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Abstract

Transformer has shown promise in reinforcement
learning to model time-varying features for ob-
taining generalized low-level robot policies on
diverse robotics datasets in embodied learning.
However, it still suffers from the issues of low
data efficiency and high inference latency. In this
paper, we propose to investigate the task from a
new perspective of the frequency domain. We first
observe that the energy density in the frequency
domain of a robot’s trajectory is mainly concen-
trated in the low-frequency part. Then, we present
the Fourier Controller Network (FCNet), a new
network that uses Short-Time Fourier Transform
(STFT) to extract and encode time-varying fea-
tures through frequency domain interpolation. In
order to do real-time decision-making, we fur-
ther adopt FFT and Sliding DFT methods in the
model architecture to achieve parallel training and
efficient recurrent inference. Extensive results
in both simulated (e.g., DARL) and real-world
environments (e.g., robot locomotion) demon-
strate FCNet’s substantial efficiency and effective-
ness over existing methods such as Transformer,
e.g., FCNet outperforms Transformer on multi-
environmental robotics datasets of all types of
sizes (from 1.9M to 120M). The project page and
code can be found https://thkkk.github.io/fcnet.

1. Introduction

Reinforcement Learning (RL) has been widely used in em-
bodied learning scenarios (Lee et al., 2020a; Brohan et al.,
2023), where agents interact with and learn from complex,
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Figure 1. Energy density (normalized to 0% ~ 100% for all
modes) in the frequency domain of different physical quantities
across various motions. We choose n = 256 as the context length
in the time domain. The time domain data represented in each
of the four plots include: (a) Rotational motion with constant
angular acceleration. (b) Simple harmonic motion. (c) Body an-
gular velocity during a quadrupedal robot’s run. (d) Joint angle of
walker2d-expert-v2 in D4RL dataset.

dynamic physical environments. Representative examples
include robotic arm manipulation (Gu et al., 2017; Kalash-
nikov et al., 2018; Lee et al., 2021), legged robot loco-
motion in various challenging terrains (Lee et al., 2020a;
Rudin et al., 2022; Agarwal et al., 2023), dexterous ma-
nipulation (Gupta et al., 2016; Rajeswaran et al., 2017;
Andrychowicz et al., 2020) and multi-task policies learn-
ing (Kumar et al., 2022; Kalashnikov et al., 2021; Yu et al.,
2020). Most of these RL methods use MLPs or RNNs to
learn robotic control policies. Recently, a growing body
of efforts has been devoted to pre-training on large-scale
robotic datasets to obtain more generalized policies that
can apply to various tasks (Reed et al., 2022; Jiang et al.,
2022; Brohan et al., 2022; 2023; Chebotar et al., 2023; Fu
et al., 2024). Among various architectures, Transformer has
been widely adopted because of its ability to model time-
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Table 1. Comparision of Different Architectures. The energy density distribution of states in the frequency domain is often concentrated
in the lowest m modes, where m < n. The term b in the RetNet line represents the chunk size, which is set to 512 in the paper(Sun et al.,

2023).
INFERENCE COST ~ TRAINING COST MEMORY PARALLEL TRAINING ~ PERFORMANCE
MLP (HISTORY) O(n) O(n) O(n) 4 X
RNN o(1) O(n) O(n) X v
TRANSFORMER  O(n) O(n?) O(n?) v v
RETNET O(1) O(nb O(n) v v
FCNET O(m) O(mn(logn+m)) O(nm) 4 vv

varying features and handle large-scale sequential robotics
data. In particular, DT (Chen et al., 2021) is a pioneering
and simple method that uses Transformer to directly model
the trajectory sequence in RL auto-regressively, compared
to traditional offline RL algorithms (Kumar et al., 2020)
which use many mathematical tricks to learn from offline
data. The simplicity of the DT structure inspires follow-up
work to use the attention mechanism to model the tempo-
ral features of diverse robotic trajectories. For instance,
Gato (Reed et al., 2022) serializes the Atari, Gym, chat, and
image datasets (1.5T tokens) all into flat sequences for input
to a Transformer, by utilizing its high capacity. RT-1 (Bro-
han et al., 2022) also utilizes Transformer for its multi-task
integration capability for imitation learning on 130K expert
trajectories of robotic control.

One common feature of the existing works on Transformer
is that they mainly focus on modeling the time-varying
features of robotic trajectories in time domain by drawing
a direct analogy with that in modeling natural language
sentences. We argue that this is insufficient for embodied
learning, and instead we explore its unique features from the
new angle of frequency domain. Specifically, we take a close
examination on embodied learning in the frequency domain
and observe that the energy density distribution of a robot’s
state sequence is mainly concentrated in the low-frequency
part, as shown in Fig. 1. This is due to the inherent conti-
nuity and smoothness in natural physical phenomena and
robot motor motion (Kashiri et al., 2018). However, existing
works on Transformer and its variants directly model trajec-
tories in the time domain, resulting in various issues. First,
the data efficiency of existing Transformer architectures is
low. They typically rely on large-scale data for good per-
formance, while real-world physical data collection can be
costly and time-consuming (Brohan et al., 2022; Padalkar
et al., 2023; Fu et al., 2024). For instance, the dataset in
RT-1 (Brohan et al., 2022) and subsequent work (Brohan
et al., 2023) requires 17 months to gather 130k episodes,
out of reach for most research labs. Moreover, Transformer-
based models cannot intrinsically reduce the computation
complexity (e.g., O(n) for inference) and often struggle
with the real-time processing requirements (i.e., low infer-

ence latency). For example, the inference frequency of such
models is often around 3H z (Brohan et al., 2022). However,
a typical frequency of real-world legged robot control is
above 50H z (Lee et al., 2020a). Therefore, it is crucial to
reduce the model’s time complexity through algorithmic
optimization, especially considering the constraints of robot
hardware.

