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ABSTRACT

Large language models (LLMs) increasingly operate over long contexts, yet their
logical reasoning remains brittle when many irrelevant tokens intervene between
premises and query. A recurring challenge is diagnosis: when an LLM answers
incorrectly in a long context, is the failure due to (i) not using the relevant premises,
(ii) failing to compose them into a valid inference, or (iii) a biased decision rule at
the final Yes/No readout? We present a compact suite of probes that disentangle
these failure modes using matched-prior subtraction—a distractor-conditioned
control prompt that preserves formatting and length while removing the content of
the evidence. Across three open instruction-tuned models (Qwen2.5, Llama-3.2,
Gemma-2) we find that evidence influence on the final decision is near-zero in
early layers and rises sharply only in late layers on a “needle-in-a-haystack™ variant
of LogicBench. For synthetic multi-premise rules (modus tollens, disjunctive
syllogism, etc.), we show that many “oracle” failures under naive scoring are
actually decision-level miscalibration: simple calibrated decision rules raise oracle
accuracy to 0.83-0.93 on several rules. Finally, a local calibratability analysis
reveals that the required decision correction depends systematically on evidence
placement (front/middle/end/interleaved), indicating multiple long-context bias
regimes rather than a single global calibration.

1 INTRODUCTION

Logical reasoning remains a key bottleneck for deploying LLMs in high-stakes settings (e.g., scientific
hypothesis checking, legal reasoning, and medical triage), where conclusions must follow from stated
premises and remain consistent across related queries. While recent benchmarks show strong short-
context performance, long-context settings introduce a confound: the model must retrieve and use
relevant premises amid many irrelevant tokens, and failures are often summarized as “lost-in-the-
middle” effects (Liu et al., [2024) or long-context degradation on broad benchmarks (Bai et al.,2024;
An et al.| 2024). However, a wrong answer in a long context does not uniquely identify where the
reasoning pipeline failed.

This paper studies long-context logical inference through three questions: (1) Evidence use: does the
model’s decision depend on the evidence document at all under heavy distractors? (2) Composition:
if the relevant premises are isolated, can the model apply the intended inference rule? (3) Decision
bias: even when evidence and composition are present, is the final Yes/No decision rule miscalibrated
by distractors?

To address these questions, we adapt a control strategy used in contrastive/context-aware decoding
(L1 et al.l 2023} |Shi et al., 2024) into a probe rather than a decoding algorithm: we compare the
model under a full prompt containing the evidence to a matched prior prompt that preserves the
same distractors, formatting, and evidence length but replaces evidence content with a dummy span.
Subtracting these two conditions estimates the marginal evidence contribution to the Yes/No decision
in that context. We then combine this with a stage decomposition (Direct vs Extracted vs Oracle
premises) and a local calibration analysis to separate failures that are plausibly fixable by decision
debiasing from those that are not.
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Contributions.

* We introduce a matched-prior evidence probe for long-context logical reasoning that
isolates the marginal contribution of the evidence document while holding distractors,
length, and schema fixed.

* We provide a stage decomposition (Direct / Extracted / Oracle) and show that several appar-
ent “oracle” failures arise from decision-level miscalibration, not a lack of compositional
competence.

* We propose a local calibratability metric (existence of a correct decision correction within
a realistic neighborhood around a tuned calibration) and find placement-dependent bias
regimes across reasoning rules.

* We report cross-model mechanistic signatures on a needle-in-haystack version of Log-
icBench (Parmar et al.,[2024): evidence influence emerges sharply in late layers for Qwen2.5-
3B-Instruct (Qwen Teaml 2024), Llama-3.2-3B-Instruct (Meta Al, 2024), and Gemma-2-
2B-it (Google DeepMind, [2024)).

2 EXPERIMENTAL SETUP

2.1 MODELS

We evaluate three instruction-tuned decoder-only Transformers (Vaswani et al., 2017): Qwen2.5-3B-
Instruct (Qwen Team, 2024), Llama-3.2-3B-Instruct (Meta Al [2024)), and Gemma-2-2B-it (Google
DeepMind, 2024). All experiments are run with greedy decoding disabled; we score by log-likelihood
(Section rather than free-form generation.

