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Abstract
In the task of Bayesian active learning, a learner
aims to identify unknown model parameters by
asking a series of queries in an adaptive manner.
We consider tasks with binary responses and sug-
gest a simple adaptive query selection rule, called
the Directional Uncertainty Reduction Maximiza-
tion (DURM) algorithm. The algorithm utilizes
directional derivative of the likelihood function as
a proxy for the informativeness of an observation
along a particular direction in the parameter space.
In each query selection step, it identifies the cur-
rently most uncertain direction based on Laplace’s
approximation and then selects the query with the
largest directional derivative along that direction.
By doing so, it collects a new observation whose
information gain is best aligned with the direction
that the information is most needed. We investi-
gate the algorithm’s behavior and prove its opti-
mality theoretically for two canonical response
models, the logistic model, and the MIRT model.
Our numerical experiments confirm these findings
using synthetic data and further demonstrate our
algorithm’s effectiveness using real-world data.

1. Introduction
In modern online services, the platforms actively interact
with their users in order to collect user feedback and pro-
vide highly personalized services. Feedback from newly
joined users is particularly valuable for successful onboard-
ing, and platforms often take aggressive actions. For exam-
ple, YouTube has recently stopped showing recommended
videos to those who do not have a watch history (Android-
Police, 2024), and many other platforms require new users
to complete a survey to start using their services.

We tackle the decision-making problem that these online
platforms face: How to learn about a new user as quickly
as possible. More formally, the platform is given a set of
queries and sequentially decides which query to ask to re-
ceive a response from the user, aiming to identify the user’s
latent feature with the minimum number of queries. We

adopt the Bayesian approach, recognizing that these plat-
forms typically have enough experiences to construct a rea-
sonable prior belief about the new users even before actually
interacting with them. Starting from the prior, the platform
can sequentially update the belief whenever it receives a
user response.

This problem can be framed as a Bayesian active learning
task (Settles, 2012), in which the learner has a prior belief,
updates its belief with new information, and selects queries
to speed up the learning. Many Bayesian active learning
algorithms evaluate the informativeness of a query through
entropy-based acquisition functions such as Expected In-
formation Gain (EIG; (MacKay, 1992a;b)) and Bayesian
Active Learning by Disagreement (BALD; (Houlsby et al.,
2011)). These acquisition functions measure the reduction
in the entropy of the posterior. However, as pointed out
by (Zhao et al., 2021a;b) and (Gontier et al., 2022), com-
puting posterior entropy is often intractable, making these
algorithms computationally inefficient and their theoretical
analysis challenging.

We propose a simple, computationally efficient heuristic for
this problem. Our suggested algorithm, called Directional
Uncertainty Reduction Maximization (DURM), utilizes di-
rectional derivative of the (log-)likelihood, focusing not
only on the magnitude but also on the direction of infor-
mativeness of a data point. By selecting the query that has
the largest directional derivative along the most uncertain
direction in the parameter space, our algorithm makes the
posterior concentrate quickly. For active learning tasks with
binary responses, we observe that the notion of directional
derivative is particularly meaningful and trivially easy to
compute; see the discussion in Section 3.

Another clear contribution of our work is the theoretical
analysis. We carefully analyze our algorithm in two stylized
setups that are motivated by real-world applications. The
analysis shows that our algorithm is optimal in terms of pos-
terior concentration rate, a direct proxy for the differential
entropy of the posterior distribution. Numerical experi-
ments confirm these theoretical findings and also highlight
that optimal performance can be achieved with our simple
heuristic.

1



Learning through Adaptive Queries: a Directional Derivative Approach

Related work. The problem we tackle can be considered
a Bayesian active learning task (see (Settles, 2012) for a
broader review). BALD (Houlsby et al., 2011; Gal et al.,
2017), EIG (MacKay, 1992a;b), Mean STD (Kampffmeyer
et al., 2016; Kendall et al., 2015), and the Var Ratio Test
(Freeman, 1965) would be the work closest to ours, all of
which are included as benchmark algorithms in our numeri-
cal experiments. Our proposed DURM algorithm shares an
algorithmic principle similar to that of EIG and BALD, as
it also aims to reduce posterior entropy in a greedy manner.
However, they incorporate expensive acquisition functions,
which may not be desirable in online user preference/ability
learning tasks.

Existing Bayesian active learning algorithms have struggled
to provide strong theoretical guarantees on convergence
(Zhao et al., 2021a;b) or convergence rate (Gontier et al.,
2022). (Zhao et al., 2021a;b) address these issues by re-
working the Expected Loss Reduction used in Bayesian
classification and proposing the weighted Mean Objective
Cost of Uncertainty, which offers a convergence guarantee.
Our work goes beyond, not only by providing convergence
results, but also by proving the (asymptotic) optimality of
our algorithm; see Section 4.

Another key feature of our algorithm is the use of direc-
tional derivatives. Although gradient information has fre-
quently been used in the active learning literature (e.g., (Don-
mez & Carbonell, 2008; You et al., 2014; ?)), to the best
of our knowledge, our work is the first to combine direc-
tional derivatives with posterior distribution. Through this
novel approach to query informativeness, our algorithm not
only benefits from favorable theoretical analysis, but also
achieves optimality in terms of posterior concentration rate.

Our work is closely related to the bandit literature. Online
learning of customer preferences has long been studied and
formulated in the bandit literature (Agrawal et al., 2017;
Faury et al., 2020), which motivated our model choice. Our
theoretical analysis also relies on proof techniques devel-
oped in that literature, although bandit algorithms typically
aim to minimize cumulative regret while our algorithm aims
to reduce posterior entropy. Specifically, we refer to (Bas-
samboo et al., 2023) for convergence and asymptotic analy-
sis of the adaptive query rule, and (Faury et al., 2020) for
the time-decomposition of the negative Hessian matrix. Our
analysis builds a connection between online learning and ex-
perimental design in the sense that our notion of optimality
resembles the D-optimality in the experimental design liter-
ature and our suggested algorithm pursues E-optimality in a
greedy fashion. Recently, a stream of work in the bandit lit-
erature also adopts concepts developed in the experimental
design literature (Jamieson & Jain, 2018), but connections
to Bayesian active learning have not been made yet.

2. Problem and Preliminaries
2.1. Problem Setup

We consider an online platform who is an active learner
trying to identify a newly joined user’s preference/ability by
sequentially asking queries to the user. Let θ ∈ Θ ⊆ Rdθ

be the parameter variable describing the user’s prefer-
ence/ability, and θ∗ be its ground truth value that the learner
aims to learn. We assume that the parameter set Θ is con-
tinuous. Let (xt)t∈N be the sequence of queries selected by
the online platform. It takes values in a predefined query set
X ⊆ Rdx , which can be either discrete or continuous.1

Response models. The user’s response to each query is
either positive or negative, randomly determined according
to a predefined response model. We describe the response
model with the likelihood function f : X × Θ → [0, 1],
where f(x, θ) represents the likelihood of positive response
when the query x is asked to the user with parameter θ.
To be precise, let yt ∈ {0, 1} be the user’s response to
the query xt at time step t. Then, yt ∼ Bern(f(xt, θ

∗)),
and yt’s are conditionally independent given the queries
xt’s. We assume that this likelihood function f(x, θ) is
twice-differentiable with respect to θ. The learner knows
the function f(·, ·).

Adaptive query selection. In each time step, the online
platform decides which query to ask and then receives the
user’s response immediately. The platform should make
decisions based only on the observations obtained previ-
ously. More formally, let Dt−1 :=

{
(xs, ys)

}t−1

s=1
be the

collection of query-response pairs chosen/realized prior to
time t, which the information that the platform can uti-
lize to select the tth query. A query selection algorithm π
is expressed as a sequence of mappings, (πt)t∈N, where
each map πt : (X × {0, 1})t−1 → X specifies the rule
to select the next query given the past observations, i.e.,
xt = πt(Dt−1).

