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Abstract

Reinforcement learning (RL) under changing environment models many real-world
applications via nonstationary Markov Decision Processes (MDPs), and hence
gains considerable interest. However, theoretical studies on nonstationary MDPs in
the literature have mainly focused on tabular and linear (mixture) MDPs, which
do not capture the nature of unknown representation in deep RL. In this paper,
we make the first effort to investigate nonstationary RL under episodic low-rank
MDPs, where both transition kernels and rewards may vary over time, and the
low-rank model contains unknown representation in addition to the linear state
embedding function. We first propose a parameter-dependent policy optimization
algorithm called PORTAL, and further improve PORTAL to its parameter-free
version of Ada-PORTAL, which is able to tune its hyper-parameters adaptively
without any prior knowledge of nonstationarity. For both algorithms, we provide
upper bounds on the average dynamic suboptimality gap, which show that as long
as the nonstationarity is not significantly large, PORTAL and Ada-PORTAL are
sample-efficient and can achieve arbitrarily small average dynamic suboptimality
gap with polynomial sample complexity.

1 Introduction

Reinforcement learning (RL) has gained significant success in real-world applications such as board
games of Go and chess (Silver et al.,|2016,2017},2018)), robotics (Levine et al.,[2016;|Gu et al.| 2017),
recommendation systems (Zhao et al.l[2021)) and autonomous driving (Bojarski et al.,[2016; Ma et al.}
2021). Most theoretical studies on RL have been focused on a stationary environment and evaluated
the performance of an algorithm by comparing against only one best fixed policy (i.e., static regret).
However, in practice, the environment is typically time-varying and nonstationary. As a result, the
transition dynamics, rewards and consequently the optimal policy change over time.

There has been a line of research studies that investigated nonstationary RL. Specifically, Gajane
et al.|(2018));/Cheung et al.| (2020); Mao et al.| (2021) studied nonstationary tabular MDPs. To further
overcome the curse of dimensionality, [Fei et al.|(2020); [Zhou et al.|(2020) proposed algorithms for
nonstationary linear (mixture) MDPs and established upper bounds on the dynamic regret.

In this paper, we significantly advance this line of research by investigating nonstationary RL
under low-rank MDPs (Agarwal et al., |2020b), where the transition kernel of each MDP admits
a decomposition into a representation function and a state-embedding function that map to low
dimensional spaces. Compared with linear MDPs where the representation is known, the low-
rank MDP model contains unknown representation, and is hence much more powerful to capture
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representation learning that occurs often in deep RL. Although there have been several recent studies
on static low-rank MDPs (Agarwal et al.,|2020b; |Uehara et al.,2022; Modi et al., 2021)), nonstationary
low-rank MDPs remain unexlored, and are the focus of this paper.

To investigate nonstationary low-rank MDPs, several challenges arise. (a) All previous studies of
nonstationary MDPs took on-policy exploration, such a strategy will have difficulty in providing
sufficiently accurate model (as well as representation) learning for nonstationary low-rank MDPs. (b)
Under low-rank MDPs, since both representation and state-embedding function change over time, it
is more challenging to use history data collected under previous transition kernels for current use.

The main contribution of this paper lies in addressing above challenges and designing a provably
efficient algorithm for nonstationary low-rank MDPs. We summarize our contributions as follows.

e We propose a novel policy optimization algorithm with representation learning called PORTAL
for nonstationary low-rank MDPs. PORTAL features new components, including off-policy
exploration, data-transfer model learning, and target policy update with periodic restart.

e We theoretically characterize the average dynamic suboptimality gap (Gapay.) of PORTAL,
where Gap ye serves as a new metric that captures the performance of target policies with respect
to the best policies at each instance in the nonstationary MDPs under off-policy exploration.
We further show that with prior knowledge on the degree of nonstationarity, PORTAL can
select hyper-parameters that minimize Gapave. If the nonstationarity is not significantly large,
PORTAL enjoys a diminishing Gapave with respect to the number of iterations K, indicating
that PORTAL can achieve arbitrarily small Gapave with polynomial sample complexity.

Our analysis features a few new developments. (a) We provide a new MLE guarantee under
nonstationary transition kernels that captures errors of using history data collected under different
transition kernels for benefiting current model estimation. (b) We establish trajectory-wise
uncertainty bound for estimation errors via a square-root {,-norm of variation budgets. (c) We
develop an error tracking technique via auxiliary anchor representation for convergence analysis.

o Finally, we improve PORTAL to a parameter-free algorithm called Ada-PORTAL, which does
not require prior knowledge on nonstationarity and is able to tune the hyper-parameters adaptively.
We further characterize Gap e of Ada-PORTAL as O(K 6 (A + 1)%), where A captures the
variation of the environment. Notably, based on PORTAL, we can also use the black-box method
called MASTER in|Wei & Luo (2021)) to turn PORTAL into a parameter-free algorithm (called
MASTER+PORTAL) with Gapaye of O(K “5A3 ). Clearly, Ada-PORTAL performs better
than MASTER+PORTAL when nonstationarity is not significantly small, i.e. A > O(l).

To our best knowledge, this is the first study of nonstationary RL under low-rank MDPs.

2 Related Works

Various works have studied nonstationary RL under tabular and linear MDPs, most of which can be
divided into two lines: policy optimization methods and value-based methods.

Nonstationary RL: Policy Optimization Methods. As a vast body of existing literature (Cai et al.,
2020; [Shani et al., [2020; |Agarwal et al.l 2020a; | Xu et al., |2021)) has proposed policy optimization
methods attaining computational efficiency and sample efficiency simultaneously in stationary RL
under various scenarios, only several papers investigated policy optimization algorithm in nonsta-
tionary environment. Assuming time-varying rewards and time-invariant transition kernels, |[Fei et al.
(2020) studied nonstationary RL under tabular MDPs. |Zhong et al.|(2021)) assumed both transition
kernels and rewards change over episodes and studied nonstationary linear mixture MDPs. These
policy optimization methods all assumed prior knowledge on nonstationarity.

Nonstationary RL: Value-based Methods. Assuming that both transition kernels and rewards are
time-varying, several works have studied nonstationary RL under tabular and linear MDPs, most of
which adopted Upper Confidence Bound (UCB) based algrithms. |Cheung et al.| (2020) investigated
tabular MDPs with infinite-horizon and proposed algorithms with both known variation budgets
and unknown variation budgets. In addition, this work also proposed a Bandit-over-Reinforcement
Learning (BORL) technique to deal with unknown variation budgets. Mao et al. (2021) proposed
a model-free algorithm with sublinear dynamic regret bound. They then proved a lower bound for
nonstationary tabular MDPs and showed that their regret bound is near min-max optimal. [Touati



& Vincent (2020); Zhou et al.| (2020) considered nonstationary RL in linear MDPs and proposed
algorithms achieving sublinear regret bounds with unknown variation budgets.

Besides these two lines of researches, [Wei & Luo|(2021)) proposed a black-box method that turns
a RL algorithm with optimal regret in a (near-)stationary environment into another algorithm that
can work in a nonstationary environment with sublinear dynamic regret without prior knowledge on
nonstationarity. In this paper, we show that our algorithm Ada-PORTAL outperforms such a type of
black-box method (taking PORTAL as subroutine) if nonstationarity is not significantly small.

Stationary RL under Low-rank MDPs. Low-rank MDPs were first studied by |Agarwal et al.
(2020b) in a reward-free regime, and then |[Uehara et al.|(2022) studied low-rank MDPs for both online
and offline RL with known rewards. |Cheng et al.| (2023) studied reward-free RL under low-rank
MDPs and improved the sample complexity of previous works. Modi et al.|(2021) proposed a
model-free algorithm MOFFLE under low-nonnegative-rank MDPs. |Cheng et al.[(2022); Agarwal
et al.| (2022)) studied multitask representation learning under low-rank MDPs, and further showed the
benefit of representation learning to downstream RL tasks.

3 Formulation

Notations: We use [K] to denote set {1,..., K} for any K € N, use ||z|, to denote the ¢, norm
of vector z, use A(A) to denote the probability simplex over set .4, use U(.A) to denote uniform
sampling over A, given |A| < oo, and use A(S) to denote the set of all possible density distributions

over set S. Furthermore, for any symmetric positive definite matrix X, we let ||z||y, := V2 T Zx. For
distributions p; and py, we use Dg 1 (p1(+)||p2(+)) to denote the KL divergence between p; and ps.

3.1 Episodic MDPs and Low-rank Approximation

An episodic MDP is denoted by a tuple M := (S, A, H, P = {P,}}__ r:={rp}}_,), where
S is a possibly infinite state space, A is a finite action space with cardinality A, H is the time
horizon of each episode, Pp(-|-,-) : S x A — A(S) denotes the transition kernel at each step
h, and r(-,-) : S x A — [0,1] denotes the deterministic reward function at each step h. We
further normalize the reward as Z{Ll rn < 1. Apolicy m = {7 }e(m) is a set of mappings where
7p : S — A(A). For any (s,a) € S x A, m,(als) denotes the probability of selecting action a at
state s at step h. For any (s,a) € S x A, let (sp,ar) ~ (P, 7) denote that the state sy, is sampled by
executing policy 7 to step h under transition kernel P and then action ay, is sampled by 7, (+|sp).

Given any state s € &, the value function for a policy 7 at step h under an MDP
M is defined as the expected value of the accumulative rewards as: Vp (s) =
Zi{:h E(s,/ ap)~(P.w) [Th (Shr, ans)|sp, = s]. Similarly, given any state-action pair (s, a) € S x A,
the action-value function (@Q-function) for a policy 7 at step h under an MDP M is defined
as Qf p,(s,a) = rn(s,a) + Zg:hﬂ Es,,.ap)~(P.m) [T/ (Shry ans)|sh = s,an = a]. Denote
(Pnf)(s,a) = Egp,(|s,a) [f(s")] for any function f : & — R. Then we can write the action-
value function as Q7 p,.(s,a) = rn(s,a) + (PAV)", p,)(s,a). Forany k € [K], without loss
of generality, we assume the initial state s; to be fixed and identical, and we use V}:  to denote
V"p(s1) for simplicity.

This paper focuses on low-rank MDPs (Jiang et al.l 2017 |Agarwal et al.,[2020b)) defined as follows.
Definition 3.1 (Low-rank MDPs). A transition kernel Py : S x A — A(S) admits a low-rank

decomposition with dimension d € N if there exist a representation function ¢} : S x A — R and
a state-embedding function p} : & — R? such that

Py (s']s,a) = (¢} (s,a), pj,(s')), Vs, 8" € S,a € A

Without loss of generality, we assume ||} (s, a)||, < 1 forall (s,a) € S x A and for any function

g: S (0,10, || [ uh(s)g(s)ds||, < V/d. An MDP is a low-rank MDP with dimension d if for
any h € [H], its transition kernel P;; admits a low-rank decomposition with dimension d. Let
®* = {9} tnem) and p* = {1y }re(m) be the true representation and state-embedding functions.




3.2 Nonstationary Transition Kernels with Adversarial Rewards

In this paper, we consider an episodic RL setting under changing environment, where both transition
kernels and rewards vary over time and possibly in an adversarial fashion.

Specifically, suppose the RL system goes by rounds, where each round have a fixed number
of episodes, and the transition kernel and the reward remain the same in each round, and can
change adversarially across rounds. For each round, say round k, we denote the MDP as

MF = (S, A H,P¥ .= {PP*YL rk o= {rF} ), where P*F and r* denote the true tran-
sition kernel and the reward of round k. Further, P** takes the low-rank decomposition as
Pk = (¢*F 1**). Both the representation function ¢** and the state embedding function y*-*
can change across rounds. Given the reward function 7, there always exists an optimal policy 7**
that yields the optimal value function Vlf: : ok = SUPg Vp.. ks abbreviated as Vgh & Clearly,
the optimal policy also changes across rounds.

vrk :

We assume the agent interacts with the nonstationary environment (i.e., the time-varying MDPs) over
K rounds in total without the knowledge of transition kernels {P’“*}é{:l. At the beginning of each
round k, the environment changes to a possibly adversarial transition kernel unknown to the agent,
picks a reward function r*, which is revealed to the agent only at the end of round k, and outputs a
fixed initial state s; for the agent to start the exploration of the environment for each episode. The
agent is allowed to interact with MDPs via a few episodes with one or multiple exploration policies
at her choice to take samples from the environment and then should output an target policy to be
executed during the next round. Note that in our setting, the agent needs to decide exploration and
target policies only based on the information in previous rounds, and hence exploration samples and
the reward information of the current round help only towards future rounds.

3.3 Learning Goal and Evaluation Metric

In our setting, the agent seeks to find the optimal policy at each round k (with only the information
of previous rounds), where both transition kernels and rewards can change over rounds. Hence we
define the following notion of average dynamic suboptimality gap to measure the convergence of the
target policy series to the optimal policy series.

Definition 3.2 (Average Dynamic Suboptimality Gap). For K rounds, and any policy set {w’“}ke[ K]
the average dynamic suboptimality gap (Gapay.) of the value functions over K rounds is given

as Gapave(K) = % Zszl[V;*,k e Vgik ). For any €, we say an algorithm is e-average
suboptimal, if it outputs a policy set {7} ¢(x] satisfying Gapave(K) < €.

Gapave compares the agent’s target policy to the optimal policy of each individual round in hindsight,
which captures the dynamic nature of the environment. This is in stark contrast to the stationary
setting where the comparison policy is a single fixed best policy over all rounds. This notion is similar
to dynamic regret used for nonstationary RL (Fei et al.; 2020; |Gajane et al.| 2018)), where the only
difference is that Gapave evaluates the performance of target policies rather than the exploration
policies. Hence, given any target accuracy € > 0, the agent is further interested in the statistical
efficiency of the algorithm, i.e., using as few trajectories as possible to achieve e-average suboptimal.

4 Policy Optimization Algorithm and Theoretical Guarantee

4.1 Base Algorithm: PORTAL

We propose a novel algorithm called PORTAL (Algorithm [T), which features three main steps. Below
we first summarize our main design ideas and then explain reasons behind these ideas as we further
elaborate main steps of PORTAL.