2.2 TASKS

LogicBench BQA under distractors. We use LogicBench Boolean Question Answering (BQA)
tasks (Parmar et al.| [2024)) and convert each instance into a long-context “needle-in-a-haystack”
prompt (Kamradt, [2023): the target LogicBench context (rules + facts) appears inside one document
among many distractor documents, and the question is asked at the end of the overall prompt.

Synthetic multi-premise rules. To control placements and labels, we also generate templated
instances for classical inference rules (modus tollens, disjunctive syllogism, hypothetical syllogism,
and a mixed “syllogism_all” set). Each instance contains k € {2, 3} relevant premises plus optional
irrelevant premises. Labels are balanced by construction unless noted.

2.3 LONG-CONTEXT CONSTRUCTION

We format the user message as ngocs = 20 documents separated by headers. Nineteen documents
are distractors sampled from WikiText (Merity et al.l 2016) (“fluent noise”) or other noise sources
(Appendix). One document is the evidence document containing the logic rules and facts. If pos = 9,
the evidence is placed in the middle:

D() ‘ Dl | cee | Dg ‘ Dg (evidence) | DlO | s | Dlg | [QUESTION]

distractors needle distractors

We keep the question at the end to ensure it is always the most recent span. A full prompt template is
provided in Appendix [A]

2.4 ANSWER SCORING

Direct “first-token” Yes/No comparisons can be brittle (e.g., whitespace/newline tokens or “Answer:”
prefixes can absorb probability mass). We therefore score with sequence likelihood: given a fixed
answer prefix (“Answer:”), we compare the conditional log-likelihood of the completions “ Yes” vs “
No” (including leading whitespace) and predict the higher-likelihood label. We additionally report
calibrated decision rules in Section 3.3}
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3 PROBES: EVIDENCE CONTRIBUTION, STAGES, AND CALIBRATION

3.1 MATCHED-PRIOR SUBTRACTION

Let x be the full prompt (distractors + evidence + question) and z~ the matched prior prompt
where the evidence document is replaced by a dummy span of identical token length and identical
formatting (header, position, separators). For a Yes/No task we define the logit-difference score
s(x) = log p(“Yes” | ) — log p(“No” | ) under the scoring protocol of Section[2.4] The marginal
evidence contribution is

Ax) = s(z) —s(x™). (1)

We also compute a layerwise version Ay by applying a logit lens to the residual stream at layer ¢
(Appendix). We visualize signal recovery as Ay/A, where L is the final layer.

3.2 STAGE DECOMPOSITION

We evaluate each instance under three stages: Direct (full long context), Extracted (a short prompt
containing only premises selected by a lightweight extractor), and Oracle (a short prompt containing
the ground-truth relevant premises only). This separates failures due to selecting the wrong premises
from failures to compose selected premises into the correct conclusion.

3.3 DECISION CALIBRATION AND LOCAL CALIBRATABILITY

Matched-prior subtraction yields a natural one-dimensional decision statistic A(x). We consider
calibrated rules of the form § = W¥[aA(z) > t], including (i) threshold-only (o« = 1) and (ii) affine
(c, t) tuned on a held-out calibration set. To avoid overfitting and to quantify when a single calibration
is insufficient, we compute a local calibratability metric: for each example, we test whether any a in
a realistic neighborhood around a tuned global value (here, « € [0.75,0.95] around Oeglobal = 0.85)
yields the correct label. If no « in this band succeeds, we call the example nonlocal (not fixable by
plausible calibration). We further track whether success requires « above or below the band, defining
a direction index.

4 RESULTS

4.1 EVIDENCE INFLUENCE EMERGES LATE IN THE NETWORK ACROSS MODEL FAMILIES

Figure [I]reports layerwise signal recovery on LogicBench-BQA under fluent distractors (WikiText),
with the evidence document fixed in the middle (pos=9 of 20 documents). Across all three models,
the marginal evidence contribution is near zero for a large fraction of early layers, then rises sharply
only in late layers. This pattern is robust across logic rule categories (Appendix) and suggests that,
under heavy distractors, these instruction-tuned LLMs incorporate evidence into the final Yes/No
decision primarily in late processing stages.