Bayesian framework. We adopt the Bayesian framework
so that the online platform has a prior belief about the dis-
tribution of the user parameter θ∗. We denote the prior
distribution by p(θ), a continuous probability distribution
supported on Θ. According to the Bayes’ rule, the posterior
distribution can be derived as follows:

p(θ|Dt−1) ∝ p(θ)×
t−1∏
s=1

f(xs, θ)
ys
(
1− f(xs, θ)

)1−ys
,

whereDt−1 :=
{
(xs, ys)

}t−1

s=1
. As a possibly simplest point

estimator, we consider the maximum a posteriori (MAP)

1In real-world environments, the query set can be effectively
continuous if there are an enormous amount of queries available
or if any query can be synthesized using generative models.
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estimator, whose resulting estimate at time t is denoted by
θ̂t:

θ̂t ∈ argmax
θ∈Θ

log p
(
θ|Dt−1

)
. (1)

Laplace’s approximation. The posterior distribution is
typically intractable. The Laplace’s approximation suggests
a simple heuristic in such a case. (Long, 2022), (Long et al.,
2013) The posterior distribution is approximated with a
multivariate Gaussian distribution N (θ̂t,Λ

−1
t ), i.e.,

p(θ|Dt−1) ≈
det(Λt)

1/2

(2π)dθ/2
exp

(
−1

2
(θ − θ̂t)

⊤Λt(θ − θ̂t)
⊤
)
,

where Λt ∈ Rdθ×dθ is the negative Hessian matrix of the
posterior log-likelihood:

Λt := −∇2
θ log p(θ̂t|Dt−1). (2)

Our suggested algorithm’s procedure and its underlying
motivation heavily rely on this approximation.

2.2. Examples of response model

In our theoretical analysis and numerical experiments, we
specifically consider two response models – (1) the logistic
model, and (2) the MIRT model. We here introduce and
motivate them.

2.2.1. LOGISTIC RESPONSE MODEL

We first introduce a response model that mirrors the classic
logistic regression model. Given a d-dimensional parameter
space and a (d+ 1)-dimensional query space (i.e., Θ ⊆ Rd,
X ⊆ Rd+1), the likelihood function is given by

f
(
x, θ

)
= ϕ

xd+1 +

d∑
j=1

xj · θj

 , (3)

where ϕ(z) := 1/(1 + e−z) is the logistic function, and xi

(respectively, θi) represents the ith component of the vector
x (respectively, θ). The bold letters are used just to clarify
that they are vectors.

The next example motivates this response model.

Example 1 (Customer preference learning) Imagine an
online fashion retail store in which thousands of fashion
items are being sold. For a newly joined customer, the store
tries to identify the customer’s preference through a series of
“this-or-that” questions: in each question, the store displays
two items and lets the customer pick more preferred one.

Let us adopt the following random utility model which
is commonly used as a choice model. The value that a
customer perceives for item i is given by ui = θ⊤vi −
pi + εi, where θ ∈ Rd is the customer’s latent preference

parameter vector, vi ∈ Rd is the item’s known feature
vector, pi ∈ R+ is the item’s price, and εi is the random
perturbation drawn from the standard Gumbel distribution.
When an item pair (i, k) is presented to the customer, the
probability that the customer prefers item i over item k can
be represented as

p(ui > uk) = ϕ
(
(θ⊤vi − pi)− (θ⊤vk − pk)

)
= ϕ

(
θ⊤(vi − vk) + (pk − pi)

)
.

This situation can be formulated with the above logistic
model (3) with a query set X := {(vi − vk, pk − pi)}i ̸=k.

2.2.2. MIRT RESPONSE MODEL

Following the multi-dimensional item response theory
(MIRT; (Bock & Gibbons, 2021)), we introduce the MIRT
response model whose likelihood function is given by

f(x,θ) =

d∏
j=1

ϕ
(
xj + θj

)
, (4)

where x ∈ Rd, θ ∈ Rd, and ϕ(z) := 1/(1 + e−z) is
the logistic function. We motivate this model through the
following example.

Example 2 (Ability testing) Imagine an online math edu-
cation platform who conducts level tests for newly joined
student users. A student’s mathematical ability is repre-
sented with a d-dimension vector θ ∈ Rd, where each
component θj ∈ R represents the skill level in a particular
aspect such as geometry, algebra, probability, etc. The plat-
form owns a pool of math questions, each of which is also
represented as a d-dimensional vector y ∈ Rd. Here, each
component yj ∈ R represents the difficulty of the question
in each aspect.

We assume that the difficulty vector serves as a component-
wise ”soft threshold”. Given a student with ability vector
θ and a question with difficulty vector y, the probability
that the student correctly figures out the jth aspect of the
question is given by ϕ(θj − yj). Further assuming that each
ability/difficulty dimension contributes to the final outcome
independently, the student gives the correct answer with
probability

∏d
j=1 ϕ(θj − yj). One can alternatively inter-

pret this model as follows: the student solves the question
correctly if and only if his/her randomly perturbed ability
level exceeds the question’s difficulty level in all aspects
(i.e., θj + εj > yj for all j where εj’s are drawn from the
standard Gumbel distribution independently).

This situation can be formulated with the above MIRT re-
sponse model (4) with a query set X := {−y : y ∈ Y},
where Y is the set of difficulty vectors of all available ques-
tions.
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3. Algorithm
We now propose Directional Uncertainty Reduction Maxi-
mization (DURM) algorithm, which offers a simple adaptive
query selection rule that effectively reduces the learner’s un-
certainty in parameter estimation. The main idea is straight-
forward: in each query selection step, the algorithm (1)
finds the most uncertain direction in the parameter space,
and then (2) selects the query that maximizes the reduction
in the uncertainty along this direction. This procedure is
implemented in Algorithm 1 below.

Algorithm 1 Directional Uncertainty Reduction Maximiza-
tion (DURM) Algorithm

Initialize: D0 ← ∅
for t = 0, 1, 2, ... do

Compute the MAP estimate along with the negative
Hessian matrix:

θ̂t ← argmax
θ∈Θ

p(θ|Dt−1), Λt ← −∇2
θ log p(θ̂t|Dt−1).

Find the query at which the likelihood gradient be-
comes most aligned with the eigenvector of Λt corre-
sponding to the smallest eigenvalue: ut ← vmin(Λt),

xt ← argmax
x∈X

∣∣∣∇θf(x, θ̂t)
⊤ut

∣∣∣ . (5)

Observe yt ∼ Bernoulli(f(xt, θ
∗)) and update Dt ←

Dt−1 ∪ {(xt, yt)}.
end for

Most uncertain direction. To describe more formally,
consider the moment at which the active learner is deter-
mining the tth query given the past query-response pairs,
Dt−1 := {(xs, ys)}t−1

s=1. Let Lt(θ) := log p(θ|Dt−1) be
the log-likelihood function of the posterior distribution. The
second order Taylor expansion at the peak θ̂t (which is the
MAP estimate) gives

Lt(θ̂t + u) ≈ Lt(θ̂t) +
1

2
u⊤∇2Lt(θ̂t)u. (6)

With the negative Hessian matrix Λt := −∇2Lt(θ̂t) which
is a positive semi-definite matrix, the direction ut ∈ Rdθ

that (locally) maximizes the log-likelihood value around θ̂t
can be found by2

2We implicitly assume that the direction ut is a feasible di-
rection at θ̂t. That is, there exists a sequence (θk)k∈N ⊂ Θ with
θk → θ̂t and (θk− θ̂t)/∥θk− θ̂t∥ → ut as k → ∞. If θ̂t is not an
interior point of Θ, however, the direction ut may not be feasible.
In such a case, we can consider the set of all feasible directions
(often referred to as tangent cone) and add it as a constraint in the
minimization (7).

ut := argmax
u∈Rdθ :∥u∥2=1

{
Lt(θ̂t) +

1

2
u⊤∇2Lt(θ̂t)u

}
= argmin

u∈Rdθ :∥u∥2=1

{
u⊤Λtu

}
= vmin(Λt).

(7)

Here, vmin(Λt) indicates the normalized eigenvector associ-
ated with the smallest eigenvalue of the matrix Λt.

We refer to the direction ut (7) as the most uncertain direc-
tion at time step t. It is the direction along which the learner
is least confident in terms of parameter estimation. Let
ϵt := θ̂t− θ∗ be the estimation error vector. The approxima-
tion (6) is simply the Laplace’s approximation saying that
ϵt|Dt−1 ∼ N (0,Λ−1

t ). The expected amount of estimation
error along a particular direction u ∈ Rdθ can be repre-
sented as Var(ϵ⊤t u|Dt−1) ≈ u⊤Λ−1

t u, which is maximized
at the direction ut.

Query selection. Given the most uncertain direction ut,
the algorithm aims to select the query that is most informa-
tive to reduce the uncertainty along this direction. More
specifically, consider two parameter vectors, θ̂t + δut and
θ̂t − δut, for some small real number δ ∈ R+. This pair
would be the one that is most difficult for the learner to
determine which one among two is closer to the true pa-
rameter θ∗ based on his current knowledge. The amount
of disagreement between the two parameter vectors for the
same query x can be measured by the gap between their cor-
responding likelihood values, which admits the following
approximation:

|f(x, θ̂t + δut)− f(x, θ̂t − δut)| ≈ 2δ|∇θf(x, θ̂t)
⊤ut|.

