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Abstract

In game theory and multi-agent reinforcement learning (MARL), each agent selects
a strategy, interacts with the environment and other agents, and subsequently
updates its strategy based on the received payoff. This process generates a sequence
of joint strategies (s');>0, where s’ represents the strategy profile of all agents
at time step . A widely adopted principle in MARL algorithms is "win-stay,
lose-shift", which dictates that an agent retains its current strategy if it achieves the
best response. This principle exhibits a fixed-point property when the joint strategy
has become an equilibrium. The sequence of joint strategies under this principle is
referred to as a satisficing path, a concept first introduced in [40] and explored in
the context of N-player games in [39]. A fundamental question arises regarding
this principle: Under what conditions does every initial joint strategy s admit a
finite-length satisficing path (s*)o<;<7 where s' = s and sT is an equilibrium?
This paper establishes a sufficient condition for such a property, and demonstrates
that any finite-state Markov game, as well as any N-player game, guarantees the
existence of a finite-length satisficing path from an arbitrary initial strategy to some
equilibrium. These results provide a stronger theoretical foundation for the design
of MARL algorithms.

1 Introduction

Game theory provides a formal framework for analyzing strategic interactions among rational
decision-makers. It examines how individuals optimize their decisions to maximize their own payoff
while accounting for the actions of others. In most settings, agents act in self-interest, leading to the
concept of an equilibrium [24]], a strategy profile where no agent can unilaterally deviate to achieve
a higher payoff. Due to its generality, game theory has become a cornerstone in machine learning,
particularly in modeling competitive and cooperative behaviors, such as multi-agent systems [[19],
multi-objective reinforcement learning [32], and adversarial learning [18]].

Multi-agent reinforcement learning (MARL) extends traditional reinforcement learning frameworks
to the situation where multiple autonomous agents interact and make decisions concurrently [26]].
In multi-agent systems, each agent learns optimal behavior through an iterative process, that is
interacting with both the environment and other agents, receiving the reward based on its actions, and
dynamically adapting its policy to maximize long-term returns. This paradigm captures the complex
inter-dependencies that emerge when multiple learning agents co-evolve within a shared environment.

From the perspective of game theory, MARL can be modeled as a repeated game [38]], where agents
iteratively select strategies based on current information, receive rewards from the environment,
and update their strategies accordingly. This process generates a strategy path (s')Z_, where s’
represents the joint strategy profile at time step ¢. The concept of equilibrium is particularly crucial
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in MARL [23}[12} [14], as it represents a stable case where no agent can improve its payoff through
unilateral deviation.

A fundamental question in MARL algorithm design is whether decentralized strategy updates can
lead the joint strategy to converge to an equilibrium. While this problem has been extensively studied
[36L 22| 271, it remains incompletely resolved [42]. Formally, each agent ¢ updates its strategy
according to a revision function: sf“ = fi(s")o<u<t, where f; maps the history of joint strategies
(s")o<u<: to a new strategy for agent 7 [3, 28]]. A widely adopted principle in MARL algorithms is
"win-stay, lose-shift" [9] |41} [16}[29]: If the agent’s current strategy is a best response to other agents,
it will maintain this strategy, otherwise it will switch to a substitute strategy. The path generated

under this principle is termed a satisficing path [40].

This paper studies the satisficing path from a topological perspective, aiming to provide new insights
into the following core question:

Question 1. Under what conditions does the game possess the property that for any initial joint strat-
egy s, there exists a finite-length satisficing path (s*)o<t<T where s° = s and sT is an equilibrium?

This paper adopts a general theoretical perspective to study the existence conditions of the satisficing
path, rather than analyzing specific revision methods or update functions f;. The primary objective
is to establish fundamental theory of the satisficing path, thereby providing essential theoretical
supplements to the existing research on convergence problems in MARL.

Contributions. 1) The novel concept of the grouped satisficing path is introduced and formalized
in this paper, extending the existing concept of the satisficing path. 2) The structural property of
the local minimum in the grouped satisficing path is studied from a topological perspective. 3) The
sufficient conditions for the existence of the grouped satisficing path are established, thus solving
Question In brief, if the pure strategy game satisfies that a) the strategy set is convex and compact,
b) the payoff function is continuous and partially analytic, ¢) and any sub-game has an equilibrium,
then for any initial joint strategy s, there exists a finite-length grouped satisficing path (s')o<¢<7
where s° = s and s7 is an equilibrium. More details can be found in Theorem 2]

This paper is organized as follows. In Section[2] the theoretical framework is established by formaliz-
ing key concepts, and the novel concept of the grouped satisficing path is introduced. In Section 3}
the topological properties of the grouped satisficing path are studied, and the conditions for reducing
the original game to a sub-game are proposed in Theorem [I] In Section[4] the sufficient conditions
for the existence of the grouped satisficing path are established in Theorem 2] and this theorem is
applied in various situations, such as continuous games, N-player games and finite-state Markov
games. In Section 3] the theoretical implications of these results are examined, some open problems
are discussed for future study, and finally there comes to the conclusion of this paper.

Related work. MARL literature contains numerous algorithms employing the iterative strategy
adjustment mechanism. Among these, the fictitious play algorithm [7]] stands as a paradigmatic
example that has profoundly influenced development in this field. While extensive research has
investigated the convergence properties of the fictitious play and its variants [25] 33]], existing
theoretical guarantees remain limited to the specific game structures [3, 34} 35]]. The fundamental
connection between the fictitious play and the best-response dynamics deserves particular attention.
Agents select optimal strategies based on historical joint strategy profiles, and iteratively update their
strategies according to the payoff they get. This formulation suggests that the analytical tools from
dynamical systems [4, 11, |37] may offer valuable insights for analyzing the convergence of the game
and establishing broader convergence guarantees.

The dynamics of the agent strategies in discrete time settings can be formally characterized by the
update equation slfl = fi(s), where each agent i’s strategy selection at time step ¢ + 1 is determined
by an update rule f; that depends on the previous joint strategy profile st. The seminal work in [20]
established a crucial theoretical limitation: for continuous strategy dynamics, if any update function
satisfies the regularity conditions and the uncoupled-ness property, the game will be not convergent
to an equilibrium generically. Subsequent research [2,130] has further generalized these impossibility
results. However, notable positive convergence results emerge when introducing stochastic elements.
For instance, the agent has the probability to update the strategy randomly when it deviates from the
best response [21,[15]. The conditional update mechanism has the similar results as the stochastic
one [[10} 18, (9].
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The concept of the satisficing path, originally introduced in [40], enforces a key behavior constraint:
agents achieving best response must maintain their current strategies, while allowing unconstrained
adaptation for other agents. This flexible formulation naturally encompasses a broad spectrum of
learning algorithms [[1 6] Prior research has progressively established existence guarantees for the
satisficing path: [[16] proved the path existence in two-player games; [40] extended these results to
N-player symmetric Markov games; [39] demonstrated universal existence in all N-player games.
While these works successfully addressed the existence problem in specific game classes, they could
not extend the result in a more general form directly. So it is necessary to establish the theory of the
satisficing path. Since this paper studies the topological properties of the satisficing path, the existence
results can be successfully extended in a more general form, thus solving Question [I| mentioned
above.

