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Abstract

A common problem of classical neural network architectures is that additional
information or expert knowledge cannot be naturally integrated into the learning
process. To overcome this limitation, we propose a two-step approach consisting
of (1) generating formal rules from knowledge and (2) using these rules to define
rule based layers — a new type of dynamic neural network layer. The focus of this
work is on the second step, i.e., rule based layers that are designed to dynamically
arrange learnable parameters in the weight matrices and bias vectors for each input
sample following a formal rule. Indeed, we prove that our approach generalizes
classical feed-forward layers such as fully connected and convolutional layers by
choosing appropriate rules. As a concrete application we present rule based graph
neural networks (RuleGNNs) that are by definition permutation equivariant and
able to handle graphs of arbitrary sizes. Our experiments show that RuleGNN’s
are comparable to state-of-the-art graph classifiers using simple rules based on
the Weisfeiler-Leman labeling and pattern counting. Moreover, we introduce new
synthetic benchmark graph datasets to show how to integrate expert knowledge
into RuleGNNs making them more powerful than ordinary graph neural networks.

1 Introduction

Using expert knowledge to increase the efficiency, interpretability or predictive performance of
a neural network is an evolving research direction in machine learning [21} 23]. Many ordinary
neural network architectures are not capable of using external and structural information such as
expert knowledge or meta-data, e.g., graph structures in a dynamic way. We would like to motivate
the importance of “expert knowledge” by considering the following example. Maybe one of the
best studied examples based on knowledge integration are convolutional neural networks [12]].
Convolutional neural networks for images use at least two extra pieces of “expert knowledge” that is:
neighbored pixels correlate, and the structure of images is homogeneous. The consequence of this
knowledge is the use of receptive fields and weight sharing. It is a common fact that the usage of
this information about images has highly improved the predictive performance over fully connected
neural networks. But what if expert knowledge suggests that rectangular convolutional kernels are
not suitable to solve the task? In this case the ordinary convolutional neural network architecture
is too static to adapt to the new information. Dynamic neural networks are not only applicable to
images but also to other data types such as video [25]], text [10], or graphs [19]. The limitation
of such approaches is that expert knowledge is somehow implicit and not directly encoded in the
network structure, i.e., for each new information a new architecture has to be designed. Thus, our
goal is to extract the essence of dynamic neural networks by defining a new type of neural network
layer that is on the one side able to use expert knowledge in a dynamic way and on the other side
easily configurable. Our solution to this problem are rule based layers that are able to encode expert
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(a) Learned weights and bias for the best model of (b) Learned weights for the best model of the IMDB-
the DHFR dataset. BINARY dataset.

Figure 1: Visualization of the learnable parameters of our RuleGNN on DHFR (a) and IMDB-
BINARY (b) for three different graphs. Positive weights are denoted by red arrows and negative
weights by blue arrows. The arrow thicknesss and color corresponds to the absolute value of the
weight. The bias is denoted by the size of the node. The second image of (a) resp. (b) shows the
weights the 10 resp. 5 largest positive and negative weights.

knowledge directly in the network structure. As far as we know, this is the first work that defines a
dynamic neural network layer in this generality.

Main Idea We simplify and unify the integration of expert knowledge and additional informa-
tion into neural networks by proposing a two-step approach and show how to encode given extra
information directly into the structure of a neural network in a dynamic way. In the first step the
extra information or expert knowledge is formalized using appropriate rules (e.g., certain pixels in
images are important, only nodes in a graph of type A and B interact, some patterns, e.g., cycles
or cliques, in a graph are important, etc.). In the second step the rules are used to manipulate the
structure of the neural network. More precisely, the rules determine the positions of the weights in
the weight matrix and the bias terms. We note that the focus of this work is on the second step as we
show how to use given rules to dynamically adapt the layers. In fact, we do not provide a general
instruction for deriving formal rules from given expert knowledge. In difference to ordinary network
layers we consider a set VV of learnable parameters instead of fixed weight matrices. The weight
matrices and bias terms are then constructed for each input sample independently using the learnable
parameters from V. Indeed, each learnable parameter in )V is associated with a specific relation
between an input and output feature of a layer. As an example consider Figure T[] where each input and
output feature corresponds to a specific node in the graph. The input samples are (a) molecule graphs
respectively (b) snippets of social networks and the task is to predict the graph class. Each colored
arrow in the figure corresponds to a learned parameter from WV, i.e., a specific relation between two
atoms in the molecules or two nodes in the social network. Considering only the weights with the
largest absolute values, see the second image of (a) respectively (b), our approach has learned how to
propagate information from outer atoms to the rings respectively from the nodes to the “important”
nodes of the social network. This example shows several advantages of our approach: (1) rule based
layer type has a much more flexible structure than layers in classical architectures and allow to deal
with arbitrary input dimensions, (2) the layers are easily integrable into existing architectures, and
(3) the learned parameters, hence the model, is interpretable and can possibly be used to extract new
knowledge from the data or to improve the existing rules.

Main Contributions We define a new type of neural network layer called rule based layer. This
new layer can be integrated into arbitrary architectures making them dynamic, i.e., the structure
of the network changes based on the input data and predefined rules. We prove that rule based
layers generalize classical feed-forward layers such as fully connected and convolutional layers.
Additionally, we show that rule based layers can be applied to graph classification tasks, by introducing
RuleGNNs, a new type of graph neural networks. In this way we are able to extend the concept of
dynamic neural networks to graph neural networks together with all the advantages of dynamic neural
networks, e.g., that RuleGNNs are by definition permutation equivariant and able to handle graphs



72
73
74
75

76
77
78
79
80

81

82
83

84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106

107
108
109
110
111
112
113
114
115

116
117
118
119
120
121

of arbitrary sizes. Considering various real-world graph datasets, we demonstrate that RuleGNN’s
are competitive with state-of-the-art graph neural networks and other graph classification methods.
Using synthetic graph datasets we show that “expert knowledge” is easily integrable into our neural
network and also necessary for classiﬁcatio

The rest of the paper is organized as follows: We introduce the concept of rule based layers in Section[2]
and prove in Section [3] that rule based layers generalize fully connected and convolutional layers.
In Section ] we present RuleGNNs and apply them in Section [5to different benchmark datasets
and compare the results with state-of the art graph neural networks. Finally, we discuss limitations,
related work and conclude the paper in Section [6]

2 Rule Based Learning

Introducing the concept of rule based learning we first present some basic definitions followed by the
formal definition of rule based layers.

