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Abstract

Metric distortion in social choice provides a framework for assessing how well
voting rules minimize social cost in scenarios where voters and candidates exist
in a shared metric space, with voters submitting rankings and the rule outputting
a single winner. We expand this framework to include probabilistic voting. Our
extension encompasses a broad range of probability functions, including widely
studied models like Plackett-Luce (PL) and Bradley-Terry, and a novel "pairwise
quantal voting" model inspired by quantal response theory. We demonstrate that
distortion results under probabilistic voting better correspond with conventional
intuitions regarding popular voting rules such as Plurality, Copeland, and Random
Dictator (RD) than those under deterministic voting. For example, in the PL. model
with candidate strength inversely proportional to the square of their metric distance,
we show that Copeland’s distortion is at most 2, whereas that of RD is Q(y/m) in
large elections, where m is the number of candidates. This contrasts sharply with
the classical model, where RD beats Copeland with a distortion of 3 versus 5 [1].

1 Introduction

Societies must make decisions collectively; different agents often have conflicting interests, and the
choice of the mechanism used for combining everyone’s opinions often makes a big difference to the
outcome. The machine learning community has applied social choice principles for Al alignment
[2, 3]}, algorithmic fairness [4} 5], and preference modelling [6, [7]]. Over the last century, there has
been increasing interest in using computational tools to analyse and design voting rules [8H11]]. One
prominent framework for evaluating voting rules is that of distortion [12], where the voting rule has
access to only the ordinal preferences of the voters. However, the figure of merit is the sum of all
voters’ cardinal utilities (or costs). The distortion of a voting rule is the worst-case ratio of the cost of
the alternative it selects and the cost of the truly optimal alternative.

An additional assumption is imposed in metric distortion [1]] — that the voters and candidates all lie in
a shared (unknown) metric space, and costs are given by distances (thus satisfying non-negativity
and triangular inequality). This model is a generalization of a commonly studied spatial model of
voting in the Economics literature [13l[14], and has a natural interpretation of voters liking candidates
with a similar ideological position across many dimensions. While metric distortion is a powerful
framework and has led to the discovery and re-discovery of interesting voting rules (e.g. Plurality
Veto [[15] and the study of Maximal Lotteries [[16] for metric distortion by Charikar et al. [[17]), its
outcomes sometimes do not correspond with traditional wisdom around popular voting rules. For
example, the overly simple Random Dictator (RD) rule (where the winner is the top choice of a
uniform randomly selected voter) beats the Copeland rule (which satisfies the Condorcet Criterion
[10] and other desirable properties) with a metric distortion of 3 versus 5 [1]].

While not yet adopted in the metric distortion framework, there is a mature line of work on
Probabilistic voting (PV) [18H20]. Here, the focus is on the behavioural modelling of voters and
accounting for the randomness of their votes. Two sources of this randomness often cited in the
literature are the boundedness of the voters’ rationality and the noise in their estimates of candidates’
positions. A popular model for this behaviour is based on the Quantal Response Theory [20]. Another
closely related line of work is on Random Utility Models (RUMs) [21423]] in social choice where
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the hypothesis is that the candidates have ground-truth strengths. Voters make noisy observations of
these strengths and vote accordingly. We adopt these models of voting behaviour and study it within
the metric distortion framework. The questions we ask are:

Given a model of probabilistic voting, what is the metric distortion of popular voting rules?
How does this differ (qualitatively and quantitatively) from the deterministic model?

1.1 Preliminaries and Notation

Let NV be a set of n voters and A be the set of m candidates. Let S be the set of total orders on .A.
Each voter ¢ € N has a preference ranking ; € S. A vote profile is a set of preference rankings
on = (01, ...,0,) € 8™ for all voters. The tuple (N, A, o) defines an instance of an election. Let
A(.A) denote the set of all probability distributions over the set of candidates.

Definition 1 (Voting Rule). A voting rule f : S™ — A(A) takes a vote profile o n and outputs a
probability distribution p over the alternatives.

For deterministic voting rules, we overload notation by saying that the rule’s output is a candidate
and not a distribution. We now define some voting rules [[L0]. Let I denote the indicator function.

Random Dictator Rule: Select a voter uniformly at random and output their top choice, i.e.,
RD(ox) =psuchthatp; = L5\ T(oy 1 = j).

Plurality Rule: Choose the candidate who is the top choice of the most voters, i.e., PLU(op/) =
argmax;e 4 Y ;e L(0i1 = 7). Ties are broken arbitrarily.

Copeland Rule: Choose the candidate who wins the most pairwise comparisons, i.e., COP(oxr) =
argmax;c 4 > e\ (i1 1 (Xien 14 =0, j') > %) . Ties are broken arbitrarily.

Distance function d : (N U .A)? — R satisfies triangular inequality (d(x,y) < d(z,2) + d(z,y))
and symmetry (d(z,y) = d(y, x)). The distance between voter i € A and candidate j € A is also
referred to as the cost of j for ¢. We consider the most commonly studied social cost function, which
is the sum of the costs of all voters. SC(j,d) := >, d(i, j).

In deterministic voting, the preference ranking o; of voter ¢ is consistent with the distances. That is,
d(i,j) > d(i,j') = j' =4, j forall voters i € N and candidates j, j* € A. Let p(or) be the set
of distance functions d consistent with vote profile 0. The metric distortion of a voting rule is:
Definition 2 (Metric Distortion). DIST(f) = sup sup HSCUlow).d)]

n SC(j.d
N, A,on dep(on) jea G4

1.2 Our Contributions

We extend the study of metric distortion to probabilistic voting (Definition[d). This extension is useful
since voters, in practice, have been shown to vote randomly [20]. We define axiomatic properties
of models of probabilistic voting which are suitable for studying metric distortion. These are scale-
freeness with distances (Axiom I, pairwise order probabilities being independent of other candidates
(Axiom [2), and strict monotonicity of pairwise order probabilities in distances (Axiom [3)).

All our results apply to a broad class of models of probabilistic models, as explained in § 2] We
provide distortion bounds for all n > 3 and m > 2, which are most salient in the limit n — oco. For
large elections (m fixed, n — c0), we provide matching upper and lower bounds on the distortion of
Plurality, an upper bound for Copeland, and a lower bound for RD. The distortion of plurality grows
linearly in m. The distortion upper bound of Copeland is constant. The distortion lower bound for
RD increases sublinearly in m where this rate depends on the probabilistic model. Crucially, our
results match those in deterministic voting in the limit where the randomness goes to zero.

The technique is as follows. For the problem of maximizing the distortion, we establish a critical
threshold of the expected fraction of votes on pairwise comparisons on all edges on a directed path
from a winner to the “true optimal" candidate for Copeland and Plurality. This path is one or two hops
for Copeland and one for Plurality. We then formulate a linear-fractional program which incorporates
this critical threshold. We linearize this program via the sub-level sets technique [24]], and find a
feasible solution of the dual problem. Concentration inequalities on this solution provide an upper
bound on the distortion. We find a matching lower bound for Plurality by construction.
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1.3 Related Work

Metric distortion Anshelevich et al. [1]] initiated the study of metric distortion and showed that
any deterministic voting rule has a distortion of at least 3 and that Copeland has a distortion of 5.
The Plurality Veto Rule attains the optimal distortion of 3 [[15]. Charikar and Ramakrishnan [25]]
showed that any randomized voting rule has a distortion of at least 2.112. Charikar et al. [[17] gave
a randomized voting rule with a distortion of at most 2.753. Anshelevich et al. [26] gave a useful
survey on distortion in social choice.

Distortion with Additional Information Abramowitz et al. [27]] showed that deterministic voting
rules achieve a distortion of 2 when voters provide preference strengths as ratios of distances.
Amanatidis et al. [28]] demonstrated that even a few queries from each voter can significantly improve
distortion in non-metric settings. Anshelevich et al. [29] examined threshold approval voting, where
voters approve candidates with utilities above a threshold. Our work relates to these studies since in
probabilistic voting, the likelihood of a voter switching the order of two candidates depends on the
relative strength of their preference, often resulting in lower distortion than deterministic methods.

Probabilisitc voting and random utility models (RUMs) Hinich [30] showed that the celebrated
Median Voter Theorem of [31] does not hold under probabilistic voting. Classical work has focused
on studying the equilibrium positions of voters and/or candidates in game-theoretic models of
probabilistic voting [20, 132H35]]. McKelvey and Patty [20] adopt the quantal response model, a
popular way to model agents’ bounded rationality.

RUMs have mostly been studied in social choice [21} 23] 36]] with the hypothesis that candidates have
universal ground-truth strengths, which voters make noisy observations of. Our model is the same as
RUM regarding the voters’ behaviour; however, voters have independent costs from candidates. The
Plackett-Luce (PL) model [37}38] has been widely studied in social choice [39H41]]. For probabilities
on pairwise orders, PL reduces to the Bradley-Terry (BT) model [42]. These probabilities are
proportional to candidates’ strengths (which we define as the inverse of powers of costs).

