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Abstract
Transformers have demonstrated exceptional in-context learning capabilities, yet the theoretical
understanding of the underlying mechanisms remains limited. A recent work [15] identified a
“rich” in-context mechanism known as induction head, contrasting with “lazy” n-gram models that
overlook long-range dependencies. In this work, we provide dynamics analysis of how transformers
learn from lazy to rich mechanism. Specifically, we study the training dynamics on a synthetic
mixed target, composed of a 4-gram and an in-context 2-gram component. This controlled setting
allows us to precisely characterize the entire training process and uncover an abrupt transition from
lazy (4-gram) to rich (induction head) mechanisms as training progresses. The theoretical insights
are validated experimentally in both synthetic and real-world settings.

1. Introduction
Transformer, introduced by Vaswani et al. [30], have achieved remarkable success across various
domains, including natural language processing, computer vision, and scientific computing. An
emergent observation is that transformers, trained on trillions of tokens, can perform (few-shot)
in-context learning (ICL), which makes prediction based on the contextual information without
needing model retraining [8]. This ICL ability is widely regarded as crucial for enabling large
language models (LLMs) to solve reasoning tasks, representing a key step toward more advanced AI.

To understand how transformers implement ICL, Elhage et al. [15] and Olsson et al. [20]
identified a simple yet powerful mechanism known as induction head. Specifically, given an input
sequence [· · ·ab· · ·a], an induction head predicts b as the next token by leveraging the prior
occurrence of the pattern ab in the context, effectively modeling an in-context bi-gram. In contrast,
traditional n-gram model [25] (with a small n) utilizes only a limited number of recent tokens to
predict the next token, which is context-independent and inevitably overlooks long-range dependence.
Based on the extent of context utilization, we categorize n-gram model as a “lazy” mechanism,
whereas the induction head represents a more “rich” mechanism.

The pioneering works by Elhage et al. [15] and Olsson et al. [20] demonstrated that transformers
undergo an abrupt phase transition to learning induction heads. A recent empirical study on synthetic
datasets replicate this behavior, further showing that 2-gram is always learned prior to induction
heads [7]. However, a rigorous theoretical analysis of this learning progression is still lacking.
Closing this gap forms our research objective: Understand how transformers transition from relying
on n-gram patterns to employing the induction head mechanism as training progresses.

(Our contributions). Dynamics analysis: how learning undergoes a sharp transition from
n-gram to induction head. We study the learning dynamics of a two-layer transformer without
FFNs for a mixed target, composed of a 4-gram and an in-context 2-gram component. This toy
setting allows us to capture the entire training process precisely. Specifically, we show that learning
progresses through four phases: partial learning of the 4-gram, plateau of induction head learning,
emergence of the induction head, and final convergence, showcasing a sharp transition from 4-gram
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to induction head. Our analysis identifies two key drivers of the transition: 1) time-scale separation
due to low- and high-order parameter dependencies in self-attention, and 2) speed differences caused
by the relative proportions of the two components in the mixed target. Additionally, in our analysis,
we introduce a novel Lyapunov function that exploits the unique structure of self-attention, which
may be of independent interest.

Finally, we conduct a series of experiments, ranging from simple toy models to real-world natural
language training tasks, to validate our theoretical insights.

2. Preliminaries
Notations. We use sm(·) to denote the softmax function. We use standard big-O notations O,Ω,Θ
to hide absolute positive constants, and use Õ, Ω̃, Θ̃ to further hide logarithmic constants.

Sequence modeling. Given a sequence of tokens (x1, x2, x3, . . . ) with each token lying in
Rd, let XL = (x1, x2, . . . , xL) ∈ Rd×L. Given A = (a1, · · · an) ∈ Rm×n, we denote (as)

j
s=i =

(ai, · · · , aj). We consider the next-token prediction task: predict xL+1 usingXL = (x1, x2, . . . , xL).
In a n-gram model [25], the conditional probability of predicting the next token is given by

p(xL+1|XL) = p(xL+1|XL−n+2:L), meaning that the prediction depends only on the most recent
n − 1 tokens. In practice, the value of n is typically small (e.g., 2, 3, or 4), as the computational
cost of n-gram models grows exponentially with n. However, n-gram models with small n cannot
capture long-range interactions, leading to inferior performance in sequence modeling.

Self-attention in Transformers is designed to more efficiently capture long-range dependencies
in sequence modeling [30]. Let SA represent the H-head self-attention operation. Specifically, when
applied to a sequence Z = (z1, · · · , zL) ∈ RD×L, SA operates it asSA(Z) =WO

∑H
h=1 SA(h)(Z),

where SA(h)(Z) =
(
W

(h)
V Z

)
softmax

(〈
W

(h)
Q Z,W

(h)
K Z

〉
+R(h)

)
, where W (h)

Q ,W
(h)
K ,W

(h)
V corre-

spond to the query, key, value matrices of the h-th head, respectively. softmax represents taking
softmax normalization across columns.

〈
W

(h)
Q X,W

(h)
K X

〉
is called the dot-product (DP) structure.

Furthermore, R(h) = (R
(h)
i,j ) ∈ RL×L denotes the additive relative positional encoding matrix, which

satisfies R(h)
i,j = −∞ if i ⩽ j for the next-token prediction task.

Relative positional encoding (RPE). Throughout this paper, we focus on the Alibi RPE [21],
where R(u,h)

ij exhibit a Toeplitz structure, i.e.,R(u,h)
ij = ϕ(i − j; p(u,h)) for i, j ∈ [L]. Here, p(u,h)’s

are learnable parameters and ϕ(·; p) has the form: ϕ(z; p) =
{
−p · (z − 1), if z ⩾ 1
−∞, otherwise . We adopt the

Alibi only for simplicity and our results can be extended to other additive RPEs, such as [11, 22].
Vanilla Induction Heads. The original induction head [15, 20] is regarded as one of the key

mechanisms to implement ICL and reasoning. This induction head suggests that two-layer multi-head
transformers without FFNs can execute a simple in-context algorithm to predict the next token b
from a context [· · ·ab· · ·a] through retrieval, copying, and pasting, based on in-context bi-gram
pairs. We define the vanilla induction head IH2 : ∪L∈N+Rd×L 7→ Rd as follows:

IH2(XL) =

L−1∑
s=2

xs sm
((
x⊤LW

⋆xν−1

)L−1

ν=2

)
ν=s

. (1)

Specifically, IH2 retrieves in-context information of arbitrary length. It retrieves previous tokens
xs−1’s that are similar to the current token xL based on a dot-product similarity, and then copies
and pastes xs−1’s subsequent token xs as the current prediction xL+1. Note that the magnitude of
matrix W ⋆ controls the sparsity of retrieval, since increasing ∥W ⋆∥ causes the softmax output to
concentrate as a delta measure over the preceding tokens.
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3. The Transition from Lazy to Rich Mechanisms in Learning Dynamics
3.1. Setups
3.1.1. MIXED TARGET FUNCTION

Mixed target function. Let the input sequence be X = (x1, · · · , xL) ∈ R1×L. Our mixed target
function f⋆ contains both a 4-gram component f⋆G4

and an in-context 2-gram component f⋆IH2
:

f⋆(X) :=

(
α⋆

1 + α⋆
f⋆G4

(X),
1

1 + α⋆
f⋆IH2

(X)

)⊤
∈ R2, (2)

where α⋆ > 0 represents the relative weight between the two components: f⋆G4
(X) and f⋆IH2

(X).
Here, f⋆G4

represents a 4-gram component and f⋆IH2
is given by the vanilla induction head (1) to

represent a type of in-context 2-gram information:
f⋆G4

(X) := xL−2, f⋆IH2
(X) :=

L−1∑
s=2

xs sm
((
xLw

⋆2xν−1

)L−1

ν=2

)
ν=s

.

Note that f⋆G4
denotes a “simplest” 4-gram target, where the next token is predicted according to

the conditional probability p(z|X) = p(z|xL, xL−1, xL−2) = I{z = xL−2}.
Remark 1 (The reason for considering 4-gram.) Our target includes a 4-gram component rather
than simpler 2- or 3-gram components. Note that the induction head includes the 2-gram mechanism.
Hence we focus on the more challenging 4-gram target to avoid trivializing the learning process.
3.1.2. TWO-LAYER MULTI-HEAD TRANSFORMER WITH REPARAMETERIZATION

Two-layer multi-head transformer w/o FFNs. We consider a simple two-layer multi-head trans-
former TF, where the first layer contains a single head SA(1,1), and the second layer contain two
heads SA(2,1),SA(2,2). Given an input sequence X = (x1, · · · , xL) ∈ R1×L, it is first embedded as
X(0) := (X⊤, 0⊤) ∈ R2×L. The model then processes the sequence as follows:

X(1) = X(0) + SA(1,1)(X(0)), TF(X) = SA(2,1)(X(1)) + SA(2,2)(X(1)).
Reparameterization. Despite the simplification, the transformer above is still too complicated

for dynamics analysis. To overcome this challenge, we adopt the reparametrization trick used in
previous works [10, 16, 28]. We reparameterize the model as follows, (see Appendix C.1 for details):
• First layer. This layer consists of a single attention head without DP. The only trainable parameter

is p(1,1), which governs the RPE component.
• Second layer. This layer contains two heads and five trainable parameters. The first head without

DP is responsible to fit f⋆G4
using parameters p(2,1), w(2,1)

V , while the second head without RPE is

responsible to fit f⋆IH2
with parameters w(2,2)

V , w
(2,2)
K , w

(2,2)
Q .

The set of all six trainable parameters across both layers is denoted by θ.

