
Under review as submission to TMLR

Self-Improvement as Coherence Optimization:
A Theoretical Account

Anonymous authors
Paper under double-blind review

Abstract

Can language models improve their accuracy without external supervision? Methods such
as debate, bootstrap, and internal coherence maximization achieve this surprising feat, even
matching golden finetuning performance. Yet why they work remains theoretically unclear.
We show that they are all special cases of coherence optimization: finding a context-to-
behavior mapping that’s most compressible and jointly predictable. We prove that coher-
ence optimization is equivalent to description-length regularization, and that among all such
regularization schemes, it is optimal for semi-supervised learning when the regularizer is de-
rived from a pretrained model. Our theory, supported by preliminary experiments, explains
why feedback-free self-improvement works and predicts when it should succeed or fail.

1 Introduction

Language models can improve their accuracy without external supervision. Methods such as debate (Irv-
ing et al., 2018; Khan et al., 2024), internal coherence maximization (ICM) (Wen et al., 2025),1 iterative
bootstrap (Lee et al., 2013; Xu et al., 2023), and Metropolis-Hastings sampling (Karan & Du, 2025) have
matched supervised finetuning performance on ground-truth labels, despite using nothing but unsupervised
questions and a pretrained model not finetuned on the present task. This is surprising. Where does the
“supervision” come from?

This paper provides a theoretical answer. We show that these methods all optimize the same objective:
coherence, defined as the joint likelihood of the model’s behaviors across all contexts, with the joint likelihood
in turn defined through autoregressive conditioning or training. We prove that coherence optimization is
equivalent to description-length regularization, and that it is the optimal regularization scheme for semi-
supervised learning when the regularizer is derived from a pretrained model.

The Problem (Semi-Supervised Learning). Consider a model responding to different contexts (e.g.,
question prompts), where each context is associated with a large space of possible behaviors (e.g., free-form
answers). A deterministic policy (d-policy) is a complete assignment of one behavior to each context. Given
N supervised labels, we want to find the d-policy that generalizes best to unseen contexts. The classical
solution is empirical risk minimization (ERM), which fits the supervised labels exactly, but ERM overfits
when the hypothesis space is large, as is the case for language models (Lampinen et al., 2025). By utilizing
access to unlabeled contexts, we would like to improve the generalizability of the learned hypothesis.

The Solution (Coherence as Regularization). Statistical learning theory addresses overfitting through
regularization that penalizes complex hypotheses (Vapnik, 1999). One large class of regularizers are those
constructed from description lengths under some prior distribution, the most famous of which being the
Solomonoff prior (Solomonoff, 2009). We show that in a semi-supervised learning setup, the natural, and
optimal, prior is the model itself pre-trained on supervised samples, and description length under this prior
equals the negated coherence. Intuitively speaking, this is because such a coherence prior aligns best with
the data-generating distribution and is thus most truthful. Empirical results support such an intuition.

1Connections and differences between ICM and coherence optimization is discussed in §2.
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Formally speaking, we prove that among all description-length regularization schemes for semi-supervised
learning, coherence regularization derived from a KL-optimal prior is optimal in the following sense. It
maximizes the worst-case lower bound on expected accuracy (Theorem 5.5). This formalizes the intuition
that pretrained models provide the best available prior for regularization.

The Algorithm (Gibbs Sampling). Direct optimization of coherence is intractable because it requires
evaluating the joint probability over exponentially many behavior combinations. We show that Gibbs sam-
pling provides an efficient solution. The algorithm repeatedly (i) selects a context, (ii) resamples its behavior
conditioned on all other current behaviors, and (iii) updates the d-policy. Under mild conditions, this con-
verges to a distribution concentrated on high-coherence d-policies (Theorem 4.2).

Contributions. We make three main contributions:

1. We show that debate, bootstrap, and ICM are all special cases of coherence optimization.

2. We prove that coherence optimization is the optimal form of description-length regularization for semi-
supervised learning with a pretrained prior. Preliminary experiments show that coherence-based regu-
larizers outperform LLM-as-a-judge as proxies for truthfulness.

3. We present a simple, scalable, and theoretically grounded algorithm for general coherence optimization.

2 Related Works

This section reviews literature on the formal and experimental study of feedback-free self-improvement.