To address the aforementioned issues, we propose a new
architecture of Fourier Controller Network (FCNet) based
on the key observation in the frequency domain. FCNet
grounds the inductive bias in robotic control inspired by the
Fourier transform. We conceptualize low-level continuous
control as a sequential decision-making problem. Our neural
model is adept at predicting subsequent actions by analyz-
ing a historical window of state data, as depicted in Fig. 3.
Guided by the observation in the frequency domain and the
inductive reasoning that differential dynamics are simplified
in the frequency domain (as suggested by (Trefethen, 1996)),
FCNet introduces a causal spectral convolution (CSC) block.
It employs the Short-Time Fourier Transform (STFT) and
linear transform for efficient feature extraction in the fre-
quency domain, distinct from Transformer and other preva-
lent architectures. As shown in Fig. 2, we focus on the
m lowest modes, with m strategically selected to be < n,
where n is the length of the state window. Consequently,
the high-frequency part in the frequency domain is filtered,
allowing us to focus solely on these m lowest modes. The
CSC makes efficient training and inference possible, and has
also been shown to have good performance in experiments.

Furthermore, to achieve efficient parallel training and infer-
ence, which necessitates causality in the model’s sequential
outputs (dependent only on previous inputs) and the rapid
generation of each output token for real-time response, we
introduce parallel training based on Fast Fourier transform
(FFT), and recurrent inference based on sliding discrete
Fourier transform (Sliding DFT) in FCNet. As outlined
in Table 1, the FCNet demonstrates a computational com-
plexity of O(mnlogn + m?2n) in parallel training setups,
and O(m) for single-step inference. This efficiency marks
a significant speed advantage over traditional Transformer
models, enabling handling the complexities of real-time
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continuous control in dynamic environments.

We extensively evaluate FCNet in various settings. First, in
the classic offline RL environments such as D4RL (Fu et al.,
2020), FCNet outperforms Transformer, MLP-based meth-
ods as well as RetNet (Sun et al., 2023) which is a represen-
tative State Space Model (SSMs) and potential successor to
Transformer. This shows strong feature extraction capabili-
ties of FCNet from series of state data. Second, we evaluate
Transformer and FCNet on a multi-environment robotics
dataset. The results show that FCNet significantly outper-
forms Transformer with limited data, and also has lower
inference latency and good scalability. We also verify the
robustness of FCNet in real-world robots. Finally, we test
the inference latency of the Transformer (with KV cache)
and FCNet under different hyperparameter settings related
to model structure. The results show that the upward curve
of the inference latency of FCNet is significantly slower
than that of Transformer as the context length, number of
layers, and hidden size are improved. This demonstrates the
efficiency of the inference of FCNet.

2. Background
2.1. Preliminary

Real-world robotics control is often formulated as a Markov
decision process (MDP) (S, A, T,r,~), where S C R%
and A C R% denote the state space and action space, re-
spectively; 7 is the transition probability; 7 is the reward
function; and v € (0,1) is a discount factor. The goal
of robot control is to get a parameterized policy 7 to take
actions for interacting with the environment. Even in the
fully-observed setting, the consideration of multi-task will
introduce partial-observability (Lee et al., 2020b; Ghosh
et al., 2021; Ying et al., 2023), which demands encoding
enough history information in the model. Following pre-
vious work (Chen et al., 2021; Agarwal et al., 2023), we
consider policies that map historical trajectories into action
spaces a; = m(S<¢,a<¢) and maximize the accumulated
expected rewards, i.e.,

Er g [R(T)] = Erromy [Z ’yir(si,ai)] ) (1
1=0

where 7 represents the trajectory of states and actions,
defined as 7 = {sg,ao,$1,a1,...}. As acquiring the
robotics dataset in the real world can be expensive, a
well-used alternative method is to utilize expert datasets
D = {r|t ~ mg,7 = (s0,00,--.,S7,ar)} for imita-
tion learning, or offline datasets D = {7|1 ~ mg,7 =
(s0,a0,70,- .., 87, ar,rr)} for offline RL. Here 73 is an
unknown behavior policy. We aim to train a policy 7y using
the dataset, with the goal of maximizing the expected return
Ermo [R(T)].

For expert datasets that do not include reward information,
our objective is to ensure that the behavior of the trained
policy 7y closely aligns with the expert behavior policy 7.
Thus, the optimization objective can be summarized as

£0) = g5 2 D (o). @

T€D i=0

where a; is the action derived from 7y, a; is the action in 7,
and d is the distance function. Typically, when 7y takes into
account historical trajectories, it employs a context window
of length n representing the extent of historical dependen-
cies, i.e., az = mo(St—n+1:t, At—nt1:t—1). In practice, we
can choose d in Eq. (2) as the mean-squared error (MSE)
for deterministic actions, and the Kullback-Leibler (KL)
Divergence for stochastic actions.

For offline datasets that include reward information, one
method is to incorporate the return-to-go, i.e., the suffix
of the reward sequence, into the policy’s sequence input.
This often results in a policy with higher performance than
the original behavior policy in the dataset, as the results of
DT (Chen et al., 2021) show.

Time Complexity of Transformer In addition to the DT
just mentioned, there is a lot of work on pre-training robotics
datasets using Transformer (Reed et al., 2022; Jiang et al.,
2022; Brohan et al., 2022; 2023; Chebotar et al., 2023), and
they all use trajectories analogous to language as input to
Transformer. The training time complexity of the Trans-
former model is O(n?d), + nd2), where n is the length of
both the input and output sequences and d, is the hidden di-
mension. The inference time complexity of the Transformer
with KV cache is O(ndy, + d2). In scenarios where d, is
relatively stable, we primarily consider the impact of n on
time complexity. Consequently, the training and inference
time complexities of the Transformer can be simplified to
O(n?) and O(n), respectively.

2.2. Motivation

As previously mentioned, existing architectures such as
Transformer mainly focus on modeling the time-varying
features of robotic trajectories in the time domain, through
mechanisms such as attention. However, they do not take
into account the special properties embedded in robotic
control in the frequency domain. Below, we start with
simple physical motions to illustrate the significance of
modeling temporal features in the frequency domain.

Consider the motion of a mass along the x-axis as a simple
example. We assume knowledge of the mass’s state at n
distinct moments. The complexity of describing its motion
depends on the nature of the movement. For a particle at rest,
only the initial position x is needed. In uniform linear mo-
tion, both the initial position x( and velocity v are required.
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For uniformly accelerated linear motion, three quantities are
essential: initial position xg, initial velocity v, and accel-
eration a, resulting in the equation z = x¢ + vot + at?/2.
Similarly, simple harmonic motion, which is common in na-
ture, requires amplitude A, angular frequency w, and phase
¢ for the equation x = Asin (wt 4 ¢). In fact, real motor
movements are typically smooth to minimize energy losses
and to facilitate their application in robotic arms (Kashiri
et al., 2018). For instance, uniformly accelerated motion is
employed in the trapezoidal acceleration and deceleration
curves of motors, and simple harmonic motion (or sinu-
soidal function) is used in the S-curves of motors, both
common in motor motion.