The widely studied Mallows model [43], based on Condorcet [44], flips the order of each candidate
pair (relative to a ground truth ranking) with a constant probability p € (0, %) [45.146]. The process is
repeated if a linear order is not attained. In the context of metric distortion, a limitation of this model
is that it doesn’t account for the relative distance of candidates to the voter. For a comprehensive
review of RUM models, see Marden [47]. Critchlow et al. [48] does an axiomatic study of RUM
models; our axioms are grounded in metric distortion and are distinct from theirs.

Recently, there has been significant interest in smoothed analysis [49]] of social choice. Here a small
amount of randomness is added to problem instances and its effect is studied on the satisfiability of
axioms [50H53]] and the computational complexity of voting rules [54-56]. Baumeister et al. [50]
term this model as being ‘towards reality,” highlighting the need to study the randomness in the
election instance generation processes. Unlike smoothed analysis where the voter and candidate
positions are randomized, we consider these positions fixed, but the submitted votes are random given
these positions. The technical difference appears in the benchmark (the “optimal” outcome in the
denominator of the distortion is unchanged in our framework and changes in smoothed analysis).

2 Axioms and Model

Under probabilistic voting, the submitted preferences may no longer be consistent with the underlying
distances. For a distribution P(d) over o, let ¢”(? (4, 4, ') denote the induced marginal probability
that voter 7 ranks candidate j higher than j’. We focus on these marginal probabilities on pairwise
orders and provide axioms for classifying which ¢” (%) (+) are suitable for studying distortion.

Axiom 1 (Scale-Freeness (SF)). The probability q* (¥ (-) must be invariant to scaling of d. That is,
for any tuple (i, j, j') and any constant k. > 0, we must have q¥ (D (i, j, ') = ¢" =D (i, j, §').

Note that the metric distortion (Definition [2)) for deterministic voting is scale-free. We want to retain
the same property in the probabilistic model as well. Conceptually, one may think of the voter’s
preferences as being a function of the relative (and not absolute) distances to the candidates.

Axiom 2 (Independence of Other Candidates (I0C)). The probability ¢ ? (i, j, ') must be
independent of the distance of voter i to all ‘other’ candidates, i.e., those in A\ {j,7'}.
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Table 1: Axioms satisfied by commonly studied models of probabilistic voting
Axiom 1: SF Axiom 2: IOC  Axiom 3: Strict Monotonocity

Mallows v X X
PL/BT with exponential in d X v v
PL/BT with powers of d v v v
PQV v v v

This axiom extends Luce’s choice axioms [38]], defined for selecting the top choice, to entire rankings.
IOC is reminiscent of the independence of irrelevant alternatives axiom for voting rules.

Axiom 3 (Strict Monotonicity (SM)). For every tuple (i, j,j’), for fixed distance d(i,j) > 0, the
probability ¢4 (i, 7, 5') must be strictly increasing in d(i, j') at all but at most finitely many points.

The monotonicity in d(7, ) follows since ¢ (D (i, ', j) = 1 — ¢P(4) (i, §, j'). This axiom is natural.
In the Mallows model [43]], qP(d) (+) was derived by Busa-Fekete et al. [57]] and is as follows:
Mallows:  q" (i, j,j') = h(ry —r; +1,0) = h(ry —1;, ). (1)

Here h(k, ¢) = (177% Whereas ; and 7;- are the positions of j and j in the ground-truth (noiseless)

ranking, and the constant ¢ is a dispersion parameter. Observe that this model fails Axiom 2]since it
depends on the number of candidates between j and j' in the noiseless ranking. It also fails Axiom
since it does not depend on the exact distances but only on the order of the distances.

Plackett-Luce Model: The PL model [37,[38] is ‘sequential’ in the following way. For each voter
1 € N, each candidate j € A has a ‘strength’ s;,5. In most of the literature on RUMs, a common
assumption is that s; ; is the same for all voters <. However, we choose this more general model to
make it useful in the context of metric distortion. The voter chooses their top choice with probability
proportional to the strengths. Similarly, for every subsequent rank, they choose a candidate from
among the remaining ones with probabilities proportional to their strengths. In terms of the pairwise
order probabilities, the PL model reduces to the Bradley-Terry (BT) model [42], that is:

Py
PL/BT: ¢" (i, j,5) = — I )

(4,4,3") P
Prima facie, in the metric distortion framework, any decreasing function of distance d(4, j) would
be a natural choice for s; ;. However, not all such functions satisfy Axiom [T} The exponential

function is a popular choice in the literature employing BT or PL models. However, in general,
e—d(id) o—24(i.9)
efd(i,j)Jre—d(i.j’) 7& ef2d(i,j)+672d(i,j’)7

thus failing the Scale-Freeness Axiom

On the other hand, observe that all functions s = d~% for any 6 € (0, oo) satisfy our axioms. We use
the regime 6 € (1, 0o) for technical simplicity in this work.

We also define the following class of functions “PQV” for ¢”(4)(-) motivated by Quantal Response
Theory [58] and its use in probabilistic voting [20]. Observe that PQV satisfies all our axioms.

Definition 3 (Pairwise Quantal Voting (PQV)). Let the relative preference r(i, j, j') be the ratio of

. d(i,5") . P s s oy =X/r(i,5.4")
distances, FIER)) . For constant \ > 0, PQV is as follows: q7 (i, 5, ') = e_)‘r(ifzj*j/)+€_)‘/T(i*j=j/).

We now define a general class of functions for pairwise order probabilities in terms of the relative
preference (ratio of distances) r. Let G be a class of functions such thatany G > ¢ : [0, 00)U{c0} —
[0, 1] has the following properties.

1. g is continuous and twice-differentiable.

2. ¢g(0) = 0. Further, g’'(r) > 0 Vr € (0, 00) i.e. g(r) is strictly increasing in [0, 00).

3. Define X as +-0o when 7 = 0. Then we must have g(r) + g(%) =1 Vr > 0.

4. There 3c € [0,00) s.t. ¢”(r) >0 Vr € (0,c) i.e. g is convex in the open interval (0, c).

0 —X/r

Observe that PL (with g(r) = 7.0 > 1) and PQV (with g(r) = ey A > 0) arein

G. Construction of distributions (if any exists) on rankings o which generate pairwise order
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Figure 1: A 1-d Euclidean example of voting probabilities. There are two candidates at 0 and 1. The
figure on the left shows the voter position between 0 and 1. In the right figure, the voter is in positions
to the left of 0. As the distance grows, both candidates look similar to the voter in the probabilistic
model but not in deterministic voting. The case of voter positions to the right of 1 is symmetric.

probabilities 7 (D (i, 5, ') = g( i((i;@/))) according to PQV is left for future work. We do not need it

for our technical derivations. For PL, these distributions are known from prior work [40]].

We assume g € G in the rest of the paper. Let M (N U .A) denote the set of valid distance functions
on (N, A). Forany g and d € M(N U A) let P9)(d) denote the set of probability distributions on

o for which the marginal pairwise order probabilities are g( C(li((il,’g)) ). That is,

VP € ﬁ(g)(d),a,\/ ~P = P[A>;,B]l=yg (j&i’ lj))) ) 3)

We assume that all voters vote independently of each other. We now define metric distortion under
probabilistic voting as a function of g for a given m and n.
Definition 4 (Metric Distortion under Probabilistic Voting).

EUNN'P [SC(f(O'N), d)]

DISTY) (f,n,m) := sup sup sup - )
/X:‘|%L:n dEMWNUA) pepw()  in SC(A,d)

pIST(®) ()= SUp,, m pIST(®) (f, n,m) by supremizing over all possible n and m.

The expectation is both over the randomness in the votes and the voting rule f.

Observe that the distortion is a supremum over all distributions in 7(9) (d). Since we focus on large
elections (with large n and relatively small m), we define DisT9 as a function of m and n.

As in Fig. Egconsider the 1-d Euclidean space with candidate X at the origin and Y at 1. Observe

that g (ﬁ and g (H%) denote the probability that a voter located at a distance x from X votes

for Y when the voter is to the left and right of X respectively. Interestingly, this 1-d intuition extends
well for general metric spaces. Towards this, we define the following functions.

gun(T) =g <1im> Vo € (0,1) and gour(x) :=g <1_|x_x> Va € [0, 00). ©)
Lemma 1. g“%(m) and 90%(05) have unique local maxima in (0,1) and (0, 00) respectively.
Denote the unique maximisers of g“‘%@) and g"%(w) by 3, and zJ ;. respectively.
For simplifying notation, in the rest of the work, we use Gy, for %ﬁ“”) and goyr for %ﬁ’”)

In the analysis in the rest of the paper, we will see Gyp and Goyr appear many times, so we note these
quantities for the PL and PQV models here. For the PL model with § = 2, gy, = @ ~ 1.21 and

dour = Y21 ~ 0.21. When 6 = 4, jup ~ 1.42 and jour ~ 0.06. When 6 — 00, dup — 2 and

Jour — 0. This limit is where PL resembles deterministic voting.