Summary of New Design Ideas: PORTAL features the following main design ideas beyond previous
studies on nonstationary RL under tabular and linear MDPs. (a) PORTAL features a specially
designed off-policy exploration which turns out to be beneficial for nonstationary low-rank /MDP
models rather than the typical on-policy exploration taken by previous studies of nonstationary
tabular and linear MDP models. (b) PORTAL transfers history data collected under various different
transition kernels for benefiting the estimation of the current model. (c) PORTAL updates target



policies with periodic restart. As a comparison, previous work using periodic restart (Fei et al.| 2020)
chooses the restart period 7 based on a certain smooth visitation assumption. Here, we remove such
an assumption and hence our choice of 7 is applicable to more general model classes.

Step 1. Off-Policy Exploration for Data Collection: We take off-policy exploration, which
is beneficial for nonstationary low-rank MDPs than simply using the target policy for on-policy
exploration taken by the previous studies on nonstationary tabular or linear (mixture) MDPs (Zhong
et al.} 2021} [Fei et al., |2020; Zhou et al., 2020). To further explain, we first note that under tabular or
linear (mixture) MDPs studied in the previous work, a bonus term is introduced to the actual reward
to serve as a point-wise uncertainty level of the estimation error for each state-action pair at any

step h, so that for any step h, Qf is a good optimistic estimation for QZ’ pk - Hence it suffices to

collect samples using the target policy. However, in low-rank MDPs, the bonus term IBE cannot serve

as a point-wise uncertainty measure. For step h > 2, Q’g is not a good optimistic estimation for the
true value function if the agent only uses target policy to collect data (i.e., for on-policy exploration).
Hence, more samples and a novel off-policy exploration are required for a good estimation under
low-rank MDPs. Specifically, as line 5 in Algorithm[T] at the beginning of each round k, for each step
h € [H], the agent explores the environment by executing the exploration policy 7%~ to state 521'1
and then taking two uniformly chosen actionsﬂ where 7571 is determined in Step 2 of the previous
round.

Algorithm 1 PORTAL (Policy Optimization with RepresenTAtion Learning under nonstationary
MDPs)
1: Input: Rounds K, hyper-parameters 7, W, regularizer A\ w, coefficient &y, w, stepsize 1 and
models {¥, P}.
2: Initialization: 7 (+|s) to be uniform; 75,(:)’0) = 0.
3: forepisode k =1,..., K do

4. forsteph=1,...,H do
Z: léog intc()i égf_’};) using 7% 1, uniformly choose &gf_’q), d}f"h), and enter into §§Lk’h)7 52]1}{)
: pdate datasets
, , N

Ak,h, W) [ =(ih) ~(6h) £(i,h)

Doy = {Sh—l 1 @h—15p }izl\/k7W+17

. _ . SNk

PlkhW) _ {g(z,h) (h) g(z,h)} .

h he 27RO TR kW

7:  end for
8:  Receive full information rewards r* = {r}},c(m).
9:  Estimate transition kernel and update the exploration policy 7* for the next round via:

~ (k,h,W = (k,h,W
EU (kD™ (DY)
10. forsteph=1,...,H do

k

11: Update Qf = S

12:  end for o

13: ifk mod 7 =1 then

14: Set {QF }re[m) as zero functions and {m}'} ,[x) as uniform distributions on A.
15:  endif

16: forsteph=1,...,H do

17: Update the target policy as in Equation (2).

18:  end for

19: end for

20: Output: {7*}K .

Step 2. Data-Transfer Model Learning and E>U: In this step, we transfer history data collected
under previous different transition kernels for benefiting the estimation of the current model. This is
theoretically grounded by our result that the model estimation error can be decomposed into variation

!The subscript h — 1 in 5';_}”1 indicates that the data is collected at time step h of each trajectory, and the
superscript (k, k) indicates in which loop the data is collected (as in line 3 and 4 of Algorithm



budgets plus a diminishing term as the estimation sample size increases, which justifies that the
usage of data generated by mismatched distributions within a certain window is beneficial for model
learning as long as variation budgets is mild. Then, the estimated model will further facilitate the
selection of future exploration policies accurately.

Specifically, the agent selects desirable samples only from the latest W rounds following a forgetting
rule (Garivier & Moulines, [2011). Since nonstationary low-rank MDPs (compared to tabular and
linear MDPs) also have additional variations on representations over time, the choice of W needs to
incorporate such additional information. Then the agent passes these selected samples to a subroutine
E2U (see Algorithm, in which the agent estimates the transition kernels via the maximum likelihood
estimation (MLE). Next, the agent updates the empirical covariance matrix U*W and exploration-

driven bonus b* as in lines 4 and 5 in Algorithm |2l We then define a truncated value function
iteratively using the estimated transition kernel and the exploration-driven reward as follows:

Q; I (sh,ah) = min{l,gﬁ(sh,ah) + PthH’pk’g,v(sh,ah)} s

i )

VT o (50) = En |QF o 0 (onsan)| (1)

)

Although the bonus term Bﬁ cannot serve as a point-wise uncertainty measure, the truncated value

function V7, .. as the cumulative version of b can serve as a trajectory-wise uncertainty measure,

which can be used to determine future exploration policies. Intuitively, for any policy 7, the model
estimation error satisfies B o) (prt o [|PF(:|s,a) — P**(|s,a)|rv] < ng’l;k + A, where the
error term A captures the variation of both transition kernels and representations over time. As a

result, by selecting the policy that maximizes ngk as the exploration policy as in line 7, the agent

will explore the trajectories whose states and actions have not been estimated sufficiently well so far.

Algorithm 2 E2U (Model Estimation and Exploration Policy Update)

1: Input: round index k, regularizer A, y and coefficient &y, datasets {D,(Lk_'{) },{D;Lk’h)} and
models {¥, P}.

2: forsteph=1,...,H do

3:  Learn the representation via MLE for step h:

By = (¢}, fuy) = arg pax o [log(@(sn, an), psn))]

4:  Compute the empirical covariance matrix as

U = 3" (snian)dh(snan) " + Aewl

PHlht1)

h . ~
Define exploration-driven bonus b5 (-, -) = min{ay, w||¢% (-, )]
end for . .
: Find exploration policy 7% = arg max, Vi je» Where VT, is defined as in Equation l)
: Output: Model P* and exploration policy {7*}.

(U}x:,w)_l, 1}.

Step 3: Target Policy Update with Periodic Restart: The agent evaluates the target policy by
computing the value function under the target policy and the estimated transition kernel. Then, due
to the nonstationarity, the target policy is reset every 7 rounds. Compared with the previous work
using periodic restart (Fei et al.l [2020), whose choice of 7 is based on a certain smooth visitation
assumption, we remove such an assumption and hence our choice of 7 is applicable to more general
model classes. Finally, the agent uses the estimated value function for target policy update for the
next round £ + 1 via online mirror descend. The update step is inspired by the previous works (Cai
et al., |2020; |Schulman et al.,2017). Specifically, for any given policy 70 and MDP M, define the
following function w.r.t. policy 7 :

H
0 0
L) = VEy + Y Egyipine) [(QRp s mallsn) =m0 (Jsn))] -
h=1



LM (1) can be regarded as a local linear approximation of VE, at “point” 7% (Schulman et al.,
2017). Consider the following optimization problem: '

k _k 1 )
it = arngXLM () - 7 Z By, (b mv) [DKL(Wh('|5h)\|7T;]1('|Sh))] .
he[H]

This can be regarded as a mirror descent step with KL divergence, where the KL divergence regu-

larizes 7 to be close to 7. It further admits a closed-form solution: 7+ (:|-) oc 7} (:|) - exp{n -

QZR"P*,,C‘T,c (+,-)}. We use the estimated version Q’,ﬁ to approximate QZkP*,k .. and get
T ) o (1) - exp{n - @4( )} 2)
4.2 Technical Assumptions

Our analysis adopts the following standard assumptions on low-rank MDPs.

Assumption 4.1. (Realizability). A learning agent can access to a model class {(®, ¥)} that contains
the true model, namely, for any € [H], k € [K], o}* € ®, 3" € ©.

While we assume cardinality of the model class to be finite for simplicity, extensions to infinite
classes with bounded statistical complexity are not difficult (Sun et al.,[2019)).

Assumption 4.2 (Bounded Density). Any model induced by ¢ and ¥ has bounded density, i.e. VP =
(¢, 1), € @, u € U, there exists a constant B > 0 such that max(s 4 s)esx.axs P(s']s,a) < B.

Assumption 4.3 (Reachability). For each round & and step h, the true transition kernel Pj, * satisfies
that for any (s, a,s’) € S x A x S, P;’k(s’|s7a) > Dmin-

Variation Budgets: We next introduce several measures of nonstationar-
ity of the environment: AP = Zszl Zle maX(S’a)engHPg’k+1(~|s,a)

k K H 41 k 1/2
PR, a) v, AYT = S5 YL max (e mesca [PF T (s, a) = Prt(ls, a)ll.A? =

K H 1 K K H K
S het Ly MaX(s ayesx A |65 (5,0) =65 (s, a) 2,47 = 3o, Ymy maxses [y " (-|s) —
w;’kfl(-|s)||TV. These notions are known as variation budgets or path lengths in the literature

of online convex optimization (Besbes et al., |2015; |Hazan, 2016; Hall & Willett, 2015) and
nonstationary RL (Fei et al.} 2020; Zhong et al.,|2021} Zhou et al., [2020). The regret of nonstationary
RL naturally depends on these notions that capture the variations of MDP models over time.

4.3 Theoretical Guarantee

To present our theoretical result for PORTAL, we first discuss technical challenges in our analysis and
the novel tools that we develop. Generally, large nonstationarity of environment can cause significant
errors to MLE, empirical covariance and exploration-driven bonus design for low-rank models. Thus,
different from static low-rank MDPs (Agarwal et al., 2020b; [Uehara et al.,|[2022), we devise several
new techniques in our analysis to capture the errors caused by nonstationarity which we summarize
below.

1. Characterizing nonstationary MLE guarantee. We provide a theoretical ground to support our
design of leveraging history data collected under various different transition kernels in previous
rounds for benefiting the estimation of the current model, which is somewhat surprising. Specifi-
cally, we establish an MLE guarantee of the model estimation error, which features a separation
of variation budgets from a diminishing term as the estimation sample size W increases. Such a
result justifies the usage of data generated by mismatched distributions within a certain window
as long as the variation budgets is mild. Such a separation cannot be shown directly. Instead,
we bridge the bound of model estimation error and the expected value of the ratio of transition
kernels via Hellinger distance, and the latter can be decomposed into the variation budgets and a
diminishing term as the estimation sample size increases.

2. Establishing trajectory-wise uncertainty for estimation error ng e

combination of our nonstationary MLE guarantee with previous techniques on low-rank MDPs

would yield a coefficient ¢, that depends on local variation budgets. Instead, we convert the

To this end, straightforward



{~o-norm variation budgets A¥" to square-root £,,-norm variation budget AVP 1In this way, the
coefficient no longer depends on the local variation budgets, and the estimation error can be

upper bounded by f/g e plus an error term only depending on the square-root ¢.,-norm variation

budgets.

3. Error tracking via auxiliary anchor representation. In proving the convergence of average of

v standard elliptical potential based analysis cannot work, because the representation

i
Pk bk’

¢** in the elliptical potential ||¢*’k(s, a) H (rW)-1 changes across rounds, where U,]f};v is the
h,¢ ’

)

population version of ﬁff W To deal with this challenge, in our analysis, we divide the total K
rounds into blocks with equal length of W rounds. Then for each block, we set an auxiliary anchor
representation. We keep track of the elliptical potential functions using the anchor representation
within each block, and control the errors by using anchor representation via variation budgets.

The following theorem characterizes theoretical performance for PORTAL.
Theorem 4.4. {M*}E_ is set of low-rank MDPs with dimension d. Under Assumptions4.1|to

set apw = O (VA + d2) and A,y = O(d). Let {m*}_| be the output of PORTAL in Algorithm
Forany ¢ € (0,1), with probability at least 1 — 8, Gapave(K) of PORTAL is at most

O \/ESEA (A -+ d2) + \ /1584 (A4 2y W2A0 4 \JERRANP 4 I 4 Hr(AP 4 A7) ).

(I) (I1)

3)

We explain the upper bound in Theorem [4.4] as follows. The basic bound as Equation (3) in
Theorem contains two parts: the first part (I) captures the estimation error for evaluating

the target policy under the true environment via the estimated value function Q* as in line 16 of
Algorithm Hence, part (1) decreases with K and increases with the nonstationarity of transition
kernels and representation functions. Also, part (I) is greatly affected by the window size W, which
is determined by the dataset used to estimate the transition kernels. Typically, W is tuned carefully
based on the variation of environment. If the environment changes significantly, then the samples
far in the past are obsolete and become not very informative for estimating transition kernels. The
second part (1) captures the approximation error arising in finding the optimal policy via the policy
optimization method as in line 8 of Algorithm[I] Due to the nonstationarity of the environment, the
optimal policy keeps changing across rounds, and hence the nonstationarity of optimal policy A™
affects the approximation error. Similarly to the window size W in part (1), the policy restart period
7 can also be tuned carefully based on the variation of environment and the optimal policies.

Corollary 4.5. Under the same conditions of Theorem if the variation budgets are known,
then we can select the hyper-parameters correspondingly to achieve optimality. Specially, if the
nonstationarity of the environment is moderate, we have

Gapave(K) < O(H#di A% (A+d?)? K-5(AVP + A?)E 4 2HK 4 (AP + A7)}).

I]f the environment is near stationary, then the best W and T are K. The Gapave reduces to
O(\/H*d2A(A + d?)/K), which matches results of stationary environment (Uehara et al., [2022).

Detailed discussions and proofs of Theorem .4 and Corollary {f.5] are provided in Appendices [A]
and [B] respectively.