This insight leads us to recognize that natural object motion
often adheres to physical principles, like energy conserva-
tion, and optimal trajectories are typically smooth, possibly
with minor irregularities. Viewing this from a data-driven
standpoint, if we have details on a mass’s position, velocity,
and other states at n moments, the quantity of informa-
tion embedded in this does not need to be described using
O(n) level parameters. In fact, a significantly smaller set of
parameters might be adequate for accurate representation.
Similarly, complex rigid structures such as robots can also
be approximated in this manner, given that robots are com-
posed of rigid components like joints and links. Typically,
a robot’s state includes various parameters such as motor
position, motor velocity, and body angular velocity, among
others. The flexible motion of the robot can be character-
ized by a limited set of physical quantities. However, the
measured state variables often contain a significant amount
of high-frequency noise, due to sensor uncertainties. There-
fore, we propose to transform the state representation of the
object on n moments into the frequency domain, rather than
modeling the trajectories in the time domain. By filtering
out high-frequency components and retaining low-frequency
ones, we can more accurately capture the essential motion
information of the object.

Indeed, as demonstrated in Fig. 1, both the common mechan-
ical motions and the motions of real robots show a consistent
pattern in the frequency domain, namely, their energy den-
sity distributions predominantly reside in a low-frequency
region. This observation aligns with our hypothesis. Addi-
tionally, our empirical analyses reveal that in various scenar-
ios, the number m of significant low-frequency modes for
robot states is much smaller than n. We empirically set the
value m < n in the experiment. Consequently, this allows
us to model state sequences over time with reduced com-
plexity compared to the Transformer, thanks to frequency
domain interpolation.

3. Fourier Controllers

We now formally introduce Fourier Controller Network
(FCNet) for efficient robotic control. FCNet incorporates an
inductive bias about frequency domain features and aims to
minimize the time complexity of both training and inference.

3.1. Overall Architecture

As shown in Fig. 2, FCNet comprises a position-wise en-
coder P: R% — R L identical stacked Fourier layers,
and a position-wise decoder Q) : R% — R where both P
and @ are parameterized by feed-forward networks (FFNs)
and dj, denotes the hidden dimension. Each Fourier layer
consists of two primary modules: a causal spectral convo-
Iution (CSC) block and a position-wise FFN block. Given
an input window of historical states, denoted as X 0 .=
[®0,..., 20 )T € R"*4 where 2¥ := s; for V0 < i < n,
our model outputs the predicted actions for corresponding
time steps: X©+2 1= x5 ™2 .. 2ZtHT € R™"*da with
xl 2 .= (a;) for V0 < i < n. The computation process of
the FCNet is:

X' e R = P(X),
Y'! = gelu(CSC(LN(XY))) + X!,
X!*1 = FFN(LN(Y!)) + Y,
XL+2 c Rnxda _ Q(XL),

3)

where [ € {1,..., L}, LN(:) is the LayerNorm (Ba et al.,
2016), and P is a single-layer FFN, while FFN(-) and Q) are
two-layer FFNs. gelu(-) refers to the Gaussian Error Linear
Unit (GELU) activation (Hendrycks & Gimpel, 2016). Of
note, the parameters for each layer’s FFN(-) are not shared.

In order to leverage good scalability of sequence model-
ing (Brown et al., 2020), we can supervise the action of the
policy output X “*2 in a supervised learning manner(Chen
etal., 2021). Based on Eq. (2), the training objective can be
formulated as:

1
L(0) = ] > d(agn, X2). (4)

TeD

3.2. Causal Spectral Convolution

In order to model time-varying features in the frequency
domain, in this subsection, we delve into the mechanism of
causal spectral convolution (CSC) block, which is a train-
able block and utilizes the Short-Time Fourier Transform
(STFT) to efficiently extract and encode time-varying fea-
tures. It is nontrivial to encode because it is necessary to
ensure that the output is causal. Given an input sequence
X = [xg,...,Tn_1] € R" I the output of the CSC
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Figure 2. The overall model architecture of FCNet. In order to ensure efficient training and inference, we cannot apply Fourier transform
to all history trajectories, but instead apply STFT to a window of historical data of length n to filter high-frequency part in the frequency
domain, and then apply linear transform and inverse STFT back to the time domain. That is, the CSC block comes in the frequency
domain to model temporal features, while the FEN is used to model features on the hidden dimension. P is point-wise encoder and @ is
point-wise decoder mentioned in Sec. 3.1. o is the activation function.

Yn—_1 € R can be formalized as:

&1, = F(X)(k), &, € C 0 <k <m,
Y = WX, X == [ﬁjO; 'a:ﬁm—l] )
- ) ©)
Y = [ 0 ';ym—l] )
Yn—1 = ]:71(2)(”_ 1), Z = [AOV""én*l]T’

where X,Y € Cm¥dngnd Z € Cn*dn, 1 < m < 1+
|n/2] is a hyper-parameter denoting the number of modes
preserved in the frequency domain, W € C™*™ is the
weight matrix, and Z is obtained by extending Y according
to the conjugate symmetry of real series:

’gka 0 S k< m,
ﬁk: Ign—kv n_m+1§k<na (6)
0, otherwise.

Here, F and F~! denote the Discrete Fourier Transform
(DFT) and its inverse (IDFT):

n—1 .
F(X) (k) = ; x; exp (—‘7?/«@)
1 . @)
FUZ)6) = % S Zexp (ffm)
k=0

where j = 1/—1 is the imaginary unit.

In Eq. (5), we start by encoding the input sequence via the
DFT, where only low-frequency components are preserved
while high-frequency noises are filtered by using only m
DFTs, according to the smoothness of the physical states.
Then, a linear transform is applied in the frequency domain,
followed by an IDFT back to the physical domain. It is
noted that the output y,,—; only depends on the history
x;,t < n — 1, ensuring the causality of the prediction.

3.3. Parallel Training

Parallelization significantly speeds up model training by
distributing tasks across multiple processors, especially for
large datasets. Here we fully parallelize the FCNet train-
ing to improve efficiency. The FFN can be easily paral-
lelized by matrix partitioning, and thus we mainly discuss
the parallelization of the CSC block (see Appendix A for
its schematic diagram). The CSC block involves opera-
tions that are inherently sequential, and it is nontrivial to
parallelize due to dependencies between operations.