Preliminaries For some n € N we denote by [n] the set {1,...,n}. A neural network is denoted
by a function f(—,0) : R” — R™ with the learnable parameters ©. We extend this notation
introducing an additional parameter R, that is the set of formal rules R = {R!,...,R*}. The
exact definition of these rules is given in the next paragraph. Informally, a rule R is a function
that determines the distribution of the weights in the weight matrix or the bias vector of a layer. A
rule R is called dynamic if it is a function in the input samples z € R"™ otherwise it is called static.
An example of a static rule is the one used to define convolutional layers, see Proposition[2] An
example of a dynamic rule can be found in Section4] In our setting, a neural network is a function
f(—,0,R) : R* — R* that depends on a set of learnable parameters denoted by © and some
rule set R derived from expert knowledge or additional information. The notation * in the domain
and codomain of f indicates that the input and output can be of arbitrary or variable dimension. As
usual f is a concatenation of sub-functions f1, ..., f! called the layers of the neural network. More
precisely, the i-th layer is a function f¢(—, ©%, R?) : R* — R* where ©° is a subset of the learnable
parameters © and R/ is an element of the ruleset R. We call a layer f static if R" is a static rule and
dynamic if R' is a dynamic rule. The input data is a triple (D, L, I), where D = {7 ...,z } with
x; € R* is the set of examples drawn from some unknown distribution. The labels are denoted by
L= (y1...,yx) with y; € R* and I is some additional information known about the input data D.
This can be for example knowledge about the graph structure, node or edge labels, importance of
neighborhoods and many more. One main assumption of this paper is that I can be used to derive a
set of static or dynamic rules R. Again we would like to mention that we concentrate on the analysis
of the effects of applying different rules R and not on the very interesting but also wide field of
deriving the best rules R from I, see some discussion in Section @ Nonetheless, we always motivate
the choice of the rules derived by I.

Rule Based Layers We now give a formal definition of rule based layers. Given some dataset
(D, L, T) defined as before and the rule set R derived from I, the task is to learn the weights © of
the neural network f to predict the labels of unseen examples drawn from an unknown distribution.
Our contribution concentrates on single layers and is fully compatible with other layers such as
linear layers, convolutional layers Hence, in the following we restrict to the i-th layer fi(—, ©% R?) :
R* — R* of a network f. For simplicity, we assume ¢ = 1 and omit the indices, i.e., we write
f = f% 0 :=0%and R := R'. The forward propagation step of the rule based layer f which will be
a generalization of certain known layers as shown in Section [3]is as follows. Fix some input sample
xz € D with z € R™. Then f(—,0,R) : R" — R™ for n, m € N is given by

f(2,0,R) = 0c(WRy, (2) - T + bRy (2)) - )]

Here o denotes an arbitrary activation function and Wg,, () € R™*" 1sp. br, (») € R™ is some
weight matrix rsp. weight vector depending on the input vector = and the rule R. The set © =
{wi,...,wnN,b1,...,ba} consists of all possible learnable parameters of the layer. The parameters
{wy,...,wy} are possible entries of the weight matrix while {b1, ..., by} are possible entries of
the bias vector. The key point here is that the rule R determines the choices and the positions of
the weights from © in the weight matrix Wg, (., and the bias vector bg, () depending on the input

'Our code, results and the datasplits used can be found here!
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sample x. More precisely, not all learnable parameters must be used in the weight matrix and the
bias vector for some input sample x. Note that for two samples x,y € D of different dimensionality,
e.g,x € R” and y € R* with n # k the weight matrices WRy (x) and Wr, () also have different
dimensions and the learnable parameters can be in totally different positions in the weight matrix.
This is where the rules R and their associated rule functions, see (2)) below, come into play.

Given the set of learnable parameters © := {wq,...,wn,b1,...,bar}, for each input z € R™ the
rule R induces the following two rule functions

Ry (z) : [m] x [n] — {0} U[N] and Ry(x) : [m] —s {0} U[M] 2)

where m € N is the output dimension of the layer that can also depend on z. In the following we
abbreviate Ry (2)(4, j) by Ry (,4,7) and Ry(x) () by Ry (z,4). We note that for simplicity we
assume that the matrix and vector indices start at 1 and not at 0. Using the associated rule functions (2)
we can construct the weight matrix resp. bias vector by defining the entry (¢, 7) € R™*"™ in the i-th
row and the j-th column of the weight matrix Wg(,) € R™*" via

. 0 if Rw(x,i,j) =0
WRo (2)(2,7) = 3)
o () () {wa (@) OW-
and the entry at position k in the bias vector bg, () € R™ by
0 if Ry(z,k) =0
= ) 4
br, (z) (k) {bRb(w,k) o, 4)

Summarizing, the rule based layer defined in (1)) is a standard feed-forward layer with the difference
that the weights in the weight matrix and the bias vector are determined by a predifined rule R.
In fact, weight matrix and bias vector depend on the input and can contain shared weights. More
precisely, the rule controls the connection between the i-th input and the j-th output feature in the
weight matrix. A rule R is called static if it is independent of the input z € D, i.e., R(z) = R(y)
for all inputs x, y € R € D otherwise it is called dynamic. We call a rule based layer as defined in
static if it is based on a static rule R and dynamic otherwise. We will show in Section [3] that rule
based layers generalize known concepts of neural network layers for specific rules R.. In fact, we
show that fully connected layers and convolution layers are static rule based layers. Examples of
dynamic rule based layers are given later on in Section[d] The back-propagation of such a layer can
be done as usual enrolling the computation graph of the forward step and applying iteratively the
chain rule to all the computation steps. We will not go into the details of this computation as it is
similar to many other computations using backpropagation with shared weights. For the experiments
we use the automatic backpropagation tool of PyTorch [16] which fully meets our requirements.

Assumptions and Examples Rule based learning relies on the following two main assumptions:
A1) There is a connection between the additional information or expert knowledge I and the used
rule R and A2) The distribution of weights given by the rule R in the weight matrix Wy, improves
the predictive performance or increases the interpretability of the neural network. As stated before
we concentrate on the second assumption and consider different distribution of weights in the weight
matrix given by different rules. In fact, we assume without further consideration that it is possible to
derive a meaningful ruleset R from the additional information or expert knowledge I. For example if
the dataset consists of images we can derive the “informal” rule that neighboured pixels are more
important than pixels far away and in case of chemical data there exists, e.g., the ortho-para rule for
benzene rings that makes assumptions about the influence of atoms for specific positions regarding
the ring. This rule was already learned by a neural network in [28]. It is another very interesting task
which is beyond the scope of this work how to formalize these “informal” rules or to learn the “best”
formal rules from the additional information I.

In the following sections we focus on the concept of rule based layers and therefore for simplicity
and space reasons only consider the rule function of weight matrices. The rule function associated
with the bias vector can be constructed similarly. For simplicity, we write R instead of Ry .
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3 Theoretical Aspects of Rule Based Layers

In this section we provide a theoretical analysis of rule based layers and show that they generalize fully
connected and convolutional layers. More precisely, we define two static rules Rpc and Rony and
show that the rule based layer as defined in (1) based on Ry is a fully connected layer and the rule
based layer based on R is a convolutional layer. All the proofs can be found in the Appendix [A]

Proposition 1 Let f : R" — R™ with

f(ya 67 RFC) = U(WRFC(I) ’ y)
be a rule based layer of a neural network as defined in (without bias term) with learnable
parameters © = {wy, ..., Wy.;m} and y = £'(x) is the result of the first i — 1 layers. Then for the
rule function Rpc(x) : [m] X [n] — [m - n] defined for all inputs x as follows
Rrc = Rrc(z)(i,5) = (i —1) -n+j,
the rule based layer f is equivalent to a fully connected layer with activation function o.

