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Abstract

A burgeoning line of research leverages deep
neural networks to approximate the solutions to
high dimensional PDEs, opening lines of theo-
retical inquiry focused on explaining how it is
that these models appear to evade the curse of
dimensionality. However, most prior theoreti-
cal analyses have been limited to linear PDEs.
In this work, we take a step towards studying
the representational power of neural networks
for approximating solutions to nonlinear PDEs.
We focus on a class of PDEs known as nonlin-
ear elliptic variational PDEs, whose solutions
minimize an Euler-Lagrange energy functional
E(w) = [oL(z,u(z), Vu(z)) — f(z)u(z)dz.
We show that if composing a function with Bar-
ron norm b with partial derivatives of L produces
a function of Barron norm at most BpbP, the
solution to the PDE can be e-approximated in
the L? sense by a function with Barron norm
0 <(dBL)maX{p log(1/€),p'*5/ )}
cal result due to (Barronl [1993)), this correspond-
ingly bounds the size of a 2-layer neural network
needed to approximate the solution. Treating
p, €, B, as constants, this quantity is polynomial
in dimension, thus showing neural networks can
evade the curse of dimensionality. Our proof
technique involves neurally simulating (precondi-
tioned) gradient in an appropriate Hilbert space,
which converges exponentially fast to the solution
of the PDE, and such that we can bound the in-
crease of the Barron norm at each iterate. Our
results subsume and substantially generalize anal-
ogous prior results for linear elliptic PDEs over a
unit hypercube.
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1. Introduction

Scientific applications have become one of the new frontiers
for the application of deep learning (Jumper et al.| 2021}
Tunyasuvunakool et al.||2021; Sgnderby et al., 2020). PDEs
are a fundamental modeling techniques, and designing neu-
ral networks-aided solvers, particularly in high-dimensions,
is of widespread usage in many scientific domains (Hsieh
et al., 2019; Brandstetter et al., |2022)). One of the most
common approaches for applying neural networks to solve
PDEs is to parametrize the solution as a neural network and
minimize a variational objective that represents the solu-
tion (Sirignano & Spiliopoulos, 2018 [E & Yu, 2017). The
hope in doing so is to have a method which computationally
avoids the “curse of dimensionality”—i.e., that scales less
than exponentially with the ambient dimension.

To date, neither theoretical analysis nor empirical applica-
tions have yielded a precise characterization of the range
of PDEs for which neural networks-aided methods outper-
form classical methods. Active research on the empirical
side (Han et al., 2018} [E et al.,[2017} [Li et al.l 2020a3b) has
explored several families of PDEs, e.g., Hamilton-Bellman-
Jacobi and Black-Scholes, where neural networks have been
demonstrated to outperform classical grid-based methods.
On the theory side, a recent line of works (Marwah et al.,
2021;|Chen et al., 2021} [2022) has considered the following
fundamental question:

For what families of PDEs, can the solution be represented
by a small neural network?

The motivation for this question is computational: fitting the
neural network (by minimizing some objective) is at least
as expensive as the neural network required to represent it.
Specifically, these works focus on understanding when the
approximating neural network can be sub-exponential in
size, thus avoiding the curse of dimensionality. However, to
date, these results have only been applicable to linear PDEs.

In this paper, we take the first step beyond such work,
considering a nonlinear family of PDEs and study non-
linear variational PDEs. These equations have the
form —divy(Ov.L(z,u, Vu)) + 0 L(z,u,Vu) = f
and are a (very general) family of nonlinear Euler-
Lagrange equations. Equivalently, the solution to the



Neural Network Approximations of PDEs Beyond Linearity: A Representational Perspective

PDE is the minimizer of the energy functional £(u) =
Jo (L(z,u(X), Vu(z)) — f(x)u(z)) dz. This paradigm is
very general: it originated with Lagrangian formulations
of classical mechanics, and for different L, a variety of
variational problems can be modeled or learned (Schmidt
& Lipson) 2009; (Cranmer et al.| 2020). These PDEs have
a variety of applications in scientific domains, e.g., (non-
Newtonian) fluid dynamics (Koleva & Vulkovl 2018), mete-
orology (Weller et al.,[2016), and nonlinear diffusion equa-
tions (Burgers, [2013)).

Our main result is to show that when the function L has
“low complexity”, so does the solution. The notion of com-
plexity we work with is the Barron norm of the function,
similar to|Chen et al.| (2021)); |Lee et al.|(2017). This is a fre-
quently used notion of complexity, as a function with small
Barron norm can be represented by a small, two-layer neu-
ral network, due to a classical result (Barron, |{1993)). Mathe-
matically, our proof techniques are based on “neurally un-
folding” an iterative preconditioned gradient descent in an
appropriate function space: namely, we show that each of
the iterates can be represented by a neural network with Bar-
ron norm not much worse than the Barron norm of the pre-
vious iterate—along with showing a bound on the number
of required steps.

Importantly, our results go beyond the typical non-
parametric bounds on the size of an approximator network
that can be easily shown by classical regularity results of
the solution to the nonlinear variational PDEs (De Giorgil
1957; Nash, [1957}; |1958)) along with universal approxima-
tion results (Yarotsky, [2017)).

2. Overview of Results

Let ) := [0, 1] be a d-dimensional hypercube and let 952
denote its boundary.

We first define the energy functional whose minimizers are
represented by a nonlinear variational PDE—i.e., the Euler-
Lagrange equation of the energy functional.

Definition 1 (Energy functional). For all u : Q@ — R such
that ulpq = 0, we consider an energy functional of the
following form:

) = [ (oo Vuta)) - yute) s, )

where L : QO x R x RY — R and there exist constants
0 < A < A such that for every x € Q) the function L(x, -, -) :
R x R% — R is smooth and convex, i.e.,

diag([0, A\14]) < V, . L(z,y, 2) < diag([A, ALg]) (2)

forall (y,z) € R x R

Further, we assume that the function f : 0 — R is such that

Hf”m(g) < o0. Note that without loss ofgenerali we

assume that A < 1/C, (where C), is the Poincare constant
defined in Theorem 2)).

The minimizer v* of the energy functional £ exists and is
unique. The proof of existence and uniqueness is standard
(following essentially along the same lines as Theorem 3.3
in |[Fernandez-Real & Ros-Oton| (2020)), and is stated in
the following Lemma (with the full proof provided in Sec-
tion[D.T]of the Appendix for completeness).

Lemma 1. Let L : Q x R x R? — R be the function as
defined in Definition[I| Then the minimizer of the energy
Sfunctional £ exists and is unique.

Writing down the condition for stationarity, we can derive
a (nonlinear) elliptic PDE for the minimizer of the energy
functional in Definition[T].

Lemma 2. Let u* : Q) — R be the unique minimizer for the
energy functional in Definition|l| Then for all ¢ € H}(Q),
u* satisfies the following condition:

DE[u)(p)
= /Q (OvuL(x,u, Vu)Vo + 0, L(z,u, Vu)p — fp)dz

=0,
3)

where dE[u](p) denotes the directional derivative of the
energy functional calculated at u in the direction of . Thus,
the minimizers of the energy functional satisfy the following
PDE with Dirichlet boundary condition:

DE(u)
= —divg(Ovy L(z,u, Vu)) + 0, L(z,u, Vu) = f
“

forall x € Qand u(z) = 0,Yx € 0. Here divy denotes
the divergence operator.

The proof for the Lemma can be found in Appendix [D.2]
Here —divy(0v,L(V:)) and 9, L(x,-,V-) are operators
that acts on a function (in this case u)E]

Our goal is to determine if the solution to the PDE in (4) can
be expressed by a neural network with a small number of
parameters. In order do so, we rely on the concept of a Bar-
ron norm, which measures the complexity of a function in
terms of its Fourier representation. We show that if compos-
ing with the function partial derivatives of the function L in-
creases the Barron norm of « in a bounded fashion, then the

'Since X is a lower bound on the strong convexity constant.
If we choose a weaker lower bound, we can always ensure A <
1/Cp.

2For a vector valued function F' : RY — R? we will denote the
divergence operator either by divx F or by V - I, where divy ' =
V.F— Zd F

i=1 Ox;
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solution to the PDE in (4] will have a bounded Barron norm.
The motivation for using this norm is a seminal paper (Bar{
ron, [1993)), which established that any function with Barron
norm C' can be e-approximated by a two-layer neural net-
work in the L? sense by a 2-layer neural network with size
O(C?/¢), thus evading the curse of dimensionality if C'is
substantially smaller than exponential in d. Informally, we
will show the following result:

Theorem 1 (Informal). Given the function L in Definition([l]
such that composing a function with Barron norm b with
Ovy L or 0, L produces a function of Barron norm at most
BpbP for some constants Br,p > 0. Then, Ye > 0, the
minimizer of the energy functional in Definition|l|can be
e-approximated in the L? sense by a function with Barron
norm

0] ((dBL)max{p 10g(l/€)7plog(l/5)}) .

As a consequence, when ¢, p, By, are thought of as constants,
we can represent the solution to the Euler-Lagrange PDE
by a polynomially-sized network, as opposed to an ex-
ponentially sized network, which is what we would get by
standard universal approximation results and using regular-
ity results for the solutions of the PDE.

We establish this by neurally simulating a preconditioned
gradient descent (for a strongly-convex loss) in an appropri-
ate Hilbert space, and show that the Barron norm of each
iterate—which is a function—is finite, and at most polyno-
mially bigger than the Barron norm of the previous iterate.
We get the final bound by (i) bounding the growth of the
Barron norm at every iteration; and (ii) bounding the num-
ber of iterations required to reach an e-approximation to the
solution. The result in formally stated in Section 5]

3. Related Work

Over the past few years there has been a growing line of
work that utilizes neural networks to parameterize the so-
lution to a PDE. Works such as [E et al.| (2017); |[E & Yu
(2017);/Sirignano & Spiliopoulos| (2018)); |Raissi et al.|(2017)
achieved impressive results on a variety of different applica-
tions and have demonstrated the empirical efficacy of neu-
ral networks in solving high dimensional PDEs. This is a
great and promising direction for solving high dimensional
PDEs since erstwhile dominant numerical approaches like
the finite differences and finite element methods (LeVeque,
2007) depend primarily upon discretizing the input space,
hence limiting their use for problems on low dimensional
input space.

Several recent works look into the theoretical analysis into
their representational capabilities has also gained a lot of
attention. [Khoo et al.| (2021)) show the existence of a net-
work by discretizing the input space into a mesh and then
using convolutional NNs, where the size of the layers is ex-

ponential in the input dimension. [Sirignano & Spiliopoulos
(2018)) provide a universal approximation result, showing
that for sufficiently regularized PDEs, there exists a multi-
layer network that approximates its solution. (Jentzen et al.,
2018} |Grohs & Herrmann, 2020; Hutzenthaler et al., [2020)
show that provided a better-than-exponential dependence
on the input dimension for some specific parabolic PDEs,
based on a stochastic representation using the Feynman-Kac
Lemma, thus limiting the applicability of their approach to
PDEs that have such a probabilistic interpretation.