3.1.3. GRADIENT FLOW ON SQUARE LOSS

We consider the Gaussian input and square loss, both of which are commonly used in analyzing
transformer dynamics and ICL [3, 16, 32]. The loss is defined as:

L(θ)= 1

2
EX∼N (0,IL×L)

[
∥TF−1(X; θ)− f⋆(X)∥22

]
, (3)

To characterize the learning of G4 and IH2, we introduce two partial losses: LG4
(θ) =

1
2EX (TF−1,1(X; θ)− f⋆1 (X))2 , LIH2

(θ) = 1
2EX (TF−1,2(X; θ)− f⋆2 (X))2, corresponding to the

two dimensions in TF−1(X; θ)−f⋆(X) ∈ R2, respectively. It follows that L(θ) = LG4
(θ)+LIH2

(θ).
Gradient flow (GF). We analyze the GF for minimizing the objective (3):

dθ(t)
dt

= −∇L(θ(t)), starting with θ(0) = (σinit, · · · , σinit)⊤, (4)
where 0 < σinit ≪ 1 is sufficiently small. Note that σinit ̸= 0 prevents ∇L(θ(0)) = 0.
Layerwise training paradigm. We consider a layerwise training paradigm in which, during

each stage, only one layer is trained by GF. Specifically,
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• Training Stage I: In this phase, only the parameter in the first layer, i.e., p(1,1), is trained.
• Training Stage II: In this phase,the first layer parameter p(1,1) keeps fixed and only parameters in

the second layer are trained: w(2,1)
V , w

(2,2)
V , p(2,1), w

(2,2)
Q , w

(2,2)
K .

This type of layerwise training has been widely used to study the training dynamics of neural
networks, including FFN networks [6, 24, 31] and transformers [10, 19, 28].
Lemma 2 (Training Stage I) For the Training Stage I, lim

t→+∞
p(1,1)(t) = +∞.

According to (5), this lemma implies that, at the end of Training Stage I, the first layer captures
the preceding token xs−1 for each token xs, i.e., ys = xs−1. This property is crucial for transformers
to implement induction heads. The proof of Lemma 2 is deferred to Appendix C.2.
3.2. Training Stage II: Transition from 4-gram to Induction Head
In this section, we analyze the dynamics in Training Stage II. We start from the following lemma:
Lemma 3 (Parameter balance) In Training Stage II, it holds that |w(2,2)

Q (t)|2 ≡ |w(2,2)
K (t)|2.

Lemma 3 is similar to the balance result for homogeneous networks [12], and its proof can
be found at the start of Appendix C.3. By this lemma, we can define w(2,2)

KQ := wQ ≡ wK .
Additionally, Lemma 2 ensures that p(1,1) = +∞ holds during Stage II. For simplicity, we denote
wV1 := w

(2,1)
V , wV2 := w

(2,2)
V , p := p(2,1), wKQ := w

(2,2)
KQ . Consequently, the training dynamics are

reduced to four parameters θ = (wV1 , wV2 , p, wKQ) .
where we still denote the set of parameters as θ without introducing ambiguity. It is important

to note that the problem remains highly non-convex due to the joint optimization of both inner
parameters (p, wKQ) and outer parameters (wV1 , wV2) in the two heads. At this training stage, GF
has a unique fixed point wV1 = α⋆

1+α⋆ , wV2 = 1
1+α⋆ , p = +∞, wKQ = w⋆, which corresponds to

a global minimizer of the objective (3).
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Figure 1: Visualization of the dynamical behavior of Training Stage II with total loss, partial loss, and the
parameter evolution. Here, α⋆ = 1, w⋆ = 0.49, σinit = 0.01, L = 40. The is clearly shown
that transformer learns the 4-gram component first and then, starts to learn the induction head
mechanism. Notably, the entire dynamics unfold in four distinct phases, consistent with our
theoretical results (Theorem 4). For more experimental details, we refer to Appendix B.1.

As shown in Figure 1, a learning transition from the 4-gram mechanism to the induction head
mechanism does occur. Moreover, the learning process exhibits four-phase dynamics. The next theo-
rem provides a precise characterization of the four phases, which proof is provided in Appendix C.3.
Theorem 4 (Learning transition and 4-phase dynamics) Let α⋆ = Ω(1) and w⋆ = O(1), and
we consider the regime of small initialization (0 < σinit ≪ 1) and long input sequences (L ≫ 1).
Then we have the following results:
• Phase I (partial learning). In this phase, most of the 4-gram component in the mixed target is

learned, while a considerable number of induction head component have not yet been learned.
Specifically, let TI = O(1), then we have the following estimates:

LG4
(θ(TI)) ⩽ 0.01 · LG4

(θ(0)), LIH2
(θ(TI)) ⩾ 0.99 · LIH2

(θ(0)).
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• Phase II (plateau) + Phase III (emergence). In these two phases, the learning of the induction
head first gets stuck in a plateau for TII time, then is learned suddenly. Specifically, denoted by an
observation time To = Θ(L), we have the following tight estimate of the duration:

TII := inf
{
t > To : LIH2

(θ(t)) ⩽ 0.99 · LIH2
(θ(To))

}
= Θ

(
(α⋆ + 1)2L log(1/σinit)/w

⋆2
)
;

TIII := inf
{
t > To : LIH2

(θ(t)) ⩽ 0.01 · LIH2
(θ(To))

}
= Θ

(
(α⋆ + 1)2L log(1/σinit)/w

⋆2
)
.

During these phases, the parameter wKQ (for learning w⋆ in IH2) increases exponentially:

wKQ(t) = σinit exp

(
Θ

(
w⋆2t

(1 + α⋆)2L

))
, t < TIII.

• Phase IV (convergence). In this phase, the loss converges toward zero. Specifically, the following
convergence rates hold for all t > TIII :

LG4
(θ(t)) = O

(
1

t

)
, LIH2

(θ(t)) = O
(
exp

(
−Ω

(
w⋆2t

(1 + α⋆)2L

)))
,

and L(θ(t)) = LG4
(θ(t)) + LIH2

(θ(t)).
By this theorem, the 4-gram mechanism is first learned, taking time TI. Then, the learning of

the induction head mechanism enters a plateau, taking time TII, followed by a sudden emergence of
learning, taking time TIII − TII. Finally, the loss for both components converges to zero.

The clear learning transition. When any one of L,α⋆, 1/σinit, 1/w⋆ is sufficiently large, Phase
II lasts for TII ≫ 1. During this phase, the 4-gram component has been learned well but the induction
head component remains underdeveloped, demonstrating a distinct learning transition. Moreover,
Theorem 4 and its proof reveal two key factors that drive this transition:
• Time-scale separation due to high- and low-order parameter dependence in self attention.

The learning of DP and RPE components differ in their parameter dependencies. DP component
exhibits a quadratic dependence on the parameter wKQ, while RPE component shows linear
dependence on the parameter p. With small initialization σinit ≪ 1, a clear time-scale separation
emerges: |ẇKQ| ∼ wKQ ≪ 1 (DP, slow dynamics) and |ṗ| ∼ 1 (RPE, fast dynamics). Conse-
quently, the induction head (fitted by DP) is learned much slower than the 4-gram component
(fitted by RPE). This time-scale separation accounts for the term log(1/ϵinit) in the plateau TII.

• Speed difference due to component proportions in the mixed target. The 4-gram target compo-
nent and the induction-head component have differing proportions in the mixed target. A simple
calculation shows: LG4

(0) ∼ α⋆2/(1 + α⋆)2; If w⋆ = O(1), then LIH2
(0) ∼ 1/[(1 + α⋆)2L].

Notably, LIH2
(0) is significantly smaller than LG4

(0). This proportion disparity accounts for the
(1 + α⋆)2L term in the plateau time TII.

Proof idea. We highlight that our fine-grained analysis of entire learning process is guided by
two key observations: 1) the dynamics of the two heads can be decoupled; 2) there exist a distinct
transition point in the dynamics of each head, as shown in Figure 1 (right). These insights lead us
to divide the analysis of each head into two phases: a monotonic phase and a convergence phase.
Particularly, for the convergence phase, we introduce a novel Lyapunov function that leverages the
unique dynamical structure of self-attention. This Lyapunov function may be of independent interest
and offers potential for studying broader issues in self-attention dynamics.

Further experiments. We conduct additional experiments to validate our theoretical insights
into the training dynamics and learning transition across a wider range of scenarios. These includes
using data distribution (Figure 3) and optimization algorithms (Figure 4) in high-dimensional settings,
as well as training real-world transformers on natural language datasets (Figure 2).
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Appendix A. Related Works

Empirical observations of induction head. The induction head mechanism was first identified
by Elhage et al. [15] in studying how two-layer transformers perform language modeling. Subse-
quently, Olsson et al. [20] conducted a more systematic investigation, revealing two key findings:
1) induction head emerges abruptly during training, and 2) induction head plays a critical role
in the development of in-context learning capabilities. To obtain a fine-grained understanding of
how induction head emerges during training, recent studies have developed several synthetic set-
tings [7, 14, 23]. Particularly, Bietti et al. [7] successfully reproduced the fast learning of (global)
bigrams and the slower development of induction head. Despite these efforts, a comprehensive
theoretical understanding of how the induction head operates in two-layer transformers and how it is
learned during training remains elusive.

Training dynamics of transformers. To gain insights into the dynamics of training trans-
formers, several studies have analyzed simplified transformers on toy tasks. These tasks include
learning distinct/common tokens [28], leaning balance/inblanced features [16], linear regression
task [2, 33], multi-task linear regression [9], binary classification [17], transformer with diagonal
weights [1], learning causal structure [19], sparse token selection task [32], and learning n-gram
Markov chain [10]. Additionally, studies such as those by Ataee Tarzanagh et al. [4], Tarzanagh et al.
[26] and Vasudeva et al. [29] have analyzed scenarios where transformers converge to max-margin
solutions. Furthermore, Thrampoulidis [27] has examined the implicit bias of next-token prediction.
Among these works, the most closely related to ours are Nichani et al. [19] and Chen et al. [10],
which proved that two-layer transformers can converge to induction head solutions. In this work, we
explore a setting where the target is a mixture of 4-gram and induction head. We show that two-layer
transformers can effectively converge to this mixed target and provide a precise description of the
learning process associated with each component. Importantly, we are able to capture the abrupt
transition from learning 4-gram patterns to mastering the induction head mechanism—a critical
phase in the learning of induction heads, as highlighted in the seminal works [15, 20].

