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ABSTRACT

Many popular practical reinforcement learning (RL) algorithms employ evolving
reward functions—through techniques such as reward shaping, entropy regulariza-
tion, or curriculum learning—yet their theoretical foundations remain underdevel-
oped. This paper provides the first finite-time convergence analysis of a single-
timescale actor-critic algorithm in the presence of an evolving reward function
under Markovian sampling. We consider a setting where the reward parameters
may change at each time step, affecting both policy optimization and value esti-
mation. Under standard assumptions, we derive non-asymptotic bounds for both
actor and critic errors. Our result shows that an O(1/+/T) convergence rate is
achievable, matching the best-known rate for static rewards, provided the reward
parameters evolve slowly enough. This rate is preserved when the reward is up-
dated via a gradient-based rule with bounded gradient and on the same timescale
as the actor and critic, offering a theoretical foundation for many popular RL tech-
niques. As a secondary contribution, we introduce a novel analysis of distribution
mismatch under Markovian sampling, improving the best-known rate by a factor
of log2 T in the static-reward case.

1 INTRODUCTION

Reinforcement Learning (RL, |Sutton et al.||1998)) has attracted great research interest in the past
decades. On the empirical side, a variety of practical algorithms have been proposed and have
demonstrated remarkable success in a wide range of real-world scenarios (Mnih et al., 2013} |Lil-
licrap et al.| [2016; |Ouyang et al., [2022; [DeepSeek-Al et al., 2025). On the theoretical side, great
efforts have been made to bridge the gap between empirical practice and theoretical foundations,
providing rigorous convergence guarantees and solid theoretical understandings to the empirically
powerful algorithms (Agarwal et al.| 2021} [Mei et al., [2020; Kumar et al., 2023; |Wu et al., [2020;
Olshevsky & Gharesifard, [2023)).

Still, a very common setting adopted by many practical RL algorithms has been largely overlooked
by theoretical analyses. RL theory is built upon Markov Decision Processes (MDPs), which typi-
cally assume the existence of a static underlying reward function, and the goal is to learn a policy
that maximizes the expected cumulative reward. However, when applying RL in many real-world
scenarios, a significant impediment is the difficulty of designing a reward function that is both learn-
able and aligns with the desired task. This challenge has led to the development of techniques that
utilize evolving rewards. These include:

* Reward Shaping: Adding auxiliary rewards to guide the policy to the desired goal (Ng
et al., [1999; [Pathak et al., 2017; Burda et al 2019; Zheng et al., 2018; Hu et al., [2020;
Mahankali et al., 2024 Ma et al.|[2024). The auxiliary rewards can come from prior knowl-
edge, or be learned in a self-supervised manner during the training process.

* Entropy or KL Regularization: Introducing an entropy or KL regularization term to
the optimization objective, which is equivalent to modifying the reward according to the
current policy (Haarnoja et al.l [2017;2018ab; Jaques et al., 2019} |Stiennon et al.| 2020).
The regularization factor can be automatically adjusted during training.

* Curriculum Learning: Starting with easier tasks (and their associated rewards) and grad-
ually increasing the difficulty (Narvekar et al., [2020).
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Intuitively, a slight change of the reward function does not drastically alter the solution of the un-
derlying MDP, allowing an RL algorithm to remain effective. However, when this change is negligi-
ble compared to the under-training policy or value function, the algorithm’s effectiveness becomes
questionable, as they are closely interconnected. Therefore, to rigorously support the use of these
evolving reward techniques, we must answer the following fundamental question precisely:

How fast can the reward change while still ensuring the convergence of an RL algorithm?

This paper aims to establish a theoretical foundation for this setting by providing the first finite-
time convergence analysis for an actor-critic algorithm with an evolving reward. We focus on a
single-sample, single-timescale actor-critic algorithm with linear function approximation for the
critic under Markovian sampling. This setting is particularly practical yet challenging, as the non-
stationarity from the evolving reward affects both the policy gradient (actor) and the value estimation
(critic), creating a complex feedback loop.

Specifically, we bound both the expected actor error and the expected critic error in terms of the
number of iterations 7" and the total change of the reward parameters. From this, we derive condi-
tions on the evolving rate of reward parameters necessary to achieve asymptotic convergence and
to maintain the O(1/+/T) convergence rate as in the static-reward case. Moreover, it turns out that
o(1/ V'T) convergence can be achieved if the reward parameter follows a gradient-based update
with bounded gradient and the same timescale as the actor and the critic, providing theoretical guar-
antees to a wide range of practical techniques, including curiosity-driven reward shaping (Pathak
et al.l [2017), random network distillation methods (Burda et al., [2019), and soft actor-critic with
automated entropy adjustment (Haarnoja et al., [2018b).

To handle the evolving reward, we exploit the Lipschitz continuity of the objective function and the
optimal critic parameter with respect to the reward parameter, which relies on the Lipschitz conti-
nuity assumption for the reward itself. In addition, we introduce a novel analysis on the distribution
mismatch caused by Markovian sampling, improving the convergence rate by a factor of log2 T in
the static-reward case.

In summary, our contributions include the following:

* Important Problem Formulation: We formalize the problem of Actor-Critic with Evolv-
ing Reward, where the reward parameter o, (encompassing the true reward and regulariza-
tion terms) can be updated by an arbitrary oracle at every time step.

* Novel Non-Asymptotic Results: Under standard assumptions (Linear function approx-
imated critic, Lipschitz continuity of policy and reward, sufficient exploration), we de-
rive the convergence rate of the single-sample single-timescale actor-critic algorithm with
Markovian sampling, and show that it achieves a convergence rate of O(1/+/T) to a neigh-
borhood of a stationary point under mild condition on the evolving reward, validating a
wide range of practical RL techniques.

* Interesting Technical Tools: We establish the necessary assumptions and key properties to
analyze the effects of the evolving reward on standard actor-critic algorithms. We also pro-
vide a novel analysis of the distribution mismatch caused by Markovian sampling, which
independently improves the convergence rate for the static-reward case.

2 RELATED WORK

Our work is developed upon the finite-time analysis of policy gradient methods and actor-critic
methods.

Finite-time analysis of Policy Gradient Methods. The finite-time convergence guarantees of
policy gradient methods have been studied by Agarwal et al.|(2021); [Mei et al.|(2020); | Xiao| (2022),
assuming access to exact gradient oracles. For the stochastic case where the algorithm can only
access gradient estimators from sampled trajectories or transitions, convergence results in terms of
sample complexity have been established by |Liu et al.| (2020); [Ding et al.[ (2022} |2025)); |[Fatkhullin
et al.| (2023); Mondal & Aggarwall (2024)).
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Finite-time analysis of Actor-Critic Methods. The finite-time analysis of actor-critic methods
encompasses several variants of the algorithm, including the double-loop setting (Yang et al., 2019}
[Kumar et al. 2023 [Xu et all,[2020a} [Cayci et al.l 2024} |Gaur et al., 2024} [Ganesh et al., 2025)), the
two-timescale setting (Wu et al.,[2020; Xu et al., 2020b; Shen et al., 2023;|Hong et al.,[2023), and the
single-timescale setting(Chen et al.} 2021}, |Olshevsky & Gharesifard, [2023} [Tian et al., 2023} [Chenl
& Zhaol|[2023}[2025). The analysis of single-timescale actor-critic methods is particularly relevant to
our work. Both |Chen et a1.|(]2021|) and |Olshevsky & Gharesifardl (]2023|) obtain an O(1/+/T) conver-
gence rate in discrete spaces, assuming i.i.d. sampling. (Chen & Zhao|(2023) and Tian et al.[(2023)
made efforts to tackle the more practical yet challenging Markovian sampling setting. However,
the former considers the average-reward scenario instead of the commonly used discounted-reward
scenario, while the latter employs Markovian samples for the critic and i.i.d. samples for the ac-
tor. [Chen & Zhao| (2025) ultimately resolves the problem of Markovian sampling, obtaining an
O(log® T/V/T) convergence rate, and further extends the analysis to continuous action spaces. Ad-
ditionally, incorporates an analysis of neural network approximated critics, while
the other four assume a linear function approximated critic.