For PQV with A = 1, gyp = 1.25 and Goyr = 0.18. When A — 00, yip — 2 and Goyr — 0.
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3 Distortion of Plurality Rule Under Probabilistic Voting

In this section, we give upper and lower bounds on the distortion of the Plurality rule [S9] (PLU).In
the limit the number of voters n — oo (“large election"), our upper and lower bounds match and are
linear in the number of candidates m. Let B represent the candidate that minimizes the social cost
(referred to as ‘best’), and let {A;} je[m—1) denote the set of other candidates.

3.1 Upper bound on the distortion of Plurarity(PLU)

Theorem 1. For everye > 0and m > 2 andn > m?2 we have

—n(3t9) 4 2m ) ©)

2n(z=9 — )m
MGwip MmJour n 1)

-1
+max<(1n_(;_€)) ’(1771—(%—5))

DIST(g)(PLU, n,m) < m(m —1) (Gu + Gour) €Xp (

Further, lim DIST(g)(PLU,n, m) < max (mgwmp — 1, mdour + 1) .

n—oQ

5C(W,d)
SC(B,d)
that the expected number of voters that rank candidate W over B is given by «. This ratio will be
useful to bound the contribution of non-optimal candidate W to the distortion of PLU. We state an
optimization problem (7)) below, which would be required to bound the ratio as a function of a.

min 72?:1 bi
n
b,wGRgo Zi:l w;

Ea=1 ., ig(fﬁj)za Ya >0 )

i=1

To prove this theorem, we first give a lemma which upper bounds under the constraint

n
Lemma 2. For any two candidates W, B € A which satisfy >, P[W >=; B] = a, we have
i=1
SC(W, d)
SC(B,d)

n . n .
< oy S e (G =1 o +1). ®)

Our proof is via Lemmas [3|and[4} Lemma [3]shows that we can bound the ratio of social costs by the
inverse of the optimum value of £, and Lemma 4] gives a lower bound on the optimum value of &,.

Lemma 3. For any two candidates W, B € A satisfying > ., P[W =; B] = «, we have

scwd) _ 1
SC(B,d) ~— opt(&,)’

C))

Proof. b; and w; in (7)) represent the distances d(¢, B) and d (i, W'). The last constraint is the triangle
inequality i.e. |d(z, B) — d(i, W)| < d(B, W) < |d(i, B) + d(i, W)| for every voter i € N. O

Consider the following linearized version of ().

e (30) +(50)

i=1
Era = (L Vo<p<la> 1
w,e — s.t. Zg — | >« <p<la=0. (10)
im Wi

|bi—wi| <1Vie [n]
b + w; > 1Vi € [n]
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Lemma 4. opr(£.) > min ((2gwo — 1), (2o +1) 7).

Our proof uses Lemma [5] and is by solving a linearized version of (7) in (I0). This is done by
introducing an extra non-negative parameter . < 1. Note that it is sufficient to consider ;1 < 1 since
opt(€,) < 1 because B minimises the social cost by definition. We find the smallest 11 € (0, 1) such
that its objective is non-negative.

Lemma 5. If opt(,,o) > 0, then opt(E,) > pu.
Further, opt(€,,o) > 0 if = min ((%QMID — 1)_1 , (ggom + 1)_1).

The first part follows since scaling each term by a constant 7 satisfies the constraints and also yields the
same objective. And thus we may replace the constraints by max; |w; —b;| < 1 and min,;(w;+b;) > 1
in equation (T0). Further, the objective function is linearized as (>, b;) — pu (i ; w;).

The proof of the second part is technical and has been moved to Appendix [B] It involves introducing
a Lagrangian multiplier A and demonstrating that the objective function is non-negative for a suitably
chosen A. To establish this, we show that minimising the Lagrangian over the boundaries of the
constraint set given by |b; — w;| = 1 and b; + w; = 1 is sufficient. This requires a careful analysis.

The main technique used in proving Theorem|I]involves considering two cases for every non-optimal
candidate A;: one where the expected number of voters ranking candidate A; above B (call it o)

net1/2

exceeds a threshold of % — and one where it does not. In the first case, the ratio of social costs
of A; and B is bounded using Lemmathat naturally gives a bound on contribution of candidate A;
to the distortion. In the later case, we use Chernoff bound to bound the probability of A; being the
winner and multiply it with the ratio of social costs of A; and B to bound the distortion. The proof of
Theorem [I]is in Appendix [C]

3.2 Lower bound on the distortion of Plurality

We now present a lower bound on the distortion of PLU for any m in the limit n tends to infinity. This
lower bound matches the upper bound of Theorem|I]in the limit. A full proof is in Appendix [D] Note
that the proof has an adversarially chosen distribution over the rankings subject to the marginals on
pairwise relationships satisfying g (as in the definition of distortion under probabilistic voting [)).
This lower bound does not apply to the PL model, which has a specific distribution over rankings.

Theorem 2. For everym > 2, lim,_, DIST(Q)(PLU, n,m) > max (mgwp — 1, Mgour + 1) .

Proof Sketch. The proof is by an example in an Euclidean metric space in R3. One candidate “C" is
at (1,0,0). The other m — 1 candidates are “good" and are equidistantly placed on a circle of radius
e on the y — z plane centred at (0, 0,0). We call them G := {G1,Ga,...,Gm_1}.

We present sketches of two constructions below for every €, { > 0.

1—a5, mqmip

Construction I: Let qyip = 9(7”(:6;‘”’%‘) and ayp = ﬁ(l — 1€ ) Each of the m —
1 candidates in G has |aypn] voters overlapping with it. The remaining voters (we call them
“ambivalent”) are placed at (x};,, 0, 0). Clearly, each voter overlapping with a candidate votes for it

as the most preferred candidate with probability one. Each of the ambivalent voters votes as follows.

— With probability gyp, vote for candidate C' as the top choice and uniformly randomly permute the
other candidates in the rest of the vote.

— With probability 1 — gup, vote for candidate C' as the last choice and uniformly randomly permute
the other candidates in the rest of the vote.

We show that the probability that C' wins tends to 1 as n — oo and the distortion is mgyp — 1.

Construction 2: We give a construction where the locations of the candidates are identical as in
Construction 1, and some voters are located with the “good" candidates. The ambivalent voters are at
(—x5yr,0,0). We show that P[C' wins]| tends to 1 as n — oo and the distortion is mgoyr + 1. O

This result establishes that the distortion of Plurality is bound to increase linearly with m even under
probabilistic voting, and is therefore not a good choice when m is even moderately large.
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4 Distortion of Copeland Rule Under Probabilistic Voting

‘We now bound the distortion of the Copeland voting rule. We say that candidate W defeats candidate
Y if more than half of the voters rank W above Y.

Theorem 3. For every e > 0,m > 2 and n > 4, we have

—n(3+e
pIsTY (COP, n,m) < 4m(m — 1) exp (2 nEm s ) (9o + Gour)?

(2n(379 — 1)
2gMID 2 2gOUT 2
et ) s ) )
+max<(1_n*(%*€) 1—n—(3-9 +
For every m > 2, we have lim DIST) (COP, n,m) < max ( (2gwup — 1), (2jour + 1)2).
n— 00

Proof Sketch. A Copeland winner belongs to the uncovered set in the tournament graph, as
demonstrated in [[1, Theorem 15]. Recall that B denotes the candidate with the least social cost. For
a Copeland winner W, either W defeats B or it defeats a candidate Y who defeats B.

We now consider two exhaustive cases on candidate A; and define event E; for every j € [m — 1]
by computing the expected fraction of votes on pairwise comparisons. The event E; denotes the

existence of an at-most two hop directed path from a candidate A; to candidate B for Copeland such
n(/2+4€)
2

that the expected fraction of votes on all edges along that path exceed § —

If E/; holds true, we upper bound the ratio of social cost of candidate A; and social cost of candidate
B using Lemma [2 which in-turn would give a bound on the distortion. Otherwise, we use union
bound and Chernoft’s bound to upper bound the probability of A; being the winner. Multiplying the
probability bound with the ratio of social costs (one obtained from Lemma [2) leads to a bound on the
distortion. A detailed proof is in Appendix O

5 Distortion of Random Dictator Rule Under Probabilistic Voting

We first give an upper bound on the distortion of RD; the proof is in Appendix [F}
Theorem 4. DISTY) (RD, m,n) < (m — 1)y + 1.

We now give a lower bound on the distortion of RD. We do this by constructing an example.
Theorem 5. Form > 3 and n > 2, DISTY) (RD, m,n) > 2 + 2

1
9_1(ﬁ) n

Proof. We have a 1-D Euclidean construction. Let B be at 0 and all other candidates A \ { B} be at

1. m — 1 voters are at 0 and one voter V isat & = ¢~ (--15) /(1 + g7 (515)).