Proposition [T] shows that rule based layers generalize fully connected layers of arbitrary size without
bias vector and can be easily adapted to include the bias vector. Hence, this shows that rule based
layers generalize arbitrary fully connected layers. Moreover, fully connected layers are static rule
based layers as the rule Rpc is static because it does not depend on the particular input x.

Proposition 2 Let f : R"™ — RO N+1D(m=N+1) yirpy

f(ya 97 RCNN) = U(WRCNN((E) : y)

be a rule based layer of a neural network as defined in (1) (without bias term) and W* =
{wy,...,wn2} be the set of learnable parameters. Then for the rule function Ronn : [(n —
N +1)-(m— N +1)] x [n-m] — [N?] defined by

T(i,7) if 0<~(i,5) < N-nand

Renn = Ronn(2) (4, 4) = 0<j(modn)—j+~(j) <N
0 o.W.
with (i) = (6.4) = (1(5.4) = 1)//m) - (1= N)
and ~(i,5) = j—((i—-1)//(n—=N+1))-n+(i—1) (mod (n— N +1))

the rule based layer f is equivalent to a convolution layer with quadratic kernel of size N (N < n,
N < m) and a stride of one over a two-dimensional image of size n X m (without padding and bias
vector) with activation function o. The notation a/ /b denotes the integer division of two integers a
and b.

Proposition [2| shows that rule based layers generalize 2D-image convolution without padding and
bias term. By adaption of the rule function it is possible to include the bias vector and padding.
Moreover, the result can be generalized to higher dimensions kernels, non-quadratic kernels and
arbitrary input and output channels. Hence, rule based layers also generalize arbitrary convolutional
layers. Convolutional layers are static rule based layers as the rule Rony is static because it is
independent of the input. The following result is a direct implication from Propositions [[|and [2}

Theorem 1 Rule based layers generalize fully connected and convolutional feed-forward layers.
Moreover, both layers are static rule based layers.

We claim that also other types of feed-forward layers can be generalized by rule based layers using
appropriate rule functions. Because of space limitations we would rather present a specific application
of dynamic rule based layers on graphs.

4 Rule Based Learning on Graphs

One of the main advantages of rule based layers as introduced in this work is that they give rise to
a dynamic neural network architecture that is freely configurable using different rules. In fact, the
network is independent of the dimension and structure of the input samples. Hence, a natural applica-
tion of our approach is graph classification. We would like to emphasize that graph classification is
only one of many possible applications of rule based layers. Other possible applications are node
classification, regression tasks, graph embeddings or completely different data-structures.
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Graph Preliminaries By a graph we mean a pair G = (V, F) with V' denoting the set of nodes of
Gand E C {{i,j} | i,j € V} the set of edges. We assume that the graph is undirected and does
not contain self-loops or parallel edges. In case that it is clear from the context we omit G and only
use V and E. The distance between two nodes ¢, j € V in a graph, i.e., the length of the shortest
path between i and j, is denoted by d(4, j). A labeled graph is a graph G = (V, E) equipped with
a function / : V' — L that assigns to each node a label from the set £ C N. In this paper the input
samples corresponding to a graph (V, E) are always vectors of length equal to |V|. In particular, the
input vectors can be interpreted as signals over the graph and each dimension of the input vector
corresponds to the one-dimensional input signal of a graph node.

4.1 Graph Rules

The example on molecule graphs in Figure 2] and Appendix motivates the intuition behind
different graph specific rules that can be used to define a graph neural network based on rule layers.
The underlying general scheme to define a rule based layer on graphs is as follows: Let G = (V, E)
be a graph and [ : V' — £ a permutation equivariant labeling function of the nodes, i.e., for some
permutation 7 of V it holds (7w (V) = w({(V')). Assuming that input and output dimension of the
layer is equal to |V the rule functions R as defined in (Z) map each pair of nodes (i,j) € V x V
to an integer which is the index of the learnable parameter in the set of all learnable parameters.
The mapping is injective based on the labels I(¢),1(j) and an additionally defined shared property
between the nodes ¢ and j. Examples for such shared properties can be the distance between 7 and
J, the type of the edge connecting ¢ and j or the information, that ¢ and j are in one circle. As an
example Ry as defined in Appendix is induced by the permutation equivariant function [ that
maps each node to its atom label and the shared property between two nodes is the type of the edge
connecting the nodes or the absence of an edge. Besides Ry, the simple rule that is based on the
given node labels in this paper we focus on three different rule based layers for graphs.

Proposition 3 Let m be some permutation of the nodes of G = (V, E) and x its corresponding input
vector. If R permutation equivariant, i.e., R(n(x))(i, ) = R(z)(n (i), 7(f)) then the rule based
layer is also equivariant under node permutations, i.e., f(m(z), 0, Rymol) = 7(f(x, ©, Ryol))-

Weisfeiler-Leman Rule Recent research has shown that the Weisfeiler-Leman labeling is a powerful
tool for graph classification [18] [14} 2| 22]. Thus, we propose to use Weisfeiler-Leman labels as
one option to define the rule based layer for graph classification. The Weisfeiler-Leman algorithm
assigns in the k-th iteration to each node of a graph a label based on the structure of its local k-hop
neighborhood, see [[18]]. Let I(v) be the result of the k-th iteration of the Weisfeiler-Leman algorithm
for some node v € V. Then the Weisfeiler-Leman Rule Ry, , assigns to each node pair (4, j) an
integer or zero based on the Weisfeiler-Leman labels {(7),(j) and the distance between the nodes 4
and j. The result is zero if the distance between ¢ and j is not between 1 and d. Note that we are not
restricted to look at consecutive distances from 1 to d. It is also possible to look at certain distances
only if the expert knowledge suggests it. In fact, (i, 7) and (k, ) are mapped to the same integer if
and only if {(¢) = I(k), () = I(!) and the distance between 4 and j is equal to the distance between
k and [. The layer defined by this rule is related to ordinary message passing but messages can pass
between nodes of arbitrary distances. For computational reasons in the experiments we restrict the
maximum number of different Weisfeiler-Leman labels considered by some bound L. We relabel
the most frequent [ — 1 labels to 1,--- ;I — 1 and set all other labels to [. The corresponding layer is
denoted by fir, , .-