While we focus on analyzing the convergence of the single-timescale actor-critic algorithm under
evolving rewards, we recognize two related research areas that focus on designing reinforcement
learning (RL) algorithms for non-static Markov Decision Processes (MDPs), where both rewards
and transitions can change:

Adversarial RL and Non-stationary RL. Tailored for online learning, adversarial RL
et al} [2009; [Zimin & Neu, [2013; Jin et all, 2020) and non-stationary RL (Cheung et al.l 2023}
Feng et al.l 2023} [Mao et al, 2025) aim to minimize cumulative static or dynamic regret through
strategic algorithm design in the presence of adversarial rewards and transitions. However, their
formulation does not align with the practical scenarios we consider, where the RL policy is trained
before executing, and the evolving reward techniques we previously mentioned focus on enhancing
convergence during training and improving performance in execution, rather than adapting in an
adversarial manner.

Performative RL. Performative RL (Mandal et al.| 2023} [Rank et al.| 2024} [Mandal & Radanovic,
examines situations in which the underlying MDP changes in response to the deployed pol-
icy. This setting partially overlaps with ours, as performative rewards represent a specific case within
our general evolving reward framework. Under certain mild assumptions regarding the performa-
tive rewards and transitions, these studies demonstrate the existence of a stable policy and provide
finite-time convergence guarantees for their proposed algorithms, which involve iterating between
deployment and retraining. However, their approach necessitates finding exact solutions for a saddle
point at each retraining step, which is often infeasible in practice.

3 PRELIMINARIES

3.1 MARKOV DECISION PROCESS

We consider an infinite-horizon discounted Markov Decision Process (MDP), defined by the tuple
M = (S, A,P,r,~). Here, S is the state space, A is the action space, P : S x A — A(S) is the
transition kernel, r : S x A — R is the reward function, and 7y € (0, 1) is the discount factor.

A policy 7 : S — A(.A) maps states to distributions over actions. Starting from an initial state s, at
each time stept = 0,1, - - -, an action a; ~ m(-|s¢) is sampled, yielding a reward r; = r(s;, a;) and
transitioning to the next state s;+1 ~ P(:|s¢, ar). The standard value function V™ (s) and action-
value function Q™ (s, a) represent the expected discounted cumulative reward starting from state s
(and action a), respectively, and are defined as

VT(s) =B | > A'r(si,a0) | s0 = 8,00 ~7(:[s1), 5001 ~ 7’('|Staat)] : (1
t=0
(oo}

Q" (s,a) =E | Y _'r(se,a0) | so = s,a0 = a, 8041 ~ P(-]s1,a1), arg1 ~ 7T('3t+1)‘| )
t=0
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Entropy Regularized MDPs. Policy optimization often benefits from entropy regularization to
encourage exploration (Haarnoja et al., [2017} [2018aib). The entropy of a policy 7 at a state s is
defined as H(-|s) = — [ , w(a|s)log w(als)da. Let

H™(s) =E Z’YtH(W('|5t)) | s0 = s,ar ~ w(:[st), se41 ~ P(se, a) | 3)
t=0

the regularized (soft) value function is defined as
V7(s) = V™(s) + aH"(s),

where a@ > 0 is a hyper-parameter, and o = 0 recovers the standard, unregularized case. This
formulation is equivalent to solving the original MDP with a regularized reward function:

7(s,a) =r(s,a) — alogn(als). )

Consequently, V(s) and Q(s,a) can be interpreted as the value functions under this regularized
reward 7:

o0 oo
VT(s) =EBrp [ > 'F(s,a) [ so=5|, Q(s,0) =Erp |> v'#(s,ar) |50 =5a0=a
t=0 t=0

Note on KL Regularization. While we focus on entropy regularization for clarity, our analysis
also applies to KL regularization against a fixed reference policy 7. The corresponding regularized
reward becomes 7(s,a) = r(s,a) + alog mer(als) — alogm(als). Since the term « log mer(als)
can be absorbed into the base reward r(s, a), we will consider only the entropy regularizer in the
following analysis without loss of generality.

The goal of reinforcement learning is to find a parameterized policy g the maximizes the objective:
J(0) = / p(s)V™ (s)ds, 5)
s
where 6 denotes the policy parameter and p € A(S) is the initial distribution.

3.2 ACTOR-CRITIC METHOD

In order to optimize the policy parameter 8, a popular approach is to compute the gradient of the
objective J(0) and iteratively adjust € in the direction of V.J(8). This approach, named the policy
gradient method, is based on the policy gradient theorem (Sutton et al., |1999):

1 AT
Vo J(0) ZEESNVJG(A)@WQ(-\S) [Q °(s,a)Ve logﬂe(a|$)]
1

T Bt ammatle) [ (70 (5,0) = V() Vologmo(als)],

where ;¢ € A(S) is the discounted visitation distribution defined as
(o9}
vpo(s) = (=) D _7'Pr(se = slso ~ p(),ar ~ 7o ([s1), 5041 ~ P(lsr, 1))
=0

Computing this gradient requires an estimator for the V' function or () function associated with the
policy mg. A Monte-Carlo estimator (used by REINFORCE (Williams, [1992)) suffers from high
variance, resulting in slow convergence. Hence, the actor-critic method (Konda & Tsitsiklis} |{1999)
introduces another trainable model to approximate the true value functions.

Following the setting of prior work (Chen et al) 2021} |Olshevsky & Gharesifard, 2023} |Chen &
Zhaol [2023};[2025)), we assume that the critic approximates the regularized value function linearly as

Vio(s) = 6(s) "w,
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where ¢ : S — R% is a known feature mapping satisfying ||¢(s)|, < 1 for any state s, and w € R4

is the trainable parameter. Note that Q (s, a) = 7(s, a) + yE« [V ()], then with s’ ~ P(:|s, a),
the temporal difference (TD) error

8(s,a,8") =r(s,a) — alogm(als) + (v6(s') — ¢(s)) w )

serves as a biased but low-variance gradient estimator for @, and the update rule for 8 will be
Or1 < 0, + 10 (54, a1, 8,) Ve log ma(ar]se), ®)
where 7! denotes the step size for 6 at step ¢.

Also, we need to align ‘Z, with the true value function V™. As proven by |[Haarnoja et al.|{(2017),

V™ is the unique solution to the soft Bellman equation V' = 7]V where the soft Bellman operator
T.J is defined as

TaV(s) = Eamnr(ls),s'~P(|as) [1(5,a) — alogm(als) + AV ().

Hence, a common practice is to adjust the value iteration update V' <— 77V into a stochastic semi-
gradient TD(0) update:

Wit1 4 wi +070(se, ar, )P (51), ©)

where 7y’ denotes the step size for w at step ¢.

Markovian Sampling. In our single-sample, single-timescale setting, both actor and critic are
updated using the same sample tuple (s;, at, ;) at each step. Ideally, s; shall be sampled from the
stationary distribution /7@, but this is impractical. Instead, we adopt a Markovian sampling scheme
(Chen & Zhao, [2025)):

st~ P(lsi1,ai-1), ar ~ 7o, (-|s1), 84 ~ P(-]s¢, ar),

where the sampling kernel P(-|s, a) = yP(-|s,a) + (1 —)p(-) ensures ergodicity. Let 2 (-) denote
the probability distribution of s; induced by this process. When the policy is fixed, 7; will converge
to vj;® geometrically. Under a slowly changing policy, the distribution mismatch ||, — ;%1 can be
controlled by the magnitude of the policy updates. Note that this constitutes an off-policy learning
setting for the critic.

3.3 ACTOR-CRITIC WITH EVOLVING REWARD

A central focus of this work is the setting where the regularized reward 7(s, a) evolves during train-
ing. Depending on the algorithmic design, this evolution can arise from modifications to the base
reward (s, a), the regularization factor «, or the policy g itself. To encompass these variables, we
introduce a general reward parameter ¢ to include all factors that determine 7(s, a) along with 6,
ie.,

Tp,0(s,a) =1(s,a;¢) — a(p)logme(als).

