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ABSTRACT

Multi-agent reinforcement learning (MARL) has attracted much research attention
recently. However, unlike its single-agent counterpart, many theoretical and algo-
rithmic aspects of MARL have not been well-understood. In this paper, we study
the emergence of coordinated behavior by autonomous agents using an actor-critic
(AC) algorithm. Specifically, we propose and analyze a class of coordinated actor-
critic (CAC) algorithms in which individually parametrized policies have a shared
part (which is jointly optimized among all agents) and a personalized part (which is
only locally optimized). Such a kind of partially personalized policy allows agents
to coordinate by leveraging peers’ experience and adapt to individual tasks. The
flexibility in our design allows the proposed CAC algorithm to be used in a fully
decentralized setting, where the agents can only communicate with their neighbors,
as well as in a federated setting, where the agents occasionally communicate with
a server while optimizing their (partially personalized) local models. Theoretically,
we show that under some standard regularity assumptions, the proposed CAC al-
gorithm requires (’)(e_%) samples to achieve an e-stationary solution (defined as
the solution whose squared norm of the gradient of the objective function is less
than €). To the best of our knowledge, this work provides the first finite-sample
guarantee for decentralized AC algorithm with partially personalized policies.

1 INTRODUCTION

We consider the multi-agent reinforcement learning (MARL) problem, in which a common environ-
ment is influenced by the joint actions of multiple autonomous agents, each aiming to optimize their
own individual objective. The MARL (Zhang et al 2019} |Lee et al., 2020) has received significant
attention recently due to their outstanding performance in many practical applications including
robotics (Stone & Veloso}, 2000), autonomous driving (Shalev-Shwartz et al., 2016) and video games
(Tampuu et al.l 2017). Many efficient algorithms have been proposed (Lowe et al.| 2017} [Espeholt
et al., 2018} |Rashid et al.| 2018]), but unlike its single-agent counterpart, the theoretical understanding
of MARL is still very limited, especially in settings where there is no central controller to coordinate
different agents, so that the information sharing is limited (Zhang et al.|[2019).

An important subclass of MARL — the so-called cooperative MARL — has become popular recently
due to its wide applications. In the cooperative MARL, the agents aim to collaborate with each other
to learn and optimize a joint global objective. To this end, local information exchange and local
communication may be used to jointly optimize a system-level performance measure (Zhang et al.,
2018 (Grosnit et al.,2021; Zhang et al., 2021} |Lu et al., 2021). Next, we provide a brief survey about
related works in cooperative MARL, and discuss their settings as well as theoretical guarantees.

Related Works. The systematic study of the cooperative MARL can be traced back to |Claus &
Boutilier] (1998)); Wolpert et al.| (1999), which extended Q-learning algorithm (Watkins & Dayanl
1992) or its variants to the multi-agent setting. More recently, there are a number of works that
characterize the theoretical performance of cooperative MARL algorithms in a fully observable,
decentralized setting (Kar et al.,|2012; Zhang et al., |2018; [Doan et al., 2019; |Wang et al.,[2020). In
such a setting, the agents are connected by a time-varying graph, and they can only communicate
with their immediate neighbors. Each agent observes the global state of the networked system and
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independently executes an action based on its own policy. Based on the joint actions by all agents, the
system will transit into the next state and the local rewards will be received. The goal of the agents
is to cooperatively maximize certain global reward, by communicating local information with their
neighbors. Under the above cooperative MARL setting, there are several lines of works which studied
different problem formulations, proposed new algorithms and analyzed their theoretical performance.

The first line of works about the coorperative and fully observable MARL has focused on developing
and analyzing policy evaluation algorithms, where the agents jointly estimate the global value function
for a given policy. In Wai et al.| (2018)), a decentralized double averaging primal-dual optimization
algorithm was proposed to solve the mean squared projected Bellman error minimization problem. It
is shown that the proposed algorithm converges to the optimal solution at a global geometric rate.
In|Doan et al.|(2019), the authors obtained a finite-sample analysis for decentralized TD(0) method.
Their analysis is closely related to the theoretical results of decentralized stochastic gradient descent
method on convex optimization problems (Nedic et al.,[2010).

However, the problem becomes much more challenging when the agents are allowed to optimize their
policies. A recent line of works has focused on applying and analyzing various policy optimization
methods in the MARL setting. In|Zhang et al.| (2018), the authors extended the actor-critic (AC)
algorithm (Konda & Tsitsiklis| 2000) to the cooperative MARL setting. The algorithm allows each
agent to perform its local policy improvement step while approximating the global value function.
A few more recent works have extended |[Zhang et al.|(2018) in different directions. For example in
Grosnit et al.|(2021)), the authors considered the continuous action spaces and obtained the asymptotic
convergence guarantee under both off-policy and on-policy settings. Moreover, Zhang et al.| (2021)
considered a new decentralized formulation where all agents cooperate to maximize general utilities
in the cooperative MARL system, it developed AC-type algorithms to fit this setting but still suffering
from high sampling cost in estimating the occupancy measure for all states and the nested loop of
optimization steps. A concurrent work (Chen et al.| [2021) adopts large-batch updates in decentralized
(natural) AC methods to improve sample and communication efficiency, whose convergence rate
matches the analysis results of the corresponding centralized versions (Xu et al.| 2020al). However,
the proposed algorithms in (Chen et al.[(2021) needs to generate O(e ' Ine~ ') samples to update
critic parameter before performing each actor update. It is worth noting, that all the above mentioned
works do not allow the agents to share their local policies.

Our Contributions. Although there have been a growing literature on analyzing theoretical aspects
of cooperative MARL, many challenges still remain, even under the basic fully observed setting.
For example, most of the cooperative policy optimization algorithms, assume relatively simple
collaboration mechanism, where the agents collaborate by jointly estimating the global value function,
while independently optimizing their local policies. Such a form of collaboration decouples the
agents’ policy optimization process, and it is relatively easy to analyze. However, it fails to capture
some intrinsic aspects of cooperative MARL, in the sense that when the agents’ local tasks are similar
(a.k.a. the homogeneous setting), the agent’s policy should also be closely related to each other. Such
an intuition has been verified in MARL systems (Gupta et al., [2017}; [Terry et al.,[2020b), multi-task
RL systems (Omidshafiei et al., 2017} [Zeng et al., [2020; [Yu et al., [2020), Markov games (Vadori
et al., 2020) and mean-field multi-agent reinforcement learning (Liu et al.| [2020; [Li et al., [2021]),
where parameter sharing scheme results in more stable convergence due to the benefit of learning
homogeneity among different agents. However, it is not clear how to design and analyze more
sophisticated collaboration schemes which enable the agents to (partially) share their local policies to
help them leverage each other’s experience and build better behavior strategies.

In this work, we aim at providing better theoretical and practical understandings about the cooperative
MARL problem. In particular, we consider the setting where the agents are connected by a time-
varying network, and they can access the common observations while having different reward
functions. We propose a Coordinated Actor-Critic (CAC) algorithm, provide the finite-sample
analysis, and conduct extensive numerical experiments. Our specific contributions are given below:

o A Generic Formulation. We develop a new formulation of the cooperative MARL problem, which
allows the agents to coordinately optimize their individual actions, by parameterizing their individual
policies into a shared part (which is jointly optimized among all agents) and a personalized part
(which is only locally optimized). The proposed formulation is general, in the sense that it can be
used to cover a number of MARL settings. It can be used in a fully decentralized setting, where the
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agents can only communicate with their neighbors, as well as a federated setting, where the agents
occasionally communicate with a server while optimizing their (partially personalized) local models.

o Finite-Time Analysis. We propose an algorithm for the generic problem setting, and show that
it requires O(e_%) samples to achieve an e-stationary solution. When being specialized to the
decentralized setting where agents do not share the local policies, our result matches the performance
bounds recently developed for centralized AC algorithms (Wu et al., [2020; [Xu et al., [2020b). To the
best of our knowledge, this is the first result that shows finite-sample guarantees for the decentralized
AC algorithm with partially shared policy parameters.

o Empirical Studies. Finally, we conduct extensive numerical experiments, which demonstrate the
effectiveness of the proposed algorithm. Our experiments suggest that in the situations where the
agents’ tasks are homogeneous, it is advantageous to partially personalize the policies for each agent;
when the tasks’ are heterogeneous, then the agents are able to achieve satisfactory convergence results
by constructing their local policies without any parameter sharing.

Notation. | - || is used to denote the ¢3 norm for vectors and Frobenius norm for matrices. Further,
we use E[-] to denote expectation, P(-) to denote probability. For a square matrix A, we define
¢2(A), cmax(A) and cpin(A) as the second largest, the largest, and the smallest eigenvalues, respec-
tively. Define 1 as an all one vector with appropriate size. For any matrix M, M®% denotes the
element in i-th row and j-th column of matrix M. For matrix b := [b7; b2 - - - ; b%], we denote the
average of all row vectors in matrix b as b” := 3 - 17b.

2 PRELIMINARIES

In this section, we introduce the background and formulation of the cooperative, fully observable
MARL in a decentralized system.

Suppose there are multiple agents aiming to independently learn and optimize a common global
objective, and each agent can communicate with its neighbors in a network with time-varying
topology. The common environment is observable by all the agents, and it is influenced by their joint
actions. To model the communication pattern among the agents, let us define the time-varying graph
G: = (N, &) consisting of a set of A/ nodes and a set of £; edges, with |A/| = N and |€| = E. Each
node ¢ € N represents an agent and &; represents the set of communication links at time ¢ so that the
agents are connected to their neighbors according to the links &;.

Consider the MARL problem, formulated as a discrete-time Markov Decision Process (MDP) M :=
(S, A, P,n,R,v), where S is the finite space for global state s and A is the finite space for joint action
a = {a;}Y¥ ;;n(s) : S — [0, 1] denotes the initial state distribution; P(s’ | s,a) : Sx AxS — [0,1]
denotes the transition probability; r;(s,a) : S x A — R denotes the local reward function of agent i;
~v € (0, 1) is the discounted factor. Furthermore, suppose the policy of each agent 4 is parameterized
by 6;, then 8 := {6;} | denotes the collections of all policy parameters in the multi-agent system.
Then 19(s) denotes the stationary distribution of each state s under joint policy 7g, and dg(+) denotes
the discounted visitation measure where dg(s) := (1 — ) >~ 7" - P™(s; = s | so ~ 7). Under
the joint policy g, the probability for choosing any joint action a := {a; }}, could be expressed as
mg(als) := I m;(a;|s, 6;).