Now we discuss the relationship between our work and two closely related studies [7, 14].
Comparison with Bietti et al. [7].
Study objective: While Bietti et al. [7] examines the transition from 2-gram to induction head,

our work focuses on the transition from 4-gram to induction head.
study methods: Bietti et al. [7] conducts extensive experiments supported by partial theoretical

properties but does not fully characterize the training dynamics theoretically. In contrast, our study
provides a precise theoretical analysis of the entire training process in a toy model, uncovering
the sharp transition from 4-gram to induction head.

Main insights: Bietti et al. [7] emphasizes the the role of weight matrices as associative memories
and the impact of data distributional properties. Our analysis, on the other hand, identifies two
primary drivers of the transition: (1) the time-scale separation due to low- and high-order parameter
dependencies in self-attention; (2) the speed differences caused by the relative proportions of the two
components in the mixed target.

Comparison with Edelman et al. [14]. Edelman et al. [14] focuses on the transition from uni-
gram to bi-gram mechanisms in Markov Chain data. In contrast, our study investigates the transition
from 4-gram to in-context 2-gram mechanisms (induction head). Additionally, we theoretically
identify two primary drivers of the transition: (1) the time-scale separation due to low- and high-order

9
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parameter dependencies in self-attention; (2) the speed differences caused by the relative proportions
of the two components in the mixed target.

Appendix B. Experiments

1. Standard transformers on real-world natural language dataset.
Setup. We train a two-layer two-head standard transformer with Alibi RPE (without any

simplification) on the wikitext-2 dataset, a natural language dataset [18]. The transformer has an
embedding dimension D = 128 and FFN width W = 512. For this dataset, the input dimension is
d = 33278. We use a context length L = 200 and batch size B = 32. The parameters are initialized
with the scale 0.01. The model is trained for 1,500 epochs on 1 H100, using cross-entropy loss and
SGD with learning rate 0.1, and the initialization scale is 0.01. It is important to note that both
layers are trained simultaneously. The results are presented in Figure 2.
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parameter norms ‖p‖, ‖(WK ,WQ)‖

Figure 2: The loss and parameters for the experiment training a two-layer two-head standard
transformer (without any simplification) on the wikitext-2 dataset [18]. Here, ∥p∥ and
∥(WK ,WQ)∥ denote the Frobenius norms of all positional encoding parameters and all
WK ,WQ parameters across layers and heads, respectively, The results show that: the
loss exhibits a clear plateau; position encoding p’s are learned first; and the dot-product
structureWK ,WQ are learned slowly at the beginning, resembling an exponential increase;
additionally, as WK ,WQ are learned, the loss escapes that plateau. These findings closely
resemble the behavior observed in our toy model (Figure 1). This experiment provides
further support for our theoretical insights regarding the time-scale separation between
the learning of positional encoding and the dot-product structure.

2. Discrete token distribution in toy setting.
Setup. We modified the Gaussian input distribution used in the setup for Figure 1 to a boolean

input distribution, where each input token, where each input token xi
iid∼ Unif({±1}) for i ∈ [L],

All other experimental setups remain the same as in the setup for Figure 1. The training dynamics of
Stage (ii) are presented in Figure 3. We can see clearly that the dynamical behavior of the learning
process is nearly the same as the one observed for Gaussian inputs in Figure 1.
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Figure 3: Visualization of the total loss, partial loss, and the parameter dynamics, for the experiment
on discrete token distribution (Boolean, X ∼ Unif({±1}L)) in our toy setting with
α⋆ = 1, w⋆ = 0.49, σinit = 0.01, L = 40. The figure clearly shows that transformer
learns the 4-gram component first and then, starts to learn the induction head mechanism.
Notably, the entire dynamics exhibit four phases. These results are extremely similar to
that observed with Gaussian inputs, as shown in Figure 1.

3. Adam in high-dimensional toy setting.
Setup. We modified the setup for Figure 1 to employ a high-dimensional model (D = 100).

Specifically, the target is w⋆ = 0.49ID/D, the dot-produce parameters are WK ,WQ ∈ RD, initial-
ized such that ∥WK∥F , ∥WQ∥F = σinit. Additionally, for the Adam optimizer, we use learning rate
5e-4. All other experimental setups remain the same as in the setup for Figure 1.

The training dynamics are depicted in Figure 4, where, for comparison, results using GD are
also presented. In both scenarios, the learning process begins with the 4-gram pattern, followed by
a gradual learning phase of the induction head mechanism. Notably, within the given number of
iterations, GD remains stuck in the plateau, whereas Adam successfully escapes that plateau.

B.1. Experimental details for Figure 1

In line with our theoretical setting, we examine a simplified two-layer transformer, as described in
Alibi RPE. Specifically, the first layer only contains RPE and the second layer consists of two heads:
one uses only RPE and the other employs only dot-product structure. The target function is specified
by (2) with α⋆ = 1, w⋆ = 0.49, σinit = 0.01, L = 40, and the distribution of each token is Gaussian,
i.e., xi

iid∼ N (0, 1) for i ∈ [L]. Training is conducted by minimizing the squared loss (3) using online
SGD with learning rate 0.1 and batch size B = 1, 000. Following our theoretical analysis, the two
layers are trained sequentially:

• Training Stage I: only the first layer is trained for 100,000 iterations;

• Training Stage II: Subsequently, only the second layer undergoes training for another 100,000
iterations.

The dynamical behavior of the Training Stage II is visualized in Figure 1.
Compute resources. Real-world experiments on wikitext-2 are conducted on 1 A100 GPU,

while other synthetic experiments are conducted on CPU.
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Figure 4: Partial loss for the experiment comparing GD v.s. Adam optimizer in high-dimensional
settings (D = 100). In this setting, a larger D increases the difficulty of the transition
from the lazy regime (learning 4-gram) to the rich regime (learning induction head). The
results indicate that: (1) GD learns the 4-gram component first but becomes stuck in a
plateau when learning induction head; (2) Adam, while eventually transitioning from the
lazy regime (learning 4-gram) to the rich regime (learning induction head), experiences
a challenging transition characterized by multiple plateaus during learning induction
heads. This finding closely resembles the dynamics for GD.

Appendix C. Proofs in Section 3

C.1. Reparameterization

Despite the simplification, the transformer above is still too complicated for dynamics analysis. To
overcome this challenge, we adopt the reparametrization trick used in previous works [10, 16, 28].
Specifically, to express vanilla induction head, the first layer does not require DP, and the second
layer does not require RPE. Moreover, to express the 4-gram component f⋆G4

, we only need an
additional head without DP in the second layer. Therefore, we can reparameterize the model as
follows:

• The first layer. This layer has only one trainable parameter p(1,1). In the unique head SA(1,1),

DP is removed by setting W (1,1)
Q = W

(1,1)
K = 0, and we let W (1,1)

V =

(
0 0
1 0

)
. The output

sequence of this layer given by X(1) = X(0) + SA(1,1)(X(0)) =

(
x1, · · · , xL
y1, · · · , yL

)
, where

ys=
s−1∑
τ=1

xτ sm
((

− p(1,1)(s− 1− ν)
)s−1

ν=1

)
ν=τ

(5)

for s ∈ [L], where p(1,1), used in RPE, is the unique trainable parameter in this layer.

• The second layer. This layer has 5 trainable parameters: w(2,1)
V , w

(2,2)
V , p(2,1), w

(2,2)
K , w

(2,2)
Q

for parametrizing the two heads. The first head SA(2,1) without DP is responsible to fit f⋆G4
,

while the second head SA(2,2) without RPE is responsible to fit f⋆IH2
. Specifically, W (2,1)

Q =

12
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W
(2,1)
K = 0,W

(2,1)
V =

(
0 w

(2,1)
V

0 0

)
, p(2,2) = 0,W

(2,2)
V =

(
w

(2,2)
V 0
0 0

)
. Then the second

layer processes X(1) and outputs the last token:

TF−1(X; θ)=
( L−2∑
s=2

w
(2,1)
V ysπs,

L−2∑
s=2

w
(2,2)
V xsρs

)⊤
, (6)

πs = sm
((

− p(2,1)(L− 1− ν)
)L−2

ν=2

)
ν=s

, ρs = sm
((
xLw

(2,2)
Q w

(2,2)
K xν−1

)L−2

ν=2

)
ν=s

,

where ys is given by Eq. (5). p(2,1), w(2,1)
V are trainable parameters in SA(2,1), whilew(2,2)

Q , w
(2,2)
K , w

(2,2)
V

are trainable parameters in SA(2,2).

The set of all six trainable parameters across both layers is denoted by θ.

C.2. Optimization Dynamics in Training Stage I

In this subsection we focus on training the first layer of Transformer model to capture the token
ahead. For simplicity, we introduce some notations:

p̃ := p(1,1), p := p(2,1), g := w
(2,1)
V , h := w

(2,2)
V , wK := w

(2,2)
K , wQ := w

(2,2)
Q ,

and denote the initialization of each parameter as p̃(0), p(0), g(0), wQ(0), wK(0), h(0) respectively.
We initialize p(0), wk(0), wQ(0) = 0 while the other parameters are all initialized at σinit. In

this training stage, we only train p̃. And our goal, the proof of Lemma 2 can be deduced from which,
is to prove:

lim
t→+∞

p̃(t) = +∞.