Representation of computation process. Adopting
this approach, for a given input sequence X :=
[€o,..., T, 1] € R? % the CSC block outputs in par-
allel Y := [yo,...,Yn_1] € R" % where yj, is solely
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Figure 3. Consider MDP as a sequence modeling problem. Es-
pecially in a continuous state space like embodied learning, it
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the frequency domain of time-domain sequences within a window
[t,t+n —1]. In the inference phase T = t+n—1 =T = t+mn,
the sliding window in Sec. 3.4 is utilized for efficient inference.

dependent on x; for i < k. Our goal is to compute each
y; (0 <t < n) quickly and in parallel. Consider that we
are computing the output y; (0 < ¢ < n) at moment t. y;
can only depend on x; (i < t) for causality. Therefore, the
X in the frequency domain for each y, is distinct. We use
X ® to denote the X corresponding to y;. From Eq. (5)
and Eq. (7), we have:

4 ) 27
Y e (—sz), 8)
n

i=t—n-+1

To simplify the expression, we let up = exp (%k) and

u = [ug,...,Un_1] € C™. Each :i:;ct) can be expressed
in terms of its previous &:

(1) (t-1)

x; = up(x), F X —Tpp) = uk(:ic,(f_l) + fi),
5 X —ue (X0 +1,17),
)
where f, = x; — z,—, € R% can be computed in paral-
lel, X® = &, ... 2% T € C™* and ® means

Hadamard product or element-wise product. The above
equation can be computed recursively for each X ().

After determining X® for 0 < t+ < n, we can obtain
Y®, Z® 4, 0<t< nusing Eq. (5) and Eq. (6).

Parallel training. The representation in Eq. (8) has time
complexity O(mdyn?) in parallel and Eq. (9) has a serial
O(mdpn) time complexity. Here, we seek to find a training
process that can be parallelized with low time complexity.
Let us dissect the recursive formula given in Eq. (9) for

X where 0 < t < n. We have

t—1
XD =t o X0 4y utt T (10)
i=0
where u®’ meansu @ u ® --- ® u. Let

t elements
A, = [(uo(i-i-l))x
Bi = [(f")xm

4, €C™Xd 0 <j<n—1,

(11)
] € Cm™*dn 1 <<,

and for special case A,,_1 = A,,_2, By = X0) ¢ gmxdn,

From Eq. (10) we get:

t
x® :ZAi@Bt_i, 0<t<n, (12)
i=0

which is a typical form of FFT convolution {X "} =
{A;} = {B;} where x represents linear convolution. We
can compute all X®o<t<n by FFT with time
complexity O(mdhnlog n) in parallel. The fast par-
allel computation of the IDFT is homogeneous. Thus
the training time complexity of the whole CSC block is
O(mdpnlogn + m2dyn) because of the computation of
Y® = WX® 0 <t < n. Therefore, the total train-
ing time complexity is O(mdpn logn + m?d,n + nd}) or
reduced to O(mn logn + m?n).

Furthermore, FCNet exhibits a memory complexity of
O(mndy,) (can be reduced to O(mn)) during training due

to the storage for :%,(;) (where 0 <t <nand 0 < k < m).

3.4. Reprensentation of Recurrent Inference

Efficient real-time inference is important for the deployment
of robots (Sandha et al., 2021). It is difficult to utilize time-
domain information to achieve efficient inference. Therefore
we utilize the cache of frequency domain information for
fast inference. During inference, supposing that we cache
the results computed in the last time step, the CSC can
recurrently compute the current output y,,—1 given a newly
coming x,,_1 using Sliding DFT (as well as Eq. (9)):

12
&1 = exp (Jn”k) @, —@ 1+ xn ), (I3)

where 0 < k < m. After obtaining &g, ..., Z;m_1, We
compute y,,_1 as in Eq. (5). Here, &/, is the result cached
in the last time step, which is equal to F(X’)(k), X' :=
[€_1,...,%, 2] . Because we cached the Zj, in the last
time step, the time complexity of Eq. (13) is O(mdy,) in-
stead of O(mdpn).

@mo1] . the Y = WX
Y(Z)(n — 1) partin Eq (5) can be preprocessed by

After computing X = [&,..
and F~
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calculating the result of multiplying W by the correspond-
ing vector of F~'(Z)(n — 1) in advance. Therefore, the
total inference time complexity is O(mdy, + d) (where
O(d?) corresponds to FFN), further reduced to O(m). This
mechanism is advantageous for rapid inference since it al-
lows for the generation of actions sequentially during the
evaluation of an embodied agent.

4. Experiments

In this section, we conduct extensive experiments to evaluate
the performance and efficiency of FCNet. Initially, FCNet’s
effectiveness in fine continuous control is compared against
Transformer and RetNet (a current SSM architecture) using
the D4RL offline RL benchmark. Next, FCNet and Trans-
former are assessed on a multi-environment legged robot
locomotion dataset via imitation learning, highlighting FC-
Net’s adaptability across various environments, particularly
with scarce data. Finally, we investigate the inference ef-
ficiency of FCNet compared to Transformer under diverse
model structure hyperparameter settings.

4.1. Evaluation in Offline RL

To evaluate FCNet in the D4RL (Fu et al., 2020) offline
RL tasks, we employ a broad range of baselines featuring
various network architectures such as MLP, Transformer,
and RetNet. We start with classic MLP-based methods
like Behavior Cloning (BC), CQL (Kumar et al., 2020),
BEAR (Kumar et al., 2019), BRAC-v (Wu et al., 2019),
and AWR (Peng et al., 2019). Additionally, we incorpo-
rate the transformer-based method DT (Chen et al., 2021)
and the RetNet-based method DT-RetNet, which replaces
the Transformer architecture in DT into RetNet. In D4RL
evaluations, FCNet follows some design strategies of DT,
i.e., concatenating action, return-to-go (normalized, with
1.0 indicating an expert policy), and state into a single token
(aT,RT,sT)T, and then predicts the next token autoregres-
sively. As shown in Table 2, our FCNet is competitive with
DT, and significantly surpasses other methods. Particularly,
FCNet outperforms DT-RetNet, suggesting that FCNet’s
inductive bias for robotic control has more powerful feature
extraction capability and performance compared to SSMs.

