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Abstract

We consider the problem of Federated Learning over clients with heterogeneous data. We
propose an algorithm called SABER that samples a subset of clients and tasks each client
with its own local subproblem. SABER provably reduces client drift by incorporating an
estimate of the global update direction and regularization into each client’s subproblem.
Under second-order data heterogeneity with parameter ¢, we prove that the method’s com-

munication complexity for non-convex problems is O (66‘2\/ M ) In addition, for problems
satisfying u-Polyak-Y.ojasiewicz condition, the method converges linearly with communi-
cation complexity of O ((%\/M + M ) log %) To showcase the empirical performance of

our method, we compare it to standard baselines including FedAvg, FedProx, and SCAF-
FOLD on image classification problems and demonstrate its superior performance in data-
heterogeneous settings.

1 Introduction

Federated learning (FL) has emerged as a distributed learning paradigm that enables user devices to col-
laboratively train a global model in a privacy-preserving manner. Since its advent (McMahan et al., 2017),
a significant body of work has aimed at tackling key challenges that obstruct its broad deployability, with
emphasis on the communication cost (Konecny et al., 2016; Li et al., 2020c), the system diversity of client
devices (Yang et al., 2021; Abdelmoniem et al., 2023a) and inconsistent accuracy across individual users (Yu
et al., 2020; Wu et al., 2020). In this effort, techniques such as compressed communication (Reisizadeh et al.,
2020; Honig et al., 2022), adaptable model architectures (Horvath et al., 2021; Karimireddy et al., 2020),
dynamic client selection (Lai et al., 2021; Li et al., 2022) and partial model personalization (Collins et al.,
2021; Pillutla et al., 2022) have made significant strides towards actual FL deployments (Yang et al., 2018;
Bonawitz et al., 2019; Paulik et al., 2021; Huba et al., 2022).

Despite the progress in various fronts, a central and still withstanding problem in FL is the heterogeneity
of data across clients (Kairouz et al., 2021). Our main interest in this work is to design algorithms for
settings with heterogeneous data, formalized by an assumption on second-order data heterogeneity. Before
we proceed to a formal definition, let us discuss the intuition behind it. In many practical scenarios, the
clients would have similar kinds of inputs, while their outputs may vary significantly (Silva et al., 2022).
In general, this is a problem of clients having preferences, which makes the data very heterogeneous, and
represents the setting that we are interested in. To quote Arivazhagan et al. (2019):

“same input data can receive different labels from different users”.

Kairouz et al. (2021) call this situation a concept shift. This problem is typically tackled using personal-
ization (Arivazhagan et al., 2019). However, personalization only solved the data-heterogeneity issue when
the devices have enough computation and memory budget to fine-tune the model. When targeting the out-
of-the-box performance, non-iid data remain a big challenge. As pointed out by Jiang et al. (2019), global
performance and personalized performance are often conflicting objectives, so in this paper, we consider the
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non-personalized formulation given below:

M
1
. _ 1 1
min f(w) = 77 > fn(W), (1)
m=1
where the functions fi,..., fys are continuously differentiable. As a blanket assumption, we assume that

the objective above is lower bounded by some finite value f, = infy, f(w) > —oco. Our main interest in this
paper is in the case where the functions might be non-convex.

The most common approach to developing federated learning algorithms is to assume bounded data hetero-
geneity based on first-order data heterogeneity:

IV fm(w) = Vf(w)] <6. (first-order heterogeneity assumption)

This assumption imposes a restriction on how dissimilar the gradients of different clients can be. It has been
commonly used to study convergence of FedAvg and other gradient methods for federated learning (Wang
et al., 2018; Yu et al., 2019a). It also follows from an even more restrictive yet popular (Li et al., 2020b; Yu
et al., 2019b; Nguyen et al., 2022b) assumption of uniformly bounded gradients. While it has been shown to
be unnecessary for studying the convergence of FedAvg (Khaled et al., 2020), FedAvg does not, in general,
converge precisely to the optimum due to the client drift induced by data heterogeneity.

In our view, the first-order heterogeneity assumption is not well suited for non-iid settings, where clients
optimize for different objectives. For instance, in logistic regression, the gradients can be pointing in the
opposite directions if they have different labels. In contrast, second-order heterogeneity does not need the
gradients to be correlated and, as we will discuss later, it is closer connected to the mere similarity of the
inputs. But first, we give a formal definition below.

Assumption 1. We assume that the data have bounded second-order heterogeneity with constant 6 > 0,
meaning that for any m € {1,..., M}, it holds

IV2f(w) = V2 (W) <3 for all w.

Assumption 1 is also sometimes referred to as Hessian similarity. It can also be formulated without assuming
twice differentiability, if for any wq, wo € R? it holds

IVF(W1) =V fm(w1) = (Vf(wa) = Vm(W2))[| < d[wr —wal|. (2)

When all functions are twice-differentiable, the two formulations are equivalent. A proof of how Hessian
similarity implies (2) can be found in the work of Khaled & Jin (2022). To the best of our knowledge, the
assumption was first introduced by Mairal (2013) in the context of using surrogate losses with m = 2, and
with a general m > 2 it was first considered by Shamir et al. (2014).

This assumption is satisfied for a wide range of problems where the input data are similar, whereas the labels
do not matter as much. For instance, consider the regression task fr, (W) = E(,, 4 yop,. [5(0(W; Tm) —ym)?],
where n(wj;-) is a predictor, such as a neural network with weights w, and x,,,y,, are a random pair
of input and label. Then, V2f,, (W) = E(,,. 4. [V20(W; 2) (0(W; 1) — ym) + V(W5 20,) V(W5 20) 7]
Notice that the second part of the Hessian of f,, is completely independent of y,, and depends only on x,,.
Furthermore, if E(, . ) [V*n(W; 2 ) (n(W; 2m) — Ym)] = 0, which holds, for example, for linear models, then
V2 fin(w) only depends on the distribution of z,,, and § < maxw,m,m’ [|Ea,. e, [VR(W; 20 ) V(W 2) T —
Vn(W; Zp ) Vn(wW; 2,/ ) T]||. Furthermore, as shown by Woodworth et al. (2023), this is not restricted to
squared loss and the input similarity is sufficient for logistic regression as well. In other words, as long as
different clients have similar distributions of inputs, they can have widely different outputs even for the same
input, and § will still be a small number. This is a significant improvement compared to the first-order

heterogeneity assumption.

Our work might also be of interest outside of federated learning. Chayti & Karimireddy (2022) and Wood-
worth et al. (2023) provided a number of machine learning applications, where even having two functions
can be useful for machine learning tasks. For example, when using simulators or synthetic data sources, the



Under review as submission to TMLR

Table 1: A summary of related work and conceptual differences to our approach.

Algorithm 2nd-order Non-Convex Partial Stateless Reference
data heterogeneity theory participation
FedAvg X v v v McMahan et al. (2017)
FedProx X v v v Li et al. (2020a)
FedDANE X v v v Li et al. (2019)
SCAFFOLD v XM X3 X Karimireddy et al. (2020)
SVRP v X v v Khaled & Jin (2022)
SVRS v X v v Lin et al. (2023)
SABER v v v v This work

(1.2) SCAFFOLD’s theory under second-order data heterogeneity (Theorem IV in (Karimireddy et al., 2020)) is only for full
participation and quadratic problems. The latter condition also implies that the global objective must be convex for a

solution to exist.

data become heterogeneous and our method can be used to minimize an objective f while having access to a
number of proxies f1, ..., far. For simplicity of presentation, we leave those applications out of consideration
in our work and focus on federated learning.