The ranking for V' is generated as follows: pick a candidate from A \ {B} as the top rank uniformly
at random. Keep B on the second rank. Permute the remaining candidates uniformly at random for
the remaining ranks. Observe that the marginal pairwise order probabilities are consistent with the
distance of V from B and each candidate in A\ { B}. In particular g(+Z~) = ——. The distortion for

1-x m—1
this instance is P[B wins]-1+P[B loses]- 2% = 2=l 4 1n-i — 1412 — 2+W 2.0

noon moT)

1};%, wehave g~ (t) = (745)7. Then g~ (-25) = (m—2)~7, and the distortion lower

bound is DIST) (RD, m,n) > 2+ (m—2)7 — 2, and lim,, o, DISTW (RD,m, n) > 2+ (m—2)7.

For g(r) =

However, note that this result does not apply to the PL. model! This is because the PL. model has
a specific distribution on the rankings. In contrast, the above result is obtained by choosing an
adversarial distribution on rankings subject to the constraint that its marginals on pairwise relations

A0
- % [45]]. We have the
k

following result for the PL model. A proof via a similar construction as Theorem [3]is in Appendix [G]

are given by g. In the PL model, P[A; is top-ranked in o]

Theorem 6. Let DIST%, (RD, m, n) denote the distortion when the voters’ rankings are generated
(mil)l/Q

per the PL model with parameter 0. We have lim,,_, o, DISTS; (RD,m,n) > 1 + 3
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6 Numerical Evaluations

23

Plurarity: m=3
RD: m=3
Plurarity: m=6 11
RD: m=6
Plurarity: m=12
RD: m=12
Copeland

Plurarity: m=3
RD: m=3
Plurarity: m=6
RD: m=6
Plurarity: m=12
RD: m=12
Copeland

Distortion
Distortion

1 2 4 8 16 32 64 0.5 1

2 4 8 16 32
6 in PL model A in PQV model

Figure 2: Here, we illustrate how the distortion bounds on different voting rules vary with m and
with the randomness parameters of the two models, PL and PQYV, in the limit n — oo. Both the x and
y axes are on the log scale. We plot the upper bound for Copeland (Theorem [3), the lower bound for
RD (Theorem @), and the matching bounds for Plurality (Theorem E[)

Recall that higher values of 6 and A correspond to lower randomness. From Figure 2} we observe that
under sufficient randomness, the more intricate voting rule Copeland outshines the simpler rule RD,
which only looks at a voter’s top choice. Moreover, its distortion is independent of m in the limit
n — oo. This is in sharp contrast to RD, where the distortion is Q(ml/ 9) in the PL model, a sharp
rate of increase in m for low values of 6. The distortion of Plurality increases linearly in m.

An important observation is regarding the asymptotics when € or X increases. The distortion of RD
converges to its value under deterministic voting, i.e., 3. The distortion of Plurality also converges to
2m — 1, the same as in deterministic voting. Since our bound on Copeland is not tight, it converges
to 9 rather than 5. So far, in the study of metric distortion, the social choice community has looked
only at these asymptotic; here, we present insights available from looking at the ‘complete’ picture.
Interestingly, the distortion of RD increases with randomness, whereas that of Copeland decreases
up to a certain point and then increases again. The reason for the increases in the high randomness
regime is that the votes become too noisy to reveal the best candidate any more.

Since these plots have no abrupt transitions, this figure hints that smoothened analysis [52] (typically
done with small amounts of noise) is unlikely to give any new insights regarding metric distortion.

7 Discussion and Future Work

We extend the metric distortion framework in social choice in an important way — by capturing the
bounded rationality and randomness in voters’ behaviour. Consideration of this randomness shows
that, in general, the original metric distortion framework is too pessimistic on important voting rules,
most notably on Copeland. On the other hand, the simplistic voting rule Random Dictator, which
attains a distortion of 3 (at least as good as any deterministic rule [1]]), is not so good when we look at
the full picture — its distortion increases with the number of candidates in our model. Our framework
opens up opportunities to revisit the metric distortion problem with a closer-to-reality view of voters.
It may hopefully lead to the development of new voting rules that consider the randomness of voters’
behaviour. For example, Liu and Moitra [46] take a learning theory approach to design voting rules
under the assumption of random voting per the Mallows model. However, technical analysis in our
framework may be challenging because of the interplay of the geometric structure of voters’ positions
and the probabilistic nature of their votes.

Future Work An interesting extension would be to other tournament graph-based voting rules
(weighted or unweighted). Our techniques are well-suited for this class of rules since it is based on
the expected weights of the edges of the tournament graph. Closing the gap for the distortion of
Copeland would be useful for getting deeper insights. Another open problem is the characterization
of the set of distributions on rankings that induce the pairwise probabilities per PQV.
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A Proof of Lemma/(ll

Lemma (Restatement of Lemma i M and %L 90:(%) have unique local maxima in (0, 1) and (0, c0) respectively.

To prove Lemma we first state and prove Lemma@ which shows that gyp () and gour(z) change from convex to
concave in intervals (0, 1) and (0, co) respectively.

Lemma 6. ¢ There 3c; € [0, 1] s.t. guip () is convex in [0, c1] and concave in [cq, 1].

* There 3cy € [0, 00) s.t. gour(x) is convex in [0, c2] and concave in [ca, 00).

Proof. Observe that ¢”(z) < 0 for x > 1.

Recall that gyp(x) = g( ) thus, g{,,(z) = ¢’ (%) = I)Q and gyip(z) + guin(1 — ) = 1 Thus, g, (z) =

J (ﬁ) o I)d +4 (1 I) = $)4 Observe that g{;,,(0) > 0 which implies lim,_,; gi,(z) < 0 and thus, there
must exist a ¢ € (0, 1) such that gjy,,(c) = 0.

Now we show that there cannot exist two distinct ¢1, ¢ € (0, 1) such that g;;,,(c1) = 0 and g{;,,(c2) = 0. We prove
this statement by contradiction assuming the contrary which implies that g}, (2) must have changed its sign twice.

However, since g’ (ﬂ> > 0 we must have ¢” (%) changing its sign twice which is a contradiction since g (1) > 0
forr € (0,¢) and g”(r) < 0 for r € (¢, 00).

x

Now consider goyr(z) = ¢ (ﬁ) we have g, (z) = ¢ (m> (H%)Q Thus, gJ,.(z) = —¢' (ﬁ) ﬁ 4

g" (1‘7‘9‘) T +x) ~—7. Using a similar approach, we can also prove the second point in the Lemma. O

Using Lemma@ we now prove Lemma showing the existence of unique maximas of g“%(x) and g‘)%(“’).

Proof of Lemmal[l] Recall from Lemmal6]that gy, (z) is convex in [0, ¢1] and concave in [c1, 1].

Since the first derivative equals zero at every local maxima, we must have zgy,, () — g(x) = 0 for any local maxima
2. We now argue that such a maxima cannot exist in [0, ¢1]. Suppose such a maxima exists in that case, we must have

G () = w for some = € (0,¢;). Applying LMVT in the interval [0, :C]EI, we must have some ¢ € (0, z)

s.t. G (t) = w, thus implying g;,,,(z) = ¢’(¢) contradicting the fact that g}, (7) is strictly increasing in
[07 Cl].
Observe that gyp (t) — t% iszeroat ¢t = 0 and ¢ = ¢; and thus, by Rolle’s theorem, we have gy, (z) = % for

some x € (0, c1). Since, gi,,(x) is increasing in [0, ¢1], we must have g,,,(c1) > 9"%5“). Observe lim;_,; g“‘%(t) =1
> 0 since ¢19{p(c1) > gwp(c1) implying gyip(¢) /1 is increasing

and 22(°1) - 1 Also, we have % (L‘;(t))
€1 t=cy

att = ¢;. Thus, gyp(t)/t must have at least one local maxima x* in the open interval (¢1, c0) and no local maxima
elsewhere.

We now argue that this local maxima «* is unique. Suppose we have two distinct local maximas at 21, x5 € (¢, 00)
and thus, we have z1 g5, (1) — guin (1) = 0 and 22g},(22) — gmip (z2) = 0. Rolle’s theorem would imply that there
exists ¢ € (z, mgs.t. tgmn(t) = 0 which is a contradiction since gy, (z) < 01in (c1, 00).

Similarly, we can prove the result on the existence and uniqueness of maxima of the function O

g(mil)'
xr

B Proof of Lemma 5

Lemma (Restatement of Lemma|[5). If opt(£,,o) > 0, then opt(£,) > .

Further, opt(€,,0) > 0 if = min ((2guo —1) ", (Zgour +1) ).