Consider the discrete-time MDP under infinite horizon, the policy mg can generate a trajectory
7 := (80, a0, $1, a1, - - ) based on the initial state sy sampled from 7(-). In this work, we consider
the discounted cumulative reward setting and the global value function is defined as below:

Vg () :—E[Z'yt~77(st,at) | so = s, ()
t=0

where we define 7(s;, a;) == & vazl r;(s¢, a;) and the expectation is taken over the trajectory 7
generated from joint policy mg. When g is fixed, the value function V., (s) will satisfy the Bellman
equation (Bertsekas et al., [ 2000) for all states s € S:

Vﬂ'g (5) = IEa~7rg(-|s),s/~73(~|s,a) [7:(57 (1) +7- Vﬂ'e (5/)] . (2)
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The objective of RL is to find the optimal policy parameter 8* which maximizes the expected
discounted cumulative reward as below:

Zri(st,at)]. 3)

t=0 i=1

==

max J(0) := Bany()[Vio (5)] = E[i’yt 'F(Stvat)} = E[i

t=0

In order to optimize J(8), one can compute the policy gradient (Sutton et al.,2000), expressed below:

1

VJ():= m]Es~d9(-),a~7rg(~|s),s’~79(~|s,a) [(7(s,a) + YVro (s')) Vo log mg(als)]. (4

3 THE PROPOSED COORDINATED ACTOR-CRITIC ALGORITHM

3.1 THE PROPOSED FORMULATION

In this section, we describe our MARL formulation. Our proposed formulation is based upon (3)), but
with the key difference that we no longer require the agents to have independent policy parameters
0;. Specifically, we assume that the agents can (partially) share their policy parameters with their
neighbors. Hence, each agent will decompose its policy into 6; := {6, 67}, where the shared part 65
has the same dimension across all agents, and the personalized part 67 will be kept locally. Although
such a kind of partially personalized policy structure may be relatively more difficult to analyze, it
has a number of potential advantages, as we list below:

o A Generic Model. We use the partial policy sharing as a generic setting, to cover the full spectrum
of strategies ranging from no sharing case (67 = 0, V 7) to the full sharing case (¥ = 0, V ¢)). This
generic model ensures that our subsequent algorithms and analysis can be directly used for all cases.

o Better Models for Homogeneous Agents. When the agents’ local tasks have a high level of similarity
(a.k.a. the homogeneous setting), partially sharing models’ parameters could achieve better feature
representation and guarantee that the agents’ policies are closely related to each other. Additionally,
the shared parameters could leverage more data (i.e., data drawn from all agents) compared with
the personalized parameters, so the variance in the training process can be significantly reduced,
potentially resulting in better training performance. Such an intuition has been verified empirically in
reinforcement learning systems (Omidshafiei et al.l, 2017 [Yu et al.| 2020} [Zeng et al.} [2020), where
sharing policies among different learners results in more stable convergence.

e Approximate Common Knowledge. A critical assumption often made in the analysis of multiagent
systems is common knowledge [1976). Intuitively, this implies agents have a shared
awareness of the underlying interaction. A key difficulty in MARL is that agents are simultaneously
learning features of the underlying environment, thus common knowledge is not guaranteed. Thus
notions of approximate common knowledge have been proposed for MARL (Schroeder de Witt|
2019). By relying on (partial) policy sharing mechanism, we hope to have some degree of
approximate common knowledge and this is what facilitates coordination.

The above partially personalized policy structure leads to the following MARL formulation:

max J(0) :=Esup(y {Vﬂe(s)] = E[i’f ~F(5t,at)} 4)

s.t. 07 =07 if (i, 7) are neighbors

where 0 := {05,607} | is the collections of all local policy parameters 6; := {03,67}. To cast

1774 RS}

problem (3) into a more tractable form, we perform the following steps.

First, we approximate the global reward function for any s € S and a € A. Specifically, we use
the following linear function 7(s, a; \) := ¢(s,a)” A to approximate the global reward 7(s, a) :=
+ Zf\il ri(s,a), where ©(-,-) : S x A — R is the feature mapping. Then the optimal parameter
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A*(0) can be found by solving the following problem:

N
" . 1 2
A*(0) € arg;mn Esnpo(),anmo(]s) [(N Z ri(s,a) — (s, a)T)\) ] (6a)
i=1
N 2
= arg/\min ZEs~ue(-),a~7re(~ls) {(n(& a) — (s, a)T/\) } ) (6b)
i=1

Second, we approximate the global value function V;, (s) for any s € S under a fixed joint policy

mg. Specifically, we use the following linear function ‘7(5, w) := ¢(s)Tw to approximate the global
reward function Vj, (s), where ¢(-) : S — R is a given feature mapping. Towards achieving the
above approximation, we can solve the following mean squared Bellman error (MSBE) minimization
problem (Tsitsiklis & Van Roy, [1997):

N
. . 1 ~ _ )
w*(9) € argIrgnESN#B(A)@NWQ(.‘s)yszwp(.p@) [(N E ri(s,a) + YV (s';w) —V(S;w)) 1 (7a)
=1

~

. N = 2
=arg min ZizlESNH’Q(')7a~7r9('|5)1s,'\‘7)('|51a) {(ri(s, a) + vV (s'iw) — V(s;w)) } . (7b)

To separate the objective into the sum of IV terms (one for each agent), we introduce local copies
of w and X as {w; },, {\;}}L,, and define their vectorized versions w = [wy,--- ,wx]|T and
A = [M1,-, An]T. Similarly, we also define w*(0) := [wi(0), -+ ,wi(0)]T and A*(0) =
N (0), -+ AR (O],

Summarizing the above discussion, problem (3] can be approximated using the following bi-level
optimization problem:

N
1 ~ ) o
K - ) (T(5,a:2i(0)) + - V(s wi (6 )} (8a)
6 s~ (-),anmg (-|s) {N ;( ( (6)) ( (0))

s'~P(s,a)
N

s.t. w*(0) € arg min Z E [
w im1 S~He(),a~me(:|s)

~

(ri(s7 a)+y- V(s';wi) — \A/(s;wi))Q]7 (8b)

s'~P(:]s,a)
N
* . ~, 2
A*(0) € arg min ZES~HQ(-),a~We(-IS) {(n(s,a) —7(s,a; \i)) ], (8c)
i1
0; =03, w; (0) =w;(0), A\j(0) = X;(0), if (4,7) are neighbors. (8d)

In the subsequent discussion, we will refer to the problem of finding the optimal policy 6 as the
upper-level problem, while referring to the problem of finding the optimal w*(8) and A*(80) under a
fixed policy parameters as the lower-level problem.

3.2 THE PROPOSED ALGORITHM

In this subsection, we first present the assumptions related to network connectivity and communication
protocols in the multi-agent systems. Then we describe the proposed Coordinated Actor-Critic (CAC)
algorithm which is summarized in Algorithm I}

Assumption 1 (Network Connectivity). There exists an integer B such that the union of the consecu-
tive B graphs is connected for all positive integers (. That is, the following graph is connected:

(N,S(é-B)u£(£~B+1)~--u5((€+ 1)B—1)>, Vex>1

where N denotes the vertice set and E(t) denotes the set of active edges at time t.

Assumption 2 (Weight Matrices). There exists a positive constant ¢ such that W; = [Wtij ] € RVXN
is doubly stochastic and W}* > ¢ for all i € N. Moreover, W,” € [c,1) if (i, 5) € E(t), otherwise
W, =0foralli,j € N.
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Algorithm 1 Coordinated Actor-Critic (CAC) Algorithm

1: Input: Parameters {at}szl, {B¢ 31:_01, {Ct}zﬂ:_ol. Initialize 6; o, w; 0, Ao foralli € N’

2: fort=0,1,...,7T —1do

3:  DataSampling: s, ~ g, (), @ := {a;; ~ ﬂi(-\stL9i7t)}£\L1, Si41 ~ P(-|s¢, a4)

4: Consensus Step: w; = Wy - wy, Ay = Wy - Ay and 6 := W, - 6}

5: fori ¢ Ndo _ _

6: Construct 0; ; = {67,607, } and update &; ; = 7 + - B(s41)Twis — d(se)Twiy

7 wit+1 = Hp, (Wi + Be - 6ie - d(5¢))

8: Aijt+1 = IR, (Xi,t + G (rie — (s, a0)T Nie) - o(se, at))

9: 9i,t+1 = ai,tJrOét (@(St, at)T)\i,t+’Y¢(5t+1)Twi,t¢(5t)Twi,t) Vo, log '/Ti(ai,t|5ta oi,t)
10: end for

11: end for

Assumption[I]ensures that the graph sequence is sufficiently connected for each agent to have repeated
influence on other agents. Assumption [2|is standard in developing decentralized algorithms (Nedic
et al, 2009), which could guarantee consensus results for shared parameter in each agent converging
to a common vector.

After presenting the assumptions related to the network topology in the decentralized system, we
are able to introduce the proposed CAC algorithm. The CAC algorithm takes two main steps, the
policy optimization step (which optimizes 6), and policy evaluation step (which approximately solves
the lower-level problem in (B])), as we describe below. For simplicity, we denote 7(s;, a;) as 7 and
i (s, @) as ry 4.

Policy Optimization. In this step, the agents optimize their local policy parameters, while trying to
make sure that the shared parameters are not too far from their neighbors.

Towards this end, each agent ¢ first produces a locally averaged shared parameter by linearly
combining with its neighbors’ current shared parameters. Such an operation can be expressed as

0s =W, .0 ©)
where 0 := [05 , 05 ,,--- ;0% ,]7 € RV*# is a matrix which stores all parameters {6;,}/\,, and

0; is defined similarly. In the decentralized setting, the global reward 7, and the global value function
Vro, (+) are not available for each agent i. Instead, the agents can locally estimate the global reward
and the global value function using some linear approximation, evaluated on their local variables, as
described in the previous subsection. As shown in line 11 of Algorithm 1, in a decentralized system,
we consider the policy optimization step for each agent as below:

0; 441 = @,t + - gi,t - Vo, logmi(ailse, 0i¢), Vie N (10)
where ght =78, @y Aig) + ‘A/(st_H; wit) — ‘7(st; Wit)- (11

Policy Evaluation. Next, we update the local parameters \; ; and w; ¢, which parameterize the global
reward function and global value function. Towards this end, the parameters \; ; and w; ; will be
updated by first averaging over their neighbors, then performing one stochastic gradient descent step
to minimize the local objectives, which are defined as in - and under consensus constraints
(8d). That is, we have the following updates for A; and w;:

A=W, Ats Aiyr =g, (th + Gt - (Ti,t — (8¢, ay; )\i,t)) - VA, T (8¢, ay; Ai,t)); (12)

Wy =We-wy, wipr =1g, <C~%t + Be - Gie VwﬂA/(St;wz‘,t)>, Vie N (13)

where we define §; ; :=r; , + - ?(St+1; wit) — V(st; wi,t). Moreover, IIr  (-) and IIg, (-) are the
projection operators, with R,, and R being the predetermined projection radii which are used to
stabilize the update process (Tsitsiklis & Van Royl [1997). Please see lines 8-10 in Algorithm I}
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4 THEORETICAL RESULTS

In this section, we first present Assumptions [3|- @] about reward function and linear approximations
for policy evaluation. Then we show our theoretical results for the proposed CAC algorithm.
Assumption 3 (Bounded Reward). All the local rewards r;(s, a) are uniformly bounded, i.e., there
exist constants Ryax, for alli € N and s € S such that |7;(s,a)| < Rmax-

Assumption 4 (Function Approximation). For each agent i, the value function and the global
reward function are both parameterized by the class of linear functions, i.e., XA/(S; w;) = ¢(s)Tw;
and 7(s,a; \;) = @(s,a)T \; where we denote ¢(s) := [¢p1(s), -+, px (s)]T € RE and o(s,a) =
[p1(s,a), - ,pr(s,a)]T € RE are the feature vector associated with s and (s, a), respectively. The
Seature vectors ¢(s) and ¢(s, a) are uniformly bounded for any s € S,a € A, i.e., |¢(s)|| < 1 and
ll¢(s,a)|| < 1. Furthermore, constructing the feature matrix ® € RIS*K yohich has [¢x(s), s € ST
as its k-th column for any k € K. Also constructing the feature matrix ¥ € RISI'MAIXL yphich has
[1(s), s € S| as its £-th column for any ¢ € L. Then, we further assume both ® and ¥ have full
column ranks.

Assumption [3]- ] are common in analyzing TD with linear function approximation; see e.g.,[Konda &
Tsitsiklis| (2000); Bhandari et al.| (2018)); [Wu et al.|(2020). With global observability, each agent could
construct linear function approximations of the global value function and global reward function.
Under these assumptions, it is guaranteed that there exist unique optimal solutions A*(0) and w*(0)
to approximate the global reward function in () and the global value function in (7) with linear
functions. It is crucial to have the properties of unique optimal solutions in A*(€) and w*(0) for
constructing the convergence analysis of policy parameters 6.

Due to space limitation, we relegate remaining technical assumptions (i.e., Assumptions [3] - [6) to
Appendix [C]and technical lemmas to Appendix [D] We first present the convergence speed of the
variables {w; } and {\;} for the policy evaluation problem defined in (8b) - (8d). Please see Appendix
[Glfor the detailed proof.