These representational results can be further be utilized
towards analyzing the generalization properties of neural
network approximations to PDE solutions. For example,
Lu et al.| (2021)) show the generalization analysis for the
Deep Ritz method for elliptic equations like the Poisson
equation and (Lu & Lul 2021} extends their analysis to the
Schrodinger eigenvalue problem. Furthermore, Mishra &
Molinaro| (2020) look at the generalization properties of
physics informed neural networks for a linear operators or
for non-linear operators with well-defined linearization.

Closest to our work is a recent line of study that has focused
on families of PDEs for which neural networks evade the
curse of dimensionality—i.e. the solution can be approxi-
mated by a neural network with a subexponential size. In
Marwah et al.|(2021)) the authors show that for elliptic PDEs
whose coefficients are approximable by neural networks
with at most N parameters, a neural network exists that e-
approximates the solution and has size O (d'°¢(*/¢) N'). Chen
et al.| (2021) extends this analysis to elliptic PDEs with coef-
ficients with small Barron norm, and shows that if the coef-
ficients have Barron norm bounded by B, an e-approximate
solution exists with Barron norm at most O(d'*¢(*/¢) B).
The work by (Chen et al.| (2022)) derives related results for
the Schrodinger equation on the whole space.

As mentioned, while most of previous works show key regu-
larity results for neural network approximations of solution
to PDEs, most of their analysis is limited to simple linear
PDEs. The focus of this paper is towards extending these re-
sults to a family of PDEs referred to as nonlinear variational
PDEs. This particular family of PDEs consists of many fa-
mous PDEs such as p—Laplacian (on a bounded domain)
and is used to model phenomena like non-Newtonian fluid
dynamics and nonlinear diffusion processes. The regular-
ity results for these family of PDEs was posed as Hilbert’s
XIX!" problem. We note that there are classical results like
De Giorgi| (1957) and [Nash! (1957;|1958) that provide regu-
larity estimates on the solutions of a nonlinear variational
PDE of the form in (@). One can easily use these regular-
ity estimates, along with standard universal approximation
results (Yarotsky,, [2017) to show that the solutions can be
approximated arbitrarily well. However, the size of the re-
sulting networks will be exponentially large (i.e. they will
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suffer from the curse of dimensionality)—so are of no use
for our desired results.

4. Notation and Definition

In this section we introduce some key concepts and notation
that will be used throughout the paper. For a vector z € R?
we use ||||2 to denote its £5 norm. C°°(2) is the set of func-
tion f : {2 — R that are infinitely differentiable. For a func-
tion F'(x,y, z) of multiple variables we use V,F(z,y, 2)
and 0, F'(z,y, z) to denote the (partial) derivative w.r.t the
variable x (we drop the subscript if the function takes in
only a single variable). Similarly, A, denotes the Laplacian
operator where the derivatives are taken w.r.t z € R%. With
a slight abuse of notation, if a function L : xR x R 5 R
takes functions v and Vu as input, we will denote the par-
tial derivatives w.r.t second and third set of coordinates as,
OuL(x,u, Vu) and Oy, L(z, u, Vu), respectively.

We also define some important function spaces and associ-
ated key results below.

Definition 2. For a vector valued function g : R — R% we
define the L? () norm for p € [1,00) as

d 1/p
lgllzr ) = (/sz(ﬂfﬂp dw) ;

For p = oo we have
HQHLM(Q) = mftX||g¢||Loo(Q)7

Definition 3. For a domain (), the space of functions H}(Q)
is defined as,

HY} Q) :={g: Q= R:gec L*N),
Vg e LQ(Q),Q‘QQ = 0}.

The corresponding norm for H(Q) is defined as,
N9l 20 = [IV9llL2(0)-

Finally, we will make use of the Poincaré inequality through-
out several of our results.

Theorem 2 (Poincaré inequality, |Poincaré| (1890)). For any
domain © C R which is open and bounded, there exists a
constant C, > 0 such that for all u € H}(O)

[ull2e) < Gyl VullL2(e)-

This constant can be very benignly behaved with dimension
for many natural domains—even dimension independent.
One such example are convex domains (Payne & Wein-
berger, [1960), for which C,, < w%diam(2). Furthermore,
for Q = [0, 1]¢, the value of C,, can be explicitly calculated
and is equal to 1/72d. This is a simple calculation, but we
include it for completeness as the following lemma (proved

in Section[D.3):

Lemma 3. For the domain ) := [0, 1]%, the Poincare con-
stant is equal to ﬁ.

4.1. Barron Norms

For a function f : [0,1]% — R the Fourier transform is
defined as,

flw) = / f@)e " 0de, weN,  (5)
[0,1]4

where N? is the set of vectors with natural numbers as
coordinates. The inverse Fourier transform of a function is
defined as,

fla) =Y e f(w) ©6)

weNd

The Barron norm is an average of the norm of the frequency
vector weighted by the Fourier magnitude | f(w)|.

Definition 4 (Spectral Barron Norm, (Barron,|{1993)). Let T’
define a set of functions defined over Q := [0, 1]% such that

f(w) and w f (w) are absolutely summable, i.e.,

F:{f:Q—HR: 3 1f(w)] < oo,

weNd
& Y llwll2lf(w)] < 00}
weNd
Then we define the spectral Barron norm || - || g(q) as

£ lls@) = D (1 +llwll2)lf ()]

weNd

The Barron norm can be thought of as an L; relaxation of
requiring sparsity in the Fourier basis—which is intuitively
why it confers representational benefits in terms of the size
of a neural network required. We refer to|Barron|(1993) for
a more exhaustive list of the Barron norms of some common
function classes.

The main theorem from Barron| (1993) formalizes this intu-
ition, by bounding the size of a 2-layer network approximat-
ing a function with small Barron norm:

Theorem 3 (Theorem 1, Barron| (1993)). Let f € T" such
that || f|lsoy < C and p be a probability measure de-
fined over ). There exists a; € R b, € Randc; € R
such that Zle lci| < 2C, there exists a function fi(x) =
Zle cio (a;fpx + bi), such that we have,
2

[ @) = o)) utao) 5 -

Here o denotes a sigmoidal activation function, i.e.,
lim, 00 0(2) = 1 and lim,—, _ o o(z) = 0.
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Note that while Theorem [3]is stated for sigmoidal activa-
tions like sigmoid and tanh (after appropriate rescaling), the
results are also valid for ReLU activation functions, since
ReLU(z) — ReLU(x — 1) is in fact sigmoidal. We will also
need to work with functions that do not have Fourier coeffi-
cients beyond some size (i.e. are band limited), so we intro-
duce the following definition:

Definition 5. We will define the set I'yy as the set of func-
tions whose Fourier coefficients vanish outside a bounded
ball, that is

Tw={f:Q—=R:szr fel,
& Vw, ||Jw||oo > I/V,f(w) = 0}.

Finally, as we will work with vector valued functions, we
will also define the Barron norm of a vector-valued function
as the maximum of the Barron norms of its coordinates:

Definition 6. For a vector valued function g : @ — R%, we
define ||gl|5() = max; ||g:[|5()-

5. Main Result

Before stating the main result we introduce the key assump-
tion.

Assumption 1. The function L in Definition [I| can be ap-
proximated by a function L:QxRxRY = R such
that there exists a constant €1, € [0, \) for all x € Q and
u € HE(Q) define q := (z,u(z), Vu(r)) € 2 x R x R4

sup [|0.L(q) — 8uL(a)l2 < erl|u()]2,
q

and, sup [|0vuL(q) — OvuL(q)l2 < eLllu(@)|2,
q

Furthermore, we assume that L is such that for all g €
HY(Q), we have L(x,9,Vg) € H}(Q), L(z,9,Vg) € T
and for all x € )

10.L (@, 9, Vo)lsy < B llgllike-

) NG
and, |[0guL(z,9,V9)|s@) < Bilgllsla)-

for some constants By > 0, and p; > 0. Finally, if g € I'yy
then 9, L(x,9,Vg) € Ty, w and Oy, L(x,9,Vg) € T, w
forak; > 0.

We refer to Remark 4 for an example of how the conditions
in the assumption manifest for a linear elliptic PDE.

This assumption is fairly natural: it states that the function
L is such that its partial derivatives w.r.t v and Vu can be
approximated (up to €7,) by a function L with partial deriva-
tives that have the property that when applied to a function g
with small Barron norm, the new Barron norm is not much
bigger than that of g. The constant p specifies the order of

this growth. The functions for which our results are most
interesting are when the dependence of B; on d is at most
polynomial—so that the final size of the approximating net-
work does not exhibit curse of dimensionality. For instance,
we can take L to be a multivariate polynomial of degree up
to P: we show in Lemmathe constant B; is O(d"") (in-
tuitively, this dependence comes from the total number of
monomials of this degree), whereas p and k are both O(P).

With all the assumptions stated, we now state our main
theorem,

Theorem 4 (Main Result). Consider the nonlinear vari-
ational PDE in @) which satisfies Assumption [I| and let
u* € HZ () denote the unique solution to the PDE. If
up € HY(Q) is a function such that ug € Ty, then for all
sufficiently small e > 0, and

_ 2 E(ug) — E(u*) :
T := {log (60)\> /log (1—(14@3101\)‘ ’

there exists a function up € H}(Q) such that ur €
L (2xk; yrw, with Barron norm |lur |5y bounded by

t+ 2=t
((1+ n2mk; Wo(2rkzd + 1)Bz) (1 + 1l flls@))” »

. (max{lv |\U0H%t(9)}) :
8)

Furthermore ur satisfies |[ur — u*|| g1 (o) < €+ € where,

~ 6L}% 2 T
< —
< e ((rn 40 e+ 4)" — 1),
4
where R = |[u*| g1 o) + +E(ug) and n = 74(14—2\1,,)7/\4-

Remark 1: The function 1 can be seen as an initial estimate
of the solution, that can be refined to an estimate w7, which
is progressively better at the expense of a larger Barron
norm. A trivial choice could be ug = 0, which has Barron
norm 1, and which by Lemma [4] would result in &(ug) <

A”U*”?qé(g)'

Remark 2: The final approximation error has two terms, and
note that 7" goes to infinity as e tends to zero and is a conse-
quence of the way ur is constructed — by simulating a func-
tional (preconditioned) gradient descent which converges
to the solution to the PDE. € stems from the approximation
that we make between L and L, which grows as T increases
— it is a consequence of the fact that the gradient descent
updates with L and L progressively drift apart as 7 — oc.