Pattern Counting Rule Beyond labeling nodes via the Weisfeiler-Leman algorithm, it is a common
approach to use subgraph isomorphism counting to distinguish graphs [3]]. This is in fact necessary
as the 1-Weisfeiler-Leman algorithm is not able to distinguish some types of graphs, for example
circular skip link graphs [4]] and strongly regular graphs [2}3]. Thus, we propose the pattern counting
rule and show in Section [5|that RuleGNNSs based on this rule are able to perform well on synthetic
benchmark datasets while message passing models based on the Weisfeiler-Leman algorithm fail. In
general, subgraph isomorphis counting is a hard problem [3], but for the real-world and synthetic
benchmark graph datasets that are usually considered, subgraphs of size k € {3,4,5,6} can be
enumerated in a preprocessing step in a reasonable time, see Table[5] Given a set of patterns, say
P, we compute all possible embeddings of these patterns in the graph dataset in a preprocessing
step. Then for each pattern P € P and each node 7 € V' we count how often the node 7 is part of an
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embedding of P. Using those counts we define a labeling function ! : V' — £. Twonodes i, j € V
are mapped to the same label if and only if their counts are equal for all patterns in P. Patterns
that are often used in practice are small cycles, cliques, stars, paths, etc. The Pattern Counting Rule
Rp, assigns each node pair (4, j) an integer or zero based on the values of [(4), [(j) and the distance
between ¢ and j. As for the Weisfeiler-Leman Rule we restrict the maximum number of different
labels to some number L. The corresponding layer is denoted by fp, ;.

Summary Rule The summary rule Rgut can be used as the output layer as its output is a fixed
dimensional vector of size N € N independent of the size of the input data and the output is invariant
under node permutations. Again, let [ : V' — L be a function that maps each node of a graph to some
integer. Then the summary rule RY,, assigns each pair (n,i) with i € V and n € [N] an integer
or zero based on n and [(7). In fact, for each element of £ the rule defines n different learnable
parameters. The corresponding layer is denoted by ngm.

All the above rules define dynamic rule based neural network layers because the weight matrix and
bias terms defined by the rules depend on the input vectors = corresponding to different graphs. Note
that the layers defined by the above rules are permutation equivariant as the node labeling function [
used to define the rule is equivariant under node permutations. Thus, using the layers corresponding
to the above defined rules we can build a graph classification architecture that by definition does not
depend on the order of the nodes in the input graphs. Moreover, a layer is able to pass information
between nodes of arbitrary distances in the graph. Thus, as shown in the experiments below, it is not
necessary to use deep networks to achieve good performance on the real-world benchmark datasets.

4.2 Rule Graph Neural Networks (RuleGNNs)

The layers derived from the above rules are the building blocks of the RuleGNNs. Each RuleGNN is
a concatenation of different rule based layers from Weisfeiler-Leman rules and pattern counting rules
followed by a summary rule using arbitrary activation functions. To define the learnable parameters
of the bias term we also use the summary rule. The input of the network is a signal z € RIVI
corresponding to a graph G = (V, E). We note that for simplicity we focus on one-dimensional
signals but also multidimensional signals, i.e., z € RIV!*? are possible. The output of the network
is a vector of fixed size N € N determined by the summary rule where N is usually the number
of classes of the graph classification task. The output can be also used as an intermediate vectorial
representation of the graph or for regression tasks.

5 Experiments

We evaluate the performance of RuleGNNs on different real-world and synthetic benchmark graph
dataset and compare the results to the state-of-the-art graph classification algorithms. For comparabil-
ity and reproducibility of the results, also with future algorithms, we make use of the experimental
setup from [7]]. That means, for each graph dataset we perform a 10-fold cross validation, i.e., we use
fixed splits of the dataset into 10 equally sized parts (the splits can be found in our repository), and
use 9 of them for training, parameter tuning and validation. We then use the model that performs
best on the validation set and report the performance on the previously unseen test set. We train the
best model 3 times and average the results on each fold to decrease random effects. The standard
deviation reported in the tables is computed over the results on the 10 folds.

Data and Algorithm Selection A problem of several heavily used graph benchmark datasets
like MUTAG or PTC [13]] is that node and edge labels seems to be more important than the graph
structure itself, i.e., there is no significant improvement over simple baselines [[17]. Moreover, in
case of MUTAG the performance of the model is highly dependent on the data split because of the
small number of samples. Thus, in this work for benchmarking we choose DHFR, Mutagenicity,
NCI1, NCI109, IMDB-BINARY and IMDB-MULTI from the TU Dortmund Benchmark Graphs
repository [13] because the structure of the graphs seems to play an important role, i.e., the simple
baselines presented in [[17, [7] are significantly worse than the state-of-the-art graph classification
algorithms. Additionally, we consider circular skip link graphs CSL [4] and constructed some new
synthetic benchmark graph datasets called LongRings, EvenOddRings and Snowflakes [[15]] to show
the advantages of RuleGNNs on more complex graph structures with given expert knowledge. For
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NCI1 NCI109 Mutagenicity DHFR | IMDB-B IMDB-M

Baseline (NoG) [17] 69.2+ 1.9 68.4 + 2.2 74.8 + 1.8 71.8+5.3 71.9 + 4.8 47.7 £ 4.0
WL-Kernel[8] 85.2+23 850+1.7 83.8+24 835+5.1 71.8 £ 4.5 51.9 + 5.6
DGCNNR27] 76.4 L 1.7 73.0 £ 2.4 77.0 £ 2.0 72.6 £ 3.1 69.2 £ 3.0 456 £ 3.4
DGCNN (features) 73.6 + 1.0 725+ 1.5 76.3 £ 1.2 76.1+ 3.4 69.1+ 3.5 45.8 + 2.9
GraphSagel[8] 76.0 + 1.8 77.1+1.8 79.8 £ 1.1 80.7 + 4.5 68.8 + 4.5 47.6 +£ 3.5
GraphSage (features) ~ 79.4 + 2.2 78.6 + 1.6 80.1 + 1.3 82.4+ 3.9 69.7 &+ 3.1 46.6 + 4.8
GIN[26] 80.0+ 1.4 79.7 £ 2.0 81.9+ 1.4 79.1+ 4.4 71.2 + 3.9 48.5 4+ 3.3
GIN (features) 77.3+1.8 77.7+2.0 80.6 + 1.3 81.8 + 5.1 70.9 + 3.8 48.3 + 2.7
GSN (paper) [3 83.5 + 2.3 - - - 77.8 £ 3.3 54.3 + 3.3
CIN (paper) [1] 83.6 + 1.4 84.0+ 1.6 - - 75.6 £ 3.7 52.7 + 3.1
SIN (papen)[2] 82.7 4+ 2.1 } - - 75.6 + 3.2 52.4 + 2.9
PIN (paper) [22] 85.1+ 1.5 84.0+ 1.5 - - 76.6 + 2.9 -

RuleGNN 82.8 £ 2.0 83.2 L 2.1 815+13 843132 | 754133 520+43

Table 1: Test set performance of several state-of-the-art graph classification algorithms averaged
over three different runs and 10 folds. The 4 values report the standard deviation over the 10 folds.
The overall best results are colored red and the best ones obtained for the fair comparison from [7]]
are in bold. The (features) variant of the algorithms uses the same information as the RuleGNN as
input features additionally to node labels. The (paper) results are taken from the respective papers
and might be obtained with different splits of the datasets.