Proposition 1. Suppose Assumptions[I]-[6 hold. For any iteration t, by selecting stepsizes

e _ Bo G
at*ﬁaﬂt*ﬁaQ*TUz
where 0 < 09 < 01 < 1 and ayq, By, (o > 0 are some fixed constants, the following holds:
=
7 23 (B]lons - (@017] +E|1nss - w6012 )
t=0 i=1

:O(T71+62) 4 O(Tfag) + O (Tchanl) 4 O(T7201+202) + O(T72+202) 4 O(T72a2)

where the expectation is taken over the data sampling procedure as shown in line 3 of Algorithm|[}

Compared with existing works (Wai et al., |2018; |Doan et al., 2019) which established finite-time
convergence guarantees for decentralized policy evaluation problems under the fixed policy, our
results in Proposition [T are analyzed in a more challenging situation where both policies and critics
are updated in an alternating manner. Here, we must set o7 > o0 to ensure that the relation above is
useful. This is reasonable since the optimal critic parameter w* (6, ) is constantly drifting as the policy
parameters 6; changes at each iteration, so the actor should update slowly compared with the critic.

Next, we study the convergence rate of policy parameters. We define @ := I — %llT and define

the average gradient of shared policy parameters as Vg: J(0) := % Zf\il V:J(0). We will show
that after averaging over the iterations, the expected stationarity condition violation for the policy
optimization problem defined in (8a) is small. Please see Appendix [H]for the proof.

Proposition 2. Under the same setting as Proposition there exist two constant error term €qpp > 0
and €gp, > 0. Algorithm generates a sequence of policies {0;}, which satisfies the following:

;i;ol (]E {”Q . 9t8||2} +N. E[HW(@:&)”Q} + iE[HngJ(Bt)HQ])

i=1
:O(T*1+Ul) + O(T*O‘l) 4 O(TflJrO'Q) 4 O(Ti‘m) +0 (Tarzf?al) + O(T72a‘1+2g2)
+ O(T721272) + O(T272) + O (€app + €sp) -
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Algorithm 2 Double Sampling Procedures

Input: Parameters {w; ; }7¥ 1, { N}V, {0:03Y .

Double i.i.d. Sampling:

1) Sample s¢ ~ pg, (), @ := {ais ~ mi(|se, 05,0) 1o s041 ~ P[5, @)
2) Sample §; ~ dg, (-), @ := {ai,e ~ mi (|54, 050) 1oy, Seg1 ~ P50, @)

The approximation error ¢, and sampling error €, are defined in Appendix [El A few remarks
about the above results follow. First, one challenge in analyzing the convergence of Actor-Critic
algorithms is that the actor and critic updates are typically sampled from different distributions (i.e.,
the distribution mismatch problem). To see this, note that to obtain an unbiased estimator for the
policy gradient in (@), one needs to sample from the discounted visitation measure dg(-), while to
obtain an unbiased estimator for the gradient of the MSBE in (7)) (which is utilized to update the
critic parameters), one needs to sample from the stationary distribution ug(-). However, standard
implementations for AC methods in practice only use one sampling procedure for both actor and critic
updates (Mnih et al.| 2016} |Shen et al.,2020). Therefore, the mismatch between the two sampling
distributions inevitably introduces constant biases, and this is where the error term €, comes from.

Second, at each local agent i, the value function V;, (s) is approximated by ¢(s)”w; and the global
reward function is approximated by ¢ (s, @) \;. Due to the linear approximation, the approximation
error is inevitable in the convergence analysis. Here, we use a constant term €, to quantify the
approximation error due to utilizing linear function for policy evaluation.

By combining previous Propositions, and by properly selecting the stepsize parameters o and o2,
we show the main result as below. In Appendix [E} we will present more discussion about a special
case where there is no policy parameter sharing.

Theorem 1. (Convergence of the CAC Algorithm) Suppose Assumptiom [1]- [§] hold. Consider
Algorlthmwnh partially shared policy parameters 0 := U {050 PY. Letoy = 2 and o9 =%, it

holds that:
T-1 N

7 33 (B[lns = @] + B[ Iis - w0012 ) =021

t=0 i=1

2
5)

}TZ (2|10 611 ] + v 2| 1T + iﬁ[nwyww}) — O )+ Oeuy + eup).

As mentioned before, the sampling error ¢, arises because there is a mismatch between the way
that estimators of the actor’s and the critics’ updates are obtained. To remove the sampling error,
one can implement separate sampling protocols for the critic and the actor. More specifically, we
can use two different i.i.d. samples at each iteration step ¢: 1) x; := (s¢, @, S¢41) Where sy ~ ug(-),
a; ~ ’/To(' ‘ St) and St41 ™~ 7)( ‘ St, at); 2) fi’t = (§t, dt, §t+1) where gt ~ d@('), &t ~ 7T9(' ‘ St)
and S;11 ~ P(- | 8, @z); see Algorithm Then z; and Z; will be utilized in policy evaluation and
policy optimization, respectively. The corollary below shows the convergence result for the modified
CAC algorithm. Please see Appendix [[| for the proof.

Corollary 1. (Convergence under double sampling) Under the same setting as Theorem[l] consider
CAC with the double sampling procedures in Algorlthml 2] The following result holds:

TZI i (E [me - w*(et)IIZ] +E [Ai,t - A*(et)H?D =0(17%),

=0 ¢
1

( - 0712] + = 1var@ ] + i 190:7001F] ) = 07 + Oy

’ﬂ \

T—

Nl =

t=

5 NUMERICAL RESULTS

In this section, we present our simulation results on two environments: 1) the coordination game
(Osborne & Rubinsteinl [1994)); 2) the pursuit-evasion game (Gupta et al.l [2017)), which is built on the
PettingZoo platform (Terry et al., 2020a)). Detailed experiment settings are present in Appendix
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Coordination Game (10 Agents) Coordination Game (20 Agents) e Pursuit (4 Agents) Pursuit (6 Agents)

Average Reward
Average Reward
Average Reward

Average Reward

Iterations lterations Episodes Episodes

Figure 1: Simulation Results. The averaged reward versus the learning process. We present the
algorithm performance on the coordination game and on the pursuit-evasion game. The performance
is averaged over 10 Monte Carlo runs.

Coordination Game: In this setting, there are N agents staying at a static state and they choose
their actions simultaneously at each time. After actions are executed at each time ¢, each agent
i receives its reward as: r;; = (a; ¢ — 3.5)2 + Zj# I{aj,t:ai‘t} + €;,; where the action space is
{0,1,2,---,7}, Ita; ,=a; .y 1s an indicator function and ¢; ; is a random payoff following standard
Gumbel distribution. In this coordination game, there are multiple Nash equilibria where two optimal
equilibria are that all agents select a = {0} or @ = {7} simultaneously. In order to obtain high
rewards and achieve efficient equilibria, it is crucial for agents to coordinate with others while only
having limited communications.

Here, the communication graph G, between the agents is a complete graph every 5 iterations, and
is not connected for the rest of time. We compare the performance of CAC with three benchmark
algorithms: independent Actor-Critic (IAC); decentralized Actor-Critic (DAC) in|Zhang et al.|(2018);
mini-batch decentralized Actor-Critic (MDAC) in [Chen et al.| (202T)). For each algorithm, we set
the actor stepsize and critic stepsize as 0.05 and 0.1. Theoretically, MDAC needs O(e ! Ine™ 1)
batch size in its inner loop to update critic parameters before each update in policy parameters,
which is inefficient in practice. Here, we set small batch B = 5 in the inner loop for MDAC to
achieve fast convergence. The simulation results on this coordination game are present in Fig][T]
(two left figures). According to the simulations, compared with the benchmarks, we see that the
CAC algorithm converges faster and has higher probability to achieve efficient equilibria due to the
use of policy sharing and coordination.

Pursuit-Evasion Game: there are two groups of nodes, pursuers (agents) and evaders. The pursuers
aim to obtain reward through catching evaders. In a two-dimensional environment, an evader is
considered caught if two pursuers simultaneously arrive at the evader’s location. In order to catch an
evader, each pursuer should learn to cooperate with other pursuers to catch the evaders. From this
perspective, the pursuers share some similarities with each other since they need to follow similar
strategies to achieve their local tasks: simultaneously catching a same evader with other pursuers.

In Figure 1] (two right figures), we compare the numerical performance of the proposed CAC algo-
rithm and two benchmarks: decentralized Actor-Critic (DAC) in|Zhang et al.| (2018)); mini-batch
decentralized Actor-Critic (MDAC) in (2021). Each agent maintains two convolutional
neural networks (CNNs), one for the actor and one for the critic. Please see Figure [2]in Appendix
for the structure diagrams of actor network and critic network being used. In the CAC, two convolu-
tional layers of actor network will be regarded as shared policy parameters, and the output layer is
personalized (thus not shared).

The two sets of numerical results suggest that, when local tasks share a certain degree of similarity /
homogeneity, CAC algorithm with (partial) parameter sharing could achieve more stable convergence.

6 CONCLUSION

This paper develops a novel collaboration mechanism for designing robust MARL systems. Further,
it develops and analyzes a novel multi-agent AC method, where agents are allowed to (partially)
share their policy parameters with the neighbors to learn from different agents. To our knowledge,
this is the first non-asymptotic convergence result for two-timescale multi-agent AC methods. We
leave the extensions of our proposed algorithm to partially observable Markov decision process as
the future work.
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Figure 2: Neural Network Architecture Diagrams for the CAC Algorithm. The architecture
diagrams for actor network and critic network of algorithm CAC in the pursuit-evasion Game. (Left)
The diagram of critic network. (Right) The diagram of actor network.

APPENDIX

A EXPERIMENT DETAILS

In this section, we will present the experiment details on the pursuit-evasion game.

A.1 PURSUIT-EVASION GAME

The ‘capture’ reward for each agent is set to be 5 when a pursuer successfully catches an evader.
Moreover, the pursuer will receive a small reward signal which is set to be 0.1 when the pursuer
encounters an evader at its current location. The environment is set to be a 15 x 15 grid and this
2D grid contains obstacles where the agents cannot pass through. Hence, the global state of the
pursuit-evasion game consists of three images (binary matrices) of the size of 15 x 15. Hence, the
dimension of the global state is 3 x 15 x 15. These three images (binary matrices) respectively
present the location of the pursuers, evaders and obstacles in the two-dimensional grid. Only given
the 3-channel images as the global state, it is difficult for each pursuer (agent) to distinguish itself
with other pursuers since the 3-channel images (global state) does not directly show the ID for each
pursuer in the pursuit-evasion Game. To tackle this challenging, we center each agent’s observation
at its own location. With a large observation radius, each agent could observe the global information
in the environment.

Considering the observation of each agent is a 3-channel image, each agent respectively maintains
two convolutional neural networks (CNNs) with two convolutional layers, one max-pooling layer and
one fully connected layer for the actor and the critic. Please see Figure 2| for the structure diagrams
of actor network and critic network in algorithm CAC. The communication graph G; between the
agents is a complete graph every 20 iterations, and is not connected for the rest of time. Hence, for
CAC algorithm, the global averaging step will be performed on the entire critic networks and the two
CNN layers of actor networks every 20 iterations. The RuLU activation function is utilized in each
hidden layer of actor network and critic network. The output of critic network approximates the value
function V,,(s) for all s € S and the dimension of the output layer is 1. Furthermore, the output
dimension of actor network is 5 which corresponds to the number of possible actions. In each CNN,
the raw images (3-channel location matrices), whose dimension is 3 x 15 x 15, are processed by two
convolutional layers and one max-pooling layer first and then pass through a fully connected layer as
the output layer. We utilize the RMSprop optimizer (Ruder, [2016) to train neural networks, which
is a common choice in training neural networks for reinforcement learning problems (Mnih et al.|
2013). For each algorithm, we set the actor stepsize and critic stepsize as 1 X 10~%and 1 x 1075.
For algorithm MDAC to achieve quick convergence, we tune its batch size and set small batch B = 5
in its inner loop. The discount factor 7 is set to be 0.95 in this simulation.