'Observe that g(z)/z has a removable discontinuity at 0 since the limit is defined.
ZW.L.O.G, we assume r1 < T2
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Proof. To lower bound the optimal value of &, ., we first pre-multiply the first constraint by A (and substitute
bi — y; Vi € [n]) and thus define,

F(r,b,)\) (Zb) (iﬁ)—A(ig(rﬂ—a). (11)

Further, we define the set which satisfies the last two constraints in &,, , by C as

C:={(r,b) € (RY,RLy) : b;(1 + 1/7) > 1;|bi(1/r; — 1)| < 1Vi € [n]}. (12)

From the theory of Lagrangian, we have the following
t(Epa) > F(r,b,\) > F(r,b, \ 13
OPHEne) 2 iiacREF DY) 2 ey Rl PP (9

Now for a fixed A > 0, we minimise F'(r,b, ) over (r,b) € C. Observe that for every ¢ € [n], it is sufficient to
minimise h(r;, b;) defined as follows.

h(r;,b;) :==b;(1 — p/ri) - A (g(?“i) — %) . (14)

Observe that the constraints in C can be written as b; > 1 and b; < |1 ol

Observe that for a given r;, the function h(r;, b;) is monotonic in b; and thus the optimum point must lie on the boundary
and first optimize over b;(1 + 1/r;) = 1 (call it C}'"™™) and |b;(1 — 1/r;)| = 1 (call it CPUT) respectively.

Recall from Lemma [6] that there exists ¢1, ¢2 s.t. guip() is convex in (0, ¢;) and concave in (c1, 1) and gour(z) is
convex in (0, ¢2) and concave in (cg, 00).
* Minimisation of h(r;,b;) over b;(1 + 1/r;) = 1.
We first substitute 1/r; = 1/b; — 1 in the function and thus, can write the function h(b;) = b;(u + 1) — pu —
A (g (12;1) — 7) =bi(p+1)—p—A (gMID(bi) - %)

Observe that on optimizing over b;, we obtain two local minima, one at b; = 0 and the other at b; = Z"""(X) € (¢1,0)

where ZM'P(\) satisfies the following equations if A > g,lJE’cLl). Otherwise, we have a unique minima at b; = 0.

1
(@) = max (H2 gy (17) ) and gl (2 0) < 0. 15)

Observe ZM'°(X) > ¢; since gyp is concave only in [c1,1]. Also observe that since g, (x) is monotonically
increasing, ZM® () is monotonically increasing in A.

* Minimisation of h(r;,b;) over b;|(1 — 1/r;)| = 1.

On substituting, we write the function
(=i == A (g () = 2) = (L= )b = 10 = A (gour(bs) - 2) ifr; > 1
(1= )b +p—A (g (bb_1> - g> @ (1= p)bi + = A4+ X (gour(b; — 1) + ) otherwise

h(b;) = (16)

(a) follows from the fact that g(r) + g(1/r) = 1.

Since the second function has only a single minima at b; = 1, it is sufficient to consider only the first function in the
case r; > 1.

Observe that on optimizing over b;, we obtam two local minima one at b; = 0 and one at b; = 7°T i)\) € (eg,00)

where 2°UT(\) satisfies the equations if A > qi() Otherwise, we have a unique minima at b; = 0.
ouT

1
doun (270 = (152 ) and (57 (3) < 0 (1)

Thus, we have Z°VT(\) > ¢2 since gour is concave only in [cg, 00). Also observe that since gj,.(x) is monotonic,
Z°YT(\) is monotonic in A.

*This follows from the fact that gyn(2) is monotonically decreasing in [c1, 1) and monotonically increasing in [0, c1).
*This follows from the fact that gour(z) is monotonically decreasing in [c2, 00) and monotonically increasing in [0, c2). Since

gour(00) = 0, the solution to (T7) exists for every A € ( ,00 .

g )UT<C2)
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Since, this argument is true for every ¢ € [n], we obtain

min F(r, b, \) = n min(u FAS (4 D) = = A (o (EPO)) — 5,
(r,b) n n
~ ~ (0%
(1= W3 () — 1= A (g0 (V) n)) . 18)
Since xy;,, is the local maximiser of g‘“%(r), we have
9w (Tanp) = Tyupdwin and 3, > c1. (19)
Similarly,
Jour(T5ur) = Tourdour and x5y, > ca. (20)
For the purpose of this analysis, we define two functions 6™'*(\) and §°"(\) below.
ON) = (1 + 1)) = = A (G (@() ~ 5 ) - 1)
n
out ~ouUT ~ouT @
6N = (1= )" (V) = 1= A (gour (3 (V) = = ). (22)

We also define

n -1 /n -1
,U'* : =min <<agMID - 1) ) (EgOUT + 1) > ’ and AT = ,u* (23)

Q13

Recall that we aim to show opt(£,,) > 0 when p = p* and thus substitute ¢ = p* in every subsequent
equation. Observe that it is sufficient to show §™(A*) and §°UT(\*) are non-negative since this would imply that
maxy>o min( pyec F(r,b, A) is non-negative.

We now consider the following two exhaustive cases.

* Case I: Guip — & > gour + <. Observe from Equation (T3)),

. X n (1 - * (d) - * *
G (TP (X)) = max (Oc </~L* + 1) s Gurn (1 )) = Guin(Thp) = TP (NY) = 23 (24)
(d) follows from the fact that both Z™° (\*) and xz,, exceed ¢; and g;,,,(x) is monotonically decreasing for z > ¢;.
SMP(NF) = (F + D)FMP(AF) — gt — A* (gMID(jMID(A*)) _ %)
(b) * * * ( ~MID * / ~MID * ~MID * (C)
2 (=p" 4 Aa/n) + A7 (Z"P (A7) g (27 (A7)) = gann (27 (A7) = 0. (25)

b) follows from gl (ZMP(\*)) = H}\—“ as stated in Equation (T3).

(
(¢) follows from M (\*) =z}, (in Equation 24)) and gy (2,5) = Z¥pGwo (in Equation (T9)) and the fact that
p* = A" Now consider,

*or) (€ * 1-— i
Gour (i) gomiﬁom) < ngixmm) ~2a/n (g) )\*,U g géUT(szT) < ggUT(jom(/\*)) % Tl > jOUT(A*).
Loyt Tnip

d

e

) follows from the fact that 2%, is the local maximiser of goyr(z)/x,
) follows from the fact that Gy, — = > gour + 5 in Case 1.

(
(
(g) follows from the definition of A\* and that ys = A* <.
(

)
h) follows from the constraint in (I7).

SThis follows from the fact that H}\—f = Guip = g/(l"fuo) > 9&10(1_)
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(¢) follows from the fact that g/, (x) is monotonically decreasing in z in [c2, 00).

(67

5OUT()\*) — (1 _ M)jOUT()\*) _ ,u _ A* (goUT(i()UT()\*)) _ 7)

D (< D) X GO g (P N)) — goun (T (A)

Q)
>0+0>0. (26)
(4) follows from g}, (Z°UT(\)) = 152 as stated in Equation (T7), and

(k) follows from the following reasons:

— Observe that xggUT(z) — gour () is monotonically decreasing in [ca, 00) as gour i concave in this region. However,
since ;. > Z°UT(A*) > co, we have

(@7 (A")Gour (T2 (A7) = gour (7T (A"))) = 25urfour — Gour(25yr) =0
- A" = p* 2 follows from the definition of \*.

Thus, using (23)) and (26) we show that for the chosen value of \* = p* 2, we have
min. wyec F(r,w, A*) > 0 implying from that opt(&,,.) > 0.
e Case 2: guip — & < Jour + 5

Choosing \* = p* 2, we can prove opt(€,,o) > 0 in a very similar manner whenever y1 = p1*. O

C Proof of Theorem

Theorem (Restatement of Theorem . For every e > 0and m > 2 and n > m? we have

—n(2t9 4 2m )

pIST (PLU, 72, m) < m(m — 1) (Gud + Jour) €XP (1— (27)
(2n(z=9) — 1)m
MGyin mgour
+ max T -1, +1).
((1n_(2_€)) (1—n=(-9) )
Further, lim DISTY) (PLU, 7, m) < max (mdymp — 1, MJour + 1) .
n— oo
Proof. Recall that candidate B € A minimises the social cost. The other candidates are denoted by {A; }jc[m—1]-
m—1
. .SC(4;,d) .
(9) = 5 . )
pIsTY (PLU,n,m) =  sup P[A; wins] + P[B wins] (28)
deEM(NUA) ; ! SC(B, d)

For every j € [m — 1], we now bound the probability of A; being the winner. This event implies that at least ;- voters

choose A; as the top preference, implying that the same voters rank A; over B. Further, we now define Bernoulli
random variables {Y; ;}7_; each denoting the event that voter i ranks candidate A; over B. Recall from Equation