more details on the datasets see Appendix [A.5] For NCI1, IMDB-BINARY and IMDB-MULTI we
use the same splits as in [[7] and for CSL we use the splits as in [6]] and a 5-fold cross validation. We
evaluate the performance of the RuleGNN s on these datasets and compare the results to the baselines
from [7]] and [17] and the Weisfeiler-Leman subtree kernel (WL-Kernel) [18] which is one of the best
performing graph classification algorithm besides the graph neural networks. For comparison with
state-of-the-art graph classification algorithms we follow [7]] and compare to DGCNN [27]], GIN [26]]
and GraphSAGE [8]. Additionally, we compare to the results of some newer state-of-the-art graph
classification algorithms [3} [1, 2, 22]. For the latter we use the results from the respective papers that
might be obtained with different splits of the datasets.

Experimental Settings and Resources All experiments were conducted on a AMD Ryzen 9 7950X
16-Core Processor with 128 GB of RAM. For the competitors we use the implementations from [7]].
For the real-world datasets we were not aware of expert-knowledge, hence we tested different rules
and combinations of the layers defined in Section More details on the tested hyperparameters
can be found in Appendix We always use tanh for activation and the Adam optimizer [[L1] with
a learning rate of 0.05 (real-world datasets) resp. 0.1 (synthetic datasets). For the real-world datasets
the learning rate was decreased by a factor of 0.5 after each 10 epochs. For the loss function we use
the cross entropy loss. All models are trained for 50 (real-world) resp. 200 (synthetic) epochs and the
batch size was set to 128. We stopped if the validation accuracy did not improve for 25 epochs.

Real-World Datasets The results on the real-world datasets (Table 1) show that RuleGNNs are
able to outperform the state-of-the-art graph classification algorithms in the setting of [7]] even if
we add all the additional label information that RuleGNNs use to the input features of the graph
neural networks (see the (features) results in Table E]) This shows that the structural encoding of
the additional label information is crucial for the performance of the graph neural networks and not
replacable by using more input features. Moreover, the results show that the Weisfeiler-Leman subtree
kernel is the best performing graph classification algorithm on NC1, NCI109 and Mutagenicity. For
IMDB-BINARY and IMDB-MULTI our approach performs worse than the state-of-the-art graph
classification algorithms that are not evaluated within the same experimental setup.

Synthetic Datasets The results on the synthetic benchmark graph dataset show that RuleGNNs
outperform the state-of-the-art graph classification algorithms if expert knowledge is available even
in the case that mesage passing is enough to solve the task. In fact, CLS and Snowflakes are not
solvable by the message passing model because they are not distinguishable by the 1-WL test. The
results on LongRings show that long range dependencies can be easily captured by RuleGNNs and
also dependencies between nodes of different distances as in case of the EvenOddRings dataset can
be encoded by appropriate rules.
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LongRings EvenOddRings EvenOddRingsCount | CSL Snowflakes

Baseline (NoG) [17] 30.17 £ 3.2 22.25 £ 3.0 47.9 + 3.9 10.0 £ 0.0 27.3+5.3
WL-Kernel [18] 100.0 + 0.0 26.83 £+ 4.2 47.8 + 4.3 10.0 £ 0.0 27.9+4.1
DGCNN [27] 29.9 £ 2.6 28.4+ 2.5 59.1 £5.2 10.0 £ 0.0 26.0 + 3.3
GraphSAGE (8] 29.8 £2.8 24.9 +2.7 51.3 £ 1.9 10.0 £ 0.0 25.0+1.8
GIN [26] 32.0+3.1 26.8 +2.5 51.0 £ 3.7 10.0 £ 0.0 24.5 + 2.2
RuleGNN 99.0 + 3.3 90.2 + 7.2 100.0 = 0.0 100.0 + 0.0 97.9 + 3.2

Table 2: Test set performance of several state-of-the-art graph classification algorithms averaged
over three different runs and 10 folds. The =+ values report the standard deviation over the 10 folds.
The best results and our algorithm are highlighted in bold.

Interpretability of the Rule Based Layers Each learnable parameter of RuleGNNs can be inter-
preted in terms of the importance of a connection between two nodes in a graph with respect to their
labels and their shared property (in our case the distance). In Figures [I|and6| we see how the network
has learned the importance of different connections between nodes for different distances and labels.

6 Related Work, Limitations and Concluding Remarks

Dynamic neural networks have been proven to be more efficient, have more representation power
and better interpretability than static neural networks [9]. Our approach can be seen as a sample
dependent dynamic neural network as for each input sample the network structure is adapted. In
contrast to other sample dependent dynamic neural networks [20, 24], our approach changes the
layer structure based on a predefined rule instead of the whole architecture. The rule based layers
of RuleGNNSs use the Weissfeiler-Leman labeling algorithm and subgraph isomorphism counting
which are both recently used concepts in graph classification algorithms [18, 3,12, [I]. The challenge
for graph neural networks is the heterogenicity of the input data and the lack of a fixed order of the
input data. [[19] proposes a dynamic neural network for graph classification that uses node and edge
labels and is similar to our approach. In fact, they also show that their approach generalizes CNNs.
In contrast, they do not provide a general scheme to encode expert knowledge into the network.
Moreover, their approach is not able to encode long range dependencies in the graph using only
one layer. There exist graph neural networks that have learned the ortho-para rule for molecules
[28]. While the additional information used in these algorithms is mostly hard-coded, we are able to
integrate arbitrary rules.

Limitations Input Features: So far we have only considered 1-dimensional input signals and
node labels, i.e., our experimental results are restricted to graphs that have no multi-dimensional
node features. Additionally, we have not considered edge features in our rules. In principle, multi-
dimensional node features and edge labels can be handled by our approach with the cost of increased
complexity. Space: For each graph we need to precompute the pairwise distances and store the
positions of the weights in the weight-matrix. This is a disadvantage for large and dense graphs
as we need to store a large number of positions. For dense graphs the number of positions can be
quadratic in the number of nodes. Structure: To define a meaningful rule for a layer the input and
output features need to be logically connected. Fortunately, this is the case for graphs but this fact can
be a limitation for other structures. Combinatorics: If it is not possible to define a formal rule given
some informal expert knowledge the number of possible rules that have to be tested can be very large.
Thus, it is an interesting question if it is possible to automatically learn a rule that captures the expert
knowledge in the best way. Implementation: As stated in [9] there is a “gap between theoretical &
practical efficiency” regarding dynamic neural networks, i.e., common libraries such as PyTorch or
TensorFlow are not optimized for dynamic neural networks.