2 Formalization

2.1 Pure strategy game

A pure strategy game is defined by the tuple G = (I, (S;):c1, (¢i)ic1), where I represents the set

of players, S; denotes the pure strategy set of player i, and g; : [],.; Si — R is player i’s payoff
function. In this paper, only pure strategy games with finite players (|I| < co) are discussed.

Each player ¢ € I independently chooses a strategy s; € S; from their respective strategy set. The
resulting payoff for player i is determined by the joint strategy profile (s1, s2, ..., 5|7|) through the
payoff function g;. Each rational player aims to maximize their individual payoff. However, since the
payoff functions depend on all players’ simultaneous strategy choices and the players cannot directly
control others’ strategy selections, the optimal strategic choice reduces to selecting a best response to
the current strategies of other players.

Definition 1. In a pure strategy game G, the e-best response correspondence for player i given
opponents’ strategy profile s_; is

BR.(s—;) = {s € S; | gi(s,s—;) > sup g;(t,s—;) — e} . (D
tesS;

where s_; € [| jtigel S denotes the joint strategy of all other players. In particular, the notation

BR, will be simplified to BR when € = 0.

In the absence of additional constraints, the best response set BR(s_;) may be empty, as the existence
of a maximum point in .S; is not guaranteed a priori. When S; is closed and compact, and g; is
continuous, then BR(s_;) is non-empty for all s_; € S_;. For € > 0, the existence condition can be
relaxed to the boundedness of g;.

Definition 2. In a pure strategy game G, a joint strategy s € [[;.; S; is called an e-equilibrium if
Vi € I, S; € BRE(Sfl) )

A mixed strategy game can also be defined by the tuple G = (I, (S;):cr, (9:)ic1). However, each
player ¢ € I can choose a Borel probability measure over S; as a mixed strategy. Construct a
pure strategy game G = (I, (AS;)ier, (3i)icr), where AS; denotes the set of all Borel probability
measures over S;, and

gi : HASi - R, Hai = gi(s) Hdai(si).

i€l il s€]Lies Si il

Then the equilibrium of the pure strategy game Gis equivalent to the Nash equilibrium of the original

mixed strategy game G. This fundamental equivalence justifies referring to G as the extended game
of G.

Remark 1. The class of pure strategy games exhibits strict representational generality over mixed
strategy games. For any mixed strategy game, there exists an equivalent pure strategy game which
possesses the same properties of the original game. However, a pure strategy game admits a mixed
strategy representation only if each strategy set can be embedded into the set of Borel probability
measures over some base space.
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2.2 Grouped satisficing path

In a pure strategy game G, the repeated play generates a path (s);>o where s represents the joint
strategy profile at time step ¢. In this paper, only discrete time strategy dynamics (¢ € N) is discussed.

Definition 3. In a pure strategy game G, the strategy path (s');>o is called an e-satisficing path if

Vt>0, Viel, sieBR.(s',)) = sitt=s 3)
The definition of the satisficing path is an accurate description of the "win-stay, lose-shift" principle.
If the player’s strategy is a current best response, it will maintain this strategy in the next time step,
otherwise it will explore an alternative strategy to replace it. This principle is fundamental in the
MARL algorithm design, since it ensures the stability at the equilibrium.

Definition 4. In a pure strategy game G, the group set P is a partition of the player set I satisfying:

L Upepp=1

2. Foranyp,q € P,ifp# q, thenpNq = Q.

A strategy path (s')¢>q is called a grouped e-satisficing path with respect to the group set P if
YVt >0, VpeP, (Viep, sie€BR(s',) = (Vicp, st =sl). )

The definition of the grouped satisficing path extends the "win-stay, lose-shift" principle to player
groups. The basic decision unit is a group of players rather than individual players. If all players
in a group achieve best responses, all of them will maintain their strategies. When each group
contains exactly one player (P = {{i} | ¢ € I}), the grouped satisficing path reduces to the classical
satisficing path.

Remark 2. The grouped satisficing path constitutes a proper generalization of the classical satisficing
path. Obviously, any satisficing path can be viewed as a grouped satisficing path, while the converse
proposition is not always true. The grouped satisficing path serves as an essential technical tool for
proving the existence of the satisficing path in finite-state Markov games.

Definition 5. In a pure strategy game G with the group set P, for a joint strategy s, the e-best
response group count with respect to s is

Nc(s)=|{pe P|Viep,s; € BR(s_;)}| ®)
In particular, the notation N, will be simplified to N when ¢ = Q.
The e-best response group count constitutes an important characteristic of joint strategy profiles. It
quantifies the number of player groups where all members simultaneously achieve e-best responses.

Definition 6. In a pure strategy game G with the group set P, for a joint strategy s, the admissible
subsequent joint strategy set with respect to s is

T.(s) = {s/ € H S; | (s, s') satisfies the grouped e-satisficing dynamics} . 6)
iel

N (s) is called a local minimum if
N.(s) < inf N.(t). 7
(s) < dnf Ne(?) @

N (s) is called a local maximum if
Ne(s) = sup Ne(t). (®)

teTe(s)

In particular, the notation T, will be simplified to T when € = (.

The admissible subsequent joint strategy set T (s) is the set of all possible joint strategies following
s without violating the property of grouped e-satisficing path. So, a local minimum means that any
admissible joint strategy cannot decrease the e-best response group count, while maximum means
cannot increase.
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2.3 Two critical definitions

Definition 7. {X;};c1 is a family of sets, where each X, is a convex set in a topological vector space.
A function f : [];c; Xi — R is called a partially analytic function if for any i € I, p;,q; € X,
z—; € [1;4 jer X, the function

g:[0,1] =R, aw~ flapi + (1 —a)g,v—).

is real analytic with respect to a.

Definition 8. In a pure strategy game G with the group set P, it is called that any sub-game

has an equilibrium, if for any group subset () C P and any joint strategy s, the sub-game G =
(J, (Si)iet, (Gi)ics) admits at least one equilibrium, in which J = UpeQ p and

Ji : H S; =R, ww gi(s—s,w).
jeJ

where s_j = (si)rer\g denotes the strategy profile of all players outside J.

The two definitions above represent the two conditions stated in Theorem 2]

3 Topological properties

Two fundamental lemmas are established first and form the basis for proving the main theorem of the
topological properties. Lemma [I] provides the necessary conditions for a joint strategy s to be a local
minimum of the e-best response group count N,(s). Lemmacharacterizes the local behavior of
the best response when a neighborhood of the strategy satisfies optimality conditions. Theorem [I]
provides the sufficient conditions under which the original game can be reduced to a well-defined
sub-game. Due to space limitation, the detailed proofs of Lemma [I] and Lemma [2] appear in the
Appendix.

Lemma 1. In a pure strategy game G with the group set P, suppose that each S; is compact and
Hausdorff, and each g; is continuous. For a joint strategy s, if Ne(s) is a local minimum, then

1. either for any joint strategy t € T.(s) in the admissible subsequent joint strategy set, the
group which has achieved e-best response in s will still achieve e-best response in t,

2. or there exists a non-empty open set O C T.(s) in the admissible subsequent joint strategy
set satisfying:

(a) For any joint strategy t € O, there exists a group which has achieved e-best response
in s will not achieve e-best response in t.

(b) There exists a group which has not achieved e-best response in s will achieve e-best
response in any joint strategy t € O.

Lemmal(T]is proved in Appendix [A.T] In brief, the main idea is to construct a finite family of closed
sets covering a given Baire space, and then to discuss different cases about this Baire space. The
property of the Baire space will be used in this proof.

