperparameters (in partic- T - 4
. == Jo,z
ular 0(0) = omin and o(1) = omax). The corresponding w02q ! — o/0s
integrated rate from proposition 2 is T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 5: Log-linear noise schedule.

Omin

t
00t = o(u) du =
0t /0 ( ) ln(amax/amin)

((z=)"-).

During training we sample ¢ uniformly from [e, 1], with e small (e.g. ¢ = 10~% in the configuration). The
log-linear schedule has the desirable property that the process slows down near ¢t = 0. We did not explore other
schedules in our experiments.

Under joint Poisson noising (algorithm 1), let N; denote the length at time ¢ given Ny = n. Equivalently, sample
D ~ Poisson(dp ) for the number of positions to drop and set Ny = max(n — D, 0) (after the min with n in the
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algorithm). Then for m € {0,1,...,n},

[P’(Nt:m|N0:n)

n—l 5o gk

1—2%, m =0,

= k=0
e 7t agt, "
=)l me{l,...,n}.

Its conditional expectation is

E[N: | No = n] = an(Got) n — by (30,t) Gt

where
n—1 67)‘>\k n—2 efA)\k
an(N) =3 o )= > Kl
k=0 ’ k=0 ’

Thus joint noising is additive in the sense that the expected length is a linear combination of the original
length n and the integrated rate &y, with truncation-dependent coeflicients. When truncation is negligible,
an(F0.t) = by (0,) = 1, recovering the heuristic scale n — &g ;.

Figure 6a illustrates how these choices interact with the heavy-tailed length distribution of OpenWebText: the
model trains on a wide range of (Ny, N;) pairs rather than a single fixed shrinkage factor, which motivates tuning
the schedule so that typical noised lengths still cover the range needed at generation time.

E.1.2 Independent Noising

Under independent noising, each position survives until time ¢ with probability

po,t = exp(—ao,t),
so Algorithm 1 samples
D ~ Binomial(n,1 — pg ),
and returns Ny = n — D. Equivalently, conditional on Ny = n, the noised length has marginal
P(N; =m | Ng=n) = (;) pos (1 —poe)" ™™, m e {0,1,...,n}.
Hence
E[N: | No = n] = npo 1,

so independent noising induces multiplicative shrinkage of sequence length. This contrasts with joint Poisson
noising, where the number of deletions is additive and, before truncation at zero, independent of n. Figure 6b
shows the resulting behavior on OpenWebText: the noised lengths remain broadly distributed, but their typical
scale tracks the original length more closely than in the joint-noising case.

E.2 Computing the diffusion coefficients

Computing the diffusion coefficient "d in the independent noising case is straightforward, but this is not the
case for the joint noising case. Here we provide details on how to numerically compute the diffusion coefficient

for the joint noising case. For the joint noising case, with ¢ > s, and m > 0, from equation 19 we have

PN =m+ 1 No=n) _ e (0a) " (n—m)!
P(N; =m | Ny =n) (n—=—m—1)1 e %t(gs4)" ™

n—m

a'st

s
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For the case of m = 0, we need to compute the tail of the exponential for the denominator.

P(Ny=m+1|N,=n) PN;=1|N,=n)
P(Ny=m|Ns,=n)  PN;=0]|N,=n)

B e—Esm(68¢>n—1 1
- —1)! n—1 e 75t (5, ,)*
(?’L 1) 1 _ h—0 k(! > )
__6_&3J(53¢>n_1 1
(=1 ®(n,osy)
n 1

5s,t S(n, 55,15)

where S(n,d,,) = %@(n, Gst) and ®(n,654) = (1 — W) is the regularized lower incomplete gamma
function. We vectorize the computation in PyTorch in a numerically stable manner using Algorithm 4, where
lgamma and gammainc are torch.special.lgamma and torch.special.gammainc, respectively.

Algorithm 4 Computing W

Require: n,m, o,
U 4— —”6_:”
if m =0 then
S exp [lgamma(n + 1) + 75+ — nlog s + gammainc(n, o, )]
U g
end if
returnu

For large values of n, the regularized lower incomplete gamma function can quickly approach values less than
10759, which leads to numerical instability. Another alternative is to use the confluent hypergeometric function.