5 Parameter-free Algorithm: Ada-PORTAL

As shown in Theorem [4.4] hyper-parameters W and 7 greatly affect the performance of Algorithm T}
With prior knowledge of variation budgets, the agent is able to optimize the performance as in
Corollary [4.5] However, in practice, variation budgets are unknown to the agent. To deal with this
issue, in this section, we present a parameter-free algorithm called Ada-PORTAL in Algorithm [3|
which is able to tune hyper-parameters without knowing the variation budgets beforehand.

Algorithm [3]is inspired by the BORL method (Cheung et al.,2020). The idea is to use Algorithm ]
as a subroutine and treat the selection of the hyper-parameters such as W and 7 as a bandit problem.



Algorithm 3 Ada-PORTAL (Adaptive Policy Optimization RepresenTAtion Learning)
1: Imput: Confidence level d, number of episodes K, block length M, feasible set of window size
Jw and policy restart period 7.
2: Initialization: Initialize o, 5, and {q;,1 }, c(s] @ in Equation H
3: forblocki=1,...,[K/M] do
4:  Update the windows size selection distribution {u(k,l)’i}(k,l)e 7 as in Equation .
5. Sample (k;,[;) € J from the updated distribution {u )i } (k,1e 7> then set W; = | MFil Tn |

and 7; = LMl /-

6:  for episode k = (z —1)M+1,...,min{iM, K} do

7: Run PORTAL with W; and T

8: end for

9:  Compute the total reward for block i as Ri(Wi7T7;) Zflrg“i[)ﬁi_l VE, where V¥ is

empirical value functions of target policy 7%, and update the estimated total reward of running
different epoch sizes {q kD), Z+1} kl)eT accordmg to Equation @

10: end for

11: Output: {7} 5 .

Specifically, Ada-PORTAL divides the entire K rounds into [ K /M| blocks with equal length of
M rounds. Then two sets Jy and 7 are specified (see later part of this section), from which the
window size W and the restart period 7 for each block are drawn.

For each block i € [ Mﬂ Ada-PORTAL treats each element of Jy x 7 as an arm and take it as
a bandit problem to select the best arm for each block. In lines 4 and 5 of AlgorlthmE], a master
algorithm is run to update parameters and select the desired arm, i.e., the window size W; and the
restart period 7;. Here we choose EXP3-P (Bubeck & Cesa-Bianchil 2012) as the master algorithm
and discuss the details later. Then Algorithm [1|is called with input W, and 7; as a subroutine for
the current block ¢. At the end of each block, the total reward of the current block is computed by
summing up all the empirical value functions of the target policy of each episode within the block,
which is then used to update the parameters for the next block.

We next set the feasible sets and block length of Algorithm|[I] Since optimal W and 7 in PORTAL
are chosen differently from previous works (Zhou et al., 2020; |Cheung et al.,2019; [Touati & Vincent,
2020) on nonstationary MDPs due to the low-rank structure, the feasible set here that covers the
optimal choices of W and 7 should also be set differently from those previous works using BORL.

My = diH3K3, M, = K3, M = dsH3K3. Jy = |log(Mw)|, Jwv =
1 1
(MY, | M¥ |,..., Mw}, Jy = |log(M,)], Tr = {MO, | M7 |,...., M}, J = Jw - J,.

Then the parameters of EXP3-P are intialized as follows:

In J In J JInJ
m MW = 1-05\/%7 g1 =0, (k1) €T, (4)

where J = {(k,1): k € {O, 1,...,Jw},1€{0,1,...,J.}}. The parameter updating rule is as
follows. For any (k l) e J,ie[K/M],

exp(aq(k,iy,i) b
U i=(1- A v
k1),i = ( )Z(kl crexplaqun,:)  J

where w1 ; is a probability over 7. From wy ;) ;, the agent samples a desired pair (k;, [;) for each
block ¢, which corresponds to the index of feasible set Jy x J- and is used to set W; and ;.

As alast step, R;(W;, 7;) is rescaled to update q(j;y,i+1-

B+ Lk0y=(ks 1) R (Wi, 3) /M
A(k,0),i41 = d(k,1)i + Ll : (6)
U(k,l),i

We next establish a bound on Gap .. for Ada-PORTAL.




Theorem 5.1. Under the same conditions of Theorem .4} with probability at least 1 — §, the average
dynamic suboptimality gap of Ada-PORTAL in Algorithm 3| is upper-bounded as Gapaye(K) <

OHSATAS(A+d®)E K5 (AVP + A% +1)5 + 2HK 3 (AP + AT 4+1)3).

Comparison with|Wei & Luo (2021): It is interesting to compare Ada-PORTAL with an alternative
black-box type of approach to see its advantage. A black-box technique called MASTER was
proposed in [Wei & Luol| (2021), which can also work with any base algorithm such as PORTAL
to handle unknown variation budgets. Such a combined approach of MASTER+PORTAL turns
out to have a worse Gapaye than our Ada-PORTAL in Algorithm To see this, denote A =

A? + AVP 4 A™. The Gapaye of MASTER+PORTAL is O(K ~6 A#). Then if variation budgets
are not too small, i.e. A > O(1), this Gapay. is worse than Ada-PORTAL. See detailed discussion

in Appendix

6 Conclusion

In the paper, we investigate nonstationary RL under low-rank MDPs. We first propose a notion of
average dynamic suboptimality gap Gapay. to evaluate the performance of a series of policies in
a nonstationary environment. Then we propose a sample-efficient policy optimization algorithm
PORTAL and its parameter-free version Ada-PORTAL. We further provide upper bounds on Gapave
for both algorithms. As future work, it is interesting to investigate the impact of various constraints
such as safety requirements in nonstationary RL under function approximations.
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Supplementary Materials

A Proof of Theorem 4.4

We summarize frequently used notations in the following list.

21og(2|P||¥|kH /S
Cow g(2|2||V|kH/J)

Mew  O(dlog(|®| min{k, W)TH/3))

g, w V2WAGw + Awd = O(y/4Alog (2| @[ Y[k H/8) + A, wd)
Ok, w 5\ 2W AGew + M\ewd

Br,w VIIACW AG,w + Ak,wd) + Ae,wd

0 /LI?égA
A;-DLJ DoheH 2uiet MAX(s,a)eSx A P;’Z+1('|5’ a) — P;’Z(~|s, a)HTV

AYL

Zhe?—t Eiel maX(s a)eSx.A

P (s,0) — PpiCls,a)|,

i+l )2
A%,I Zhe?—[ ZieI maX(s,a)ESXA ;;hL (57 CL) - ¢Z 2(57 CL) ‘2
i+l )i
Nz Chen iermaxaessa | (s,0) = 1775, a)|
)i i—1
Az Lhew Tiermaxses ||m Cls) = mp '~ (ls)|

fi(s,a) |1PF(ls,a) = Prt(ls,a) oy

U;Z% vk B, m(Pes w).anntt(A) [6(5hy an) (@ (s, an)) ] + Aew Lo
Uk

Z@(hk,Hm On(sn,an)on(snyan)’ + Aew L
W;]fr/ Ef:_ka:fw B(sp,an)~(Pri 7t [¢(3ha an)(9(sh, Gh))T] + Ae,wla

bﬁ min § o w Hqg)z(Sh,ah)H kW 1
(Uh:(,;k)il
i mindauw [ébnan] o, 1]

Proof Sketch of Theorem The proof contains the following three main steps.

Step 1 (Appendix[A.T): We first decompose the average dynamic suboptimal gap into three terms as
in Lemma|A. 1} which can be divided into two parts: one part corresponds to the model estimation
error and the other part corresponds to the performance difference between the target policy chosen
by the agent and optimal policy. We then bound the two parts separately.

Step 2 (Appendix[A.2): For the first part corresponding to model estimation error, first by Lem-
mas [A.T3] and [A.T5] we show that the model estimation error can be bounded by the average of

the truncated value functions of the bonus terms i.e. + ZkK:l V;;k ;. Plus a term w.r.t. variation
budgets. We then upper bound the average of Vlg‘ e
total K rounds into blocks with equal length of W and adopt an auxiliary anchor representation for
each block to deal with the challenge arising from time-varying representations when using standard
elliptical potential based methods.

as in Lemma To this end, we divide the

Step 3 (Appendix[A.3): For the second part corresponding to the performance difference bound,
similarly to dealing with changing representations, since the optimal policy changes over time, we
adopt an auxiliary anchor policy and decompose the performance difference bound into two terms as
in Equation (TI0) and bound the two terms separately. O

We further note that the above analysis techniques can also be applied to RL problems where model
mis-specification exists, i.e. p** ¢ &, u*F ¢ W,

Organization of the Proof for Theorem 4.4} Our proof of Theorem 4.4]is organized as follows. In
Appendix [A.T]| we provide the decomposition of the average dynamic suboptimality gap Gapave
in Equation (7)); in Appendix we bound the first and third terms of Gapave; in Appendix

13



we bound the second term of Gapave, and in Appendix [A:4] we combine our results to complete the
proof of Theorem .4} We provide all the supporting lemmas in Appendix [A.3]

A.1 Average Suboptimaility Gap Decomposition

Lemma A.1. We denote w;k(|s) = argmaxy V7. . ... Then the average dynamic suboptimality
gap has the following decomposition:

K
1 k
GapAve(K) = E ZV;*,k,Tk — g*,ka

k B T
72 Z (s}“ah) (P* k 71.* k) |:{P* _Ph}vh—l-l Pk Tk:|

k=1 he[H]

1 & .

T k
e 2 2 Eapntpeiinnty (@ (s ), Clsn) = nhClsn)|

k=1heH

1 K - ok

+ 5 D Vi = Vi (7
k=1

Proof. For any function f : § x A — R and any (k, h, s) € [K] x [H] x S, define the following
operators:

Jinh)(s) = (Flso)smp Cls))y @anf)(s) = (F(s,)smi(]s).

We next consider the following decomposition:

* 7'I',C * us v 71',C
Pk pk T Vpsk ok = Vp*‘k)rk - Vpk rk +Vpk rk VY Prk pko (8)
[ ———
G1
The term (G; can be bounded as follows:
Gl = V];*,k,rk V;)Tk ok
= (JZ,IQT,;*=k,7'k> <“Hk 1621 Pk r’“)
* ok wk
:( k,l( 1,P*k rk ™ 1[31@ 'rk))—’_(( Jkl)lekrk)
k k
= ( k1(7"1( )+ P 2P*krk — (rf(s,) + Pf QPka)))+((Jk1 Jk1) 1pkrk)

=GR (P Ve Tk—Plvngk o)+ (Thr = Te)QF pe )
:< (Pl*k{ 2P*krk Vgﬂpkrk}""{Pl*’k_ P } 2Pkrk)) Jkl Jkl)leka)

:@2 1{P*’k_pk}v2wpk k)+E g~ (P*ik ok k)[V;;fk k(s2)_v2’pk7rk(s2)] (k1 =Tk, I)Q pk k)

= 3" Eapanym(prtmoby HP _ Pk } Ve e k}

he[H]
k *
£ 2 Baprprt ety (@ e o (). 73 Clon) = ko) ©
he[H]
Substituting the above result to Equation () completes the proof. O

A.2 First and Third Terms of Gapa. in Equation (M): Model Estimation Error Bound

A.2.1 First Term in Equation (7)
Lemma A.2. With probability at least 1 — §, we have

~ 7Tk,k‘
*Z > Elgpanmemianny [{ B - PV, |

k=1 he[H]
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<o ( [\/KdA(Alog(\¢||\Il\KH/6)+d2 [H\/Kdlog(W)Jm/HWzM }+\/TCBA [K]D.

Proof. We proceed the proof by deriving the bound:

*,k Pk 7rk,k
1 Z > Epaanntpos ey [{P0F = BEFVIE, ]
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1
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7 2 Bareme [fi(s1,01)] + 2 LR aesg A CCTY)

£
Il
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~
Il
-
>
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>
I|
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K h
1 1
P
K Z Z \/MWACBA[h’l,h’],[kW,kl]

K
1
Z \/WA (Ck,W + QCBA{),[kW,kl])
K H 1 —
+ Z\/2d ACBAh 1,h],[k=W,k—1]

K
2 g 2H
S ?E ]er:’i)k—'_ K E AC]CW—‘V_i\/ 3ACYB [H] K]
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k=1 k=1

E:d [\/KdA(A log(|®[| ¥ [K H/8)+d2) [H\/% log(W)-i-\/HW?A?’H],[K]] +x/W3ACBA[\§7[K]] )

where ( ) follows from Lemmas and|A.15} (ii) follows because v/a + b < v/a + v/b,Ya,b > 0
and Zk:l Eg EeWh—1] < WA{h} (x> and (#i1) follows from Lemma O

A.2.2  Third Term in Equation (7)
Lemma A.3. With probability at least 1 — §, we have

k
[V eV

§O(?\/KdA(Alog(\<1>||\I/\KH/6)+d2)[H\/% log(W)+,/HWZATH]Y[KJ+\/W3ACBAE§’[K]) .

Proof. We define the model error as fF(sp,ap) = HP,’:(~|sh,ah) - Ph(-|sh,ah)H . We next
T
derive the following bound:

K
k=1
() 1 1
< RZ pk75k+E \/ WACBAL, by w1
k=1 k= lh 2
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1 K
+ 7 > \/A (Ck,w + QCBAf,[k—W»k—ll)

K
i o xk 1
S }ZV u;&* \/ WACBA{h 1,h},[k—W,k—1]
k lh 2

=1
K
+KZ\/ (Ckw+2CBAf[k W 1])

le)
( VKdA(Alog(|®||¥|K H/6) + d2)

1/—10g —l—\/HWA K]]

where (i) follows from Lemma | (44) follows from the definition of 7%, and (iii) follows from
Lemma[AT8] O

+VWEACEANE [K)

A.3 Second Term of Gapa,. in Equation (I‘Z[): Performance Difference Bound

The second term in Lemma + Zle Y oheH ES}LN(P*,k,ﬂ.*,k)KQZkIZ)k (s, ),w;k(|sh) _
77 (+|sn))] can be further decomposed as

K
S Bappeney (@ (om ) Clsn) = e Clsn)|

k=1heH

LSS S B [l i o) — i)

le[L] k=(1-1)7+1 he[H]

— Z Z Z Ep* (I=D)7+1 gx,(I=1)7+1 [<Q (Sh, ) ("Sh) —Wﬁ(|8h)>}

le[L | k=(-1)7+1 he[H]

(a)

+* Z Z Z Ep* b qx.k EP* =17+ x, (1= 1)T+1) {<Q (Sh, ) (|sh) — 71',15(|8h)>} .