We summarize our contributions as follows:

e We develop a new algorithm called SABER that is stateless by design and supports partial partici-
pation;

o We prove that it achieves state-of-the-art communication complexity of O (55*2\/ M ) on general

non-convex problems;

e We prove a faster linear convergence with complexity O ((%\/ M+ M ) log é) when the objective is
p-Polyak-Fojasiewicz, which improves upon the O ((2—2 + M ) log %) complexity of SVRP (Khaled

& Jin, 2022) whenever 2 > /M, and matches the complexity of SVRS (Lin et al., 2023). Moreover,
unlike SVRP and SVR§, our method does not require the objective to be convex;

o We run experiments on logistic regression and neural network problems and compare the performance
of SABER to standard baselines such as FedProx and SCAFFOLD.

2 Related Work

FL Methods for Data Heterogeneity. Having observed that the attainable accuracy of the status-
quo FedAvg algorithm (McMahan et al., 2017) degrades significantly under realistic data-heterogeneous
setups (Luo et al., 2021), several works have attempted to alleviate it. Prominent existing methods have
proposed either to define a regularization term that aims to discourage the local model from excessively
deviating from the server model (Li et al., 2020a), or to introduce control variates, either for the whole
model (Karimireddy et al., 2020; Mishchenko et al., 2022) or for part of it (Li et al., 2023), as a mechanism
for estimating and compensating the drift between client and server models. The covariates can provably
mitigate data heterogeneity (Mishchenko et al., 2022), but at the cost of requiring the clients to maintain
a state. Departing from the standard FL goal of learning a single model, an alternative line of work has
relaxed this setting by focusing on jointly learning multiple models, either per client (Smith et al., 2017) or
per group of clients (Briggs et al., 2020; Sattler et al., 2021).
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Shamir et al. (2014) were among the first to work on second-order data heterogeneity and proposed a stateless
method called DANE, which is limited to full client participation and quadratic problems. Li et al. (2019)
proposed a generalization of DANE called FedDANE that supports partial participation and general non-
convex objectives, but their analysis does not consider second-order data heterogeneity. The analyses of
both FedDANE (Li et al., 2019) and FedProx (Li et al., 2020a) rely on a more restrictive first-order data
heterogeneity assumption.

A more recent line of work considered methods that are both stateless and work under second-order data
heterogeneity, such as the aforementioned SVRP and SVRS. Khaled & Jin (2022) also proposed to accelerate
SVRP using the Catalyst framework of Lin et al. (2015), and Lin et al. (2023) did the same thing for SVRS
too. Since Catalyst is agnostic to the method used as a subsolver, it can be applied to SABER as well.
However, it would most likely result in the same convergence rate as that of Catalyzed SVRP or SVRS, and
on top of that, it is unlikely to give a practical method, so we do not explore this direction. In contrast, our
goal is to develop theory that may lead to practical methods.

Orthogonal FL Techniques. In an endeavor to improve other aspects of FL, existing efforts have also fo-
cused on alleviating the communication cost and the system heterogeneity across clients. On the communica-
tion efficiency front, existing work has attempted to minimize the exchanged data either through compression
methods, such as top-K sparsification (Rothchild et al., 2020) and various quantization schemes (Reisizadeh
et al., 2020; Honig et al., 2022), or by communicating variable amount of data as the training process pro-
gresses, with techniques such as progressive pruning (Jiang et al., 2022) or growing (Alam et al., 2022) of
the model. With respect to client-side system heterogeneity, existing methods include resource-aware client
selection schemes (Lai et al., 2021; Li et al., 2022; Abdelmoniem et al., 2023b), elastic model architectures
whose complexity can be scaled based on the processing capabilities of each client device, with respect to
arithmetic precision (Yoon et al., 2022) or in the width (Diao et al., 2020; Horvath et al., 2021), depth (Liu
et al., 2022) or both width and depth dimensions (Ilhan et al., 2023), and more exotic methods, such as
ZeroFL’s sparse convolutions (Qiu et al., 2021) and FedBuff’s buffered asynchronous aggregation (Nguyen
et al., 2022a). The majority of these methods are orthogonal to our work and can be combined with SABER
with varying amount of effort.

3 A new method

Here, we propose SABER, a new stateless method that tries to estimate the batch gradient V f(wy) using
an accumulated sequence vi. Key components of SABER comprise ¢) a new local objective function, which
allows us to maintain a single control variate v, that is shared across clients, and i) a control variate updating
rule with a tunable synchronization interval. Concretely, we devise the term (vi —V fo,, (Wy), w — wy,), which
is added to the local objective function of each client. Unlike SCAFFOLD, which requires a per-client
control variate, our approach performs bias correction by solely utilizing the current gradient on the given
client V f,,(wyg), which is readily available on each participating client through the use of gradient-based
optimizers, and the shared vector vi. The complete local objective on the m-th client is derived as

F(W) + (Vi = V (W), W — W) + %Hw —wil,

where the first term is the loss of the client’s target learning task, the second term performs bias correction,
and the third term introduces regularization with the goal to limit client drift.

For our control variate update rule, we are motivated by the recursive estimators for stochastic optimization
(Nguyen et al., 2017; Fang et al., 2018; Richtarik et al., 2021) that rely on gradient differences to improve
the current estimate, and MARINA (Gorbunov et al., 2021) is a particularly relevant method. Specifically,
we selectively perform either an assignment to the average gradient of a newly sampled subset of clients
Sy with probability p or a refinement of the current estimate using the already sampled subset of clients.
Algorithm 2 presents the full details of SABER, including the local objective optimization (lines 13-14) and
the control variate update rule (lines 5-11).

To position SABER with respect to prior work and understand why it works, let us look at the following
four standard FL algorithms:
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Algorithm 1 SABER (Stochastic Accumulated Batch-gradient EstimatoR) - simplified version

1: Input: initialization wo € R?, stepsize 1 > 0, probability of synchronization p > 0
2: W_1 = Wp, Vo = Vf(W())
3: for k=0,1,2,... do

4: Sample my, uniformly from {1,..., M}
;. ve — {Vf(wk), with probability p
’ Vi1 + V. (Wr) = Vfm, (Wr_1) otherwise
6: Construct local objective ¢r(W) = frn, (W) + (Vi — V o, (WE), W — W) + 2—177||w — wy||?
7: Find wg41 &~ argming, ¢ (W)
8: end for

Fed Avg works by simply running SGD locally on each client, and, thus, the local update can be written
down simply as

Wiet1,m A argmin fm(w).