B DISCUSSION: APPLICATION IN MULTI-AGENT SETTINGS

Here, we discuss how the proposed CAC algorithm can be used in two popular multi-agent settings:

13
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e Fully personalized multi-agent RL. The CAC algorithm can be applied to the special setting
where the agents do not share their policy parameters with neighbors, and no cooperation is considered
in generating the local policies. This setting has been proposed and studied in a number of existing

works, such as[Zhang et al.| (2018)); [Chen et al (2018).

e Federated RL. The proposed algorithm can be applied to a general federated (reinforcement)
learning setting, where the agents jointly optimize a common objective. To see the connection, let us
first describe a standard federated learning (FL) setting (Kone&ny et al, 2016} [Arivazhagan et al.}
[2019): a central controller coordinates a few agents, where the agents continuously optimize their
local parameters and perform occasional averaging steps over the parameters. It can be shown that
this protocol corresponds to a dynamic setting where G, is a complete graph every fixed number of
iterations, while it is not connected at all for the rest of times (which is a special case of our setting,
see Assumption[I). When the network is connected, each agent could gather other agents’ models
and perform the averaging; when the network is not connected, then each agent just performs local
updates. We generalize the above FL setting to MARL in CAC algorithm.

C TECHNICAL ASSUMPTIONS

Assumption 5. Define the score function 1g(s,a) := Vglogmg(a | s). For any policy parameters
0 and 0', and any state-action (s, a), the following holds:
[Ve(s,a) — o (s, a)ll < Ly - 16 — 0'l|, [lvhe(s,a)ll < Cy (14a)
[mo(a | s) —meor(al]s)| < Lr-[0—6 (14b)

where L, Ly, Cy, are some constants.

Assumption [5| has been often used in analyzing policy gradient-type algorithms, for example see
|Zhang et al.| (2020); |/Agarwal et al.|(2020). Many policy parameterization methods such as tabular
softmax policy |[Agarwal et al.| (2020), Gaussian policy and Boltzmann policy
satisfy this assumption.

Assumption 6. For any policy parameters 0, the markov chain under policy mg and transition kernel
P(:|s,a) is irreducible and aperiodic. Then there exist constants . > 0 and T € (0, 1) such that

sup dry (P™(s¢ € |so =), o (")) < k-7, Vi (15)
s€S

where dpv (+) is the total variation (TV) norm; pyg is the stationary state distribution under Tg.

Assumption [6] assumes the Markov chain mixes at a geometric rate; see also Bhandari et al| (2018);
(2018).

D AUXILIARY LEMMAS

Lemma 1. ((Nedic et all 2010, Lemma 1)) Let X be a nonempty closed convex set in R¥, then the
following holds:

(Mx[2] - 2)" (@ —y) < —|Mxfz] —2|’, Vo e RN, y e X (16a)
[Mxfe] —yl* < [lo —yl* - [HMxfa] —2z|* Ve e RF, ye X (16b)
where Il x -] denotes the projection operator on to the convex set X.

Lemma 2. ((Zhang et al} 2020, Lemma 3.2)). Suppose Assumption [ holds. Then the following
holds:

IVJ(@) —VJI@)|<L;-||0—80, V6,8 cRV*P (17)

where J(-) is the objective function defined in B); Ly := R(Tj’;)L;” + (1+7()1-i%%2x~05 with Ly and

Cy defined in Assumption ]

Lemma 3. ( Lemma 4)). Suppose Assumption 3] holds. The following holds:
IVJ(O)|| <L,, [J(61)—J(62)| < Ly,-[|01— 0], V6,0 e RV*P seS8,  (18)

where the constant L, := ?Li;‘ - Cy, with Cy, defined in Assumptionﬁ
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Lemma 4. ((Shen et alll 2020, Lemma 1)) Suppose Assumption[6|holds. The following holds:
1
@Vwm@)g2o%7n1+1)u7% vV c RV*P (19)
-7
where g (-) is the stationary distribution of each state s under policy parameters 0 and dg(-) is the

discounted visitation meausre dg(s) := (1 —) >0 7" - P™(sy = s | so ~ ).

With the technical assumptions in |[C] we could bound consensus errors over the iterations. Towards
this end, let us provide some basic properties for the weight matrices. Based on Assumptions |1|-
[2l which ensure the long-term connectivity and impose the underlying topology of the networked
system, we can obtain the following condition (Nedic et al., 2009, Lemma 9):

Wi Wiip-1-Q - w| <n- Q- wl, 20)

when w = [wl;w]; -+ ;wk] € RY*K; and we define @ := I — +1-17 € RV*N_ Further, the
constant ) in (20) is given by 1 := /1 — 55z € (0, 1), where constant c is defined in Assumption
Based on the above property, we have the following bounds on various consensus errors. Please see
Appendix [F] for the proof.

Lemma 5. Based on Assumptions I|- | there exist constants Lg > 0 and £, > 0 such that the
consensus errors ||Q - we|| + 1|Q - A¢|| and ||Q - 67 || satisfy

eooll + 1Mol | 2N - Lo-(8+¢) L (21a)
U] n-(1-p) T
1681l , _tpra 1

n n-(1-p) T

1 T-1
+3 (10wl +10-a) = o(1). @10
t=0

1 T—-1
13 (1007 + 1@ wil?) = 0 + o) 210
t=0

1Q - will +11Q - Ael| < p'

1Q- 67| <p'- (21b)

T-1 T-1

1 1

> lQ-6;l = O(T“)’ T2 lQ-gF =0T ) +or ) @le
t=0 t=0

: 1
where oy := 757, B = % and ¢y := % are three stepsizes; p = n5.

Given the fixed policy parameter 0, solving the lower level problem of () is equivalent to solving the
centralized policy evaluation problems, expressed in () and (7). Through the first-order optimality
condition, it is easy to show that w*(8) satisfies the following condition:

AB) - (8) = ;fﬁ;bi(e) 22)

where we have defined:
A(0) 1= Eqnpgy sinprocls) [#(5) (0() =7+ 6() | Vi € N, (23)
b:(6) = Eompig(ammo(s) [1i(5:0) - B(5)], Vi € N (23b)

Under the full-rankness and bounded assumption of the feature matrices given in Assumption 4] we
can apply (Tsitsiklis & Van Royl [1997, Theorem 2), and show that A(8) is a positive definite matrix
for any fixed 6. Let us define

0 < Emin < Cmin(A4(0)), 0 < cimax(A(0)) < max, VO € RV*P, (24)

where ¢yin (A(6)) and cpax (A(8)) are the minimum and maximum eigenvalue of A(8); Gy, and
¢max are the lower bound and upper bound on the eigenvalues of A(@). Then we have the following
Lipschitz property of the optimal critic parameters.
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Lemma 6. ((Shen et al 2020, Proposition 2 )) Suppose Assumptions .@@ hold. Let w*(0) denote
the optimal solution in (7)) to approximate value function approximation. Then the following Lipschitz
condition holds:

le*(81) = w*(62)|] < Lo, - |01 — 2], ¥ 61,0, € RVXP, (25)

where Ly, := 2+ Rypax - |A| - L - (Emiln +é&2 - (1+ 7)) <1 +log, k™1 + (1 - T)1>.

E DISCcUSSION: CONVERGENCE RESULTS

In this section, we discuss an extension of Theorem [T}

As a special case, when the agents do not share any policy parameters, that is, when 8 = 67, the
resulting algorithm reduces to the standard Decentralized AC algorithm and we name it as Coordinated
Actor-Critic with no policy sharing (CAC-NPS), whose asymptotic convergence property has been
analyzed in [Zhang et al.[|(2018). The non-asymptotic convergence rate for this algorithm can be
readily obtained from (a slightly modified versions of) Proposition[I|-[2} The following result states
the convergence rate for CAC-NPS, and we refer the readers to Appendix [H]for detailed proof steps.

Corollary 2. (Convergence of CAC-NPS Algorithm) Suppose Assumptions|l]-[6| hold. Consider
applying Algorzthmto a problem with fully-personalized policy parameters, that is, 6 = U {67}

Setting 01 = g and o9 = then the following holds:
[ To1N
7 33 (B[l —w @] +EIne - x00l| ) —orh) e
t=0 i=1
Tl ,
T ZE[”V9 J(6:) |2:| =0(T"5) + Oleapp + €sp)- 27
t=0 i=1

The critic approximation error €., and the sampling error €, are defined as follows (Wu et al.,|2020;
Shen et al., [2020):

2 2
=g\ B (Vi@ oo @) [+ | B | (0 - sls.amx0)
6\ s~uo() oo (")
a~mg(+)
(28)
1
€p =4 Ruax - Cy - Ly - <logT KL+ - T) (29)

where pg(+) is the stationary distribution of state under policy 7g and the transition kernel P(-).

F PROOF OF LEMMA

The proof of Lemma [5]is divided into two steps. In step 1, we first analyze the consensus error
||@Q - w¢|| and then extend the analysis results to ||@ - A¢||. In step 2, we further analyze the consensus
error ||Q - ;|| in the shared part of policy parameters.

Step 1. Since the mixing matrix W, is doubly stochastic so W; - 1 = 1, where 1 is a column vector
of all ones. We obtain that

Wtwt*].(:);T:Wt(wt*l(Dzﬂ)
By the definition of locally estimated TD error in (T3), it follows that

Sii i =Tis 47 Vistrr;wie) — V(se;wir)
=i+ G(se41) wir — P(se) T wie (30)
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where ¢(-) € R¥ is the feature mapping for any state s € S. To perform the critic step according to
equation (13)), it holds that

wir =g, ( Z W wis—1+ B G- Vwi‘/}(st—1§wi,t—1)>a
JEN(t)

HRW< > W wisa +Bt~5i,t_1~¢(sf,_1)), Vie N (31)
JEN(t)

where Vwif/(st_l; wi—1) := ¢(s;—1) due to linear parameterization. Recall that A(8,), b;(8,) are
defined in (23), it holds that

bi(0:) — A(6) - wit == Esupg, ().amme, (|5).5'~P(-|s,a) [(Ti(sva) + - 0(s) wiy — p(s)  wiy) - ¢(5)}
= EsthLgt(-),atNTrgt(~\st),st+1~73(-\st,at) |:6i7t : ¢(5t):| . (32)

Hence, in (31)) the estimated stochastic gradient at each iteration ¢ is expressed as

Sua 9(50) = (B2 9060) = 15000 — 400 i) + (10~ A1) i)

=My i=hi

where h; ; is the expectation of the estimated stochastic gradient §; ; -@(st); m; ¢+ denotes the deviation
between 0; ; - ¢(s¢) and its expectation h; ;.

Recall that the subroutine to update critic parameters w; in (13)) is given below:

Wi =Wisg - wim1, wip=1g, (@i,t—1 + Be—1 - 6it—1 'Vw,;V(St—l;wi,t—l)>, VieN.