Lemma 2. In a pure strategy game G, suppose that each S; is a convex set in a topological vector
space, and each g; is partially analytic. If there exists a non-empty open set U C ], S; satisfying
that the player k achieves best response in any joint strategy s € U, then the player k will achieve
best response in any joint strategy s € Hz‘e 1 Si

Lemma [2is proved in Appendix[A.2] In brief, the main idea is to construct a function to describe the
property of the best response, and then to use the analytic extendability to expand the best response
set step by step.

Theorem 1. In a pure strategy game G with the group set P, suppose that each S; is a convex
compact set in a topological vector space, and each g; is continuous and partially analytic. Then, for
a joint strategy s, the best response group count N (s) is a local minimum, if and only if, for any joint
strategy t € T'(s) in the admissible subsequent joint strategy set, the group which has achieved best
response in s still achieves best response in t.
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Proof. Sufficiency. Suppose for any joint strategy ¢ € T'(s) in the admissible subsequent joint
strategy set, the group which has achieved best response in s still achieves best response in ¢. This
means that for any joint strategy ¢ € T'(s), there exists N(s) < N(t). As aresult

N(s) < inf N(t).
(8)_te1¥(s) ®)

According to Definition[6] N (s) is a local minimum.

Necessity. Suppose the best response group count N (s) is a local minimum. Since S; is the set in a
topological vector space, S; is Hausdorff. According to Lemmal(l] there are two cases:

1) Either any joint strategy in T'(s) makes the group which has achieved best response in s will still
achieve,

2) or there exists a non-empty open set O C T'(s) satisfying: a) There exists one group p € P which
has not achieved best response in s will achieve in any joint strategy in the set O, b) and for any joint
strategy in the set O, there exists one group which has achieved best response in s will not achieve.

Suppose case 2) is valid. Assume group py, . . ., p, do not achieve best response in s. Obviously,
p€{p1,...,pn} Let Q = |J;_, p;. Construct a pure strategy game G = (Q, (S;)icq, (Gi)icq)- Ji

is defined as
Gi : H S; =R, w—gi(s—q,w).
JjeQ
where s_g = (sr)rer\ @ denotes the strategy profile of all players outside Q.

Let the projection of the non-empty open set O onto [ | jeq i be Op. Obviously, Oy, is a non-empty
open set, and each player in p achieves best response in any joint strategy in O,. Each g; is actually a
constrained function of g;. Since g; is continuous and partially analytic, g; is also continuous and
partially analytic. According to Lemma for any joint strategy w € [ jeQ S, each player in p will
achieve best response in w. In turn, for any joint strategy ¢ € T'(s), each player in p will achieve best
response in ¢ in the game G. However, s € T'(s). This is a contradiction with the fact that group p
does not achieve best response in s. So case 2) is invalid.

As a result, for any joint strategy ¢ € T'(s), the group which has achieved best response in s will still
achieve best response in . [

Remark 3. This theorem actually establishes a formal reduction principle for games under grouped
satisficing dynamics. When there exists a group where all players fix their strategies as their strategies
are always best responses in all possible grouped satisficing paths, it can be formally treated as part
of the environmental dynamics, reducing the original game to a sub-game.

4 Existence of paths

In this section, a fundamental existence theorem for the grouped satisficing path in pure strategy
games is established. Theorem 2] provides the sufficient conditions for the existence, thus answering
Question[I] This theorem yields four corollaries, each addressing distinct game-theoretic scenarios.
Due to space limitation, the proofs of these corollaries appear in the Appendix.

Proposition 1. In a pure strategy game G with the group set P, for any infinite-length path (s');>o,
there exists an index v satisfying N(s”) = inf;>0 Ne(s).

Proposition|[T]is proved in Appendix [B]

Theorem 2. In a pure strategy game G with the group set P, suppose that each S; is a convex
compact set in a topological vector space, each g; is continuous and partially analytic, and any
sub-game has an equilibrium. Then for any initial joint strategy s, there exists a finite-length grouped
satisficing path (s')1_, where s° = s and s is an equilibrium.

T

Proof. Any finite-length grouped satisficing path (s)7_, where s is an equilibrium can be extended

to an infinite-length one. Construct a path
" st, 0<t<T,
a"=1 7
s, T <t.



235
236

237
238

240
241

242

243

244

245
246

247
248

249

250

251

252
253

Since a” is an equilibrium, any player will not change their strategies any longer. So (a?);>o is a
grouped satisficing path.

Construct a set
A ={(s")¢>0 | (s")¢>0 is an infinite-length grouped satisficing path, s° = s}.
According to Proposition|[1] each path (s")¢>¢ has a minimum of N (s*). Construct |P| + 1 sets

J— t : ty _ ; -
AZ—{(S )t206A|t11>1£N(s)—z}, 1=0,...,|P|

There exists a minimum k satisfying A, # &. Choose a path (s');>o € Aj. According to
Proposition there exists s* € (s');>0 satisfying N (s%) = k.

Reduction to absurdity needs to be used here.

Assume on the contrary that N (s”) is not local minimum. By Definition[6] there exists a joint
strategy u following s” without violating the property of grouped satisficing path, and satisfying
N(u) < N(s*) — 1. Construct a path

ot — st, 0<t<uz,
o u, <t
It is sure that (a )I+1 is a grouped satisficing path. For any ¢ > x, any player does not change their

strategies, which means that the group who has achieved best response will still achieve, and the group
who not will still not. So (a?);>¢ is actually a grouped satisficing path. As a result, (at)tzo € A, and

tig(fJN(at) <N(u) <N(s*)—1=k—1

So (a'):>0 belongs to one of Ay, ..., Ay_1, which is a contradiction with the fact that A, is the
non-empty set with the minimal index.

As aresult, N(s%) is local minimum.

According to Theorem[I] any possible subsequent joint strategy following s without violating the
property of grouped satisficing path, makes the group which has achieved best response in s” will still
achieve. Assume group p1, . .., p, do not achieve best response in s”. Let J = UZL:I p; Construct a

pure strategy game G' = (.J, (S;)ic., (i)ics)- §i is defined as
gi : H S; =R, w— gi(s¥;,w).
jeJ
where 5% ; = (s%)rer\s denotes the strategy profile of all players outside J.

By assumption that any sub-game has an equilibrium, there exists an equilibrium w in G. Let

(s j,w) € H Si. ©))
icl
Construct a finite path
ot — st, 0<t<u,
N u, t=x+1.
Obviously, {at}””rl is a grouped satisficing path, and a° = s. According to Theorem I and
Equation[9] the group which has achieved best response in s* w111 still achieve in u. Since w is an

equilibrium in the sub-game G, the group which has not achieved best response in s will achieve in
u. As aresult, ¢t is an equilibrium in G.

So {at}TJrl is a finite-length grouped satisficing path where a® = s and a®*! is an equilibrium.

O

This theorem establishes fundamental guarantees for the existence of the grouped satisficing path.
While the technical requirements may appear stringent, they are in fact satisfied in numerous practical
scenarios.
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Corollary 1. In a pure strategy game G, suppose that each S; is a convex compact set in a topological
vector space and each g; is continuous and partially analytic. If for any g; and any s_; € Hj#,jel S
the function g;(s;, S—;) is quasi-convex with respect to s;, then for any initial joint strategy s, there
exists a finite-length satisficing path (st)L_, where s° = s and s™'is an equilibrium.