Concluding Remarks We have introduced a new type of neural network layer that dynamically
arranges the learnable parameters in the weight matrices and bias vectors according to a formal
rule. On the one hand our approach generalizes classical neural network components such as fully
connected layers and convolutional layers. On the other hand we are able to apply rule based layers
to the task of graph classification showing that expert knowledge can be integrated into the learning
process. Moreover, our approach gives rise to a more interpretable neural network architecture as
every learnable parameter is related to a specific connection between input and output features.
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Figure 2: Information propagation in a simple two layer RuleGNN based on the molecule graphs of
ethylene (left) and cyclopropenylidene (right) and the rules Razo1 (B) and Ryt (6). The input signal
is propagated from left to right. The graph nodes represent the neurons of the neural network. Edges
of the same color denote shared weights in a layer. For more details see Appendix E}

A Appendix / supplemental material

A.1 Proof of Proposition ]

To show the equivalence between the two layers it suffices to show that their weight matrices coincide.
In case of fully connected layers we have to show that the weight matrix Wy, () € R™*" is filled
with n - m distinct weights. This can be easily checked by computing Wg () using the definition
of the weight distribution based on the rule function in (3).

A.2  Proof of Proposition

Instead of the original two-dimensional image of size n x m we consider a reshaped vector x € R™"™
as our definition of rule based layers is restricted to simple vector matrix multiplication. The output
vector of dimension (n—N-+1)-(m—N+1) can then again be reshaped into a two-dimensional image
of size (n — N 41) x (m — N +1). Unfortunately, the reshaping makes the rule function complicated
as the indices of the reshaped vector have to be mapped to the indices of the two-dimensional image.

First note that convolution with a NV x N kernel corresponds to matrix-vector multiplication of a
doubly block circulant matrix that is a special case of a block Toeplitz matrix. Hence, to show the
equivalence between the layers we have to compare the weight matrices and show that the entries in
WRen(z) € ROTNFD-(m=N+1)xn-m exactly matches the entries in the block Toeplitz matrix of
the same dimension that corresponds to the convolution kernel. Comparing the definition of block
Toeplitz matrices with the above given rule shows that the rule exactly returns the entries of the block
Toeplitz matrix. Hence, the multiplication of x with Wg (=) is equivalent to multiplication of =
with the block Toeplitz matrix that is equivalent to the convolution of x with a kernel of size N x N.

A.3  Proof of Proposition 3]

The proof of Proposition 3| follows directly from the definitions of the rule based layers, see (I)), and
the rule functions, see (2). If the order of the nodes in the graph is permuted and rule function is
permutation equivariant, then the node labels are permuted accordingly. Hence, the positions of the
weights in the weight matrix and the bias term are permuted in the same way as the node labels. Thus,
the result of f, i.e., the multiplication of permuted weight matrix with the permuted input signal, is
the same as the permutation of the result of the multiplication of the original weight matrix with the
original input signal.

A.4 Example: RuleGNN for Molecule Graphs

Assume the task is to learn a property of a molecule based on its graph structure. In this example we
present a RuleGNN that is a concatenation of two very simple rule based layers. The advantage of
rule based layers and hence also RuleGNNs is that they encode the graph structure (in this example
the structure of two molecules) directly into the neural network. Moreover, the input samples can be
arbitrary molecule graphs and the output is a vector of fixed size k that encodes the property of the
molecule or some intermediate vectorial representation. In this example we consider the molecule
graphs of ethylene and cyclopropenylidene given in Figure 3| together with their corresponding input
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Figure 3: Molecule graphs of ethylene (left) and cyclopropenylidene (right). The indices denote the
order of the nodes.

signals € R® and y € R>. The atoms of the molecules (hydrogen H and carbon C) correspond
to the nodes of a graph and the bond types (single and double) correspond to the edges. The atom
labels and the atom bond types can be seen as additional information I that is known about the input
samples. The graph nodes are indexed via integers in some arbitrary but fixed order and the atom
corresponding to a graph node are given by the labeling function ! : V' — {H, C}.

The RuleGNN consists of two rule based layers f(,©1, Ryol) and f(, ©2, Royt) with learnable
parameters ©1 = {w,...,ws} and Oy = {wf,...,w} .} and the following rule functions Rio1
and Roys. For some graph G = (V) E) and its corresponding input signal z we define Ry, as
follows:

Ryoi(2) : [V < [[VI] — {0} uU]6]

ifi=jandl(i)=H
ifi=jand!l(i)=C

if (4,7) is an edge (-), 1(4)
if (¢,7) is an edge (-),l(2) =
if (4,7) is an edge (-),l(i) = l(j)

if (4,7) is an edge (=),l(i) = I(j) = C
0.w.

||

—
—
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~—
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For some graph G = (V, E) and its corresponding input signal z we define Ry as follows:

Rout(2) : [[VI[ x[k] — {0}U[2-F]

l(l) H (6)
(4,5) = C

Note that Ry and Ry are not restricted to the two molecules from above but can be applied
to arbitrary molecule graphs. Indeed, applying it to molecules with atom labels different from H
or C makes the rules less powerful, i.e., it should be adapted to the type of molecules. Using the
definition (3)) of weight distribution defined by the rule function we can construct the weight matrices
WRao1(x)s WRouw (x) TOr the ethylene graph and Wr,,, (y)s WRo.. (y) TOr the cyclopropenylidene
graph as follows:

wp 0 0 0 wz O ,
0wy 0 0 w3z O wy wy wy Wy wh Wy
WR — 0 0 wi 0 0 w3 W — . . . . . .
Mol () 0 0 0 wy 0 ws Out () ) ) ) ) : :
wg wy 0 0 wo ws Wig—1 Wak—1 Wap_1 Wyp_1 Wa Way

0 0 wyg wqg ws weo

w10w300

0 wi 0 ws 0 wy o owy o wy wy wy

W = wg 0 w2 we ws W = : : : : :
o. > u < . . . . .

Rool (9) 4 2 W6 Wr Rout(y) . : : :

0 w3 we wa ws

’ ! ’ ’ ’
0 0 ws ws wa Wop—1 Wap_1 Wy Way Woy

Combining the two rule based layers we obtain the RuleGNN and the forward propagation is given
by 0(Wrei(z) - 0 (WRyi () - ©)) for the ethylene graph and o(Wry,,, () - 0(WRy () - ) for the
cyclopropenylidene graph.
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Dataset #Graphs #Nodes #Edges Diameter #Node Labels #Classes

max avg min ‘ max avg min ‘ max avg min ‘
NCI1 4110 111 29.9 3 119 323 2 45 11.5 0 37 2
NCI109 4127 111 29.7 4 119 32.1 3 61 11.3 0 38 2
Mutagenicity 4337 417 30.3 4 112 30.8 3 41 6.3 0 14 2
DHFR 756 71 42.4 20 73 44.5 21 22 14.6 8 9 2
IMDB-BINARY 1000 136 19.8 12 1249 96.5 26 2 L9 1 1 2
IMDB-MULTI 1500 89 13.0 7 1467 659 12 2 L5 1 1 3

Table 3: Details on the real-world datasets used in the experiments. The datasets are from the TU
Dortmund Graph Database [[13].