We denote the corresponding soft value function as V7 (s), and the policy objective as J,,(6). The

reward parameter ¢ is updated concurrently with 6 and w at each time step via an arbitrary update
rule, which can either be a pre-defined schedule or a feedback-driven strategy. For the critic update,
we also introduce a projection Proj,_ to keep the critic norm bounded by C,,, which is widely
adopted in the literature (Wu et al., 2020; (Chen et al., 2021} |Olshevsky & Gharesifard, [2023} |Chen
& Zhaol| [2023;[2025). This framework, summarized in Algorithm |I| unifies a wide range of existing
techniques, from automated reward shaping (Martin et al., 2017} [Pathak et al.| [2017; [Burda et al.,
2019) to adaptive entropy and KL regularization (Haarnoja et al., 2018b). We provide a further
literature review of these eolving reward techniques in Appendix [A]

4 MAIN RESULTS

This section presents the finite-time convergence guarantees for the Actor-Critic with Evolving Re-
ward algorithm (Algorithm|[T]). We begin by stating the standard assumptions required for our analy-
sis, then present the main theorem and a key corollary. Finally, we provide an intuitive proof sketch
to elucidate the key technical challenges and innovations.
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Algorithm 1 Actor Critic with Evolving Reward

Initialize: B, wo, @0, s {17 }i>0, {N° }i>0
Sample s ~ p
fort=0,1,--- ,T—1do
Sample a; ~ g, (-[s1), 5t ~ P(-[st ar), 5141 ~ P(lse, ar)
Ot = T8, (51, ar) + (70(s}) — d(s¢)) wr
0t+1 < Ht =+ nfétv(; 10g Wg(at|5t)
wit1 < Projeo (wt + 77?’5t¢(5t))
pi+1 < UpdateReward(p:)
end for

4.1 ASSUMPTIONS

Our analysis relies on several standard assumptions in the literature, which we adapt to accommodate
the evolving reward setting.

By taking the expectation of w1 conditioning on w; in (9) with respect to the discounted visitation
distribution, we have

Elwiy1|wi] = wi +nf (bpo — Agwr),

where T
Ag = ESNVZ;B(»),a~7r9(-|s),s’~73(-|s,a) [¢(S)(¢(S) - ly(b(s )) ] ) (10)

byo = ESNV;'B(.)}QNM(.M [Fe.0(s,a)p(s)]. (11

It has been shown by [Sutton et al.|(1998) that the TD limiting point w* (¢, 0) satisfies
Agw*(go, 9) = b(P,g. (12)

To ensure the existence of w*, we need Ag to be non-singular. Fortunately, we can show that Ag is
positive definite given sufficient exploration over the state space.

Assumption 4.1 (Sufficient Exploration) Let g = E o [¢(s)¢(s) "], then for any 8 € (6),
Yl is positive definite with singular values lower-bounded by Ay, > 0.

Proposition 4.2 For any 0 € Q(0), Ag is positive definite with singular values lower-bounded by

A= (1—7)As.

Proposition 2] is widely adopted as an assumption in analyzing TD-learning and actor-critic with
linear function approximation (Wu et al., [2020; (Chen et al., 2021} |Olshevsky & Gharesifard, 2023
Chen & Zhaol 2023 [2025). Although the definition of Ag here differs from previous literature
where the expectation is taken over the stationary distribution instead of the discounted visitation
distribution as in our definition, this nice property can still be induced from the fundamental As-
sumption [4.1] (Bhandari et al, 2018). Equipped with Proposition [£.2] we can now solve from (I2)
that w* (¢, 0) = Ay " by, g, and further imply that w* (¢, €) is bounded by some constant C, since
both A;l and b, ¢ can be shown bounded, which justifies the projection operator introduced in
Algorithm T}

As w* is bounded, V,,- is bounded, the linear function approximation error has a uniform upper
bound, denoted as e. Formally,

€:= Supg"P\/]ESNV;"B(_) |:<¢(S)Tw*(gp7 0) — ‘7#9(8))2} . (13)

The error € is zero if V™ (+) is indeed a linear function for any ¢ and @ given the feature mapping
@(+). To capture the bias of the TD-gradient estimator for the actor, we need the following bound
that controls the error of TD-errors (refer to Appendix [D] for a detailed proof):
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Proposition 4.3 For any 6 € Q(0), ¢ € Q(¢p),

¢ Eyjo mo.p [((Ww%s’) V() = (W7o (s) - Vﬂe(s))ﬂ < 2V2e.

Assumption 4.4 (Lipschitz Continuity of Policy) There exist constants L and S such that for any
0cQ),scS,ac A

Assumption[4.4]is standard in the literature of policy gradient and actor-critic (Wu et al.,[2020; /Chen
et al.} 2021} |Olshevsky & Gharesifard, 2023 |Chen & Zhaol 2023} |Tian et al., 2023)), which further
implies the following proposition that the policy 7g is Lipschitz continuous with respect to @ (refer
to Appendix [D]for a detailed proof):

Velogma(als)|2 < L, [Vglogme(als)ll2 < S.

Proposition 4.5 For any 61,05 € Q(0),s € S, ||mo, (:|s) — g, (:|s)||; < L||01 — 02]|2.

Apart from the policy, we also need the Lipschitz continuity for the regularized reward to control
the bias caused by the evolving reward.

Assumption 4.6 (Lipschitz Continuity of Regularized Reward) There exist constants C, D > 0
such that for any 0 € Q(0), ¢ € Q(p), and s € S, the expected regularized reward satisfies:

~

. Boundedness: |E, ., |s)[Fpo(s,a)]| <C

2. Bounded Variance: E, ., (.|s)|[Fp6(s,a)?] < C?

3. Lipschitzin 6: ||VoE, ry(.|s)[Tp.0(s,a)]l]2 < CL

4. Smoothness in 0: |[V3E o5 [Fp.0(s,0)][l2 < C(L? + S)
5. Lipschitzin @: |V Eqr,(1s)[Tp.0(s,a)][l2 < D

Parts 1 and 2 of Assumption[4.6|are natural extensions of the standard bounded-reward assumption
to the expected regularized reward. The expectation over actions is necessary because the entropy
regularization term —« log mg(als) can be unbounded for individual actions, but its expectation
aH(me(-|s)) is bounded for finite action spaces. For continuous action spaces, entropy regulariza-
tion implicitly constrains the policy to have bounded entropy, as unbounded entropy would lead to
infinite negative rewards, which is practically avoided.

Parts 3 and 4 of Assumption [4.6|naturally follow from Part 1 and Assumption Since
VoEqro(-15)[T.0(50)] =Eamrg(|s)[Tep.0(5,a)Velogma(als)],
V%EQNM(_|S) [F,0(5,0)] =Eqmry(.1s)[(Fp,0(5,a) — a)Velog me(als)Ve log 7Tg(a|S)T]
+ Eanrng(1s)[Tp,0(5, a)V3logme(als)],
the Lipschitz continuity and smoothness w.r.t. @ can be derived from the boundedeness of
Eqrg(-|s)[Tp,0(5,a)], Vo log me(als), V2 logme(als) and a.

Part S of Assumption is the most critical for handling evolving rewards. It guarantees that
small changes in the reward parameters ¢ (e.g., from reward shaping or entropy adjustment) lead to
proportionally small changes in the expected reward. This allows the algorithm to track the evolving
learning objective rather than being destabilized by it.

In essence, Assumption [4.6] ensures that the regularized reward function changes in a controlled
and predictable manner as the policy and reward parameters evolve. This is crucial for analyzing
non-stationary learning dynamics.

4.2 MAIN RESULTS

With the assumptions above, we are ready to present our finite-time analysis of Algorithm [I] We
measure the performance of Algorithm [T]using the following time-averaged errors over the second
half of the 7" iterations:
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* Actor Error: Gp = T/2 S T/21E3||V9J§at(0t)H2
¢ Critic Error: Wr = T/2 Et 72 Ellw: — w; |3, where w; = w* (¢4, 0;)

» Reward Variation: Fip = T/Q Zt T/2E||<Pt+1 %Hi

Theorem 4.7 ConSLderAlgorzthmez[h nt = \[ and ny = \/{ where the ratio <% is chosen to be
sufficiently small such that <% 2 < 755 N oo L ” . Under Assumption . Hand . the following

bounds hold:
Gr =0 (\/{f) 40 (FTﬁ) +0 <\/§> +0(e)

Wr =0 (%) 40 (FT\/T) +0 <\/§> +0(e)

Interpretation of Theorem

+ Static-Reward Case (F = 0): The algorithm achieves the canonical O(1/v/T) con-
vergence rate for both actor and critic, matching the best-known rate for single-timescale
actor-critic methods under i.i.d. sampling (Chen et al., 2021} Olshevsky & Gharesifard,
2023). Our analysis, by carefully handling the Markovian sampling, improves upon pre-
vious works by eliminating a log2 T factor compared to [Tian et al.| (2023); (Chen & Zhao
(2023} [2025).