Corollary [T]is proved in Appendix [B.I] The assumption of this corollary is almost the same as
Theorem 2] so only need to check whether any sub-game has an equilibrium.

Corollary 2. In a mixed strategy game G, suppose that each S; is a finite set. Then for any initial
joint mixed strategy o, there exists a finite-length satisficing path (ot)L_, where 0 = o and o7 is a

mixed equilibrium.

Corollary 2]is proved in Appendix[B.2] This corollary is essentially the main result of [39], where
the authors directly construct a satisficing path and prove that the equilibrium is a limit point under
certain conditions. In contrast, the existence of such a path in N-player games is established as a
corollary of Theorem [2]in this paper. Thus, the proof reduces to verifying that the conditions of
Theorem [2] hold in this setting.

A stationary mixed strategy stochastic game is defined as G = (I, (S;)icr, X, P, (9i)icr, (Vi)icr)- 1
is the set of players. S; is the strategy set of player 7. X is the state set. P : X x [[,.; Si — AX
is the transition probability function, mapping the current state and joint strategy to a probability
distribution over the next states. g; : X x [[;.; S; — R s the payoff function for player . v; € [0, 1)
is the discount factor for player <. In this paper, only stationary mixed strategy stochastic games with
finite players and finite states (|I| < oo, | X| < 00) are discussed.

Each player i selects a strategy from S; according to the probability distribution 7;(x). The mapping
m; + X — AS; is called a stationary mixed strategy, as the player ¢’s strategy depends solely on the
current state © € X. Given a joint strategy profile s and the current state x, two events occur: 1)
Each player i receives an immediate payoff g;(z, s), 2) and the game transits to a new state ' € X
with probability P(x, s)(x’). As the game progresses, the player ¢ obtains a sequence of payoffs
{gi(z", s") }4>0 and aims to maximize the discounted average payoff >, Vg (", s').

A joint mixed strategy profile (7;);cs constitutes a mixed equilibrium in a stationary mixed strategy
stochastic game, if for any initial state z € X and any player 7 € I, there exists

E(r))ser vagi(xt7st) |zo=2| = sup Eo, (m;)mi e1 Z'yfgi(xt,st) | 2o ==
t>0 m,e(AS,;)X t>0

Corollary 3. In a stationary mixed strategy stochastic game G, suppose that each S; is a finite set.
Then for any initial stationary joint mixed strategy o, there exists a finite-length satisficing path
(o1, where 0° = o and o1 is a mixed equilibrium.

Corollary 3]is proved in Appendix [B.3] The proof of this corollary is a bit technically demanding.
First, it is necessary to transform the stationary mixed strategy stochastic game with the satisficing
path into a pure strategy game with the grouped satisficing path. Since it contains infinite summation,
the validity of the operation must be verified. Then, check whether each condition listed in Theorem 2]
is satisfied. Contraction mapping theorem will be used in this proof.

Similar to the definition of the stationary mixed strategy stochastic game, a k-step mixed strategy
stochastic game can also be defined as G = (I, (S;)icr, X, P, (9i)icr1, (7i)ic1 ), where all compo-
nents are defined analogously to the stationary mixed strategy case. However, each player ¢ selects a
strategy from S; according to the probability distribution 7;(z,s™1, ..., s), where s~* denotes
the joint strategy profile from ¢ steps before the current time step. So m; : X x ([, 9:)* — AS,.
Similarly, only the case with finite players and finite states (|I| < oo, | X| < 00) is discussed in this
paper.

Corollary 4. In a k-step mixed strategy stochastic game G, suppose that each S; is a finite set. Then
for any initial stationary joint mixed strategy o, there exists a finite-length satisficing path (o*)L_,
where 0° = o and o7 is a mixed equilibrium.

Corollary ]is proved in Appendix The main idea is to find a bijection between the paths in the
k-step mixed strategy stochastic game and the paths in a stationary mixed strategy stochastic game,
and then to use Corollary |3|to come to the conclusion.
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Remark 4. Usually, the game in Corollary[l]is called a continuous game, where the payoff function
is continuous. The game in Corollary[2]is termed an N -player game, while the games in Corollary 3]
and CorollaryH|are referred to as finite-state Markov games. Corollary[2]establishes the existence
of the satisficing path in a general N-player game, Corollary [3| proves its existence in a standard
reinforcement learning setting, and Corollary[] extends the result to the reinforcement learning with
historical records.

5 Discussion

Theorem [I| establishes a framework in which the grouped satisficing paths of the original game can
be derived from those of the sub-game. Consequently, the original game can be effectively reduced to
its sub-game. Theorem [2] presents sufficient conditions for the existence of the grouped satisficing
paths connecting any initial joint strategy to an equilibrium. Thus, Theorem [2] provides a solution to
Question[T] or more precisely, it identifies sufficient conditions for the question’s resolution.

From a practical standpoint, the corollaries of Theorem [2] may be more valuable. Specifically, these
results demonstrate that: 1) In any N-player game, there exists satisficing paths from any initial
joint mixed strategy to a mixed equilibrium. 2) For any finite-state Markov game, whether stationary
or finite-step, such satisficing paths always exist from arbitrary initial joint mixed strategy to a
mixed equilibrium. This implies that in reinforcement learning with finite states, satisficing paths
are guaranteed to exist regardless of whether agents select strategies based on current states or finite
history records.

These results remain consistent with the findings in [30, 220} 2]], as no restriction is imposed on the
update functions in this paper, unlike the regularity or uncoupled-ness conditions required in those
studies. Conversely, these results provide theoretical support for stochastic update approaches [21}[15]].
The existence of finite-length satisficing paths from any initial joint strategy to an equilibrium implies
that: it is possible for stochastic algorithms to start from arbitrary initial joint strategy and to stop at
some equilibrium, while keeping the player who has achieved best response not change its strategy.

Open problems. Theorem [2] establishes a sufficient condition for the existence of grouped satisficing
paths connecting any initial joint strategy to an equilibrium. This naturally leads to a question: What
constitutes a necessary condition for Question [I? More fundamentally, what is a complete necessary
and sufficient condition to characterize the existence of such grouped satisficing paths?

Theorem [1] and Theorem [] are established under the condition of € = 0. This restriction arises
because the application of the analytic extendability in Lemma [2] requires the use of certain equations
to characterize best responses. So, does Theorem@]remain valid when € > 0?

Grouped satisficing paths do not impose any neighborhood restriction on strategy selection for the
player who has not achieved best response. This raises a question: does Theorem [2] remain valid
when non-best-responding players are restricted to select strategies only from a neighborhood of their
current strategies? More fundamentally, what restriction can be imposed on non-best-responding
players while still preserving the existence of grouped satisficing paths?

Conclusion. In brief, if the pure strategy game satisfies that a) the strategy set is convex and compact,
b) the payoff function is continuous and partially analytic, ¢) and any sub-game has an equilibrium,
then for any initial joint strategy s, there exists a finite-length grouped satisficing path (s*)o<t<7
where s° = s and s” is an equilibrium. In particular, any N-player game and any finite-state Markov
game have the finite-length satisficing paths from any initial joint mixed strategy to some mixed
equilibrium.
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Appendix

A Some proofs in Section 3]

Definition 9. In a pure strategy game G, for a joint strategy s, a subset of players J C I, and a
player i € I\J, the dual e-best response set of player i over J is

BRD.i(s,J) =Sz € [[ S8 € BRe(s_suip7) ¢ - (10)
jeJ

where s_j () = (Sk)ker\(Ju{s}) denotes the strategy profile of all players outside J U {i}. In
particular, the notation BRD, ; will be simplified to BRD; when ¢ = 0.