Remark 3: As in the informal theorem, if we think of
P, A, A, Cp, k, |lug| 3 as constants, the theorem implies
that u* can be e-approximated in the L? sense by a func-

maxi € og(1l/e
tion with Barron norm O ((dBL) ax{plog(1/e),p'°s! >}>.
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Therefore, combining results from Theorem [4] and The-
orem [3] the total number of parameters required to
e—approximate the solution u* by a 2—layer neural network

1S
- (12 (dBL)2‘“ax{?bﬂl/e),plogu/eﬂ) .
€

Remark 4: The theorem recovers (and vastly generalizes)
prior results which bound the Barron norm of linear elliptic
PDEs like (Chen et al.| (2021) over the hypercube. In these re-
sults, the elliptic PDE takes the form that for all u € H{ (£2),
—divy (AVu) + cu = f and the functions A : R? — R4*4
and ¢ : R? — R are such that Vx € Q, A(x) is positive defi-
nite and ¢(x) is non-negative and bounded. Further, the func-
tions A and c are assumed to have bounded Barron norm.
To recover this setting from our result, consider choosing

L(z,u(x), Vu(x)) := %(Vu(m))TA(m)(Vu(x)) + 1c(ac)u(x)

2

For this L, we have 8%, L(z,u(z), Vu(z)) = A(x) and
02 L(z,u(z), Vu(x)) = c(z). The conditions in Equation
in Definition [I]require that A < A(z) < Aand 0 < ¢(z) <
A, which match the conditions on the coefficients A and ¢
in|Chen et al.|(2021).

Further, by a simple application of Lemma [8 one
can show, [|9v, L(z, u, Vu)|[s) < d[|A]ls@)llullse).
and [0, L(x,u, Vu)lso) < IAlslluls@ and
therefore satisfy (7) in Assumption [I] with B; =
max{d*|| Al ), ¢} and p = 1. Plugging these
quantities in Theorem @] we recover the exact same bound
from [Chen et al.|(2021)).

6. Proof of Main Result

The proof will proceed by “neurally unfolding” a precon-
ditioned gradient descent on the objective £ in the Hilbert
space HJ (€2). This is inspired by previous works by Mar-
wah et al.|(2021);/Chen et al.|(2021) where the authors show
that for a linear elliptic PDE, an objective which is quadratic
can be designed. In our case, we show that £ is “strongly
convex” in some suitable sense — thus again, bounding the
amount of steps needed.

More precisely, the result will proceed in two parts:

1. First, we will show that the sequence of functions
{u }$2, where g1 < ug —n(I — Ay) " dE (uy) can
be interpreted as performing preconditioned gradient
descent, with the (constant) preconditioner (I —A, ).
We show that in some appropriate sense (Lemmaf)), £
is strongly convex in HJ (2) — thus the updates con-
verge at a rate of O(log(1/¢)).

2. We then show that the Barron norm of each iterate
;41 can be bounded in terms of the Barron norm of

the prior iterate u;,. We show this in Lemma[7] where
we show that given Assumption lut+1]l5(e) can be
bounded as O(d||u; ||%(Q)). By unrolling this recursion
we show that the Barron norm of the e-approximation
of u* is of the order O(d?" ||ug ||’é(9)) where T are the
total steps required for e-approximation and ||uo||5()
is the Barron norm of the first function in the iterative
updates.

We now proceed to delineate the main technical ingredients
for both of these parts.

6.1. Convergence Rate of Sequence

The proof to show the convergence to the solution u* is
based on adapting the standard proof (in finite dimension)
for convergence of gradient descent when minimizing a
strongly convex function f. Recall, the basic idea is to
Taylor expand f(z + §) ~ f(x) + Vf(x)Ts + O(||§]?).
Taking § = nV f(z), we lower bound the progress term
||V f()||? using the convexity of f, and upper bound the
second-order term 72|V f(z)||? using the smoothness of f.

We follow analogous steps, and prove that we can lower
bound the progress term by using some appropriate sense
of convexity of £, and upper bound using some appropriate
sense of smoothness of £, when considered as a function
over H}(Q). Precisely, we show:

Lemma 4 (Strong convexity of € in H}). If€, L are as in
Definition[l} we have

1. Yu,u € HHQ) (DE(u),v) 2y =
Jo (—dive(OvuL(z,u, Vu)) + Ou(x, u, Vu)) vdx =
Jo OvuL(x,u, Vu) - Vv 4 8, L(x,u, Vu)v d.

2. Yu,v € HE(Q) : AHu—vH%l(Q) < (DE&(u) —
0
DE(W),u —v)r2(0) < (1 —|—C§)A||u — ’UH?—I&(Q).

3 Vu,v € HEQ) 3IVolliaiq) + (DE(u) —
f,’U>L2(Q) < E(u—l—v)—é'(u) < <D€(U)—f7U>L2(Q)+
Cp)%A
%HVUHZLQ(Q)'

4. Vu € H{(Q) : 3|lu— u*||§13(9) < E(u) —E(ur) <

14+C,)2A
B = w31

Part 1 is a helpful way to rewrite an inner product of a “direc-
tion” v with DE (u)—it is essentially a consequence of inte-
gration by parts and the Dirichlet boundary condition. Part
2 and 3 are common proxies of convexity and smoothness:
they are ways of formalizing the notion that £ is strongly
convex has “Lipschitz gradients”, when viewed as a func-
tion over Hg (€2). Finally, Part 4 is a consequence of strong
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convexity, capturing the fact that if the value of £(u) is sub-
optimal, u must be (quantitatively) far from u*. The proof
of the Lemma can be found in Appendix[A.1]

When analyzing gradient descent in (finite dimensions)
to minimize a loss function &, the standard condition for
progress is that the inner product of the gradient with
the direction towards the optimum is lower bounded as
(DE(u), u* —u)r2) > aflu —u* ||%2(Q) (we have L?(Q)
inner product vs Hg(£2) norm). From Parts 2 and 3 of
Lemma [ one can readily see that the above condition is
only satisfied “with the wrong norm”: i.e. we only have
(DE(u),u* — u)r2(0) > aflu — u*||§101(9). Moreover,
since in general, || Vg 2 (q) can be arbitrarily bigger than

9]l 22(52) there is no way to upper bound the H (£2) norm
by the L?(£2) norm.

We can fix this mismatch by instead doing preconditioned
gradient, using the fixed preconditioner (I — A,)~!. To-
wards that, the main lemma about the preconditioner we
will need is the following one:

Lemma 5 (Norms with preconditioning). For all u €
HY(Q) we have

LI = A)7'Ve - Vaulleey = (I —
Ay) T Agullr20) < llullzzo)-

2. (I = Ap) Ml 2y < llull2o)

3T = Ap) tuyuy oo > ﬁ<(—Aw)_lu)U>L2(Q).

The first part of the lemma is a relatively simple conse-
quence of the fact that A, and V, “commute”, thus can be
re-ordered, and the second part that the operator (I —A,)~!
only decreases the H} () norm. The latter lemma can be
understood intuitively as (I — A,)~! and A1 act as simi-
lar operators on eigenfunctions of A, with large eigenval-
ues (the extra I does not do much) — and are only different
for eigenfunctions for small eigenvalues. However, since
the smallest eigenvalue is lower bounded by 1/C,,, their gap
can be bounded.

Combining Lemmad]and Lemma[5] we can show that pre-
conditioned gradient descent exponentially converges to the
solution to the nonlinear variational PDE in[4l

Lemma 6 (Convergence of Preconditioned Gradient De-
scent). Let u* denote the unique solution to the PDE in Def-
initiond| For all t € N, we define the sequence of functions

uppr g = (I = Ag) T (DE(w) = ). )
where 1) = W. Ifug € HY(Q), then after t itera-
tions we have,
)\6

5(ut+1)75(u*) S (1 — W

g ) (E(uo) — ).

The complete proof for convergence can be found in Sec-
tion [A.3]of the Appendix.

Therefore, using the result from Lemmapart 4, ie., ||us —
u*||§11(m < 3 (E(ug) — E(u*)), we have
0

llue = u* [ )

2 A6 !
<3 (1~ ey € ).

2
HL(Q

& (up) E(u*)) < 1 )
L) =) og | ——— |-
Ae/2 L= ey

(10)

and ||up — u*|| ) < eafter T steps, where,

T210g<

6.2. Bounding the Barron Norm

Having obtained a sequence of functions that converge to
the solution u*, we bound the Barron norms of the iterates.
We draw inspiration from [Marwah et al.| (2021)); |[Lu et al.
(2021)) and show that the Barron norm of each iterate in the
sequence increases the Barron norm of the previous iterate
in a bounded fashion. Note that in general, the Fourier
spectrum of a composition of functions cannot easily be
expressed in terms of the Fourier spectrum of the functions
being composed. However, from Assumption (1| we know
that the function L can be approximated by L such that
OvuL(x,u, Vu) and 0, L(x,u, Vu) increases the Barron
norm of u in a bounded fashion. Thus, if we instead of
tracking the iterates in (28)) we track

Gy =y —n (I — A)"" DE (@) (11)
we can derive the following result (the proof is deferred to
Section [C.T] of the Appendix):

Lemma 7. For the updates in (11)), if 4, € T'w, then for
all n € (0,m] we have ;11 € Ty w, and the Barron norm
|t 41|8(q) can be bounded as follows,

(1+n@2rkzd+1)Bg (20W,)P2) ||all g, + nll flls@)-

The proof consists of using the result in (/) about the Bar-
ron norm of composition of a function with f/, as well as
counting the increase in the Barron norm of a function by
any basic algebraic operation, as established in Lemma 8]
Precisely we show:

Lemma 8 (Barron norm algebra). If g, g1, 92 € T, then the
following set of results hold,

* Addition: ||g1 + 92l5) < ll91lls) + 92l -

* Multiplication: ||g1 - 92|52) < ll91ll5) 192152
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e Derivative: if h € T'wy for i €
19i9ll52) < 27WigllB()-

[d] we have

* Preconditioning: if g € T, then ||(I — A) ' g[|q) <
l9ll5()-

The proof for the above lemma can be found in Ap-
pendix [C.4] It bears similarity to an analogous result in
(Chen et al.} 2021)), with the difference being that our bounds
are defined in the spectral Barron space which is different
from the definition of the Barron norm used in (Chen et al.,
2021). Other than preconditioning, the other properties fol-
low by a straightforward calculation. For preconditioning,
the main observation is that (I — A)~! acts as a diagonal op-
erator in the Fourier basis—thus the Fourier coefficients of
(I — A)~th can be easily expressed in terms of those of h.

Expanding on the recurrence in Lemma 8] we can bound the
Barron norm of the function ur after 7" iterations as:

Lemma 9. Given the updates in (I1) and function v, €
['w, with Barron norm ||uo||g(q), then after T iterations
we have Ut € I(ar1. yrw, and ||uol| () is bounded by,

((1 + 7727Tk‘iW0(271'k’id + 1)Bﬂ) (1 + ,,7||fHB(Q)))pt-‘rpf1

(max{1, oy )
(12)

Finally, we exhibit a natural class of functions that satisfy
the main Barron growth property in Equations |/} Precisely,
we show (multivariate) polynomials of bounded degree have
an effective bound on p and By.:

Lemma 10. Let f(z) =3_, . <p (Aa Hle xf‘) where
« is a multi-index and x € R%L If g : RY — R?

is such that ¢ € Ty, then we have f o g € I'pw
and the Barron norm can be bounded as || f o g||pq) <

P/2 2 1/2 P
472 (0 oz Aal?)  llgl o,

Hence if L is a polynomial of degree P then using the fact
that for a functions g : @ — R such that g € 'y, from

Lemma 8 max{||g|l5(), IVl } < 27W||gll5q). we
will have

IL(z, 9,V 9) |55
1/2

Yo AP @) lglfq).

alal<P

S dP/2

Using the derivative result from Lemma [8] the constants
in Assumption (I will take the following values B; =

1/2
a2 aW) P (S, aepl4al?)  and r = 27WP.