Unsupervised Scalable Oversight and Feedback-Free Self-Improvement. Scalable oversight (Bow-
man et al., 2022), an area of AI alignment research (Ji et al., 2025), focuses on directly or indirectly super-
vising strong and potentially superhuman models, ones capable of gaming any available supervision signal.
Classical methods of scalable oversight include debate (Irving et al., 2018; Brown-Cohen et al., 2024; Khan
et al., 2024), iterated amplification (Wu et al., 2021), recursive reward modeling (Leike et al., 2018), and
weak-to-strong generalization (Kenton et al., 2024). Some of these methods, including debate, are unsu-
pervised or self-supervised, where the aim is to uplift the capabilities of a model using its own supervision,
without sacrificing safety properties. Newer methods in this category, including internal coherence maximiza-
tion (Wen et al., 2025) and sampling methods based on Markov chain Monte Carlo (Karan & Du, 2025), have
managed to match supervised finetuning performance on golden labels, a surprising feat for unsupervised
methods. To date, the study of such methods has remained heuristic and entirely empirical — with rare
exceptions studying the computational complexity of debate (Brown-Cohen et al., 2024; 2025) — and it is
generally not understood why such methods work. This paper aims to change that by formally characterizing
the mechanism of such feedback-free self-improvement (i.e., that these methods are policy-wide description-
length regularization), and proves that coherence is the optimal regularization scheme for semi-supervised
learning. It also gives a practical and easily scalable algorithm and demonstrates its empirical promise. The
ICM algorithm (Wen et al., 2025) is closely related to the formalism of coherence optimization. It optimizes
for the bidirectional variant of the autoregressively defined objective in coherence optimization, as will be
discussed in §4.2. It is exactly this difference, however, that enables the scalable optimization and formal
analysis of the autoregressive objective in this paper, which was difficult or intractable for ICM.

Theory of Semi-Supervised Learning and Regularization. The theory of semi-supervised learning
characterizes how knowledge of the marginal distribution P (x) of the input x restricts the effective complexity
of learning the conditional output distribution P (y|x). Consistency regularization is a classical type of semi-
supervised learning method, shown to reduce the local Rademacher complexity of the hypothesis class when
applied on unlabeled data and lead to tighter generalization bounds (Maximov et al., 2018). While it is
famously shown that unlabeled data improves sample complexity by at most a constant factor in the worst
case (Ben-David et al., 2008), that constant factor depends on the data dimension and can be large in high-
dimensional regimes. For instance, in sparse Gaussian mixtures, unlabeled data enables polynomial-time
learning where supervised methods are computationally intractable (Azar & Nadler, 2024), and in the case
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of large neural networks, the neural scaling law varies with the intrinsic dimension of the data manifold
(Sharma & Kaplan, 2022). However, high dimensionality can also be a curse; dimensional collapse — where
embeddings degenerate into a low-rank subspace due to implicit regularization — is a common failure mode
for semi-supervised learning (Jing et al., 2022), which He et al. (2024) propose countering via orthogonality
regularization. In the deep learning regime, consistency regularization is shown to be equivalent to spectral
decomposition of the augmentation graph (HaoChen et al., 2021). Wei et al. (2021) provided guarantees for
self-training under an expansion assumption, a condition recently adapted to explain how strong student
models can generalize beyond weak supervisors (Lang et al., 2024) . At the information-theoretic limit, these
regularizers can be modeled with Solomonoff induction (Leike, 2016), a connection formalized with singular
learning theory to link loss landscape degeneracy to model compressibility (Urdshals et al., 2025). Our
work contributes to this literature by (i) generalizing consistency regularization from invariance under local
ϵ-perturbations to predictability under arbitrary context differences; and (ii) suggesting that in the high-
dimensional setting of language models, coherence regularization optimally reaps the large, dimensionality-
dependent improvement factor from unlabeled data access, as upper-bounded by Ben-David et al. (2008).