* Evolving-Reward Case (Fr > 0): The convergence rate depends critically on the total
variation of the reward parameters, F. For the errors to converge to zero asymptotically,
we require Fpr = o (1 / \/T) To preserve the O(1/+/T) rate, we need the stronger condi-

tion Fp = O (1/T). This means the reward function must change slowly enough for the
actor-critic algorithm to track it effectively.

The following corollary shows that a common class of reward update rules satisfies this stringent
condition.

Corollary 4.8 If the reward parameter adopts a gradient-based update rule, i.e.

Prr1 < ot + 1 he (),

then given E||hy(t)|15 < CZ, and 1 = C—ﬁ where Cy, and c, are constants, we have Fix = O (%),
and hence

Gr=0 <\/1T> +0(e), Wr=0 <\/1T) +0(e).

The proof of Corollary 4.8|can be found in Appendix [D] Here, the step size for updating the reward
parameter is of the same order as the actor’s and the critic’s, and hence the requirements can be
achieved by applying gradient clipping, a technique that is very common in practice. Therefore,
Corollary 48| provides a solid theoretical foundation for a wide range of empirical practice of RL.

4.3 PROOF SKETCH OF THE MAIN THEOREM

The proof of Theorem |.7| proceeds in three interconnected steps, which we outline below. A rigor-
ous proof is provided in Appendix [C] The key innovations lie in (1) rigorously analyzing the impact
of evolving rewards by establishing Lipschitz continuity properties of policy objective J,,(6) and
optimal critic parameter w* (¢, 0) w.r.t ¢, and (2) providing a novel analysis on the distribution
mismatch induced by Markovian sampling through deriving the following key proposition (refer to
Appendix [D|for a detailed proof):
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Proposition 4.9 Following the Markovian sampling strategy described in Algorithm|l| we have
t—1
Ello; — vp* |1 < LCsLy, Y A *nl + 4 lp— 15" |
k=0
foranyt > 0, where C5 and L,, are constants (refer to Appendix|[B|for a formal definition).

This analysis does not rely on the mixing time of the ergodic Markov chain. Instead, it directly
utilizes the contraction properties of the induced operator acting on state distributions, which is a
stronger property than the ergodicity, hence resulting in a tighter bound on the distribution mismatch.

Step 1: Bounding the Actor Error. The primary challenge introduced by an evolving reward is
that the policy optimization objective Jy,, (6;) changes at every time step t. To address this, we
first show that .J,, (@) is D ;-Lipschitz with respect to the reward parameter ¢ (Lemma , which
allows us to bound the change in the objective function by the change in ¢:

ElJg, . (0t11)] — Jp,(0:) > —DE |lpt11 — @tlly + E[Jp, (0i11)] — S, (01)

We then analyze the improvement in the objective for a fixed reward parameter. A Taylor expansion
of J,, (@) around 6; yields a bound on the squared policy gradient norm, ||VgJy,(6;)||3. This
bound involves several error terms:

* [, (Approximation Error): This term arises from the bias introduced by linear function
approximation and is bounded by O(e).

e [5(Critic Error): This term captures the error from using an estimated critic w; instead
of the optimal critic w; and is bounded by O(||w; — wy||2).

» Is(Markovian Noise): This term quantifies the error due to sampling states from the
Markovian distribution 2, rather than the true stationary distribution 1/;r %, Proposition
provides a tighter bound on this distribution mismatch, which is crucial for improving the
overall convergence rate.

After summing over iterations and applying a telescoping series, we obtain the following inequality
for the actor error (Theorem[C.I):

(1 -Gy < 2L\/GrWr 4+ O <\/§> +0 (&) +0(e) (14)

Step 2: Bounding the Critic Error. The critic update must track a moving target: the optimal
parameter w; = w*(¢y, 0;) changes with both the policy parameter 6; and the reward parameter

. . 2 o .
¢¢. We analyze the evolution of the critic error Hwtﬂ — Wi H2 A central decomposition yields:

N 2
E||witr — w;“HHE < lwy — wil5 +2E H(S(Smat’siw(st) , T 2E ||w; — "‘":HHi

+ 20 E (wi — w851, a1, 5)0(s1) ) + 2B (wr — w07 — win)
where E <wt — Wi, 8(sy, ar, s;)¢(st)> is further decomposed into three components:

* Jy: This term is zero by the definition of w;.

. . . . . . 2 .
* Jo(Contraction): This term provides a negative contribution —\ ||w; — w;||5, ensuring
the critic error contracts towards zero.

* Js(Markovian Noise): Similar to I3 in the actor analysis, this term is bounded using
Proposition .9}

The critical difference from the static-reward case is the presence of terms involving w; —wj, ;. We
bound these by establishing the Lipschitz continuity of w* with respect to both 8 and ¢ (Lemma
[B.5). This introduces terms proportional to E|[¢;+1 — ¢¢||3 and E|/¢¢+1 — ¢|2 into the bound.
After summation, we derive the following inequality for the critic error (Theorem [C.2):
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Step 3: Solving the System of Inequalities Steps 1 and 2 result in a system of two inequalities
(T4]and[T3)) that couple the actor error G and the critic error Wy To solve this system, we use the
algebraic inequality

2

1—7v L
2VGrWr < ——Gr + ——Wr.
TWr s =7 T+177 T

By substituting this into the inequalities and choosing the step-size ratio <% to be sufficiently small,

we can decouple the two errors and obtain a bound of O(1/v/T) +O(FrvT)+O(y/Fr/T)+0(e)
for both G and W, thus completing the proof.

5 CONCLUSION

In this work, we have undertaken a systematic theoretical investigation of actor-critic methods in the
presence of evolving rewards—a setting that mirrors the reality of many practical RL algorithms but
has been largely overlooked by theoretical analyses. We formulated the problem, established nec-
essary assumptions, and provided the first finite-time convergence guarantees for a single-timescale
actor-critic algorithm under Markovian sampling.

Our analysis demonstrates that the single-timescale actor-critic algorithm is remarkably robust to
reward non-stationarity. The canonical O(1/+/T)) convergence rate can be maintained for both the
actor and critic, provided the reward parameters evolve at a controlled pace. A key corollary con-
firms that gradient-based reward updates—a common pattern in algorithms that learn intrinsic re-
wards or adapt regularization strengths—satisfy this condition, thereby providing a solid theoretical
foundation for their empirical success. Furthermore, our novel technique for bounding distribution
mismatch under Markovian sampling yields a tighter analysis, improving upon prior rates by a factor
of log? T' even when the reward is static.

This work opens several avenues for future research. Extending the analysis to nonlinear function
approximation, particularly with neural networks, is a critical next step. Furthermore, exploring the
implications of our theoretical findings for the design of more effective and provably stable reward-
shaping algorithms presents an exciting direction for both theoretical and applied work. Finally, this
analysis lays a foundational stone for a deeper theoretical understanding of reinforcement learning
with dynamic objectives due to evolving reward, shifting initial distribution or transition probabili-
ties.
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A LITERATURE REVIEW OF EVOLVING REWARD TECHNIQUES

The idea of modifying rewards to improve learning is long-standing. Potential-based reward shap-
ing, introduced and developed by INg et al.| (1999); Wiewioral (2003); |Asmuth et al.| (2008); [Devlin
& Kudenkol| (2012), defines the shaped reward as v®(s’) — ®(s) where ®(-) is a potential func-
tion to guarantee policy invariance. More recent work, however, modifies the reward to balance the
exploration and exploitation behavior of the policy. This sorts of work include randomly perturb-
ing the reward function (Mahankali et al.| [2024), various design of explicit exploration bonus like
count-based methods (Martin et al., 2017;|Machado et al.,[2020; |Lobel et al.,2023)), curiosity-driven
methods (Pathak et al., [2017; 2019; Ramesh et al.| [2022; |Sun et al., [2022) and random network
distillation (Burda et al., |2019; |Yang et al., 2024)), as well as fully self-supervised intrinsic rewards
(Zheng et al.L[2018};Stadie et al.|[2020; Memarian et al.,2021;|Mguni et al.,|2023;|Ma et al.,|2024) or
incorporation of prior knowledge (Trott et al., 2019; Hu et al., 20205 |Gupta et al.,|2023) that enhance
the performance of the resulting policy in terms of the original reward.