FedProx modifies the update to reduce the client drift using regularization parameterized by #:
. 1 2
Whit1,m A~ argmin < fi, (w) + —||lw — wy || > .
w 277

SCAFFOLD & Scaffnew are both based on the idea of reducing the client drift more explicitly. In a
nutshell, they incorporate a global direction v and the local drift vy ., of client m to then realign the
update on client m as follows:

W;‘cill,m = W2+1,m - V(me(W;chl,m) + Vi — Vk;,m),
where i is the local iteration counter on client m. We can deduce the objective the client in SCAFFOLD
is trying to minimize from this update rule by assuming that it converges to some value Wy 1 . If that is

the case, then V f,,(Wk+1,m) + Vi — Vi,m = 0, which is the first-order optimality condition for the following
subproblem:

Wk+1,m ~ arg m“lln{fm(w) + <Vk — Vim, W — Wk>} .

SABER can be seen as a combination of FedProx with SCAFFOLD/Scaffnew, although we emphasize that
SABER was derived purely based on the assumption of data heterogeneity. The core of its update can be
written as

. 1
Wit1,m = argn})}/ﬂ {fm(W) + <Vk: — Vim, W — Wk> + 277||W - Wk||2} :

As we can see, the new subproblem includes a bias-correction term that is similar to the one in SCAFFOLD,
and a regularization term just as in FedProx. The way we define v, and vy, is, however, quite different from
that of SCAFFOLD. Our update rules are motivated by the recursive estimators for stochastic optimization
(Nguyen et al., 2017; Fang et al., 2018; Richtédrik et al., 2021) that use gradient differences to improve the
current estimate. PAGE (Li et al., 2021) and FedPAGE (Zhao et al., 2021) use the same principle to produce
variance-reduced methods, the latter of which was designed for federated learning. The key difference is that
they operate under L-smoothness of the objective and their complexity depends on L rather than §. Since
0 < 2L, our approach is slightly more general, and it will result in a faster convergence whenever § is
significantly smaller than L.

Our theory covers convergence of Algorithm 1 in the general non-convex setting as well as under an extra
assumption called Polyak-t.ojasiewicz condition. In practice, it is common to use batches of clients instead
of a single client as given in Algorithm 2. To keep the theory simple, we only study Algorithm 1 since the
effect of minibatching has already been thoroughly studied (Gower et al., 2019; Khaled & Richtarik, 2020).
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Algorithm 2 SABER - full version

1: Input: initialization wq € R?, stepsize 1 > 0, probability of synchronization p > 0
2: W_1 =Wgp, V_1 = Vg = Vf(Wo)
3: for k=0,1,2,... do

4: Sample a subset of clients Sy,

5: Sample a Bernoulli variable b; € {0,1} with P(by = 1) =p
6: if b == 1 then B

7 Sample a new subset of clients S,

8: Vi = é Zjegk ij(wk))

9: else

10: Vi = Vi1 + 157 Lomes, (Vm (W) =V fm(wi-1))

11: end if

12: for client m € S do

13: Do (W) = [ (W) + (vie = V (Wi ), w — wy) + %”W — w2
14: Wht1,m & argming, @ (W)

15: end for

16: Wii1 = |317‘ Zmegk Wk+41,m

17: end for

3.1 Solving the subproblem

Our theory requires that we minimize the bias-corrected regularized local objective. In practice, this can be
achieved with any solver such as SGD or Adam that would otherwise work on the same problem without
the extra terms. In fact, the regularization term only makes the problem easier to solve since it convexifies
the objective.

From the theoretical point of view, we can characterize the difficulty of solving the subproblem when intro-
ducing extra assumptions. For instance, if f,, is L-smooth, i.e., its gradient is L-Lipschitz, then whenever
n < %, the subproblem becomes convex. Furthermore, as shown by Woodworth et al. (2023), it is usually
enough to find an approximate stationary point, i.e., get E[||[V¢r(w)||?] < . If regularization does not make
the objective convex, the (stochastic) gradient complexity of Algorithm 1 is not better than for solving the
original problem. The communication complexity, on the other hand, improves substantially as we show in
the next section.

Assumption 2 (Inexact solution). We assume that wiy1 =~ argming, ¢ (W) in the sense that the following
two conditions hold:

1. Monotonicity: Elpr(wWii1)] < ¢r(wWg).

2. Almost stationarity: E[||Vér(wii1)|?] <e.

3.2 Convergence theory

Our theory for Algorithm 1 is comprised of several building blocks. First of all, we need a descent-like
property, which is given in the next lemma.

Lemma 1. Define wy; as in Algorithm 1, and let < %, then

fWii1) = f(wi) < _ﬁleﬁl = wil® + 2nllvi, = Vf(w) %, 3)

As suggested by Lemma 1, the loss can be minimized as long as vy stays sufficiently close to Vf(wy).
Therefore, we need to control the norm of the approximation error, which we do in the next lemma.
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Lemma 2. The iterates of Algorithm 1 satisfy
E[[visr = V(W) 2] £ (L =p)vie = V(W) |2+ 8°E [ wrir — wil’] -

Lemma 1 and Lemma 2 together suggest that the loss should decrease proportionally to %”W}c+1 — wi %
This property on its own, however, is not sufficient to show that we converge to a reasonable fixed point, it
might merely mean that the method stops making progress. The last lemma that we need shows that the
method actualy keeps making progress as long as the gradient norm is large.

Lemma 3. If n < 4—15 and wyy1 satisfies Assumption 2, then it holds

B [Iwke = wilP) > 178 |G S )| = v = VAl —<]. @

Theorem 1. Consider the iterates of Algorithm 1 and assume Assumptions 1 and 2 hold. If n < 4—‘/?, then
it holds

K
k=1

Proof sketch. The proof idea is based on defining the following Lyapunov function with a constant ¢ > 0:

Ly, < f(wi) + cllvi — V(wi)|I.

We show in the proof of Theorem 1 in the appendix that £ satisfies a simple recursion:
cp n
ElLhn] < Lo~ Dlivi — Viwoll? — LB [ f(wi)I?]. (5)

To derive this property, we simply need to combine Lemma 1 with Lemma 2 and Lemma 3. Since we have

error terms in all lemmas, we need to balance the terms, which we achieve by assuming n < ‘{—?. O

One can notice that with higher value of p, we get a larger term subtracted from the right-hand side.
Moreover, increasing p also allows us to increase the stepsize 1, which makes sense since we get a more
accurate accumulated-gradient estimate when p is larger.

If we set p = 57 and 17 = g, we obtain a point wg satisfying E [||Vf(wxk)|?] < € after K = O (%) =
0 (\/ M 55_2) communication rounds.

3.3 Improved convergence rate under Pt assumption

To compare the complexity of SABER to that of other works, we also need to establish a linear convergence
under extra assumptions. However, unlike previous papers, we do not want to use strong convexity since
it would defeat the main point of extending the theory to non-convex functions. Instead, we use the PL
assumption given below.

Assumption 3. We say that f satisfies Polyak-Lojasiewicz property if for any w € R? it holds

1
SIVIIP = p(f(w) = fo). (6)
Let us slightly modify the Lyapunov function to increase the coefficient of the functional values:
def ny
Ui = Ly — fot o (F(Wi) = fo) = (L+np/8) f(Wi) — fo +cllvi, = V f(wi)[|*.