Y; ; ~ Bemn (g (;((Zf;)))). Therefore,

P[A; wins] < P (Z Y, > ;) . (29)

i=1

Let o be the expectation of the random variable ) .- | Y; ; i.e. the expected number of voters ranking A; over B.

aj = ZE[Y”] = Zg <j((;’f>)> forevery j € [m — 1J. (30)
i=1 '

i=1 J

16



. . . (1/24¢)
574 Now we use Chernoff bounds on the sum of Bernoulli random variable for every j € [m — 1] when oy < 2 — 2

575 to bound the probability of A; being the winner.
n  nl/2+e

Ifajg—f
m m

P[A; wins] <P (ZY” > )

m

we have,

P(ZY;J— > a, (1+m7;j —1>> 31)
=1

@ (75 aj
=\ e (32)

- (m%‘)“ e (33)
n
may; [ mao; Q@ S
< —7 ( L exp (—])> em (34)
n n n/m—1
(¢) n _ n3to e
< Mex (1 - n*(%*f)) exp | ——F—"— (35)
n n/m—1
. (n/m—1) (34
_ maey (1 _ n—(%—d) exp (n ) (36)
n m
() : —on—(5-9 - (3+¢€)
< ma; exp 2n~\3 (Ti/m 1) n nlz 37)
n 2 _n—(z—9 m
1ie
_ maey exp M ) (38)
n (2n(z=9 — 1)m

576 (a) follows from applying the Chernoff bound. We restate the bound from [60] below.

577 Suppose X1, X, ..., X,, be independent Bernoulli random variables with P(X;) = p; for every i € [n] and p :=
578 .., ii, then we have

6 K
DR EIERE (o) (39)

. o . (3+e)
579 (c) holds since ze~” is increasing in (0, 1) and because —2— < landa < & — 22—
n/m—1 m m

the maxima is attained at

Lie
580 o= - — % (d) holds since log(1 + z) < % for -1 <z <0.

ss1 LetS:={jem—-1]:0; <~ — M} .e. S denotes the indices of candidates with a; less than - — w
sz Now using Lemmaand aj > — % forevery j € [m — 1]\ S, we have
SO(Aja d) MJuip mJour
750(3760 < max A= n-0/79) -1, (1= n (1/2-9) +1 (40)
583 We now have
pisT¥) (PLU, n,m)
. SC(4;,d) SC(4;,d)
= sup ( Z (P[Aj wins] ——="—— P[B wins| + Z P[A; wins| ——="—
deEM(NUA) jem—1\8 SC(B»d) jes SC(B’d)
(a) SC(4;,d) n ma; —n(2t9) 4 2m
< 1,—3g 1 E
= max <J€[m 1 N\s SC(B,d) ) +J§g<max< gMID " Jour + ) n P ((Qn(é—e) —1m

(b)

349 5 5
R R n +2m MGmip MYour
< m(m = 1) (G + Jour) exp <(2n<;—>_1)m> e ((1 “paay b g amey T
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(a) follows from the following observations.

(1/2+€)

» Apply Lemmato bound %. Since aj < I+ — Vj € S, apply Equation (31) to bound IP[A; wins].

. L 1SC(Ay,d) . SC(A;,d)
je[mz_:u\s (4, wins) e ) + PIB wins] < max <J motp\s SCBD” 1) '

(b) follows from the fact that |S| < m — 1, max(a,b) < a + b, and applying Equation (@0). O

D Proof of Theorem

Theorem (Restatement of Theorem . For every m > 2, lim,, o DISTY) (PLU, 0, m) >
max (MJuw — 1, mJour + 1) .

Proof. The proof is by an example in an Euclidean metric space in R®. One candidate “C" is at (1,0, 0). The other
m — 1 candidates are “good" and are equidistantly placed on a circle of radius ¢ on the y — z plane centred at (0, 0,0).
We call them G := {G1,Ga,...,Gm_1}.

We present two constructions below for every €, ( > 0.

21 2
(@) e
—
it

) and ayp 1= —— (1 — 1 ) Each of the m — 1 candidates in G has

m—1 gzeiviieg

Construction I: Let qyp 1= g(

|ayipn ] voters overlapping with it. The remaining voters (we call them “ambivalent”) are placed at (27,0, 0). Clearly,
each voter overlapping with a candidate votes for it as the most preferred candidate with probability one. Each of the
ambivalent voters votes as follows.

— With probability gyp, vote for candidate C' as the top choice and uniformly randomly permute the other candidates in
the rest of the vote.

— With probability 1 — gyp, vote for candidate C' as the last choice and uniformly randomly permute the other candidates
in the rest of the vote.

Observe that this satisfies the pairwise probability criterion in Equation 3| Since lim,,_,~|an|/n = a and that the
distance of a candidate in G from any non-ambivalent voter is at most 2¢, we have that for every j € [m — 1],

5C(C,d) > (1- x,’{m)(l — (m — Dawp) + (m — Dawp V1 + €

i 41
o0 SC(Gd) = (1= (m — 1)asm) v/ @om)2 + € + 2(m — 2)asme @b
_ (mQMID - (1 + C)) V14 e? + (1 + O( - xMID). (42)

(1+¢) V (TFp)? + €2 4 2(m — 2)aype

Clearly every candidate in G minimises the social cost and now we show that lim P[C wins] = 1.
n— oo

Let Bernoulli random variables {Y;} ; denote the events that voter i € N ranks candidate C at the top. Here,
Z:L—l IP[Y - 1] - QMID(n - ( - 1) LaManJ) and thus

o 50 1

n—o00 n m

By the law of large numbers, we have that P[>, Y; > ] = 1 as n — oco. Since every candidate in G is equally likely
to win, the event ), Y; > - implies the event that C' is the winner and thus, lim,, o P[C wins| = 1. Thus,

lim p1st@ (PLU, n,m) > (Mg = L+ O)VI+ e+ (1+ O = Zip) (43)

n—roo T 1T+ OV (xhp)? + €2+ 2(m — 2)appe

C . . L (zdur)2+€? 1 14¢ . .
onstruction 2: Let gour := g e and aoyr 1= — (1 — o ) Each candidate in G has |aoyrn | voters

overlapping with it, and the remaining “ambivalent" voters are at (—z7,;,0,0).

Clearly, each voter overlapping with a candidate votes for it as the most preferred candidate with probability one. Each
of the ambivalent voters votes as follows.
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* With probability qoyr, vote for candidate C' as the top choice and uniformly randomly permute the other candidates in
the rest of the vote.

* With probability 1 — gour, vote for candidate C as the last choice and uniformly randomly permute the other candidates
in the rest of the vote.

This satisfies the pairwise probability criterion in Equation 3} For every j € [m — 1],

SC(C,d) < (I+25,,) 1 = (m = Daoyr) + (m — Dagurv1 + €2

li 44
oo SC(Gy,d) = (1 — (m — Daovr)/(T5u1)% + €2 + 2(m — 2)agure @
_ A+ QA +25y) + (mgour — (1 + Q))V1 + €2 45)

1+ O/ (x5ur)? + €2 4 2(m — 2)apure

Clearly, every candidate in G minimises the social cost. Now, we show that lim P[C wins] = 1.
n—roo

LEt Bernoulli random variables {Y;}!" ; denote the events that voter i € A ranks candidate C' at the top. We have

Y PlY; = 1] = guin(n— (m—1)[an]) and thus, lim,,_, o w LS Applying the law of large numbers,

we get that P[) | Y; > ] = 1 as n tends to co. However since every candldate in G is equally likely to win, the event

3
> ;, Yi > = corresponds to the event that C is the winner and thus, lim,,_, . P[C wins| = 1. Therefore we have,

lim pIst¥) (PLU,n,m) > (mgovr = (1 + VI + +(1+ C)(l + Zour)

n—o0 Y (14 O/ (x550)? + €2 + 2(m — 2)aoure

On applying the limit €, ¢ — 0 and substituting for gy;p and goyr, we get the desired lower bound by combining the
results from the two constructions. O

(46)

E Proof of Theorem

Theorem 7. Restatement of Theorem[3| For every e > 0,m > 2 and n > 4, we have

n(z+e
piST#) (COP,n,m) < dm{m — 1) exp (I 8)) (G0 + Gour)’

2(2n(z79 — 1
p 2 p 2
+max((297ml B 1) 7 (2970“1 n 1) )
09 1—n (0

For every m > 2, we have lim DIST(9)(COP,n,m) < max ( (29mip — 1)2 y (2gour + 1)2).

n—oo

Proof. Recall that B € A minimises the social cost, and {A;} je[m—1) denotes the set A\ B.

m—1
A
pIst¥ (cop,n,m) =  sup Z P[A; wins] M + P[B wins] 47)

deMWNUA) \ 55 SC(B, d)

Consider a Copeland winner W. As noted by prior work [1]], W/ must be in the uncovered set of the tournament graph,
and one of the following two cases must be true.

e W defeats B.
» There exists a candidate Y € A s.t. W defeats Y and Y defeats B.