The dual e-best response set BRD, ;(s,.J) characterizes the strategic interdependence between
player 7 and the coalition J. If all players in J adopt strategies © € BRD., ;(s,J) while other
players maintain their current strategies s_ j(;y, then player ¢’s current strategy s; becomes an e-best
response to the resulting strategy profile.

Proposition 2. In a pure strategy game G, suppose that each g; is continuous. Then for a joint
strategy s, a subset of players J C I, and a player i € I\J, the set BRD, ;(s, J) is closed.

Proof. By Definition[T]and Definition 9]

BRD.;(s,J)=qz € H Sj |Vt € Siy gi(sis s_gugiy, ) = gilt, s_yugiy, ©) — €
jed

Choose a limit point z of BRD, ;(s, J), choose any ¢ € .S;, and construct a function

he: [ISi =R ye gilsios_gopyv) — git s_ oy v) + e
jEJ

Since g; is continuous, h; is also continuous. Assume on the contrary that h;(z) < 0, then
h;'(—00,0) is an open neighborhood of x. Since z is a limit point of BRD, ;(s,.J), there ex-
ists a point y € hy '(—o0,0) N BRD. (s, J). However

9i(sis s_gugiy> ¥) — 9i(t s_gugiy,y) +€ > 0.
is a contradiction. As a result, h;(x) > 0. Since ¢ is arbitrary

vt e S, gi(si,s—jugy,®) — gi(t, s_jugiy, ) +€>0.

Soz € BRD, ;(s,J) which means BRD. ;(s, J) is a closed set. O
Proposition 3. In a pure strategy game G, suppose that each g; is continuous. Then for any j € I,
the set
Aj = {s € HSi | s; € BRE(SJ»)} .
iel
is closed.

Proof. This proof is similar to the proof of Proposition Since g; is continuous, any limit point of
A; belongs to A;, which means A; is closed. O

A.1 Proof of Lemmal[ll

Lemmall} In a pure strategy game G with the group set P, suppose that each S; is compact and
Hausdorff, and each g; is continuous. For a joint strategy s, if N.(s) is a local minimum, then

1. either for any joint strategy t € T.(s) in the admissible subsequent joint strategy set, the
group which has achieved e-best response in s will still achieve e-best response in t,
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2. or there exists a non-empty open set O C T.(s) in the admissible subsequent joint strategy
set satisfying:
(a) For any joint strategy t € O, there exists a group which has achieved e-best response
in s will not achieve e-best response in t.

(b) There exists a group which has not achieved e-best response in s will achieve e-best
response in any joint strategy t € O.

Proof. Without loss of generality, let | P| = n 4+ m, group p1, . .., p, achieve e-best response in the
joint strategy s, while group py41, - . ., Pn+m nOt. Let

n n+m
J = LJ Pz, K= LJ Pz-
x=1 rz=n+1

By assumption, all players in J achieve e-best response in s. Construct a set

A= () BRD,(s,K). (1)
=Y
Since each g; is continuous, BRD. ;(s, K) is closed by Proposition[2] A is the intersection of finite
closed sets, so A is closed.

Let
V=] Sk (12)
kEK
Since each Sy is compact and Hausdorff, the product space V is also compact and Hausdorff.
According to Baire category theorem, V' is a Baire space. The set V'\ 4 is the complement of A in
V, so V\ A is open. The open set in a Baire space is also a Baire space when it is non-empty, so the
topological subspace V'\ A is a Baire space when it is non-empty.

Actually, any possible joint strategy following s without violating the property of grouped e-satisficing
path, has the same component of s with index set .J, and the entirety of their components with index
set K is V, namely

T.(s) =s5x V.

As aresult, sy x A C sy x V is all admissible subsequent joint strategies which keep players
in J achieving e-best response, in other words, keep group p1, ..., p, achieving e-best response.
Since N,(s) is a local minimum, any joint strategy ¢ € sy x (V'\ A) must let at least one group p €
{Pn+1,-- -, Pni+m} achieve e-best response. Otherwise N, (t) < N.(s) — 1, which is a contradiction
with Definition

Construct m sets
Bhiri={v eV |w=(s5,v), V& € ppyi, wy € BR(w_,)}, i=1,...,m. (13)
which means any joint strategy in s; X B,,; lets group p,,+; achieve e-best response. Obviously
Byt = m {veV]w=(ss,v), wy, € BR(w_,)}, i=1,...,m.
TEPn+i

According to Proposition 3] each set in the right-hand-side is closed, so By, is closed. So By, 4; N
(V\A) is closed in the topological subspace V'\ A, and

m

U Bryin (V\4) = V\A. (14)
=1

Two cases need to be discussed here.

Case 1. V\A = @. Then A = V which means any possible joint strategy following s without
violating the property of grouped e-satisficing path, keeps group p1, . . ., p,, achieve e-best response.

Case 2. V\ A # @. According to Equation[14]} B, ; N (V\A) is closed and V'\ A is a Baire space,
there exists one B,,; N (V\ A) has a non-empty interior. So there exists a non-empty open set C
satisfying

C C213n+ir7(‘/\/4)
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By Equation[I3] any joint strategy in s ; x C lets group p,,4; achieve e-best response. By Equation|[IT}
Equationand C C V\A, any joint strategy in s; X C makes at least one group p € {p1,...,0n}
no longer achieve e-best response. Obviously, s; x C'is an open set in T,(s).

O

Remark 5. This lemma is very critical for Theorem([I} Usually, one point is defined as a closed set,
so a closed set does not necessarily have a non-empty interior. In this lemma, Baire space and Baire
theorem provide a guarantee to find a non-empty interior in finite closed sets when they satisfy some
conditions.

A.2  Proof of Lemmal[2]

Lemma 2| In a pure strategy game G, suppose that each S; is a convex set in a topological vector
space, and each g; is partially analytic. If there exists a non-empty open set U C ], S; satisfying
that the player k achieves best response in any joint strategy s € U, then the player k will achieve
best response in any joint strategy s € Hie 1 Si.

Proof. Without loss of generality, let I = {1,...,n}, and k = 1. Since U is open and non-empty,
there exists a non-empty open set O

o=]Jo:cu. (15)
i€l
where O; is open in S;. Choose a joint strategy
s = (Si)ie], ViEI, S; EOi.

Then s € O which means the joint strategy s makes player k achieve best response.
Induction needs to be used here.
Head. For any t;, € Sy, construct a function

f:00,1] > R, a2~ gx((1 —x)sg + xtr, 5—r) — gr(Sk, S—k)- (16)

Obviously, f is an analytic function with respect to = according to the assumption of g and
Definition[7l Consider

t:[0,1] — HSi, x = (1 —x)sk + xt, S—_)-
i€l
Since each S; is a convex set in a topological vector space, the finite product space [[,.; S; is a

subspace in some topological vector space also. Because ¢(0) = s € O, O is open and t(z) is a linear
mapping, there exists an open neighborhood (a, b) C R of 0 which satisfies

Ve €[0,b), t(z)e€O.
According to Equation [I5]and the assumption of U
Vo €[0,b), (1—x)sp+ oty € BR(s_y).
As aresult

Vo €[0,b), gr((1—x)sk + xty,s—k) = gr(Sk, S—k) > sug 9k (Thy S—k)-
TLESK

So for any z € [0,b), f(x) = 0. Since f is analytic, then
Ve e [0,1], f(z)=0.
So t;, € BR(s_g). Due to arbitrary t5, S, = BR(s—_x). Construct a set

Vl = Sk X H Oz
i=2
So each joint strategy s € V' makes player k achieve best response.