In this stage, the s-th output token of the first layer is represented as(
xs

(xτ )
s−1
τ=1 softmax

((
− p̃(s− 1− τ)

)s−1

τ=1

)⊤) ,
and the target function and output of transformer are as follows

f∗(X) =

 α⋆

1+α⋆xL−2

1
1+α⋆ (xs)

L−1
s=2 softmax

((
xLw

⋆2xs−1

)L−1

s=2

)⊤
 ,

fθ(X) =


g(0)

(
(xτ )

s−1
τ=1softmax

(
(−p̃(s− 1− τ))s−1

τ=1

)⊤)L−1

s=2

softmax
(
(−p(0)(L− 1− s))L−1

s=2

)⊤
h(0)(xs)

L−2
s=2 softmax

((
wK(0)wQ(0)xL · (xτ )s−1

τ=1 softmax
(
(−p̃(s− 1− τ))s−1

τ=1

)⊤ )L−2

s=2

)⊤


=

(
g(0) 1

L−2

∑L−2
τ=1

(∑L−1
s=τ+1 softmax

(
(−p̃(s− 1− t))s−1

t=1

))
t=τ

xτ

h(0) 1
L−2

∑L−2
s=2 xs

)
.
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Since we only focus on p̃ and the other parameters remain the initialization value, the loss
function can be simplified as

L(θ) = E
X∼N(0,1)L

[
α⋆2

(1 + α⋆)2
x2L−2 +

g(0)2

(L− 2)2

L−2∑
τ=1

(
L−1∑
s=τ+1

softmax
(
(−p̃(s− 1− t))s−1

t=1

)
t=τ

)2

x2τ

+
2g(0)

L− 2

α⋆

1 + α⋆
softmax

(
(−p(0)(L− 1− s))L−1

s=2

)
s=L−1

x2L−2

]
+ C(w⋆, α⋆, w(0), h(0))

where the second term C(w⋆, α⋆, w(0), h(0)) is a constant depends on w⋆, α⋆, w(0) and h(0),
produced by calculating the error of the second head, i.e., loss of induction head, while the first term
is 4-gram loss.

We first define several functions that will be useful for calculation in this stage and the second
one:

Function I. This function is purely defined for the calculation of dp
dt . Denoted by q(p̃) :=∑L−2

τ=1

(∑L−1
s=τ+1

ep̃(s−1−τ)∑s−2
k=0 e

−p̃k

)2

, we first prove dq
dp̃ ⩽ 0.

q(p̃) :=

L−2∑
τ=1

(
L−1∑
s=τ+1

ep̃(s−1−τ)∑s−2
k=0 e

−p̃k

)2

=

L−2∑
τ=1

(
L−1∑
s=τ+1

e−p̃(s−1−τ)

1− e−p̃(s−1)
(1− e−p̃)

)2

= (1− e−p̃)2
L−2∑
τ=1

(
L−1∑
s=τ+1

e−p̃(s−1−τ)

1− e−p̃(s−1)

)2

= (1− e−p̃)2
L−2∑
τ=1

e2p̃τ

(
L−1∑
s=τ+1

e−p̃(s−1)

1− e−p̃(s−1)

)2

= (1− e−p̃)2
L−2∑
τ=1

e2p̃τ

(
L−1∑
s=τ+1

1

ep̃(s−1) − 1

)2

Then we take its derivative of p̃

dq
dp̃

= 2(1− e−p̃)e−p̃
L−2∑
τ=1

e2p̃τ

(
L−1∑
s=τ+1

1

ep̃(s−1) − 1

)2

+ (1− e−p̃)2
L−2∑
τ=1

2τe2p̃τ

(
L−1∑
s=τ+1

1

ep̃(s−1) − 1

)2

+ (1− e−p̃)2
L−2∑
τ=1

2e2p̃τ

(
L−1∑
s=τ+1

1

ep̃(s−1) − 1

)(
L−1∑
s=τ+1

−(s− 1)ep̃(s−1)

(ep̃(s−1) − 1)2

)

= 2(1− e−p̃)
L−2∑
τ=1

e2p̃τ

(
L−1∑
s=τ+1

1

ep̃(s−1) − 1

)(
L−1∑
s=τ+1

e−p̃ + τ(1− e−p̃)

ep̃(s−1) − 1
− (s− 1)ep̃(s−1)

(ep̃(s−1) − 1)2

)
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dq
dp̃ ’s last factor can be formed as(

τ − (τ − 1)e−p̃
) (
ep̃(s−1) − 1

)
− (s− 1)ep̃(s−1)

ep̃(s−1) − 1)2

=
(τ + 1− s)ts−1 − (τ − 1)ts−2 − τ + τ−1

t

ep̃(s−1) − 1)2

where t = e−p̃ ⩾ 1. Since s ⩾ τ + 1, dq
dp̃ ⩽ 0.

Function II. For simplicity, we define M(p) and its derivative m(p):

M(p) :=
L−1∑
s=2

exp(−p(L− 1− s)) =
L−3∑
s=0

exp−ps = 1− e−p(L−2)

1− e−p
,

m(p) :=
l−3∑
s=1

s exp(−ps) = e−p − (L− 2)e−p(L−2) + (L− 3)e−p(L−1)

(1− e−p)2
.

Function III. The third function is derivative of softmax. By straightfoward calculation, we
obtain:

d
dp

softmax
(
(−p(L−1−t))L−1

t=2

)
t=L−1−s

=
d

dp
exp(−ps)∑L−3
τ=0 exp(−pτ)

=
−s exp(−ps)M(p) + exp(−ps)m(p)

M(p)2
.

Through the quantities and their properties above, we obtain the dynamic of p̃

dp̃
dt

= − g(0)2

(L− 2)2
q′(p̃) +

2α⋆g(0)

(1 + α⋆)(L− 2)

m(p)

M(p)2

⩾
2α⋆g(0)

(1 + α⋆)(L− 2)
e−p̃,

which implies:

lim
t→+∞

p̃(t) = +∞.

C.3. Optimization Dynamics in Training Stage II

In this training stage, the first layer is already capable of capturing the token ahead i.e. ys = xs−1.
And we train the parameters wV1 , wV2 , p, wKQ in the second layer.

We start from proving the parameter balance lemma:

Lemma 5 (Restate of Lemma 3) In Training Stage II, it holds that w(2,2)
Q

2
(t) ≡ w

(2,2)
K

2
(t).
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Proof Notice that

d
2dt

(
w

(2,2)
Q

2
(t)− w

(2,2)
K

2
(t)

)
= −w(2,2)

Q

∂L
∂w

(2,2)
Q

+ w
(2,2)
K

∂L
∂w

(2,2)
K

=− w
(2,2)
Q w

(2,2)
K

∂L
∂
(
w

(2,2)
Q w

(2,2)
K

) + w
(2,2)
K w

(2,2)
Q

∂L
∂
(
w

(2,2)
Q w

(2,2)
K

) ≡ 0.

Thus, we have:

w
(2,2)
Q

2
(t)− w

(2,2)
K

2
(t) ≡ w

(2,2)
Q

2
(0)− w

(2,2)
K

2
(0) = 0.

For simplicity, we still use the following notations:

p := p1, g := wV1 , w := wKQ, h := wV2 .

and notations for initialization p(0), g(0), w(0), h(0). Then the target function and output of Trans-
former can be formed as follows

f⋆(X) =

 α⋆

1+α⋆xL−2

1
1+α⋆ (xs)

L−1
s=2 softmax

( (
w⋆2xLxs−1

)L−1

s=2

)⊤
 ,

TF(X; θ) =

g · (xs−1)
L−1
s=2 softmax

(
(−p(L− 1− s))L−1

s=2

)⊤
h · (xs)L−1

s=2 softmax
( (
w2xLxs−1

)L−1

s=2

)⊤
 .

And the loss function is expressed as:

L(θ) = 1

2
E

X∼N(0,1)L

[
∥f⋆(x)− TF(x; θ)∥2

]
=

1

2
EX

[(
α⋆

1 + α⋆
xL−2 − g · (xs−1)

L−1
s=2 softmax

(
(−p(L− 1− s))L−1

s=2

)⊤)2
]

+
1

2
EX

[(
1

1 + α⋆
(xs)

L−1
s=2 softmax

((
w⋆2xLxs−1

)L−1

s=2

)⊤
− h · (xs)L−1

s=2 softmax
( (
w2xLxs−1

)L−1

s=2

)⊤)2
]
.

The total loss can naturally be divided into two parts:

L(θ) = LG4
(θ) + LIH2

(θ),

where

LG4
(θ) = LG4

(p, g)

=
1

2
EX

[(
α⋆

1 + α⋆
xL−2 − g · (xs−1)

L−1
s=2 softmax

(
(−p(L− 1− s))L−1

s=2

))⊤
)2

]
,
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LIH2
(θ) = LIH2

(w, h)

=
1

2
EX

[(
1

1 + α⋆
(xs)

L−1
s=2 softmax

((
w⋆2xLxs−1

)L−1

s=2

)⊤
− h · (xs)L−2

s=2 softmax
( (
w2xLxs−1

)L−1

s=2

)⊤)2
]
.

Notably, the dynamics of (p, g) and (w, h) are decoupled, which allows us to analyze them
separately.

Additionally, we denote the optimal values of the parameters as:

p⋆ = +∞, g⋆ =
α⋆

1 + α⋆
, w⋆ := w⋆, h⋆ =

1

1 + α⋆
.

For the initialization scale and the sequence length, we consider the case:

σinit = O(1) ≪ 1, L = Ω(1/σinit) ≫ 1.