For every j € [m — 1], we now bound the probability of A; being the winner. For every j € [m — 1], we define
Bernoulli random variables {Y; ;}7; denoting the event that voter ¢ ranks candidate A; over candidate B. From

Equation we have that Y; ; ~ Bern (g (C(li((i ?’4Bj)) ) ) For every distinct j, k € [m — 1], we define Bernoulli random

variables {Z, ; 1 }7—; denoting the event that voter i ranks candidate A; over Ay. Z; ; , ~ Bern(g (‘;gé’ﬁ’f; ) ).
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Observe that

P[4; wins] <P | Y Yi; > g U <Z Zijn > %m Y Yie > ’;) . (48)
=1 =1

kem—1\{7} \i=1

Let «; denote the expected value of the random variable Z?Zl Y; ;. i.e., the expected number of voters who rank
candidate A; over B.

o = ;E[YM] = ;g <d((;’Aj))> for every j € [m — 1]. (49)

Let 3, ;. denote the expected value of the random variable ZZL:1 Z; j.k» 1.€., the expected number of voters who rank
candidate A; over Ay.

Bjk = ZE[Zi,j,k] = Zg (dEZ’ Aj;) for every j € [m — 1]. (50)
i=1 i=1 ’

Similar to Equation (3I)), we have the following bound:

(1/2+e)
Ifa; < % — nT’ we have

n
=1

P(Zymzaj (1+2Z—1)> (51)
i=1 J

@ D\ )
- (%)n/Zaj
2a; 2 ma; a; -2 n
= <n ( n P <n/2 ) ¢ (53)
(Lt 32
(C) 2 y 2 n 1 2 nz
< (Z2) et [ (1-n ) exp [ -2 2= 4
2 (5] e (e s
2 1
200 (n/2-2) (5+e)
_ (% (1-n )" o (n ) 55
n 2
@ /20, > —2n~ (279 (n/2 — 2 (z+¢)
< (aJ exp< n 75’1) ) 2 (56)
n 2 —ng7¢€ 2
2C¥] 2 —n(%‘i’e) +38
= (=) v | —r——— 57
( n ) P ((Zn(ée) —1)2 (57)
From Equation (31)) in the proof of Theorem|[I] we have
- n 20:\ 2 —nEto 48 n  n/2+e
P V,;>= | < (=2 —— | ifo; < - — ————. 58
(; 17]_2) _< n ) eXp<2(2n(%€)_1) 1 Oz]_2 5 (58)
- - n 28k —nGF9 48 | n n(/2+e)
Similarly, P (; Zijk = 2) < ( . ) exp <2(2n(5€) 0 if B 1 < 5 5 (59)

Consider two exhaustive cases on candidate A; and define an event E; for every j € [m — 1]. We compute the expected
fraction of votes on pairwise comparisons. The event E; denotes the existence of an at-most two hop directed path
from a candidate A; to candidate B for Copeland such that the expected fraction of votes on all edges along that path
n(/2+€)

5— . Recall that we only considered one hop path for the case of PLU in the proof of Theorem

exceed % —
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n n(1/2+6) n n(1/2+6) n n(1/2+€)
= > = o> >0
B (ozg-t5) U (2= )N(ezi-5)) @

ke[m—1]\{5}

e4¢ If I; holds true, we can directly upper bound the ratio of the social cost of candidate A; to the social cost of candidate
649 DB using Lemma@ which in turn provides a bound on the distortion. If £; does not hold, we apply the union bound and
650 Chernoff’s bound to upper bound the probability of A; being the winner. By multiplying this probability bound with
e51 the ratio of social costs obtained from Lemma[2] we derive a bound on the distortion.

652 Define S := {j € [m — 1] : E; isnot true}. Furthermore, we define K;(j) := {j € [m —1] : oy > B; 1} and
653 [Co(j) :={j € [m — 1] : ax < B 1} denotes complement of /C; () for every j € [m].

es4 From Equations (38) and (39), both of the following conditions[T]and 2] are satisfied for every j € S.
LP(Y, Y, >2) < (2 ’ _—nE948
655 . =114, = 3) = n exp 2(2n(%—€)_1)

es6 2. Forevery k € [m — 1]\ {j},

2 1.
o7 P (LI Zige = 5) < (222) exp (”’*ﬁ)) itk € Ki(j)

2(2n(279—

1.
oo and P (S0, Vi > %) < (225) exp (H) if k€ ().
n- 2 —

659 Furthermore, we define ~; := max max min(ag, Bik)), > .
B (ke[m—ll\{j}( (o Biw)) 0

e60  Since, for every Copeland winner W, it must either defeat B or there exists a Y € A s.t. W defeats Y and Y defeats B.

es1  Using union bound for every j € S, we have
(ZYM> ) (szk> )] ifjes

;YQJZZ + Z

ke[m—1\{j}

2 1 1
205 —nlzte) 48 200, n(zte) 48
<) exp| —F—— | + E () exp| ————
( n ) p( 2(2n(z79 — 1) AN P 2(2n<*—6> -1)

P[A; wins] <P

ke (g
+ > 5” exp [ MO N e g
2(2n(z=9) — 1)
keK1(4)
2’7]')2 7771(%+6) + 8 o
<m (=) exp| ————— ] ifjeS. 61
< <n P 29 —1) J (61)

es2 The last inequality follows from the definition of ~;.
663 Furthermore from Lemma and the definition of ;, |E| we have

SC(Aj,d) n . n ., 2
208 2 — 1, 1 2
SC(B, d) > | max ; 9mip s v Jour + (62)

e64 Using Equation (62) and (61) and applying max(a,b) < a + b, we have

) n(3+e)
P[A; Wins]w < d4dmexp ( 2@ 8

- A N2 g
SC(B,d) n(e)_1)> (Gmip + Gour)” ifj € 5. (63)

SC(Aj,d) _ SC(Aj,d) o SC(Ak,d)
SC(B,d) ~ SC(Ay,d) SC(B,d)

1 =mi 41y} L
Bt rnln( [mmﬁ\{]} (max(ak, BM)) 7 &j)

8This follows on splitting and applying the lemma separately. We further use the fact that

21



665

666
667

668

669

670

671

672

673

674

675

676

677
678

Recall that for every j € [m — 1]\ S, Ej is satisfied. Let us further denote

- n n(1/2+€)

and Dng = (6]’,/@ > 5 — 5

Observe that E; being satisfied implies either a) £ is satisfied or b) 3k € [m — 1]\ {5} s.t Ey and D; . are satisfied.
We consider both cases separately.

Suppose Ej is satisfied for some j € [m — 1] \ S. Then we have from Lemma

SC(Aj7 d) 2gMID 2§70UT
SC(B,d) — fax (1 —n-0172-9) L (1 — n-(/2-9) +1 (64)

Now we consider case (b) where £, and ﬁng are both satisfied for some k € [m — 1]\ {j}. From Lemmawe have,

SC(A]7 d) 2gMID 2 2gOUT 2
A S A _ Z9wo _ 2§our .
SC(B,d) =™ (((1 a1 o\ ao ey T (65)

Now combining Equations (63)), (64), and (63), we have for any metric space d € M(N U A),

p1sTY) (cop,n,m) < <Z (]P[Aj wins]M) + P[B wins] + (P[Aj WinﬁM))
jes ’ 7

JEM—1]\S

(a) —n(279 48 SC(4;,d)

<4(m-1 — | (9 g —2 =

< (m )mexp (2(271(;_6) _ 1) (gMID + gOUT) + max (je[gzl%}f]\s SC(B,d) , )

() —n(%"_e) +8 . . 2Gmp 2 2gour 2
S 4(m - 1)mexp (2(2’”(%_6) - 1)) (gMID + gOUT) + max (((1 _ n7(1/276)) - 1) ) ((1 _ n7(1/276)) + 1) )
(a) follows from Equation (61) and the fact that ) ;¢ (]P)[Aj wins| %Bj”j))) +P[B wins] < max <1§1€a§< %, 1) .
(b) follows from combining Equations (63), (64), and (63). O

F Proof of Theorem 4

Theorem (Restatement of Theorem . pISTW (RD, m,n) < (m — 1)gwip + 1.