In addition to locomotion tasks, we expand our investigation
to encompass manipulation tasks, specifically the Adroit
suite in the D4ARL dataset, which comprises various robotic
arm manipulation challenges and are not harmonic, distinct
from locomotion tasks. Our results, as detailed in the Ta-
ble 3, demonstrate the performance of FCNet in comparison
with DT, BC, and CQL. FCNet beats DT on 9 of the 12
manipulation tasks in D4RL-Adroit. These results highlight
FCNet’s robust performance across a range of tasks, outper-
forming DT, BC, and CQL in the domain of manipulation.
This demonstrates the broad applicability of our approach

beyond locomotion tasks.

4.2. Evaluation in Legged Robot Locomotion

To test FCNet on the more challenging multi-environment
legged robot locomotion, we introduce a new, substan-
tially larger dataset than that in D4RL. Compared with
Transformer-based methods in this dataset, our focus is
to showcase FCNet’s strong fitting ability even with limited
data, and further real-time inference on a real-world robot.

Multi-Environment Legged Robotics Dataset. In order
to evaluate the performance of the policy in modeling his-
torical information sequences in a complex multi-task envi-
ronment, which is rarely available in previous d4rl datasets,
We develop a multi-environment legged robot locomotion
dataset, which covers various skills (e.g., standing, rush-
ing, crawling, squeezing, tilting, and running), and differ-
ent terrains (e.g., rough terrain, stairs, slopes, and obsta-
cles), following Rudin et al. (2022). The dataset is collected
in Isaacgym (Makoviychuk et al., 2021) by some expert-
performance RL policies which have demonstrated strong
performance in the real world. It is noteworthy that this
dataset is designed for practical robotics applications. Mod-
els trained using this dataset can be directly deployed on
real-world legged robots (e.g., Unitree Aliengo) to perform
a variety of locomotive skills across diverse terrains. The
test version of the dataset contains the aforementioned skills
and terrains, with 320,000 trajectories and 60M steps.'

Evaluation on Simulator. To assess FCNet’s effective-
ness on multi-environment robotic datasets, we first perform
imitation learning on this dataset. Our comparison focuses
on Transformer, as other model architectures like RetNet
and MLP have been demonstrated to be less effective in
Sec. 4.1. We report the performances of FCNet and Trans-
former across various dataset sizes in Fig. 4, where FCNet
consistently outperforms Transformer. Notably, when the
dataset size is comparable to that of DARL (1M~ 3M),
Transformer’s performance is markedly low, whereas FC-
Net still delivers promising results even with limited data.
This underscores that FCNet, with its inductive bias tailored
for robotic control, is more adept at modeling real-world
robot trajectories than Transformer.

Given the constraints of end-side device performance and
the real-time control requirements for robots, it’s crucial that
the inference latency of an embodied model is kept minimal
when deployed in real-world scenarios (e.g., < 20ms for
quadruped robot).

Real-World Applications. We further deploy FCNet on
real-world robots to evaluate its real-time inference ability

'We make some of the data public on the project page.
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Table 2. Results in D4RL-Mujoco. For all algorithms, we report the performance with mean and variance under three random seeds.

Task Name FCNet(Ours) DT DT-RetNet BC CQL BEAR BRAC-v AWR
HALFCHEETAH-MEDIUM-EXPERT 91.2+0.3 86.8+1.3 91.4+1.2 35.8 62.4 53.4 41.9 52.7
WALKER2D-MEDIUM-EXPERT 108.8+0.1 108.1+0.2 79.1+1.8 6.4 98.7 40.1 81.6 53.8
HOPPER-MEDIUM-EXPERT 110.5+0.5 1076 £1.8 102.9+56 111.9 111.0 96.3 0.8 27.1
HALFCHEETAH-MEDIUM 429404 42.6 + 0.1 43.24+0.4 36.1 44.4 41.7 46.3 37.4
WALKER2D-MEDIUM 75.2+0.5 740+1.4 73.3+4.3 6.6 79.2 59.1 81.1 174
HOPPER-MEDIUM 57.8+6.0 67.6+1.0 74.1+53 29.0 58.0 52.1 31.1 35.9
HALFCHEETAH-MEDIUM-REPLAY 39.8 £0.8 36.6 £0.8 17.24+4.3 38.4 46.2 38.6 47.7 40.3
WALKER2D-MEDIUM-REPLAY 63.5+7.5 66.6 + 3.0 32.4+6.6 11.3 26.7 19.2 0.9 15.5
HOPPER-MEDIUM-REPLAY 85.8+1.7 82.7+£7.0 58.4 £ 2.8 11.8 48.6 33.7 0.6 28.4

Average 75.1 74.7 63.6 46.4 63.9 48.2 36.9 34.3

Table 3. Results in D4RL-Adroit. For FCNet and DT, we report the performance with mean and variance under five random seeds.

Other scores are reported by the D4RL paper.

FCNet (Ours) DT BC CQL

PEN-HUMAN 57.7+11.1 —-0.2+1.8 34.4 37.5
HAMMER-HUMAN 1.24+0.0 0.3+0.0 1.5 4.4
DOOR-HUMAN 0.4+0.5 0.1 +0.0 0.5 9.9
RELOCATE-HUMAN 0.24+0.2 0.0£0.0 0.0 0.2
PEN-CLONED 50.4 £+ 24.1 22.7+£17.1 56.9 39.2
HAMMER-CLONED 0.24+0.0 0.3+0.0 0.8 2.1
DOOR-CLONED —-0.2+0.0 0.1+0.0 -0.1 0.4
RELOCATE-CLONED —0.24+0.0 —0.3£0.0 -0.1 -0.1
PEN-EXPERT 108.0+11.3 110.4£20.9 85.1 107.0
HAMMER-EXPERT 121.1 £6.1 89.7+24.6 125.6 86.7
DOOR-EXPERT 102.9 2.9 95.5 £5.7 34.9 101.5
RELOCATE-EXPERT 50.0 £ 6.0 15.3+3.6 101.3 95.0
Average 41.0 27.8 36.7 40.3

Expert Performance (10.589)
Fourier Controller
Transformer

Clipping Threshold (-20)

Performance(Mean Return)

1.9M 3.8M 7.5M 15M 30M 60M

Dataset Size (in millions)