Finally, since we are using an approximation of the function
L we will incur an error at each step of the iteration. The
following Lemma shows that the error between the iterates
u; and the approximate iterates u; increases with ¢. The
error is calculated by recursively tracking the error between
us and u, for each ¢ in terms of the error at £ — 1. Note that
this error can be controlled by using smaller values of 7.

Lemma 11. Let L : RY — R be the function satisfying the
properties in Assumption|l|and we have

E(u) = /QL(x,u(:ULVu(m)) — f(z)u(z) dz
and &(u) = /Qi(sc,u(a?),Vu(x)) — f(z)u(z)dx.

Form e (0 77 +7] consider the sequences,

>\4

) 4(1+C,
w1 = up — (I — A)"EDE(uy),
and, Tyy1 = iy — (I — A) " DE (uy)

then for all t € N and denoting R := ||u*|| g () + +E€(uo)
we have,
|ue — @ell (o)

S (14 G e+ ) - 1)

<

7. Conclusion and Future Work

In this work, we take a representational complexity perspec-
tive on neural networks, as they are used to approximate
solutions of nonlinear elliptic variational PDEs of the form
—divy(Ovu Lz, u, Vu)) + 0, L(z, u, Vu) = f. We prove
that if L is such that composing partial derivatives of L
with function of bounded Barron norm increases the Barron
norm in a bounded fashion, then we can bound the Barron
norm of the solution u* to the PDE—potentially evading
the curse of dimensionality depending on the rate of this
increase. Our results subsume and vastly generalize prior
work on the linear case (Marwah et al., 20215 |Chen et al.}
2021)) when the domain is a hypercube. Our proof consists
of neurally simulating preconditioned gradient descent on
the energy function defining the PDE, which we prove is
strongly convex in an appropriate sense.

There are many potential avenues for future work. Our tech-
niques (and prior techniques) strongly rely on the existence
of a variational principle characterizing the solution of the
PDE. In classical PDE literature, these classes of PDEs
are also considered better behaved: e.g. proving regular-
ity bounds is much easier for such PDEs (Fernandez-Real
& Ros-Oton, [2020). There are many non-linear PDEs that
come without a variational formulation for which regularity
estimates are derived using non-constructive methods like
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comparison principles. It is a wide open question to con-
struct representational bounds for any interesting family of
PDEs of this kind. It is also a very interesting question to
explore other notions of complexity—e.g. number of pa-
rameters in a (potentially deep) network like in (Marwah
et al.| 2021), Rademacher complexity, among others.
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A. Proofs from Section [6.1; Convergence Rate of Sequence
A.1. Proof of Lemma/d]

Proof. In order to prove part 1, we will use the following integration by parts identity, for functions r : 2 — R such that
and s : Q — R,and r,s € H}(Q),

or sdr = —/ r Os dx +/ rsndl’ (13)
o Ox; o Oz o)

where n; is a normal at the boundary and dI" is an infinitesimal element of the boundary 0.

Using the formula in (T3)) for functions u, v € H} (), we have
(DE(u),v)r2(0) = (V4 - OvuL(z, u, Vu) + 0y L(x,u, Vu), ’U>L2(Q)

=— | Vg OvuL(x,u, Vu)v + 0, L(x,u, Vu)v dz

Q

d

= 7/ Z 9 (OvuL(z,u, vu))iv + Oy L(z,u, Vu)v dx
Qi1 O

d d
= / Z (OvuLl(z,u, Vu)), @dx—i—/ Z(3VuL(ac,u, Vu)), vnidm—i-/ OuL(x,u, Vu)v dz
Qi1 O Qo1 / e
= /8vuL(Vu) -V + 0, L(z, u, Vu)v dz

where in the last equality we use the fact that the function v € HJ (2), thus v(z) = 0,Vz € 9.
To prove part 2. first note from Part 1. we know that (DE(u) — DE(v),u — v) 12 () takes the following form,
(DE(u) — DE(v),u — v)r2()
= (OvuL(z,u, Vu) — OvyL(z,v, Vv),Vu — V) 12(0) + (OuL(z,u, Vu) — Oy L(z,v, Vv),u — v) 12(q) (14)
We know that for x € €2, we have
Viuvw L, u, Vu) < diag([A, Ald))
Note that V., v,y L(, u, Vu) is a vector, and we can write, 9, vu) L(z, u, Vu) = [0, L(x, u, Vu), Oy L(z, u, Vu)] (here
for two vectors a, b we define a new vector ¢ := [a, b] as their concatenation).
Using the smoothness of L can write,
[0uL(x, u, Vi) — O, L(z, v, Vo), vy L(z, u, V) — Ovy L(z, v, Vo)]" (u—v, Vu — Vu])
< [u—wv, Vu — Vo7 (diag([A, Alg))) [u — v, Vu — Vo]
< Afu— v, Vu — Vo]t [u — v, Vu — V]
This implies that for z € 2 we have
(OvuL(z, u(z), Vu(z)) — dvu L(z,v(z), Vo(z)" (Vu(z) — Vo(z))
+ (OuL(z,u(z), Vu(z)) — 0, L(x,v(z), Vv(x))T (u(z) — v(z))
< Al[Vu(@) = Vo(@)[3 + Au(z) — v(@)|l3
Integrating over €2 on both sides we get
(Ovul(z,u, Vu) — OvyL(z,v,Vv), VU — V) 120y + (OuL(7,u, Vu) — 0, L(z,v,Vv),u — v) 12(0)
< AlIVu = Vol[fzq) + Allu = vl q)
<SAL+C)) - lu - ”H%(Qy

11
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the Poincare inequaltiy from Theorem [2]in the final equation. Hence plugging this result in Equation [T4] we have,

(DE(u) — DE(v),u —v)p2) < (A + CpA )||U—”||§13(Q)

This proves the right hand side of the inequality in part 2.

To prove the left and side we use similar to the upper bound, using the convexity of the L(z,-,-): R x R?, we can lower
bound the following term,

[OuL(z,u, Vu) — 0, L(z,v, Vv), Ovu L(z, u, Vu) — Ovy L(x, v, Vv)]T ([u — v, Vu — Vv])
> [u — v, Vu — Vol (diag([0, \14])) [u — v, Vu — V]
> \(Vu — Vo) (Vu — Vo)

Therefore, for all x € 2 we have

(OvuL(z,u(z), Vu(z)) — dvuL(z,v(z), Vo(x))" (Vu(z) — Vo(z))
+ (OuL(z,u(z), Vu(z)) — 0, L(z,v(z), Vu(z ))T (u(z) — v(z))
> N[ Vu(z) = Vo(z)|3

Integrating over €2 on both sides we get

(OvuL(z,u, Vu) — OvyL(z,v, Vv), Vu — V) 12(q)
+ (OuL(x,u, Vu) — 0y L(z,v,Vv),u — v) 2(0)
2 )\||Vu — VUHQL?(Q)
= Alu—v][%1 0)-
Therefore we have,

Allu — U||§15(Q) < (DE(u) — DE(v),u—v)r2(0) < (A + CEJA)HU - ”H?qg(ﬂ)

as we wanted.

To show part 3, we will again use the fact that the function for a given z € 2 the function L(z, -, -) is strongly convex and
smooth. Therefore using Taylor’s Theorem L(z, u + v, Vu+ Vo) along L(z, u, Vu) we can re-write the energy function as:

L(z,u(x) + v(z), Vu(x) + Vo(x)) — f(x)(u(z) + v(x))dx

(2, u(2), Vu(@)) + V. Lz, u(z), Va(@)” [o(z), Vo(a)]

+ 3 l002), Vo@) TV, 0 LG, (@), V) u(a), Vulz)] - [ 1) (u(a) + ofo)do

= [ L ule). Vut@) + 0.1 u(e). V@), 0Lz, u(a). Vu() o(a), V(@)

+ 510(@), Vo)V, 0y L@, u(@), Tula) (o), Vol@)] - [ f@)(u(e) + o(a))do (1s)

From Equationof Definition we know that for a given x € 2 the function L(z, -, ) is smooth and convex. In particular
we know that,

diag([0, Ma]) < V{, v, < diag[A, Aly).

12
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Using this to upper bound (T3) we get,

E(u+v) < /QL(I, u(z), Vu(z)) + [0, L(u, u(z), Vu(z)), v L(z, u(z), Vu(x)) [v(z), Vo(z)]

-

+ 5 (@), Vo) (@), Vo(z)] */f(ff)(U(fC)Jrv(ﬂf))dw

= /QL(x, u(z), Vu(z)) + 0y L(u, u(x), Vu(x))v(r) + Ovu Lz, u(z), Vu(z)) Vo(z)

+§(<>+||w /f Fo(a))ds
= £(u) + (DE@) — f,v).: (||v|\L2(Q+HU||H1<Q>
L Aarcy

= E(u+v) <E(u)+ (DE(u) — f,v)r20q) + HU||H1(Q) (16)

2

We can similarly lower bound (T3) by using the convexity of V%mvu)L as

Eu+v) > /QL(x,u(m),Vu(x)) + [0uL(u, u(z), Vu(z)), dvuL(z, u(z), Vu(z)))  [v(z), Vo(z)]
+ 5 V0@ Vola) = [ £@)(ule) + o(a))ds
- /Q Lz, u(z), Vau(z)) + o L(u, u(@), Vu(z))v(z) + Ovu Lz, u(z), Vu(z)) Vo(z)
+5I90@)E — [ f@) (o) + vla))do

A
= E(u+v) > E(u) + (DE(u) — f,v)r2(0) + §||U||H5(Q) (7

Combining (T6) and we get,

A ( + Cp)%A

§||V’U||%2(Q) (DE(u) — f,v)r2(0) < E(u+v) — E(u) < (DE(u) — f,v)r2(0) + +||VU||%2(Q)
Finally, part 4 follows by plugging in v = u* and v = v — u* in part 3 and using the fact that DE(u*) = f. O
A.2. Proof of Lemma[3
Proof. Let {\;, ¢;}$2, denote the (eigenvalue, eigenfunction) pairs of the operator —A where 0 < A\; < Ay < ---, which

are real and countable (|[Evans| (2010), Theorem 1, Section 6.5)

Using the definition of eigenvalues and eigenfunctions, we have

(A0, V)2

M= e ol
_ in <V’U, VU>L2(Q)
vEH(Q) ||UH%2(Q)
1
= CT

where in the last equality we use Theorem 2]
Let us write the functions v, w in the eigenbasis as v = ) . 11;¢;. Notice that an eigenfunction of —A is also an eigenfunction
for (I — A)~!, with correspondinding eigenvalue H%

13
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Thus, to show part 1, we have,

1= 2)7 V- Vol g = (12 = 2) 7 A7

00 2

A
Z T M

L2(Q)

L2(Q)

= Z/«%Q = HUH%Q(Q)

where in the last equality we use the fact that ¢; are orthogonal.