C.3.1. DYNAMICS OF THE PARAMETERS FOR 4-GRAM

First, we define two useful auxiliary functions:

M(p) :=
1− e−p(L−2)

1− e−p
,

m(p) :=
e−p − (L− 2)e−p(L−2) + (L− 3)e−p(L−1)

(1− e−p)2
.

Then, a straightforward calculation, combined with Lemma 7 and Lemma 8, yields the explicit
formulation of LG4

(θ) and the GF dynamics of p and g:

LG4
(θ) =

1

2

(
α⋆

1 + α⋆

)2

+
1

2
g2
M(2p)

M(p)2
− α⋆g

1 + α⋆
1

M(p)
. (7)

dp
dt

= −∂L
∂p

= −∂LG4

∂p
=

m(p)

M(p)2

[
g2
m(2p)

m(p)
− g2

M(2p)

M(p)
+

α⋆g

1 + α⋆

]
,

dg
dt

= −∂L
∂g

= −∂LG4

∂g
=

α⋆

1 + α⋆
1

M(p)
− g

M(2p)

M(p)2
,

Equivalently, the dynamics can be written as:

dp
dt

=
m(p)g

M(p)2

(
g⋆ − g

M(2p)

M(p)
+ g

m(2p)

m(p)

)
,

dg
dt

=
1

M(p)

(
g⋆ − g

M(2p)

M(p)

)
.

Notice that at the initialization, it holds that dp
dt |t=0 > 0 and dg

dt |t=0 > 0. Then we first define a
hitting time:

T g1 := inf{t > 0 : g(t) > g⋆}.
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Noticing g(0) = σinit ≪ g⋆ and the continuity, T g1 > 0.
Our subsequent proof can be divided into two phases: a monotonic phase t < T g1 , and a stable

convergence phase t > T g1 .
Part I. Analysis for the monotonic phase t < T g1 .

dp
dt

=
m(p)g

M(p)2

(
g⋆ − g

M(2p)

M(p)
+ g

m(2p)

m(p)

)
=
m(p)g

M(p)2

(
g⋆ − g

1 + e−p(L−2)

1 + e−p
+ g

m(2p)

m(p)

)
,

dg
dt

=
1

M(p)

(
g⋆ − g

M(2p)

M(p)

)
=

1

M(p)

(
g⋆ − g

1 + e−p(L−2)

1 + e−p

)
.

It is easy to see that p, g are monotonically increasing for t < T g1 . We can choose sufficiently large

L = Ω(1/p(0)) = Ω(1/σinit)

such that:

(L− 3)e−(L−3)p(t), e−(L−5)p(t) < 0.0001, ∀p > σinit.

Then we can calculate the following three terms in the dynamics:

m(p)

M2(p)
=
e−p

(
1− (L− 2)e−p(L−3) + (L− 3)e−p(L−2)

)
1− e−p(L−2)

=
e−p(1 + ξ1(p))

1 + ξ2(p)
,

1

M(p)
=

1− e−p(L−2)

1− e−p
=

1 + ξ3(p)

1− e−p
,

m(2p)

m(p)
=

e−p
(
1− (L− 2)e−2p(L−3) + (L− 3)e−2p(L−2)

)
(1 + e−p)2

(
1− (L− 2)e−p(L−3) + (L− 3)e−p(L−2)

)
=

e−p(1 + ξ4(p))

(1 + e−p)2(1 + ξ5(p))
,

where the error functions satisfy:

|ξ1(p)|, · · · , |ξ5(p)| ⩽ 0.0001, ∀t > T g1 .

Then the dynamics satisfy:

dp
dt

=
e−pg(1 + ξ1(p))

1 + ξ2(p)

(
g⋆ − g

1 + e−p(L−2)

1 + e−p
+

ge−p(1 + ξ3(t))

(1 + e−p)2(1 + ξ5(t))

)
,

dg
dt

=
1 + ξ3(p)

1− e−p

(
g⋆ − g

1 + e−p(L−2)

1 + e−p

)
.

When g < 1
2

α⋆

1+α⋆ , we have
dp
dg

⩽ 2
(
e−p − e−2p

)
g.

18
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By define T g1/2 := inf{t > 0 : g(t) > g⋆/2} and p̃ := p(T g1/2), we have

ln(ep̃ − 1) ⩽
1

4
g⋆2 − g(0)2 + ep(0) − 1 + ln(ep(0) − 1)

then p̃ ⩽ O(
√
p(0)), from which we infer that p barely increases when t ⩽ T g1/2.

For 0 ⩽ t ⩽ T g1/2,
dg
dt

⩾
1

1− e−p(0)

[
g⋆ − g

1 + e−p(0)

]
g ⩾ g⋆(1 + e−p(0))) +

[
g(0)− g⋆(1 + e−p(0))

]
exp

( −t
1− e−2p(0)

)
so

T g1/2 ⩽ (1− e−2p(0)) ln

(
g⋆(1 + e−p(0))− g(0)

g⋆
(
(1 + e−p(0))− 1

2

)) = O (2p(0))

For T g1/2 ⩽ t ⩽ T g1 , let p1 := p(T g1 ),

dp
dg

⩽ 1.01e−p(1− e−p)g

(
1 +

g
1+e−p − g

(1+e−p)2

α⋆

1+α⋆ − g
1+e−p

)

⩽
1.01

4

α⋆

1 + α⋆
(1 + e−p1)

then

p1 − p(0) ⩽
1.01

4

(
α⋆

1 + α⋆

)2

(1 + ep1),

p1 ⩽
1

2
(

α⋆

1+α⋆

)2
− 1

,

and we take α⋆ > 1.
Since for T g1/2 ⩽ t ⩽ T g1 ,

dp
dt

⩽ 2e−pg⋆
(
g⋆ − 1

8
g⋆
)
,

dp
dt

⩾
1

2
e−pg⋆

(
g⋆ − 1

1 + e−p1
g⋆
)
,

we have

T g1 − t1 ⩽ O
(
(e2p1 − 1)

(
1 + α⋆

α⋆

)2
)
.

Hence, putting the two part of time together we have

T g1 ⩽ O
(
p(0) + (e2p1 − 1)

(
1 + α⋆

α⋆

)2
)

= O
(
σinit + (e2p1 − 1)

(
1 + α⋆

α⋆

)2
)

= O(1).

(8)
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Part II. Analysis for the convergence phase t > T g1 .
We will prove that, in this phase, (p, g) keep in a stable region, and the convergence occurs.
Recall the dynamics:

dp
dt

=
m(p)g

M(p)2

(
g⋆ − g

1 + e−p(L−2)

1 + e−p
+ g

m(2p)

m(p)

)
,

dg
dt

=
1

M(p)

(
g⋆ − g

1 + e−p(L−2)

1 + e−p

)
.

Using contradiction, it is easy to verify that for all t > T g1 ,

g⋆ < g(t) < 2g⋆,
dp(t)

dt
> 0,

which means g has entered a stable region (although it is possible that g is non-monotonic), while
p keeps increase. In fact, if T g2g⋆ := inf{t > 0 : g(t) = 2g⋆}, then dg

dt |T g
2g⋆

< 0, which leads to a

contradiction. If T dp/dt
0 := inf{t > 0 : dp(t)

dt = 0}, then(
g⋆ − g

1 + e−p(L−2)

1 + e−p
+ g

m(2p)

m(p)

)∣∣∣∣∣
T

dp/dt
0

= 0,
dg
dt

< 0,

d
dt

(
g⋆ − g

1 + e−p(L−2)

1 + e−p
+ g

m(2p)

m(p)

)
= −g′ 1 + e−p(L−2)

1 + e−p
+ g′

m(2p)

m(p)
> 0,

where the last inequality leads to a contradiction.
Thus, p(t) > p(T g1 ) > p(0) = σinit holds in this phase. Therefore, the dynamics

dp
dt

=
e−pg(1 + ξ1(p))

1 + ξ2(p)

(
g⋆ − g

1 + e−p(L−2)

1 + e−p
+

ge−p(1 + ξ3(t))

(1 + e−p)2(1 + ξ5(t))

)
,

dg
dt

=
1 + ξ3(p)

1− e−p

(
g⋆ − g

1 + e−p(L−2)

1 + e−p

)
,

also satisfy

|ξ1(p)|, · · · , |ξ5(p)| ⩽ 0.0001, ∀t > T g1 .

For simplicity, we consider the transform:

u := e−p.

Then the dynamics of u and g can be written as:

du
dt

= −(1 + ξ1(p))u
2g

1 + ξ2(p)

(
g⋆ − g

1 + uL−2

1 + u
+

gu(1 + ξ4(p))

(1 + u)2(1 + ξ5(p))

)
,

dg
dt

=
1 + ξ3(p)

1− u

(
g⋆ − g

1 + uL−2

1 + u

)
.
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Notice that this dynamics are controlled by high-order terms. Consequently, we construct a
variable to reflect the dynamics of high-order term:

v := ug⋆ + (g⋆ − g).

Then the dynamics of u and v satisfy:

du
dt

= −(1 + ξ1(p))u
2g

1 + ξ2(p)

(
v − uL−2g

1 + u
+

gu(1 + ξ4(p))

(1 + u)2(1 + ξ5(p))

)
,

dv
dt

= −(1 + ξ1(p))u
2gg⋆

1 + ξ2(p)

(
v − uL−2g

1 + u
+

gu(1 + ξ4(p))

(1 + u)2(1 + ξ5(p))

)
− 1 + ξ3(p)

1− u2
(
v − uL−2g

)
.

Now we consider the Lyapunov function about u, v:

G(u, v) :=
1

2

(
u2 + v2

)
.