Formal Accounts of Reflective Equilibrium. Interestingly, another line of related work comes from
philosophical epistemology, which gives a conceptual and formal description of the possible end states of
coherence optimization. Reflective equilibrium, first introduced in Rawls (1971), refers to the process of iter-
atively revising one’s principles and case judgments to remove inconsistencies between them, until eventually
converging upon the state of equilibrium. While the original proposal cleanly distinguishes principles from
judgments, there have been generalized proposals considering beliefs lying on the full spectrum of generality
(Rawls, 2005). Attempts to formalize reflective equilibrium with the language of AI started with Beisbart
(2021), which built a formal model of reflective equilibrium with a mix of classical logic and optimization for-
malism, while stochastic elements were later introduced in Dellsén (2024). Prompted by theoretical interest
in the question of when reflective equilibria of individuals converge in a group (Tersman, 2024), simulation
studies have emerged with a diversity of setup design, including in the space of formal logic with logical in-
ference distances as proximity measure (Lohse, 2023) and in the space of simple classifiers with classification
margins as proximity measure (Baumgaertner & Lassiter, 2024). There also exists theoretical debate on, to
paraphrase in machine learning language, whether the mutual support in a reflective equilibrium should be
autoregressive (Daniels, 1996; Holmgren, 1989) or bidirectional (DePaul, 2006; Haslett, 1987), with concerns
that the latter leads to circularity; we revisit this question in §4, when comparing ICM and coherence opti-
mization. All the works above have been limited to highly simplistic belief spaces and usually without any
element of learning, which makes such formalisms inappropriate for actual application in machine learning.
We aim to change this by introducing an expressive, learning-based formalism that comes directly with prac-
tical algorithms implemented on large language models, and provides grounding for reflective equilibrium by
associating it, both theoretically and experimentally, with increased accuracy and truthfulness.

3 Defining Coherence

We develop a unified framework for understanding coherence optimization as optimal regularization in semi-
supervised learning. We begin with the abstract problem, then introduce learning systems as a tractable
way to implement the optimal solution.

3.1 The Semi-Supervised Learning Problem

Consider a semi-supervised learning setup with behavior space A (a finite set of all possible behaviors) and
context partition S ∈ Π(A) (a partition of A into sets of competing behaviors). Each context s ∈ S is a set
of mutually exclusive behaviors, and each behavior a ∈ A belongs to exactly one context.

Definition 3.1 (Deterministic Policy). A deterministic policy (d-policy) is a function π : S → A such that
π(s) ∈ s for all s ∈ S. The space of all d-policies is AS :=

∏
s∈S s.
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Let D ∈ ∆
[
AS] be the data-generating distribution over d-policies. Let F ∈ ∆[S] be the context distribution,

and {(sn, an)}Nn=1 the supervised samples (context-behavior pairs with ground-truth labels). We assume
unlimited access to unsupervised samples (contexts in F , without labels).

Our goal is to find a d-policy π ∈ AS that maximizes accuracy:

α(π) := Prs∼F,π∗∼D [π(s) = π∗(s)] .

Empirical risk minimization (ERM) overfits when the hypothesis space is too large and expressive. The
classical remedy is structural risk minimization (SRM) with description-length regularization. Given a prior
distribution P ∈ ∆

[
AS] over d-policies,

πSRM := arg max
π∈AS

αtrain(π) − reg(π), where (1)

αtrain(π) := 1
N

N∑
n=1

1π(sn)=an
,

reg(π) :=
(

−2 log2 P(π) + log2 e− log2(1/δ)
2N

)1/2
,

and P(π) is the probability mass of d-policy π under prior P.

We will show in §5 that the optimal choice of prior P for SRM is the one that minimizes KL[D∥P], i.e.,
the best available approximation to the true data-generating distribution. For language models, this is the
pretrained model. §5.2 formalizes this intuition and proves that coherence regularization with a pretrained
prior is optimal among all description-length regularizers in a worst-case asymptotic sense.

3.2 Learning Systems as Tractable Priors

The optimal prior P is the best approximation to the data-generating distribution, but we still need to
compute probabilities under it. A prior over d-policies assigns probability to each of the

∏
s∈S |s| possible

d-policies, and direct enumeration is intractable.

We need priors that allow efficient computation. A learning system defines such a prior by specifying how
to compute d-policy probabilities autoregressively, as the probability of behavior a1 in the context s1, times
the probability of a2 in s2 conditioned on (s1, a1), and so on. The log of this joint probability thereby equals
what we call the coherence of the d-policy. By optimizing for coherence, we maximize log2 P(π), and thereby
minimize reg(π) in Equation 1. For now, we will thus focus on characterizing and optimizing for coherence.