L] k=(1—-1)7+1 he[H]

®
(10)

A.3.1 Bound (a) in Equation

We first present the following lemma of the descent result introduced in|Cati et al.| (2020).

Lemma A.4. For any distribution p* and p supported on A and state s € S, and function Q) :
S x A — [0, H], it holds for a distribution p’ supported on A with p'(-) o< p(-) - exp™ Q) that

(Q(s,),p" () —p()) < ;77 + [Drcr(p*()lp() = Drer(p™ ()lIp' ()] -

Lemma A.5. Term (a) in Equation satisfies the following bound:

&4
S Y D Beewveen peamnen [(Qhlony ) Clsn) = mh(lsn)

le[L] k=(1-1)7+1 he[H]

1 1
n
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Proof. We first decompose (a) into two parts:

Z Z Z EP* (I=D7+1 px,(I=1)7+1 [<Q (Sh, ) ("Sh) - Wi]i(|sh)>}

le[L] k=(1— 1)T+1h€[H]
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(I1)
I) Bound the term (I)
By Lemma[A.4] we have
1 1
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< -nKH+ —LHlog A,
2 U
where the last equation follows because

Dicy, (w07 () [n D7 () = 32 w07 alsn) og(A - w07 o)
acA

=log A+ Z =D (g |sp) - log D™ (g |sp,)

< log A.
II) Bound the term (II)
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<r 3 max [Hw;»’“(.|s) - w;»’“*l(-|s)H
ke[K] he[H]
< TA[m) (K]

A.3.2 Bound (b) in Equation (10)
Lemma A.6. The term (b) in Equation can be bounded as follows:

DS Z Epet o = Bpeaonron eesioeen) [(@Qhsns ). w3 Clon) = mh(lsn)

le[L] k=(1-1)T+1 he[H

Proof. Denote the indicator function of state sy, as I(sy), and then we have

Z Z Z Epek ok —Epuea-nrs1 (- 1)7+1) |:<Q (Shy+)ym ("Sh) — WZ(|Sh)>

le[L] k=(l— 1)7’—‘,—1 he[H

o (=171
P*k Sh p* (1— 1>r+1(5h)‘d3h
le[L]k (I-1)7+1 he[H
Y ¥ Z 5 [ [Bpon) ~ 2R o) s (an
Sh

1€[L] k=(1—1)7+1 he[H] t=(1—1)7+2
where P, (s) denotes the visitation probability at state s under model P and policy 7.

Consider fs; ’}P”[,:’; (sn) — IP’};**’f:l (s1)| dsp can be further decomposed as

A

*,t—1

P};:,tt (Sh> — PP* t— 1( h)‘ dSh

*,t—1

< P (sn) — Pooe (sp)| dsh.

P**tt 1( ) ]P)Pitt ll(Sh)’dSh—’_/
sh

Sh

t—1

For the first term fsh IP’}E?,TI (sn) — IP’P* .1 (sh)‘ dsp,

A

*,t—1 *,t—1

P (sn) — PR 1(Sh)‘dsh

L et ot wo,t—1 ﬂZ’tII
1 N = -
< [ S|yt )
Shoj=1
P*t ”It ! P* t—1\T; i P*,t—l h—1 d
—(P) (P; ) ( h—1 ) (sn)|dsn
ot ot—1ym
(P) (sit1lss) = (P77) (sit1]si)
Sh j— 1 «sSh—1
= PN Ol i PRI i
[T@E" (sjmals) TT @D (sjualsy)dsa. .. dsns|dsn
j=1 j=i+1
@ - oty =1y
<[> (P") (sit1lsi) = (F77) (sit1]s4)
Sh =1 824444384,8i42,--.Sh—1 ¥ Si41
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i—1 h—1

*,t—1 vf,t—l
maXs (BFN™ (sjealsy) [T (PPH™ 0 (syralsy)dsz .. dspn|dsy
Sit1€S T j=it1
(u *t—1 gt
/ / maX/ (PO (sipals) = (BPH™ (sinlsi)
Shoj—1 crSic1sSigzysno1 5€S Jsipy

i—1 h—1 s

K, t—1 e
oigs (PO (syralsy) TT (PP7H" (sjualsy)dsa .. dsnos|dsn
817 j=1 j=i+1

(ii) / h 1 aptl
< max HP” |s,a) — PP s, a) / (P BN (s541]s5)dsy . .. ds;
s ; (s,a)ESxA S1pesi G J J J ¢

h—1 *,t—1

— T .
/ max (P;’t 1) J (Sj+1‘8j>dsi+2...d8h,1 dsp,
Siq2resnon SH1ES 20

<1
< Z max *t(s,a) — PP s, a H 12
- (s,a)eSxAll" " (ls,a) ¢ (|’)TV’ (12)

he[H]

where (i) and (¢7) follow from Holder’s inequality, and (7ii) follows from the definition of total
variation distance.

Similarly for the second term and from Lemma[A-T9)]

/Sh

Plug Equation (T2) and Equation (I3)) into Equation (TT]), we have

ot (ls) = mr T s) (13)

IPT};?,Z(S}L) IP’P” (sh)’dsh< Z max‘

TV

Z Z Z P*,k7ﬂ*,k — EP*,(171)7+1J*,(171)7+1) |:<QZ(8;“ -),7Th ( ‘Sh) — 7Th( |Sh)>

le[L] k=(I-1)7+1 he[H

SQZ Z > Z > max|

mt (1) = mPt T Cls)|

] k=(l—1)74+1 he[H] t=(1—1)74+2 \i€[H] A
*,t *,t—1
“tlssa) = P s
+3 omax [Pl 0) = PP Csa) |
1€[H]
<2 GO ARIE]
2y (¥ ¥y % > (mag i ],

he[H] \I€[L] k=(1-1)r+1t=(1-1)7+1i€[H

+  max HP (‘|s,a) — P*t1(|s,a)H ))
(s,a)eSx.A TV

_ P T
= 2H7(Afg x) + A 1x7)-
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A.3.3 Combining (a) and (b) Together

Lemma A.7. Letn = L 1}){g A and we have

Z Z > Eres [(QF o) mi Clsn) = mhClsn))]

L] k=(1—1)7+1 he[H)]

< 2HK\/log A/7 + 3HT(Alg 15 + ATy 1)

Proof. We derive the following bound:

K
k *,
S By [(Q e (), Clsn) = Cls0))

k=1heH
1
< *TIKH + LHlogA + TA 1K) T QHT(A[P}{],[K] + A?HHK])
(ii)
< 2H\/KLlog A+ 3H7(Aly ey + Ay 1))
= 2HK\/log A/ + 3HT(Aly 1) + ATy )

where (7) follows from Lemmasand | and (¢7) follows from the choice of 7 = 4/ %. O

A.4 Proof Theorem 4.4

Proof of Theorem Combine Lemmas [A.T|to[A.3]and we have

k

K
1
Gapave(K) = K ZV;*,ka - ];T*,lc’,,‘k

<0 (E [\/KdA(A log (||| W | K H/5)+d?) [H\/% log(W)+\/HW2A7, | +\/W3ACBA[§]"[K]D

°oH 3Hr _
*O( + = (A, [K]JFA[HHK]))

\/F
- ( [H@A H3dA H2W3A
_ 2 2 T2 A VP
_O<\/ W (A+d)+\/ = (A+d?) W2AL, g + e A[H]’[K]>
)
°H 3H i
+0 <\f + S (A + A[H]’[K])) : (14)

(1)

A.5 Supporting Lemmas

We first provide the following concentration results, which is an extension of Lemma 39 in|Zanette
et al.|(2021)).

Lemma A.8. There exists a constant A,y = O(dlog(|®| min{k, W}T H/9)), the following in-
equality holds for any k € [K|,h € [H],sp € S,an € A and ¢ € ® with probability at least

1
E ||¢h(5,a)||(U,§:y)71 < lgn(s, a)ll grwy-1 < 3H¢h(s,a)\|(ygjgv)fl

The following result follows directly from Lemma
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Corollary A.9. The following inequality holds for any k € [K|,h € [H|,s, € S,a, € A with
probability at least 1 — §:

. akw ’
min —_—
fe

where &, w = 5\/2WAC1C7W + A wd.

éﬁ(sh’ah)H(U’“W)*l ,1} < b (sn,an) < 3w H&Z(Sh,ah)H
h,éF

EWN_1’
(s

We next provide the MLE guarantee for nonstationary RL, which shows that under any exploration
policy, the estimation error can be bounded with high probability. Differently from Theorem 21 in
Agarwal et al.|(2020b)), we capture the nonstationarity in the analysis.

Lemma A.10 (Nonstationary MLE Guarantee). Given & € (0, 1), under AssumptionsH.1|to[4.3] let
Cg =4/ pCf_‘ , and consider the transition kernels learned from line 3 in Algorithm (2| We have the
Jollowing inequality holds for any n, h > 2 with probability at least 1 — §/2:

1

. —
w Z E .. [ (s an)®] < Cew + QCBAi[k—va—l]’ (15)
i=1V(k—W) Sah,f,llw,zgf;u’(;))

sp~P* (s _1,ap_1)
where, C.w = w. In addition, for h = 1,

E  [ff(s1,01)?] < CGew +2CA 0 w11
a1~U(A)[ 1( 1 1” w B2, [k—W,k—1]

Proof of LemmalA.I0} For simplification, we denote z = (s,a) € X, X = Sx A, y = p* €
Y,Y = S. The model estimation process in Algorithm 1 can be viewed as a sequential conditional
probability estimation setting with an instance space X and a target space ), where the conditional
density is given by p'(y|z) = P*"(y|x) for any i. We are given a dataset D := {(z;, yi)}fzw(kfvv)
, where 2; ~ D; = D;(21.i-1,y1.i—1) and y; ~ p'(-|x;). Let D’ denote a tangent sequence
{(ch,yg)}lev(kfw) where ! ~ D;(z1.5-1,%1.i—1) and y. ~ p'(:|x}). Further, we consider a
function class F = ® x ¥ : (X x ) — R and assume that the reachability condition P*% € F
holds for any .

We first introduce one useful lemma in|Agarwal et al.|(2020b)) to decouple data.

Lemma A.11 (Lemma 24 of |Agarwal et al.[|(2020b)). Let D ba a dataset with at most W samples

and D' be the corresponding tangent sequence. Let L(P, D) = Zf:l\/(k’—W) U(P, (zi,y:)) be any

Sfunction that decomposes additively across examples where | is any function. Let P (D) be any
estimator taking as input random variable D and with range F. Then

Ep [exp (L(ﬁ(p), D) —logEp [exp(L(ﬁ(D), D'))} —log |f|)] <1.

~

Suppose f(D) is learned from the following maximum likelihood problem:

P(D) := argmaxpc r Z log f (i, v:)- (16)
(zi,y:)€D

Combining the Chernoff bound and Lemma|A.11{ we obtain an exponential tail bound, i.e., with
probability at least 1 — 6,

“logEp [exp(L(ﬁ(D), D’))} < —L(P(D), D) + log | F| + log(1/5). 17)

To proceed, we let L(P, D) = Zi:llv(k—W) — 4 log(P** (i, y:)/ P(xi,y:)) where D is a dataset
{(z;, yi)}lev(k_w)(and D' = {(z}, yg)}lev(k_w) is tangent sequence). Then L(P** D) =0 <
L(P, D).
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Then, the RHS of Equation (I7) can be bounded as

k
1 ~
RHS of Equation () = >~ 7 log(P** (w1, 1)/ Plei, i) + log |F] + log(1/9)
i=1V(k—W)
< log | F| +log(1/6) = log (|®[|¥]/d), (18)

where the inequality follows because P is MLE and from the assumption of reachability, and the last
equality follows because |F| = |®||T|.

Consider for any distribution p and q over a domain Z. Then the Hellinger distance H?(p||q) =
2
J (\ /p(z) — \/q(z)) dz satisfies that

H?(pllq)

= [ (Vo = V) s = [ 5)+4(:) - 26 Valeids
=2 [1-Viva@a:) =2 ( [1- ViEIVaGI:) =2, [1- ViG]

(19)
Next, the LHS of Equation (I7) can be bounded as
LHS of Equation (T7)
k—1
i 1 Pk (! oy
@ —logEp |exp Z —glog (W) ’D
i=1V(k—W) P(ai, y;)
k-1 r
1 PR (2,
= Z —logEp [exp (2 log (M))]
i=1Vv(k—W) L P(xzayz)
k-1 S
P(x;,y;
= Y oy [y ot
i=1V(k—W) i Tis Ui
Giy Rl P(zi,y:)
2 Z 1-Ep T
=1V (k—W) Pt (i, yi)
k—1 i =
P(x, )
= D> Een |1 Eyroici [\ Brige o
i=1v(k—W) i Pt (i, yi)
k—1 i =
P(x, )
= Z EginD [1=Eywprn(ia Dk )
=1V (k- W) I P (i, ys)
k—1 PN =
P(xi,y:) P(xi,y:)
+ D Een Epopicio) |\ oo o |~ Bvrricled |\ Prrre o3
=1y (W) PR (s, y:) Prk(zi, i)
(i) k-1 .
> —WOBALwuy+ Y Eapen, [B2 (PRl PCJ2) )|
=1V (k—W)
(i) . 1k N . 2
> —WCsAL o wry+5 D Eep, {HP“ (xi,->—P(xi,-)HTV}, (20)

i=1V(k—W)

where (i) follows from the above definition of L(f, D), (i) follows from the fact that 1 — 2 <
—log(x), (iii) follows from the definition of variation budgets and Equation (19), and (iv) follows

from the fact that ||p(-) — q()H?FV < H? (pl|q) as indicated in Lemma 2.3 in Tsybakov| (2009).
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Combining Equations (T7), (I8) and 20), we have

k-1

. k 2 P 2log (|®||¥|/4)

W : < 205A 2log (|[|¥]/6)
S,HNE*,,W,;) [fr (snyan)?] < 2CBA} _wp_y) + 7

i=1V(k—W) ap_1ap~UCA)

sp~P*ot(lsp_1,ap1)

. (2D

We substitute § with §/2nH to ensure Equation holds for any h € [H| and n with probability at
least 1 — §/2, which finishes the proof. O

The following lemma extends Lemmas 12 and 13 under infinite discount MDPs under stationary
case in [Uehara et al.|(2022) to episodic MDPs under nonstationary environment, which captures
nonstationarity in analysis.