Now, bounding ((I — A)~*

v, V) 2(q) for part 2. we use the fact that eigenvalues of the operator (I — A)~*
{le\i }i=1 we have,

are of the form

<Z T+ A\ Z“Z¢l>
<zu¢zu¢>

= [lull 20 (18)

L2(Q)

IN

L2()
Before proving part 3., note that since \; < Ay < --- and ﬁ is monotonically increasing, we have for all ¢ € N

1 1
> 1
1+ XN — (1 + Cp))\l (19

and note that /\% are the eigenvalues for (—A)~! for all i € N. Using the inequality in and the fact that ¢s are
orthogonal, we can further lower bound ((I — A)~'v,v) 12(q) as follows,

o0

2
(1= A) "o, vy = 3 T n 19ill72(0)

=1
9]
>3 g elte

=1
1 _
1+Cp<(_A) 1U’U>L2(Q)a

where we use the following set of equalities in the last step,

2
ﬂz
N il 72 (- O

<(*A)71 LQ(Q <Z uz¢zaZN1¢z> Z

L2(Q) i=1

A.3. Proof of Lemma|6} Convergence of Preconditioned Gradient Descent

. . 4
Proof. For the analysis we consider = W
p

14
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Taylor expanding as in (T6), we have

E(upr1) < E(ur) = n(DEVur) = f,(I = Da) ™ (DE(ue) = £)) g

Term 1

IV = 80) 7 (D) = D720 - (20)

Term 2

LG A
2

where we have in (T6) plugged in uyyq — u; = — (I — Ay) ™" (DE(ug) — f).

First we lower bound Term 1. Since u* is the solution to the PDE in (@), we have DE(u*) = f. Therefore we have

<D5(ut) - f’ (I - Az)_l (Dg(ut) - f)>L2(Q) = <D5(ut) - DE(U*)7 (I - AI)_I (Dg(ut) - Dg(U*))>L2(Q) (21)

Using the result from LemmaE]part 3., we have,
(DE(uy) — DE(u*), (I — Az)’lDE(ut) — DS(u*))Lz(Q)

1
>
T 1+G

((DE(u) — DE(u*), (—Az) " DE(uy) — DE(u*)) r2(e))

Using the Equation (21)) and the fact that (D& (u),v) 12(q) = (OvuL(z, u, Vu), Vv) 12(q) + (OuL(z, u, V), v) 12(q) from
Lemma[]we get,

(DE(ug) — DE(u*), (I — Ay) 'DE(uy) — DE(u™)) 12

> ((DE(ur) — DE(u), (—=As) "' DE(ug) — DE(u*)) £2())

1+ G,
1
=13 (<6VHL($, g, V) — OvuL(z, u*, Vu*), Vo (—=A) ™ (DE (ug) — DS(u*)))Lz(Q))
P
L
1+ C,
1

- 1+Cp<v
[(—

Q

((0uL(z,ur, Vuy) — 0y L(z, u*, Vu*), (—AL) Y (DE(uy) — DE(u*))) r2(0))

u)L('ra ut, vut) - v(u,Vu)L(:CaU*a VU*)a

(u,V
Az)"H(DE(ue) = DE(Y)), Val(—Ag) ™" (DE(ur) — DE(u”)) ] >L2(Q) (22)

where we combine the terms V. (—A,) ™! (DE(u;) — DE(u*)) and V. (—A,) " (DE(u) — DE(u*)) into a single vector
in the last step.

Now, note that since for any = € Q the function L(z, -, -) is strongly convex, we have
v%u,Vu)L(:Ev VU, vx) > dlag([ov Ald])
Therefore for all 2 we can bound V (,, vy L(2, us (1), Vus () — V(y,vu) L(z, u* (z), Vu*(z))

v(u,Vu)L(Iv ut(z)7 vut(x)) - v(u,Vu)L(za U*(I)v VU*(Z'))
= [ug(x) = u* (@), Vuy () = V@) (V2,5 L&, u(@), Vu(@)) (23)

where & € 2 (and potentially different from z).

15
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Using (23) in (22), we can lower bound the term as follows:

(DE(uy) — DE(u*), (I — Ay) ' DE(uy) — DE(u)) 20

1

* *1T 2 ~ - N
> 1_|_Cp<[ut —u*, Vu, — Vu*] (V(u_’Vu)L(x,u(x),Vu(x)) ,

(=Aa) 7" (DE(uy) = DE(Y)), Va(=Ag) ™ (DE(uy) — D5(U*))] >

L2(Q)

> 5 +10p ([0, X (Vue(@) = Y (@))], [(~A2) ™ (DE(w) = DE(u)), V= A0) ™" (DE(ur) = DEW))]) 12

_ H)\cp (Ve =V, Vo (—85) " (DE(w) — DEW))) 12

5 +Acp ((=A)uy = (=A)u*, (=40) ™ (DE(ur) = DE(W)) 12

@ +Ac,, (=2)"H (=A)ur = (=2) " (= A", (DE(ur) = DE(U))) 1 g

(iid) 1 ﬁcp (up — u*, (DE(ur) — DEWY))) p2q

> 1 +20,, e = u* 773 0 -

Here, we use the fact that for all u,v € H}(Q) we have (Vu, V) r2() = (—Au,v)12(q), i.e., Green’s identity (along

1

with the fact that we have a Dirichlet Boundary condition) to get step (). We use the symmetry of the operator (—A)~! in
step (i7), and the fact that for a function g € H}(Q) (—=A)~(—A)g = g in step (iii). We finally use Part 2 of Lemmalé-_l|in

the final step.

Hence finally Term 1 can be simplified as,

(DE(up) — DE(u*), (I — Ay) "' DE(uy) — DE(u)) 20

> )‘2 *(12

> 7 JGCHut —u 50
22

> _ N *

where we use Part 4 from Lemmad]in the final step.

We will proceed to upper bounding Term 2. Using the definition of H{ (£2) norm, we can re-write Term 2 as,

7. 0= a0 (De@) - 1), 2

L2(Q)

= |- a0 e - )|

HG(Q)

16
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Writing the H{ () norm in its variational form (since H{ (£2) norm is self-adjoint, Lemma and upper bounding it,

(=207 (D) - 1)

= swp (Vo (1= AN (DEW) - f), Vo)
vEH(Q)
”UHHé(Q):l

= s (V. (1-4,)7 (DE(w) - DE()), Vo)
veH (Q)
”’L)HH&(Q):I
9 <(1—Aw)_1(D8(ut)—DS(u*)),—Av>
vEH ()
”'U”Hé(g):

sup  ((=8) (1= A,) " (DE(ur) - DEW)) ,v)
vEH(Q)
HUHH(I)(Q)ZI
< swp (D) — DEM), ) e (25)

vEH(Q)
=1

HG(Q)

L2(Q)

L2(Q)

L2(Q)
1

(i1)
L2(%)

IlUHH(l)(Q

here, step (i) follows from the equality that for all u,v € H(2) we have (Vu, Vo) 20y = (—Au, v) 12 and the fact
that —A is a symmetric operator in step (7).

Finally we use Lemma [3] Part 1 for the final step. More precisely, we use Part 1 of Lemma [5] as follows, where for a
g € H} () we can write,

sup  ((=A)(I — A)719,0>L2(Q) =|-A - A)719”L2(Q) <llgllrz) =2 sup  (g,v)r2(0)
vEL2(Q) veL?(Q)
ol L2 0y=1 lvll L2 (0)=1

Note that, from Lemma ] we know that for all u, v we can write the inner product (D& (u), v) as follows

(DE(u),v)2(0) = (OvuLl(z,u, Vu),v)2(q) + (OuL(z,u, Vu),v) 12(0)
= <v(u,Vu)L(xa u, VU), [Uv V1)]>L2(Q)

that is, we we combine dv, L and 9, L into a single vector V(,, )L := [0y L(z,u, Vu), vy L(z,u, Vu)| € R+ and
combining v and Vu as a vector [u, Vu].

17
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Using this form and re-writing (23) and using the fact that for z € Q L(x, -, -) is convex and smooth in step (), we have

=207 (DE@) - f)HHm

< sup <V(u,Vu)L(xautavut) - V(U,VM)L($7U*avu*)a [’U7vv]>
vEH(Q)
”UHHé(Q)Zl

L2 ()

C swp (fu -, Vu = V'] 9, 0, L, u(@), Vu(@)), [v, o))
vEH ()
HUHH(l](Q)Zl

< sup A <[ut —u*, Vu, — Vur]" v, Vv]>
veHH (@)
”U‘lHé(Q):l

L2(Q)

L2(Q)

= sup A <ut — U*, ’U>L2(Q) + A <V(Ut - u*), V’U>L2(Q)
vEH(Q)
HUHH(I)(Q)zl
= sup  ACH|lue — |z 0l ) + Allue — w2 o) 0]l 2 0
vEH(Q)

=1
”’UHHé(Q)

= A1+ CP)Jur — w* || gy ) < AL+ Cp)*[lur — u*|| o) (26)

where we use the Poincare Inequality 2]in the final step.

Therefore, from the final result in (26) we can upper bound Term 2 in (20) to get,

[Vl = Ay) ' DE(uy S A1+ Cp)?llue — w3 o
- A2(1+C,)?