Definition 3.2 (Learning System). A learning system is a quadruple (M,A,S, σ), where the policy monoid
⟨M,+⟩ is a commutative monoid with the identity element 0 (the base policy), a finite generating set A ⊂ M
of M (the behavior space), a partition S ∈ Π(A) of the behavior space A (the context partition or the
competing behavior partition), and the inference function σ mapping every (ϕ, s) ∈ M×S to a distribution
over s that satisfies the chain rule:

σ(ϕ, s1)(a1) · σ(ϕ+ a1, s2)(a2) = σ(ϕ, s2)(a2) · σ(ϕ+ a2, s1)(a1), ∀a1 ∈ s1 ∈ S, a2 ∈ s2 ∈ S.

The notation in Definition 3.2 directly extends §3.1. The behavior space A and context partition S are the
same objects, and a d-policy π ∈ AS satisfies π(s) ∈ s for all s ∈ S. The main purpose of learning systems
is to provide a tractable class of priors P for SRM, namely via the softmax over coherence (defined below).

Intuitively, every element in the behavior space is a “sample” with a certain input-output behavior, and
every stochastic policy ϕ ∈ M can be represented by a multiset of samples, i.e., its “training data”. Each
context s ∈ S is a set of competing behaviors. The chain rule asks that the cumulative “loss” of sequentially
training on multiple samples is not affected by the ordering of samples.
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Figure 1: The coherence optimization framework. The data-generating distribution D produces supervised
samples. Coherence optimization finds πSRM maximizing empirical accuracy with regularization from prior
P. A learning system (M,A,S, σ) defines the coherence function χ, providing a tractable instance of P
via softmax over coherence: P(π) = Xβ(π) ∝ 2βχ(π). Bayesian inference, in-context learning (ICL), and
finetuning are instances of learning systems.
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Example 3.3 (Bayesian Learning System). A Bayesian learning system is defined by

⟨M,+⟩ Let a latent variable θ ∈ Θ govern the data-generating process. A stochastic policy ϕ ∈ M
corresponds to a posterior distribution Pr[θ | Dϕ] over Θ, obtained by conditioning a base prior
Pr[θ] on a multiset of observations Dϕ. The base policy 0 corresponds to the prior Pr[θ] (i.e.,
D0 = ∅). The commutative monoid ⟨M,+⟩ is the space of these observation multisets, with
multiset union as the operation +.

A The set of all possible observations or data points.

S A partition of A where each context s ∈ S represents a set of mutually exclusive outcomes for a
single experiment or query.

σ The Bayesian predictive distribution. For a stochastic policy ϕ (representing data Dϕ) and
a context s, the probability of observing a specific behavior a ∈ s is its marginal likelihood:
σ(ϕ, s)(a) = Pr[a | Dϕ] =

∫
θ∈Θ Pr[a | θ]Pr[θ | Dϕ]dθ.

The chain rule holds as a direct consequence of the definition of joint probability. The LHS is

σ(ϕ, s1)(a1) · σ(ϕ+ a1, s2)(a2) = Pr[a1 | Dϕ]Pr[a2 | Dϕ, a1] = Pr[a1, a2 | Dϕ],

while the RHS is

σ(ϕ, s2)(a2) · σ(ϕ+ a2, s1)(a1) = Pr[a2 | Dϕ]Pr[a1 | Dϕ, a2] = Pr[a2, a1 | Dϕ].

Since joint probability is symmetric, the rule holds.

Example 3.4 (In-Context Learning System). An in-context learning system is defined by

⟨M,+⟩ The policy space M is the set of all possible multisets of in-context examples. The base policy 0
is the empty multiset. The operation + is multiset union, which is commutative by definition. In
practice, these multisets are linearized into sequences to be fed into a language model, and this
linearization breaks strict commutativity; hence, this is an approximation.

A The set of individual input-output pairs that can be used as in-context examples, e.g., (context,
behavior) pairs.

S Each context s ∈ S is the set of possible behaviors for a given input. For instance, for an input qs,
s = {(qs, a) | a ∈ possible behaviors}.

σ For a stochastic policy ϕ ∈ M (a multiset of examples) and a context s corresponding to input qs,
σ(ϕ, s)(a) for a = (qs, ã) ∈ s is the probability assigned by the language model to generating be-
havior ã given the prompt constructed from ϕ and qs. That is, σ(ϕ, s)(a) = PLM(ã|context(ϕ), qs).

For in-context learning systems, it is unclear how well the commutativity of ⟨M,+⟩ and the chain rule hold
in practice. However, to the extent that in-context learning is an approximation of Bayesian inference (Xie
et al., 2021), such assumptions make sense as a first-order approximation. Also, in practice, we only face
in-context sequences that are relatively well-mixed, so order dependency issues caused by a big in-context
“distribution shift” over the turns is not a severe concern here.

