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Abstract

Self-attention often looks under-utilized: many heads can be pruned with little loss. We revisit this
inefficiency through the entropy landscape of multi-head attention and ask whether a soft inductive
bias can steer optimization toward more useful regimes. To this end, we employ a head-wise en-
tropy regularizer with learnable per-head strengths and optional softmax temperatures that penalize
only excess entropy. On decoder-only language models (e.g., GPT-2), this simple training-time
prior improves perplexity by up to 20% without inference overhead. Internally, it reshapes the en-
tropy profile: early layers shift toward lower entropy, the high-entropy tail disappears, and head-role
heterogeneity increases, reducing overlap among heads. Our findings suggest that standard training
induces a high-entropy attractor in early self-attention layers and convergence toward homoge-
neous attention values in deeper layers. A soft entropic bias gently redirects this path, transforming
redundancy into functional specialization while keeping inference cost unchanged.

1. Introduction

Multi-head attention (MHA) is the computational backbone of Transformers, yet it often appears
over-parameterized: large fractions of heads can be pruned with little impact [9—12]. This inef-
ficiency raises a deeper question: why do models under-recruit their attention capacity, and can
training-time priors encourage healthier utilization?

We revisit this problem through the entropy landscape of self-attention. Under standard train-
ing recipes (softmax attention with cross-entropy loss, optimized with AdamW), early layers consis-
tently exhibit high-entropy attention: distributions spread broadly across tokens, heads overlap, and
functional specialization is diluted. Our analysis uncovers three recurring suboptimal patterns: 1)
elevated mean entropy, 2) persistent high-entropy tails, and 3) reduced heterogeneity across heads,
indicating that optimization is biased toward diffuse regimes.

To address this, we turn to the notion of soft inductive bias [1, 3, 4, 13], which emphasizes
priors that guides optimization rather than restrict the hypothesis class. Unlike hard biases such
as architectural constraints or structured attention, soft biases are permissive: they guide training
toward more useful solutions while preserving expressivity.

We instantiate this principle in MHA by employing a head-wise entropy regularizer, where each
head is equipped with learnable strengths and softmax temperatures, together with a global toler-
ance margin that penalizes extreme entropies while allowing natural diversity [7, 8]. Importantly,
this acts as a soft inductive bias: it does not constrain the hypothesis class but nudges optimiza-
tion toward healthier entropy regimes. Across decoder-only LLMs, this simple training-time prior
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Figure 1: Attention-entropy landscapes across layers and heads for GPT-2 (125M) variants. Each
surface shows the mean attention entropy per head, averaged over tokens at context length

(1'=128). Higher entropy indicates diffuse attention; lower entropy indicates selective

attention. Applying entropy regularization shifts the head-wise entropy profile toward

greater heterogeneity and a lower global mean entropy.

yields consistent gains. Perplexity improves by up to 20% (Table 1), while internal organization
also changes: early layers shift to lower entropy (Figure 1), high-entropy tails vanish (Figure 3),
and head-role heterogeneity increases (Figure 2). These effects reduce redundancy and recover
functional diversity of heads.

Our contributions are threefold: (i) an entropy-landscape analysis revealing an optimization-
induced high-entropy attractor in self-attention, (ii) a head-wise soft entropic bias that is inference-
neutral, and (iii) empirical evidence that this bias improves perplexity and functional specialization.
Together, these results highlight entropy as a lens for understanding attention utilization and demon-
strate that subtle regularization can redirect optimization, turning redundancy into specialization.

2. Experimental Setup

To evaluate the role of soft inductive bias in shaping attention dynamics, we train GPT-2 models with
12 and 18 layers on the CodeParrot dataset [2], a widely used benchmark for large language models
[5, 6]. CodeParrot is sourced from approximately 20 million Python files on GitHub and contains 8
GB of code with 16.7 million examples. Each example consists of 128 tokens, yielding a total of 2.1
billion training tokens. We employ a Byte-Pair Encoding tokenizer with a SOK vocabulary and train
with context lengths of 128 and 256. The structural redundancy of source code makes CodeParrot a
natural testbed: it stresses model capacity and provides a clear lens to study whether a soft entropic
bias can reduce redundancy, promote functional diversity, and improve overall perplexity.

3. Regularizing the Attention Entropy Landscape

Notations. We denote the number of layers as L, number of heads as H, model dimensionality as
d, head dimension as dj (where dy = %), and context length as 7'

Let A ¢ RT*T be the attention matrix of h-th head in [-th layer, and each element in the

attention matrix, ag’h), are attention weights for the i-th query and j-th key, which are non-negative

and sum to one for a query:

AR — [a(%h)

T
ij }TXT, where a(l-’h)ZO and Zal(.;’h’)zl (D

ij
j=1
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Figure 2: Landscape steepness of attention entropy. Heatmap of the gradient magnitude |V E/| over

the layer-head grid, where E is mean token-wise attention entropy. Bright regions mark

sharp transitions—either across heads (specialization boundaries) or across layers (mass

shift). (a) Baseline shows relatively uniform, low-gradient regions in deeper layers (lay-

ers 6-11), indicating homogeneous attention patterns. (b-d) Entropy regularization with

increasing target margins (Tiargin = 0, 0.20Epax, 0.20E,x) progressively increases het-
erogeneity, creating sharper attention head specialization boundaries.