- A

][
(E(ut) — E(u™))

where we use the result from part 4 from Lemma ]

2 473
— Eluan) — £ < Eu) ~ £0°) — (g 1SR ) 1)~ Ew)

. _ S
Since n = I0F0,) AT e have

E(uprr) —E(u”) < E(uy) — E(u”) — (1+AC,,)3A77 (€(ur) — E(u™))
6 t
= E(upy1) — EW) < (1 — MM)) (E(ug) — E(u*)) . O
B. Error Analysis
B.1. Proof of Lemma[11]

Proof. We define for all ¢ r; = @; — u;, and will iteratively bound ||7[|12(q)-

Starting with vy = 0 and @; = 0, we define the iterative sequences as,

Uug = Up
U1 = Ug — 77(.[ — Am)ing(ut)

18
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Ut = Ug
/ELt+1 = ﬂt — 77([ — AI)_IDg(th)
where 7 € (0, m . Subtracting the two we get,

ﬁt+1 — Ut41 = ﬂt — Ut — 77(] - Am)71 (Dé(ﬁt) - DS(Ut))

= e =1 -l —Ay) 7 (Dé(ut +r) — Dé’(ut)) @7)

Taking H¢ (£2) norm on both sides we get,

Iresllagia) < Il + |7 =207 (DEGu +r) = DEQ))|| ., (8)

Towards bounding H (I — A) " DE(us + 1) — DE(uy)

o’ from Lemma (15| we know that the dual norm of [|w|| 73 )
0
is [[wl| 1 () thus,

H(I — A DE(uy + 1) — DE(ut)‘

Hy(Q)

= sup <V(I —A,)! (Dg(ut +r) — DE(ut)) ,Vg0>
PEH(Q)
”‘P”Hé(g)zl

= sup <V(I - At (Dé(ut + 1) — DE(us + rt)) ,V<p>

L2()

peH (@) 12(0)
H‘pHHég}):l
+  sup (VI —A,) N (DE(uy + 1) — DE(uy)), V¢>L2(Q)
PEH ()

=1
H‘PHH[%(Q)

= sup <(I AV (Dg’(ut + ) — DE(us + rt)) ,Anp>

PEHL() L2(Q)
”‘P”Hé(g))zl
4+  sup <(I — Ax)fl (DE(uy + r¢) — DE(uy)) ,A<p> )
h L2(Q)
PEH ()

=1
H‘FHH(I)(Q)

= sup <(Dé~'(ut + 1) — DE(us + rt)> , (I — A)_1A<p>
PEH; ()
”‘P”Hé(g)zl

+  sup  ((DE(ug+1) — DE(wy)), (I — A" Ap)

L2(9)

1 L2()
PEH ()
HSDHH(I)(Q)Zl
<  sup Dg(ut +r) —DE(ur+1)),0)
PeHL(Q) <( ) >L2(Q)
”LIOHH(:J[(Q)Zl

+  sup  ((DE€(uy + 1) — DE(ur)) , 9) 120 (29)

pEH ()

=1
‘l@‘lyé(g)

Now from Assumption |l we know that for all z € 2 and u € H} () we have the following bounds on the difference of
partials of L and L:

Sup‘ BuL(z, u(z), Vu(z)) — duL(z, u(z), w@))HQ < elu(@)|s, (30)

19
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and

sup H@v“i(m,u(m), Vu(z)) — Ovu Lz, u(x), Vu(m))H2 < ep|u(x)lz, (31)

Therefore, note that we can bound the difference of V(U,Vu)i and V(, vy L forallz € Qand u € H}(Q) as follows,

sup HV(u,vu)i(x, u(z), Vu(x)) — Vo, vu) Lz, u(z), Vu(ac))H2

< sup “GVMi(x7 u(z), Vu(z)) — Ovu Lz, u(z), Vu(gc))H2 + sup H(?Vuf/(x, u(z), Vu(z)) — Ovu Lz, u(z), Vu(m))H2
< 2ep|[u(@)l|2 (32)

Note that, from Lemma 4] we know that for all u, v we can write the inner product (D& (u), v) as follows

(DE(u),v)r2(0) = (OvuLl(z,u, Vu),v) 2() + (OuL(x, u, V), v) 12(0)
= <v(u,Vu)L(xa U, VU), [Uv V1)]>112(§2) (33)

that is, we we combine dv, L and 9, L into a single vector V(,, o)L = [0y L(z,u, Vu), v L(z,u, Vu)| € R4+ and
combining u and Vu as a vector [u, Vu].

Using upper bound in Equation 32/ we can upper bound sup 1 (g <(Dé(ut + 1) — DE(ur + rt)) ,<p>L2(Q) (by
”‘PHHCI)(Q):l

expanding it as in Equation [33) as follows,

sup <(D5~(ut + 1) — DE(ur + rt)) ,<p>
©EH ()
”‘PHHé(Q)Zl

L2()

= sup <V(u Vu) (.’E g + 1, Vg + Vrt) v(u,Vu)L(xv ug + 1y, Vg + VT't), [907 V@]>
pEHA () 12(@)
”‘P”Hé(g)zl

= sup <6Vuf)(x, ug + 1, Vug + Vry) — Ovu L(x, up + 14, Vug + V), Vg0>
PpEH ()
”W”Hé(g)zl

L2()

= sup <3Vu (z,ur + 1, Vug + Vry) — Ova Lz, ug + 14, Vug + Vry), <p> s
PEH () L2(@)
”‘P”Hé(g)zl

+  sup <8ui(x, ug + 14, Vug + Vry) — Oy Lz, up + 1, Vg + Vry), <p>
PEH ()
HSDHH(I)(Q)Zl

L2(Q)

< sup  epflue +rellrz) (1 + Cp)llellLz(a)
PEH(Q)
”‘P”Hé(g)zl
<er (14 Cp)llue + 7l 220
<er(14Cp)?lur + 7ell 1y o) (34)

We can similarly bound sup ¢ 1) (DE(ut +1¢) — DE(ut)) , ©) 12 (qy) Where will use the convexity of the function
HS@”Hé (Q):l

L(z,-,-) forallu € H} () to bound the gradient V (w,vu) L(, us + 14, Vug + Vry) using Taylor’s theorem in the following

way,

V w,vu)y L(x, ug + 1, Vug + Vry) = V(g vu) Lz, ug, Vug) + [ry, Vr 7 V(u vu) L(Z, e (2), Vu(2))
- v(u,Vu)L(zv Ut + T4, vut + V?"t) - v(u,Vu)L(xa U, Vut) = [Th Vr } v(u Vu) (‘i ut(

1
:_/
<
=
ISX}
S~—
S~—
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here & € 2. Therefore, bounding sup ¢ 1) ((DE(ur + 1¢) — DE(ur)) , 9) 2(q) We get,
”‘PHHé(gn:l

sup  ((DE(uz +1¢) — DE(ur)) , ) 12(q)
PEH ()
”‘PHH(%(Q):l

= sup <v(u,Vu)L(m7 up + 1, Vug + V?ﬁt) - V(u,Vu)L(xa Ut, vut)7 [4107 v‘P]>L2(Q)
PEH; ()
‘W”Hé(g):l

= sup [7“,57 vrt}Tvzu u L("Ea u(f), Vu(:%)), [907 VSD]
PEH(Q) < e >L2<Q>
H‘P”Hé(n)zl

< sup A <[Tt7 vrt]Tv [4,0, VS‘jDLz(Q)
PEH} ()
H‘P”Hé(gz)zl

< sup A ([Iredlzllellz) + 1Vl @ Vel 2 )

PEH(Q)
=1

H‘P”Hé(g)
2
SAQ+C) Il mp o
Plugging in Equations (34) and (33) in (29) we get,

— _1 & —
H(I A) 7 D+ 1) = DEG)|

= (1 + Cp)Q(eL —+ A)H'rt”Hol(Q) + 6(1 + Cp)2||ut”

Furthermore, from Lemmal6] we have for all ¢ € N,

t
E(upr) — E(u*) < ( 1+c 8A5> & (uo)
< &(u
and

2
ue — ™|y (o) < By (E(ur) — E(uo))

2

< Xg(uo)

Hence we have that for all ¢t € N, 5
luell ) < Nl o) + XS(uo) =: R.

Putting this all together, we have

_ -1pg _ <
H(I A) 7 DE(w + 1) = DE()||, <

(L+Cp)*(er + Mlrellag o) +e(1+ Cp)*R

Hence using the result from (37) in (Z8) and unfolding the recursion, we get,

el ) < (1401 + Cp)*(er + ) Irellmz o) + (1 + Cp)’ernR

1+ Cp)%ernR
= [Ireill o) < n(i - C;g(;’i 5 (L0146 (e +A)) —1)

eLR t
— HrtJrl”Hé(Q) < T ((1 +n(l+ Cp)2 (er + A))) - 1)
as we needed.
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C. Proofs for Section [6.2: Bounding the Barron Norm
C.1. Proof of Lemma|[7; Barron Norm Increase after One Update

Proof. Note that the update equation looks like,

g1 = G — (I — Ap) " DE (uy)
=y —n(I — Ay) "' (=V - OvuL(z, @y, Viig) + Oy Lz, iy, Viig) — f)

d
=a; —n(I —A,) ( 288Vu (x, g, Vg) + Oy L(x, 4, Vi) — f)

i=1

From Lemma[8 we have

IVl = ?é?;](naiﬂtnlg(ﬂ) < 20Willtel|po)
This also implies that

max{||i| ), |Vl } < 20Wellt |-

Note that since @; € 'y, we have Vi, € Tarw, and L(z, 4y, Vi) € Fgﬂkiwt (from Assumption .

Therefore, we can bound the Barron norm as,

d
(I-A,) ( Z@@vU (z, 0, V) + O L(z, 0y, V) — f)

i=1

B(Q)
Q| &
< |- di0vuL(x, iy, Viig)

=1

+ |0 L (2, Ut, Vi) 5y + 1f B
B(Q)

(i4) o o

< d[10:0vuL(w, U, V)| ) + [|0u L, e, Vie) [ 50) + 1 fl502)

< dBy 2y (W)L [l + By (2a W) ullthg, + 11 fllsce

< (2mhyd + 1By 2aWo)e ulBg + | flls)
where we use the fact that for a function h, we have ||(I — A,) ™" h||g) < ||k @) from Lemmalm
from (@0) in (iz).
Using the result of Addition from Lemma 8] we have

s liscoy < Nellsey +n (2mhzd + 1) By W) [ullio,) + 1 lsco) )
< (14 n(2nkgd + 1By 2eWo)e) [allbkg, + 1l fllsc)

C.2. Proof of Lemma[9: Final Barron Norm Bound

Proof. From Lemma([7|we have

e llsoy < Naelse) +n (@kzd+ DBEW ully gy + /5 )
< (1+0(2rkzd + 1) BEAWY) [ullh ) + 1llflls@

22
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Denoting the constant A = (1 + n(2wk;d + 1) B(27W;)?) we have

lte+1lls) = Alltelzq) + 0l fllse)

log (|lic1 ) = 108 (Allie ) + 7l fllscen)

nll.flls)
AHUtHB(Q) (1 + A‘HTH%(Q)

nll flls@)
< log | Allt||} 1+ 7
( tliB(o) maX{l,AHut”Z[;(Q)}

—10g (Al (1 + nllfllse) )

= log [/l q, ) +log (A (1 + 1l flls0)))
= rlog(||@e] so)) + log (A (L+ 0l fllaw))) (41)

The above equation is a recursion of the form
Tyl STXpt+C

which implies
t_
p
Tey1 < ¢
p—

1 +p330

Therefore the final bound in @I is,

10g (|[tes1ll50)) < rlog(|liel|s@)) +log (A (1+nllfllsw))

- -1 -
= log (ae+1llB)) < —— T log (A1 +77||f\|13(9))) + p' log (||l 5e))

= |de+1]B) < (4 (1+77Hf||6(9))) ||U0||B(Q

t

= |t 1+ n(2rkpd + 1) By 2aW)?) (L+ 1] flls Q)))

||u0||B(Q)

SUN a1 By < ((1+ n2rkid+1)Bg 27k Wo)?) (14 0]l f]l5 Q)))

||UOHB(Q)