Although this disagreement compares the likelihoods of
positive response, it remains identical even if we compare
the likelihoods of negative response, because |∇θf

⊤u| =
|∇θ(1− f)⊤u|.

Among all possible queries, the query that maximizes this
disagreement is chosen:

xt = argmax
x∈X

∣∣∣∇θf(x, θ̂t)
⊤ut

∣∣∣ . (8)

The chosen query maximally differentiates two parameter
candidates, θ̂t + δut and θ̂t − δut.

One can alternatively motivate the objective (8) as the
expected length of the directional derivative of the log-
likelihood. For a given query x, the learner would expect
that the positive response occurs with probability f(x, θ̂t).
Letting L(θ, x, y) := log

(
f(x, θ)y(1− f(x, θ))1−y

)
be

the log-likelihood value corresponding to a query-response
pair (x, y), the expected amount of disagreement in the
log-likelihood along the direction ut is given by

E
[∣∣∇θL(θ, xt, yt)

⊤ut

∣∣ |Dt−1, xt = x
]
≈ 2

∣∣∇θf(x, θ)
⊤ut

∣∣
4
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Interpreting the directional derivative of the log-likelihood
as the directional informativeness of an observation, we
view the query chosen by the DURM algorithm as the one
that maximizes the expected amount of information toward
the most uncertain direction.

1

2

t ut

t

t + ut

Most uncertain direction ut

1

2 t

f(x1, )
f(x2, )

Most uncertain direction ut

Figure 1: Illustration of DURM’s query selection rule. (Left)
Given the posterior distribution of the parameter, the algorithm
finds the most uncertain direction ut at the current estimate θ̂t,
visualized with dashed lines. (Right) The gradient of the like-
lihood, visualized with colored arrows, quantifies each query’s
multi-dimensional informativeness. The algorithm chooses the
query whose gradient at the current estimate is most aligned with
the direction ut.

4. Analysis
In this section, we provide theoretical analysis of our sug-
gested algorithm for the two response models introduced in
Section 2. All the proofs are deferred to the Appendix. We
begin by introducing the performance metric of our major
interest.

Definition 4.1. Given an algorithm π, we define the poste-
rior concentration rate of π up to time t as

Hπ
t :=

(detΛt)
1
dθ

t
,

where Λt is the negative Hessian of poste-
rior log-likelihood evaluated at the MAP esti-
mate, i.e., Λt := −∇2

θ log p(θ̂t|Dt−1) where
θ̂t := argmaxθ∈Θ log p(θ|Dt−1).

The posterior concentration rate Hπ
t quantifies how quickly

the total amount of estimation uncertainty reduces over
time. Recall that the Laplace’s approximation postulates
that θ∗|Dt−1 ∼ N (θ̂t,Λ

−1
t ). Following the relationship

between the (differential) entropy of a Gaussian and the log-
determinant of its covariance matrix, the entropy of the pos-
terior distribution can be approximated as H(θ∗|Dt−1) ≈
dθ

2 log(2πe)+ 1
2 log det(Λ

−1
t ) = Θ(− log(t ·Ht)) (Clarke,

1999). Therefore, if Ht is large, the entropy decays quickly,
suggesting that the algorithm quickly identifies the true pa-
rameter.

Presumably, the posterior concentration rate Hπ
t converges

to some constant (which is shown, in fact, for our algorithm
suggested in specific setups; see theorems below). The

asymptotic normality of the MAP estimator (Lehmann &
Casella, 2006) implies that (θ∗ − θ̂t)/

√
t ∼ N (0, I−1),

where I is the Fisher information matrix. Consequently,
we can argue that Λt ≈ t · I−1, and therefore the posterior
concentration rate Hπ

t converges to (det I)−1/dθ . Maximiz-
ing the posterior concentration rate is effectively equivalent
to minimizing the determinant of the Fisher information
matrix, which is also known as D-optimality in the optimal
experimental design domain.

4.1. Logistic response model

In this section, we investigate the logistic response model
introduced in Section 2.2.1. Motivated from Section 2.2.1,
we consider a cylindrical and continuous query set X :=
{(xdir, xoffset) ∈ Rd×R : ∥xdir∥2 ≤ α}. Recall that, given a
parameter θ ∈ Θ = Rd and a query x = (xdir, xoffset) ∈ X ,
the likelihood is given by f(x, θ) = ϕ

(
xdir⊤θ + xoffset

)
,

ϕ(z) := 1/(1 + e−z).

Next propositions characterize the query chosen by the
DURM algorithm.

Proposition 4.2. The query xt = (xdir
t , xoffset

t ) chosen by
the DURM algorithm at time t satisfies that

xdir
t = α · ut, f(xt, θ̂t) =

1

2
.

This result shows that the query selection procedure (5)
yields the direction component xdir

t that is most aligned with
the most uncertain direction ut, and yields the offset compo-
nent xoffset

t at which the positive outcome and the negative
outcome are equally likely with respect to the current MAP
estimate. This choice of query is particularly natural consid-
ering the situation of Section 2.2.1 – when the platform is
uncertain about the customer’s preference on the feature ut,
the “this-or-that” question to be asked consists of two items
that maximally disagree on the feature ut and their prices
are balanced so that the two items are equally likely to be
chosen by the customer.

Next proposition further shows that this query is myopically
optimal in terms of reduction in the log-determinant of
negative Hessian matrix which is understood as a proxy
for the total amount of uncertainty.

Proposition 4.3. Let Λ(θ;D) := −∇2
θ log p(θ|D) be the

negative Hessian of the posterior likelihood evaluated at θ
given the observation set D. Then, the query xt chosen by
the DURM algorithm at time t satisfies

xt ∈ argmax
x∈X

log detΛ
(
θ̂t;Dt−1 ∪ {(x, y)}

)
,

regardless of y ∈ {0, 1}. The query minimizes the log-
determinant of the negative Hessian updated with the next
observation but evaluated at the current MAP estimate θ̂t.
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This result implies that if the MAP estimate does not change
too much (i.e., θ̂t+1 ≈ θ̂t), then the query indeed minimizes
the log-determinant of the next negative Hessian (evaluated
at the next MAP estimate θ̂t+1). We then observe that there
is a time-invariant structure in the negative Hessian being
preserved under our algorithm if a Gaussian prior is adopted:

Proposition 4.4. Suppose that a Gaussian prior is
adopted, i.e., θ∗ ∼ N (θ0,Λ

−1
0 ) so that θ̂1 = θ0 and

−∇2
θ log p(θ̂1) = Λ0. Let V0 = (v0,1, . . . , v0,d) be

the (ordered) set of orthonormal eigenvectors of Λ0, and
(λ0,1, . . . , λ0,d) be their corresponding eigenvalues. Un-
der the DURM algorithm,3 the negative Hessian admits the
following eigendecomposition:

Λt =

d∑
j=1

λt,jv0,jv
⊤
0,j , λt,j = λ0,j + α2

∑
s<t:js=j

g(xs, θ̂t),

where g(x, θ) := f(x, θ)(1 − f(x, θ)) and js ∈
argmin

j∈[d]

λs,j . The query xt = (xdir
t , xoffset

t ) chosen by the

algorithm satisfies that xdir
t = αv0,jt .

Based on this result, next Theorem establishes a perfor-
mance guarantee on the posterior concentrate rate that the
DURM algorithm achieves.

Theorem 4.5. Suppose that a Gaussian prior is adopted.
Under the DURM algorithm, the posterior concentrates at
an asymptotic rate of α2/(4d):

lim
t→∞

HπDURM
t =

α2

4d
, almost surely.

Finally, we conclude this section by showing that the
DURM’s performance cannot be improved more, highlight
that the algorithm is indeed optimal.

Theorem 4.6. The asymptotic posterior concentration rate
cannot exceed α2/(4d) under any algorithm: for any π,

lim sup
t→∞

Hπ
t ≤

α2

4d
, almost surely.

4.2. MIRT response model

We next investigate the MIRT response model, introduced
in Section 2.2.2. Specifically, we consider the param-
eter set Θ = Rd and the query set X = R̄d where
R̄ := R ∪ {−∞,+∞} is the extended real line. Recall
that the likelihood is given by f(x, θ) =

∏d
j=1 ϕ(xj + θj).