8
Assuming that f is pu-PL, we then get

(5)
B[V~ L (fw) -~ £2)] S W~ LR[S IP) - Lk~ Vrw) P

8
< Wy~ BE[f(Win) = £ = Fllvi = VI (wi)
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Rearranging the terms, we obtain

E[¥;1] < max (1 - %,1 - g) Uy

This implies the following theorem.
Theorem 2. Assume that the objective is pu-PE. Then, to achieve E[Uk] = O(e), Algorithm 1 requires at

most K = O ((i + %) log %) communication rounds. In particular, if we set p = ﬁ and n = then

nH

the complezity is O ((%\/MJr M) log %)

1
T/ps

As we mentioned previously, this complexity matches the one of SVRS (Lin et al., 2023) but ours does not
need convexity.

3.4 Partial participation

With probability p, Algorithm 1 uses all clients to update v;. However, in many cases using all clients might
be impossible, so in Algorithm 2 we consider updating v using only a subset of clients Sg. This setting can
be studied under an extra assumption that the variance over clients is bounded:

Assumption 4. For the setting of Algorithm 2 where only a subset of clients is used to update vy, i.e.,

Vi = > = Vim(wy), we also assume that the variance in bounded:

1
ngl meSy

E [IIV fmn(wi) = VF(wi)|[?] < 0. (7)

Under this assumption, we establish the following result.

Theorem 3. Consider the same setting as in Theorem 1 with the update for vy produced by subsampling
clients, i.e., vi, = = > = Vfn(wi). Ifn < % and |Si| = C for all k, then

|S| “MESK
1 ¢ 2 _ 20(f(wo) = £) o?
¥rd kE:IE [HVf(Wk)H ] < U—K + 5¢ + 606.

The assumption that |Si| = C for all k is used in Theorem 3 only to simplify the statement, and a similar
result would also hold if |Sy| varies over iterations. The main takeaway message from this additional result
is that whenever there are sufficiently many clients participating in the update of vg, the last quantity is
going to be small and so we do not need all clients to participate.

4 Experiments

We empirically evaluate our method on a logistic regression problem and on two different classification
datasets, i.e., CIFAR-10 (Krizhevsky, 2009) and Federated EMNIST (FEMNIST) (Caldas et al., 2018). We
compare the performance of SABER with baselines including FedAvg (McMahan et al., 2017), FedProx (Li
et al., 2020a), and SCAFFOLD (Karimireddy et al., 2020).

4.1 Experimental Setup

For the empirical evaluation, we implemented our algorithm using PyTorch and integrated it into the Flower
framework (Beutel et al., 2020) v1.2.0. We run all our experiments on NVIDIA RTX A6000 GPUs with
CUDA version 11.7, Python 3.8.13, and PyTorch 1.13.1. The code will be open-sourced upon acceptance of
this paper.

CIFAR-10 contains 60,000 32x32 color images in 10 different classes. The original dataset is split among
100 clients based on label distribution that are dissimilar from client to client to emulate data heterogeneity
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Figure 1: Convergence of SABER and other methods on logistic regression with full gradients. Left: ‘w8a’
dataset; right: ‘a9a’ dataset.

in realistic FL settings, as widely adopted in prior works (Horvath et al., 2021; Li et al., 2023). We split
CIFAR-10 following Latent Dirichlet Allocation (LDA) partitioning with o = {0.1,1.0}, where lower value
implies higher data heterogeneity. FEMNIST consists of 28x28 grey-scale images of digital hand-written
alphabets and digits, hence 62 classes and naturally partitioned based on each client’s handwriting.

For all baselines and the proposed SABER algorithm, we use ResNet-18 (He et al., 2016) for both CIFAR-10
and FEMNIST. For all methods, on each communication round, we randomly select 10 clients for model
updates, using an SGD optimizer and a stepsize of 0.01, with batch size equal to 32. The clients perform 1
local training epoch on each round. For SABER specifically, we sample a subset of clients (100 for FEMNIST
and 50 for CIFAR-10) for the control variate update with p=0.5. We use proximal coefficient n=0.5 for both
SABER and FedProx.

4.2 Logistic Regression

We run experiments on binary classification with logistic regression loss. We target the ‘w8a’ and ‘a9a’
datasets from LIBSVM, which were also partitioned in a heterogeneous manner to 20 clients. We tune the
stepsize for each method individually and report the best configuration. All methods use full gradients and
full participation of 20 clients in total. The results in Figure 1 show that SABER improves substantially
upon Local-SGD, which is equivalent to FedAvg in this setting, and FedProx. SABER does not outperform
SCAFFOLD in these specific experiments, despite having a much stronger theory. This can be attributed
to the fact that we tuned the hyperparameters, so SCAFFOLD works better than predicted by its theory.
Furthermore, SCAFFOLD is algorithmically similar to Scaffnew (Mishchenko et al., 2022), which has accel-
erated rate independently of data heterogeneity under the right choice of hyperparameters. Together, these
observations explain why SCAFFOLD performed the best in these experiments.

4.3 Empirical Performance on Benchmark Datasets

To empirically investigate SABER’s performance, we evaluate two setups: ¢) rounds-to-accuracy, which
captures the communication rounds needed to reach a target accuracy, and i) round-constrained accuracy,
which shows the achieved accuracy under a budget of communication rounds.

Table 2 lists the achieved rounds-to-accuracy of each method for the target datasets and heterogeneity
settings. The target top-1 accuracy is 62% for CIFAR-10 and 70% for FEMNIST. We observe that SABER
achieves the lowest rounds-to-accuracy over all methods across all settings. Importantly, SABER yields
speedups of 1.89x, 1.78x, and 4.04x over FedAvg, FedProx and SCAFFOLD, respectively, in the most
data-heterogeneous case of CIFAR-10 with @ = 0.1.
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Table 2: Required number of communication rounds to achieve a target top-1 accuracy.

Method CIFAR-10 (62%) CIFAR-10 (62%) FEMNIST (70%)
a=0.1 a=1.0 Non-iid
FedAvg 841 (1x) 331 (1x) 66 (1x)
FedProx 796 (1.06x) 331 (1x) 71 (0.93x%)
SCAFFOLD 1806 (0.47x) 776 (0.43%) 151 (0.44x)
SABER (Ours) 446 (1.89x%) 261 (1.27x) 56 (1.18x%)

Table 3: Top-1 accuracy (%) after 1,000 and 400 rounds for CIFAR-10 and FEMNIST, respectively.

Method CIFAR-10 CIFAR-10 FEMNIST
a=0.1 a=1.0 Non-iid
FedAvg 50.88 73.36 81.67
FedProx 56.72 73.56 80.88
SCAFFOLD 46.82 63.54 78.64
SABER (Ours) 65.02 73.88 82.50

To showcase the performance of SABER, we further look at the achieved top-1 accuracy at 1,000 and 400
communication rounds for CIFAR-10 and FEMNIST respectively, as shown in Table 3. Compared with
the baselines, SABER performs at the same level on CIFAR-10 with @ = 1.0 and FEMNIST. Notably,
as data heterogeneity increases on CIFAR-10 with o« = 0.1, our method reaches accuracy gains of 14.14
percentage points (pp), 8.3 pp and 18.2 pp over FedAvg, FedProx and SCAFFOLD, respectively, indicating
its effectiveness in the presence of data heterogeneity.

Finally, Figure 2 shows the convergence behavior of the compared methods. Similarly to the previous
evaluation setups, SABER provides the fastest convergence across all datasets, with higher gains under
higher data heterogeneity.