120M

Figure 4. The performance of each model on the legged robotics
dataset (measured by mean return, averaging the results across
1500%#3 trajectories). For all future experiments, the 60M-step
dataset is utilized as the standard reference.

and generalizability. Training on the 60M-step dataset men-
tioned in Sec. 4.2, our FCNet shows great adaptability on a
variety of terrains not seen in the dataset, such as ice, deep
snow, and steep slopes. The FCNet-controlled robot moves
fluidly, likely due to the filtering of high-frequency noise.
In terms of computational efficiency, FCNet achieves a low

g
Climbing sloge's ﬁ; the w‘i[demgig indoor stairs
b ST =

Figure 5. Deploying FCNet to real-world legged robots.

inference latency (~2ms) on less powerful end-side devices,
a critical factor for practical deployment. Conversely, the
Transformer model, in our tests, does not perform as well
in real-world settings due to issues like lower returns, less
smooth output, and longer inference times, leading to less
fluid motion and suboptimal performance in indoor scenar-
ios such as stair climbing, turning, and navigating grassy
terrains. More images and videos of these tests are available
in the Appendix D and supplementary materials.



Fourier Controller Networks for Real-Time Decision-Making in Embodied Learning

(a) Inference Latency vs Context Length

(b) Inference Latency vs n_layer

(c) Inference Latency vs hidden_size

~

n
IS
S

=

S
w
<

o
n
)
=3

—— Fourier Controller

—e— Transformer

~

o

n
%)
=3

Inference Latency (ms)
2
"

Inference Latency (ms)
[
5

o
o

&
o
S

w

»
=3

—— Fourier Controller

—e— Transformer

—— Fourier Controller
251 —e— Transformer

Inference Latency (ms)

s \/f—/

0 200 400 600 800 1000 5 10
Context Length

n_layer

20 25 30 500 1000 1500 2000
hidden_size

Figure 6. The CPU inference latency of FCNet and Transformer under various hyperparameter settings about structure.

4.3. Low Inference Latency

To assess FCNet’s advantage in inference efficiency, par-
ticularly its capability to extract and encode time-varying
features via frequency domain interpolation, we conduct a
comparative analysis with Transformer under various hyper-
parameter settings. This is done by randomizing input data
and initialized weights. We use the empirical value of m in
FCNet as min{2.5logn, | 5| + 1}, where n is the context
length. In Fig. 6 (a), as the context length increases, FCNet’s
inference latency remains relatively stable, whereas Trans-
former’s latency continues to grow significantly, even with
a KV cache. This trend can be attributed to Transformer’s
inherent O(n) inference complexity.

In Fig. 6(b) and (c), the inference latencies of FCNet and
Transformer are examined as the number of layers and hid-
den sizes are increased. The results demonstrate that despite
the growth in these hyperparameters, the increase in FC-
Net’s inference latency is substantially smaller compared
to that of the Transformer. When the model has as many
as 32 layers or a hidden size of 2048, FCNet maintains a
significant speed advantage, being 3 to 5 times faster than
the Transformer. Importantly, even under these conditions,
FCNet’s inference latency remains below 20ms. This sug-
gests that FCNet, even with an increased number of model
parameters, can still meet the requirements for low inference
latency. This is a crucial factor for real-time applications in
robotics where quick and responsive control is essential.

More comprehensive experiments on ablation study on FC-
Net and Transformer are included in Appendix B, varying
the parameter count (controlled by the number of layers and
hidden size) and context length.

5. Conclusion and Limitations

In this paper, we present the Fourier Controller Network
(FCNet), an innovative model reshaping embodied learning
with a focus on frequency domain analysis. FCNet emerges
as a distinctive Fourier-based structure, ingeniously incor-

porating inductive biases for robotic control, and is adeptly
designed to minimize time complexity in embodied learn-
ing architectures. This design empowers FCNet to extract
features with high accuracy, facilitating decision-making
in embodied learning through frequency domain interpo-
lation. FCNet excels in training efficiency, showcasing a
training complexity of O(mnlogn + m?n), and remark-
able inference efficiency at O(m). These developments
not only boost the model’s effectiveness but also greatly re-
duce computational requirements. Our results highlight the
promise of frequency domain analysis in embodied learning
and pave the way for further investigations into pre-training
FCNet on extensive robotics datasets, potentially enhancing
its generalization abilities significantly.

However, our work has the following limitations: First, we
did not validate the scalability of FCNet on a larger embod-
ied dataset. We hope that future scalable methods, such as
the attention mechanism, can be adapted in the frequency
domain. Second, although we validate the utility of FCNet
on complex terrain locomotion and manipulation, we do not
consider those scenarios where high-frequency information
may be important. Also, we have not yet extended to mul-
timodal inputs. We hope that combining FCNet for online
RL training, incorporating multimodal inputs, and scaling
FCNet are directions for future exploration.
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A. Related Work

RL in Robotic Control. Designing general algorithms and models to control real-world robots, like robotic arms and
legged robots, has always been a focus of research. With the development of Deep Reinforcement Learning, a promising
method is to train a general policy via interacting with different dynamics, of which the trained agent can adapt to changes in
physical properties, even in some extreme conditions (Schulman et al., 2017; Lee et al., 2020a; Rudin et al., 2022; Margolis
& Agrawal, 2023; Feng et al., 2023; Agarwal et al., 2023; Lai et al., 2023; Yu et al., 2023; Radosavovic et al., 2023; Xiong
et al., 2024). More recently, pretraining on diverse datasets has shown promise in designing general models. DT (Chen
et al., 2021) and TT (Janner et al., 2021) treat offline RL as a sequence modeling problem by treating the rewards, states and
actions as a sequence so that the Transformer autoregressively generates the next token such as action token. Borrowing
these ideas, an array of works (Reed et al., 2022; Brohan et al., 2022; 2023; Jiang et al., 2022; Bousmalis et al., 2023;
Wen et al., 2022; Padalkar et al., 2023; Chebotar et al., 2023; Fu et al., 2024; Ahn et al., 2024; Gu et al., 2023) utilize
Transformer (Vaswani et al., 2017) for pretraining on a larger dataset with multiple decision-making and robotics control
tasks, demonstrating strong performance and revealing the generalization that comes with increased model parameters and
data size. Among them, RT-2 (Brohan et al., 2023) uses Internet-scale data to pre-train a Robotics Transformer model with
imitation learning methods, and deploys RT-2 on real-world robots for tabletop tasks, which can perform well even in unseen
environments. However, the large scale of parameters in these models results in high inference latency, which limits their
application in real-world robots, thus designing scalable and efficient inference network architecture is significant in this
field.