Note that the forward propagation of the layer corresponding to the rule Ry is kind of a multiplica-
tion with a weighted adjacency matrix of the graph where the weights of the adjacency matrix are
given by the learnable parameters, see also Figure[2] In contrast to adjacency matrices the weight
matrix is not necessary symmetric. The computation graph induced by the weight matrix exactly
represent the graph structure while the edge weights are shared across the network using the rule, see
Figure|2| Note that the above defined rule is very flexible as also edge labels (e.g., atomic bonds)
can be taken into account by increasing the size of the weight set. Moreover, it is possible to include
bigger neighbourhoods, i.e., all nodes reachable by k-hops. Of course using other information of
the graph (e.g., substructures (such as circles or cliques), node degrees, connections not depicted by
edges) more complicated rules can be defined.

A.5 Dataset Details

In this section we provide additional details on the datasets used in the experiments. Table [3]shows
an overview of the real-world datasets and Table ] provides an overview of the synthetic datasets.

We consider the following synthetic datasets. The CSL dataset is from []. We constructed the other
datasets to demonstrate the strength of our approach to encode expert knowledge into the neural
network.

LongRings LongRings consists of 1200 cycles of 100 nodes each. Four nodes are labeled by
1,2, 3,4 and all other nodes are labeled by 0. The distance between each pair of the four nodes is
exactly 25 or 50. The label of the graph is 0 if 1 and 2 have distance 50, 1 if 1 and 3 have distance
50 and 2 if 1 and 4 have distance 50. There are 400 graphs for each class. The difficulty of the
classification task is that information has to be propagated over a long distance. Regarding RuleGNNs
this is very easy because if the expert knows that distance 50 is relevant we can define an appropriate
rule.

EvenOddRings FEvenOddRings consists of 1200 cycles of 16 nodes each. The nodes in each graph
are labeled from 0 to 15. The graph label is based on the labels of the nodes that have distance 8
respectively 4 to the node with label 0. We denote them by x resp. y, z. We distinct four cases: x is
even and y + z is even, x is even and y + z is odd, x is odd and y + z is even, x is odd and y + z is
odd. There are 300 graphs for each class, i.e., each of the four cases. The expert knowledge we use is
that the information has to be collected from nodes of distance 8 and 4.

EvenOddRingsCount EvenOddRingsCount consists of the same graphs as EvenOddRings but
the graph labels are different. For all nodes and their opposite node in the circle the sum of the
labels is computed. If there are more even sums than odd sums the graph is labeled by 0 and by 1
otherwise. There are 600 graphs for each class. The expert knowledge we use is the information that
only distance 8 is relevant.

Snowflakes Snowflakes is a dataset consisting of graphs proposed by [[15] that are not distinguish-
able by the 1-WL test, see Figure 4| for an example. The dataset consists of circles of length 3 to 12
and at each circle node a graph from My, My, Ms or Ms is attached, see FigureE] and [[15]] for the
details. My, M;, My and M3 are non-isomorphic graphs that are not distinguishable by the 1-WL
test. One label in the circle is labeled by 1 and all other nodes are labeled by 0. The label of the graph
is determined by the graph M, M1, My or M3 that is attached to the circle node with label 1.
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Figure 4: Example graphs from the Snowflakes dataset.

M0 M_1 M2 M3

Figure 5: The graphs My, M1, Mo, M3 from [[15]] that are not distinguishable by the 1-WL test.

Dataset #Graphs #Nodes #Edges Diameter #Node Labels #Classes
max avg min max avg min max avg min

LongRings 1200 100 100.0 100 100 100.0 100 50 50.0 50 5 3

EvenOddRings 1200 16 16.0 16 16 16.0 16 8 8.0 8 16 4

EvenOddRingsCount 1200 16 16.0 16 16 16.0 16 8 8.0 8 16 2

CSL 150 41 41.0 41 82 82.0 82 10 6.0 4 1 10

Snowflakes 1000 180 112.5 45 300 187.5 75 18 155 13 2 4

Table 4: Details of the synthetic datasets used in the experiments. The CSL dataset is from [4]].

A.6 RuleGNNs: Runtimes

Table 5] shows more details of the RuleGNN model. In particular, we see that except for the DHFR
dataset we need less than 12 epochs on average to reach the best result. This shows that our approach
is very efficient and converges quickly. At the first glance the average time per epoch seems to be very
high. This has two reasons. One is also mentioned in [9] that there is a gap between the theoretical
and practical runtime of dynamic neural networks because the implementation in PyTorch is not
optimized for dynamic neural networks. The other reason is that we parallelized the computation, i.e.,
we are able to run all the three runs and 10 folds in parallel on the same machine. Of course, this
produces some overhead. As stated above the preprocessing times are not relevant for the experiments
as they are only needed once. The third column shows the time needed to compute all the pairwise
distances between the nodes of the graph. The fourth column shows the time needed to compute the
node labels used for the best model. The most preprocessing time is needed for IMDB-BINARY and
IMDB-MULTI because the graphs are much denser than the other datasets. For the synthetic datasets
except for CSL we do not need any label preprocessing time as the original node labels are used.

A.7 RuleGNNs: Architectures and Hyperparameters

Table [6] provides an overview of the different architectures used in the experiments that achieved
the best results. One advantage of our approach is that messages can be passed over long distances.
Hence, except for the EvenOddRings dataset we used only one layer and the output layer. In case
of NCI1, NCI109, Mutagenicity it turns out that the best model uses the Weisfeiler-Leman rule
with £ = 2 iterations. We restricted the number of maximum labels considered to 500 which
results in 250000 learnable parameters for the weight matrix and 500 for the bias vector. For the
output layer we used the bound of 50000 learnable parameters which was larger than the number of
different Weisfeiler-Leman labels in the second iteration. Interestingly, for NCI1 and NCI109 the
best validation accuracy was achieved if considering node pairs with maximum distance 10. In case
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Dataset Best Epoch Avg. Epoch (s) Preproc. Distances (s) Preproc. Labels (s) Num. Graphs

NCI1 7.3+5.3 377.1 £ 20.7 2.0 11.9 4110
NCI109 5.4+ 2.9 386.7 £ 1.9 2.4 13.2 4127
Mutagenicity 9.1+4.1 575.8 £ 66.4 22 152 4337
DHFR 23.1 +£14.6 44.4 4+ 9.0 0.7 3.1 756
IMDB-BINARY 11.3+ 4.6 24.34+0.9 0.2 206.5 1000
IMDB-MULTI 6.7 £ 3.5 19.6 + 1.3 0.2 195.0 1500
LongRings 194.2 £ 15.1 0.7 £0.2 6.6 - 1200
EvenOddRings 176.1 + 15.2 1.2+0.3 0.2 - 1200
EvenOddRingsCount 199.0 + 0.0 0.5+0.1 0.1 - 1200
CSL 49.0 £ 0.0 1.6 £ 0.0 0.1 11.8 150
Snowflakes 191.7 + 18.9 0.5+ 0.1 7.1 1000