5 Conclusion

In this paper, we propose SABER, an algorithm for federated learning under second-order data heterogeneity.
SABER solves a local subproblem at each client, while mitigating client drift with a novel combination of %)
estimation of global update direction and ) regularization to the local objective. Theoretical study shows
SABER achieves state-of-the-art communication complexity in non-convex problems. In practice, SABER
is stateless by design, and it supports partial participation, making it a strong candidate for real-world
deployment of federated learning. We showcase the performance of SABER on both logistic regression tasks,
and non-convex deep learning setting of image classification on CIFAR-10 and FEMNIST datasets. When
compared with standard baselines such as FedAvg, SABER achieves up to 1.89x speedup and 14.4 pp gain
in accuracy.
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0.7 0.8
. 0.6
g 05 0.6
§ .
i. 0.4 0.4
§' 03/ —— FedAvg
0.2 FedProx
0.2 —— SCAFFOLD
01 0.0 SABER
0 500 1000 1500 2000 0 250 500 750 1000 1250 1500 0 100 200 300 400
Round Round Round

Figure 2: Validation accuracy recorded during training (real-time and 50 step running average) for Fed Avg,
FedProx, SCAFFOLD, and the proposed SABER on CIFAR-10 with LDA « = {0.1,1.0} and the non-iid
FEMNIST dataset.

References

Ahmed M. Abdelmoniem, Chen-Yu Ho, Pantelis Papageorgiou, and Marco Canini. A Comprehensive Em-
pirical Study of Heterogeneity in Federated Learning. IEEE Internet of Things Journal (JIOT), 10(16):
14071-14083, 2023a. (Cited on page 1)

Ahmed M. Abdelmoniem, Atal Narayan Sahu, Marco Canini, and Suhaib A. Fahmy. REFL: Resource-
Efficient Federated Learning. In Furopean Conference on Computer Systems (EuroSys), 2023b. (Cited on

page 4)

Samiul Alam, Luyang Liu, Ming Yan, and Mi Zhang. FedRolex: Model-Heterogeneous Federated Learning
with Rolling Sub-model Extraction. In Advances in Neural Information Processing Systems (NeurIPS),
2022. (Cited on page 4)

Manoj Ghuhan Arivazhagan, Vinay Aggarwal, Aaditya Kumar Singh, and Sunav Choudhary. Federated
learning with personalization layers. arXiv preprint arXiv:1912.00818, 2019. (Cited on page 1)

Daniel J Beutel, Taner Topal, Akhil Mathur, Xinchi Qiu, Javier Fernandez-Marques, Yan Gao, Lorenzo
Sani, Hei Li Kwing, Titouan Parcollet, Pedro PB de Gusméao, and Nicholas D Lane. Flower: A friendly
federated learning research framework. arXiv preprint arXiv:2007.14390, 2020. (Cited on page 8)

Keith Bonawitz, Hubert Eichner, Wolfgang Grieskamp, Dzmitry Huba, Alex Ingerman, Vladimir Ivanov,
Chloe Kiddon, Jakub Konec¢ny, Stefano Mazzocchi, Brendan McMahan, Timon Van Overveldt, David
Petrou, Daniel Ramge, and Jason Roselander. Towards Federated Learning at Scale: System Design. In
Proceedings of Machine Learning and Systems (MLSys), 2019. (Cited on page 1)

Christopher Briggs, Zhong Fan, and Peter Andras. Federated Learning with Hierarchical Clustering of Local
Updates to Improve Training on Non-IID Data. In International Joint Conference on Neural Networks
(IJCNN), 2020. (Cited on page 3)

Sebastian Caldas, Sai Meher Karthik Duddu, Peter Wu, Tian Li, Jakub Kone¢ny, H Brendan McMa-
han, Virginia Smith, and Ameet Talwalkar. Leaf: A benchmark for federated settings. arXiv preprint
arXiv:1812.01097, 2018. (Cited on page 8)

El Mahdi Chayti and Sai Praneeth Karimireddy. Optimization with access to auxiliary information. arXiv
preprint arXiv:2206.00395, 2022. (Cited on page 2)

Liam Collins, Hamed Hassani, Aryan Mokhtari, and Sanjay Shakkottai. Exploiting Shared Representations
for Personalized Federated Learning. In International Conference on Machine Learning (ICML), 2021.
(Cited on page 1)

11



Under review as submission to TMLR

Enmao Diao, Jie Ding, and Vahid Tarokh. HeteroFL: Computation and Communication Efficient Federated
Learning for Heterogeneous Clients. In International Conference on Learning Representations (ICLR),
2020. (Cited on page 4)

Cong Fang, Chris Junchi Li, Zhouchen Lin, and Tong Zhang. Spider: Near-Optimal Non-Convex Optimiza-
tion via Stochastic Path-Integrated Differential Estimator. In Advances in Neural Information Processing
Systems (NeurIPS), 2018. (Cited on pages 4 and 5)

Eduard Gorbunov, Konstantin P. Burlachenko, Zhize Li, and Peter Richtarik. MARINA: Faster non-convex
distributed learning with compression. In International Conference on Machine Learning, pp. 3788-3798.
PMLR, 2021. (Cited on page 4)

Robert Mansel Gower, Nicolas Loizou, Xun Qian, Alibek Sailanbayev, Egor Shulgin, and Peter Richtarik.
SGD: General analysis and improved rates. In International conference on machine learning, pp. 5200—
5209. PMLR, 2019. (Cited on page 5)

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep Residual Learning for Image Recognition.
In IEEFE Conference on Computer Vision and Pattern Recognition (CVPR), 2016. (Cited on page 9)

Robert Hoénig, Yiren Zhao, and Robert Mullins. DAdaQuant: Doubly-adaptive quantization for
communication-efficient Federated Learning. In International Conference on Machine Learning (ICML),
2022. (Cited on pages 1 and 4)

Samuel Horvath, Stefanos Laskaridis, Mario Almeida, Ilias Leontiadis, Stylianos Venieris, and Nicholas Lane.
FjORD: Fair and Accurate Federated Learning under heterogeneous targets with Ordered Dropout. In
Advances in Neural Information Processing Systems (NeurIPS), 2021. (Cited on pages 1, 4, and 9)

Dzmitry Huba, John Nguyen, Kshitiz Malik, Ruiyu Zhu, Mike Rabbat, Ashkan Yousefpour, Carole-Jean
Wu, Hongyuan Zhan, Pavel Ustinov, Harish Srinivas, Kaikai Wang, Anthony Shoumikhin, Jesik Min, and
Mani Malek. PAPAYA: Practical, Private, and Scalable Federated Learning. In Proceedings of Machine
Learning and Systems (MLSys), 2022. (Cited on page 1)

Fatih Ilhan, Gong Su, and Ling Liu. ScaleFL: Resource-Adaptive Federated Learning With Heterogeneous
Clients. In IEFE/CVF Conference on Computer Vision and Pattern Recognition (CVPR), 2023. (Cited on
page 4)

Yihan Jiang, Jakub Kone¢ny, Keith Rush, and Sreeram Kannan. Improving Federated Learning Personal-
ization via Model Agnostic Meta Learning. arXiv preprint arXiv:1909.12488, 2019. (Cited on page 1)