14



509

510

518

519
520

521
522

523

524
525
526
527

528
529
530
531

Recursion. Assume

—SkaSx H O;.

1=m-+1
Each joint strategy s € V,,, makes player k achleve best response.

For any t;, € Sk, t; € S;,2 = 2,...,m+ 1, construct a function
h:[0,1] — R,
T = gk(5k7t27 coybm, (1 - x)8m+1 + 41, Smt2s - - s Sn) an
— gk (tkyta, o sty (1 — 2)Sma1 + Ttmt1, Smt2s -« -5 Sn)-

Since each part of A is analytic, h is analytic. Since O,,,+1 is open, there exists an open neighborhood
(¢,d) C R of 0 which satisfies

Vx € [O,d), (1 — $)5m+1 + Ttm41 € Om+1.

So for any x € [0,d), h(x) = 0 according to the assumption of recursion. Due to analytic property,
for any x € [0,1], h(z) = 0. So

Vtk S Sk, gk(tk,tg,. .. ,tm,tm+1,5m+2,. . .,Sn) = gk(sk,tg, A 7tm7tm+17$m+2, .. .,Sn).
So
Sk C BR(t27 s 7tm7tm+17sm+27 .. 'asn)-

Construct a set
m—+1

m+1 = Sk X H S X H O
1=m-+2
Each joint strategy s € V,,,41 makes player k& achleve best response.

By induction, each joint strategy s € [],.; S; makes player k achieve best response.

i€l
0

Remark 6. The function f in Equation[I6|is not similar to h in Equation[I7] f is used to extend the
best response property along Sy, while h to extend the gap between different strategies in Sy along
Sm+1- The continuity of scalar multiplication in topological vector spaces and the extendability of
analytic functions play a important role in the proof of this lemma.

B Some proofs in Section 4]

PrOpOSItlonl 1} In a pure strategy game G with the group set P, for any infinite-length path (s');>o,
there exists an index v satisfying N(s”) = inf;>0 N¢(s").

Proof. Construct | P| + 1 sets
A;={t| N(s") =i}, i=0,...,|P|

There exists a minimum & making | Ay | # @. Choose an element ¢ € Aj,. For finite joint strategies
50, 81, - - - , St, there exists the first index v making N¢(sV) = k. So N¢(s¥) = inf;>¢ Ne(s*). O

B.1 Proof of Corollary/[l]

Corollary[d} In a pure strategy game G, suppose that each S; is a convex compact set in a topological
vector space and each g; is continuous and partially analytic. If for any g; and any s_; € || i el S,
the function g;(s;, S—;) is quasi-convex with respect to s;, then for any initial joint strategy s, there
exists a finite-length satisficing path (st)L_, where s° = s and s™'is an equilibrium.

Proof. There exists a theorem with respect to continuous games [[17]. In a pure strategy game
G = (I,(Si)ier, (gi)ier), suppose that each S; is a convex compact set in a topological vector space,
and each g; is continuous. If for each g; and any s_; € H#i’jg S;, the function g;(s;,s—;) is
quasi-convex with respect to s;, then G admits at least one equilibrium.
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As a result, for any subset J C I and any joint strategy s € []
G = (J,(Si)ies, (Gi)ies) in which

sc1 Si» construct a sub-game

Gi : HSi - R, wegi(s_j,w).
ieJ
where s_; = (s);cr\ s denotes the strategy profile of all players outside .J.
Function g; is also continuous, and for any s_; € H#MEJ S;, the function g;(s;, s—;) is quasi-

convex with respect to s; as well. So G has an equilibrium according to the theorem with respect to
continuous games.

So all conditions of Theorem 2 are satisfied. As a result, for any initial joint strategy s in G, there

exists a finite-length satisficing path (s?)7_, where s = s and s is some equilibrium. O
B.2  Proof of Corollary 2|
Proposition 4. Suppose that real numbers ay, ..., an,by,..., by, belong to [0, 1], then

n n
[[e:—TI0
i=1 i=1

n
< Z la; — b;l.
i=1

Proof. Obviously, the proposition is true when n = 1. Assume the proposition is true when n = k,
then

k+1 k+1 k+1 k41 k41 k41
Hai—Hbi = Hai—b1HGi+b1Hai—Hbi
i=1 i=1 i=1 i=2 i=2 i=1
k+1 k+1 k-+1
<lay —by| [T ai| + ool [T] @ — ] s
i=2 i=2 i=2
k+1 k41
<lay —b1| + Hai*Hbi .
i=2 i=2
By assumption
k41 k+1 k+1
Hai_ Hbi < |al_b1|+Z|ai_bi|~
i=1 i=1 i=2
So the proposition is true when n = k + 1. O

Corollary 2} In a mixed strategy game G, suppose that each S; is a finite set. Then for any initial
Jjoint mixed strategy o, there exists a finite-length satisficing path (Jt)tTZO where 0% = o and o™ is a
mixed equilibrium.

Proof. Construct a pure strategy game G= (I, (AS})ier, (§i)icr) where AS; is the set of all Borel
probability measures over .S;, and

gi:HASi—HR, HoiH Z gi(s)Hai(si).

i€l i€l s€llcr Si i€l
Since S; is a finite set, AS; is actually a (|S;| — 1)-dimensional simplex in RI%i!. So AS; is a convex
compact set in RI%:!.
Prove that g; is continuous.

g; is bounded by

M = max |g;(s)|.
o lls)]
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The space [ [,.; AS; can be endowed with a metric topology.

el
o—nl=Sloi—nl =33 lou(s) —m(s)l.  ovm e [JAS.
el i€l seS; i€l

Since the topology constructed by metric } | g |0i(s) — 7:(s)| is the same as the topology in RIS,
the definition above is reasonable.

For any e > 0, there exists 0 = ¢/M such that for any |0 — 5| < ¢

Gi(o) =gl < D> M|[Joils) =T mso]-

s€[lier Si iel i€l
According to proposition [
3:(0) =gl <MD" Y foi(si) = milsi)| = Mo —n| <e.
s€l];c; Si tel
So g; is continuous.
Prove that g; is partially analytic.
Forany j € I,0;,m; € ASj, 0 € [, 17 ASi, then
gilwo;+(L—a)njo )= Y gi(s)(@oj(s;) + (1 —z)n;(s;)o—(s-;)-
s€ll;cr Si

Obviously, §;(zo;+(1—x)n;,0_;) is a linear polynomial with respect to =, which means an analytic
function with respect to z.

Prove that any sub-game has an equilibrium.