(34)
It can be decomposed using the following steps:
&ji,tfl = Z Wﬁl s Wit—1 (35a)
JEN(t—1)
B~ - (hs , 35b
Yig—1 = Wit—1+ Be—1- (hit—1 +Mit—1) (35b)
€it—1="Yit—1 — Ur, (Yit—1) (35¢)
wit =Hr, (Yit—1) = Yit—1 — €it—1- (35d)
Express the above updates in matrix form, it holds that
W1 =Wig-wey (36a)
Y1 =wi 1+ Pio1 - (o1 +myq) (36b)
er—1=yYi—1— g, (Y1) (36¢)
Wi =Yi-1— €41 (36d)
where y;, hy, my, e, correspond to the collections of local vectors {y; +}, {hi+}, {mi¢}, {€it} Re-
call the definitions w; = [w ;w3 ;- ;w?\kt] € RV*K and w! := £ 17w, it follows
1
7tT = Nlth
(@ 1
= NlT (Wit - w1+ Bee1 - (he—1 +my_1) — 1)
(i) _ 7 _ _
= ol + B (R + ) — el (37)

where h;_1, m;_q and &_ are the averaged vectors of h;_;, m;_; and e;_; (as defined similarly
as wy_1); (i) is from the subroutine (B6); (i) is from 17W,_; = 17 due to double stochasticity

17
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in weight matrix W;_;. Recall that we have defined Q = I — %1 .17 then it is clear that Q - w
indicates the consensus error. We can express such an error as follows:

Q W = Wy — 1@?
=Wyt wi—1 4+ Bi1 - (hie1 +my—1) —er—1 — 1)1 + Bior - L[hy—y +my—1])" — 1&]_|]
=Wior - (w1 — 107 1) + Beor - (A1 — 1h{_1) + Beo1 - (mu—1 — 1) — (er—1 — 1&/_1)

=Wi1-Q w1+ Bi-1-Q (hy—1 +my—1) — Q€11 (38)
t—1 t—1
= (G_We) - Q- wo— Y (2, We) - Q-ex+ > Br- (2, We) - Q- (hy + ) .
k=0 k=0 39)
Then we can bound the norm of the consensus error using the following:
t—1
1Q - will < II(HZ —oWi) - Q- woll + D II(I25, We) - Q - el
k=0

+Zﬁkll Iy We) - Q- (g +my) ||

(i ) t—1 t—1
nBL flwol + Y Tt IBL e+ T pttRm D BL g by + |
k=0 k=0
(34 ) 1 t—1 t—1
< b flwoll + = Zﬂt B el + - ZPt MU B [+ | (40)
77 77’(7 =0 nk 0

where (ii) follows ([20); in (iii) we utilize that nlt/Bl < nt/B-1 = - - p' where we define p := nE.

Next we bound ||hy + my|| and |lex||. We have

il + ]| 2

Oit - d(s¢) — [bi(0:) — A(0y) - wj 4]
< |6iyt - P(se)l| +2 - [0:(0:) — A(Oy) - wi el

@ Héi,t . ¢(8t)” +2- H]Eswpet(~),a~7rgt('s),s’NP('s,a,) |:(7n72(37 a’) + - ¢(S)Twi,t - ¢(sl)Twi,t) : ¢(s):| H

|

+ Hb,»(Ot) —A(6y) - wiy

(m(Sv a)+- d)(S)TWi,t - ¢(5/)Twi,t) - 9(s)

|

(7)
< 6i,6 - (sl + 2 - Egnpig, (-),anrme, (-15),5'~P(:|5,a) {

(ri(s,a) +v- () wie — d(s)  wie)

D)

< 3Rmax+3(1+’}/) R (41)

(id)
< 10itll +2 - Esnp, (-),arnra, (15),5'~P(|s,a) [

I

Tig+ 7 O(se1) wie — d(se) wi

(ri(s,a) +7 - ¢(s) wir — d(s")  wir)

+ 2 Espe, ().anme, (15),5'~P(|s.a) [

where () follows Jensen’s inequality; (i¢) follows Assumpt10nE|that ||gz5( )| < 1forany s € S;
(231) follows the fact that |r;(s,a)] < Rmax and the critic parameter w; ; is constrained in a fixed
region ||w; || < R,,. For simplicity, in the following part we denote Ly := 3Rmax + 3(1 +7) - Ry,.

Moreover, it holds that

(5] @ (@)
leitll = llvie — e, (Vi) | < @i — yiell = 18 - (i +mie) | < Be- Ly,  (42)
where () follows from (I6b) and (i7) follows from (@T).
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Recall that the stepsizes in critic steps are defined as 3; := TUZ , Vt. Plugging (41) and into ,
we get

t—1
1 1 ke
||Q'wt||S*'Pt'HwOH‘f‘*ZPt "Bk Ly N+ - Zpt P Bk Ly N (43)
U n £ n =
2N - L
- Hwou+—bﬂzt“
(@) 1 ON-Ly-B 1
< —.pt. . 44
S P’ llwoll + P (44)
where (a) follows the fact that ZZ;I =kl < Lt
Summing @) fromt =0tot =T — 1, we obtaln
T-1 T-1
2N - Ly - 1
S 1@ el = S g Bl
t=0 [ — g P
(4) Ly -
é HwOH +2N Lb ﬂ .T1—0'27 (45)
~(1— p)  n-(1-p)
where (4) is due to the fact that Z ot < 1= p
In summary, we obtain the following bound on the averaged consensus violation:
[lwoll 2N -Ly-B
D Q will < - ++ T2, (46)
Z” “hsg s a-n i

Extending above analysis steps on deriving a bound for the consensus error ||Q - w;|| in @3) to
[|@Q - A¢|l, we can show that the following holds:

ON-Ly-¢ 1

1
Al <= pbIX . 47
@ Nl < 5 pt ol + S L @)
where the stepsize (; is defined as {; := 7%5. Similar as @3), summing up @7) from ¢ = 0 to
t =T — 1, it holds that:
[ Aol 2N -Ly-C -
Q- el < ++ N (48)
Z n-(L=p)  n-(1-p)
In summary, we have
[[woll 2N -Ly-C .
: o 49
TZHQ tH_T n-(L=p) " - (1=p) @)
Summing up (@6) and ([@9), we obtain the convergence rate of the consensus errors:
T—1
1 1 woll + 1Al , 1 2N-Ly-(B+¢)
)Y (10- i +1Q-A) = 7 Jeonbr Bl L 202
— O(T"), (50)
Taking square on both side of (#4) and applying Cauchy-Schwarz inequality, it holds that
2 2 ON - Ly- B>
Lyl < 22t 2 . b 51
1@ wl? < 2 foul? + - (220 51)
Summing (31) from ¢ = 0 to ¢ = T — 1, it holds that
2”(4)0”2 2N - Ly - ? 1-2
Qs Zim 2 () T (52)
Z” wl = i =) n-(1=p)
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Extending above analysis steps on deriving a bound for the consensus error ||Q - w;||? in (52) to
|Q - A¢]|?, we can show that the following holds:

2||>‘0H2 <2N'Lb'4>2 1-20
§ AP s o (2 ) L2 53

Hence, adding (32)) and (53), then divide both side by 7', it holds that

T-1
1 3 2(1Aol® + llwol®) | 8N?- L7 - (2 +8%)
- WK . 2) < b . T—202
T — (”Q t” +||Q th ) —= T772(1—,02) + 772(1_p)2

=0T Y +0(T7272) (54)

This completes the proof for the first part. O

Step 2. In this part, we analyze the consensus errors for the shared policy parameters 6°.
Since the mixing matrix W, is doubly stochastic which implies W; - 1 = 1, we obtain that
W, -0 — 10" =W, - (ef - 15{)

where we have defined 6_§T = % 176 . Recall that the subroutine to update shared policy parameters
in @) - (I0) is given below:

03, = > W05, +a1diu1 Ve logmi(ai_ilsi—1.0i-1), Yi€N  (55)

JEN:(t—1)
where we have defined
Oipe1 = =T(St—1, @13 A t—1) +7 - V(st3wie—1) — V(se—1;wie—1)

= o(si—1,a1-1) Nipm1 + 7 d(se—1) wi1 — d(s0) wige (56)

Then we define g; 1 := 0;.4_1 - Vs logmi(ai—1]se—1,0;4—1) and g := [g] ;93 ;- -+ ; g%, it holds
that

0; =W,_1-0]_| +ai_1-gi—1. (57)

RecallQ =1 — %1 - 17T, we analyze the consensus error @ - 83 as below:

_T
Q- 0; =60; — 16;
s os” =T
=\ W1 0] +ap1-ge—1 | — | 101 +ou—1-1g;_4

=Wi1-Q-0; 1 +ai—1-Q-gi—1
t—1

=(M W) Q- 05+ > ar - (I, W1) - Q- gr. (58)
k=0

By Assumptlonsl l l the estimated stochastic gradient g; = [ngﬂg7 g%j 6 g%7t] can be bounded
as below

N N
1gel < Z gi.el

N
Z —1- Vs logmi(a;s—1|se-1,0i0-1)|l

=

(”)

—

o(si-1,a0-1) N1 + v d(se—1) wis—1 — d(se) wi s

<Cy- <||s0(st1,at1)| il +Allolse—)ll - llwi ol + ¢ Cse)l] - ||wz',t|>

N
o2 e
N
>
i=1
(#47)

< N-Cw-(R,\—k(l—kv)-Rw) =1, (59)
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where (i) follows the definition g, = [g9{;, 93 ;,-- , gk ] and Triangle inequality; (i) follows
that ||Ve: log mi(ai ¢ —1|st—1,0i1—1)[| < Cyp in Assumption (#7) is due to the assumptions that
lo(si—1,ai—1)|| < 1and ||¢(s¢—1)]] < 1, as well as that approximation parameters are restricted in
fixed regions, so |lw; ¢|| < R, and ||A; || < Ry; In the last equality, we have defined ¢, as

l,:=N-Cy- (RA +(1+ W)RW). (60)
Recall that the stepsizes in policy optimization are defined as o := 72, V t. Taking Frobenius norm
on both side of (38), we have:
(i) —
Q- 671l < |G ZWi) - Q- 6511 + D w2, Wi) - Q - gl
k=0
(i1) =1
< B 105 + D g gt ETEL gy |
k=0
i) 1 =
< =t 1651+ =D o E g
Ui U

() 1 (
<*P \|00||+;Ztk104k

k=0
Ly s by - = t—k—1
Zg'P'HHoH‘*‘n.TUI'ZP
k=0
1 L, -« 1
< Z.pt.@3 _r - 61
777 P H O||+n(1_p) To1 ( )

where (ii) follows from @20); in (iii) we utilize that nl*/Bl < nt/B-1 = % - pt where we have
defined p := 17 ; (iv) follows from (59). Summing (B1) from ¢ = 0 to t = T — 1, it holds that:

; HOH b T
ZHQOH< Z 1_p)ﬁ

||00|| KP - Qo Cl—o1
“n-(I=p) n-(1-p)
= O(T' ). (62)
Then dividing T" on both side of (62)), it holds that
*ZHQ 0;|| <o) (63)

where consensus error converges to 0 as 7" goes to infinity.

Moreover, we can provide a bound for the averaged consensus error squared ZtT:_Ol Q- 6;||*. Taking
square on both sides of (61) and summing from¢ = 0tot = 7' — 1. We obtain:

T 1 2
1 Ly, -« 1
Q 05 2 < . t . 11l@2 4 p . >
§j|| PSS (e 10+
0% (e, 2 )
>~ vy 772'(1—0)2 T201
(i1) 51|12 202 . o2
< QHGOH p @ 'Tl_QOl (64)

T2 (1-p?)  n?-(1-p)?
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where (i) follows from Cauchy—Schwarz inequality; (i:) follows from 2”373"2 . tT:_Ol p?t <
2||6311°
n*-(1-p%)"
Then dividing T" on both side of (64)), it holds that
Il
=2 1Q-617 <O ) + O(T >, (65)
t=0
This completes the proof for the second step. O

G PROOF OF PROPOSITIONI]

Proof. In this proof, we show the convergence results of all approximation parameters w; and \;.
We first analyze the convergence error ||@; — w*(6;)]| and then extend the results to ||[As — A*(0})]].
For simplicity, we write w*(60;) as w; and A*(6;) as \}.

Denoting the expectation over data sampling procedures as E[-], let us begin by bounding the error
E[||@i+1 — wiy1]?] as below:

E @1 — wipa 7]

DE [l + B - (e + 1) — & — wf +wf — iy %]

= Efl|o: — wp 1] +E[l18e - (he +1104) — & +wp —wiy1[1*] + 28, - E [{@0r — wi', he + 1m0
— 2E[(@: — wf, &)] + 2E [(@: — w],w] — wi1)]

(i4) B
< Efllor — wf 1] + 268: - B [{@r — wf, by 4 1)) + 2E[[lwf — wipq 2]+ 2B [(0r — wff,wp — wiyr)]

term A term B
+ 2E[)|B: - (he + 1) — &|*] —2E[(@ — vy, &)] (66)
term C term D
where (i) follows (37); (ii) is from Cauchy-Schwarz inequality. Recall that b := +1Thy, m] :=
~+17my and &/ := {17 e;, where hy, m; and e, are defined in (36).