Example 3.5 (Finetuning Learning System). A finetuning learning system is defined by. . .

⟨M,+⟩ The policy space M can be identified with the set of all possible multisets of training data. The
base policy 0 corresponds to the empty dataset and a randomly initialized model. The operation
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+ is multiset union. A stochastic policy ϕ ∈ M represents the dataset used to train a model from
its initial state to its current state.

A The set of all possible labeled data points (x, y).

S Each context s ∈ S corresponds to a single input xs and is the set of all possible labeled data
points for that input: s = {(xs, y) | y ∈ possible labels}.

σ For a stochastic policy ϕ ∈ M (representing training data Dϕ) that has produced a model with
parameters θϕ, and a context s corresponding to input xs, σ(ϕ, s)(a) for a = (xs, y) ∈ s is the
probability the model assigns to label y for input xs. That is, σ(ϕ, s)(a) = P (y|xs; θϕ).

For finetuning learning systems, it is unclear how well the commutativity of ⟨M,+⟩ and the chain rule
hold in practice. For instance, the order of training data matters for stochastic gradient descent. However,
to the extent that supervised learning is an approximation of Bayesian inference (Mingard et al., 2021),
such assumptions make sense as a first-order approximation. Also, as before, we only face training example
sequences that are relatively well-mixed, so order dependency issues caused by big distribution shifts are
not a severe concern here.

D-policies π ∈ AS are to be distinguished from stochastic policies ϕ ∈ M. The latter is probabilistic,
mapping every context to a distribution over its behaviors via the inference function σ.

We now define coherence, the central quantity of this paper. Coherence measures how well the responses in
a d-policy “fit together” according to the prior policy. A high-coherence d-policy is one where each response
is predictable given the others.

Definition 3.6 (Coherence). Given any prior policy ϕ ∈ M, for any d-policy π, its coherence χϕ(π)
relative to ϕ is defined by

χϕ(π) =
|S|∑
n=1

log2 σ

(
ϕ+

n−1∑
m=1

π(sm), sn

)(
π(sn)

)
≤ 0

where s1, · · · , s|S| are the contexts in S in arbitrary order. The chain rule ensures that χϕ(π) is well-defined,
as it implies that one can always swap neighbouring contexts in the sequence {si} without changing χϕ(π),
and thus the ordering of {si} does not affect χϕ(π). In particular, we denote χ(π) := χ0(π).

From now on, we will denote with s1, · · · , s|S| an arbitrary ordering of contexts in S.

Definition 3.7 (Softmax Over Coherence). For any temperature reciprocal β > 0, the softmax over
coherence Xβ : AS → R≥0 is a probability distribution over d-policies such that the probability mass
Xβ(π) ∝ 2βχ(π). In particular, when β = +∞, Xβ collapses into a uniform distribution over arg maxπ χ(π),
with 0 probability mass everywhere else.

The softmax over coherence at β = 1 provides an instance of the prior P from §3.1. Setting P = X1 gives
P(π) ∝ 2χ(π). This is the tractable prior that learning systems provide for description-length regularization.

Example 3.8 (Sauces). Consider the following learning system. The context partition is S =
{sburger, sfries}, where sburger = {aburger

mayo , aburger
mustard, a

burger
other } contains behaviors in the context “What sauce

do you use for burgers?” and sfries = {afries
mayo, a

fries
ketchup, a

fries
other} contains competing behaviors in the context

“What sauce do you use for dipping French fries?”
Consider the Bayesian learning system M with the following prior over sburger × sfries:
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aburger
mayo aburger

mustard aburger
other

afries
mayo 0.3 ϵ ϵ

afries
ketchup ϵ 0.175 − ϵ 0.175 − ϵ

afries
other ϵ 0.175 − ϵ 0.175 − ϵ

Given the symmetry, let us only calculate Xβ for the two d-policies π1 = (aburger
mayo , afries

mayo) and π2 =
(aburger

mustard, a
fries
ketchup). For simplicity, assume ϵ = 0.

In a Bayesian learning system, the coherence χ(π) simplifies to the log2 joint probability of the d-policy
under the prior. Let s1 = sburger and s2 = sfries. Then

χ(π) = log2 σ(0, s1)(π(s1)) + log2 σ(π(s1), s2)(π(s2))
= log2 P (π(s1)) + log2 P (π(s2)|π(s1))

= log2

(
P (π(s1)) · P (π(s1), π(s2))

P (π(s1))

)
= log2 P (π(s1), π(s2)).