This choice of query set allows the active learner to ignore
particular axes – i.e., choosing xj =∞ gives ϕ(xj+θj) = 1
regardless of the value of θj , effectively removing the jth

component from our consideration.

3To be precise, we consider the algorithm that utilizes the
eigendecomposition (4.4) when determining vmin(Λt).

Proposition 4.7. Let xt be the query chosen by the DURM
algorithm at step t. It satisfies(

d

d+ 1

)d

≤ f(xt, θ̂t) ≤
1

2
.

Note that (d/(d+ 1))
d ≥ 1/e ≈ 37%. In the context of

Section 2.2.2, this result shows that the online education
platform will ask a question such that the student will give
the correct answer with probability between 37% and 50%.
The question will not be too trivial nor too difficult.

Analogously to Proposition 4.4, next Proposition identifies a
time-invariant structure in the negative Hessian matrix when
an component-wise independent Gaussian prior is adopted.
Proposition 4.8. Suppose that a Gaussian prior with a di-
agonal covariance matrix is adopted, i.e., θ∗ ∼ N (θ0,Λ

−1
0 )

with Λ0 = diag((λ0,j)
d
j=1) and query space uses extended

real number, Under the DURM algorithm, the negative Hes-
sian admits the following eigen decomposition:

Λt = diag
(
(λt,j)

d
j=1

)
, λt,j = λ0,j +

∑
s<t:js=j

g(xs, θ̂t),

on g(x, θ) := f(x, θ)(1− f(x, θ)) and js ∈ argmin
j∈[d]

λs,j .

We next present the results analogous to Theorem 4.5 and
Theorem 4.6.
Theorem 4.9. Suppose that a Gaussian prior with a di-
agonal covariance matrix is adopted. Under the DURM
algorithm, the posterior concentrates at an asymptotic rate
of 1/(4d): limt→∞ HπDURM

t = 1/(4d), almost surely.
Theorem 4.10. The asymptotic posterior concentration rate
cannot exceed 1/(4d) under any algorithm that is strongly
consistent: i.e., for any π that guarantees θ̂t

a.s.→ θ∗, we
have lim supt→∞ Hπ

t ≤ 1/(4d), almost surely.

The proofs of above two Theorems basically mirror the ones
used to prove the results for the logistic model. Combining
above two results, we conclude that the DURM algorithm
achieves the best possible performance for the MIRT re-
sponse model.

5. Numerical Experiments
In this section, we provide simulation results obtained with
synthetic data and real-world data, for two response models.
All experiments were conducted in an environment with
Intel(R) Core(TM) i7-14700K, 3.40 GHz, 32GB RAM.

5.1. Synthetic data

We consider the configurations described in Section 4.1
for the linear response model and Section 4.2 for the lo-
gistic response model, with the choice of d = 4, α =

6
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10, θ∗ = 0, and a Gaussian prior with mean vector
(0.9, 0.3, 0.3, 0.1) and covariance matrix whose eigenval-
ues are 7.1, 5.5, 4.83, 4.1.

Figure 2 reports the performance of the DURM algorithm
measured across 250 runs of simulation. In both logistic
and MIRT models, we observe that the log-determinant of
negative Hessian, log detΛt, sharply matches its theoretical
prediction, confirming Theorem 4.5 and Theorem 4.9. Fur-
thermore, the estimation error, ∥θ̂t − θ∗∥22, quickly decays
and also sharply matches its theoretical limit following the
Cramer-Rao bound.
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Figure 2: Simulation results obtained with synthetic data for logis-
tic response model (upper) and MIRT response model (lower).

We also tested various experimental configurations and ob-
served consistent results. See Appendix B.1 in the Supple-
mentary Materials for details.

5.2. Real-world data

We used a part of i-scream edu dataset (IscreamEDU, 2020),
provided by an online math education platform. The dataset
for seventh grade is used, containing 364,038 samples of
interactions between 388 students and 1,322 questions.

With the choice of d = 4, the linear model and the MIRT
model are fitted separately to the data so that 388 student
feature vectors and 1,322 question feature vectors are esti-
mated. Using the sample mean/covariance of the estimated
student feature vectors, a Gaussian prior is obtained and
used for all algorithms. The algorithms are tested using
randomly chosen 38 students as if these students had just
joined the platform. For each student being tested, only the
questions that his/her actual responses are available in the
dataset are allowed to ask and the same question cannot
be asked again. We let the algorithms ask 200 different
adaptive questions and observe the actual responses.

As performance metrics, we have measured (1) the log-
determinant of the negative Hessian as a measure of the
posterior concentration level (higher is better), (2) the esti-
mation error ∥θ̂t−θ∗∥, (3) the accuracy of online prediction
over 200 questions, and (4) the computation time required
to select 200 questions. When measuring the prediction

accuracy, the MAP estimate in each period is used to predict
the outcome of the next query with a pre-tuned threshold.
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Figure 3: Simulation results obtained with i-scream edu 7-th grade
dataset for logistic response model (left) and MIRT response
model (right).

Table 1: Accuracy and Runtime comparison of algorithms (Logis-
tic vs. MIRT response model).

Algorithm Logistic MIRT
Acc (%) Time (s) Acc (%) Time (s)

DURM 72.9±0.8 4.4±0.7 71.1±0.1 21.1±1.9
BALD 72.5±0.9 33.4±5.3 70.4±0.1 170.6±66.8

MaxEnt 73.4±0.8 28.3±2.4 71.1±0.1 146.8±6.3
VarRatio 73.4±0.8 28.2±2.2 71.1±0.1 146.9±6.1
MeanStd 73.0±0.8 29.8±3.1 72.5±0.1 148.4±6.5

Table 1 and Figure 3 show the performance of DURM (ours),
BALD (Houlsby et al., 2011), MaxEnt (Shannon, 1948),
VarRatio (Freeman, 1965), and MeanStd (Kampffmeyer
et al., 2016). The table reports the average performance
with the standard deviation. We observe that our algorithm
achieves nearly the best performance in both performance
metrics while demonstrating computational efficiency that
far exceeds the others.

We additionally considered a setup with a flattened prior
whose covariance matrix is scaled by 0.01. This setup pos-
tulates the situation in which the learner has a very weak
belief about the users, or the user pool is very diverse.
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Figure 4: Simulation results obtained with i-scream edu 7-th grade
dataset for logistic response model with the flattened prior.
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As shown in Figure 4, the DURM algorithm outperforms
the other algorithms particularly in this setup. The sampling-
based calculations of posterior entropy become noisy when
the prior is flat and, therefore, the acquisition functions
used in the other algorithms become difficult to evaluate
accurately. In contrast, the DURM algorithm relies on the
Laplace’s approximation, which is relatively less sensitive
to the sampling-based approximation, resulting in a better
performance.

Moreover, we tested the 1st, 3rd, and 9th grades datasets and
also the non-Gaussian prior settings. And the DURM algo-
rithm achieved the near-best performance (see Appendix B.2
in the Supplementary Materials).

6. Conclusion
In this paper, we have suggested an effective algorithm for
adaptive testing of user preference/ability, and provided the-
oretical analyses and numerical experiments that highlight
its effectiveness. The algorithm provides a novel perspective
on the use of directional derivatives to active learning tasks.
However, there are several limitations in our work:

First, our algorithm heavily relies on a local approximation
of the posterior distribution. Although it leads to computa-
tional efficiency as well as theoretical tractability and our
experiments show that it is a sufficiently good approxima-
tion in our application, its expressiveness may fall short
compared to more advanced posterior approximation tech-
niques such as variational Bayesian method. Once the most
uncertain direction can be properly defined and identified,
we believe that the idea of directional derivatives will remain
effective.

Second, our analysis is yet limited to specific response mod-
els and priors. We gently anticipate that our algorithm will
achieve optimality as long as the E-optimal design coincides
with the D-optimal design under the assumed model and
the posterior concentration is sufficiently orthogonal. Un-
fortunately, we find it extremely challenging to establish
explicit conditions for this argument, highlighting the need
for further investigation.

Impact Statement
This paper contributes to the advancement of Bayesian ac-
tive learning by proposing an efficient adaptive query se-
lection method based on directional derivatives. Our work
primarily aims to improve computational efficiency and the-
oretical guarantees in active learning. We do not foresee any
specific ethical concerns or societal risks arising from this
research.
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A. Omitted Proofs
A.1. Proofs for Section 4.1

Proof of Proposition 4.2.