For any subset J C I and any joint strategy o € [[,.;AS;, construct a sub-game H =

(J, (AS)icg, (hi)ies) where

icl

iLi : HASZ —>R, ani(Uahﬂ)
ieJ
Construct functions
h; H S;i >R, w— Z gi(w,v)o_;(v).

i€t v€lljer\s S

i) = D7 hils) [T milso)-

s€ll;cs Si i€

So

which means that H is the extended pure strategy game of a mixed strategy game H =
(J5 (Si)iess (hi)ie)-

There exists a theorem with respect to mixed strategy games [31]. Each N-player game has a mixed
equilibrium.

As aresult, H has a mixed equilibrium and H has an equilibrium.

So all conditions of Theorem 2] are satisfied. As a result, for any initial joint mixed strategy o in G,

there exists a finite-length satisficing path (¢*)Z_, where 0 = o and o1 is a mixed equilibrium.

O

B.3  Proof of Corollary[3]

Proposition 5. For the real number c € (0, 1) and the positive integer p, there exists

Z c? (q) < 2v2mp~ 2mp'/?

q>p,qEN P (_ In C)p '

when p goes to infinity.
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Proof. Since (Z) =qlg—1)---(g—p+1)/p! < ¢?/p!

> o)<z X o

q>p,qEN q>p,qEN

The function f(q) = ¢?¢® has
d
a0’ ¢"H(qInc+ p).

Since f(07) = f(+o00) = 0and f(g) > 0, f has only one maximal point —p/ In c. df /dg > 0 when
0<g< —p/lnc,and df /dg < 0 when —p/Inc < q. So

> o< [t (2.

q>p,q€EN

The form of the first term in the right-hand-side is similar to I" function.
(o)
F'n+1)= / t"e tdt = nl.
0

Actually

So

1 p+1 1 \P e—Ppp 1 \? 1 —p
S () < () (L L) (Y (L e
P Inc Inc p! Inc Inc p!

q>p,q€EN

According to Stirling’s formula p! ~ \/27ppPeP, there exists e PpP /p! ~ /27p. So

1 p
Z cq(]q) < (_lnc) W2mpt/?, p— .

q>p,qEN

O

Corollary 3} In a stationary mixed strategy stochastic game G, suppose that each S; is a finite set.
Then for any initial stationary joint mixed strategy o, there exists a finite-length satisficing path
(o1, where 0° = o and o7 is a mixed equilibrium.

Proof. According to the definition of g; and the finiteness of X x [[..;S;, ¢; is bounded by

i€l

M = a, ; .
- |9i(z, 5)]

Construct a pure strategy game H = ((1, X), (Ti.) (i,0)e(1,x)> (Piz) (i,2)e(1,x)). (I, X) means a
double index set, namely (I, X) = {(i,z) | i € I, z € X}. Since |I| < oo and | X| < oo, (I, X) is
finite.

T, » = AS;.
Since .5; is finite, T; ; is a simplex in some finite-dimensional Euclidean space. So T; ; is convex and
compact.

Rig: H T;, — R, H 75 (Y) = E(r))ser Z'yfgi(ast,st) | xo = x
(Gy)e(l,X) (e, X) t20
So
hi,x(ﬂ') = Esurlgi(z,5)] + ’YiEs~7r,y~P(z,s) [hi,y(ﬂn
It €[] )er,x) Ljy is considered as a constant, h; , () will be viewed as a function with respect

to x, denoted as
hi(m) : X = R, x> h;g(m).

18



569

570

571

572

573

574

576

577

578

579

The function space R is endowed with uniform metric topology, using

[fl =sup|f(z)], [feRX.
reX

as anorm in R¥X. Since R is complete, the uniform metric topology in R¥ is complete.

Construct an operator
opr : RY 5 RY, f o {(2, Bonn9i(2,8)] + ViBsnm ymp(as) [f®)]) | 2 € X
For any = € X, p, ¢ € R, there exists
0P (P) (@) — 0P (@) (@)] = Yi|Esm,ympa,s) [P(y) — aW)]] < i sup Ip(y) — a(y)| = vlp —al.
So
|op=(p) — opx(q)| = sup |opr (p)(2) — opx(q)(x)] < vilp —ql.

Since 0 < v; < 1, op, is a contraction mapping.
According to contraction mapping theorem, there exists a unique fixed point. That is

hi(m) = opr(hi(m)). (18)
So h;(m) exists and is unique. As a result, h; , is a well-defined function.

Obviously, h; ;(7) is bounded by

e (m)| <Y 7EM <

This conclusion is always true no matter what z or  is. So forany 7 € [ ; e (7. x) Ty

[hi(m)| < (19)

1—v

Prove that ©; , is continuous.

Since each T ,. is a metric topological space, the finite product space H 2)e(,X) T; . is also a metric
topological space. The metric in this space is denoted as |7 — o where T, 0 € H (i,2)e(I,X) Tz

Forany z € X, p,q € RX, w0 € H(i,x)e(l,X) T; ., there exists

lopx(p)(z) — 0po (@) (2)| <[Esrlgi(z, 5)] — Esnolgi(w, )]
+ ’7i|]Es~7r,y~P(az,s) [P(y)} - ESNU,yNP(m,S) [q(y)] ‘ :

Since

[Esnlgi(z,9)] = Eseolgi(z, sl =| Y gile,s)(n(2)(s) — o(x)(s))

SEngISJ‘
< 2 Mm@ - ] owta)
s€ller Si kel kel

<MY > k(@) (sk) — on(@)(sk))|

s€lljer Sj kel
<MC|r —o|.

where C' is an independent constant. The second < inequality is guaranteed by Proposition 4]
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587
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|Es~7r,y~P(x,s) [p(y)] - ESNU,yNP(z,s) [Q(y)]l
= Y. @) (s)P(e,5)(y) — a(y)o(@)(s)P(z, s)(y))
s€lljer SiyeX

Y. Im@)(s) = a@)@)lpw) Pz, 9)(y) + Ip(y) — a(y)lo(@)(s)P(z, 5)(y)

SeHjeI Sj7y€X

IN

<> | X @) —o@)lel | Flp—d DY o(@)(s)Plz,s)(y)

yeX \s€ll;e; S; s€lljer SjyeX
<Clr —ol|p||X] + [p — gl

So
lopx () () — opo (q)(2)| < (MC + Clp|| X )7 — o] +7ilp — ql. (20

Here consider |h;(m) — h;(c)|. According to Equation[18] Equation [19]and Equation 20|
|hi(m) = hi(o)] =lopx(hi(T)) — opo (hi())]
M
< (MC—i-%Cl,Y_|X|> |m — |+ yilhi(m) — hi(o)].

So

MC i
(1) — R < _ ol
[hi(m) — hi(o)] < T— <1+ 1_%|X|) |m — o]

Since each element in the coefficient of the right-hand-side is independent of 7 and o, h; is continuous
about 7. As aresult, h; , is continuous about 7.

Prove that ©; , is partially analytic.

For any (j,y) € (I, X), 7;(y),0;(y) € Tjy. n € H(;.c?Z)#(j?y),(k,z)e(LX) Ty, 2, let 0, = (am;(y) +
(1 —a)o;(y),n), then

hia(0a) =Eo, | > igi(a’ s") |0 =2
>0

— t t .t
= E lyiEwozx,...,w“r\zp(w“_l,s“_l),s“fvea(w“),.“,stwaa(a;t)gi(x yS )
>0

Considering the boundary of the k-th term c,a” in the polynomial with respect to a
a1t
lepak| < M;ﬁ ! <k> (2a)* = RHS.