QI

S(n,7) = L (n, 5)

5—’ﬂ

o nt e gk
k=0
_ Z‘L
- — k!

7k+n

- kzo k+n)!

3

Mg

= n+k

= hyplfl(1,n+ 1;5)

Since hyp1f1 is not available in PyTorch, we can simply use the series expansion.

1 def hypifl_1_nplusl_vec(x, n, K=500):

2 # x: scalar tensor, n: (batch,) tensor

3 device = x.device

4 n = n.unsqueeze(l) .to(torch.float64) # shape (batch, 1)
5 x = x.unsqueeze(l) .to(torch.float64) # shape (batch, 1)
6
7

# create matriz of denominators of shape (*batch, K), where *batch is the leading dimensions
— of x
8 ks = torch.arange(K, dtype=x.dtype, device=device).unsqueeze(
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9 0

10 ) # k=0..K-1, shape (1, K)

11 den = n + 1 + ks # shape (batch, K)

12

13 # factors =z / (n+1+k)

14 factors = x / den # shape (batch, K)

15

16 # compute cumulative product along k to get T k/T_0

17 cumfac = torch.cumprod(factors, dim=-1) # shape (batch, K)
18

19 # prepend T_0=1 to align

20 T = torch.cat([torch.ones_like(n), cumfac], dim=-1) # (batch, K+1)
21

22 # sum over k

23 return T.sum(dim=-1) # shape (batch,)

E.3 Efficient Training

Efficient training of insertion language models requires careful consideration of engineering details. Here we
discuss some low-level details that are essential for making the training practical.

Multi-worker collation on CPU using sparse tensors. Computing the token loss requires, for each gap
in the corrupted sequence, identifying all original tokens that were removed from that gap. Equivalently, each
gap must be paired with a vocabulary-sized multi-hot target vector that has 1s exactly on the tokens belonging
to that gap. Since the number and identity of removed tokens vary irregularly across gaps and examples, these
targets are most naturally assembled during collation by scanning each example using a for-loop and writing
only the nonzero entries into a sparse representation.

In practice, this work is best done by CPU dataloader workers in parallel, while the GPU is reserved for the
forward and backward passes. It is also important to keep these targets sparse until they have been transferred
to the GPU: materializing the dense tensors of shape (batch, seq_len, vocab) on CPU leads to prohibitively
high CPU memory usage in multi-worker settings and wastes CPU-GPU transfer bandwidth on tensors that are
almost entirely zero, slowing down training. We therefore construct sparse targets during CPU collation and
expand them only on the GPU when evaluating the loss.

With these optimizations, the training of insertion language models is as efficient as MDMs and ARMs in terms
of examples per second.

E.4 Sampling

E.4.1 Multi-token insertions

Figure 7 visualizes how multiple insertions can be performed in a single tensorized step without for-loops using
cumulative sums to determine shifted positions of existing tokens and the destinations of newly inserted tokens.
The listing that follows shows a minimal PyTorch implementation of this core multi-token insertion update.
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ins_pred.cumsum()

ins_pred

Ts

roll(ins_pred) .cumsum()

| J

Figure 7: Illustration of the insertion update. The top panel isolates the insertion slots: ins_pred.cumsum()
indexes the new positions that receive the inserted tokens. The bottom panel isolates the movement of existing
tokens: roll(ins_pred) .cumsum() counts earlier insertions and therefore determines how far each original token
shifts to the right.

© 00 N O s W NN

W NN NN NN NN NN B B B e e e e
S © 0 NS AR XN RO ©®O0 N U WN = O

def insert_sampled_tokens(

x_t: torch.Tensor, # (batch, seq_len)

ins_pred: torch.Tensor, # bool mask: wnsert after this position?
ins_tokens: torch.Tensor, # sampled token for each active insertion
pad_token_id: int = O,

) —> torch.Tensor:

batch_size, seq_len = x_t.shape
x_s = torch.full_like(x_t, pad_token_id)

inc_positions = torch.arange(seq_len, device=x_t.device)
inc_positions = inc_positions.unsqueeze(0).expand(batch_size, -1)