In the following, let us analyze each component in (66). First term A can be expressed below:

28, - E | (@ — w, Tou + mtﬁ @ 98, . E {@Jt W B+ mtm]ﬁ Wos,.E {@t s ht>]
(67)

where F; is the o-algebra generated by F; = {wy, 0, ,wp,0p}; (a) follows Tower rule in
expectations; () is due to the fact that E[m, ;|F;] = 0, Vi € N/, which is from (32)) and (33). Recall
that in (23) we have defined:

T .
A(0) :=Eqpig(),s'~Pm0(-|5) {qﬁ(s) . (¢(s) —- ¢(s')) } ,Vie N, (682)
bz(e) = Eswug(~),a~7rg(~|s) [7”1‘(8, a) : (;5(8)] , Vi€ N. (68b)
Also in (22), it has shown that w; satisfies the condition
1 .
ABr) i = Z}bi(et) = b(6,) (69)
where we define b(8;) := + Ziv=1 b;(0;). Recall that we have defined
_ 1 X 1 X _
ht = N ;hz t — N ; (bz(et) - A(ot) . wi,t) = b(et) - A(Bt) . of)t,

then it holds that
he = 0(8,) — A8,) @, @ 48,) - (Wi — @) (70)
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Therefore, plugging (70) into (67), term A in (66) could be bounded as below:
— * 7 — *\T — * (Z) ~ — * (12
26, - El| (o —wi hy)| = =280 - El (0 —wi)" A(Or) - (0r — wi) | < =284 - Emin - E| || — wi]|
(71)

where (i) is due to the fact that A(6;) is a positive definite matrix and its minimum eigenvalue
Cmin (A(et)) Z émin in @

Second, term B can be bounded as below:
2E(lwi — wip|*] + 2B [(@0 — wfswf — wity)]
(%) 2E[||w; — wiy 1% + 2E [[l@r — wi [l - wp — witall]
£ 212 B0, — 811]?) + 2L - E{I6: — 1 - 0 — 7] 72)
where (a) follows Cauchy-Schwarz inequality; (b) is from the Lipschitz property in Lemma 6]
Recall the definition 6, := {65,607} and Q = I — £117, we bound |6, — 6,1 as below:
(1) )
16: — Bcra]| < 1167 — 6711l + 1167 — 61|
< 0y — 185+ 1105 — 107, + (107, — 7., + 16}~ 6L

181+ 1Q- 61,4 + 200 -1,

D@01+ Q- (Wi 0 + - gl + 200,

<1 651+ 10 We 03] + - Q- gl + 2004y
21Q- 811+ 1We- Q-0+ 301 -1,

<'21Q- 071+ 3. - 1, 7
where (7) and (i¢) follow Triangle inequality; (4i%) is due to the fact that estimated policy gradient in
updating 6, is bounded by ¢, in (39); (iv) follows Cauchy-Schwarz inequality; in (v) we used the

boudnedness of the gradient (39), the fact that eigenvalue value of () is upper bounded bounded by 1,
as well as the following:

1 1 1
Q-Wt:(I—NI-IT)-Wt:Wt—Nl-lT:Wt-(I—N1~1T>:Wt-Q. (74)

Additionally, (v?) is due to the fact that the eigenvalue of weight matrix W} is bounded by 1. Then
plugging the inequality into (72), term B could be bounded as follows:

2E[|lw; — wi1 %] + 2B [(@r — wf, wf — wips)]

2L, - E[)|0: — 0p41[°] + 2L, - E[|0r — Oppa[| - @ — ]

+4L, B[1Q-671- e - ] @
where (i) follows and the Cauchy-Schwarz inequality.
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Recall the definition of h; as h; := ~ Zl 1 hi ¢, where 7m; and &, are also defined similarly. Then
term C in (66) could be bounded as below:

2E[||Be (he + 1me) — &[] < 4/)2 E[l|he +me]?] + 4E[le]|]

1 N 2 1 N 2
e .E[HNZ (hi +may)| ] +4E[||N S e ]
1=1

1=1
@) 1 X 9 1 X )
< 48 ~E[N;||m,t+muu | 2 el
(447)
< 867 - (76)

where (i) follows Cauchy-Schwarz inequality; (i) follows Jensen’s inequality; (4i%) is from the
inequalities (@T) and @2).

Recall that &, := ZZ 1 €t and in (33) we have defined y; ¢ := W; ¢ + B¢ - (hiy + m;,). Then
term D in (66) can be bounded as below:

—QE[wt—wt,eQ}
2

2\1\9

N
2
:—NZE[<wt_yi,t,€zt:|_ Z: [yzt wtaelt>:|
) 2 & -
2 25 8]lo - il | - 2 EOW: o0 = 0~ )|
N

-

(i1) 28, - Ly [ B
< Y R e -
N =1
N
) 2 L
s - ZWt s = g el = 5 el

(iv) 2B, - L I 26, - Ly o 2 < )
< T;E e = > Wiwjell| + N ;E 8¢ (hie + )| _N;E sl

J=1

[nyz-,t e [yz-,tw]

®) 26, - Ly & 2 &
< 20 S B o — ] +26F 25 - = ZE[WH?}
=1 )
N

(vi)
< 26 Ly- [IIQ wt||}+2/3t LQ——Z [|ei,t|2} 7

where (7) follows Cauchy-Schwarz inequality and the definition e; ; := y;; — g, [y ¢]; (i%) is from
(#2) and the projection property (T6a) in Lemmall} (iii) follows the definition of y; ;; (iv) follows
Cauchy-Schwarz inequality; (v) is from the inequality (1)) and that the eigenvalues of W is bounded

by 1; (vi) is due to the fact that ||, — w; || < \/25\7:1 oy — witl]? = |Q - wel| VieN.
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Then we plug in the above derived bounds on terms A-D (inequalities (7T), (75), and (77)) into
(66), and obtain:

E[nwm - wzfﬂﬂ

< (1 — 2B - Cmin) -E{Hwt —w:||2] +16L2 -E[|Q : 0§|2} +36L2 02 o] + 6Ly, - £y - oy -IE[Hwt —w;‘}

N
) _ « 2
+ 4L, E[1Q- 071 o — 7] + 261 L0 -E[1Q | #1057 23 - 2 Y B lewal?]
=1
(78)

n (78), we have already obtain a bound of the distance between averaged parameter w; and its
optimal solution w;. Then we could utilize the inequality to derive the convergence rate for the
averaged parameters &;. Towards this end, we first rearrange the inequality (78)), divide both sides by
204 + €min and then sum it from ¢ = 0 to 7" — 1, and obtain:

E|le: - wi 1P
t=0
T-1 T—1
1 * - 1|2 * — 2 8L2 s2
<3 gy (B[l —o?] ~E It~ ) + 225 22106
term Iy term Io
T—1 1 T— a
1812 - /2. 517 =t Py — wt
’ t=0 Crmin ( wor ﬂt + ﬁt) Cnin Z; ﬁ [Hwt Wy |]
term Ig term Iy
T-1 T—1
2L, 1 s B . L,
= 5 |10 6¢1 1o - will] + 2 T E[IQ-wi]. 19)
Cmin —0 B Cmin =0
term I5 term Ig

Recall the fixed stepsizes a; := =zzr and 3 :=
First, term /; can be bounded as:

2= Vt. We can bound each term in (79) as below.

T-1

T2 - .
him 3 g (Bl —o?] [l —aar?])
=0 min

= 7 (e - w0l?| —E|Jwh - ar|?
726'Emin 0 0 T T

() T - 4R?

= m = O(T@) (80)

where the inequality (a) follows E [[|w; — @¢||?] < 2E[|jw;||? 4 [|@¢]|?] = 4R2, since both w; and
i are in a fixed region with radius R,,.

Second, term I in (79) can be bounded as:

T-1

8L 1 (i) 8L -T2 . gt
It Z 5 Elle o] © You(lo 6| @ oo @
Cmin 0 ﬂ Cmin 6 t—0
where () follows the definition 8; = %, vt.
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Third, term I3 in can be bounded as:

T-1
1 a?
I3 = S(18LZ -2 =t +5L ﬂ,)
2 g2
@ L?” by & ez (OB g o,
Cmin ﬁ Cmin
2 .42
LB 0 SRS,
Cmin B Crmin
=O(T"72) + O (T2 72 (82)
where (a) follows the definitions o; := 737 and 3; := % for any iteration ¢.
Next, we can bound the term I, in as below:
3L, - ¢ .
=l tz [|wt w; ||}
() 3Ly, - £, — 2
M (1 BYC R
Cmin =0 Bt
(”) 3L, -1, P [
T 5\ Bl -t
2 t
len t=0 ﬁt t=
iii) 3Ly, - 0, - a? i
(i9) ~71720‘0 T -T202—207 . E[Hwt _wt*z}
Cmin * 50 =0
3Ly 0y of =
= 2w 20‘0 . \/T1+202—201 . E[Hwt —W?HQ}
Cmin * BO =0
_ T—-1
W /C T | SR {Ilwt - w;‘ll?] (83)
=0

where (i) is by Jensen’s inequality; (i7) follows Cauchy-Schwarz inequality; (iii) follows the
2
definition of stepsizes «; and f3; in equality (iv) we define Cy := (W) .
min B3

Next, the term I5 in (79) can be bounded as below:

T—1
2L 1
I =22 0; W — W
S RN
() 2L, <= |1
Q2o 5~ [1p QOSQ}-E{w—w*Q}
ey ﬁg 1Q- 62| - K| — i
(”) 2Lw T—-1 1 T—1
< < 72]E 1Q - 67| - E|[jo; — wyl?
Cmi ﬁ
min t=0 "t t=0
T—1
iii C
() 5T E{Q’Oflﬂ' " Efla - wi ) (84)
t=0 t=0

where (i) and (i7) follows Cauchy Schwarz inequality; (ii%) follows the stepsize 8; := % and we
define the constant Cy := (?L) )

Cmin
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Finally, we can bound the last term I in as below:

et g ® (1o 85
o=z > BlQw | = . (85)

min t=0

Then we can revisit (79)) to obtain the exact convergence rate. Let us rearrange (79)) as below:

T-1

ZE{H%—W:HQ] S (A o+ I3+ Ig) +(1s + I5). (86)
=0

:=term K;

For the terms I + I5, we utilize (83) and (84) to obtain that

T2 T1 -1
I4+ 15 < ( Cy-T1H22=200 | O - NzE Z E[HQ : 95”2]) : Z Effleo: — will?]
=0 =0

(a) Lo ) 205 . T202 T—1 ) T-1 )
< |20p prerein 28R sl gplP |- | S Elle - wil 87)

t=0 t=0

=term Ko =term Kg
where (a) follows Cauchy-Schwarz inequality.

With terms K7, K5 and K3 defined as above, we can plug (87) into (86), and obtain:

1 1
K3 <Ki++VKy K3 = (\/K3—*\/K2) <K1+4K2 = K3S§\/K2+\/K1+ZK2

1 / I\’ @1 1
K3 < (2\/K2+ K1+4K2> < §K2+2K1+§K2=2K1+K2 (88)

where (a) is due to Cauchy-Schwarz inequality.