Attention, the right-hand-side is the boundary of absolute sum of all possible coefficients of a*
appeared in h; 4, (0,).

When v; = 0, h; , is obviously analytic with respect to a.

When 0 < ~; < 1, according to Proposition 3]

k
22k /2 [ 2a(2M) Vhy T (2mk) 1/ (2F)
12v2r _<a< )iy (k) b

HS < M(2a)* =
RHS < M(2a)™; (—In~;)k —In~;

Obviously, (2M)1/k'yi_l/k(27rk)1/(2k) — 1 when k — oco. So the radius of convergence is — In~y; /2,
which is independent of 7;(y) and ¢;(y). This means that when |a| < —In~;/2, h; »(0,) is an
analytic function with respect to a. Since the overall analyticity can be decomposed into the analyticity
of segments, h; ; is analytic in the whole [0, 1].
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594 Prove that any sub-game has an equilibrium.
Construct a group set
A ={(i,x) | Ve e X}, A={A;|Viel}

595 So A; is actually a real player in the original stochastic game who need choose a probability
s96  distribution over S; for each state in X.

For any joint strategy 7 € H(i,z)e([,X) T; z, asubset 2 C A, there exists J C I satisfying
U w=(J,X).
weN
Construct a sub-game U = ((J, X), (T ,2) (i,2)e(1,x)> (Wi,e) (i,2)e(J,x)) Where
Uizt (Tie)oyex) = R, o0 hio(T_(5x),0)-
So

— t t ot
’u’iﬂv(g) - E ’yi]EJC‘):?Cv---JT”NP(Qf”*l78“71)78“"‘(77(1\1,)()70)($u)»---7$tN(TF(I\J,X)70)($t)gi(w )8 )
t>0

Construct a stationary mixed strategy stochastic game V' = (J, (S;)ics, X, Q, (vi)ier, (Vi)icI)-

Vse [[S VreX, WweX, Qs)y)= Y,  mnux @) (P@sw)(y).
i€J weHieI\J S
VielJ Vse H Siy YxeX, wvi(z,s)= Z TnJ,x) (@) (w)gi(x, 5,w).
e weHiEI\J S

597  Induction needs to be used here.

s08 Head. Choose o € (E,m)(i,x)e(J,X)~

Z o (x2)(s%)v; (2, s°)

0 .0
Ezozxyso,\,a(wo)vi(l‘ , S )

s9€llicy Si
= > @) Y mrux @) (w)gi(2°, s, w)
sO€[l;c s Si weH,iEI\J S

:Eiﬂzw,TON(W(I\J,mJ)(I“)gi(xo’ r0)
s99  where 70 = (w, s°).
Recursion. Assume for any 20 € X, there exists
E  cen@u-tsu-1)simo(@n)Vi(2%,8) = B punpeut ru-1) run(mg x.0) @) 9i (2% 1Y)
Consider the case v 4 1. To simplify notations, let
§(2) = Ego—y,.. gunq(an—1,5u-1),su o (20) Vi (T, 8").
u

Cu(x) = Ez":m,...,muwP(m”*1,r“*l),ruw(-rr(l\‘],x),o)(m“)gi(l‘ 7761]‘)'
600 SO

et @)= ) a(@)(s”) Y Qe s) (e (@)

SUEHieJSi rleX
= > o@)(s") Y ) D mux (@) (w)Pla, s, w)(zh)
%€l T, Si zleX wel ;e s Si

> Yo Y o@ ) x (@) (w)Ple, 8, w) (@) ()

SOGI_LEJ Si ’LUGHjE[\J S;xleX

("M (z).

21



601

603
604

605
606

607
608

609
610
611

612
613

614

615

616
617
618

619

620
621
622

623
624

626

So the case u + 1 is valid no matter what 2° = z is.
As aresult
Ui (o) = Z'YfEmozm,...,r“NQ(m”*I,s“*1),s“~a(mu),...,stwa(zt)vi(mty sh).
t>0
This means that the game U is actually the extended form of the game V.

There exists a theorem with respect to stationary mixed strategy stochastic games [13]]. Each finite-
state Markov game has a mixed equilibrium.

As a result, the game V' has a mixed equilibrium, which means that the game U also has an
equilibrium.

To sum up, all conditions of Theorem [2]are satisfied. So in the game H, for any initial strategy ,
there exists a finite-length grouped satisficing path (o!)L_, where 0° = 7 and ¢ is an equilibrium.

Since the group set A actually views a player in different state as a group, if a group achieves best
response, the corresponding player will achieve best response in any state. Otherwise there exists a
state where this player does not achieve best response.

As a result, for any initial stationary joint mixed strategy o in G, there exists a finite-length satisficing
path (o)L, where 0° = o and o7 is a mixed equilibrium.

O

B.4 Proof of Corollary [

Corollary @} In a k-step mixed strategy stochastic game G, suppose that each S; is a finite set. Then

for any initial stationary joint mixed strategy o, there exists a finite-length satisficing path (o*)L_,

where 0° = o and o7 is a mixed equilibrium.

Proof. Construct a stationary mixed strategy stochastic game 1.

H = (I,(5)ier,Y,Q, (hi)ier, (Vi)ier)-

Y =X x (HSZ)k.

icl
Obviously, Y is finite, |Y| < oo.
QY x [ S — Ay,
icl

(z, (s_t)ff:l) X 8

k
— { ((y, (W), Pla, ) Iu™ = o] [ TTu™" = 5”1]) | (v, (v )imy) € Y} :

t=2
where I[-] equals 1 if [-] is true else 0.
h; Y X HSi - R, (z, (sft)le) x s+ gi(z,s).
i€l
So the game H is the extended form of the game (G. When the runtime of the game G exceeds k time

steps and the first & steps of any path in G are not be considered, each path in G can be project onto a
certain and unique path in H, and this projection is actually bijective.

According to Corollary [3] for any initial stationary joint mixed strategy o in H, there exists a finite-

length satisficing path (0?)7_, where 0° = o and o7 is a mixed equilibrium in H. In turn, this

conclusion is also true in G.

O
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Primary findings are established in Theorem|[T]and Theorem 2] Four corollaries
provide complementary perspectives for applying these main theorems in different contexts.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: In Section[5} the theoretical implications and limitations of the main findings
are analyzed, and their connections to existing literature are discussed.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: The proofs of Theorem [I|and Theorem [2]appear in the main text, while those
of lemmas and corollaries are deferred to the appendix.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: This paper does not contain experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: This paper does not contain experiments.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: This paper does not contain experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: This paper does not contain experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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8.

10.

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]

Justification: This paper does not contain experiments.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: This paper strictly adheres to the ethical guidelines established by NeurIPS in
all aspects.
Guidelines:
¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: While this paper establishes a theoretical foundation for MARL algorithm
design, its broader societal implications remain beyond the scope of current assessment.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This paper does not pose such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: This paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: This paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this paper does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.

29


https://neurips.cc/Conferences/2025/LLM

	Introduction
	Formalization
	Pure strategy game
	Grouped satisficing path
	Two critical definitions

	Topological properties
	Existence of paths
	Discussion
	Some proofs in Section 3
	Proof of Lemma 1
	Proof of Lemma 2

	Some proofs in Section 4
	Proof of Corollary 1
	Proof of Corollary 2
	Proof of Corollary 3
	Proof of Corollary 4