Using the provided table with ϵ = 0: for π1 = (aburger
mayo , afries

mayo), the joint probability is P (aburger
mayo , afries

mayo) =
0.3. Thus, its coherence is χ(π1) = log2(0.3) ≈ −1.74. For π2 = (aburger

mustard, a
fries
ketchup), the joint probability is

P (aburger
mustard, a

fries
ketchup) = 0.175. Thus, its coherence is χ(π2) = log2(0.175) ≈ −2.51.

We see that χ(π1) > χ(π2). This means the d-policy of using mayo for both burgers and fries is more
coherent, even though mayo is not the most popular marginal choice for either food item. The marginal
probabilities are P (aburger

mayo ) = 0.3 vs. P (aburger
mustard) = 0.35, and P (afries

mayo) = 0.3 vs. P (afries
ketchup) = 0.35.

Remark 3.9 (What is coherence?). The sauces example might make coherence seem trivial at first. Why
do we need another fancy name for joint probability? The value of such concept will be much clearer in an
in-context learning system, and, even more so, in a finetuning learning system. In these setups, coherence is
no longer reducible to well-known existing concepts and is hard to optimize for directly.

For an in-context learning system, coherence equals the cumulative perplexity when generating a list of
d-policy responses sequentially. Note that greedy decoding at temperature 0 does not optimize such a
cumulative perplexity (neither in theory nor in practice); the only decoding method that does it in theory
is beam search with an infinite number of beams.

For a finetuning learning system, coherence equals the cumulative cross-entropy loss when training the prior
policy on a list of d-policy responses sequentially. Despite the definition, however, it’s almost certainly
intractable to directly perform gradient descent on such a coherence function to optimize for it.

Given these challenges in optimizing for coherence, how should we proceed?

4 Algorithms for Coherence Optimization

Having defined coherence, we now turn to the question of its optimization. Figure 2 illustrates the goal of
coherence optimization.

4.1 Gibbs Sampling for Coherence Optimization

We introduce an efficient algorithm for finding the d-polic(ies) that maximize coherence.2

2In Algorithm 1, the ‘β’ in σβ means applying the transformation p → pβ to all probability masses and re-normalizing them.
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Figure 2: While greedy decoding gets trapped in local optima, coherence optimization finds the global peak
of coherence/compressibility defined by the pretrained prior. Note the distinction between the coherence
landscape (determined by the pretrained prior) from the points (deterministic policies in AS).

Algorithm 1 Gibbs Sampling Over D-Policies
1: Input: Learning system (M,A,S, σ); initial d-policy π0; number of steps N ; temperature reciprocal β.
2: Output: List of d-policies π0, π1, · · · , πN .
3: procedure GibbsSample
4: for t = 0, 1, . . . , N − 1 do
5: Sample n ∼ Unif[1..|S|].
6: Sample ant ∼ σβ

(∑
m̸=n πt(sm), sn

)
.

7: Set πt+1 such that πt+1(sn) = ant and πt+1(sm) = πt(sm) for m ̸= n.
8: end for
9: end procedure

The algorithm is simple to implement (repeatedly resampling behaviors using behaviors in other contexts as
condition) and easy to scale (see Algorithm 2 for a variant optimized for concurrency). A variant of it was
implemented by Xu et al. (2023) for the different purpose of learning Chain-of-Thought reasoning.

We show below that Algorithm 2 approximately maximizes coherence.

Definition 4.1 (Ergodic Learning System). A learning system (M,A,S, σ) is ergodic if for every proper
subset C of the d-policy space AS , there exist d-policies π ∈ C and π′ ∈ AS \ C such that π′ agrees with
π under all contexts except one ṡ ∈ S, and σ(

∑
s̸=ṡ π(s), ṡ)(π′(ṡ)) > 0. In particular, all Bayesian learning

systems with a full-support prior are ergodic (see Appendix B for proof).

Theorem 4.2 (Gibbs Sampling Recovers Softmax Over Coherence). For ergodic learning system
(M,A,S, σ), initial d-policy π0, and temperature reciprocal β > 0, when N → +∞, we have, for Al-
gorithm 1,

πr
d→ Xβ , where r ∼ Unif({0, · · · , N}).
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Proof. See Appendix B.