Combining the inequalities (§0), €T), (82) and (83), the convergence rate of term K in (88)) could
be expressed as below:

K1 ::Il+12+13+16
=0(T7?) + O(T'?712) + O(T'~7) + O(T' 727271 ) + O(T'72).  (89)

Moreover, the convergence rate of term K5 could be bounded as below:

2Cs - T272
Ko :=2Cy Lit202=200 4 7552 Z {Q 0; 2:|
t=0

(@) O(T"2727201) 4 O (T~ 1+272) (90)

where (a) follows the inequality (64).
Plugging - into (86)), dividing T" on both sides, we can obtain the convergence rate of

LT E [ — wil|?] as below:
=
T E[Halt - w:”ﬂ = O(T*1+a2) + O(T*Uz) 4 O (T027201) + O(T72U1+202) + O(Tf2+2a2).
t=0
C2))
When the fixed stepsizes (; and j3; are in the same order ((; := W and B; := TQ for any

iteration t), the analysis of parameters wt can directly extend to establish the convergence results

of parameters ;. Then, it holds that f 0 E[[A: — Af[[?] has the same convergence rate as

LS E e — wi]?).
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Finally, combining the convergence results for consensus errors in (21¢), we obtain the convergence
of approximation parameters as below:

T—1 N
> (E [nw@t - wfn?} n E[nm - A:?D

t=0 i=1
—1

Nl =
5

INE
1l
(]

N
<2E{wl . — wﬂ} + 2E{||wt - w;‘||2] + 2IE{|/\M - MQ} + 2]E{||5\t - /\;‘|2D
1

t=0 i=
g T-1 N o T-1
2 23 (Bfle - wl?] + £ |1 -2 ) + 2 X (B[ wil?] + 510 a2
t=0 7=1 t=0
i O( 1+0'2) + O(T—ag) T O (T02—201) 4 O(T—201+2¢72) T O(T—2+202) 4 O(T_202).
92)
where (a) follows Cauchy-Schwarz inequality; (b) follows (54) and (©T). O

H PROOF OF PROPOSITION 2|

Proof. In this proposition, we will analyze the convergence of actor in algorithm CAC.

With linear approximations, recall that in we have defined:

Sit = @(st,a)  Nie + v d(se41) wie — d(s0) T wis

)

Due to the facts that feature vectors are assumed to be bounded in Assumption[d]and the approximation
parameters A; ; and w; ; are restricted in fixed regions, we have

185,6ll < Ba+ (1 +7)Ro, Vi €N (93)
For simplicity, let us define Cs := Ry + (1 + 7)R,.
Recall that for each agent i, we have denoted its local policy parameters as 6; := {63, 67} where 67

is the shared policy parameter and 6 is the personalized policy parameter. Moreover, for each policy
optimization step, the update in shared policy parameters 67 is given by:

N
05111 = Z Wij - 05, + cu - 0ip - Pos (St ait) 94

where we have defined the score function ;s (S¢,a4) = Vs logm(a;y | st,0;,). Therefore, the

update of the average of the shared policy parameter 05 := % vazl 07 ; is given below:

071 =07 + Zéz ¢ os (5e, ). 95)

We further define 0, := Uf\;l{@t} and H_i,t = {02, Qﬁt}. Also recall we have defined 0, =
U {0i.} and 0; ; := {65,607 ,}. In the analysis, we start from analyzing objective value .J(6;) at
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each iteration ¢. According to L ;-Lipschitz of policy gradient in Lemma[2] it holds that

J(0141)

™ - I 7 _
> J(0y) +(VJ(6:),0,41 — 6;) — 7J||9t+1 — 6,7

_ _ _ _ _ _ L _
= J(0;) + (VJ(0:) = VJ(0:),011 — ;) +(VJ(0:),0;11 — ;) — 7‘]\\(%“ — 6,7
= J(6:) + ZMJ(&) — Vo, J(0), 0501 — 0it) + Y (Vo,J(04), 05011 — Oit) — == Z 163,441 — 0s.¢]|>
3 =1
_ _ N _ L _ _
Z V6, (8:) = Vo, Ol - 10001 = Oiell + Y (Vo J(0:), 001 — Ois) — jl Z 165,61 — i ¢
=1 i=1
G0 _ N _ _ ol - 2-Ly-N
> J(0:) = N-ay-Ly- Ly |0 =0 + Y (Vo J(8:), 05041 — Oir) — tpf
=1
N 2 2
i — T — — ag -l - LJ -N
W IO) =Ny Ly 6] =18+ (Vo T 00, s = Bi) — =L
1=1
(96)

0; +|| < L, where the constant £, is defined in @) (i7) follows

where (i) follows (T7) and ||0; ;11—
the fact that |6, — 6] = ||; — 1- 85" | since we have defined 6, := UN {8, ,} = UN, {6, 07}
Therefore, it follows that
J(0111)
@9 . T N _ _ a?-2-L; N
> J(0:) = N-oy by Ly [10; =105 |+ (Vo J(8;),01441 — 0it) — e B
i=1
@ 5 S
2 J@) =N vty Ly Q-] +at;<w (60), NZF 0 (s1a305030) )
N 2.2
~ ai /L 'LJ -N
+ oy ; <V0ft](0t)7 Oit * Yor (St, @i s 9i,t)> - tpf
B o X N
= J(et)JFNt _Zl <V0;J( ) jt 1/)9 (St,ag ts ]t > t2<vep<] 9t z,t '¢9f(8t,a¢,t;9z‘,t)>
1,j= 1=
N-Ljy-a2 (2
_N'Oét'gp'LJ'HQ'ng_# 97)

where (a) follows the fact that the update of §; , := {6;,67,} could be decomposed as below:

t+1

N
Z(S t- 1/195 (st:a5,¢305,t),

2\@

P P _ . 0.
9i,t+1_9i,t_at' it ¢9f(3taaz,t,9z,t).

Taking expectation on both sides of inequality (97), we have:
E[J(011)] > E[J(0)] + L1 + L2+ Ton + Lo

N-Lj-af- 02
~N-o-by- L -E[|Q- 6] - ——5——= (99)
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where we have defined:

N
I = % Z EKVOS ( gt — > '¢0;(staaj,t;9j,t)>:|

i,j=1
W
Iip = ﬁt ZlEKVa* ), 05 - e (Stva’j,t;aj,t>>:|
i,j=
N o~
Ioq = oy ZEKVQPJ (6:), ( 5z>¢0f(5taai,t§9i,t)>:|
=1

N
1272 = O ZE |:<VQ:JJ(0,5), 5; . 1,[)95’ (St, CL7;7t; 01,t)>]

0f = p(se,a0) A+ - d(se1) wp — dse) wy (100)
and these terms satisfy the following relations:

N
o
Lai+TLe= Nt Z E[< :J(0¢),0 S Yo: (vaa]taajt)>:|

ij=1

N
Ipg+10 =04 ZE[<VG§J(90, Sit + Yor (st, Qi t; 9m)>} .

i=1

Below we analyze each term on the rhs of (99). Towards this end, let us define Vg:J(0;) :=
~ PR V:J(6;). We have the following:

- Z EKVQSJ(&) (5] R ) .wej(st,ajvt;ejyt)ﬂ

'le

N
—ay ZE [< ZV(r (1), p(st,a)” (AF — Ajt) '7/}95(5t7aj,t;9j,t)>]

Jj=1

o 3 B Va0, (o) 0050 e )83

j=1 i=1

(i) N .
Y a0y ZE[nves @) ||A::—Az-,t||] —<1+v>~at~cw~ZE[||vesJ<et>||~||w:—wi,t||]

Jj=1 Jj=1

N
> <201+ Cy SB[ [F0- T (l = wnall + I = )|

Jj=1

— oa, Oy i (E[|m<a>| (M = wuall + 137 = M')Dz
D sy z e[ VaT@12] -5 (1 - )|
1)

(#44) N
g —4at-cw~\/zv E[nves (e»H ~$Z(E[||wz—wi,t||2} +E[|A:—
j=1
(101)

where (i) is due to the facts that all feature vectors are bounded (cf. Assumptlon , and the score
functions are bounded as ||vp: (s¢, a;;0;,0)| < Cy (cf. (I4a)); (id) and (idi) follow from the
Cauchy-Schwarz inequality.
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Here, we define the TD error

Ot := Qny, (5t,a1) = Vag (5t) = Tt + Vi, (5t41) — Vg, (51) (102)
and Vg:J(0;) := Zl 1 Vs J(8;), then the term [; 5 can be decomposed as below:
o &
I o= N zlEKVe* (0:), 5 “1bos (st, 45,305, t)>}
1,)=
al 1
= Q- ZEK Zve J(6:), 5 ¢05(3t,ag,t793,t)>]
Jj=1 i=1
e — N e — o~
=a;-(l—7v)-N- IE[HVQSJ(Ht)HQ] + oy - Z]E KVQSJ(Ht), (05 = 01) - Vos (51, @yt Gj,t)>]
j=1
N — —
+ Qg - ZE |:<VQ5 J(Ot), 525 . ’L[Jg; (St, ajyt; Gjyt) — (1 — ’y) . Vgs J(Bt)>] . (103)
j=1

Then we are able to bound each term above:

" ijKveJ(e) B = 0 i (s10523030) )|

Jj=1

> oy ZE{IW @l - 1o (50051050 -

=1

Sz—at@

(1)
2 a1 Oy N | (s @050 = 7 ) (0o = Ve, () = (000077 Ve, (5 )|

(@)

Y LGy N (E[w 50, 00)T AL —rt@ +7E[¢<st+1> wz—vmxsm)@ +E[|vﬂet<st>—¢<st>%zﬂ|})

(#44)
> —oy-Ly,-Cy- N \/E o(s,an)TAF — rt)2] + 7\/153 [ (¢(St+1)th* — Vao, (st“))g}

+\/]E{(th(3t) d(s1)Twr) })

(iv)

> 2N -a;- Ly - Cy - €app (104)

where () follows (@), (T8), definition of &; in (T00) and definition of &, in (T02); (ii) follows the
triangle inequality; (m) follows Jensen’s 1nequa11ty (iv) follows the definition of approximation

error in (28).

Recall the definition Qn, (s, a) := E[ > 7' (s¢, ar)|so = s,a0 = a]. According to|Agarwal
et al.| (2019), policy gradient could be expressed as below

V.J(0) = ﬁEMa(),aw( [(Qm(s a) - Vwe(s))~¢g(s,a)} (105)

where dg(-) denotes the discounted visitation measure dg(s) := Eqyp [(1 —7) Y i g V' P™ (s =
s|so)]. According to the policy gradient as shown in (T03), it holds that:

1
Vs J (at) mEstngt(»),atwﬂgt(~|st) l:(Qﬂ'et (sty at) 7r9t Z¢05 Stva],tv 7.t )):l .

(106)
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Therefore, the third term in (I03)) could be bounded as

at-iEKvesJ(et),a~¢e;<st7aj,t;9j,t> (=) Vo707 )]

j=1
=a;- N [<ng Zwes Sty Aj.t5 Jt)) - (17)‘V95J(0t)>]

(2 (a7 N - ]E|:E[<v05'](0t)a 515 . (% i¢af(st7aj,t;aj,t)) - (1 - 7) W(Ot)ﬂgt}]

j=1

ai- N |:<v0q (at) ( se~pe, (-),at~me, (-|st) |:(Q7T9t<st7at) Tl'gt Zw@ Sty Ayt jt))

o))

!