Proof. As the gradient of f is given as∇θf(x, θ̂t) = xdirf(x, θ̂t)
(
1− f(x, θ̂t)

)
with the linear model, the objective in (5)

is given as ∣∣∣∇θf(x, θ̂t)
⊤
vmin(Λt)

∣∣∣ = vmin(Λt)
⊤xdirf(x, θ̂t)

(
1− f(x, θ̂t)

)
. (9)

Here, note that xdir,⊤vmin(Λt) ≤ α and f(x, θ̂t)
(
1 − f(x, θ̂t)

)
≤ 1

4 , hence
∣∣∣∇θf(x, θ̂t)

⊤
vmin(Λt)

∣∣∣ ≤ 1
4α. As xt =(

αvmin(Λt),−αvmin(Λt)
⊤θ̂t
)

achieves this maximum value, the DURM algorithm selects the query such that xdir
t =

αvmin(Λt) and f(xt, θ̂t) =
1
2 .

Proof of Proposition 4.3.

Proof. Since the log-likelihood is given by

log p(θ | xt, yt) = yt log f(xt, θ) + (1− yt) log(1− f(xt, θ)), (10)

the gradient and Hessian of log-likelihood is given as

∇θ log p(θ | xt, yt) = xdir
t

(
yt − f(xt, θ)

)
; (11)

∇2
θ log p(θ | xt, yt) = −xdir

t xdir
t

⊤(f(xt, θ)(1− f(xt, θ))
)
. (12)

The negative Hessian matrix of the log-likelihood is

Λ(θ;Dt) = −∇2
θ log p(θ | Dt) (13)

= −∇2
θ

(
log p(θ | Dt−1) + log p(θ | xt, yt)

)
(14)

= Λ(θ;Dt−1) + xdir
t xdir

t
⊤g(xt, θ), (15)

where g(x, θ) = f(x, θ)
(
1− f(x, θ)

)
.

Let’s denote Λt = Λ(θ̂t;Dt−1), then, by the matrix determinant lemma,

detΛ(θ̂t;Dt−1 ∪ {(x, y)}) =
(
1 + g(xt, θ)x

dir
t

⊤Λ−1
t xdir

t

)
detΛt. (16)

As detΛt is fixed, by Proposition 4.2, xt chosen by the DURM algorithm maximizes value of log detΛ(θ̂t;Dt−1 ∪
{(xt, yt)}).

Proof of Proposition 4.4.

Proof. Suppose that regardless of θ, the negative Hessian matrix Λ(θ;Dt−1) has the same orthonormal eigenvectors. Let
Vt = (vt,1, . . . , vt,d) be the ordered set of orthonormal eigenvectors of Λ(θ;Dt−1). Hence, the negative Hessian matrix at
time t can be decomposed as

Λ(θ;Dt−1) =

d∑
j=1

λ(θ)t,jvt,j (17)

where λ(θ)t,j denotes the corresponding eigenvalue of eigenvector vt,j evaluated at θ.

Since Λt+1 = Λ(θ̂t+1;Dt), also vmin(Λt) is in Vt, we can denote as vmin(Λt) = vt,jt , i.e., jt ∈ argminj∈[d] λt,j(θ̂t).
By Proposition 4.2, xdir

t = αvt,jt , hence we get Λ(θ;Dt) = Λ(θ;Dt−1) + α2g(xt, θ)vt,jtv
⊤
t,jt

from (15). Therefore, Vt
provides a proper eigen decomposition of Λ(θ;Dt) again, regardless of θ.

10
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By choosing vmin(Λt) in this manner, the set of eigenvectors of the Λt, Vt, is identical to V0 for all steps t, i.e., the set of
eigenvectors does not change over time. As the initial Hessian Λ(θ) is constant by the condition, λ0,j is also a constant.
Therefore, Λt can be expressed as Λt =

∑d
j=1 λt,jv0,jv

⊤
0,j , where λt,j = λ0,j + α2

∑
s<t:js=j g(xs, θ̂t). This is because

λt,j is always evaluated at θ̂t.

Proposition A.1. Suppose that a Gaussian prior is adopted. Under the DURM algorithm, the MAP estimator θ̂t converges
almost surely to the true parameter θ∗:

lim
t→∞

θ̂t = θ∗, almost surely.

This Proposition A.1 is needed to show Proposition A.2.

Proof of Proposition A.1.

Proof. For any algorithm, the sequence
{
ys − f(xs, θ

∗)
}t
s=1

is a martingale difference sequence (MDS) as

E
[
ys − f(xs, θ

∗) | Fs−1

]
=
(
1− f(xs, θ

∗)
)
f(xs, θ

∗)− f(xs, θ
∗)
(
1− f(xs, θ

∗)
)
= 0, (18)

where Ft = σ
(
{xs, ys}ts=1

)
.

As xt ⊥ yt, {
(
xdir
t (yt − f(xt, θ

∗))
)t
s=1
} is also an MDS.

Note that each term is bounded. Therefore, The strong law of large numbers for martingale difference sequences holds. By
Proposition 4.4, the queries are given as xdir

s = αv0,js . So, it can be written as follows:

1

t

d∑
j=1

∑
s≤t:js=j

αv0,js
(
ys − f(xs, θ

∗)
) a.s.→ 0, (19)

where 0 = [0, . . . , 0]⊤.

Now, note that the MAP estimator θ̂t+1 is the estimator that maximizes log-likelihood. Since θ ∈ Rd and differentiable
everywhere, MAP is the solution of equation∇θ log p(θ̂t+1 | Dt) = 0.

for all s, and by (11), we get

∇θ log p(θ̂t+1 | Dt) = −Λ(θ̂t+1 − θ0) +

d∑
j=1

∑
s≤t:js=j

αv0,j(ys − f(xs, θ̂t+1)) = 0. (20)

By multiplying (20) by 1
t and subtracting, we obtain the following:

1

t

d∑
j=1

∑
s≤t:js=j

(
α(f(xs, θ̂t+1)− f(xs, θ

∗)) + Λ⊤(θ̂t+1 − θ0)
)

a.s.→ 0. (21)

Taking the inner product with any eigenvector of the initial Hessian {v0,1, · · · , v0,d}, say v0,j , we get

1

t

∑
s≤t:js=j

(
α(f(xs, θ̂t+1)− f(xs, θ

∗)) + λ0,jv
⊤
0,j(θ̂t+1 − θ∗) + λ0,jv

⊤
0,j(θ

∗ − θ0)
)

a.s.→ 0. (22)

Since xdir
s ∥ vjs and Λ0 is positive semi-definite, λ0,j ≥ 0 for all j. This implies that v⊤j (θ̂t+1 − θ∗) and f(xs, θ̂t+1) −

f(xs, θ
∗) have the same sign. Therefore, (22) implies that ∀j, v⊤j (θ̂t+1 − θ∗)

a.s.→ 0.

Proposition A.2. Suppose that a Gaussian prior is adopted. Under the DURM algorithm, each eigenvalue converges to α2

4d :

lim
t→∞

λt,j

t
=

α2

4d
, ∀j ∈ [d], almost surely. (23)

This Proposition A.2 is also needed to show Theorem 4.5.
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Proof of Proposition A.2.

Proof. First, we need to show that

lim
t→∞

λt,j

t
− α2

4

Nj(t)

t
= 0 (24)

where Nj(t) = |{s | js = j, 1 ≤ s < t}|, i.e., the number of direction v0,j is selected up to t.

Since we have ∇θg(x, θ) = xdirf(x, θ)
(
1 − f(x, θ)

)(
2f(x, θ) − 1

)
, we get ∥∇θg(x, θ)∥2 ≤ ∥xdir∥2 ≤ α. Therefore,

g(x, θ) is Lipschitz continuous in θ.