# Exzisting tokens shift right by the number of insertions before them.
existing_tokens_new_positions = (

inc_positions + ins_pred.roll(shifts=1, dims=-1).int().cumsum(dim=-1)
) .clamp(max=seq_len - 1)

# Inserted tokens go in the newly opened slots.
inserted_tokens_new_positions = (

inc_positions + ins_pred.int().cumsum(dim=-1)
) .clamp (max=seq_len - 1)

batch_index = torch.arange(batch_size, device=x_t.device)
batch_index = batch_index.unsqueeze(-1).expand(-1, seq_len)

x_s.scatter_(dim=-1, index=existing_tokens_new_positions, src=x_t)

x_s[batch_index[ins_pred], inserted_tokens_new_positions[ins_pred]] = (
ins_tokens[ins_pred]

)

return x_s

E.5 Data preprocessing

Graph traversal The data for the graph traversal task is obtained from Patel et al. (2025).
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Language modeling Following Patel et al. (2025), we train one model on LM1B tokenized with BERT
tokenizer, with sequences truncated to a maximum length of 128 tokens. The other model is trained on
OpenWebText-1024 split, which is the same as OpenWebText but tokenized using GPT-2 tokenizer and keeping
sequences of length 1024 tokens or less. This preserves about 80% of the corpus. We use the xLM library (Patel
et al., 2026) for the training and evaluation boilerplate code.

E.5.1 Hyperparameters

Table 4 lists the key training hyperparameters.

LM1B OpenWebText-1024 STAR (easy) STAR (medium) STAR (hard)

Per-device batch size 128 32 64 64 64
Num. GPUs 8 8 1 1 1
Global batch size 512 512 64 64 64
Output length 128 1024 14 16 28
Input length — — 28 36 116
Noise schedule (Tmax, Tmin, €) 500, 5, 10~* 3000, 50, 10~* 30, 3, 1073 30, 3, 1073 50, 5, 1073
Training steps 1000k 300k 80k 80k 80k
Learning rate 5x107° 107° 107 107* 107
Weight decay 0.03 0.03 0.01 0.01 0.01
Adam ¢ 5x107° 5x 107 — — —

LR schedule Cosine + min LR Cosine + min LR Constant Constant Constant
Minimum LR (cosine floor) 107° 107¢ — — —

LR warmup steps 2000 2000 500 500 500
Cosine cycles 4.0 4.0 — — —

Table 4: Training hyperparameters for all models (noise schedule only applicable to DILM-S and DILM-M).

We picked reasonable defaults for the hyperparameters, and it is possible that the results could be improved
with more careful hyperparameter tuning.

E.5.2 Computing infrastructure

For the language modeling experiments on LM1B and OpenWebText-1024, we trained all the models on 8 A100-
80GB GPUs with ‘torch.compile‘ using the hyperparameters in Table 4. The training for 1 million steps on LM1B
took approximately 28-30 hours, and on OpenWebText-1024 training for 300 thousand steps took approximately
72-80 hours. For the experiments on star graphs, we use a single A100-80GB GPU, with the training taking 2-3
hours.

F Unconditional Generation Examples

F.1 DILM-S on OpenWebText

The following are unconditional samples from DILM-S on OpenWebText trained for 300,000 steps.

A small woman said on Tuesday that a very great, very bad man had been looking for him
with her husband, who has been playing with his son, he said.

"He’s not really going to have done his whole job in this case, and he has always said
that, but he’s not talking about him," he said.

"He’s got the great man working up with him, and getting him back out there, and he is not
talking about himself, because he is on the edge of him, even when you have to call him
up, and it’s all the right thing.’

"And he’s not sitting on the good man, which is that he has been a really good son, but
that his son has always come out of him, and that he is his son, his son, and his wife."
"I think that he is going to have him, right now, that he’s not like me, because he’s not
looking for me.




Patel, Rozonoyer, Das, Naseem, Rudner, McCallum

"I think that he’s not looking at him, that they are just going to play with him, and that
they are not looking for his parents, and when I’m not running up with him, this is a lot
of a so-called good man. He’s going to be a really good kid, and because they’re not
getting out at me, he’s a very good man, and it is really great that he is going to have
it, but I just feel like being a very bad man."