Another series of work that result in evolving rewards is the entropy or KL regularization. Entropy
regularization (Haarnoja et al.l 2018aib; |JAhmed et al., |2019) is commonly used technique to en-
courage exploration and avoid near-deterministic suboptimal policy. KL regularization is common
in fine-tuning RL policies, especially in training Large Language Models (Ouyang et al., 2022} |Shao
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et al.| [2024) and Diffusion Models (Fan et al.| 2023)). These methods result in evolving reward be-

cause the regularization term —aH (7 (+|s)) (or —adgy (7(|s)||me(+]$))) is equivalent to a penalty
7(als)

Trer(als)
function will change because of the under-training policy 7(+|s), the adaptive regularization factor

«a, or the change of the reference policy 7.

term —a log w(als) (or —alog ) added to the reward function r(s,a). Hence, the reward

Besides, curriculum learning (Narvekar et al., 2020) is also closely related, as it inherently involve
a sequence of evolving learning objectives (and thus rewards).

B PRELIMINARY LEMMAS

Lemma B.1 There exist constants Cj, L, S; and D such that for any 6 € Q(0),s € S, ‘7;;”’ (s)
is Cj-bounded, L j-Lipschitz and S j-smooth w.r.t. 0, and D j-Lipschitz w.rt. @, where C; =
O((1=79)"), Ly=0((1-7)72),8;=0(1—-77"),D;=0(1—-"").

Corollary B.2 There exist constants L,, and S, such that for any 6 € Q(6), v (-) is L, -Lipschitz
and S,,-smooth w.r.t.  in terms of || - |1, where L, = O((1 —)~1), S, = O((l 7)72).

Lemma B.3 There exist constants L o and S 5 such that Ag is L 4-Lipschitz and S s-smooth w.r.t 0,
where Ly = O((1 —~)™1), S4a = O0((1 —v)7?).

Lemma B.4 There exist constants Cy, Ly, Sy and Dy, such that by , is Cy-bounded, Ly-Lipschitz
and Sy-smooth w.r.t @ and Dy-Lipschitz w.r.t ¢, where C, = O(1), Ly, = O((1 — )71, Sy =
O((1 =7)7?), Dy = O(1).

Lemma B.5 There exist constants C,,, L., and S,, and D,, such that w*(p,0) is C,,-bounded,
Le,-Lipschitz and S.,-smooth w.r.t 0 and D,,-Lipschitz w.r.t , where C,, = O(A™1), L, = O((1 —
Y)TIAT?), S = O((1 =) 2A7?), Dy = O(ATH).

Lemma B.6 There exists a constant Cs such that for any 0 € Q(80), ¢ € Q(p) and ||w||2 < C.,,
u T, 77[5(57 a, 5/)2] S C§7

where Cs = O(A71).

C PROOF OF MAIN THEOREM

C.1 STEP 1: BOUNDING THE ACTOR ERROR

Theorem C.1 (Actor Update) Tate n{ = % where cg is a constant, then

Gr <7\/T+O <\/>> +O<\/1:7> +O(e).

Proof We first bound the change of the objective function by the change of the reward parameter:

ElJgp 1 (0r11)] — Jo, (0) =E[Jg, 1 (0r11) — Jop, (0141)] + E[Jop, (0141)] — Jp, (6:)
>E[— |Jprs1 (0r41) = o, (0r41) || + E[J, (0141)] — S, (61)
2 = DJE|[@ir1 — @il + E[Jp, (0141)] — Sy, (6:).
For simplicity, we denote £ = (s, a, s’) and
ho(8,w,¢,8) = (Fpa(s,a) + (v(s') — ¢(s)) "w) Vg logma(als),
ho(0,w,p,v) =Ey ry 5 [ho(0,w, 0, 8)],

thereby _
0111 =0+ 0 ho (0, w1, 01,&),  E[0r11]0:]) = 0, + 0l ho(0s, wi, o1, 1)
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Then we apply the Taylor expansion on J,,, () around ;. The second-order term is propotional to

2 . . . .
n?” as the gradient has bounded variance, while the first-order term can be decomposed into three
parts, associated with approximation error, critic error and Markovian noise, respectively.

S
E[Jy, (0t41)] — Jp,(0:) ZE(VoJy,(01), 0111 — 0;) — *JEHOtH 9t||§

o1l (Vo (00, FulOrsrsi1,0)) — I B0, 0,01
>n] <V0J<pt(9t), (1=7)Vely,(6:))

+ 1) (Voo (61), ho(0r, w7 1,057 ) — (1= 1) Voo, (61))

+ 1y <v0JLpt(0t)7B9(9tawt7‘ptal/get) - Be(etaw;%tﬂ/;ef’»

+ <VHJLPT(01»)7EQ(Gt,QJt7(Pt7I}t) — l_zg(et,wt,cpt,yggf»

_ L2C§SJ77t

2
>0t (1= 9)[|Vede, (80)]3
=] Vo, (00) |l ||ho(0r, ], 1, 15°) — (1 = 7) Ve, (61|,

I
- ’I’]f HVBJLPt(et)”g Hlibe(etawhcptay;et) - B@(etawt*7('ptayget)|‘2
I
—n! IVo o, (00)ly ||ho(Or, wi, i, 02) — ho(Or, wy, 1, Vggt)HQ
I3
L2028 92

1; is associated with the approximation error. Using Proposition we have

vyt 7o, P |:((7::‘Pt’6t (s,a) + ’Y‘A/u: (s") — ‘A/w; (s))

~ (For 0u(5:0) + V2 () = V2" (5)) ) Vo logmo(als)] |

E,or o o | (i () = V() = (Vai () = Vil (5))) Valog mo(als)] |

I =

-
SL\/EV:et e | (1T () = T2 () = (T () - T ()|
<2V2Le.

15 is associated with the critic error. We have
oo [ (Feoon(5:0) + 4V, () = Vi (5))
- ( (5:0) 97 ()~ Vaz 9) ) Voo ma(als]

E,or ., p [(10(5) = 6(5)) T (w; = w})Valog o, als)] ||

I, =

|
<L,z (00 ~ 65D (w1 - wi))]

<2L|w; — w2

I3 is associated with the Markovian noise. Using Proposition[4.9] we have

/ ds (#¢(s) — v () Eq, [S(S,CL,S/)VG log g, (a|s)}
S

<LCslon —vp* |l

Iy =

2
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t—1

SL*C3L, Yy A" R0+ LCsH llp — v .
k=0

Combining the above, we can derive from (I6) that

1 DE ||lpt+1 — @
(1= 0O < (Bl (Bri0)] = S (60) + 2 leeer = el

¢ U
L2C3S !
11V o, (O0)l2(I + I + I;) + =227
1 DE ||@i+1 — ¢l
< (]E[J¢t+1(0t+1)] - J‘Pt(at)) + 0 :
Mt Mt
+2V2LL e + 2L||wy — wi 2] Ve, (61)]l2
t—1
+ L*C3LyLy Y 'l + LCsLA o — vp |
k=0
L2C3S
+ =
Summing over iterations, we have
T—1 , =y = E||¢i+1 — @1l
-7 Y ElVedp@)Z< Y 5 (ElJp,,,(8i1)] — BT, (6,)]) +D; Y. —1Pet =Pt
t=T/2 t=T/2 't t=T/2 Mt
Sl S2
T-1
FVATLLye+2L Y [lwr — @i 2l Vo e, (612
t=T/2
S3
T—-1 t—1 r-1
+ L2CSLsLy Y Y AT M ALCLllp v Y A
t=T/2 k=0 J=T/2
———
S4 55
L2025,
it el Z 77?- 17
t=T/2
——
Se

For Sy, by applying the telescoping skill, we have

T-1
1 1 E[J,., (6 ElJor,:(07/2)]
51 = Z —— — 5 ) ElJe, (01)] + [ ‘Pe (67)] — @ /a /
n Ui
t=T/241 Nlt—1 t -1 Nr/2
T—1

1 1 C C
Z < )CJ+ 9J +7J

= o 0 0
t=Tj2+1 Nt =1 -1 Nirye

20y
a M1
—0 (V7).
For S5, by applying the Cauchy-Schwartz inequality, we have
T—1 , T-1
Sy < t_ZT/Q]EHSDtJrl — i3 t_;/Z ?
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~0 (VTFy),
where the last equality is due to the fact that