With Lipschitz continuity of g and Proposition A.1,

1

t

∑
s<t:js=j

∣∣∣g(xs, θ̂t)− g(xs, θ
∗)
∣∣∣ ≤ 1

t

∑
s<t:js=j

L∥θ̂t − θ∗∥2
a.s.→ 0. (25)

In addition, g(xt, θ
∗)

a.s.→ 1
4 since f is continuous in θ. Thus, λt,j

t = 1
tα

2
∑

s<t:js=j g(xs, θ̂t) for all j, which implies

λt,j

t
− α2

4

Nj(t)

t

a.s.→ 0. (26)

Now, we want to show that

∀i, j ∈ [d], lim
t→∞

Ni(t)−Nj(t)

t
= 0 almost surely. (27)

From the previous result, we can say that for all ϵ > 0 there exist T1,i and T1,j such that

∀t > T1,j ,
4

α2

λt,j

t
∈
[
Nj(t)

t
− ϵ,

Nj(t)

t
+ ϵ

]
, (28)

and,

∀t > T1,i,
4

α2

λt,i

t
∈
[
Ni(t)

t
− ϵ,

Ni(t)

t
+ ϵ

]
. (29)

Assume without loss of generality that Ni > Nj . Then

Ni(t)−Nj(t)

t
> 2ϵ =⇒ λt,i > λt,j . (30)

Now, let T1 = max
{
T1,j , T1,i

}
, and for t > T1,

4

α2

λt,j

t
≤ Nj(t)

t
+ ϵ <

Ni(t)

t
− ϵ ≤ 4

α2

λt,i

t
. (31)

When λt,i > λt,j , we know λt,i cannot be the minimum eigenvalue, so clearly i ̸= jt. Next, when Ni(t)−Nj(t)
t < 2ϵ, if

i = jt then Ni(t+ 1) = Ni(t) + 1 and Nj(t+ 1) = Nj(t). Thus, at the next time t+ 1 we get Ni(t)−Nj(t)
t < 2ϵ+ 1

t+1 .
Eventually, this term is bounded by 2ϵ+ 1

t+1 for all time t after.

∃T2 > max(T1,
Ni(T1)−Nj(T1)

2ϵ
), ∀t > T2,

Ni(t)−Nj(t)

t
≤ 2ϵ+

1

T2
. (32)

This holds for all pairs i, j, so the limit at the (27) goes to zero.

Finally, as
∑d

j=1 Nj(t) = t, it is clear that lim
t→∞

dNi(t)−
∑d

j=1 Nj(t)

t = 0, which gives lim
t→∞

Ni(t)
t = 1

d . In conclusion,
λt,j

t

a.s.→ α2

4d .
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Proof of Theorem 4.5.

Proof. Theorem 4.5 is implied directly by Proposition A.2. By Proposition A.2,

lim
t→∞

HπDURM
t = lim

t→∞

(∏d
j=1 λt,j

)1/d
t

= lim
t→∞

 d∏
j=1

λt,j

t

1/d

=
α2

4d
. (33)

Proof of Theorem 4.6.

Proof. From (12), we know that each∇2
θ log p(θ | xt, yt) ⪰ 0, so for time t, Λt is a positive semi-definite matrix, λt,j ≥ 0.

From the AM-GM inequality,

(detΛt)
1/d ≤

 d∏
j=1

λt,j

1/d

≤ 1

d

 d∑
j=1

λt,j

 ≤ 1

d
tr Λt. (34)

The trace of the Hessian matrix is tr Λt = trΛ(θ̂t;Dt)+
∑t−1

s=1 ∥xdir
s ∥2g(xs, θ̂t), and the last term is bounded by

α2

4
t. Thus,

we conclude lim sup
t→∞

(detΛt)
1/d

t
≤ lim sup

t→∞

1

d

tr Λt

t
≤ α2

4d
, almost surely.
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A.2. Proofs for Section 4.2

Proof of Proposition 4.7.

Proof. Let’s denote the objective in the procedure (5) as C(x, θ̂t). For the sake of simplicity, denote ϕi := ϕ(xi + θ̂t,i)

and v := vmin(Λt). Thus, C(ϕ) = C(x, θ̂t) = v⊤(1− ϕ)

(
d∏

i=1

ϕi

)
for ϕ = (ϕi)

d
i=1 ∈ [0, 1]d. Then, (5) can be written as

argmax
ϕ∈[0,1]d

C(ϕ).

Under the KKT conditions, we get:

∇ϕC(ϕ)− µi =

(
−vi

d∏
k=1

ϕk +
1

ϕi
v⊤(1− ϕ)

d∏
k=1

ϕk

)
− µi = 0, ∀i ∈ [d] (35)

µ⊤(1− ϕ) = 0 (36)

where 1 = (1, ..., 1).

Define two sets as J = {j ∈ [d] : ϕj < 1} and NJ = {j ∈ [d] : ϕj = 1}. Note that µj=0 for j ∈ J by the condition in

(36), then the condition in (35) is reduced to−vj + v⊤(1−ϕ)
ϕj

= 0, i.e., vjϕj = v⊤(1−ϕ) for j ∈ J . With this result, we get

v⊤(1− ϕ) =

d∑
j=1

vj(1− ϕj) (37)

=
∑
j∈J

vj(1− ϕj) +
∑
j∈NJ

vj(1− ϕj) (38)

=
∑
j∈J

[
vj − v⊤(1− ϕ)

]
+ 0 (39)

=
∑
j∈J

vj + |J |v⊤(1− ϕ), (40)

hence v⊤(1− ϕ) = 1
|J|+1

∑
j∈J vj . Recall that vjϕj = v⊤(1− ϕ) for j ∈ J . Therefore, we get

ϕi =

{
1
vj

1
|J|+1

∑
j∈J vj i ∈ J,

1 i ∈ NJ
. (41)

Now, f(xt, θ̂t) =
∏d

i=1 ϕi can be expressed as:

f(xt, θ̂t) =

∏
j∈J

ϕj

 ∏
j∈NJ

ϕj

 (42)

=
1∏

j∈J wj

(
1

|J |+ 1

)|J|

. (43)

where wi = vi∑
j∈J vj

for i ∈ J . By the AM-GM inequality,
∏

j∈J wj ≤
(

1
|J|

)|J|
, i.e., 1∏

j∈J wj
≥ |J ||J|. Next, since

vi∑
j∈J vj

= 1
ϕi

1
|J|+1 and ϕi < 1, we get 1

|J|+1 < wi. In that
∑

i∈J wi = 1 and 1
|J|+1 < wi,

∏
i∈J wi is lower bounded by

the product of weight distribution
(

1
|J|+1 , · · · ,

1
|J|+1 ,

2
|J|+1

)
, i.e., 2

(|J|+1)|J| ≤
∏

i∈J wi. By setting |J | = d, we get the
desired result.
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Proof of Proposition 4.8.

Proof. Since the log-likelihood is given by

log p(θ | xt, yt) = yt log f(xt, θ) + (1− yt) log(1− f(xt, θ)) (44)

the gradient and Hessian of log-likelihood is given as

∇θ log p(θ | xt, yt) = (1− ϕ)
(
yt −

f(xt, θ)

1− f(xt, θ)
(1− yt)

)
(45)

∇2
θ log p(θ | xt, yt) = ytD+ (1− yt)

(
− f(xt, θ)

1− f(xt, θ)
D+

f(xt, θ)

(1− f(xt, θ))2
(1− ϕ)(1− ϕ)⊤

)
(46)

where D = diag
((

ϕj(1− ϕj)
)d
j=1

)
.

First, we will prove that if the Hessian matrix at time t is diagonal, the DURM algorithm selects a problem such that only
one element of vector ϕ is 1

2 , and the others are 1. We will prove that every Hessian matrices are diagonal later.

Suppose that Λt is a diagonal matrix, then its eigenvectors are orthonormal basis vectors. We can say vt,min = ejt ,i.e.,
jt ∈ argminj∈[d] λt,j , where ej is the j-th basis vector.

Then the value wi =
vi∑

j∈J vj
in the proof of Proposition 4.7 should satisfy 1

|J|+1 ≤ wi for i ∈ J . However, one can show

that wjt = 1 and wj = 1 for other indices j ̸= jt, regardless of J . Consequently, J = {jt}, which means:

ϕi =


1

2
if i = jt

1 else
(47)

Now, we move to the next step. The conclusion above implies:

[(1− ϕ)(1− ϕ)⊤]i,j =

{
(1− ϕjt)

2 if i = j = jt

0 else
(48)

Di,j =

{
ϕjt(1− ϕjt) if i = j = jt

0 else
(49)

i.e., every elements except the (jt, jt)-element are all zero. As f(xt, θ) =
∏d

i=1 ϕ(xt,i + θi) = ϕ(xt,jt + θjt), the Hessian
matrix becomes:

[
∇2

θ log p(θ | xt, yt)
]
i,j

=

{
g(xt, θ) if i = j = jt

0 else
(50)

where g(x, θ) = f(x, θ)(1− f(x, θ)).