Lemma A.12 (Nonstationary Step Back). Let Z = [1V (k— W),k — 1] be an index set and
{P}_ Ve = {{&},_1, 1}, _1) } be a set of generic MDP model, and I1 be an arbitrary and possibly
mixture policy. Define an expected Gram matrix as follows. For any ¢ € ®,

Mp_1,¢ =Awl + E E Gh-1(Sh-1,an-1) (n—1(sn-1,an-1)) "
jez Sh—1~ (PRI
ap _ 1~1’I

Further, let fh 1(5h 1,an—1) be the total variation between P ", and Ph 1 at time step h — 1.
Suppose g € S X A — R is bounded by B € (0, 00), i. S B. Then, Vh > 2,V policy 7y,

E [9(sh,an)|sh—1,an—1]
Sh~PRg
Ap~Th

<|

X

k
Sh—1(Sh—1,an-1) ||(Mh71,¢k)_1

\/Ziel A]EShN(Pi,*,H) [Q(Sh,1ah,)2}+WBQA57111+)\k,Wde+Zi€Z AB? E,, _ ~(Pi*m) [f,’f,l(sh—l»ah,—l)z}
ap~U ap _1~I1

Proof. We first derive the following bound:

E  [9(sh,an)|Sh—1,an—1]
sh~PE_y
P

= [ S otoan(antsn) (61 (sssann). (s

hoap

< ||¢]}€L—1(Sh_17ah_1)||(Mh717¢k)_1

/ S g(snr an)mlanlsn)il_y (s1)dsn

"\/jh—l,d)k

where the inequality follows from Cauchy-Schwarz inequality. We further expand the second term in
the RHS of the above inequality as follows.

|3 st anim(antsn)ud s

an M

h—1,¢k

2
(@)
<> > 9(sn,an)mn(anlsn)iF (sn) T ¢" (sn-1,an—1)dsp | | +\swdB®
i€z 1”“” o

ap_1~1II o ah
2
2
= E E E |:g(3h,ah) Shlyah1:| + A, wdB
° Sp_1~(Pi* ) sp~PE
ez ap 1~ Ap~Th

(i) )

< E E E 9(sn,an)
: sp_1~(PL* I | sp~PR

i€z ap—1~I ap~Th

Sh—1, ah—1:| + ArwdB?
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(iid)
2 2
< E E  |9(sh;an)”|sh-1,an-1|| + A\,wdB
; Sh—1~(POXID | sy P
€T ap_1~11 ‘;h"'}"hl

2 7,% k%
+ E B E [ Py (Sh—1,an-1) — Ph_l(shflvahfl)u ]
: sp_1~(P%* 1) TV
i€l ap_q~I

+y B E [Fh—1(sn—1,an-1)]

. sp—1~ (P> )
i€l ap gl

(iv)

<Yiez A]EshN(Piv*,m [g(s”’a")2]+/\’€vwde"‘WBQA’}:*LIJ'_EiEI B*E sp_1~(P%* ) [f*]ffl (s"*l’ahfl)z]’
ap~U ap—1~I

where (i) follows from the assumption that ||g||oc < B, (#¢) follows from Jensen’s inequality, (i)

follows because fF_|(sn_1,an—1) is the total variation between P,f;*l and PF_| attime step b — 1,

and (iv) follows from importance sampling and the definition of AZ" | . This finishes the proof. [

Recall that [} (s, a) = | PF(-|s,a) — P;""(|s,a)||rv. Using LemmalA.12} we have the following
lemma to bound the expectation of f (s, a) under estimated transition kernels.

Lemma A.13. Denote oy, = \/2WAQ€7W + A\, wd. Forany k € [K|, policy m and reward r,
forall h > 2, we have

]E(sh,ah),v(fakﬂ-r) {f}]f(Sha an)|sh—1, ah—l}

< min {ak’w H(Z)Z_l(shfl,ahfl)H(Uk - ,1} + TZWACBAﬁzfl,h],[kfw,kfl]’
h—1,¢6k

(22)
and for h = 1, we have
. 1
E [ff(sla al)] S\/A (Ck,W + QCBA{),[I@—W,IC—I])' (23)
ayp~vT
Proof. For h = 1, we have
k @ k o7 P
E [fl (81, al)] S \/ E [fl (sla al) ] S A (Ck,W + QCBAl’[k,W’kfl])v
ap~T ap~T
where (4) follows from Jensen’s inequality, and (i) follows from the importance sampling.
Then for h > 2, we derive the following bound:
E [f;]f(sh,ah) Sh—laah—l}
(sn,an)~(Pk,m)
@) ) k—1
< E_||daGnay| x4 X E  [fh(onsan)?]
ap_1~T Uy 1) =1 (e W) Sahhj;j:;z/(:))
sp~P*U(lsp_1,ap_1)
_1
2
k—1
+WAhP—1,[k—W,k—1] + Awd + A Z E [fr-1(sn—1,an-1)°]
oy (Bhei i
=1V (k=W) ahh:ma;ffl'vu(f)l)

sh_1~P* P (sp_g.ap_2)

(i1)
S Eaj_q~m {\/WA(Cka+QCBAE,[k—W,k—1])+WA(<]9=W+QCBA)}:—1,[k—W‘k—1])+WA5—1,[k—W,k—1]+)\kﬂwd
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”
X H%*(Sh’l’ah’l)u(uk )1]
h—1,$k

(dd)
= + )\WWACB {h—1,h},[k—W,k—1]"

E [Oék,WHQBZ—l(Sh—hah—ﬂH

Ap—1~T Uy g6

where (i) follows from Lemma|A.12|and because | ¥ (sp, an)| < 1; specially the first term inside

the square root follows from the deﬁmtlon of U k L the third term inside the square root follows

from the importance sampling; (i7) follows from Lemma A.10 and (i77) follows because v/a + b <
\/a+\/B,Va,b20andHQB’;L_I(sh,l,ah,l)H( S Y 0
U R -1
h—1,$F

The next lemma follows a similar argument to that of Lemma[A.T3] with the only difference being the
expectation over which fF(sy, ay,) takes.

Lemma A.14. Denote oy, = \/QWAC;mW + A\, wd. Forany k € [K], policy m and reward r,
forall h > 2, we have

{f}f(shaah)

Sh—1, ah—l:|
(sn,an)~(P**,m)

: k
< min {CW@W “¢Z*1(Sh_1’ah_l)“(Uf W) ’1} WACBA{h 1}, k=W k—1]°
1 *
(24)
and for h = 1, we have
1
al]ENJW [fE(s1,a1)] S\/A (Ck,w + QCBAf[kW,k1]>' (25)

Proof. Forh =1,

(@) (i2)
E Ve 2 [ (e 2 ¢ (Guaw + 5CoAT ).

where (7) follows from Jensen’s inequality, and (i¢) follows from the importance sampling.

Then for h > 2, we derive the following bound:

Sh—1, ah—1:|

E {f}}f(Shaah)

(8h,an)~(P*F )

(i)
E—1 ;
<Eay_qnn | ||655 (5no1,0n1 ”(Uk =1 X ATV B oy (P ) [£F(snsan)?]+ 2k, wd
h—1,6%:F ap_ 1,05, ~U(A)
sp~P* R (s _1.ap 1)

(i9)
S Baj_q~om {\/WA(QC w+3CrAY (h—w.k—1)) FWACk, w+3CrAL [k—W,k—l])+ACBAI€,[k—W,k—1]+>\kvwd

k
X Héﬁz,l(sh—l,&h—ﬁH . )
(Uh,fl,qa*vk)i

E lak,wuﬁ’kl(sh—hah—l)H

(#4d)
= WACBA[h 1,h),[k—W,k—1]

ap—1~VT

(U}: 1,p%: k)71

where (i) follows from Lemma|A.12|and because | f¥ (s, ap)| < 1, the first term inside the square
root follows from the definition of U k 13 , the third term inside the square root follows from the

importance sampling, and (i) fo]lows from Lemmal|A.10|

The proof is completed by noting that | f% (s, an)| < 1. O
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The following lemma is a direct application of Lemma[A:T3] By this lemma, we can show that the
difference of value functions can be bounded by truncated value function plus a variation term.

Lemma A.15 (Bounded difference of value functions). For k € [K], § > 0 any policy m and reward
r, with probability at least 1 — §, we have

T 7r
VP*’kﬂ’ o Vﬁ’“,r

H
o 3
VRt \/,\WWACBAththw,ku + \/A (C’C»W + QCBAi[kfwfl])'
h=2

(26)

Proof. (1): We first show that |VA... .~ V&, [<VE, ..

Recall the definition of the estimated value functions f/}: Pk,r(sh) and QZ Pk,r(s’“ ay,) for policy

@ pr . (sn,an) = min {LTh(Smah) + PRV o (sn ah)} :

Vo (o) = E[QF oo (snsan)] -

We develop the proof by backward induction.

When h = H + 1, we have ‘VHW+1,P*vk,r(3H+1) - Vg+17pkm(sH+1)’ =0= Vg+17pk,f,€ (SH+1)-

Suppose that for h + 1,
Sh41-

Vi1 pe p(Sh1) — V}f+1’pk’r(5h+1)‘ < V}ZZ’»LPk’fk(Sthl) holds for any

Then, for h, by Bellman equation, we have,

’Q?*,k,r(smah) — QF pr . (shsan)

ok ®
Pf: szr+1,P*~k,r(sh7 an) — P;foprk,r(Sh, an)

Dk T T *,k Dk T
— |p} (VhH,P*M - Vhﬂﬁw) (snyan) + (Ph _ Ph> Vi e (51 an)

T

(@) N
. k k
S e {1, fh (Sh’ ah) + Ph V}Z:"LP*’IC;T - h-‘rLPkyT‘

(#4) SN
< min{lyf}lf(shaah)+Pi]fvh+17pk)fk(shvah)}

= QF pi_pe(sn5an), 27

(Smah)}

where (7) follows because Hp,f(-|sh, ap) — P,f’k(-|sh, ah)H . fX(sn,ap) and the value function
T

is at most 1, and (4¢) follows from the induction hypothesis.

Then, by the definition of v

h,Pk,r(sh)’ we have

Vi (80) = Vi pur . (sn)

= | (@7 v (nean)] - B [QF o, (snoa)]|

” |

<E HQZ pre o (Snyan) = QF pei . (Sh,an)
- P,




= V}:}Skjk (Sh)7
where (i) follows from Equation (27).

Therefore, by induction, we have
s T Or
VB = VEe | < Ve e

(2): Then we prove that

H
Crm Crm 3
Ve S Vi + 2. \/,\W WACEAG, 1y o-wi-1] \/A (C’WV + QCBAi[k—W,k—ll)'
h=2

By Lemma[A:T3|and the fact that the total variation distance is upper bounded by 1, Vi > 2, with
probability at least 1 — 6/2, we have

E |:f}]f(sh7ah) Sh—l} <E |min | ayw $§_1(5h—1,ah—1)H . i1
Phn ™ CHPRE
3 P
5 WACBAL, L,y ey 28)
Similarly, when h = 1,
JE [ m)] < \/A (Gew +2CBAL i _y)- 29)

Based on Corollary [A.9} Equation (28) and G w = 5cu,w, we have

3
Sh] + \/MWAOBAfh,h+1}7[k—va—l]

> E [min Oék;,WHQASZ(Sh’ah)H % i1
™ (Uh,d')k)il

> E |:f}lf+1(3h+17 Aht1)
Pk,

IE; |:6;€L(Sh7 a’h)

3
+ \/)\WWACBA{Pth},[kW,kl]

sh] . (30)

For the base case h = H, we have

Shlvah1:|

3H1:|

3
< B PaComr a1l a] 4o WACBAT

Pk

= E [fZ(SH,aH)

Pk

5h17ah1:| } + iWACBAP

: AT
< min {UE [ Fo1,pe g (SH-15 am-1) v {H—1,H},[k—W,k—1]

- 3
= Vi 1,pr e (51-1) + WWACBAfH—LH},[k—W,k—l]'

For any step h + 1,h > 2, assume that Epr - [V;ZTH,Pk,fk(ShH)

sh] < VT s ge(sn) +

Zg:hﬂ \/%WACBA?h'—Lh'},[k—W,k—l] holds . Then, by Jensen’s inequality, we obtain

E |:Vh7t}5’“7fk (sh)

Pk

Sh—1, ah1:|
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< min {17 E [f,’f(sh,ah) + pF Vh’zrl Pk fk(sh,ah)
Pk ’

Shlaahl] }
(1)

. “ 3
< min {17]7@ {bﬁq(Sh—h ah,l)] + \//\WWACBAfhl,h},[kW,ku
5h:| Sh_l,ah_l]}
) i 3 B
< min 1,[7[12 [bh_l(sh_l,ah_l)} + 7WACBA{h—1,h},[k—W,k—1]

Sh—lvah—1:| Z \/ WACBA {h’ 1,h'},[k—W,k— 1]}

=h+1

+ E l E |:Vhﬂ+1 Pk fk(sh+1)

Pk | Pr o

+ AE |:Vh7tpk bl‘ (Sh)
Pk

3
= min {LIE’ [ h1, ok e (Sh—1, Qh— 1)} } + Z \/)\VVWACBAfh’—l,h’},[k—W,k—l]

V kbk(sh 1) \/ WACBAY, {h'=1,h'},[k—W,k—1]?
h/_

where (i) follows from Equation (30)] , and (74) is due to the induction hypothesis.

y

H
x 3
\/ (Ck w + QCBA Jk—W,k—1 ) + Vpk bk + Z \/)\WWACBAfh’l,h’},[kW,kl]'
h'=2

By induction, we conclude that

Vg =B [ Gran] + B [V (o0

Pk

Combining Step 1 and Step 2, we conclude that

’V}L Ve

Pk,r

<V A b T \/A (Ck,W + 2CBA{D,[k—W,k—1]) \/ I/VACBA{h’ L'} [k=W,k=1]"
hr=2
O

Similarly to Lemma § 15| we can prove that the total variance distance is bounded by V’Tk o plus a

variation budget term as follows. Lemmas[A.T5|and [A.T6| together justify the choice of exploration
policy for the off-policy exploration.