Efficient Variants of Transformer Architecture. Transformer (Vaswani et al., 2017) has been heavily used in Natural
Language Processing (NLP) tasks since it was proposed. It models the relationship between two by two elements in the
context window through the attention mechanism. Due to its high inference time complexity, some works trying to speed up
the inference of Transformer such as KV cache, FlashAttention(Dao et al., 2022; Dao, 2023) and StreaminglLLM (Xiao
et al., 2023) are proposed to make Transformer have higher speed in inference. However, these works are difficult to achieve
theoretically lower complexity while maintaining the same performance. (Child et al., 2019; Kitaev et al., 2020) improves
the efficiency of Transformer when dealing with long sequence tasks by improving the attention mechanism, but they do not
make improvements in terms of feature extraction capability and inference time complexity. Similarly, Dai et al. makes
efforts for the efficiency of the Transformer on long sequences of text. Meanwhile, many variants of Transformer such
as (Katharopoulos et al., 2020; Peng et al., 2023; Fu et al., 2022; Poli et al., 2023; Sun et al., 2023; Gu & Dao, 2023)
have been proposed in order to achieve lower time complexity of inference. However, the inductive bias of these model
architectures is not appropriate for embodied learning tasks, and it is difficult to achieve strong performance using limited
data training. We choose one of the representative State Space Models (SSMs) for experimental validation to demonstrate
this. FNet (Lee-Thorp et al., 2021), Fourier Transformer (He et al., 2023), and FourierFormer (Nguyen et al., 2022) explore
combining Fourier transforms and Transformer, but do not incorporate feature extraction with low time complexity in the
frequency domain, as well as a lack of real-time inference validation on real-world robots.

Introducing Physical Prior in Machine Learning. When dealing with real-world physics, including robotics, it is
essential to introduce physical priors into the machine-learning process to decrease data demand and improve models’
performance (Karniadakis et al., 2021; Hao et al., 2022). For example, PointNet (Qi et al., 2017) and Graph Convolutional
Networks (GCN) (Zhang et al., 2019) make the network architecture permutation-invariant utilizing permutation-invariant
operation like summation. And NeuralODE (Chen et al., 2018) designs an architecture that naturally conforms to ordinary
differential equations (ODESs). Fourier neural operator (Li et al., 2020) takes advantage of the symmetry of the differentiation
in the time domain and the multiplication in the frequency domain to design a network structure that can efficiently solve
partial differential equations (PDEs). Also, FITS (Xu et al., 2024) discards the high-frequency portion of the time series
that has little effect on the time series and fits the time series through a linear layer in the frequency domain. Due to the
smoothing properties of most physical phenomena, such structures are also ideal for filtering noise in data. Ye et al.; Fellows
et al. introduce Fourier analysis in reinforcement learning, but do not introduce multi-layer stacked structure for complex
pattern learning.

Schematic of the CSC block A detailed schematic of the CSC block, illustrating the computation of yg, y1, ..., Yn—1, 1S
shown in Fig. 7.
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Figure 7. CSC block diagram for computing yo, y1,. . ., Yn—1-

B. Ablation Study

Varying Model Structures In Fig. 8, FCNet shows consistent superiority in both performance and inference latency over
the Transformer across various structures, encompassing different numbers of layers and hidden sizes. Notably, with fewer
parameters, FCNet exhibits a robust fitting ability, significantly outperforming Transformer. This implies its effectiveness
even in scenarios demanding compact models. As the model scales up, FCNet maintains greater stability.

Varying Context Lengths Fig. 9 illustrates how FCNet and Transformer perform under various context lengths. With in-
creasing context length, FCNet shows improved performance with relatively stable inference times. In contrast, Transformer
does not display the same level of efficiency. Moreover, considering the diverse terrains and historical data in the dataset,
context is crucial for policy learning. Experiments reducing Transformer’s context length (e.g., to 8) result in completely
ineffective policies.

C. Experimental Details
C.1. D4RL
The hyperparameters of FCNet for D4RL are shown in Table 4.

C.2. Multi-Environment Legged Robot Locomotion Dataset Generation

The multi-environment legged robot locomotion dataset is an expert dataset, collected in Isaacgym (Makoviychuk et al.,
2021) by some expert-performance RL policies which have demonstrated strong performance in the real-world legged robot
(i.e., Unitree Aliengo).

It covers various skills (commands from the remote control, e.g., standing, rushing, crawling, squeezing, tilting, and
running), and different terrains (e.g., rough terrain, stairs, slopes, and obstacles), following Rudin et al. (2022). The vector of
commands issued by the remote control is concated in the state for each time step. Terrain-related information is privileged
information, i.e., inaccessible, and thus needs to be approximated by historical information to learn an optimal policy. The
components of the state include motor velocity, motor position, body angular velocity, and remote control commands. The
action in the dataset corresponds to the motor position control of the robot.

The test version of the dataset contains the aforementioned skills and terrains, with 320,000 trajectories and totaling 60M
steps, generated by expert policy. Each trajectory includes the robot’s standing and walking on each terrain. To maintain
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Table 4. Hyperparameters of FCNet for OpenAlI Gym (D4RL) experiments.

Hyperparameter Value
Number of layers 4
Number of modes m 10

hidden dimension

Nonlinearity function
Batch size

Context length K
Return-to-go conditioning

Adam (8

Adam €

LR scheduler
Learning rate
Weight decay
Epoch

Learning rate decay

128 for the last decoder @

512, otherwise

GeLU

128

64 HalfCheetah, Hopper, Walker
1.15 medium-expert

1.0 medium, medium-replay
(0.9,0.98)

107°
get_cosine_schedule_with_warmup
5x107°

10"

50

Linear warmup for first 20% training steps

both the quantity and diversity of trajectories, we have set an average length of 192 for each trajectory. This length is chosen
to comprehensively capture the robot’s range of motions, including standing and walking, across various terrains.

C.3. Multi-Environment Legged Robot Locomotion

In this experiment, we keep the number of parameters of FCNet and Transformer roughly equal (790k parameters).

The hyperparameters of FCNet for the multi-environment legged robot locomotion dataset are shown in Table 5.

Table 5. Hyperparameters of FCNet for multi-environment legged robot locomotion experiments.