Note that the Hessian matrix at the next step is still diagonal if the initial Hessian matrix is diagonal. Therefore, all Hessian
matrices up to step t are also diagonal, so Λt = diag

(
(λt,j)j∈[d]

)
, and λt,j = λ0,j +

∑
s<t:js=j g(xs, θ̂t).

Proposition A.3. Suppose that a Gaussian prior with a diagonal covariance matrix is adopted. Under the DURM algorithm,
the MAP estimator θ̂t converges almost surely to the true parameter θ∗:

lim
t→∞

θ̂t = θ∗, almost surely.

Proof. This is very similar to Proposition A.1. Applying the setting of Proposition 4.8 gives the same equation as (22).

Proposition A.4. Suppose that a Gaussian prior with a diagonal covariance matrix is adopted. Under the DURM algorithm,
each eigenvalue converges to 1

4d :

lim
t→∞

λt,j

t
=

1

4d
, ∀j ∈ [d], almost surely. (51)
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Proof. This is also very similar to Proposition A.2. The only difference is that g(x, θ) is Lipschitz continuous with respect
to θ because ∇θg(x, θ) = f(x, θ)(1− ϕ)(1− 2f(x, θ)) is bounded below by ∥∇θg(x, θ)∥2 ≤ 1 as each term is less than
1.

Proof of Theorem 4.9.

Proof. By Proposition A.4,

lim
t→∞

HπDURM
t = lim

t→∞

(
∏d

j=1 λt,j)
1/d

t
= lim

t→∞

 d∏
j=1

λt,j

t

1/d

=
1

4d
. (52)

Proof of Theorem 4.10.

Proof. For any function h(x, θ) with variables x and θ, we introduce a simple notation as follows:

hs,t = h(xs, θ̂t), h∗
s = h(xs, θ

∗). (53)

For example, fs,t stands for f(xs, θ̂t), and ϕs,t,i stands for the i-th element of vector ϕs,t.

With this notation, the Hessian matrix is expressed as:

Λt = Λ(θ̂t) +

t∑
s=1

(
ysDs,t + (1− ys)

(
fs,t

(1− fs,t)2
(1− ϕs,t)(1− ϕs,t)

⊤ − fs,t
1− fs,t

Ds,t

))
, (54)

where Ds,t = diag
((

ϕs,t,j(1− ϕs,t,j)
)d
j=1

)
.

And the trace of the Hessian matrix becomes:

tr Λt = trΛ(θ̂t) +

t∑
s=1

Xs,t(ys) (55)

where:

Xs,t(y) = (1− y)

(
fs,t

(1− fs,t)2

d∑
i=1

(1− ϕs,t,i)
2 − fs,t

1− fs,t

d∑
i=1

ϕs,t,i(1− ϕs,t,i)

)
(56)

+ y

d∑
i=1

ϕs,t,i(1− ϕs,t,i). (57)

First, we want to show Xs,t(y) is Lipschitz continuous in θ to show that 1
t

∑t
s=1 |Xs,t −X∗

s |
a.s.→ 0.

Let’s denote:

A(x, θ) =
f

(1− f)2

d∑
i=1

(1− ϕi)
2, (58)

B(x, θ) =
f

1− f

d∑
i=1

ϕi(1− ϕi), (59)

C(x, θ) =

d∑
i=1

ϕi(1− ϕi). (60)
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Since d
dθj

ϕj = ϕj(1− ϕj), we get ∇θf = (1− ϕ)f ,

∇θA(x, θ) = 2
f2(1− ϕ)

(1− f)3

d∑
i=1

(1− ϕi)
2 − 2

f

(1− f)2
ϕ(1− ϕi)

2 + (1− ϕ)A(ϕ), (61)

∇θB(x, θ) = −f2(1− ϕ)

(1− f)2

d∑
i=1

ϕi(1− ϕi) +
f

1− f
ϕi(1− ϕi)(2ϕi − 1) + (1− ϕ)B(ϕ), (62)

[∇θC(x, θ)]i = ϕi(1− ϕi)(2ϕi − 1). (63)

Consider the functions A, B, and C. Since every terms in numerators are bounded, the only possibility that these are
unbounded is the case in which f is close to 1. Note that 1−ϕi

1−f < 1 since ϕi ≤ 1 and f =
∏d

i=1 ϕi. Therefore, they are
bounded. Moreover, with the same logic and the boundedness of A and B, their gradients are also bounded. Consequently,
∇θXs,t(y) = (1− y) (∇θAs,t +∇θBs,t) + y (∇θCs,t) is bounded.

Now, as Xs,t(y) is Lipschitz continuous in θ̂t with some constant L,

1

t

t∑
s=1

∣∣∣Xs,t(ys)−X∗
s (ys)

∣∣∣ ≤ 1

t

t∑
s=1

L∥θ̂t − θ∗∥2 (64)

= L∥θ̂t − θ∗∥2
a.s.→ 0. (65)

Second, let’s define Y ∗
s := E[X∗

s | Fs−1], then X∗
s − Y ∗

s is a martingale difference sequence. Since each X∗
s and Y ∗

s is
bounded, by the law of large numbers for martingale,

1

t

t∑
s=1

(X∗
s − Y ∗

s )
a.s.→ 0. (66)

By the definition of X∗
s , we can calculate it, by replacing fs,t with f∗

s and ϕs,t with ϕ∗
s in Xs,t. Moreover, in that E[ys] = f∗

s ,
we finally get

Y ∗
s =

f∗
s

1− f∗
s

d∑
i=1

(1− ϕ∗
s,i)

2 (67)

=

∏d
i=1 ϕ

∗
s,i

1−
∏d

i=1 ϕ
∗
s,i

d∑
i=1

(1− ϕ∗
s,i)

2. (68)

Let’s denote
∏d

i=1 ϕ
∗
s,i = w. Then, the candidate that maximizes

∑d
i=1(1− ϕ∗

s,i)
2 is either [w, 1, ..., 1] or [w1/d, ..., w1/d].

Thus, we find that the maximum value of (68) is either w
1−w (1−w)2 or w

1−wd(1−w
1
d )2, whichever is larger for 0 ≤ w ≤ 1.

We know that

max
0≤w≤1

w

1− w
d(1− w

1
d )2 = max

0≤u≤1

ud

1− ud
d(1− u)2 ≤ max

0≤u≤1

u

1− u
(1− u)2 (69)

Therefore, the maximum value is w
1−w (1−w)2 = w(1−w) achieved by [w, 1, ..., 1] . Taking w = 1

2 gives maxxs∈X Y ∗
s = 1

4 .

Now Y ∗
s is bounded by its maximum value 1

4 when ϕ∗
s = [ 12 , 1, ..., 1], WLOG. In conclusion,

lim sup
t→∞

(detΛt)
1/d

t
≤ lim sup

t→∞

1

d

tr Λt

t
≤ 1

4d
, almost surely. (70)

17



Learning through Adaptive Queries: a Directional Derivative Approach

B. Additional Experiments
B.1. Additional Experiments for Synthetic Data

Figure 5 presents the Logistic model synthetic data experiment using non-Gaussian priors, such as the Gaussian Mixture
Model and Multivariate t-distribution as the initial priors. We conducted 50 iterations of the experiment. The initialization
conditions are described below. The Gaussian Mixture Model and Multivariate t-distribution priors follow equations (71)
and (72), respectively.

p(θ) =

K∑
k=1

πkN (θ;µk,Σk) (71)

p(θ) =
Γ[(ν + d)/2]

Γ(ν/2)νd/2πd/2|Σ|1/2

[
1 +

1

ν
(θ − µ)TΣ−1(θ − µ)

]−(ν+d)/2

(72)

• Gausssian Mixture Model Prior : Figure 5 (a)

– d = 4, K = 3, (π1, π2, π3) = (16 ,
1
2 ,

1
3 ), (Σ1,Σ2,Σ3) = ( 12Id, Id,

1
4Id),

µ1 = (0, 0, 0, 0), µ2 = (−1,−1,−1,−1), µ3 = (1, 1, 1, 1)

– θ∗ = (0.9, 0.3, 0.3, 0.1), θ̂0 = (1.0, 0.0, 0.6, 1.0), (λ0,1, λ0,2, λ0,3, λ0,4) = (0.9, 0.1, 0.3, 0.3)

• Multi-variate T-distribution model Prior : Figure 5 (b)

– d = 4, ν = 5, µ = (1.0, 0.0, 0.6, 1.0), λ(Σ−1) = (0.9, 0.1, 0.3, 0.3)