Lemma A.16. Fix ¢ € (0,1), for any h € [H|,k € [K], any policy w, with probability at least
1-46/2,

E I:fll'f(sh,ah)]
sp~ (PR

Sp~T

H
- 3
<Vpk b T Z \/)\VVWACBAfh—l,h},[k—W,k—l] + \/A (Ck,w + 2CBA{D,[k—W,k—1])) :
h=2

Proof. Fix any policy 7, for any h > 2, we have

g, [0 pu )]

_ pkYrm
- E(% ) [Ph Vh Pk bk (Sh*hah*l)
sp—1~ (PR, T
ap—1~m

28



: 2k Ak T

< E@k ) {mm {1abh71(3h717ah71) + Py_4q ;:pkvl;k(shflaahfl)}}

lh;}l,,_l"‘"\'y
= E [ DL (Sh—1,an-1)

B %o, P )

R
<..
< GE‘” [Qgrpk i)k(817a’1)i|

i~ Pk,
= ng,l;k' (3D

Hence, for h > 2, we have

(1) N 3
k k
e LfiiCon, an)] < e {bh—l(sh‘l’ah‘l)} + \/)\W ACBAL, iy k-wik—)
ap~T Ap 1™~

(i1 N 3
< I [ h—l,f’k,gk(sh_l’ah_l)} + \/WACBAfh—l,h},[k—W,k—l]

sp—1~(PF,m) Aw

Ap—1~T
Dyn 4/ wacsar (32)
> Vpk e Py B2{h—1,h},[k—W,k—1]"

where (i) follows from Equation ll (i) follows from the definition of Qz,l,pk’gk (Sh—1,aQn—1),
and (7i7) follows from Equation (31).

E  [fi(sh,an)]
sp~(Prok )
S}LN‘!\'

< B [fh(smoan)] + E  [fisnan)) = E  [fi(sn,an)]
sp~ (PR, sp~(P*oF ) sp~(Pk,m)
ap o ap

H
. 3
<2 (Vpk,ak + \/,\W WACBAY, 1y w1 + \/A (Q“»W + 203Af[kwyk1])> ’
h=2

where the last equation follows from Equation (32)) and Lemma[AT3] O

Lemma A.17. Denote 6w = barw, arw = \/QWAChW + Mewd, and Brw =
\/QdAai7W + Awd. Forany k € [K|, policy m and reward v, for all h > 2, we have

E |:I;ﬁ(8ha ah)

($n,an)~(P*F,m)

Sh—1, CLh—l:|

A
Brw ot vy SO ey B3)
(Wh—l,¢*=k) ’ ,

. 9Ada3
E_ {blf(sl,al)} <\ — (34)
Proof. Forh =1,
. (@) - ) [9Ada?
E o] S [ a] €S

where (i) follows from Jensen’s inequality, and (i) follows from the importance sampling.

and for h = 1, we have

A
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Then for h > 2, we first notice that
k—1
Z E o {i)i(sh,ah)ﬂ
i=1ve—w) o
k—1 5
= > E [ai,w H(I%(Shvah)u . _1]
i=1v(k-w) o) ()

k—1 A )
< > E 93w H(b’ﬁ(shaah)H ,
) sp~(Prot,at) ' Uy )t
=1V (k=W) hé
k—1 A A
<oafwur| D E [ dhsnan)dh(on an) | (UF 1)
i=1v(h-w) o)
< 9aq, yir (Ig) = 9daj gy, (35)
Because Va+b < va + b and for any k € [K],
h c [H], %naxw,a)ew |t s a) = P Clsa) | =

MAaX(s q)eSx A \/HP;”“H(~|S,a) —P,:’k(-\s,a)HTV , then for any H,Z, we can convert (.

variation budgets to square-root ¢, variation budgets.

AL <AYE. (36)

Recall that W}lf’¢ = Zfz_ll\/(k—W) E(Sh’ah)N(p*,imi) [qzﬁh(sh, ah)qﬁh(sh, a;L)T] + )\k,WId- We derive
the following bound:

E |:I;’}§(Sha ap)
(sh,an)~(P*F, m)

(7)

< E

ap -1~

Shlaah1:|

k
¢;’_1(Sh—1, ah—l)H
H ' W o)™

x4 qi {Bﬁ(shaah)z} + AAﬁ*l,[kfwykfl] + )\k,Wd
i=1V(k—W) Sp_1,ap_1~(P*% xt)

;(Li;)('\sh—lﬂah—ﬂ
ap~U(A)

sp~ P

(@)
< E

aAp—1~T

A
X \/QdAa%W + Mewd| + \/dAﬁ_L[k—W,k—l]

[A VP
(WE i)™ T gL

where (i) follows from LemmalA.12] (i) follows from Equation (33)), and (i) follows Equation (36).
O

*,k
H¢h71(3h—1aah—l)H(W& e
h—1,¢%>

(443)
< E l“¢27k1(5hlaahl)“

Ap—1~T

x /94402y + Aewd

Before next lemma, we first introduce a notion related to matrix norm. For any matrix A, ||A]],
denotes the matrix norms induced by vector £5-norm. Note that || A||, is also known as the spectral
norm of matrix A and is equal to the largest singular value of matrix A.

Lemma A.18. With probability at least 1 — 6, the summation of the truncated value functions Vg:’gk

[Kd e

under exploration policies {7 } ve(k) is bounded by:

K
Ve <O <\/KdA(A log(|®|[U|K H/b) 4 d?)
k=1
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+VW3ACEAYE [K]) .
Proof. For any k € [K], any policy 7, we have
Vi = Vi <E [Pl Vi o g (51,01) = PRV L (s, al)]
B [(PF = PP Vg ons0) 4 P2 (Vg = Vi) (51, 0n)]
(s1,01)

|
{ff s1,a1) + Py (V27TPk b ‘éﬂP’“b’“)}
[

<E
< IE f{c(slaal)] + P*]F;C |:V27TPk: bk ‘/QT:-P*,k,[;k:|
H
< E D fHsnan) | = Vi g, (37)
T Lh=1

As a result, we have
K K
> VE waz Bk
k=1 k=1

Step 1: We first bound Zle V;;Tf & e Via an auxiliary anchor representation.

Recall that U}, = Zf;fv(kfw)Eshw(,,*,i,,_ri) {qb;;’k(sh,ah)¢2’k(sh,ah)T} + Aew I and we
U(A

define U:(Z‘fi = Zf t1W+1E<h~(P* i 71 [¢h (sh,ah)@l’k(sh,ah)q + A, w Iq. We first note that
ap~U(A)

for any h, the following equation holds.

Z E(Shaah)N(P*'kﬁ’“) ak,WHqﬁ;k(smah)H N _
Uy ) ™!

k€[K]

2
*,k
= | 2 0kw D Elpannprran [H%’ (Sh»ah>“(Uk,wk)1]
h,p*>

\ ke[K] k€E[K]
LK/W) (D)W 2
= Z ak W Z Z (sh,a;, (P*k, k) [H¢h Sh; ah)H e _1‘| (38)
ke[K] t=0 k=tW+1 (U )

The ¢** and U in Equation ( . both change with the round index k. To deal with such an
issue, we divide the entire round into LWJ + 1 blocks with an equal length of W. For each

block t € {0, ..., [#]}, we select an auxiliary anchor representation ¢*'" ! and decompose
Equation (38)) as follows. We first derive the following equation:

(t+1)W
Z ]Eshah (Prk,wk) [H¢h Sh’ah)H kW ‘|
E=tW 41 (U, k)™
(t+1)W )
D T | R
k=tW+1 ( hy* tW+1)
t+1)W
SED D Y | COS | NE [/ {C IS [ S
k=tW+1 (CHY)
t+1)W , ,
k &
= Y Ean~eeran M¢Z (Sh’ah)H SR H(bZ (Sh,ah)H o
k=tW+1 ( h,¢*1k) ( It tW+1)
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et ] |

k,W

kW
( ;¢*fW+1) !

(U, %o tW+1) !

¢2,tW+1(sh7 ah)H2 ] |

(t+1)W ) ,
k K
Z E(Sh,ah)N(P*’kvﬁ'k) [H¢2 (Shﬂah)H(Uk,w )1 - HQSZ (3h7(lh)H( kW )= 1]
k=tW+1 h,p* ok hyg*ot W1
(1
t+1)W , )
N AW 41
+ Y Elane(prr i H¢Z (Shvah)H e L ’ O (sn,an) ‘ W -
k=tW+1 ( h,,¢*,tW+l) ( hoo*s tW+1)
(I1)
(39
For term (I7), we have
)W ) ,
ik AW 1
Z E(Shﬁah)N(P*‘kvﬁ'k) H¢2 (Sh’ ah)H kW 1 ‘ 2 (Sh’ ah)H Uk w 1
k=tW+1 W, ey awg)” (U gewi1) ™
<Z§ct+t1v%/vil (bh,ah)N(P*,k,;rk){q&:ﬁk(sh»ah,)T(U::;[j(,tw+1) d)h (5h>ah) ¢h (Shvah) U h¢* tW+1) 1¢Z’tw+l(sh,ah)

+ 05" (snyan) (U L ow) TS T (snoan) — o (s an) T (U w ) T Z’tw+1(8h7ah)]
W 2 k k, k

) w , AW 41
< > Eigpam)n(Prk,ab) [H¢Z (Sh’ah)HzH(Uhqﬁ*tW+l) 1H2H¢Z (snyan) —op™ " (Shﬂh)”2

k=tW+1
© i 5 O e
(t+1)W
< Z (8hyap)~(P*k 7k) |:)\?/V H¢Z7k(8h7ah> - ¢Z7tw+1(8h,ah)“2:|
k=tW+1
< %A?h},[tw+l,t(w+l)—l]7 (40)

where (i) follows from the property of the matrix norms induced by vector £o-norm.
For term (I), we have

(t+1)W ) )
ok k
Y Eloann(po ah) lH¢Z (Sh’ah)H(U’“‘W )71—H¢Z (Smah)H( ow 1]
k=tW+1 h,p*:k h,p*otWA1
(t+1)W
& EW \— kW _ &
> Eganmietan (657 Gman) T (U507 = UF ) ™) 6 (nan)|
k=tW+1
(t+1)W
: kW k,W kW K
= Z E(Sh,,ah) (P*:k 7k) {(bh (Sh,ah) (Uh¢* k) (Uh¢* W41 Uh e k) (Uhd>* tW+1> 1¢Z (Sh,ah)}
k=tW +1
Dyrw (gh,ahMp*,kﬁM[||¢;,k(8h,ah>\|2||<U:;g,k>fl|(2H(U;;;;zy,,w AT [Cr Ty 1H2||¢;.k<8h,ah>\|2]

(1)
(t+1)W k—1 o tW 41 ot W41 T x,k *,k T
< *%V pIPl tV)V+1 (spyap )N(P*>k,7'rk)[”Zi:l\/ka]E(sh,ah)N(P*’i,ii)[(z)h (sn,an)dy, (snran) =83 " (sn,an) oy " (shyan) H|2]
(t+1)W —
1
— )\2 Z Z
W o=t 1i=1ve—w 0
1 t+1)Ww k—1

tW+1 AW 1 T AW 1 k T
> B L L TR |
W k=W 1i=1vk-w (S0@r)™ (P o

SV s an) o T sy an) T — 00" (snyan) o)y (Sh’ah)THz}

Bl
ap)~(P*i,7?)

i ’ ¢;,tw+1(

shoan) oy (snyan) T — &3 (sny an) oy (sn, ah)THJ
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t+OW k-1

2 *, tW41
Sy X 2 EGuaosenian [H% (sn,an) — """ (Sh;ah)HJ
W k=tW+1i=1vk—W
(t+1)W _ 5
¢
< > Z S A w1 41)
k=tW+1i=1vk—-w ~ W

where (i) follows from the property of the matrix norms induced by vector ¢2-norm and (i) follows
from that chi"k(sh,ah)H < 1.
2

Furthermore,
t+1)Ww 9
*,tW+1
Z E(sh,ah,)N(P*”",irk) l“¢ht + (Sh,ah)H oW ‘|
k=tW+1 (Uh % 1W+1)
(t+1)W
= X (B [ o)™ )] W ) )
k=tW+1
(t+1)W
< Yt (Blannieoemn [0 snan)op ™ snsan)T] (O ) )
k=tW+1
(t+1)W
< > a4 B (o™ enaney™ s an)T] O Khea)

sp~ (P k Rk
ap, ~U(A)

h ¢* JEW 41
k=tW+1

< 2Adlog(1 + E), (42)
dXo

where the last equation follows from Lemma|[D.2]
Then combining Equations (39) to (2)), we have

(t+1)W )
&
Z E (s ,an)~(Pok 70 [Hsz (Shyah)H o 1]
k=tW+1 (U, k)

oW t+1)W

w 2
¢
< 2Adlog(1 + H) oy A{h} [EWHLe(WH1)—1] T Z Z /\TAh,[tWH,k*l]'
0 k=tW+1i=1vk—w "W