Proof. The probability of voter % voting for candidate W as its top candidate is upper bounded by g (j((;’v]f,))) which is

the probability that W is ranked over B. Therefore, under RD, the probability of W winning satisfies:

P[W wins] < % (Z g ( j((i": If)))) , (66)

i=1

Recall that we define the set of candidates in A \ B as {Aj, As, ..., Apn—1}. In the rest of the analysis we denote
d(i, A;) by y; ; (for all j € [m — 1]) and d(¢, B) by b; for every i € [n]. We also denote d(B, A;) by z; for every
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j € [m — 1]. Now for every metric d, we bound the distortion as follows.

m—1 m—1
pIsT(®) (RD,m,n) Z < P[A; wins Zzé 1 yg’]) +(1- Z P[A; wins]) (67)
j=1 =1 j=1
m—1 n
=" P[4, wins] <%;1ybj - 1) +1 (68)
j=1 =1 "1
(a) m—1 1 n bz Zn (y L b)
< = - B A | (69)
jz:; n (;g (yu> > i1 bi
m—1 n n
<N L g< bi/zj ) 2z Wig/2 = bifz) (70)
= n
o \o T v/ >iz1bi/%
n bi/z
(@) (ZH 9 (y //J))
< ¥ +1 71)
= > i1 bi/ %
(e) g 752"5
< (ml)l*wn)+1(m1)§7wo+1~ (72)
xMID

(a) follows from Equation (66).
(d) follows from the fact that y; ; — b; < z; which follows from triangle inequality.

(e) follows from the following arguments by considering two cases namely % < 1and i’—; > 1.

When < 1 and thus, yl d >1— ? from triangle inequality. Similarly, we have yz—] > Z— — 1 when i’— > 1. Thus,
J J J

) (242) =, o
TA\VE ) ax sup A , sup Rt/ for every i € [n] (73)
bi/z; z€(0,1) T ze(lo0) ¥
n b.L Zj I:’HD
Zi:lg (yld/i/%) < g (1 :E\m)) 1 (74)
— ———7n > <max T .
Yo bi/z; Tmip

The last inequality follows from the fact that @ < 1 when = > 1. Further, we have gyp, > 1 forallvalidg. O

G Proof of Theorem

Theorem (Restatement of Theorem E]) Let DIST%, (RD, m, n) denote the distortion when the voters’ rankings are

generated per the PL. model with parameter 6. We have lim,, o, DIST%, (RD,m,n) > 1 + M.

Proof. We have a 1-D Euclidean construction. Let B be at 0 and all other candidates .A \ { B} be at 1. m — 1 voters are
at 0, and one voter is at ¢. We will set ¢ later by optimizing for the distortion.

The distortion for this instance is P[Bwins] - 1 + P[Bloses| - 2% = 21 4 %W +
1 (m=1)(1-t)~°

(m=-1)(1-t)~°
nt O+ (m— 1)(1 t) g t(t=04+(m—-1)(1-t)~9)
(m—1)t%~

1+ T T =D This is lower bounded by 1 + Setting t = (m — 1)~'/?  we obtain a distortion lower

bound of 1 + ﬂ. O

2=t We drop the terms which are O(1/n) to obtain 1 +

(m—1)t?~1
1+(m—1)t? "

. This simplifies to
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» The answer NA means that the paper does not include theoretical results.
* All the theorems, formulas, and proofs in the paper should be numbered and cross-referenced.
 All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if they appear in the
supplemental material, the authors are encouraged to provide a short proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented by formal proofs
provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main experimental results
of the paper to the extent that it affects the main claims and/or conclusions of the paper (regardless of whether
the code and data are provided or not)?

Answer: [NA]
Justification: [NA]
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived well by the reviewers:
Making the paper reproducible is important, regardless of whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken to make their
results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways. For example, if the
contribution is a novel architecture, describing the architecture fully might suffice, or if the contribution
is a specific model and empirical evaluation, it may be necessary to either make it possible for others
to replicate the model with the same dataset, or provide access to the model. In general. releasing code
and data is often one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case of a large language
model), releasing of a model checkpoint, or other means that are appropriate to the research performed.
* While NeurIPS does not require releasing code, the conference does require all submissions to provide
some reasonable avenue for reproducibility, which may depend on the nature of the contribution. For
example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how to reproduce that
algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe the architecture
clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should either be a way
to access this model for reproducing the results or a way to reproduce the model (e.g., with an
open-source dataset or instructions for how to construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors are welcome to
describe the particular way they provide for reproducibility. In the case of closed-source models, it
may be that access to the model is limited in some way (e.g., to registered users), but it should be
possible for other researchers to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instructions to faithfully
reproduce the main experimental results, as described in supplemental material?

Answer: [NA]

Justification: [NA]

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/public/guides/
CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be possible, so “No”
is an acceptable answer. Papers cannot be rejected simply for not including code, unless this is central to
the contribution (e.g., for a new open-source benchmark).
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* The instructions should contain the exact command and environment needed to run to reproduce the
results. See the NeurIPS code and data submission guidelines (https://nips.cc/public/guides/
CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how to access the raw
data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new proposed method
and baselines. If only a subset of experiments are reproducible, they should state which ones are omitted
from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the paper) is
recommended, but including URLs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperparameters, how they
were chosen, type of optimizer, etc.) necessary to understand the results?

Answer: [NA]
Justification: [NA]
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail that is necessary
to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate information
about the statistical significance of the experiments?

Answer: [NA]
Justification: [NA|
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confidence intervals, or
statistical significance tests, at least for the experiments that support the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for example, train/test
split, initialization, random drawing of some parameter, or overall run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula, call to a library
function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should preferably report a
2-sigma error bar than state that they have a 96% CI, if the hypothesis of Normality of errors is not
verified.

* For asymmetric distributions, the authors should be careful not to show in tables or figures symmetric
error bars that would yield results that are out of range (e.g. negative error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how they were calculated
and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the computer resources (type
of compute workers, memory, time of execution) needed to reproduce the experiments?

Answer: [NA]
Justification: [NA]
Guidelines:

* The answer NA means that the paper does not include experiments.
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* The paper should indicate the type of compute workers CPU or GPU, internal cluster, or cloud provider,
including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual experimental runs as
well as estimate the total compute.

* The paper should disclose whether the full research project required more compute than the experiments
reported in the paper (e.g., preliminary or failed experiments that didn’t make it into the paper).

Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS Code of
Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: [NA]
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a deviation from the
Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consideration due to laws
or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative societal impacts of the
work performed?

Answer: [Yes]

Justification: We have discussed the positive social impact of the design of voting rules and ways in which our
paper can be instrumental towards it.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal impact or why the
paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses (e.g., disinformation,
generating fake profiles, surveillance), fairness considerations (e.g., deployment of technologies that could
make decisions that unfairly impact specific groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied to particular
applications, let alone deployments. However, if there is a direct path to any negative applications,
the authors should point it out. For example, it is legitimate to point out that an improvement in the
quality of generative models could be used to generate deepfakes for disinformation. On the other hand,
it is not needed to point out that a generic algorithm for optimizing neural networks could enable people
to train models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is being used as intended
and functioning correctly, harms that could arise when the technology is being used as intended but gives
incorrect results, and harms following from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation strategies (e.g.,
gated release of models, providing defenses in addition to attacks, mechanisms for monitoring misuse,
mechanisms to monitor how a system learns from feedback over time, improving the efficiency and
accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible release of data
or models that have a high risk for misuse (e.g., pretrained language models, image generators, or scraped
datasets)?

Answer: [NA]
Justification: [NA]
Guidelines:

* The answer NA means that the paper poses no such risks.
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* Released models that have a high risk for misuse or dual-use should be released with necessary safeguards
to allow for controlled use of the model, for example by requiring that users adhere to usage guidelines or
restrictions to access the model or implementing safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors should describe
how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do not require this, but
we encourage authors to take this into account and make a best faith effort.
Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in the paper, properly
credited and are the license and terms of use explicitly mentioned and properly respected?

Answer: [NA]
Justification: [NA|
Guidelines:

» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a URL.
* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of service of that source
should be provided.

* If assets are released, the license, copyright information, and terms of use in the package should be
provided. For popular datasets, paperswithcode. com/datasets has curated licenses for some datasets.
Their licensing guide can help determine the license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of the derived asset (if
it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation provided
alongside the assets?

Answer: [NA]
Justification: [NA|
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their submissions via
structured templates. This includes details about training, license, limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either create an
anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper include the full
text of instructions given to participants and screenshots, if applicable, as well as details about compensation
(if any)?

Answer: [NA]
Justification: [NA|
Guidelines:

» The answer NA means that the paper does not involve crowdsourcing nor research with human subjects.

* Including this information in the supplemental material is fine, but if the main contribution of the paper
involves human subjects, then as much detail as possible should be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation, or other labor
should be paid at least the minimum wage in the country of the data collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human Subjects
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Question: Does the paper describe potential risks incurred by study participants, whether such risks
were disclosed to the subjects, and whether Institutional Review Board (IRB) approvals (or an equivalent
approval/review based on the requirements of your country or institution) were obtained?

Answer:[NA]
Justification: [NA]
Guidelines:

» The answer NA means that the paper does not involve crowdsourcing nor research with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent) may be required
for any human subjects research. If you obtained IRB approval, you should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions and locations, and
we expect authors to adhere to the NeurIPS Code of Ethics and the guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if applicable), such
as the institution conducting the review.
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