Yuang Jiang, Shiqiang Wang, Victor Valls, Bong Jun Ko, Wei-Han Lee, Kin K. Leung, and Leandros
Tassiulas. Model Pruning Enables Efficient Federated Learning on Edge Devices. IEEE Transactions on
Neural Networks and Learning Systems (TNNLS), pp. 1-13, 2022. (Cited on page 4)

Peter Kairouz, H. Brendan McMahan, Brendan Avent, Aurélien Bellet, Mehdi Bennis, Arjun Nitin Bhagoji,
Keith Bonawitz, Zachary Charles, Graham Cormode, Rachel Cummings, et al. Advances and Open
Problems in Federated Learning. Foundations and Trends® in Machine Learning, 14(1), 2021. (Cited on

page 1)

Sai Praneeth Karimireddy, Satyen Kale, Mehryar Mohri, Sashank Reddi, Sebastian Stich, and
Ananda Theertha Suresh. SCAFFOLD: Stochastic Controlled Averaging for Federated Learning. In
International Conference on Machine Learning (ICML), 2020. (Cited on pages 1, 3, and 8)

Ahmed Khaled and Chi Jin. Faster federated optimization under second-order similarity. In International
Conference on Learning Representations (ICLR), 2022. (Cited on pages 2, 3, and 4)

Ahmed Khaled and Peter Richtarik. Better theory for SGD in the nonconvex world. arXiv preprint
arXiv:2002.03329, 2020. (Cited on page 5)

12



Under review as submission to TMLR

Ahmed Khaled, Konstantin Mishchenko, and Peter Richtarik. Tighter theory for local SGD on identical and
heterogeneous data. In International Conference on Artificial Intelligence and Statistics, pp. 4519-4529.
PMLR, 2020. (Cited on page 2)

Jakub Konecény, H. Brendan McMahan, Felix X. Yu, Peter Richtarik, Ananda Theertha Suresh, and Dave
Bacon. Federated Learning: Strategies for Improving Communication Efficiency. In NeurIPS Workshop
on Private Multi-Party Machine Learning, 2016. (Cited on page 1)

Alex Krizhevsky. Learning multiple layers of features from tiny images. Technical report, 2009. (Cited on
page 8)

Fan Lai, Xiangfeng Zhu, Harsha V. Madhyastha, and Mosharaf Chowdhury. Oort: Efficient Federated
Learning via Guided Participant Selection. In USENIX Symposium on Operating Systems Design and
Implementation (OSDI), 2021. (Cited on pages 1 and 4)

Bo Li, Mikkel N. Schmidt, Tommy S. Alstrgm, and Sebastian U. Stich. On the effectiveness of partial variance
reduction in federated learning with heterogeneous data. In IEEE/CVF Conference on Computer Vision
and Pattern Recognition (CVPR), 2023. (Cited on pages 3 and 9)

Chenning Li, Xiao Zeng, Mi Zhang, and Zhichao Cao. PyramidFL: A Fine-Grained Client Selection Frame-
work for Efficient Federated Learning. In Annual International Conference on Mobile Computing And
Networking (MobiCom,), 2022. (Cited on pages 1 and 4)

Tian Li, Anit Kumar Sahu, Manzil Zaheer, Maziar Sanjabi, Ameet Talwalkar, and Virginia Smithy. Fed-
DANE: A Federated Newton-Type Method. In Asilomar Conference on Signals, Systems, and Computers
(ACSSC), 2019. (Cited on pages 3 and 4)

Tian Li, Anit Kumar Sahu, Manzil Zaheer, Maziar Sanjabi, Ameet Talwalkar, and Virginia Smith. Federated
Optimization in Heterogeneous Networks. In Proceedings of Machine Learning and Systems (MLSys),
2020a. (Cited on pages 3, 4, and 8)

Xiang Li, Kaixuan Huang, Wenhao Yang, Shusen Wang, and Zhihua Zhang. On the convergence of FedAvg
on non-I1D data. In International Conference on Learning Representations, 2020b. (Cited on page 2)

Zhize Li, Dmitry Kovalev, Xun Qian, and Peter Richtarik. Acceleration for Compressed Gradient Descent
in Distributed and Federated Optimization. In International Conference on Machine Learning (ICML),
2020c. (Cited on page 1)

Zhize Li, Hongyan Bao, Xiangliang Zhang, and Peter Richtarik. PAGE: A simple and optimal probabilistic
gradient estimator for nonconvex optimization. In International conferemce on machine learning, pp.
6286-6295. PMLR, 2021. (Cited on page 5)

Dachao Lin, Yuze Han, Haishan Ye, and Zhihua Zhang. Stochastic Distributed Optimization under Average
Second-order Similarity: Algorithms and Analysis. arXiv preprint arXiv:2304.07504, 2023. (Cited on pages 3,
4, and 8)

Hongzhou Lin, Julien Mairal, and Zaid Harchaoui. A universal catalyst for first-order optimization. Advances
in neural information processing systems, 28, 2015. (Cited on page 4)

Zicheng Liu, Da Li, Javier Fernandez-Marques, Stefanos Laskaridis, Yan Gao, Lukasz Dudziak, Stan Z. Li,
Shell Xu Hu, and Timothy Hospedales. Federated Learning for Inference at Anytime and Anywhere. arXiv
preprint arXiv:2212.04084, 2022. (Cited on page 4)

Mi Luo, Fei Chen, Dapeng Hu, Yifan Zhang, Jian Liang, and Jiashi Feng. No Fear of Heterogeneity:
Classifier Calibration for Federated Learning with non-IID Data. In Advances in Neural Information
Processing Systems (NeurIPS), 2021. (Cited on page 3)

Julien Mairal. Optimization with first-order surrogate functions. In International Conference on Machine
Learning, pp. 783-791. PMLR, 2013. (Cited on page 2)

13



Under review as submission to TMLR

Brendan McMahan, Eider Moore, Daniel Ramage, Seth Hampson, and Blaise Aguera y Arcas.
Communication-Efficient Learning of Deep Networks from Decentralized Data. In Artificial Intelligence
and Statistics (AISTATS), 2017. (Cited on pages 1, 3, and 8)

Konstantin Mishchenko, Grigory Malinovsky, Sebastian Stich, and Peter Richtarik. ProxSkip: Yes! Local
Gradient Steps Provably Lead to Communication Acceleration! Finally! In International Conference on
Machine Learning (ICML), 2022. (Cited on pages 3 and 9)

John Nguyen, Kshitiz Malik, Hongyuan Zhan, Ashkan Yousefpour, Mike Rabbat, Mani Malek, and Dzmitry
Huba. Federated Learning with Buffered Asynchronous Aggregation. In International Conference on
Artificial Intelligence and Statistics (AISTATS), 2022a. (Cited on page 4)

John Nguyen, Kshitiz Malik, Hongyuan Zhan, Ashkan Yousefpour, Mike Rabbat, Mani Malek, and Dzmitry
Huba. Federated learning with buffered asynchronous aggregation. In International Conference on Arti-
ficial Intelligence and Statistics, pp. 3581-3607. PMLR, 2022b. (Cited on page 2)

Lam M. Nguyen, Jie Liu, Katya Scheinberg, and Martin Takdc. SARAH: A Novel Method for Machine
Learning Problems using Stochastic Recursive Gradient. In International Conference on Machine Learning