T-1

1 1 In2
> g D gt~
t=T/2 nt “ , =T/2 0

For S5, by applying the Cauchy-Schwartz inequality, we have
T-1 T-1
* 2
Sy < | D Elwe —wil3 | D IVeJe (805
t=T/2 t=T/2
T—1 T—1
T 1 1
5\ 7z X Bl wilBy 7 S Vel (013
t=T/2 t=T/2
T
=—+/GrWr.
5 TWT
For Sy, S5 and Sg, we have
T—1¢—1 T-1 T—t—1 T—1 0o
t—1—k, 0 _ 0 t
Sy < ¥ M= 2 _ " Z’YJS T
t=0 k=0 t=0 j=0 t=0
1 1
- ~ -0 (\/T) :
09(1*7); t
1
55 S )
=)
1 - 1
=t > L —o(vr)
€0 \_T/a11 Vi

Plug Sy, So, S3, Sy, S5 and Sg into and divide both sides by (1 — )f we obtain

Gy <—W+O <\/>> +0<\%) +0(e),

thus completes the proof.
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C.2 STEP 2: BOUNDING THE CRITIC ERROR
w

Theorem C.2 (Critic Update) Tate nf = % Ny = <2 where cg and c,, are constants such that

\/E
<o A
o < 5o then

1

Wr < 2(1 — fy)sz—H\/WTGT +0 (FTﬁ) +0 <\/1;7> +0 <\/T) +O(e).

Proof  For simplicity, we denote £ = (s, a, s’) and

ha(8,w,0,8) = (Feo(s a) + (19(s') = 3(s))"w) (s),

ho(0,w, @, v) =By ry » [hu(0,w, ¢,8)] .
According to the critic update rule (9), we have
w1 — wE‘HHZ =||Me,, (wi + 18 ke (8, wi, 01, &) — e, (w§+1)||§
< |wr + 05 ho(Br, wi, 01, &) — wipa |3
= [|(wr — f) + (O, we o &) + (w0 — i) |2
=||w; — wfllg + anhw(et,wta%’ft) + (wf - wik+1)H§
+2 <wt —wi N e, (0, we, 01, &) + (‘U? - “’;+1)>
<lwe = wi 5 + 205 1o (81, w1, 00, €05 + 2 |l = wia
+ 207 (W — W ho (0, wi, 01, 6)) + 2 (Wi — wf wf —wiy). (18)

To capture the evolution of the critic error ||w; — w; 3 we need to bound the other four terms on

the right-hand side of (I8). By taking the expectation, the two quadratic terms can be bounded by

2
L < C3 (19)

E [1hu (81, wi, 0, €113 =Esima, || 351, a1, 51)0(s0)

and 5 )
E [} - wioll; <E [(Zol8i1 = 6ill2 + Dullerin - ¢1ll2)*]

2
<2L2n)"E | ho (81, wi, o1, &5 + 2D2E| i1 — @1ll3
2
<2L*C3LLn,” + 2DZE| i1 — i3 (20)
The expectation of first inner-product term can be decomposed as the follows:

E <wt —wy, hw(0t7wt790t7ft)> = <Wt —w 7Bw(9t>wt>§0t>ﬁt)>

J1
+ <wt - w:aﬁw(attha P, V;ret) - Bw(0t7w:7‘10t7yget)>
Ja2
+ <wt - w:aﬁw(atawta P, ﬁt) - ﬁw(0t7wt7(ﬁot7yget)> .
J3

According to the definition of wy, it should be a stationary point of the update rule, hence we have
Ji =0.
Jo is associated with the critic error. We have
Jo = (wi =@l B ro, L[(16(5) = 6(5) T (wi — w)(s)])
= (W —wy, —Ag, (Wi — )
<= AMlwr — w3 -

J3 is associated with the Markovian noise. Using Lemma 4.9 we have
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Js < ||w; — willy Hﬁw(at,wtm@t, D) — Bw(et,wt»wtanet)HQ

SQC(‘) / ds (l)t(s) - V;rot (3)) anﬂgt(»|s),s’~73(»\s,a) [8(57 a, Sl)d)(S):|
S 2
<20, Csl|0r — v |11
t—1
<2LCLC3L, Y A Fnl 4+ 2CuCsrtllp — v |,
k=0
Hence, we have 1
E (wi — w], ho(Br,we, 01, &) < —Alwp — wi||5 + 2LC,C3 L, th‘l"“nﬁ +2CuCs7'lp = vp |1
k=0

2n

The analysis of the last term in is similar to the analysis of the actor error. We first leverage the
Lipschitz continuity of w* (¢, @) with respect to ¢, then apply the Taylor expansion of w*(¢p, 0)
with respect to 8 around 6;:

E(w; — wy,w; —wii1) =E (W — wf,w* (1, 0;) — w* (pr41,601))
+ E(w — w/, w (pr41,01) — w0 (Pr41,0141))
=E (w: — wi,w"(pt,0:) — w* (@111, 04))
+ E(wi — w;,w* (1, 0;) — w* (Pr41,0:) — Vow™ (141,0¢) " (01 — 0i41))
+E <wt — W, Vew" (¢ii1,0:)" (0; — 0t+1)>
<Dyl ~ il Ellpess — il + 22 |
+E <wt —w;, Vow" (Y11, Gt)T (6; — 0t+1)>
SLQCECwaUfQ +2CuDLE ||ps1 — #illo
+E <wt —w;, Vow* (pit1, Ot)T (6; — 0t+1)>,

1

2
lwi — Wy [l E 1041 — 6]

where the last inequality uses the facts that
2 2 2
E[|6; — 0,412 <L*C3nf” and  lw; — i3 < 2Cu.
The remaining inner product term / can then be decomposed into terms related to I, I and I5.

I=- 77? <wt —wi, Vew" (11, ot)TBG(at;wty <Pt,ft)>

=— (L= (wi — w}, Vow* (¢r11,0:) Voo, (61))
—nf (wi — w], Vow* (0111,0:) " (he(0r,w;,01,v,°) — (1 —7)Vey,(6:)))
—nf (wi — w}, Vow™ (0111,00) T (ho(0y,wi, 01,05 ) — ho (0, i, 1, 15°)))
- 77? <wt - w:aVOW*(SDtH,@t)T (Be(etywt,%, D) — ho (0, wy, <Pt7Vget))>

SLQC(?CwaU?Q + 20, DuE [[pry1 — @il
+ (1= 7)Swnf wi = willy [Voe, (60,
+ ] llwr — willy [|ho (01, w7 1,5 ) = (1= )V, (0

Iy

+ Swnte Hwt - w:HQ ||B9(0t7wt7 Pt V:)Tet) - BQ(Otvwz{7 Pt V:)Tet)H

I

b

+ Sunf Jwr — wf||2 Hhe(et,wu Pt, Vi) — B@(etywta Pt V;T)rgt)

I3

where
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I SQ\/iLG, Iy <2L||lw; — w2,
t—1

Iy <L’C3L, Yy A7 il 4+ LCsH o — vp™ |-
k=0

Hence, we have
(wi — W}, wf = wiyy) SL2C3CuSun!” +2CuDy 9111 — il
+ (1= 7)Sunf llwr — wi 5 Vo Te, (6:)],
+4V2LC,Spen? + 2081 ||w; — wZ‘Hg
t—1
+2L2CuC3L, S Y A~ 0l + 2LCLCsSun{~ lp — vo™ |l1-
k=0 o)
Plugging (19), 20), 1) and 22) into (I8) gives
E ‘wt-i-l wt+1H2 (1 =2\ + 4L5w77t) e — wZ‘Hg
+2(1 = 7)Suwnf wr = willy Vo Je(80)]]
+2D2E| @41 — @ill3 + 4Cu DBl — @il
t—1

+ALC,C Ly (LSuwny +n7) Y 7~ nf
k=0

+ 4Cw06(LSw77t9 + 77‘5))’Yth - V;JTOU 1
FAL2C2L2 00 + 8V2LCL, Suen.