"He’s just right here in that room, because he has never been a really good guy, and as

he goes on, he’s just going to be getting out behind his son," he said, looking at a very
bad man, and saying that he’s always been told that he is only running up on his side," he
said.

"He said that, "I will all see what he is going into being out there."

"He’s not really going to see him, and he is not going to be the same guy, and he wouldn’t
be going to have to see him.

"I’d like to know that, and he’s going to be out there, and he’s not saying that, and he
really knows that, and for sure, you’re not in that room."

The next day, I don’t have signed up for the first time now. You are "signing it up in
here, and you know that there is not anything going on from it, and that the company
that’s ever caught up with me being a great group," or any other part of that episode
(which it just fades around) seems to be going off to make my view of this event, and some
of you have been living in that episode, even after bringing it up here, in some time.
"The only way we are going to be doing it is that you are going to go down right here, and
we know that you are not really stepping up with them."

Because I don’t think that it’s just going on in all the good news, and as if it is
actually going to go down here? "And if you will go back to thinking about it," it’s
always going to find it up again.

F.2 DILM-S on LM1B

Dataset: LM1B; NLL = 2.36; Entropy = 3.42

the first quarter of 2008. million of in the fourth quarter 2007. the first quarter of
2009. per share for the quarter of the year. second quarter 2009 results are currently
reported. was 346. 4 million. from $ 15. 7 million in the second quarter of 2009

and the first quarter of 2008. for the second quarter ended june,. quarter as compared
to the same period in 2008. million from $ 46. 6 million for the same period in 2007.
total revenue of $ 50. 9 million, an increase of 3. 1 % compared. Y compared to the
company ’ s for the 2008 third quarter.

Dataset: LM1B; NLL = 2.58; Entropy = 3.73

year - to - quarter operating expenses in the hyatt quarter increased by 1. 6 percent

in the first three months of 2008, and for the third quarter 2009 of $ 7. 7 million,

this was a 2. 7 % increase from the third quarter of 2008 due to net operating expenses
of $ 22. 7 million, an increase of $ 38. 9 million due to higher operating costs and
other related to general and administrative costs. reversing an rise in net income in

the fiscal year. in the same period 2008, total revenues of $ 12 1 million for the second
quarter was increased by 12. 8 J%.

Dataset: LM1B; NLL = 3.80; Entropy = 3.94

" if they want to do that, since the end of 2008, they will know that the global economic
downturn will be running at between 4 % and only 4 % this year, and that the world economy
will be struggling, " said fernando santiago korobattimimo, the head of argentina ’ s
national environment and environment administration, at the official press conference in
brazil, one of the largest developed economies of these two countries.
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Dataset: LM1B; NLL = 4.06; Entropy = 4.18

the thing on the west end of this debate, especially, given all the important events that
has already happened in south carolina is that we don ’ t vote on the president ’ s own
performance at the democratic levels as well ) - - and, compared with a lot of voters
and sales voters in arizona in the past elections, we know that, as the report showed,

we aren ’ t going to do the same for all the delegates in and florida because they won in
massachusetts, they looked on to change america and weather the storm even before obama
was about to change his strategy and win in iowa and lead in the general election.

Dataset: LM1B; NLL = 4.52; Entropy = 4.11

the move to create this fuel cell product, because of the fast fuel supply chain that has
cut gas costs, improved fuel efficiency and enough fueling capacity to replace the smart
car vehicles, will have touched off clear assurances made to the local gas industry that
if it was no longer made more efficient by the threat of economic and climate changes in
japan and other large developed nations, they would be seen as a high earner because of a
drop in fuel - like demand.

Dataset: LM1B; NLL = 4.96; Entropy = 4.03

and in their time, with so much talk of an interest rate cut, the concern that fed ’ s
aggressive rate cuts, including a dramatic cut in interest rates, and a slow recovery for
an already troubled economy, will bring many economic analysts to a close eye on them in a

conference call friday - - hours after news earlier this week - - that the fed could keep
raising interest rates and cut borrowing and cut spending through this burden at the same
time as holding a " smart line, " to start with the economy, the economy, the economy and

the economy, which will each increase demand for the economy for years to come.
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