(ICML), 2017. (Cited on pages 4 and 5)

Matthias Paulik, Matt Seigel, Henry Mason, Dominic Telaar, Joris Kluivers, Rogier van Dalen, Chi Wai Lau,
Luke Carlson, Filip Granqvist, Chris Vandevelde, et al. Federated Evaluation and Tuning for On-Device
Personalization: System Design & Applications. arXiv e-prints, pp. arXiv—2102, 2021. (Cited on page 1)

Krishna Pillutla, Kshitiz Malik, Abdel-Rahman Mohamed, Mike Rabbat, Maziar Sanjabi, and Lin Xiao.
Federated Learning with Partial Model Personalization. In International Conference on Machine Learning
(ICML), 2022. (Cited on page 1)

Xinchi Qiu, Javier Fernandez-Marques, Pedro PB Gusmao, Yan Gao, Titouan Parcollet, and Nicholas Donald
Lane. ZeroFL: Efficient On-Device Training for Federated Learning with Local Sparsity. In International
Conference on Learning Representations (ICLR), 2021. (Cited on page 4)

Amirhossein Reisizadeh, Aryan Mokhtari, Hamed Hassani, Ali Jadbabaie, and Ramtin Pedarsani. FedPAQ:
A Communication-Efficient Federated Learning Method with Periodic Averaging and Quantization. In
International Conference on Artificial Intelligence and Statistics (AISTATS), 2020. (Cited on pages 1 and 4)

Peter Richtéarik, Igor Sokolov, and Ilyas Fatkhullin. EF21: A New, Simpler, Theoretically Better, and
Practically Faster Error Feedback. In Advances in Neural Information Processing Systems (NeurIPS),
2021. (Cited on pages 4 and 5)

Daniel Rothchild, Ashwinee Panda, Enayat Ullah, Nikita Ivkin, Ion Stoica, Vladimir Braverman, Joseph
Gonzalez, and Raman Arora. FetchSGD: Communication-Efficient Federated Learning with Sketching. In
International Conference on Machine Learning (ICML), 2020. (Cited on page 4)

Felix Sattler, Klaus-Robert Miiller, and Wojciech Samek. Clustered Federated Learning: Model-Agnostic
Distributed Multitask Optimization Under Privacy Constraints. IEEE Transactions on Neural Networks
and Learning Systems (TNNLS), 32(8):3710-3722, 2021. (Cited on page 3)

Ohad Shamir, Nati Srebro, and Tong Zhang. Communication-efficient distributed optimization using an ap-
proximate Newton-type method. In International conference on machine learning, pp. 1000-1008. PMLR,
2014. (Cited on pages 2 and 3)

Andrew Silva, Katherine Metcalf, Nicholas Apostoloff, and Barry-John Theobald. FedEmbed: Personalized
Private Federated Learning. arXiv preprint arXiv:2202.09472, 2022. (Cited on page 1)

Virginia Smith, Chao-Kai Chiang, Maziar Sanjabi, and Ameet S. Talwalkar. Federated Multi-Task Learning.
In Advances in Neural Information Processing Systems (NeurIPS), 2017. (Cited on page 3)

14



Under review as submission to TMLR

Shigiang Wang, Tiffany Tuor, Theodoros Salonidis, Kin K. Leung, Christian Makaya, Ting He, and Kevin
Chan. When edge meets learning: Adaptive control for resource-constrained distributed machine learning.

In IEEE INFOCOM 2018-IEEE conference on computer communications, pp. 63-71. IEEE, 2018. (Cited
on page 2)

Blake Woodworth, Konstantin Mishchenko, and Francis Bach. Two Losses Are Better Than One: Faster
Optimization Using a Cheaper Proxy. In International Conference on Machine Learning (ICML), 2023.
(Cited on pages 2 and 6)

Qiong Wu, Kaiwen He, and Xu Chen. Personalized Federated Learning for Intelligent IoT Applications: A
Cloud-Edge based Framework. IEEE Open Journal of the Computer Society (OJCS), 1:35-44, 2020. (Cited
on page 1)

Chengxu Yang, Qipeng Wang, Mengwei Xu, Zhenpeng Chen, Kaigui Bian, Yunxin Liu, and Xuanzhe Liu.
Characterizing Impacts of Heterogeneity in Federated Learning upon Large-Scale Smartphone Data. In
Proceedings of the Web Conference (WWW), 2021. (Cited on page 1)

Timothy Yang, Galen Andrew, Hubert Eichner, Haicheng Sun, Wei Li, Nicholas Kong, Daniel Ramage, and
Francgoise Beaufays. Applied Federated Learning: Improving Google Keyboard Query Suggestions. arXiv
preprint arXiv:1812.02903, 2018. (Cited on page 1)

Jaehong Yoon, Geon Park, Wonyong Jeong, and Sung Ju Hwang. Bitwidth Heterogeneous Federated Learn-
ing with Progressive Weight Dequantization. In International Conference on Machine Learning (ICML),
2022. (Cited on page 4)

Hao Yu, Rong Jin, and Sen Yang. On the linear speedup analysis of communication efficient momentum
SGD for distributed non-convex optimization. In International Conference on Machine Learning, pp.
7184-7193. PMLR, 2019a. (Cited on page 2)

Hao Yu, Sen Yang, and Shenghuo Zhu. Parallel restarted SGD with faster convergence and less communica-
tion: Demystifying why model averaging works for deep learning. In Proceedings of the AAAI Conference
on Artificial Intelligence, volume 33, pp. 5693-5700, 2019b. (Cited on page 2)

Tao Yu, Eugene Bagdasaryan, and Vitaly Shmatikov. Salvaging Federated Learning by Local Adaptation.
arXi preprint arXiv:2002.04758, 2020. (Cited on page 1)

Haoyu Zhao, Zhize Li, and Peter Richtarik. FedPAGE: A fast local stochastic gradient method for
communication-efficient federated learning. arXiv preprint arXiv:2108.04755, 2021. (Cited on page 5)

15



Under review as submission to TMLR

A Theory
A.1 Proof of Lemma 1

Proof. Let m = my. By differentiability of f and f,,, we have

f(Wri1) = f(wy) = /O (VWi + T(Whkt1 — W), Wiy — Wi )dT

and
Fwi2) = fno) = [ (T s+ (whs = w8), W — W),
Denote, to simplify the expressions, w(r) % wy, + 7(Wii1 — W), then we get
() = F2) = i) = Fnlovi) + | (W) = W (w(), w1 — widr
— o (Wi1) = Fon (W) + (Vi = Vo (W), Wis1 — wi)
«/ TSV = Vi (w()) Vi + ¥ o (wi)s wsr — i

Define the subproblem solved by SABER at iteration k as ¢r (W) = fin (W) + (vip — Vi (Wi), w — wg) +
2—177||w — wg||2. Then, it holds according to Assumption 2.1 that ¢p(Wiy1) < ¢r(W) and

1
fn(Wit1) = fin(Wi) + (Vie = Vi (Wg), Wiy — W) < _%Hwarl —wi |

Let us split the integral into two parts:
1
AT HOH(0) = T howr)) = i+ 9 o), i =
0

- / (VW) = V(W) = VI (WE) + V fon(Wi), Whs1 — Wi)ddr

+ <Vf(Wk) — Vi, Wiyl — Wk>.