7] _c
Note that % 22 § ﬁ,thus

T-1

T—-1
1
AY Eler—wilz< > = (EHwt—wag_EHth—w;‘HH;)
t

t=T/2 t=T/2

S1

T-1
C *
+2(1 - ’V)Lwci Y lwe —wily [IVei(80)ll,

“ 1=T/2

Sa
T-1 T-1

E E
+ap2 Z lerr1 — eill3 120D, Z llpr+1 — @ell2
t=T/2 3 =T/2 ny

Sg S4
T-1 t—1

+(1+NLCLCIL, Y > Akl

t=T/2 k=0

Ss
T-1 )
+(1+NCuCsLyllp —vp®llr > ¥
§j=T/2

———
Se

T-—1
+AL2C2L2) Z" 3 0 +8V2LC, 502 (23)
t=T/2 Cw

——
Sz
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For 51, by applying the telescoping skill, we have

T-1 R
1 1 . Ellwr — w32 Ellwre — w3
Si= 3 (o) Bl - o - Hlereild, Fere o
t=T/a41 NNt li—1 IT—1 N1/2
T-1
1 1 2C, | 2C,
< <w_w)2c“’+ o T
=141 N Tl -1 Ty
_4C,
N7

=0 (VT).

For S, by applying the Cauchy-Schwartz inequality, we have

T—1 T—1
« 2
S22 3 Bl —wil3| S IVedi (62
t=T/2 t=T/2
T-1 T-1
T 1 w12 1 2
=3 T7/2 Z Ellw; — wi||3 Ti/Q Z Vo e, (8:)]5
t=T/2 t=T/2
T /—
:E WTGT.
For Sy, note that iy is decreasing as ¢t grows, we have
S Elewi—eils . 1 % 2
Si= Y. - <—— Y Elpi—@ill; =0 (FTT\/T)
t=T/2 M -1 t=T/2

For S5, by applying the Cauchy-Schwartz inequality, we have

T-1

T-1
1
Sy < E Ellpe+1 — el E 3
t=T/2 t=T/2 "It

TEr

—0 (VTFr),

where the last equality is due to the fact that
— 1 1 &1 1 In2
Y. = 7= o (Hr = Hrpo) ~ —-.

t=T/2 Mt W =T /241 w

For S5, Sg and S7, we have

S5 < V=D Y <) g

t=T/2+1
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Plug 51, S2, S3, S4, S5, S6 and S7 into (23) and divide both sides by 2", we obtain

Wp < 2(1 — V)LMS—Q\/WTGT +0 (FT\/T) +0 <\/F?T> +0 <\/1T) +0(e),

thus completes the proof.

O
C.3 STEP 3: SOLVING THE SYSTEM OF INEQUALITIES
Proof of Theorem According to Theorem [C.T]and Theorem[C.2] we have
F 1
(1 —7~)Gr <2L\/GrWr + O \/l +0 () + 0 (e), (24)
T VT
1 Co FT 1
W 2L, 2 /GWr + O (VTFr) +0 (51 ) +0 (=) +0(). 5
W st VG 0 (Vi) w0 () <0 () row. @
Note that
1—7 2L 1—7v 2L
2 =24/ —— c— < . 2
GrWr 5T Gr 177WT_ 5T GT+17,YWT (26)
Plug (26) into (24)), we have
11—~ 2L Fr 1
Gr < W: O — O|—= O (e). 27
oL CTS1, T+ ( T>+ (\/T>+ (€) 27)

Combining (26) and (27), we have

41 F 1
2/GrWr < =Wy +0 (ﬁ) +0 (T) L0(e). (28)

Plug (28) into (25), we have

L8 < 0 (VTFr)+0 <FT> o (1) o

1—7v T r
Therefore, when %f) < ﬁ’
1 Fr
_ — TF: e :
Wi O(ﬁ) o (VT T)+0<T>+0(e)

Combined with (27), we have

Gr=0 (\/1?> +0 (VTFr)+0 <1;T> +0(e).
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D PROOF OF PROPOSITIONS, PRELIMINARY LEMMAS AND COROLLARIES

Proof of Proposition[4.2] For any vector x,
o Agr =2 Byzo 1, [6(5) (0(5) —16(5) | @
=z (B [0()6(5) "] = 1Ess [0()8(s)T]) &
=E; [27¢(s)é(s) 2] — 1By [27d(s)8(s') 2]

According to the Cauchy-Schwartz inequality,

Eou [276()6(s") 2] < \/Ex [T 6(s)6(s) Tal/Bur [27 6(s)(s") T

Note that
T i o el O O 0
v Y
)
Eo [27¢(s)g(s) "] < %Es [2T¢(s)p(s) " z] ,
and hence

z! Agx >E, [xT¢>(s)¢(s)Ta:] - ’y\/]Es [T o(s)p(s)Tx] \/iEé [T o(s)p(s)Tx]

=(1—7)z" Loz
>(1—y7)As )3
Therefore, Ag is positive definite with singular values lower-bounded by A = (1 — ,/7)As.

Proof of Proposition[4.3]
LHS :\/EV;%P {((Ww* () = Vi (5)) = (7m0 (') = V7o (s)))Q]
g\/ E, o rop {2 (7 (Ve () = V7m0 (5’)))2 +2 (Ve (5) - ‘7”9(5)>2]

- \/2ES [(Vw*(s) _ e (8))2] + 272K, {(ﬁ,*(s/) — Vo (s’)ﬂ

V3 \/Es |:(‘7w*(3) _ f/we(s))z} +7\/Esf [(‘7“,*(8’) - ‘7”9(8’))2]

Il 12
According to the definition of € (I3)), I; < e.
For I5, note that

SO

Therefore, LHS < 2v/2e.
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Proof of Proposition[d.5] For any 0;, 6, € Q(8), let
f(a) = {1 ,mo, (als) = o, (als)

)

—1 ,otherwise

then
76, (:|5) — o, ([5)[l1 = Eannme, (-15)[f(@)] = Banmg, (15[ (a)].
Note that
[oEamrcrol @I, = Vo [ moals)(@)a
A 2
—| [ Vomo(als)flayia
A
= /A7rg(a|s)V9logﬂg(a|s)f(a)da
2
= | Eanmo (1) Vo log ma(als) f(a)]],
<Eonre(|s)[[Vologma(als)ll, [f(a)l]
<L.
Therefore,

76, (-[s) =m0, (:[s)[[x < L[|61 — s].

Proof of Corollary Assume that E||h,(t)[|5 < CZ and 7 = f[, we have

Fr = / Z]E||<Pt+1 @3
t= T/2

T/ Z n¢ *Ellhg (1)]13

t=T/2
C2 T-1

Hence, the terms O(Fr+/T) and O(y/Fr/T) are both dominated by O(1/+/T'), leading to an over-
all O(1/v/T) + O(e) bound.

Proof of Proposition We abuse the notation Py : A(S) — A(S) to denote an operator that
acts on a state distribution v, defined by

(Pov)( /ds/ dav(s)me(als)B (5|5, a)
— /5 ds /,4 dav(s)mo(als)P(s]s, a) + (1 - 7)p(s)

Then, Pp is a contraction mapping and v is the unique fix point of it. Formally, Vv, v € A(S),
we have

[Pows = Pows|, = [ a5 |Pora)(s) = (Pore) o)
:'y/dsl /ds/ da(vi(s) — va(s))me(als)P(s']s, a)

<7/ds|1/1 — (s |/ds / damg(a (s'|s,a)
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:7||V1—V2||1,

and
(7391/;“’)(3) =v,%(s),¥s € S.
Therefore,
Ellin — vyl <Ellor — v, 1+ Ellv, " — v [y
<E HﬁgHat_l —Po,vp" ||+ LEN6—1 — 62
<AE|pe—1 —vp " |1 + LCsLon?_,
t—1
<LCsLy Y A 44 o —vp® -
k=0
Proof of Lemma [B.1]
~ 1 3
’VLPG(S)' = ‘MESW;'B(-) []EaNﬂ'e(‘|8) ["”ap,O(S,a)H‘
1 N
§ﬁES~Vge(.) H]E(LNTFQ(~|8) [Tcp,é)(saa)m
C
<~
15

Hence, C; = O((1 — v)~1). Note that by letting p(s) = I[s = sg], we have ’Vge(so)‘ < Cy for
any sg € S.

1907500l = | s [Faracro [ (5.0 Vo ogmo(als)] ] |
SLE 0 () amo(-]5) 7(s,a) + YEgmry, {V”Q(S)H
1— s~ (anmolls Plls,a) | Ve
< CL
ST

Hence, Ly = O((1 — v)~2). Similarly, by letting p(s) = I[s = s¢], we have ‘ngfg"(s())’ <Ly
for any sg € S.