– θ∗ = (0.9, 0.3, 0.3, 0.1), θ̂0 = (1.0, 0.0, 0.6, 1.0), (λ0,1, λ0,2, λ0,3, λ0,4) = (1.5, 0.17, 0.5, 0.5)
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((a)) Logistic model, Gaussian Mixture Model Prior
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((b)) Logistic model, Multivariate t-distribution Prior

Figure 5: Non Gaussian Prior applied synthetic data experiments

Figure 6 presents additional experiments using synthetic data based on the Logistic and MIRT models (d = 4), with various
choices of θ∗ and Gaussian priors characterized by the mean vector θ̂0 and (λ0, 1, . . . , λ0,d). For each combination of θ , θ̂0,
and (λ0, 1, . . . , λ0,d), we conducted 50 iterations of experiments.
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((a)) Logistic model, (λ0,1, .., λ0,4) = (5.24, 0.07, 0.2, 0.33)

θ̂0 = (0.49, 0.26, 0.09, 0.21)⊤, θ∗ = (0.88, 0.12, 0.84, 0.74)⊤,
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((b)) MIRT model, (λ0,1, .., λ0,4) = (0.27, 0.49, 0.66, 0.49)

θ̂0 = (0.79, 0.62, 0.88, 0.46)⊤, θ∗ = (0.21, 0.24, 0.63, 0.47)⊤
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((c)) Logistic model, (λ0,1, .., λ0,4) = (5.17, 0.97, 0.01, 0.02)

θ̂0 = (0.87, 0.21, 0.83, 0.49)⊤, θ∗ = (0.75, 0.66, 0.91, 0.41)⊤,
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((d)) MIRT model, (λ0,1, .., λ0,4) = (0.43, 0.06, 0.33, 0.05)

θ̂0 = (0.08, 0.43, 0.07, 0.45)⊤, θ∗ = (0.36, 0.26, 0.92, 0.9)⊤
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((e)) Logistic model, (λ0,1, .., λ0,4) = (7.17, 0.27, 0.12, 0.01)

θ̂0 = (0.18, 0.66, 0.7, 0.82)⊤, θ∗ = (0.72, 0.54, 0.96, 0.04)⊤,
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((f)) MIRT model, (λ0,1, .., λ0,4) = (0.59, 0.26, 0.74, 0.66)

θ̂0 = (0.13, 0.8, 0.3, 0.27)⊤, θ∗ = (0.14, 0.96, 0.93, 0.93)⊤
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((g)) Logistic model, (λ0,1, .., λ0,4) = (3.99, 0.0, 0.18, 0.21)

θ̂0 = (0.11, 0.99, 0.56, 0.92)⊤, θ∗ = (0.93, 0.16, 0.19, 0.59)⊤,
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((h)) MIRT model, (λ0,1, .., λ0,4) = (0.66, 0.79, 0.43, 0.72)

θ̂0 = (0.52, 0.94, 0.54, 0.15)⊤, θ∗ = (0.8, 0.93, 0.6, 0.98)⊤
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((i)) Logistic model, (λ0,1, .., λ0,4) = (3.8, 0.68, 0.0, 0.06)

θ̂0 = (0.72, 0.33, 0.89, 0.78)⊤, θ∗ = (0.23, 0.44, 0.55, 0.36)⊤,
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((j)) MIRT model, (λ0,1, .., λ0,4) = (0.2, 0.2, 0.15, 0.45)
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Figure 6: Simulation results obtained with synthetic data for logistic response model and MIRT response model with
randomly chosen parameters
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B.2. Additional Experiments for Realworld Data

B.2.1. VARIOUS DATASET EXPERIMENTS

In Figure 7, we simulated experiments on different subsets of a real-world dataset using the logistic model, with settings
similar to those in Figure 3. As described in Section 5.2, a random sample of 38 students was drawn from a total of 388,
representing 10% of the population. Similarly, for students in grades 1, 5, and 9, we conducted the experiment by randomly
sampling 10% of the total student population in each grade. During the experiment, the prior distribution was assumed to be
Gaussian, with the mean vector and covariance matrix of the students’ parameter vectors used to define the distribution. The
response to each problem was deterministic, as labeled in the student-problem interaction table. A detailed description of
the 7th-grade dataset is provided in the main paper.

• 1st grade dataset contains 116,348 samples of interactions between 355 students and 896 questions.
The algorithms are tested using randomly chosen 35 students as if these students had just joined the platform.

• 5th grade dataset contains 124,678 samples of interactions between 343 students and 1,206 questions.
The algorithms are tested using randomly chosen 34 students as if these students had just joined the platform.

• 9th grade dataset contains 59,580 samples of interactions between 203 students and 443 questions.
The algorithms are tested using randomly chosen 20 students as if these students had just joined the platform.
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Figure 7: Simulation results obtained with i-scream edu 1st, 5th, 7th, 9th grade dataset (logistic response model)

On Figure 7, initial prior distribution follows under descriptions.

• 1st grade : θ∗ ∼ N (θ̂0,Λ
−1
0 ) such that θ̂0 = (−0.41, 0.09,−0.33,−0.35), λ(Λ−1

0 ) = (0.94, 0.22, 0.27, 0.3)

• 5th grade : θ∗ ∼ N (θ̂0,Λ
−1
0 ) such that θ̂0 = (−0.13, 0.38,−0.26, 0.13), λ(Λ−1

0 ) = (1.17, 0.21, 0.14, 0.08)

• 7th grade : θ∗ ∼ N (θ̂0,Λ
−1
0 ) such that θ̂0 = (−0.12,−0.01, 0.0,−0.11), λ(Λ−1

0 ) = (0.65, 0.2, 0.06, 0.1)

• 9th grade : θ∗ ∼ N (θ̂0,Λ
−1
0 ) such that θ̂0 = (0.05,−0.01,−0.11,−0.13), λ(Λ−1

0 ) = (3.01, 0.31, 0.41, 0.46)
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Figure 8: Simulation results from i-scream edu 1st, 5th, 7th, 9th grade dataset for logistic response model with the flattened
prior

In Figure 8, we simulated the scenario of a spread covariance matrix, as described in the paper, representing the case where
the prior is flat. The experiment used the same settings as in Figure 7, but with the covariance matrix eigenvalues scaled
by a factor of 100 to make the evaluation more challenging. The initial prior settings for the experiments in Figure 8 are
described below.

• 1st grade : θ∗ ∼ N (θ̂0,Λ
−1
0 ) such that θ̂0 = (−0.41, 0.09,−0.33,−0.35), λ(Λ−1

0 ) = (94, 22, 27, 30)

• 5th grade : θ∗ ∼ N (θ̂0,Λ
−1
0 ) such that θ̂0 = (−0.13, 0.38,−0.26, 0.13), λ(Λ−1

0 ) = (117, 21, 14, 8)

• 7th grade : θ∗ ∼ N (θ̂0,Λ
−1
0 ) such that θ̂0 = (−0.12,−0.01, 0.0,−0.11), λ(Λ−1

0 ) = (65, 20, 6, 10)

• 9th grade : θ∗ ∼ N (θ̂0,Λ
−1
0 ) such that θ̂0 = (0.05,−0.01,−0.11,−0.13), λ(Λ−1

0 ) = (301, 31, 41, 46)
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((a)) Logistic model

0 25 50 75 100 125 150 175 200
Time t

2

4

6

8

10

12

lo
g 

de
te

rm
in

an
t o

f h
es

sia
n

lo
gd

et
t

DURM
BALD
MaxEnt
VarRatio
MeanStd

0 25 50 75 100 125 150 175 200
Time t

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0

2.1

Es
tim

at
e 

er
ro

r
t

*
2

DURM
BALD
MaxEnt
VarRatio
MeanStd

((b)) MIRT model

Figure 9: Simulation results obtained with i-scream edu 7-th grade dataset for logistic response model and MIRT model
with the multivariate-t distribution prior.

In Figure 9, we used the 7th-grade dataset, as in Figures 7 and 8, but with a multivariate t-distribution as the initial prior
instead of a Gaussian prior. The prior distribution follows the equations in (72), and we fitted the parameters of the
multivariate t-distribution to the students’ parameter vector set (ν = 5, d = 4). The specifics for both the Logistic and MIRT
models are described below.

• Logistic Response model : µ = (−0.11, 0.0, 0.01,−0.11), λ(Σ) = (0.39, 0.12, 0.04, 0.06)

• MIRT model : µ = (1.38, 1.42, 1.43, 1.38), λ(Σ) = (1.22, 0.41, 0.31, 0.36)
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