Hyperparameter Value
Number of layers 4
Number of modes m 10

hidden dimension

Nonlinearity function
Batch size

Context length K
Adam 8

Adam €

LR scheduler
Learning rate

Epoch

Learning rate decay

128 for the last decoder @

256, otherwise

GeLU

1024

64

(0.9,0.98)

1077
get_cosine_schedule_with_warmup
5x107°

50

Linear warmup for first 20% training steps

The hyperparameters of Transformer for the multi-environment legged robot locomotion dataset are shown in Table 6.

Other ablation experiments are modified from these hyperparameters. It is also guaranteed that the number of FCNet and

Transformer model parameters is close to equal.

A robust sim-to-real FCNet model which we deploy in the real-world legged robot (i.e., Unitree Aliengo for video capture)
is trained from the 60M-step dataset with the metrics shown in Table 7. We choose m = 10 and n = 64 here (n denotes the
context length). In fact, better results might be obtained with larger n.
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Table 6. Hyperparameters of Transformer for multi-environment legged robot locomotion experiments.

Hyperparameter Value

Number of layers 4

Number of modes m 10

hidden dimension 128 for the last decoder @

256, otherwise
Nonlinearity function ~GeLU

Batch size 1024

Context length K 64

LR scheduler get_cosine_schedule_with_warmup
optimizer Lion

Learning rate 5x 1073

Epoch 50

Weight decay 1074

Learning rate decay Linear warmup for first 20% training steps

Table 7. Metrics of sim-to-real FCNet model.

Metrics Value

Number of model trainable parameters 787,852

Loss of training 0.000408
Loss of test 0.000420
Mean return in simulator 10.060/10.589

C.3.1. DETAILS OF OBSERVATION AND ACTION

We provide detailed information about the observations and actions used in FCNet for the multi-environment legged robotics
locomotion task:

¢ Observations:

Projected gravity (3-dimensional),

Joint velocity (12-dimensional),

Sine values of joint position (12-dimensional),

Cosine values of joint position (12-dimensional),

Body angular velocity (12-dimensional),

Last action (12-dimensional),

Command (16-dimensional)
¢ Actions

— Expected joint position (12-dimensional).

Of note, each *12-dimensional’ parameter corresponds to the 12 motors that drive the quadruped robot, including the motors
for the hips, thighs, and calves of each of the four legs.

C.3.2. SIM-TO-REAL GAP

FCNet is pre-trained solely on simulator data before being directly deployed on a real robot to navigate a variety of terrains.
This zero-shot transfer leads to robust real-world locomotion, despite the inherent sim-to-real gap.

Sim-to-real gap The discrepancies between simulators and real-world environments can be seen in areas like state
space (differences in robot mechanics), action space (issues like overshooting due to high torque), and transition dynamics
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(terrain inconsistencies). Additionally, real-world scenarios demand low inference latency to ensure smooth operation - a
requirement often not necessary in simulations.

To bridge this gap, we focus on two main areas: data collection and inference.

Data collection High-quality data is vital. We use reward shaping to guide data generation, avoiding illegal states or
actions. The data also needs to encompass a wide range of commands and terrains, achievable through domain randomization,
to ensure the model closely aligns with real-world scenarios.

Inference Post-data collection, engineering efforts such as integrating sensor data into the state and relaying neural
network outputs to motor actions become critical. The key to successful sim-to-real transition is the neural network’s
inference latency. Given FCNet’s low complexity in this regard, we efficiently address the sim-to-real challenge during
deployment.

C.3.3. HIGH-LEVEL CONTROLLER

The robot’s actions, such as moving backward and forward, turning left and right, spinning, standing, crouching, and
sprinting, are directed by human operators via remote control. These commands, constituting part of the observation, are
interpreted by the policy network, which then translates them into low-level actions executed by the robot.

C.4. Low Inference Latency

All our tests for inference latency only target the last action in each context length window, as this ensures that the
maximum inference latency of the robot does not exceed a certain hardware threshold when deployed. The testing procedure
incorporates three random number seeds, with each seed conducting 10 episodes and subsequently calculating the average
of CPU inference latency using torch.profiler, to ensure a small variance.

In the experiments of Fig. 6, when we change a hyperparameter, other hyperparameters remain at their default values:
Context Length=64,n_layer=4, hidden_size= 256.

It is worth noting that we tested the model’s inference latency on the CPU since many robots lack GPUs, and energy
consumption considerations make lightweight deployment crucial.

Our test environment is shown in Table 8:

Table 8. Information on the latency measurement environment.

Value
Warm Up 500 dummy state inputs
CPU Intel(R) Xeon(R) Silver 4210 CPU @ 2.20GHz
Memory Configured Clock Speed  2400MHz
(ON] Ubuntu 18.04.5 LTS, Linux 4.15.0-135-generic
Python 3.8.18
GCC 8.4.0
Torch Version 1.12.1

Furthermore, in the Ablation Study detailed in Appendix B, we consistently measure the inference latency of 8 models
simultaneously to ensure environmental consistency across each set of experimental data.

D. Real-World Applications

We provide a more detailed image (i.e., video screen capture) in Fig. 10 of real-world robot deployments, as a supplement to
Sec. 4.2. It also includes the comparison of FCNet and Transformer.

In this image, it can be seen that the robot corresponding to Transformer appears to fall in scenarios such as going upstairs
indoors and going downstairs indoors. We put a more detailed video with more tests in the supplementary material.
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Figure 8. The performance and CPU inference latency of each model on the legged robotics dataset (measured by mean return). The
horizontal axis indicates the model’s parameter count, adjustable by varying the number of layers and hidden size in both Transformer and
Fourier Controller. Throughout these experiments, hyperparameters like the learning rate remained constant. Notably, in the Transformer
experiments with n_layer=8 and approximately 5.7M model parameters, a high learning rate induces oscillations in the training process.
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Figure 9. The performance and CPU inference latency of each model on the legged robotics dataset (measured by mean return). The
horizontal axis indicates the context length of the model. This study extends the experiment shown in Fig. 4, where we vary the context
length and then evaluate over 1500 x 3 trajectories, averaging both return and inference latency. We refrained from testing longer sequence
lengths because doing so, while keeping the total data volume constant, would decrease the number of trajectories, further leading to data
insufficiency.
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Figure 10. Deploying FCNet to real-world legged robots.
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