Then it is straightforward:

dG
2dt

= u
du
dt

+ v
dv
dt

=− u3g(1 + ξ1(p))

1 + ξ2(p)

(
v − uL−2g

1 + u
+

gu(1 + ξ4(p))

(1 + u)2(1 + ξ5(p))

)
− (1 + ξ1(p))u

2vgg⋆

1 + ξ2(p)

(
v − uL−2g

1 + u
+

gu(1 + ξ4(p))

(1 + u)2(1 + ξ5(p))

)
− 1 + ξ3(p)

1− u2
(
v − uL−2g

)
v.

By |ξ1|, · · · , |ξ5| ⩽ 0.0001, we have the following estimate for the Lyapunov dynamics:

dG
2dt

⩽
1.001g

1 + u
|u3v|+ 1.0001g2

1 + u
uL+1 − 0.999g2

(1 + u2)
u4

− 0.999gg⋆

1 + u
u2v2 +

1.001g2g⋆

1 + u
|uLv|+ 1.001g2g⋆

(1 + u2)
|u3v|

− 0.999

1− u2
v2 +

1.001g

1− u2
|uL−2v|

By uL−5 = e−p(L−5) < 0.0001 and 0 < u < e−p(T
g
1 ), we further have:

dG
2dt

⩽
1.002g

1 + u
|u3v| − 0.99g2

(1 + u)2
u4 − 0.999gg⋆

1 + u
u2v2 +

1.005g2g⋆

(1 + u)2
|u3v| − 0.999

1− u2
v2

⩽− 0.99g2

(1 + u)2
u4 − 0.99gg⋆

1 + u
u2v2 − 0.99

1− u2
v2 + 1.01

(
g

1 + u
+

g2g⋆

(1 + u)2

)
|u3v|.

By using the following inequalities:

g2g⋆

(1 + u)2
|u3v| ⩽ 1

2

(
1.98

1.01

gg⋆

1 + u
u2v2 +

1.01

1.98

g3g⋆

(1 + u)3
u4
)
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g

1 + u
|u3v| ⩽ 1

2

(
0.99

1.01
(1 + u)v2 +

1.01

0.99

g2

(1 + u)3
u6
)

− 1

1− u2
+

1

2
(1 + u) < −2

5

we have

dG
dt

⩽ −0.99
g2

(1 + u)2
u4 +

1.01

3.96

g3g⋆

(1 + u)3
u4 +

1.01

1.98

g2

(1 + u)3
u6 − 1.98

5
v2.

Since g⋆ < g < 2g⋆, u > 0 for t > T g1 , and u2

1+u ⩽ 1
2 for 0 ⩽ u ⩽ 1, we have:

1

4

g3g⋆

(1 + u)3
+

1

2

g2u2

(1 + u)3
⩽

g2

(1 + u)2

(
g⋆2

2(1 + u)
+

u2

2(1 + u)

)
⩽

g2

(1 + u)2

(
1

2
+

1

4

)
=

3

4

g2

(1 + u)2
,

then

dG(u, v)
dt

⩽ −0.22
g2

(1 + u)2
u4 − 2

5
v2

⩽− 0.99

16
g⋆2u4 − 1.98

5
v2 ⩽ −g

⋆2

65
G(u, v)2,

which implies:

G(u(t), v(t)) ⩽
1

G(u(t1), v(t1)) +
g⋆2

64 (t− t1)
, ∀t > T g1 .

Hence,

u2(t), v2(t) = O
(

1

g⋆2t

)
= O

(
1

t

)
, ∀t > T g1 = O(1)

which implies:

e−p(t) = u(t) = O
(

1√
t

)
, ∀t > T g1 = O(1);

g(t)− g⋆ = g⋆u(t)− v(t) ⩽ O
(
g⋆√
t

)
+O

(
1√
t

)
= O

(
1√
t

)
, ∀t > T g1 = O(1).

(9)

Notably, these proofs capture the entire training dynamics of p, g, from t = 0 to t = T g1 , and
finally to t→ +∞, providing a fine-gained analysis for each phase.
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C.3.2. DYNAMICS OF THE PARAMETERS FOR INDUCTION HEAD

Recall the partial loss about the induction head:

LIH2
(θ) =

1

2
EX

[(
1

1 + α⋆
(xs)

L−1
s=2 softmax

((
w⋆2xLxs−1

)L−1

s=2

)⊤
− h · (xs)L−2

s=2 softmax
( (
w2xLxs−1

)L−2

s=2

)⊤)2
]
.

Technical simplification. Unlike LG4
(θ), the denominators of the softmax terms softmax

( (
w⋆2xLxs−1

)L−1

s=2

)
and softmax

( (
w2xLxs−1

)L−2

s=2

)
in LIH2

(θ) depend on the input tokens X , making it hard to derive
a closed-form expression for LIH2

(θ). In [5], the authors consider a simplified transformer model,
which replaces softmax(z1, · · · , zL) with 1

L exp(z1, · · · , zL). This approximation is nearly tight
when z1, · · · , zL ≈ 0. Notice that 1) w2xLxs−1 ≈ 0 holds near the small initialization, i.e., for
w ≈ σinit ≪ 1. In fact, our analysis shows that w ≈ σinit is maintained over a long period. 2)
w⋆ = O(1), which implies that w2xLxs−1 ≈ 0 for most input sequence. Thus, we adopt the
simplification used in [5], resulting in the following approximation of the loss function:

LIH2
(θ) :=

1

2
EX

[(
1

1 + α⋆
1

L− 2

L−1∑
s=2

exp(w⋆2xLxs−1)xs − h
1

L− 2

L−2∑
s=2

exp(w2xLxs−1)xs

)2 ]
.

Then by a straightforward calculation with Lemma 7, we can derive its explicit formulation:

LIH2
(θ) =

(1− 4w⋆4)−
1
2

2(1 + α⋆)2(L− 2)
+

1

2

h2

L− 2
(1− 4w4)−

1
2 − h(1− (w2 + w⋆2)2)−

1
2

(1 + α⋆)(L− 2)
. (10)

Furthermore, we can calculate GF dynamics as follows:

dw
dt

=
h

(1 + α⋆)(L− 2)
(1− (w2 + w⋆2)2)−

3
2 · (w2 + w⋆2) · 2w − h2

L− 2
(1− 4w4)−

3
2 · 4w3,

dh
dt

=
1

(1 + α⋆)(L− 2)
(1− (w2 + w⋆2)2)−

1
2 − h

L− 2
(1− 4w4)−

1
2 .

For simplicity, we denote:

w⋆ := w⋆, h⋆ :=
1

1 + α⋆
.

Part I. The trend and monotonicity of w, h.
For simplicity, we denote the tuning time point of h:

T h2 := inf

{
t > 0 :

dh(t)
dt

= 0

}
.

In this step, we will prove the following three claims regarding the trend and monotonicity of
w, h, which are essential for our subsequent analysis:

• (P1.1) h initially increases beyond h⋆, and then remains above this value.

• (P1.2) w keeps increasing but always stays below w⋆.
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• (P1.3) h increases before T h2 , but decreases after T h2 .

(P1.1) h initially increases beyond h⋆, and then remains above this value.
We will prove that initially, h increases beyond h⋆, and keeps growing beyond h⋆. Define

T h1 := inf{t > 0 : h(t) > h⋆},

we will prove that h remains above h⋆ thereafter.
For simplicity, we denote

ψ(x) = (1− x2)−
1
2 , ϕ(x) = (1− x2)−

3
2 · x,

then the dynamics holds:

dh
dt

=
h

L− 2
ψ(w2 + w⋆2)

[
h⋆

h
− ψ(2w2)

ψ(w2 + w⋆2)

]
,

dw
dt

=
2h2w

L− 2
· ϕ(w2 + w⋆2) ·

[
h⋆

h
− ϕ(2w2)

ϕ(w2 + w⋆2)

]
.

Notice that ϕ(2w2)
ϕ(w2+w⋆2)

< ψ(2w2)
ψ(w2+w⋆2)

, w < w⋆, while ϕ(2w2)
ϕ(w2+w⋆2)

> ψ(2w2)
ψ(w2+w⋆2)

, w > w⋆.

We denote the first hitting time of h decreasing to h⋆ as T hh⋆ :

T hh⋆ := inf
{
t > T h2 : h(t) < h⋆

}
.

If w(T hh⋆) ⩾ w⋆, then at the first hitting time of w increasing to w⋆, dw
dt < 0, which leads to

a contradiction. If w(T hh⋆) < w⋆, then dh
dt |Th

h⋆
> 0, which also leads to a contradiction. Hence,

T hh⋆ = +∞, which means that h always remains above h⋆ for t > T h2 .
(P1.2) w keeps increasing but always below w⋆.
We first prove that w always remains below w⋆. We denote the first hitting time of w increasing

to w⋆ as t′, then it is not difficult to see dw
dt |t′ < 0, which leads to a contradiction.

Next we prove that w keeps increasing throughout. We define the following functions

H :=
1

1 + α⋆

(
1− (w2 + w⋆2)2

)− 3
2
(w2 + w⋆2)− h(1− 4w4)−

3
2 · 2w2

Q :=
1

1 + α⋆

(
1− (w2 + w⋆2)2

)− 1
2 − h

(
1− 4w4

)− 1
2

If at some t̄, dw
dt reaches its zero point at the first time, then

dH
dt

∣∣∣∣
t̄

= −h′(t̄)(1− 4w⋆4)−
3
2 · 2w(t̄) > 0,

which leads to a contradiction. Hence t̄ does not exist and w keeps increasing.
(P1.3) After the tuning point t > T h2 , h will be monotonically decreasing.
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The first sign-changing zero point of dh
dt is T h2 , then Q(T h2 ) = 0. H(T h2 ) > 0,

dQ
dt

∣∣∣∣
Th
2

=
1

1 + α⋆
(1− (w(T h2 )

2 + w⋆2)2)−
1
2 · 2w(T h2 ) · w′(T h2 )

·
[
(1− (w(T h2 )

2 + w⋆2)2)−1 · (w(T h2 )2 + w⋆2)− (1− 4w(T h2 )
4)−1 · 4w(T h2 )2

]
.