Table 5: Runtimes and preprocessing times of the different datasets used in the experiments. All
values are averaged over the best runs. The first column shows the best epoch (highest validation
accuracy), the second column shows the average time per epoch, the third column shows the time
needed to compute all the pairwise distances between the nodes of the graph, the fourth column
shows the time needed to compute the node labels used for the best model and the last column shows
the number of graphs in the dataset.

of Mutagenicity the best model uses only node pairs with distance 3 although we also considered
the hyperparameter d = 10. We also tested different small patterns, e.g., simple cycles, but they
did not improve the results. For DHFR this was different as the best model uses the pattern (simple
cycles with length at most 10) for the output layer. We also tested the Weisfeiler-Leman rule in this
case but the validation accuracy was lower. For IMDB-BINARY and IMDB-MULTI the best model
uses the pattern (simple cycles with length at most 10, triangle, edge). Note that the embedding of
one edge as a pattern is equivalent to the degree of the node. We also tested the Weisfeiler-Leman
rule but the validation accuracy was lower. All in all we considered many different rules from type
Weisfeiler-Leman and patterns but of course we did not test all possible rules. A full list of tested
hyperparameters can be found here. As a next step it would be interesting to consider more rules,
rules that come from expert knowledge or also deeper architectures with more rule based layers
concatenated. Regarding the number of learnable parameters we would like to mention that the
number is relatively high but lots of parameters are not used in the weight matrix. Hence, it might be
possible to prune the set of learnable parameters by removing those that are not used or those that
have a small absolute value.

For the synthetic datasets we use “expert knowledge” to define the rules. Hence we did not tested
other rules than those in Table[6] For LongRings, EvenOddRings and EvenOddRingsCount we used
the original node labels for the rule based layers. Moreover, instead considering learnable parameters
for all node pairs of certain labels with distance smaller or equal to d we considered only the node
pairs with distance d (denoted by “only: d”). In case of EvenOddRings we used two layers. The first
layer that considers only node pairs with distance 8 collects all the necessary information of opposite
nodes. The second layer that considers only node pairs with distance 4 collects the information of
the nodes that are 4 hops away from the nodes with label 0, see also Figure[6] For CSL we used as
patterns all simple cycles with length at most 10. For the Snowflakes dataset we used the patterns
cycle of length 4 and 5 and collect the information of the nodes that have pairwise distance 3. In this
way the RuleGNN is able to distinguish the graphs My, M7, Ms and M3 that are not distinguishable
by the 1-WL test. In the output layer we used the Weisfeiler-Leman rule with £ = 2 iterations to
collect the relevant information from nodes with different Weisfeiler-Leman labels.

A.8 RuleGNNs: Interpretability

One advantage of our approach is that each weight can be interpreted, i.e., we can see the relevance
of two nodes i, j in a graph with labels I(¢), [(j) and distance d(i, j). Figure[6]shows an example of
the learned parameters for some synthetic dataset. Figure|l|shows an example of the relevance of the
weights for a graph from the DHFR dataset using the weights of the best model. Considering Figure[6b|
we can see that in the first layer the RuleGNN passes the messages between opposite nodes as given
by the rule. In the second layer it has learned to collect the information from the nodes that have
distance 4 to the node with label O (dark blue node) all other connections of distance 4 have a smaller
weight.
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Dataset Rules Hyperparameter #Learnable Parameters per Layer
k d L

NCI1 wl 2 10 500 2500500
wl 2 - 50000 4220

NCI109 wl 2 10 500 2500500

wl 2 - 50000 4336

Mutagenicity wl 2 3 500 750500
wl 2 - 50000 4972

DHFR wl 2 6 500 1382880

pattern: (simple_cycles< 10) - - - 112

IMDB-BINARY pattern: (triangle, edge) - 2 - 963 966

pattern: (induced_cycles< 5) - - - 990

IMDB-MULTI pattern: (triangle, edge) - 2 - 551775

pattern: (triangle, edge) 10 - - 1578

LongRings labels - only: 25 - 30

labels - - - 18

EvenOddRings labels - only: 8 - 272

labels - only: 4 - 272

labels - - - 68

EvenOddRingsCount labels - only: 8 - 272

labels - - - 34

CSL pattern: (simple_cycles< 10) - - - 8930

pattern: (simple_cycles< 10) - - - 950

Snowflakes pattern: (cycle_4, cycle.5) - only: 3 - 90

wl 2 - - 20

Table 6: Overview over the hyperparameters of the best models.

Convolution Layer 1

Graph Label: 1

Convolution Layer 1

Convolution Layer 2

Graph Label: 3

Graph Label: 1

Graph Label: 3

Graph Label: 2

Graph Label: 1

Graph Label: 0

Graph Label: 0

(a) EvenOddCount

Figure 6: Visualization of the learned weights and biases for the RuleGNN on the EvenOd-
dRingsCount (a), EvenOddRings (b) and Snowflakes (c) dataset. The first column shows the graphs
and the colors of the nodes represent the different node labels. The other columns show the learned
weights and biases of the RuleGNN for the respective rule based layer. The message passing weights
are visualized by arrows (thicker for higher absolute values) and the biases are visualized by the size

(b) EvenOddRings

of the node (red for positive and blue for negative weights).
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The theoretical and experimentally claims made in the abstract are consistent
with the results presented in the paper and reflect the contributions made.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: In the conclusion and also in the experiments section we discuss the limitations
of the approach.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate Limitations” section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

 The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: For each of the theoretical results we provide a complete proof (in the appendix)
and a full set of assumptions.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We give all information that is needed to reproduce the experimental results
and also provide the code and data which is not online.

Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide open access to the code, datasplits and synthetic datasets used in
the paper.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We provide all data splits and hyperparameter choices for our algorithm in
the paper. Moreover, in the code we have understandable config files that contain all the
hyperparameters used in the experiments.

Guidelines:

* The answer NA means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: We use standard deviation to show the variability of the results. We do
not use statistical significance tests because our main claim is not that our method is

significantly better than state-of-the-art methods, but that it is an interesting new approach
that is applicable to a wide range of tasks.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer ”Yes” if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We specify the computer resources and the time needed to run the experiments
in the paper.

Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in the paper conforms with the NeurIPS Code of
Ethics.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The paper does not address societal impact because we present a very basic
approach that is not directly applicable to any specific societal problem.

Guidelines:
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11.

12.

» The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

 The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: We do not use scraped datasets or models that have a high risk for misuse.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We mention all creators and original owners of code and data we use in the
paper.
Guidelines:
* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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14.

15.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not introduce new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

23


paperswithcode.com/datasets

958
959
960
961
962
963
964
965

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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