= ((
< (

EL Yarallsw < ((1+n(2nkzd + 1) By (2mk; Wo)) (1 + 1l fllse))” = Hﬁo\l’é@
= ((

_ t+2 =L = pt
= ||Gt+1]5(0) 1+ n2mky Wo(2mkd + 1)Bp) (140 flls@))” " ? (maX{LHuO”%(Q)})

where we use the fact that W; = kTWO since iy € FkTW in step (4) and use the property that (1 + 2?) < (1 + z)? since
x > 0in step (i7). O
C.3. Proof of Lemma 10|
Lemma 12 ( Lemma([I0|restated). Let
o= 3 (alr)
a,|a|<P

where o is a multi-index and x € R* and A, € R is a scalar. If g : R¢ — R? is a function such that g € Ty, then we have
f o g € T'pw and the Barron norm can be bounded as,

1/2
P /

I1f o gl < d? Z [Aal® 191l

alal=1
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Proof. Recall from Definition E] we know that for a vector valued function g : R% — R4, we have

lgllB@) = max 9l Bcc2)-

Then, using Lemma@ we have

P d
IF Doy =1 >, Aa]] o
a,|al=0 =1 B(Q)
P d
< > (A e
a,lal=0 =1 B(Q)
P d
< Z |Aa| Hg?i
a,|a|=0 =1 B(Q)
P d
< > Ao
a,|al=0 =1 B(Q)
P d
< 5w (T
a,|al=0 1=1
P d
< > (Tl
a,|al=0 i=1
P d
= > (Tl
a,lal=0 i=1
, 1/2 i . o\ 1/2
< Z | Aql? Z ( Igz-lféi(m> (42)
a,lal=0 a,lal=1 \i=1

where we have repeatedly used Lemma(§Jand Cauchy-Schwartz in the last line. Using the fact that for a multivariate function
g : R — R4 we have for all i € [d]

lglls) = llgillse)-
Therefore, from @2)) we get,

1/2 1/2
P P 9
2 Zleoéi
@Dl < [ 3 14al > (ol )
o, a]=0 olal=1
, 1/2 » , 1/2
<X AP > (lslize)
a,la]=0 a,lal=1
» 1/2
<d”2 {3 AP lglbe
a,|a|=0
Since the maximum power of the polynomial can take is P from Corollary[T|we will have f o g € T'pyy. O

C.4. Proof of Lemma(§; Barron Norm Algebra

The proof of Lemma§]is fairly similar to the proof of Lemma 3.3 in (Chen et al| 2021)—the change stemming from the
difference of the Barron norm being considered
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Proof. We first show the result for Addition and bound ||h1 + h2 || 5(q).

Y (@t lwl2) g+ ga(w)]

weNd

Y (1t wll2) [91(w) + G2(w)]

weNd
< A+ wl2) [ @) + Y @+ wll2) [g2(w)]
weNd weNd
= [|h1 + hallg) < 1hillBe) + lhallB)-

g1 + g2l

For Multiplication, first note that multiplication of functions is equal to convolution of the functions in the frequency domain,
i.e., for functions g; : R* — d and go : R? — d, we have,

G- G2=01%02 43)

Now, to bound the Barron norm for the multiplication of two functions,

lgr - g2lls) = D (1 + [wll2)|gr - g2(w)]

weNd

= > (I +lwl2)lgn * g2 (w)l
weNd

=3 ) (1 [wll2) [91(2)d2(w — 2)]
weNd zeNd

<Y (U flw =zl + [zl + 12llallw = 2ll2) 11(2)da(w — 2))|
weNd zeNd

Where we use ||w||2 < ||w — z||2 + ||z||2 and the fact that

SN lzllzllw = 2llalg1(2)ga(w — 2)] > 0.

Collecting the relevant terms together we get,

lgr - g2llmy < D D (L4 llw = zll2) - (1+ [12ll2) [91(2)| [g2(w — 2)]

weN4 zeNd
= ((1+ [lwl[2)g1 (@) * (1 + [lwl[2)g2(w))

Hence using Young’s convolution identity from Lemma[T3| we have

lgr - gallzey < | D L+ [lwll2)gr(@)dw | | D (1 + [[wll2)ga(w)dw

weR wERd

= |lg1 - 92/l < [Ih1llB) |h2]l 8-

In order to show the bound for Derivative, since h € I'yy, there exists a function g : R< — R such that,

g(x) _ Z e27rinzg(w)dw

llwlloo <W
Now taking derivative on both sides we get,
0;9(z) = Z iei“’T’”27Ton§(w) (44)
lwlloo<W
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This implies that we can upper bound |5;J(w)| as
09(w) = 121w;§(w)
= |0,9(w)| < 27Wg(w)]

Hence we can bound the Barron norm of 0;h as follows:

10iglls@y = > (1 +Ilwllee) [059(w)|dew

lwlloo <W
< Z (1 + [[wlloo) [27W §(w)|dw
lwlloo <W
<2t > (1 [|wlloo)|§(w)]dew
lw]loo <W
< 2rW|h| B0

(45)

In order to show the preconditioning, note that for functions g, f : Q¢ — R, if f = (I — A)~'g then we have then we have

(I — A)f = g. Furthermore, by Lemma [14] we have

(1+ [wl3) /(@) = §(w) = f<°d>ﬁfﬂ?;g'

Bounding [|(1 — A)~! f|| 5

_ 1+ ||wll2 .
1= 2) gllsgey = 3 ('”zg«u)dw

2 T el
< (1 |wl2)d(w)dw
weNd

= [[({ - A)719”13(9) <llglls@)-

(46)

O

Corollary 1. Let g : R? — R then for any k € N we have ||g*||p(q) < ||g||’g(m. Furthermore, if the function g € Ty then

the function g* € Tpw.

Proof. The result from ||g" || B(c2) follows from the multiplication result in Lemma and we can show this by induction. For

n = 2, we have from Lemma [§ we have,
19|52y < llgllBey
Assuming that we have for all n till kK — 1 we have

g™ Iy < ||9||g(9)

for n = k we get,
19" I8 = 199" s < llgllse g sm) < HQHIZ%(Q)

To show that for any & the function g* € I'yy, we write g* in the Fourier basis. We have:

k
— H Z g(wj)€2iﬂwfxdwj

I=1 \llwjlloc <W

k
Z Hg wj)dws . .. dwy cizmw’k g

HWHoo<kW Sk wi=w i=1

In particular, the coefficients with ||w||oc > kW vanish, as we needed.
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Lemma 13 (Young’s convolution identity). For functions g € L?(R?) and h € LY(RY) and

11 1
—t-==+1
p oaq

where 1 < p,q,r < 0o we have
1f = gllr < llgllpllRllq-

Here x denotes the convolution operator.
Lemma 14. For a differentiable function f : [0,1] — R, such that f € L*(R?%) we have

Vi(w) = i2mwf(w)

D. Existence Uniqueness and Definition of the Solution

D.1. Proof of Existence and Uniqueness of Minima

Proof. The proof follows a similar sketch of that provided in (Fernandez-Real & Ros-Oton, [2020) Chapter 3, Theorem 3.3.
We first show that the minimizer u* of the energy functional £ (u) exists.

Note that from Deﬁnitionwe have for a fixed « € €2 the function L(z, -, -) is convex and smooth it has a unique minimum,
i.e., there exists a (yr,2r) € R x R? such that for all (y,2) € R x R? we have L(z,y,2) > L(x,yr,21) and that
VL(z,yL,zr) = 0. Furthermore, using (2) from Deﬁnitionthis also implies the following,

Mlz = zll3 < Lz, y,2) = Lz, yz, z) < A (ly = yell3 + 2 = zL13)

Note we can (w.1.0.g) assume that for a fixed « € 2 we have, L(x,0,0) =0, and V,, . L(z,0,0) = 0 (we can redefine L as

L(z,y,2) = L(z,y + yr, 2 + 21) — L(x, yr, 1) if necessary), hence the above equation can be simplified to,

Azl < L(w,y,2) < A(llyll3 + [1213) , ¥p € @ x R xR (50)
Now, we define,
E = inf{/QL(sc,v,Vv) —foder:zeQue H&(Q)}
. Let us first show that &, is finite. Indeed, using (50) for any v € H& (Q) and z € 2, we have
E(v) = /QL(x,v,Vv) — fudz
faéA(W@N@+HVM@@)+Hﬂxwmmﬂm

< A (llolle@) + IVol3a@)) + 1l ol
and is thus finite.

Moreover, using (50) for all v € HE () and z € ©, £(v) can be lower bounded as
E(v) = / L(z,v,Vv) — fvdz
Q
> [ N9o@la = IF@)o(e)]a da

> >\||VU||2L2(Q) — I fllz2@ vl 2 ()

A 9 A 1 9 9
> 190l + (55 = ) Wl = Ol e 51)

for some large constant C' so that \/2C}, —1/C > 0., where we have used the Poincare inequality (Theorem and Cauchy-
Schwarz inequality to get the last inequality.
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Let {uy} where uy, € H}(Q) Vk define a minimizing sequence of function, that is, we have &£ (uy) — & = inf, £(v) as
k — 0. From[51] we have for all k&

A A 1
Al + ( - ) e — Cll 2y < Eur).
3 L2(Q) 20, C 12(Q) 12(Q)

Therefore since &£(uy) is bounded, we have that [[ug| g3 () is uniformly bounded, and thus we can extract a weakly
convergent subsequence. With some abuse of notations, let us without loss of generality assume that u; — wu.

We will now show that if u; — u,
E(u) < liminf E(ug) = &
k— o0

and therefore conclude that the limit v is a minimizer. This property is also referred to as weak-lower semi-continuity of &.

In order to show the weak-lower semicontinuity of £ we define the following set,
A(t) == {v e Hy(Q): E(v) < t}.
Furthermore, note that the functional £(v) is convex in v (since the function L is convex and the term f(z)v(x) is linear),
and this also implies that the set .A(t) is convex.
Further, for any sequence of functions {wy, } where wy, € A(t) such that wy, — w from Fatou’s Lemma,

E(w) = /QL(x,w(x), Vw(z)) — f(z)w(x)dx < 1iminf/Q L(z,wg(x), Vwg(x)) — f(z)wg(z)de <t

k— o0
hence we also have that the function w € A(t). Therefore the set A(t) is closed (w.r.t H} () norm), and it is convex. Since
the set A(t) is closed and convex (it is also weakly closed) therefore if wy, — w it also implies that wy, — w in Hg (Q2).

Hence, consider a weakly converging sequence in Hg (£2), i.e., wy — w and define

t* .= liminf £ (wy)
k—o0

Now, for any £ > 0, there exists a subsequence wy, . — w in H(Q) and 5% < t* 4 ¢, thatis, wy, . € A(t* +¢). This
this is true for all € > 0 this implies that £(w) < ¢* = lim infy_,¢ £. Hence the function £ is lower-semi-continuous, and
hence the minimizer exists!

Now to show that the minimum is unique. Note the function £ is convex in u. We will prove that the minima is unique by
contradiction.