1 -
V() :ﬁEugﬂ,m [Qm (s,a) (Vo logme(als)Velogme(als)™ + Vi logﬁo(a\s))}

+ ﬁ“‘:u;%e,v [Vg log ﬁg(a|s)V91~/$"(s')T + ng/;”’ (s')Veglog ﬂg(a|s)—r}
C/I2+5) L, )
2 <27 =0((1 —7)7%).
[Tarp(0)], <CAELS) B oy
Hence, S; = O((1 —7)73).
1 .
[Vedo(0)ll, =||Ve fEu"‘*,we [Fe.0(s,a)]
1—v ¥ 9
1 -
= HM]ESW,TG(-) [VeEanmo(ls) [Fe0(s:a)]]
2
D
<
ST,

Hence, Dy = O((1 —~v)71).
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Proof of Corollary[B.2] For any state 6,05 € (6), consider the MDP (S, A, P,r’,~) where for
any s € S,a € A,

Ty, (s) > ()
—1 ,otherwise '

(s,0) = £(s) = {
Assume the regularization factor o = 0, then for this RL problem, 7(s,a) = (s, a), and

7o, 7"92 1 ”92
Hyp — /ds ‘I/p -V, ‘

_ / ds (V3% (s) — 132 (s)) £(s)

= [ s - [ a9

ESNVp91 ) |:]Ea~7r91 (-]s) [F(s, a)]} — ESNV;eQ o) [anﬂgz (-Is) [F(s, a)]
=(1=7)(J(61) — J(62)).
Then we can apply Lemma|[B.1|with C' = 1 to obtain L, = (1 —v)L; and S, = (1 —~)S,.
Proof of Lemma [B.3
190 A0ll; =||VoE, 7o ry p [6()(0(5) — 7605 7]

2

dS dave (5o (s)ma(als)) Ewrp(fs.a) [0(s)(0(s) —vo(s) ]

2

( / ds / da|Ve (5% (s)mo(als), ) (max [ By 1o [6(5)(@(5) = 16() ],

<(1+7) /ds/da ’Vg s)me(als) H2

=(1++) /ds/ daHVgu s)me(als) +v,°(s)Veme(als) H2

<(1+7) (/ ds | |ng“" || /daﬂ'e /dsu”" /damg als) || Ve log g (als )||2)

<+ (L, +1L)

~o((1 -
Hence, Ly = O((1 —~)71).

V3 40|, = Hveﬂayﬁ o [6(5)(8(5) = 70() 7] |
daV2 s)ma(als)) By wp(.js,a) [0(8)(B(s) —vo(s")) "]

2

( / ds / da||V3 (v (s)ma (als)) | ) (max [Ex a0y [6(5)(0(5) ~ 76()) ]|,
<(1+7) /Sds/Ada Ve (v5° (s)ma(als)) ],
<(1+7) [/SdsHV(Q,V;"(S)HQ/Adawg(MS)

+2/d5”V91/;;9(5)||2/ damg(als) || Ve logme(als)||,
S

—|—/dsup (s )/ damg(a ’|V910g7rg(a| )V logmg(als)™ +V310g779(a|s)H2
S A

<(1+9) (Sl,+2LL,,+L2+S)

=0((1=7)7%)

Hence, Sa = O((1 — v)72).
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Proof of Lemma [B.4]
166, 10 malo0(5,0)0(5)] |

179 g P05, )]

2

<C
Hence, C;, = O(1).

I¥0beolly = |[VoE,z0 1, Fp0ls. )0(s)] |

- /S dsVe (V% (5)Eamno(.1s) [F0(5: 0)]) 6(s)

2

(maxj6(s)1l,)

IN
o
@
<
&Y

(V52 ()Eamro (1) [ 0(5: 0)])

S 2

/sds Vo (152 (8)Eanme(.1s) [Fe0(s, a)]) ||,

S/‘SdsHVgl/m.) ||2 a~me(-|s) [Fp.0(s,a)]

IN

+/Sdsv $) [|VoEanrg(1s) [F.0(s, )],
<CL,+CL+0
=0((1 -7
Hence, Ly, = O((1 —~)71).

IV3be.all, =||V3E, 70 1, 705, )(s)] |

= | [ 4593 (0 (a1 Fols.a)) 600

2

IN

/‘Sdsvz (Vg" (8)Eamme(|s) [Fe,0(s,a)])

(max lo(s)])

2

IN

[ 0593 (3 OBt )
/dsHV2 71'9 )||2ECLN7"9('|5) [F%g(s,a)]

=+ /S ds ||VG1/;;9 (S)||2 Hveanng(-\s) ['Fcp,e(sa a)]”g

Jr/SdSV ||Ve]Ea~7re( 1s) [Te,0(s,a Hz
<CS, +CLL, +C(L*+S)
=0((1-7?%

Hence, Sy = O((1 — v)72).
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”vsobga,e ||2 = V«PEVZG T [Fga,ﬂ(sv a)¢(5)]

‘ 2

- /S A5V (17 (5)Ear g1 [Fo0(5, @)]) 6(5)

2

(maxj6(s)]l,)

< /S A5 g (17 (5) By (1) [0 (5, 0)])
2

< [ 451196 (72 0 Benrin Fools. )

:/Sdsug" (s) ’|V¢IE(LNW9(.|S) [f¢,9(s,a)]|‘2
<D

Hence, D, = O(1).

Proof of Lemma [B.5]

" (,0)]1> = 14g "bg oll2 < [[Ag " [12|Bg oll2 < = =

C, C
A
Hence, C,, = O(\71).
IVow™ (2,0)[l, = | Vo (Ag 'beee)
=|Vo (A5") byo + Ag'Voby,ol|,
=l A5'VoAgAG by o + Ay Voby e,
<[ A5 2IVoAsll2[ Ag [l2llbg,0ll2 + [[ A5 12| Vobe,oll2
SLACA 2 4+ LA™t
=0((1—7)7'A7%)
Hence, L, = O((1 —v)~1A72).
|93 (.0)]], = V3 (45"b00)
=[Ve (Ag'VoAs Ay by + Ag'Vebye)|,
=||Ag VA9 A, by o + 24, Vo Ag Ay Ve AsAy by e
+2A4'VoAs Ay ' Vob, o+ Ay ' Vobeol,
< A" 12V5 Asll2lAgtll2]1by 6]l
+2[| A5 2 Vo Aoll2l| Ag 12 Vo Asll2[| Ag l12]1by 62
+2[| A5 2 Vo Aolll| Ag 12 Voby,oll2.
+ 145 121 Vabe,oll2
<SACAN 2+ 2L4C N2 + 204 LN 2 + SpA !
=0((1 =7)72A7%)
Hence, S, = O((1 — )72\ 73).

IV ow*(,0)ll, = || Ve (A5 bee) |,
= HAglvsab%@Hz
<[ A5 21|V pby.6

2

Hence, D, = O(A\71).
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Proof of Lemma

Ey.mo.pl10(5,a,8')3 =

As1/(5)Ery p | (7(5,0) + (6(5') = 6(5) Tw)”]

< [ dsu(s)En, [(f(s,a) + 2Cw)2]

IN

e~

dsv(s) (Er, [7(s,a)?] + 4CWuEr, [F(s, a)] +4C2)

<(C? 4-4CC,, +4C2)
(C +2C,)?

Hence, C5s = C' +2C, = O(A71).
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E LLM USAGE

Large Language Models (LLMs) were used to aid in the writing and polishing of the manuscript.
Specifically, we used an LLM to assist in refining the language, improving readability, and ensuring
clarity in various sections of the paper. The model helped with tasks such as sentence rephrasing,
grammar checking, and enhancing the overall flow of the text.

It is important to note that the LLM was not involved in the ideation, research methodology, or
experimental design. All research concepts, ideas, and analyses were developed and conducted by
the authors. The contributions of the LLM were solely focused on improving the linguistic quality
of the paper, with no involvement in the scientific content or data analysis.

The authors take full responsibility for the content of the manuscript, including any text generated
or polished by the LLM. We have ensured that the LLM-generated text adheres to ethical guidelines
and does not contribute to plagiarism or scientific misconduct.
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