@ 1

> —oy- L, N - ’ ]EstN/mt(‘)’atNﬂetHst) {(Qﬂgt (s¢,at) — Vﬂet (St)) . (N 21/195 (st, a5 9j,t)):|
j=1

- Est’“det(')7at~ﬂ9t("5t) |:(Q7T9t (St’ at) Tret Zw@s St7a.77t7 J,t )):l H
(431) 1
> —ay L, N- sup (Qro, (56, 1) — Vg, (51)) - (N > wes (st a.6:054)) || - drv (e, , de,)
s, =1
(iv) 1 1
> —4doy - N -Ly-Cy - Ryax - | log, 67 + 1 =—ay N € (107)
-7

where (4) follows the tower rule; (i7) follows (I8) and (T06); (4i7) is due to distribution mismatch
between the policy gradient in (T06)) and its estimator; the sampling error €y, is defined in @ and the
inequality (iv) is due to the facts that Qr, (¢, a:) < Rm‘“‘ s Vg, (51) < If 2 (80, a5,05050)] <
C\, and the distribution mismatch inequality (I9) in Lemma@

By plugging the inequalities (T04) - (T07) into (T03), we obtain the following:

N
o ~
I o= Nt | E 1E[<V9§J(9t)75t* 'wej(staaj,t§9j,t)>:|
Q=

> 2N -y Ly-Cy-€app—y- N-€gp+az-(1—7)-N- E[||V95J(0t)||2] (108)
Moreover, by adding (T0T) and (T08), we obtain I, := I7 + I? as below:

I > —2N-oy-Ly-Cy-€qpp —r - N -€5p+ - (1 —7) 'N~E[||V93J(0t)||2]

N
3 (E[nwz - wi,tnﬂ +E[A: - A“'PD' (109)

Jj=1

-y \/N B{IF0- 7001 -
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In order to bound term I, we are able to further analyze I ; and I5 ; as below:

N
I = ay - ZE[<V91)J (6y), ( gf)ﬂ)gip(st, a; t; Oi’t)>}

=1

Y T
= —Q4 ZE[<V9?J at '7¢(8t+1) ¢( )) (W;k — wi,t) . ¢9f (st,ai,t; 91t)>:|
=1
N
— oy - Z]E {<V9;JJ 9,5 St, at)T(/\;fk — /\i,t) . %f (3t7 ;¢ 0i,t)>:|

=1

(4)
2 20, Cy - ZE[HVM@»H- <||w;‘wi,t||+xzxi,t||)}

> %)

2 90,0y Z [IWJ 0t>||2] ME[(w:wi,mnArmn)ﬂ

= 20, Cy Z ( [M»J 0f>~(||wz‘wi,t||+||x;f

(u

D)
z—4at-cw-¢ZE[nvw<et ||2]-JZE[|%—%|2+||A* i,tn?] (110)

i=1

where (7) is due to the facts that all feature vectors are bounded by Assumption E| and the score func-
tions are bounded as : |[Ygr (¢, aj,¢; 0i,¢) || < Cy in (14a); (i7) and (iii) are from Cauchy—Schwarz
inequality. Moreover, for the term I 2.2 in (99), we can further express it as:

N
Lo :i=at ZE[<V9§J(90, O - thor (st @i e 9i,t)>}

- N N
ZE[”VQPJ 0:)|l } tZEKVeP (5* ) '¢9§’(3t»ai,t;9i,t)>]
i=1

i=1

+ oy ZE [<V9f'](0t)7 Ot - Yor (St, aie; 03,) — (1 — ’Y)Veft](et)>} (111)
i=1
where we have defined 6, := 74 +YVz,, (St41) — Virg, (5¢)-

For each term above in (TTT)), it holds that

N
Qi Z E [<V(9§J(9t), <§2k - 5t) : ¢9f(8t, Qi t5 €i7t)>:|

=1
N

> a0 38| IV IO - (s assitia - |5 — 1]
=1

Q
Z — Q- L?) . Cw -N-E H <g0(5t,at)T>\: - ft) + ’y<¢(st+1)wa - Vﬂ-et (St-i-l)) - (d)(st)TwZ‘ - Vﬂ—et (St)> H

(@)

Y i Lo-Cy-N- (Eusa(st, @) AL = rol] 4+ 1E [|¢<st+1>Tw: Vi, (sm)@ LE [Ith (s0) - ¢<st>Tw:|D

Y LGy N <\/E [ (050, @) AT — rt)z] + v\/E { (G(st41)Twf — Vi, (sw))ﬂ

JE[(vmxs»—“St)T“f 3

(iv)

> 2N ;- Ly-Cy - €app (112)
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where (i) follows (T8) and |1gr (51, @i ¢; 6;,¢) || < Cy; (i4) follows from the triangle inequality; (i77)
follows Jensen’s inequality; (w) follows the definition of approximation error in (28).

Similarly as the derivation in (I07), we can further bound the third term in (TT1) as below:

N
atZEKw;J(@),@ bt (s0r 143 01) — (1 — www(et)ﬂ > o Noey  (113)

i=1
Plugging the inequalities (T12) - (T13) into (TT1), then it holds that:

N
ha 2 - (1=9) - B[ I JO)I| ~ar Ny =200 N oLy Cy vy (114
=1

Adding (T10) and (TT4), it follows that:

N
Ly+ 1o >ap- (1 —’y)-z {|Vng(0t)|2} —ap - N-€g—20-N-Ly-Cy - €app

=1

)2
(115)

N N
oy Cy ZE[HW et>||2] - ZE[(M ]l I -
=1

i=1

N * *
Denote P, := >, E[||wf — w;o||* + [|Af —

?]. Then we plug the inequalities (T09) and (TT3)
into (99), it holds that

N-Ly-of-f3
2

(1-=9)-N- E{vaé (0t)||2] —2N ay Ly Cy - €app — - N - €5,

E[J(0¢11)] 2 E[J(0:)] = N - - b, - Ly - E[||Q - 67]]] —

N
ZE[HVQPJ (6,) ||2} — 2N -a;-Ly-Cy - eapp — - N - €gp

1=

—

—4at'0w'<\/N E{ 1907001 + iE[nve;J(e»nQ])vﬁ. (16)

i=1

Denote a constant Cy := N - £, - L;. Rearrange inequality (T16) and apply Cauchy-Schwarz
inequality, it holds that

N -E[ |V, 701 +ZE[||V0PJ(‘9t)|| ]

i=1

1 _ _ 1 ar-N-Ly .g%
_m.EJ(etH)i:}(et) Jr1—’7 2 TAN - Ly - Cy - app + 2N - €5p
Cs . gcw ) N ]
o BlIQ 0|+ T2\ NE|I V0 T@0] | + 3 E|IVar 00| VP
=1

(117)
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Then we can denote Gy := N -E [||V9.;J(0t)||2 +3NE [|V9$J(9t)||2] . Through summing the
inequality (117) from ¢ = 0 to T' — 1 and divide 7" on both side, it holds that

=
T 2 G
t=0
T-1 T—1 o T-1
1 1 ~ - C N4
<=y —— . (E[J(6:,11)| —E[J(6 )+5 E[Qeé} P a
S ([<t+ﬂ 00]) + 71 =y S B{1Q- 11| + gy e
term My
1 801/, [
4 (AN Ly, Cy-eapp +2N -5 | +=—2— - S VG, - /P, (118)
1—~ T(1-7v) =
term Mo
Then (18] could be expressed as below:
80 T-1
t=0
(@ 8Cy = =
< My My = 72 G 7D P (119)
t=0 t=0
where (a) follows Cauchy-Schwarz inequality Then we define Cy := SC"" . By =% tTO Gy,
By := M, + M, and Bs := T t o ! P,. The inequality (T19) could be expressed as below:
02
BlgBQ+Cg-\/B1-B3:> (\/31—29-\/33> <BQ+ - B3
/ % C A 2
B < B2+TB3+7 B3:>31SQBQ+CQ-B3 (120)

Then we are able to analyze the convergence rate of each term in (IT8). Recall the fixed stepsize
oy = 757 . We bound each component in M; defined above.

T-1

1 1 B .
T ; a(1—7) ’ (E[J(0t+1)] — ]E[J(Gg])

(a) T ~

S o =) El60)

< ™ . RmaX _ o1—1

S T 1—7_O<T ) (121)

where (a) follows oy = =737 (b) is due to the fact that each reward is bounded by Rpax and
J(0) <3207 - Rinax = 2 forany § € RN*P.

For the second and third terms in M7, it holds that

c T—1

o |l o) (12)
t=0

N-L;-2 =X  N-Lj-@

ﬁ'zo‘t 7]7) 7 _O(T‘”> (123)

Combining (I21)) - (I23), we obtain that the convergence rate of term M7 in (I18) could be expressed

as below:
M, = O(T"l_l) +0 (T‘”1> (124)
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Then according to (IT8)) and (T20)), it holds that

T-1

D (B[ 1707712 +gE[nvew<et>n2D
T N
FY D E [Iwé‘ — wi el + 1A} - A,;,tﬂ .

1=1 i=1

C’
<2Mj + 2Ms + ?

By applying in the convergence results of approximation parameters in (92), we obtain that

% 3 (N : ]E{HVGSJ(O:&)HZ} + iE[“V(’f‘](m)”QD

t=0 i=1
) g T-1 N g T-1
- 112 3 |2 2 2
Do o0y 755 (Bl wilF] B[R -] ) 4 2 3 (B[10 w0k 42 10 ] )
= O€app + €sp) + O(T"l*l) +O(T~7) +O(T~'72) + O(T~72) + O (T7> >
4 O(T72al+202) 4 O(T72+202) 4 O(THZJQ). (125)
To optimize the convergence rate, we choose ay = O(735), 8 = O(78) so that o1 = 2 and

o9 = %, then plug them into (125). Therefore, the convergence rate of the actor is:

T-1

1 _2
7 g (N E[vas (6:) ||2} +;E[||v9u(9t)||2]> = O(T75) + O€app + €5p).  (126)
This completes the proof. O

I DETAILED ANALYSIS FOR DOUBLE SAMPLING PROCEDURES

For the CAC algorithm with double sampling procedures in Algorithm 2] we generate two different
tuples z; := (S, a, S¢41) and &y := (8¢, @y, S¢41) in each iteration ¢ to perform critic step and
actor step. In x, the state s; is sampled from the stationary distribution pg, (+). In 4, the state §; is
sampled from the discounted visitation measure dg, (-) where dg(8) := (1 — ) >0 g 7' - P™ (s, =

5| s0~n).

Then the difference between double sampling procedures and single sampling procedure comes from
bounding the term I7 o in (T03) and I3 5 in (ITI). With double samples x; and Z; at each iteration ¢,
the sampling error €4, could be avoided in analyzing I; » and I5 o

With tuple Z; to perform actor step, the component I 5 in (I03) could be expressed as

B (1=7) N E[IVo IO + o i (F0r 00,6~ 00 a0 )|

ZEKVG (6:),0¢ - Yo: (5¢,a4,¢305,) — (1 =) - Vs J (9t)>]

Following the inequality (T04), the second term in I; 5 above could be bounded. Then it holds that

Lo >~ 2N -ay-Ly-Cy-cupp+r - (1—7)- N~E[|vesJ<ot>|2}

Oét'iv:E|:<W(0t)75t'wej(gtadj,t?ej,t) (1=7)-Ve:J (9t)>]

j=1
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For the third term in I o, it holds that

at-f:]EKvgsJ(at),(st.W;(ghaj,t;e],t) (1- )vgsJ(ot)ﬂ

Jj=1

= a;- [<v95

(Qat'N { [<V0€ 27%9 5t, Qjit; Jt)) (1 _7)'W(0t)>‘9tH

N
(#1) . 1
:z Qg - N : E |:<V9S (0t> ( stngt(~),dt~7rgt(~|§t) |:(Q7Tet (Sta a't) 7\'9t N Z wef St7 aj t7 7y t))

- ) )

=0

HMZ

St,ag t j t)) - (1 - ’Y) : Vesj(et)>]

where (2) follows Tower rule; (4i) follows the policy gradient expression in (106).

Therefore, we bound term I » as below:

.[1’2 — 2N -y - L, Cw €app T Ot - ( ) N - E|:||Vgs (0,5)||:|

Moreover, the component I3 o in (TT) is expressed as below:

,[22 —CYt 1 — ZE{VQPJ 0t ||2:| +atZE[< glﬂJ 9,5 <5\; —615) 'wef(gtadi,t;ei,t)>:|
+ay ZEK o7 J(61), 61 - gr (8¢, aies 050) — (1 — W)VefJ(at)ﬂ (127)

Similarly following the same steps in analyzing term I 5, the sampling error €, could be avoided
due to double samples in each iteration ¢. Hence, it holds that

N
12’2 Zat . (1 — ’Y) . ZE[HV@J(@)HQ] — 20(15 -N - LU . Cw * €app

i=1
Following remaining analysis steps in Proposition[2] we obtain the convergence analysis for CAC with

double sampling procedures in Algorithm@ We are able to avoid the sampling error €, at the cost of
utilizing one more sample at each iteration. Therefore, we are able to present the results in Corollary
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