Let u,v € H}(Q) be two (distinct) minima of £, i.e., we have, £(u) = &, and £(v) = &,.

Now using the fact that the function L : Q2 x R x R? — R is convex, and the minimality of £, we have for all z € {2 we have

e <¢ (u;—v) :/QL (x u() + v(z) Vu(m)+Vv(m)> G RRIE)

2 2 2

_ / I (x + x, u(z) + v(m)’ Vu(z) + Vv(w)) ) u(z) + v(x)

o 2 2 2 2

1

< [ 5L loule), Vule) + u@) + [ 3 (L@ 0(@), Vo(a) + ola)

Q Q
< SE) + 3£ )
< 58+ €

u~+v 1 1
:>50§5< 2 ) §§€(u)+§5( ) =&,
The last inequality is a contradiction and therefore the minima is unique. O
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D.2. Proof of Lemma [2: Nonlinear Elliptic Variational PDEs

Proof of Lemma[2] If the function «* minimizes the energy functional in Definition[I|then we have for all € € R
E(u) < E(u+ep)

where ¢ € C2°(2). That is, we have a minima at ¢ = 0 and taking a derivative w.r.t € and using Taylor expansion we get,

d€u)(p) = lim =0
e—0 €
o Jo Lk o Vut ) — 1(@) (u(e) + pl@) — Dla,u, V) + f(z)ulz) de
= p
_ 5 fQ L(z,u+ ep, Vu) + Ovy L(z,u + ep, Vu) + 11 (x) — ef (x)ep(x) — L(z, u, Vu) dz
o el—I>r(l) €
= 1i fﬂ L(x,u,Vu) +€8uL($auaVU)<,0+7“2(l‘)
b=y ¢
+lim €dvuL(z,u, Vu)Vip + €20,0vu L(z,u, Vu)Ve - ¢ + 11 (x) — ef(x)ep(x) — L(x,u, Vu) dz
e—0 €
_ Jo €0vuL(x, u, Vu)Vo + €0y L(x, u, Vu)u + r1(x) + r2(x) — f (x)@(x) dx 52)
o egr(l) €
where for all z € €2 we have,
62 T A2
Ir1(@)] < 5 sup | ((Tu(@)” 03, Liy, u+ o, Vi) Vu(a) )|
2 yeN
Aé?
< 5 IVu@)l3 (53)
Similarity we have,
€2
ra(x)| < = sup [uL(y, u, Vu)u(z)?|
2 yeN
2
< A%u(sv)2 (54)
Using results from (52)) and (54) in Equation (33) and taking ¢ — 0, the derivative in the direction of ¢ is,
dE[u] () = lim fQ OvuLl(z,u, Vu)Vy + 0, L(z,u, Vu)u — f(z)p(x) dx
e—0 €
Since ¢ — 0 the final derivative is of the form,
d€u](p) = / (8VUL(x, u, Vu)Vo + 0y, L(x,u, Vo) — f<p> dx = 0. (55)
Q

We will now use the following integration by parts identity, for functions » : 2 — R such that and s : ) — R, and
r,s € HY(Q),

or sdx = —/ r Os dx —|—/ rsndl’ (56)
o 0z o O; N

where n; is a normal at the boundary and dI is an infinitesimal element of the boundary 0f2.
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Using the identity in (36)) in (33) we get,

Q.
o)
£
S

I

—

OvuL(z,u, Vu)Vo + +0, L(z, u, Vv)p — fga) dx

2

-

<
Il
-

[
S~

(8VUL($5 Uu, vu))i 8&@ + auL(xv U, V’U)SD - f(p> dx

I
S— 55— 55—

0, (v u L., V), o + DL u, Vo) — f«p) dz

<
Il
-

Y, (BvuL (e, u, V) ¢ + DL, u, Va)p — f¢> dz = 0

= d€[uf(p)

TN T N TN TN TN
'Mﬁ-

— divk (OvuL(z,u, Vu)) ¢ + 0, L(z,u, Vu)p — fgp) dx =0

That is the minima for the energy functional is reached at a « which solves the following PDE,
d€(u) := —divy (OvuL(z,u, Vu)) + 0y L(z,u, Vu) = f.

where we define d&(-) as the operator —divy (Ovy L(z, -, V-)) + Oy L(z, -, V).

D.3. Proof of Lemma 3} Poincare constant of Unit Hypercube

Proof of Lemma|3] We use the fact that the Poincare constant is the smallest eigenvalue of A, i.e.,

1 [ Aullr2(0)
Cp. uweL2($) ||’LL||L2(Q) '

Note that the eigenfunctions of A for the domain (2 := [0, 1] are defined as

d
du(x) = Hsin(mwixi), Vwe N & z €.
i=1

Furthermore, this also implies that for all w € N 4 we have,
A¢y = 2 ||wl3w-

We can expand any function u € H () in terms of ¢y, as u(z) = Y cya dwPu () Where do, = (u, ¢u) 12(0)-

Note that for all z € 2, we have,

Au(z) = Y m||wl3dudu(@).

weNd
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Taking square L2(£2) norm on both sides, we get,

2
1Au]F2iy =7 {| D lwl3dude
weNd L2(Q)
2
Q™
> md Z dw¢w

weNd L2(Q)
(44)
= mtd?||ullZz 0
|AullL2 () > 24
HU||L2(Q)

where we use the fact that ||w||2 > v/d (since Vi € [d] we have w; € N) in step (i), and use the orthogonality of {¢,, },,cne
in (7). Moreover, it’s easy to see that equality can be achieved by taking u = ¢(1 1, 1)-

Hence the Poincare constant can be calculated as,

1 A
2 [Aul|r2(0) — 22d
Cp ueL?(Q) ||UHL2(Q)
1
= C, = —.
P r2d

E. Important Helper Lemmas

Lemma 15. The dual norm of || - || g1y is || - | z3(e)-

Proof. 1f [|u|. denotes the dual norm of [|ul| ;71 (), by definition we have,

[ull = sup  (u, U>H3(Q)
vEH ()
”U”H%(Q)zl

= sup (Vu, Vo))
vEH(Q)
H'U”Hé(g):l
< sup [Vullr2)[Vollrze)
vEH ()
H'UHH(%“)):l
= [[Vul| 20
where the inequality follows by Cauchy- Schwarz. On the other hand, equality can be achieved by taking v = m. Thus,
[lulle = IVullL2() = ||u]l g1 (q) as we wanted. O
(@) 0(2)

E.1. Useful properties of Laplacian and Laplacian Inverse

Lemma 16. The operator (—A)~! is self-adjoint.

Proof. Note that since the operator (—A)~! is bounded, to show that it is self-adjoint, we only need to show that the
operator is also symmetric, i.e., for all u,v € Hj () we have

<(—A)_1U,U>L2(Q) = <u7 (—A)_1U>L2(Q).
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To show this, we first show that the operator A is symmetric. i.e, we have

<—Au, 7}>L2(Q) = <u7 —AU>L2(Q) (57)

This is a direct consequence of the Green’s Identity where for functions u, v € C§° the following holds,

/ —(Au) vdx—/Vu Vvdx—l—/ 2 pdr
Q oQ on
z/Vu-Vvdx

/uAvdx—l—/ —udl"
Q a0 0

where we use the fact that since u, v € H} () we have u(x) = 0 and v(x) = 0 for all = € 9.
Now, taking & = —Awu and ¥ = (—A)~'v from Equation we get,
(=Au,v)p2(0) = (u, Av)2(0)
(@, (=A)710) 2 () = ((—=A) 74, 0) 20
Hence we have that the operator (—A)~! is symmetric and bounded and therefore is self-adjoint. O

Lemma 17. Given a vector valued function f : R* — R?, such that f € C? the following identity holds,

Vdivy(f) = divy (V). (58)

Proof. We first simplify the right hand side of Equation (58). Note that since Vf : R? — R%*4 is a is a matrix valued
function the divergence of V f is going to be vector valued. More precisely for all x € Q, —div,(V f) is defined as

- d
d
>V
:J; -
= Zajaiﬂx) (59)

i=1

div(Vf(2))

i=1

where for a vector valued function the notation [g(z)]; denotes its i™ coordinate, and the notation [g(z)]{; :=

(9(x)1,9(x)2, -+ ,g(x)q) denotes a d dimensional vector.

Now, simplifying the left hand side, for all x € {2 we get,

d
Vdivy (f Z 9;f(x
- d
d
= |0; Z 0 f(x)
L i=1 i=1
d
d
=100 f(x) (60)
L \J7=1 i=1
Since the term in (39) is equal to we have Vdivy(f) = divx(Vf). O

Lemma 18. For a function g : R® — R such that g € C? the following identity holds,
AVg=VAg
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Proof. The term AV g can be simplified as follows,

_A(9f of  Of
Avg_A(&a:l’@a:g’ ’83;,1)

NN
A|:8l‘l:|z 1
8351]

d
Jj=1

0 _of

SN

Further, VAg can be simplified as follows,

DRI TIS SR TR SN )
- - 8x1 85527 - 3x2 8%2’ ’ 8xd 8%2’

| =1 J j=1

— d d

S &g

_le szaxi’ -

Since (6I) is equal to (62) it implies that
AVg=VAg.

Corollary 2. For all vector valued function f : R* — R? functions the following holds,

V(=A) " divy (f) = (=A) " Hdiv (V).

Proof. We know from Lemmall7] that for a vector valued function f : R? — R that we have
Vdivy(f) = divx (V).
Now, using for a fact that any function g can be written as, g = (—A)(—=A)"1g we get,

levx(f) = dive (V)
V(=A)(=A)" divx(f) = divx(V f)

(=
L (A (=A)divy(f) = div(Vf)
— V(=A)"divy(f) = (—A) " Ldivy (V)

where (i) follows from Lemma (18} i.e., for any function g € C3, we have, VAg = AVg.

E.2. Some properties of Sub-Matrices

Lemma 19. Given matrices A € R and B € R**? if we have A < B then for any set of indices U C {1,2,--

(61)

(62)

(63)

d}

where |U| = n < d then for all y € R™ we have y* Ayy < y* Byy. where Ay = A; ; forall i, j € U. Similarly if if we

have A = B for all y € R™ we have, y*" Ayy > y* Byy.
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Proof. We will show that A < B = Ay =< By. The proof for A > B = Ay = By will follow similarly.

Without loss of generality we can assume that U = {1,2,---n} andaset V = {n,---d}, where n < d. Since A < B we
know that there exists € R? we have 27 Az < 2T Bzx.

For all y € RY define = := (y,04_,,), and let Ay = A; jbei € Uand j € V

[y o]T{AU AU,V] oo <y O]T[BU BU,V} o

AV,U AV BV,U BV
T| By—-Ay  Buv —Auyv T
== 0 i ’ 0 >0
v 0] {BV,U —Avy By —Av v o =
— yT(BU — AU)y >0
Since we have for all y € R™ we have y” (By — Ay )y > 0, therefore this implies that A;; < By. O
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