This square matrix is generated by applying the softmax operation over the key length for each
query position as follows
1 P (%) @)
Vi > j—1exp(z))
Following [14], we compute the mean of entropy values across all query positions to obtain
a single entropy value for each head. The entropy E() for the h-th head in the I-th layer of an
attention matrix is given by:

A"D(X) = Softmax (= (XW?)(XW)T), where  Softmax(X;) =

exp (ﬁ(xiWQ)(ijK )T)

Z Z a(l ") log ( h) e) ,  where ag h) =

i=1 j=1 > k=1 ©XD (ﬁ(xz‘WQ)(XkWK)T>
where € is a small constant added for numerical stability to prevent taking the log of zero. 3)

4. Experimental Results
4.1. Manifold Topology Analysis of Attention Entropy Landscapes

To characterize the geometric structure of attention entropy manifolds across the transformer’s rep-

resentational hierarchy, we analyze the gradient field [VE| = \/ ( agfer)Q + (52£5)2, where E

denotes the median token-wise attention entropy. This differential geometry approach quantifies
the local curvature and discontinuities in the attention entropy surface, revealing the topological
organization of attention behavioral modes. High gradient magnitude regions correspond to sharp
phase transitions in attention focusing regimes, indicative of representational bottlenecks or func-
tional specialization boundaries, while low-gradient regions signify smooth manifold regions with
consistent attention mechanistic properties.

Our gradient field analysis exposes a critical failure mode in standard transformer architectures:
attention head collapse in deeper layers. Baseline models exhibit pathologically low gradient mag-
nitudes in layers 6-11 (Figure 2), indicating that the attention entropy manifold becomes increas-
ingly flat and degenerate with depth. This manifold collapse suggests that attention heads undergo
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(c) Wasserstein distances quantifying distributional mass shift from baseline attention patterns
Figure 3: Layerwise analysis of functional diversity and heterogeneity of attention heads under
different regularization strengths in GPT-2 models with 18 layers. Entropy regularization
progressively improves the attention diversity and shifts the mean of the distributions
from baseline across the layers.

representational convergence, losing their capacity for diverse computational specialization, a phe-
nomenon analogous to feature map redundancy in convolutional networks. The gradient magnitude
tensor visually manifests this degeneracy as sparse, low-energy regions in the deeper representa-
tional subspace, revealing the extent of attention head homogenization that undermines the model’s
expressivity.

Entropy regularization fundamentally reshapes the attention manifold topology through con-
trolled diversification pressure, inducing sharp gradient boundaries that prevent representational
collapse (Figure 2). As the regularization strength increases, we observe progressive manifold re-
finement with heightened local curvature, particularly along intra-layer head boundaries. This topo-
logical restructuring demonstrates that entropy regularization operates not merely as a distributional
constraint, but as a geometric prior that enforces attention head orthogonality in the entropy space.
The resulting high-gradient regions indicate successful attention head disentanglement, where ad-
jacent mechanisms develop orthogonal computational roles. This gradient-based analysis provides
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Table 1: Performance comparison across different tolerance margin settings in entropy regulariza-
tion. PPL denotes perplexity, Ent. Range shows entropy range bounds, and W1-Dist.
represents Wasserstein-1 distance.

| Baseline | Tmargin=0 | Tmargin=10E pax | Tmargin=20E p.x
| PPL  Ent Range | PPL  Ent. Range WI-Dist. | PPL  Ent. Range WI-Dist. | PPL  Ent. Range ~WI-Dist.

GELU | 2.688 [0.62,3.84] | 2.189 [0.01,2.57] 0.789 2222 [0.21,2.64] 0.856 2.169 [0.31,2.97] 0.878
ReLU | 2.757 [0.58,3.68] | 2.395 [0.07,2.62] 0.656 2.381 [0.12,2.63] 0.750 2.367 [0.27,3.03] 0.842

GELU | 2.655 [0.07,3.85] | 2.168 [0.00, 2.67] 0.813 2.185 [0.07,2.77] 0.958 2.127 [0.03,2.97] 1.007
ReLU | 2.625 [0.26,3.87] | 2.264 [0.01, 2.64] 0.726 2.229 [0.10,2.73] 0.863 2.198 [0.03,2.83] 0.882

L=12,T=256 ReLU | 2.638 [0.30,4.55] | 2288 [0.02,326]  0.677 | 2224 [0.06,3.33] 0726 | 2207 [0.16,3.70] 0812

L=12,T=128

L=18,T=128

direct evidence that entropy regularization prevents the notorious attention head redundancy prob-
lem by maintaining sufficient manifold complexity throughout the network depth.

4.2. Attention Diversity Under Entropy Regularization

Entropy regularization achieves substantial attention diversification. Across all model configura-
tions, regularization systematically expands attention entropy ranges (e.g., from [0.62, 3.84] to
[0.31, 2.97] for GELU L=12) while maintaining competitive perplexity (Table 1). Wasserstein-1
distances of 0.656-1.007 confirm fundamental distributional shifts in attention patterns rather than
minor adjustments (Figure 3). This performance-diversity trade-off proves consistent across ar-
chitectural variations, activation functions (GELU/ReLU), model depths (L=12/18), and context
lengths (T=128/256). The robustness suggests entropy regularization operates through architecture-
agnostic attention head specialization mechanisms, providing principled expressivity enhancement
without sacrificing language modeling capability.

5. Conclusion

We revisited the inefficiency of multi-head attention through the lens of its entropy landscape and
showed that standard training drifts toward diffuse, high-entropy regimes that undermine special-
ization. To resolve this, we introduced a soft entropic bias nudging optimization without altering
inference. Across GPT-2 models, this approach yields up to 20% perplexity improvement, while
reshaping internal organization by suppressing high-entropy tails and enhancing head-role hetero-
geneity. These findings highlight entropy as a powerful diagnostic and design tool for attention, and
suggest that subtle regularization can recover under-utilized LLM capacity.
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