We can see that T h2 is a sign-changing zero point only if

(1− 4w(T h2 )
4) · (w(T h2 )2 + w⋆2)

(1− (w(T h2 )
2 + w⋆2)2) · 4w(T h2 )2

< 1,

i.e. we have:

w(T h2 ) > w◦ :=

√
3− 4w⋆4 −

√
(4w⋆4 − 3)2 − 16w⋆4

8w⋆2
⩾
w⋆

2
, (11)

when w⋆ = O(1).
Next we show that h keeps decreasing after T h2 . We denote the first zero point of dh

dt as t◦, then
Q(t◦) = 0. Since dw

dt |t◦ > 0, we have dQ
dt |t◦ > 0 which leads to a contradiction. Hence t◦ does not

exist and h keeps decreasing after T h2 .
Part II. Estimation of T h1 , T h2 , and the tight estimate of w(t) before T h2 .
At the first stage, we prove that h grows first and w barely increases. If w ⩽ 0.01w⋆ and

h ⩽ 1
1+α⋆

(1−w⋆4)−
1
2

(1−0.014w⋆4)−
1
2

,

dh
dt

⩾
−1

L− 2

[
h(1− 0.014w⋆4)−

1
2 − 1

1 + α⋆
(1− w⋆4)−

1
2

]
,

h ⩾
1

1 + α⋆
(1− w⋆4)−

1
2

(1− 0.014w⋆4)−
1
2

−
[

1

1 + α⋆
(1− w⋆4)−

1
2

(1− 0.014w⋆4)−
1
2

− h(0)

]
exp

(
−t

(L− 2)(1− 0.01w⋆4)
1
2

)
.

(12)
For h increasing from h(0) to 1

1+α⋆ , it takes

T h1 ⩽ (1− 0.01w⋆4)
1
2 (L− 2) ln

 1

1− (1−w⋆4)
1
2

(1−0.014w⋆4)
1
2


⩽ 2(L− 2)(1− 1

2
w⋆4) = O(L). (13)

For 0 ⩽ t ⩽ T h1 ,
dw
dt

⩽
1

L− 2
(1− 4w⋆4)−

3
2 · w⋆2 · 4w.

Hence, it take O(L log(1/σinit)) for w to reach 0.01w⋆, which allows sufficient time for h to reach
1

1+α⋆ beforehand.
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Therefore, there exists a small constant ε(w(0), w⋆) only depends on w(0) and w⋆ such that h is
dominated by 1 + ε(w(0), w⋆) times right hand side of (12), from which we deduce that (13) is a
tight estimation of T h1 instead of an upper bound, i.e. T h1 = Θ(L).

We then give a bound for h(T h2 ). By dh
dt = 0,

h(T h2 )/h
⋆ ⩽

(1− 4w4)
1
2

(1− (w2 + w⋆2)2)
1
2

:= r(w).

Moreover, r(w) is an decreasing function of w for w > w◦, and w◦ is a function of w⋆, we have

h(T h2 )/h
⋆ ⩽ r(w◦) := R(w⋆),

where w◦ is a function about w⋆, defined in Eq. (11). It is clear that

R(w⋆ = 0) = 1, R′(w⋆ = 0) = 0.

Then using the continuity of R′(·) (in [0, 0.4]), there exists c > 0 such that |R′(w⋆)| < 0.04
holds for all 0 < w⋆ < c, which implies:

R(w⋆) = R(0) +

∫ w⋆

0
R′(v)dv < 1 + 0.04w⋆, 0 < w⋆ < c.

i.e., if w⋆ = O(1), then R(w⋆) < 1 + 0.04w⋆. This implies:

h⋆ ⩽ h(t) ⩽ (1 + 0.04375w⋆)h⋆, ∀t ⩾ T h1 . (14)

By some computation, we can prove that w◦(w⋆) is an increasing function of w⋆, and is always
above 1

2w
⋆. Thus we obtain a lower bound of w◦ for the estimation of lower bound of T h2 :

For the second stage, h barely changes and w starts to grow exponentially fast, and we use the
tight estimation of Tw1/2 := inf

{
t > 0 : w(t) > 1

2w
⋆
}

to give a lower bound of T h2 . During this
stage,

dw
dt

⩽
2w

(1 + α⋆)2(L− 2)

[
(1− (w2 + w⋆2)2)−

3
2 · (w2 + w⋆2)− (1− 4w4)

3
2

]
⩽

2w

(1 + α⋆)2(L− 2)
(1− 4w⋆4)

3
2 · 2w⋆2,

and w has upper bound

w ⩽ w(0) exp

(
4w⋆2(1− 4w⋆4)

3
2

(1 + α⋆)(L− 2)
t

)
. (15)

Hence, the lower bound of time for w to reach 1
2w

⋆ is

Tw1/2 − T h1 =
(1 + α⋆)2(L− 2)

4w⋆2(1− 4w⋆4)
3
2

ln(
w⋆

2w(0)
),
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and lower bound for Tw1/2 is

Tw1/2 ⩾ (L− 2)

[
(1 + α⋆)2 ln( w⋆

2w(0))

4w⋆2(1− 4w⋆4)
3
2

− ln
(
1− (1− w⋆4)

1
2

)]

⩾
(L− 2)(1 + α⋆)2

16w⋆2
ln

(
1

w(0)

)
= Ω

(
(1 + α⋆)2L

w⋆2
log

(
1

σinit

))
. (16)

On the other hand, we estimate the lower bound of w. Let

C(x) = (1− x2)−
3
2 · x,

then
C ′(x) = 3(1− x2)−

5
2x2 + (1− x2)−

3
2 > 1, 0 < x < 1,

C ′′(x) = 15x3(1− x2)−
7
2 + 6x(1− x2)−

5
2 + 3x(1− x2)−

5
2 > 0, 0 < x < 1.

C(x) is a monotonically increasing convex function on (0, 1) and C(x) ⩾ x.
Using conclusions above, before w2 increases to 1

2γ(w⋆)+β−1w
⋆2 for some β > 0,

C(w2 + w⋆2)

⩾ C((2γ(w⋆) + β)w2)

⩾ C(2γ(w⋆) · w2) + C(βw2) (Lemma 10)

⩾ γ(w⋆) · C(2w2) + βw2 (C(ax) ⩾ aC(x), for a > 1)

then we have

dw
dt

⩾
2w

(1 + α⋆)2(L− 2)
(C(w2 + w⋆2)− γ(w⋆) · C(2w2))

⩾
2w

(1 + α⋆)2(L− 2)

β

γ(w⋆) + β
w⋆2

and

w ⩾ w(0) exp

(
2β

γ(w⋆) + β

1

(1 + α⋆)2(L− 2)
w⋆2t

)
.

Take β = 2, then

w ⩾ w(0) exp

(
w⋆2t

(1 + α⋆)2(L− 2)

)
, ∀t ∈ [0, Tw1/2]. (17)

From the above inequality, (16) is not only an upper bound, but a tight estimation of Tw1/2, i.e.

Tw1/2 = Θ

(
(1 + α⋆)2L

w⋆2
log

(
1

σinit

))
.

Part II. Dynamics after the critical point Tw1/2.
For simplicity, we consider:

v := w2,
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and denote v⋆ := w⋆2, h⋆ := 1
1+α⋆ . Then we focus on the dynamics of v and h.

Additionally, we introduce a few notations used in this part:

ϕ(x) :=
x

(1− x2)3/2
, ψ(x) :=

1

(1− x2)1/2
.

Then the dynamics of v and g are:

dv
dt

=
4vh

L− 2

(
h⋆ϕ(v + v⋆)− hϕ(2v)

)
,

dh
dt

=
1

L− 2

(
h⋆ψ(v + v⋆)− hψ(2v)

)
.

Step II.1. A coarse estimate of the relationship between v and h.
It is easy to verify the monotonicity that dv

dt > 0 and dh
dt < 0 for t > t2. Additionally, we have

ψ(v + v⋆)

ψ(2v)
<

h

h⋆
<
ϕ(v + v⋆)

ϕ(2v)
.

Then by Monotone convergence theorem, we obtain:

lim
t→+∞

v = v⋆, lim
t→+∞

h = h⋆.

Step II.2. Convergence analysis by Lyapunov function.
This step aims to establish the convergence rate of v and h.
In fact, the dynamics of v, h can be approximately characterized by their linearized dynamics. In

contrast, the dynamics of p, g are controlled by high-order terms. Therefore, the proof for v and h is
significantly simpler than the corresponding proof for p and g. We only need to consider the simplest
Lyapunov function:

G(v, h) :=
1

2

(
(v − v⋆)2 + (h− h⋆)2

)
.

It is easy to verify that

(L− 2)
dG(v, h)

dt
= (v − v⋆)

dv
dt

+ (h− h⋆)
dh
dt

=4vh(v − v⋆)
(
h⋆ϕ(v + v⋆)− hϕ(2v)

)
+ (h− h⋆)

(
h⋆ψ(v + v⋆)− hψ(2v)

)
=4vh(v − v⋆)

(
ϕ(v + v⋆)(h⋆ − h)− h(ϕ(v + v⋆)− ϕ(2v))

)
+ (h− h⋆)

(
(h⋆ − h)ψ(v + v⋆) + h(ψ(v + v⋆)− ψ(2v))

)
=− 4vh2(v⋆ − v)(ϕ(v + v⋆)− ϕ(2v))− ψ(v + v⋆)(h− h⋆)2

+ 4vhϕ(v + v⋆)(v − v⋆)(h⋆ − h) + h(h− h⋆)(ψ(v + v⋆)− ψ(2v)).