(43)
Substituting Equation [3) into Equation (38), we have

*,k
Z E(S)L,ah)N(P*"kﬂﬁ-k) [ak,w Hqsh (S}“ah)H(Uk .k)_1‘|

ke[K] h,¢*

\K/W] (t+1)W

2
S Z akW Z Z (Shvah) (P*k ﬂk) [de}l Shs> Gh H(Uka) 1]

ke(K] t=0 k=tW+1

/W) (DWW ke é
\/Zke (K] %, w 2= [2Ad10g(1+ arg )+A A{h} WA 1,6 (W41 —1] T2kt W 1 21 v k=W %Ah,[tw+1,k—l]:|

2K Ad W s 2W2

where the second equation follows from Equation (@3).
Then we derive the following bound:

K

~k
E Vpe g
k=1
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= Z Earanyo(pet iy LFE (50 an)]

ke[K] he[H

H "
SZke[K]{Zh:z |:]E(5h71,ah71)~(1’*,k17;k) |:04k,W“¢;_1(S)L—17ah—1)||(U};f_l " k),1:| +\/ﬁWACBAf:_Lth_W,k_l]

\/ <Ckw+ -CpAF bWk 1])}

H
SO DR e A .

h=1 k€e[K]

T Z Z\/WACBAh LA k—wk-1] T Z VAGw

ke[K] h=1 kE[K]
(i) T 2AKd W oW o772
¢ é
: Pt \/ W AGkw + Akwd) {Wl g1+ K) + WA{h},[K] + N2, A{h},[K]:|
H
+ Z\/WACBA[}L 1,h],[k— Wk1+zm

ke[K] h=1 ke[K]

2AKd W [2HW QHW?
< VI G+ M) [H\/ o8l + 750 T \/A?Hl SRR va Afm,[m]

dho Y
+ VIWBACEAYT 1 + Z VAGew

2AKd
\/— +\/HW? AH] x|+ VWEACEA [H]

(45)

(V (Alog([B][ WK H/3) + &)

where (i) follows from Lemma 4} and (i) follows from Equation (44)).
Step 2: We next bound Z k=1 ¥ B via an auxiliary anchor representation.

.. *,k
Similarly to the proof Step 1, we further bound Zke[K] E(s,,an)~ (P 7%) [51@,1/1/ Hqsh (Sh’ah)H(Wk )1].

h,p*k

We define W’]:r*/k = Zf llv(k w) ]E(S,“ah) ~ (P 71 {d)i’k(sh?ah)qb;‘L’k(sh,ah)T] + )\k,WId and

W:;Vi = Ef tlw+1 E(sp,an)~(Pri7t) {(ZS*’k(Sha ah)@{k(sh’ ah)T] -+ Ak, wl4. We first note that
for any h, we have

*,k
Z E(Sh,,ah,)N(P*’kvﬁk) [Bk,w H(bh (Sh7ah)H(W;§,¢*ﬁk)_l‘|

ke[K]

2
=12 Bw X Eaammnm ||| enan)| .
W k)t

ke[K] ke(K] h,o*
LK/W] (t+1) 2
TS Z@MWWWM%MMWJ 4o
ke[K] t=0 k=tW+1 W k)

The ¢** and W in Equation both change with the round index k. To deal with this issue, we
decompose it as follows. We first derive the following equation:

(t+1)W

2
*,k
S | s .

k=tW+1
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(t+1)W

— Z ]E(Sh,gah,)N(P*rk’ﬁ—k}) U

2
* tW+1
h " (sh’ah)H(WkW )- ]
k=tW+1 h,p* ot W1
(t+1)W )
Z ]E(éh,ah) ~(P*k k) ["¢h Sh’ah)H(Wk,W = 7”¢h(sh’ah)”(W s tw1)” 1]

k=tW+1 hyg*ok

(t+1)W

ok 2 2
Z E(sh,ah)~(P*vk,7”r’“) H%’ (sh,ah)H

*,k
S ]
k=tW+1 h,p*k

Wyl o)™
+"¢*,k(sh “”)Hz ‘(b*,tW-&-l(sh ““HQ
" 7 (WkWtWH) ! 4 ) (Wk:[i w1t
(t+1)W
3 TR PR S P
Sh,ap)~(P*k & ) - )
k=tW+1 (eran)t ™ " (W:rik)71 4 (W hoo* tW+1)
(IIT)
(t+1)W

k=tW+1

2 2
+ D Elannprn) lHﬁ”“(sh,ah)H —‘

*,t W41
kW 1 h (sh7ah)H kW 1]
WA ) WA )
(Iv)
47)
For term (IV'), we have
(t+1)W 2
*,tW+1
E E (8h,ap)~(P*k 7k) H(bh Shaah)H bW . ‘ ¢h (Shaah)H kW
k=tW+1 w, d)*‘tW+1) ( B awgr) !
<Z§:+flv)vm_*/_1 (sprap)~(P* k., k:){ Z,)k(sfnah) (W

1 ,k W 1 JEW 41
o* tW+1) ¢h (Sh ah) (shaah) (Wh o tW+1) ¢; (Shaah)

+ “(snran)” (Wh,’¢*=f«W+1) Loy tWH(Sh»ah)—¢Z’tw+1(8h,ah)T(W:’gwa) 1¢*tw+1(3h7ah)}
(i) (t+1)W
*,k kW — *, kK *, tW+1

S E(sn.an)m (e 7h) [H% (Shvah)HzH(Wh,wWH) 1H2H¢h (8hsan) — ht * (shaah)Hz

k=tW +1
o nan) = @™ smoan)| | [V o) [0 s an) ]

t+HW )

*,k >, tW+H1

< Y Egann(porah) L\WH% (sn,an) — o™ (Shvah)H2:|

k=tW+1

oW
< WA{h},[tW+1,t(W+1)—1]7 (48)

where (i) follows from the property of the matrix norms induced by vector £5-norm
For term (I17), we derive the following bound:
t+1)W

h,p*> JAEW 41
(t+1)W

2 2
§ *,k %,k
]E(Sh,ah)N(P*’k,ﬁ'k) [H¢h (Sh’ah)H kW 1 - H(Zsh (Sh’ah)H kW ‘|
k=t W1 W, o) )~

Z E(Sh’ah) (P*k 7k {(bh (Sh,ah)T ((WkW
k=tW+1

_ kW _ &
B - (Wh7¢*,tW+1) 1) o, (Shvahﬂ
(t+1)W

*,k EW \—
Z ]E(S}uah)N(P*’kv'ﬁ'k) [¢h (Sh’ah)T(Wh ¢>*vk) !
k=tW+1

< (Wi = Wadla) OV o)™ 05 (o)
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(i) (t+1)W

< Z E(sp,an)~(Prk 75) |:H¢Z7k(shaah)”2H(Wk(‘;:k)_luzH(W;I::r:,tWJrl Wk(zvk)H
k=tW 41

e oo

@) 1 (t+n)Ww k—1
* tW+1 o tW+1 T
<z 2l Eewan~eeran E |67 T (snyan)dy " T (s, an)
A -
W g=tW+1 i=1vEk—w (Shoan)~ (P07
k
=63 (snsan) " (s an) ] |,
(t+1H)W

k=1 AW 41 W41 k .k
7@Zk:tW+1Zi:lvk—w]E(Shvah)'\‘(P*’ii‘i)[”(b;;t THsnsan)y T (snsan) T =03 (snan) g, (S’“ah)T”2]

W 1 w W1 W1 .k
ST; Z,i:tv)‘url Z,iszAV]E(Shyah)N(P*,iﬁi)[Ht# WL, an)oy’ + (sh,an) T —o7" + (sn,an)oy (Sh,ah)T”

n ‘ ¢Z,tW+1(

shyan)or (snyan) T — o3  (sn, ah)¢2’k(8h,ah)THJ
9 t+1)W k-1

<o X X Epanreia H‘(bh (sn,an) — ¢”W+1(Sh,ah)HJ

W k=tW+1i=1vk—W
(t+1)W _

2
< > Z 32 Mo (49)

k=tW+41i=1Vk—-W

where (7) follows from the property of the matrix norms induced by vector ¢2-norm and (i) follows
from that H¢Z’k(5h7ah)H <1.
2

Furthermore, we derive the following bound:

(t+1HW 2
AW 1
D Elnanprtan U h (Sh,ah)H(Wk,w )1]
e h,p* tW+1
(t+1H)W
*, X, k’ )
= Z tr (E(S’l,ah)N(P*vk,ﬁ'k) [¢htw+1(8h,ah)¢htw+1(8h,ah)—r} (Wh,g,tWH) 1)
k=tW+1
()W
=2 (E(Sh’“h)N(P*>k,ﬁk) { P (s, an) thw+1(3h,ah)T} (Wf:;yfml)_l)
k=tW+1
t+1)W
< ko tr [¢2’tw+1(sh’ah)aﬁ;’tW“(Sh,ah)T} (W:fgffwﬂ)*l
k:tW+1(Sh,ah)N(P*’ )
w
< 2dlog(1 + — )
og(1+ " ), .

where the last equation follows from Lemma
Then combining Equations (39) to (1)) and we have

(t+1)W

2
*,k
S [
k=tW+1 hogxok
(t+1)W
2W 2 \o
< 2dlog(1 + d)\) py A{h}[tW—i—lt(W—i—l) 1t Z Z EAWWH&—H'

k=tW +1i=1Vk—W
(5D

Substituting Equation (5I)) into Equation {#6), we have

Z ]E(shvah)’\’(P*’kaﬁk) ﬂk,W Hd);’k(sh’ah)” k _
(ChIS

ke[K]
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LK/W] (t+1)W

2
SR TS S ol R | R .
h,qb*vk

ke[K] t=0 k=tW+1

LK/WJ W W (t+1)W c—1 2 @
\/Zke 1 B w s [2‘“0!‘5(1"' arg )+>\ A(h} W1, (W41)—1] T2kt W1 2im1vk—W WA;L,HWHJ«A]}

2 A®
SVKﬂMA@wwmhw+AhW@+AhW@[%%hgu+3%»+%%A?wJm+%%7A{HJKJ. (52)

where the second equation follows from Equation (5T).
Then, we derive the following bound:

Z P*kb’C = Z Z ]E(éh,ah ~(P*:k 7k) [b (Shvah)}

ke[K] ke[K] he[H]

*,k
Z {Z {E(Sh—l»ah/—l)N(P*'k’ﬁ'k) [Bk,w H(bhfl<sh*1>ahfl)H(W,C e e 1‘|

ke[K]
2
\/ Aﬁ 1,[k—W,k— 1]} + \/ 9Ad0&;€7w
w

*,k
Z shvah)N(P*Ykﬁ?k) |J6k7W Hqsh/ (Sh’ ah)H(Wk * k)1‘|
K h,p*:F

9Ado3
*WV At 1)+ -

kel K]

(i) W [2HW
< /K (9dAQRW AGe,w + Ae,wd) + Akwd) [H\/W log(1 + dT\O) \/)\WA[H],[K]
2HW?

A P
¥ + WAL A x)

[Kd /

VP
Hm@qmm)

I\Mm

+

¢
Alh (k)

<)<¢K¢MAkgq¢mmKﬂwn+d%

(53)

where (i) follows from Lemma[A.17] and (i) follows from Equation (52).
Finally, combining Equations (37), and (53), we have

Z o o SO (VR (ATog ([ IN]KH/3)+d2) [ H /AT log(W)+\[HW2AR o |+ VITTACE AT 1))

¥ P
B logW)+\/HW2 AL, (o |+WVAAYE )
Kd | 2 3 VP
w log(W)+y/HW A[HL[KJ]“W AN )

+0 (V/KdA(Alog(19[[ W] K H/8)+d?) [ Hv/
v

SO(\/KdA(A log (||| K H/5)+d2) [H
O]

The following visitation probability difference lemma is similar to lemma 5 in|Fei et al.|(2020), but
we remove their Assumption 1.

Lemma A.19. For any transition kernels {P,}_,,h € [H],j € [h — 1],s, € S and policies
{m L, and 7, we have

’
PP P (sn) — P ...Pjﬂj ...P}:rff(sh)’ < r?ea§<|‘7rj(-|s) — 7} ||TV
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Proof. To prove this lemma, the only difference from lemma is that we need to show

_ - .
max,, > |P;T](sj+1|sj) — P (sj41]s5)] < 2maxges |75 (:|s) — m HTV holds without
assumption. We show this as follows:

max > [P (s41]55) — P (sj11ls5)]
T s

—maXZ|ZPS]+1\s], a)m;(als;) ZPS]"Fl‘S]? ‘(a|3j)‘

Sj+1 @

< max >N Psjlss, a)lmj(als;) — 7 (als;))|

Sj+1 a
=max ) Y P(sjs1ls;,a)lm;(als;) —mj(als))|
7 e s

= max ) _ |mj(als;) — 7 (als;)| = 2max||m;(-[s) = m;(-[s)llzv-

B Further Discussion and Proof of Corollary

In this section, we first provide a detailed version and further discussion of Corollary i.5]in Ap-
pendix [B.1] then present the proof in Appendix [B.2] and finally present an interesting special case in

Appendix [B.3]
B.1 Further Discussion of Corollary [4.3|

We present a detailed version of Corollary. 4.5|as follows. Let I}y x1(N) = min{ K, max{1, N}}
forany K, N € N.

Corollary B.1 (Detailed version of Corollary §.3). Under the same conditions of Theorem
if the variation budgets are known, then for different variation budget regimes, we can select the
hyper-parameters correspondingly to attain the optimality for both (I) w.rt. W and (IT) w.rt. T in

Equation . For (I), with W = H[LK}(LH%d%K% (AVP 4+ A3 |), part (I) is upper-bounded
by
V EREA (Ata?), (A\/F-s-N’)gﬂ
H2d% A3 (A+d2)% (HK)™ (avP+a®) 5 (AVP+a?)> i,

For (IT) in Equation , with T = Tl g ( | K3 (AP + A™) =3 |), part (I1) is upper bounded by

(54)

%, (A7 +AT)S
4 _1 PN B
2H3 (HK) ™5 (AP+A™)5, L <(AP+A™)<K, (55)
P T
H A H87) K<(AP+A™)

For any € > 0, if nonstationarity is not significantly large, i.e., there exists a constant v < 1 such

that (AY + A™) < (2HK)" and (A\/ﬁ + A®) < (2HK)", then PORTAL can achieve e-average
suboptimal with polynomial trajectories.