4.2 STAGE DECOMPOSITION SHOWS DECISION BIAS CAN MASK ORACLE COMPETENCE

Figure [2] summarizes a stage decomposition on synthetic multi-premise rules for Qwen2.5-3B-
Instruct under distractors. Under naive (uncalibrated) decision rules, even the Oracle setting (only
gold premises, no distractors) can appear near chance—a failure mode we observed repeatedly when
using brittle first-token scoring. After switching to likelihood-based scoring and applying calibrated
decision rules, oracle accuracy rises substantially (e.g., to ~ 0.83 for hypothetical syllogism and
=~ 0.90 for the mixed syllogism set). For modus tollens, affine calibration yields oracle accuracy
near ~ 0.93, while the Extracted stage remains lower, indicating that premise selection (not only
composition) limits performance.

This result has two implications for long-context logical reasoning: (i) long-context failures can
reflect a decision-level bias induced by distractors, not just inability to derive the conclusion, and (ii)
stage-decomposed evaluation can distinguish premise selection errors from compositional inference
errors.
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Signal Recovery vs Normalized Depth across LLMs
(Task: LogicBench, Prompt: Full vs Matched Prior)
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Figure 1: LogicBench needle-in-a-haystack (20 docs, fluent distractors): evidence influence is largely
absent in early layers and emerges late across three model families.

Stage decomposition with calibrated decision rules (Qwen2.5-3B-Instruct)

Decision rule
. . - raw@0
hypothetical syllogism modus tollens syllogism all s thresh-only

A 8 e affine(a,t)
.0 III III 0.0 I III i 0.0 I I i

Direct Extracted Oracle Direct Extracted Oracle Direct Extracted Oracle

-
o
o
-

°
@
°
@

o
£y
o
Y
o
Y

°
=
°
IS

Accuracy (95% Cl)
°
=

°
N
°
N
o
N

°

Figure 2: Stage decomposition with calibrated decision rules (Qwen2.5-3B-Instruct). “Direct” uses
the full long context; “Extracted” uses premises selected by an extractor; “Oracle” uses ground-truth
premises only. Calibrated decision rules substantially increase oracle accuracy on several rules,
showing that some apparent oracle failures are decision-level effects.

4.3 LOCAL CALIBRATABILITY REVEALS PLACEMENT-DEPENDENT BIAS REGIMES

If a single global calibration explained long-context failures, most errors would become correct
under a narrow neighborhood of that calibration. Figure [3] shows this is not the case: the nonlo-
cal rate (no o € [0.75,0.95] yields correctness) varies by inference rule and evidence placement
(front/middle/end/interleaved). Moreover, among nonlocal cases, the direction of calibration need
depends on placement: middle placements more often require stronger corrections (higher o), while
front/end placements frequently require weaker corrections (lower o). This indicates multiple
long-context bias regimes rather than a single global threshold shift.

5 DISCUSSION

Our results suggest that long-context logical reasoning failures are heterogeneous: evidence influence
can be delayed to late layers (Figure[I), premise selection and composition can be separated by
stage decomposition (Figure[2), and decision bias induced by distractors is placement-dependent
and not globally correctable (Figure[3). This has practical implications for benchmark design and
evaluation: reporting only end-task accuracy in long contexts can conflate evidence use, inference,
and decision calibration.

More broadly, matched-prior subtraction provides a simple diagnostic tool for analyzing whether
an LLM’s decision depends on the intended evidence under heavy distractors—complementing
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Figure 3: Local calibratability analysis (foil-free synthetic rules). Long-context decision bias is not
explained by a single global calibration: the required correction varies systematically with evidence
placement and rule type.

long-context benchmarks (Bai et al., 2024} |An et al.,[2024) and “lost-in-the-middle” analyses (Liu
et al.,[2024).

6 LIMITATIONS AND FUTURE WORK

We focus on Yes/No logical inference and three small open models; larger models and multi-token
answers may exhibit different regimes. Our extractor is intentionally lightweight; improving premise
selection may shift the balance between selection and composition failures. Finally, while our
layerwise evidence probe is suggestive, connecting these signatures to specific attention heads or
circuits would require deeper mechanistic analysis.
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A PROMPT TEMPLATES AND ADDITIONAL DETAILS

Needle-in-a-haystack template.
[SYSTEM] You are a careful logician. Answer exactly "Yes" or "No".

[USER]
[DOC 0] <distractor>

[DOC 8] <distractor>
[DOC 9] Context:
Rules: <LogicBench or synthetic rules>
Facts: <LogicBench or synthetic facts>
[DOC 10] <distractor>

[DOC 19] <distractor>

[QUESTION] <Yes/No query>
Answer:
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