The first part can be upper bounded using the data heterogeneity assumption:

1
7O = 3607 = T Fw00) ¥ o) 143 = i
1
< [ 19 00(7) = 9 w0(7)) = V90 + 9 ) w1 = i
1 1
< [ dlw(r) = walliwicn = willdr =3 [ rlwi —wilPdr = 5w -

1 2
—||Wgr1 — wWil|“-
87 [ Wit — wil]
For the second part, we use Young’s inequality
1
(VF(Wk) = Vi, Wiee1 — W) < 20][V f (W) — viel|* + %”W/Hl —wi%.
Thus, combining the bounds on the integral with the initial inequalities, we obtain

1 1
f(Wiir) = f(wg) < *%Hwkﬂ - wi|* + %Hwk—&-l —wi||? + 2n|lvi = Vf(wi)|?

+ \\% — W
S k+1 k

1
N _EHWkJrl = wiel|* + 2 vi, — VF(wi)|*.
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A.2 Proof of Lemma 2

Proof. Denote by j the index sampled to update viy1, i.e., j = mygy1. With probability p, we have vi1 =

V f(wy1) if we synchronize using all clients or vi41 = \sTl| ZmESk V fm(wy) if we sample clients. In the
k

first case, we have

E [[IVf(Wht1) = Vigal?]
=p-0+ (1 =pE[[|[Vf(Wit1) = Vi = VIi(Wi1) + VFi(wi)[?]
= (1 =pE[IVf(Wi) = Vi + VI (Wii1) = VI (Wr) = VIj(Wei1) = VFi(wi)|?]
= (1 =pE [V f(wi) — vil?]
+ (1 =pE 2V f(Wk) = Vi, Vf(Wit1) = V(W) = VI i(Wit1) = Vf(wy))]
+ (1= pE[IVf(Wii1) = VF(Wi) = VIi(Wi1) = VI (wi)|?] -

Since j is sampled after we have produced w1, it is independent of wy 1, and it holds

E[(Vf(Wi) = Vi, Vf(Wii1) = VF(wWi) = Vfj(Wii1) = Vfj(w))] = 0.

Moreover, by second-order data heterogeneity, we have

E[[Vf(Wit1) = V(wi) = Vfi(Wis1) = V(W) [?] < 8B [[wer — wil?] -
Putting the pieces together yields the claim in the first case.

In the second case, it holds

E [V f(Wkt1) — Vk+1||2]
=pE |[|[Vf(Wry1) — Z VimWi)lI?| + Q= p)E[[IVf(Wii1) — i = Vi (We1) + Vf5(wi)]1?]

L mES _

< PE va( k+1 |S | Z me Wk: + (1 — p)HVk: _ Vf(wk)||2 + 52E [||Wk+1 _ Wk||2]
L meSy |
= p|571k|E IV f(Wit1) = V(W) |I?] + (1 = p)|lvie = VF(wWi)|]? + 6°E [[[wii1 — wi|?]

(M 2
o+ (= p)lvie = V(W) [? + 6E [ wirr — wie]?] .

A.3 Proof of Lemma 3

Proof. By definition wygy; is an almost-stationary point of ¢(-) and by Assumption 2.2 we have
E[|Vor(Wri1)||?] < . Writing the definition of ¢y, we get

Vor(Wit1) = Vi (Wii1) + vie = Vi (wi) + %(Wk—f—l — W),

where m = my. From this equation, we obtain

[Whi1 — wi?
= 0P |IVi + Vm(We1) = Vim(Wi) — Vor(wig) |2
=PIV (Wit1) + [vie = VI (We)] + [Vf(We) = VI (Wit1) + Vi (Wig1) = Vi (We)] = Vo (wWes)||.
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By Cauchy-Schwarz inequality, it holds ||a; + a2 + a3 + a4||* < 4(||ar||* + [Ja2||* + |las||® + ||as||?) for any
vectors ay, az, as, as € R%. Rearranging, it also implies [las||? > I|la1 +az+as+a4|® —|jar ||* = ||az||* — [as]?,
which in our case gives

2
E [ wisr = will?] = B [[VF(wir)|P) = 0B [Ivic = VF(wi)|?]

— PR [IVf(Wi) = VI (Wii1) + VIm(Wii1) = V(W) 2] = 0 [Vor(wWei)|?
2) 2
> %E IV f (W) I = [lvi = VF(we)[|? = 0% |wrgr — wi|* — ]

—~

Notice that ||wyy1 — Wg||? appears in both sides, so we can rearrange and divide by 1 + n?§2:

2
E Wit — wi|?] > [QZLHVf(WkH)H2 —n?|lvie = Vf(we)|]* — 7725}

~ 1+9202

1<35 16
> 2 [V S ? = e~ V)| o]

2
2B | DIV )P = Plve = V)| =]

A.4 Proof of Theorem 1

Proof. Recall that we define a Lyapunov function

Ly, f(wi) + cllvi — V(wi)|I?,

where we will choose ¢ > 0 later in the proof. Lemmas 1 and 2 already bound the first and the second terms
in L1 correspondingly, giving us the following recursion:

1
E[Lost] < f(wy) +E [—%nml w2+ 20V F () vknﬂ
+c(1=p)|Vf(wi) — vi||? + ¢5°E [[|[Wis1 — wi|?]

1
— = el w0~ vl + (e = 5V E [ = wal?]

+ (20 + (1 =)V f(wi) — vl

1
- (052 - 2”) E [[[wis1 — wal?] + (20 — ep) |V F(wi) — vill®

Let us set ¢ = ‘%’7 to make the last term negative. Then, we obtain

37](52 1 2 2
E[Lpi1] < Li+ o 2 E [[Wii1 — will*] = 0l Vf(wi) — vl

2n
n<%§7

1
< Ly-— %E [Wet1 — will’] = nllvi — Vf(wi)|?

< = LR[S twie) 7] + Divic— Vw2~ nllve — V(w2 + e

< Lp-— E]E [||Vf(w1g+1)|\ } + Zs.

Recurring this to Lo = f(wo) + ¢l|[vo — V.f(wo)||? = f(wo), we get

Ly 20 20 g
EZE[”vf(Wk)Hﬂ < W<£O_E[£K]+KZ€) < (f(n[{)f) Be,
k=1
where we used the fact that L = f(wg) + c|vik — VF(Wg)||? > f(wr) > f.. -
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A.5 Proof of Theorem 3

Proof. We proceed with the same steps as in the proof of Theorem 1 except that we take into account the
extra term that appeared in the proof of Lemma 2:

E [V f(Wii1) = Vieril?] < prey + 1= p)llvie = VA(wi)l|* + 6°E [[werr — wil?]-

o2
|Sk|
Using the same Lyapunov function as before, we obtain by plugging-in the result above

o2

1
BlCun] < Lot (002 = 5 ) B (Wi = wil?) + (20 = 91 w) il + o

Setting ¢ = %’7 and substituting the other bounds, we derive

o2

E[Ly41] < Lk — *E IV £ (wrr)I17] + *6 + 377|S §

Using the theorem assumption that |Si| = C for all k and rearranging, we further obtain

K

20(f(wo) — f+) .
Z [V f(wi)]?] < Tk et 0
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