As a direct consequence of Theorem [d.4] Corollary {.5]indicates that if variation budgets are known,
then the agent can choose the best hyper-parameters directly based on the variation budgets. The
Gapave can be different depending on which regime the variation budgets fall into, as can be seen in

Equations (54) and (53).
At the high level, we further explain how the window size W depends on the variations of environment
as follows. If the nonstationarity is moderate and not significantly large, Corollary 4.5]indicates that

for any e, Algorithm [I] achieves e-average suboptimal with polynomial trajectories (see the specific
form in Equation (59) in Appendix [B.2). If the environment is near stationary and the variation is

relatively small, i.e., (AVP + A%) < Hd/K?, (AP + A™) < 1/y/K, then the best window size W
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and the policy restart period 7 are both K. This indicates that the agent does not need to take any
forgetting rules to handle the variation. Then the Gapave reduces to O (\/ H4d?A(A+ d?)/K ),

which matches the result under a stationary environmentE]

Furthermore, it is interesting to consider a special mildly changing environment, in which the
representation ¢* stays identical and only the state-embedding function ;*'* changes over time. The
average dynamic suboptimality gap in Equation (3) reduces to

O(W+WA\/?+%+HT(A£+A") )
K T
(1) (I1)
The part (I1) is the same as (I1) in Equation (3)) and by choosing the best window size of W =
Hzdz(A+ d*)iK2(AVP)~ 2, part (I) becomes

o) (HQdiAé (A+d*)® (HK)™ (Aﬁy). (56)

Compared with the second regime in Equation (54), Equation (56) is much smaller, benefited from
identical representation function ¢*. In this way, samples in previous rounds can help to estimate
the representation space so that W can be larger than W in terms of the order of K, which yields
efficiency gain compared with changing ¢*.

On the other hand, if the nonstationarity is significantly large, for example, scales linearly with K,
then for each round, the previous samples cannot help to estimate current best policy. Thus, the best

W and 7 are both 1, and the average dynamic suboptimality gap reduces to O (\ JH*d?A (A + d2)).

This indicates that for a fixed small accuracy e > 0, no matter how large the round K is, Algorithm |
can never achieve e-average suboptimality.

B.2 Proof of Corollary B.1|(i.e., Detailed Version of Corollary [4.5)

If variation budgets are known, for different variation budgets regimes, we can tune the hyper-
parameters correspondingly to reach the optimality for both the term (/) that contains W and the
term (/1) that contains .

For the first term (I) in Equation , there are two regimes:

* Small variation: (A\/ﬁ + A¢) < %,

— The best window size W is K, which means that the variation is pretty mild and the
environment is near stationary. In this case, by choosing window size W = K, the
agent takes no forgetting rules to handle the variation. Then the first term (I) reduces

H4d?A
K

to (A + d?), which matches the result under a stationary environment}?

— Then for any ¢ > 0, with H K no more than 1) (W), term (I) < e.

* Large variation: (A\/F + A¢) > 44,

—1
3

— By choosing the window size W = H3d3 K3 (A\/F + A¢) , the term (I) reduces

1
6

to H2dF A3 (A+ )7 (HE) "+ (AVP 4 A%)
— Since (A‘/ﬁJrA(z’) < 2HK, there exists v < 1 s.t. (A‘/ﬁ+A¢> < (2HK)".
Then (I) < 2H2d5 Az (A+ dg)% (HK)_FTW. Then for any € > 0, if v # 1, with

5

YRR ST E e
HEK no more than O [ &1 H A 7 (Add ) w),term (I)<e

eT—v

>We convert the sample complexity bound under infinite horizon MDPs inUehara et al.[(2022) to the average
dynamic suboptimality gap under episodic MDPs.

3We convert the regret bound under infinite horizon MDPs in|[Uehara et al.|(2022) to the average dynamic
suboptimality gap under episodic MDP.
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For the second term (11 in Equation (14)), there are three regimes elaborated as follows:

. Tation- P T 1
Small variation: (A" + A™) < 7%

— The best policy restart period 7 is K, which means that the variation is pretty mild and
the agent does not need to handle the variation. Then term (1) < \2/—%

— Then for any € > 0, with H K no more than 1) (f—;), term (IT) < e.

o Moderate variation: \/% < (AP + A™) < K,

— The best policy restart period 7 = K3 (A + A™)~3 and the term (1) reduces to
2HK=5(AP + A™)3,

- Since (A" + A™) < 2HK, there exists y < 1s.t. (AP + A™) < (2HK)?. Then
the term (1) < 4H%(HK)‘17TW. Then for any € > 0, if v # 1, with H K no more

4

than O (Hl-;” ),term (II) <e

el—"
e Large variation: K < (A + A™),

— The variation budgets scale linearly with K, which indicates that the nonstationarity
of the environment is significantly large and lasts for the entire rounds. Hence in each
round, the previous sample can not help to estimate the current best policy. So the best

P ™
policy restart period 7 = 1, and the second term (1) reduces to H + % =
O(H), which implies that Algorithm [I| can never achieve small average dynamic

suboptimality gap for any large K.

In conclusion, the first term is upper bounded by

172
(1) < K ) gd (57)
2% 3 —3 B
H2d8 A% (A+d%)? (HK) s (A\/ﬁ+ M) (Aﬁ+ M) > %
and the second term is upper bounded by
2H 1
—_—, AP LA™ < —
VE ( )= VR
4 1 1 1
(IT) < { 2H3(HK) 3 (AP + A™)3, =< (AF + A™) < K, (58)
P T
H+7H(AK+A), K < (AP + A7)

In addition, if the variation budgets are not significantly large, i.e. scale linearly with K, for any € > 0,
Algorithm [T] can achieve e-average dynamic suboptimality gap with at most polynomial samples.
Specifically, if there exists a constant v < 1 such that the variation budgets satisfying (A" + A™) <

(2HK)" and (A\/ﬁ + A¢> < (2HK)?, then to achieve e-average dynamic suboptimality gap, i.e.,
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Gapave(K) <, Algorithmonly needs to collect trajectories no more than
O <H5d2A(A + d2)>

€2

if (A\/F+A¢)7g (AP £ AT < T

-6 2

dl ’YHI 'yAl 7(A+d2) ’Y+H2>

— €

. Hd .
it 5 < (AP 4+ A%) < (HK), (A7 +47) <

=

(e}

=
€T

if (Aﬁ’ v M) < < (AP + A™) < (HK);

5 (A4 d?) T )

ek
=l

@}

_6
1—v

<H5d2A (A+d?)  H™ )

—_

if Z;l (Af + M) < (HK), —— < (AP + A™) < (HK)".
(59

=)

B.3 A Special Case

In this subsection, we provide a characterization of a special case, where the representation ¢* stays
identical and only the state-embedding function ;** changes over time. In such a scenario, the

variation budget AF’H]_[ K] = 0 and the average dynamic suboptimality gap bound in Equation
reduces to

GapAve (K)

[ [E®A H2W3A 5 2H  3H .
_O(\/ o AT E) T T M ~ (Al ]*A[qu))

7

1
by i 2 - VP B —L1/AP T i
<O( FaRAY (A4 )T KT (AT )"+ HE J(A[H],[KlJFA[H],[K])J)’
where the last equation follows from the choice of the window side W =
_1
O(Hédé(A—f—dZ)iK; (A[\HF][K]) 2) and the policy restart period T =

0 (K% (Aﬁl],[K] + AFH]’[K])*E) with known variation budgets.

C Proof of Theorem 3.1/ and Detailed Comparison with Wei & Luo| (2021)

C.1 Proof of Theorem [5.1]

Proof of Theorem[5.1] Before our formal proof, we first explain several notations on different choices
of W and 7 here.

o W*,7%): We denote W* = diHiK3(A? + AVP 4 1)=%, and 7% =
9, (K%(AP AT 1)—%).

o (W,7): Because W* = ds H3K3(A? + AVP 4 1)"3 < dsH3K3 < Jy and 7* =
O (K%(AP + AT + 1)—§) < K5 < J,. As aresult, there exists a W € Jy such that

W <W*<2Wanda7 € 7, such that 7 < 7* < 27.

Wi
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o (WT,r1): (WT,7T) denotes the set of best choices of the window size W and the policy
restart period 7 in feasible set that maximize 21[51/ Mi R;(W,T).

Then we can decompose the average dynamic suboptimality gap as

GapAve Z |:Vp* Vlgf,k:|
kE (K]
[K/M] [K/M] [K/M]

—%ng: ZIE (W, 7)) +—Z]E Z]E (Wi, )],
k=1

(I) (I1)

where the last inequality follows because if {7*}X_ is the output of Algorithm [3|with the chosen
. . min{s min{iM, ok

window size {Wi} 1M BIR,(W;, 7)) = B [y vt = o i var , holds.

We next bound Terms (I) and (I7) separately.

Term (I): We derive the following bound:

[K/M]

K
SV Y R(WLT)
k=1 =1

) | [HAd2A H3dA o |H2W°A 5
0 \/ (A+d?) + \/ (A+d) WAL, o + e A

-~ (2H  3H .
O<ﬁ+ (A +A[HHK1)>

(i1) . HA4d2A 3dA | H2W+*3 A
2 2) W2 A® VP
<0 \/ 7 (A+d )+\/ e (A+dH) W A[H],[K] + 702 A[H] (K]

- (2H 3Hr* -
+O(\/;+ e (A, [K]+A[HMK]))

Gi)) [ s 4 1o g
< 0( HSd¥ A% (A+d?)? K% (Aﬁ+A¢+1)6>+O(2HK_(AP+N+1)

(i

<.

IN

+

ol

)

where (4) follows from Equation ( . (ii) follows from the definition of W and (iii) follows from
the definition of W* at the beginning of the proof.

Term (II): We derive the following bound:

| K/ [K/M]
% > E[R( Z E[R;(W;, ;)]
=1
[K/M] [K/M]

@1
S ? 2_: ]E [R Z ]E le T’L ]
(i4)
< O(MV/J[K/M]/K)
=O(WJKM)=O0(Hsds K™ 5),
where () follows from the definition of W1 and (44) follows from Theorem 3.3 in Bubeck & CesaJ

Bianchi| (2012) with the adaptation that reward R; < M and the number of iteration is | K /M |. Then
combining the bounds on terms (1) and (I7), we have

1
2 K

Gapave(K)<O (H% A8 A% (A4+d?)2K (A‘F—J—A P+1) é>+é (QHK*% (AP+N+1)%) .
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C.2 Detailed Comparison with Wei & Luo|(2021)

Based on the theoretical results Theorem[4.4]and taking Algorithm [[|PORTAL as a base algorithm, we
can also use the black-box techniques called MASTER in|Wei & Luo|(2021) to handle the unknown
variation budgets. But such an approach of MASTER+PORTAL turns out to have a larger average

dynamic suboptimality gap than Algorithm Denote A = A% + AVP L AT

To explain, first choose 7 = k and W = K in Algorithm |I} Then Algorithm [I| reduces to a
base algorithm with the suboptimality gap of O(y/H4d?A(A + d2)/K + \/H3dAK (A + d?)A),
which satisfies Assumption 1 in Wei & Luo| (2021) with p(t) = +/H*d2A(A +d?)/t and
Apy = /H3dAt (A + d?)A. Then by Theorem 2 in|Wei & Luo, (2021), the dynamic regret using
MASTER+PORTAL can be upper-bounded by O(H s ds Az (A + d b K3A3) = O(KSA3).
Here, we find the order dependency on d, H, A is the same as Theorem [S.1|and hence mainly focus
on the order dependency on K and A in the following comparison. Such a bound on dynamic regret
can be converted to the average dynamic suboptimality gap as O(K “GA3 ). Then it can obersed that
for not too small variation budgets, i.e., A > O(l), the order dependency on A is higher than that of
Algorithm

Specifically, if we consider the special case when the representation stays identical and denote
A= AVP 4 A", then the average dynamic suboptimality gap of MASTER+PORTAL is still

O(K “6A3s ). With small modifications on the parameters, by following the analysis similar to that
of Theorem [5.1] and Appendix we can show that the average dynamic suboptimality gap of

Algorithm satisfies O(K “iAx ), which is smaller than MASTER+PORTAL.

D Auxiliary Lemmas

In this section, we provide two lemmas that are commonly used for the analysis of MDP problems.

The following lemma (Dann et al., 2017) is useful to measure the difference between two value
functions under two MDPs and reward functions.

Lemma D.1. (Simulation Lemma). Suppose Py and P, are two MDPs and r1, 5 are the correspond-
ing reward functions. Given a policy T, we have,

V’:Ph’l‘l (Sh) - V}:PQ,T2 (Sh)
H

]’(EP : [71(sn,ans) — ra(spr, an) + (Prp — Pon )V i1 py o (Shr, an)|sn]
h=h a7
H
= Z E  [ri(sw,an) —ro(sn,an) + (Prp — Pon)Vil1 py o (shesans)lsn] -

s, )~ (Py,m)
h=h P T

The following lemma is a standard inequality in the regret analysis for linear MDPs in reinforcement
learning (see Lemma G.2 in|Agarwal et al.| (2020b) and Lemma 10 in|Uehara et al.| (2022)).

Lemma D.2 (Elliptical Potential Lemma). Consider a sequence of d x d positive semidefinite matrices
X1,..., Xn withtr(X,,) <1 foralln € [N]. Define My = Mol and M,, = M,,_1 + X,,. Then the
following bound holds:

N
N
E tr (X, M, ;) < 2logdet(My) — 2logdet(Mp) < 2dlog (1 + d/\> .
0
n=1
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