Let v⋆ ⩽ 0.3 = O(1). Recalling (11) and (14), as well as the monotonicity about p and w, we
have:

v⋆

4
< v(t) < v⋆; h⋆ < h(t) < 1.02h⋆, ∀t > T h2 .
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Combining these estimates with the properties of ϕ and ψ, we have the following straight-forward
estimates:

ϕ(v + v⋆)− ϕ(2v) = ϕ′(ξ)(v⋆ − v) =
1 + 2ξ2

(1− ξ2)5/2
(v⋆ − v) ⩾ v⋆ − v;

ϕ(v + v⋆) ⩽ ϕ(2v⋆) ⩽ 1;

ψ(v + v⋆) =
1

(1− (v + v⋆)2)1/2
⩾ 1;

ψ(v + v⋆)− ψ(2v) = ψ′(ξ)(v⋆ − v) =
ξ

(1− ξ2)3/2
(v⋆ − v) ⩽ 1.3v⋆(v⋆ − v).

Thus, we have the following estimate for the Lyapunov function:

(L− 2)
dG(v, h)

dt

⩽− 4

1.02
v⋆h⋆2(v − v⋆)2 − (h− h⋆)2

+ 4.08v⋆h⋆(v − v⋆)(h⋆ − h) + 1.3 · 1.02v⋆h⋆(v⋆ − v)(h− h⋆)

=− 4

1.02
v⋆h⋆2(v − v⋆)2 − (h− h⋆)2 + 5.41v⋆h⋆(v⋆ − v)(h− h⋆)

⩽− 3.92v⋆h⋆2(v − v⋆)2 − (h− h⋆)2 +

(
9.6v⋆2h⋆2(v − v⋆)2 +

3

4
(h− h⋆)2

)
⩽− (3.92− 9.6 · 0.3)v⋆h⋆2(v − v⋆)2 − 0.25(h− h⋆)2 ⩽ −1

4
v⋆h⋆2G(v, h).

Consequently, we have the exponential bound for all t > T h2 :

G(v(t), h(t)) ⩽ G
(
v(T h2 ), h(T

h
2 )
)
exp

(
− v⋆h⋆2

4(L− 2)
(t− T h2 )

)
, ∀t > T h2 ,

This can imply:

(h(t)− h⋆)2 = (h(T h2 )− h⋆)2 exp

(
−Ω

(
w⋆2(t− T h2 )

L(1 + α⋆)2

))
= O

(
h⋆2 exp

(
−Ω

(
w⋆2(t− T h2 )

L(1 + α⋆)2

)))
, ∀t > T h2 ;

(w(t)− w⋆)2 = (w(T h2 )− w⋆)2 exp

(
−Ω

(
w⋆2(t− T h2 )

L(1 + α⋆)2

))
= O

(
w⋆2 exp

(
−Ω

(
w⋆2(t− T h2 )

L(1 + α⋆)2

)))
, ∀t > T h2 .

(18)

Notably, these proofs capture the entire training dynamics of w, h, from t = 0 to t = T h1 , to
t = Tw1/2 ⩽ T h2 , and finally to t→ +∞, providing a fine-gained analysis for each phase.
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C.4. Proof of Theorem 4

This theorem is a direct corollary of our analysis of the entire training dynamics in Appendix C.3.1
and C.3.2, leveraging the relationship between the parameters and the loss.

Proof of Phase I (partial learning).
By combining (7) and (9), it follows that: LG4

(θ(0)) = Θ(1). Moreover,

LG4
(θ(t)) = O

(
1

t

)
, t > T g1 = O(1).

Thus, there exists a sufficiently large TI = Θ(1), such that:

LG4
(θ(TI)) ⩽ 0.01LG4

(θ(0)).

Recalling our proof in Appendix C.3.2, for t < T h1/2 = O(L), it holds that h(t) < σinit +

O(t/((1 + α⋆)L)), w(t) < σinit + o(t/((1 + α⋆)L)). Additionally, since TI = Θ(1) ≪ Θ(L), it
follows that

w(TI) = O(σinit + 1/L) < 2σinit ≪ w⋆, h(TI) = O(σinit + 1/L) < 2σinit ≪ h⋆.

Substituting these estimates into (10), we obtain by Lipschitz continuity of LIH2
:

|LIH2
(θ(TI))− LIH2

(θ(0))| ⩽ 2σinit

(∣∣∣∣∂LIH2

∂w

∣∣∣∣+ ∣∣∣∣∂LIH2

∂h

∣∣∣∣)
⩽ 2σinit

(
O
(

1

(1 + α⋆)L

)
+ o

(
1

(1 + α⋆)L

))
⩽ 0.01LIH2

(θ(0)).

Thus,

LIH2
(θ(TI)) ⩾ 0.99LIH2

(θ(0)).

Proof of Phase II (plateau) + Phase III (emergence).
First, (15) and (17) ensures that w grows exponentially before t < Tw1/2:

σinit exp

(
w⋆2

(1 + α⋆)2(L− 2)
t

)
⩽ w ⩽ σinit exp

(
4w⋆2(1− 4w⋆4)

3
2

(1 + α⋆)(L− 2)
t

)
.

Thus, we have:

w(t) = σinit exp

(
Θ

(
w⋆2t

(1 + α⋆)2L

))
, t < Θ

(
(1 + α⋆)2L

w⋆2
log

(
1

σinit

))
.

Now we define the observation time To := T h1 = Θ(L). Notably,

h(To) = h⋆, w(To) < 0.01w⋆.
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The exponential growth of w further implies:

Tw0.01 := {t > 0 : w(t) > 0.01w⋆} = Θ

(
(1 + α⋆)2L

w⋆2
log

(
1

σinit

))
.

Regarding the dynamics of h, by (14), we have |h(t)− h(To)| < 0.02|h(To)|, ∀t ⩾ To.
Now we incorporate these facts ( 0 < w(To) < 0.01w⋆, 0 < w(Tw0.01) ⩽ 0.01w⋆, |h(Tw0.01) −

h(To)| < 0.02|h(To)|, h(To) = h⋆) into the loss (10). By the Lipschitz continuity of LIH2
, it is

straightforward that
LIH2

(θ(Tw0.01)) ⩾ 0.99L(θ(To)).
Thus, we have established the lower bound for TII:

TII := inf
{
t > To : LIH2

(θ(t)) ⩽ 0.99 · LIH2
(θ(To))

}
⩾ Tw0.01 = Ω

(
(1 + α⋆)2L

w⋆2
log

(
1

σinit

))
.

Combining the loss (10) and our parameter estimates (18), we obtain:

LIH2
(θ(t)) = O

(
exp

(
−Ω

(
w⋆2t

L(1 + α⋆)2

)))
, t > T h2 = Θ

(
(1 + α⋆)2L

w⋆2
log

(
1

σinit

))
.

This implies the upper bound for TIII:

TIII := inf {t > To : LIH2
(θ(t)) ⩽ 0.01 · LIH2

(θ(To))}
= Tw1/2 +O

(
(α⋆ + 1)2L log(1/σinit)/w

⋆2
)
= O

(
(α⋆ + 1)2L log(1/σinit)/w

⋆2
)
.

Combining the fact TII < TIII, the lower bound for TII, and the uppper bound for TIII, we obtain
the two-sided bounds for both TII and TIII:

TII, TIII = Θ
(
(α⋆ + 1)2L log(1/σinit)/w

⋆2
)
.

Proof of Phase IV (convergence).
By combining the loss (7), (10), and our parameter estimates (9), (18), it follows that:

LG4
(θ(t)) = O

(
1

t

)
, LIH2

(θ(t)) = O
(
exp

(
−Ω

(
w⋆2t

L(1 + α⋆)2

)))
, t > TIII.

Appendix D. Useful Inequalities

Lemma 6 (Corollary A.7 in Edelman et al. [13]) For any θ, θ′ ∈ Rd, we have

∥softmax(θ)− softmax(θ′)∥1 ⩽ 2∥θ − θ′∥∞

Lemma 7 E
X,Y,Z

exp(aXY )Z2 = (1− a2)−1/2, a < 1.
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Proof [Proof of Lemma 7]∫
exp(aXY )Z2

(
1

2π

)−3/2

exp(−1

2
X2 − 1

2
Y 2 − 1

2
Z2) dXdY dZ

=

∫
1

2π
exp(−1

2
(X − aY )2 − 1

2
Y 2 +

1

2
a2Y 2) d(X − aY )dY

=

∫
1√
2π

exp(−1

2
W 2) dW (W = (1− a2)1/2Y )

= (1− a2)−1/2

Lemma 8 Let M(p) := 1−e−p(L−2)

1−e−p , then it holds that∥∥∥softmax
(
(−p(L− 1− s))L−1

s=1

)∥∥∥2
2
=
M(2p)

M(p)2
.

Definition 9 (weakly majorizes) A vector x ∈ Rn is said to weakly majorize another vector y ∈
Rn, denoted by x ≺w y, if the following conditions hold:

1.
∑k

i=1 x[i] ⩽
∑k

i=1 y[i] for all k = 1, 2, . . . , n− 1,

2.
∑n

i=1 x[i] =
∑n

i=1 y[i],

where x[i] and y[i] are the components of x and y, respectively, arranged in decreasing order.

Lemma 10 (Weighted Karamata Inequality) Let f : R → R be a convex function, and let x =
(x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) be two vectors in Rn. If x weakly majorizes y (i.e.,
x ≺w y), and w1, w2, . . . , wn are non-negative weights such that

n∑
i=1

wi = 1,

then the following inequality holds:

n∑
i=1

wif(xi) ⩽
n∑
i=1

wif(yi).
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