4.2 Reductions from Existing Methods of Self-Improvement

Having formulated a general and tractable algorithm for coherence optimization, we now show that state-
of-the-art feedback-free self-improvement methods are reducible to coherence optimization.

Debate. Debate (Irving et al., 2018) is an unsupervised method for scalable oversight where copies of
a language model argue for opposing propositions in a back-and-forth structure. It has been shown to
significantly increase language model accuracy on factual tasks (Li et al., 2022; Du et al., 2023), and allows
for effective weak-to-strong truthfulness supervision (Khan et al., 2024).

The connection to coherence optimization is direct. Debate is Gibbs sampling with |S| = 2. Consider a
learning system with two contexts, S = {spro, scon}, representing arguments for and against a proposition
P . The iterative debate process, where each side updates its argument based on the other’s, is formally
identical to Algorithm 1. Each debater resamples their argument conditioned on their opponent’s current
argument, exactly as Gibbs sampling resamples one component of the d-policy conditioned on all others.

Proposition 4.3 (Debate Maximizes Coherence). Iterative debate for a learning system with |S| = 2 is a
synchronous variant of Gibbs Sampling (Algorithm 1). For an ergodic learning system, the distribution of
d-policies πt converges to the softmax over coherence Xβ.

Appendix C.1 gives a formal specification and algorithm pseudocode of iterative debate. Proposition 4.3
then follows by tautology.

Simple Bootstrap. Bootstrap methods, where the output of a model is used for training itself, have been
reported to increase accuracy without supervision as early as in Lee et al. (2013). It is recently revisited in the
language modeling context as an unsupervised inference-time technique, where it matches the performance
of supervised finetuning on golden labels (Chen et al., 2023).

Simple bootstrap can be seen as an approximation of Gibbs sampling where history accumulates rather than
being replaced. Instead of maintaining a fixed-size d-policy and resampling components, simple bootstrap
sequentially generates behaviors a1, a2, a3, . . ., where the context for generating an is the entire preceding
sequence.

Proposition 4.4 (Simple Bootstrap Approximates Coherence). Let the sequence of contexts (s1, . . . , sN )
be a permutation of S chosen uniformly at random. The total variation distance DTV(PSB,Xβ) between
the simple bootstrap distribution and the softmax over coherence satisfies DTV = O(|β − 1|) as β → 1.

Proof. See Appendix C.2.

The O(|β−1|) approximation error limits the usefulness of this approximation at low temperatures (β ≫ 1),
where Gibbs sampling remains effective but simple bootstrap may not.

Internal Coherence Maximization. Internal coherence maximization (ICM) (Wen et al., 2025) opti-
mizes for mutual predictability between model responses on different contexts through a hill-climbing process.
Like simple bootstrap, it matches the performance of golden label finetuning.

10
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Coherence and mutual predictability (the ICM objective) are closely related:

χ(π) =
|S|∑
n=1

log2 σ

(∑
m<n

π(sm), sn

)
(π(sn)), (2)

fMP(π) =
|S|∑
n=1

log2 σ

∑
m̸=n

π(sm), sn

 (π(sn)). (3)

The difference is that coherence uses autoregressive conditioning (m < n) while mutual predictability uses
bidirectional conditioning (m ̸= n). Bidirectional conditioning is more expensive to compute, which is
why ICM is restricted to domains with few discrete responses (e.g., multiple-choice questions), while Gibbs
sampling over coherence scales to open-ended generation. See Appendix C.3 for further analysis.

5 Optimality of Coherence Optimization

In this section, we establish that coherence optimization is a form of description-length regularization, and
that it is, in a worst-case asymptotic sense, the optimal form of description-length regularization.

5.1 Coherence as Description-Length Regularization

The concept of coherence has a natural and powerful interpretation, specifically the principle of minimum
description length (MDL). The MDL principle states that the best model for a set of data is the one that
permits the shortest description of the data.

Consider a d-policy π as a dataset, where each π(sn) is a data point. The coherence χ(π) is defined as a
sum of sequential log-probabilities:

χ(π) = log2 σ(0, s1)(π(s1)) + log2 σ(π(s1), s2)(π(s2)) + . . .

This is precisely the log-probability of observing the sequence of behaviors (π(s1), π(s2), . . . ) under the
predictive model defined by the learning system. By the chain rule, this is equal to the joint log-probability,
log2 Pr[π(s1), . . . , π(s|S|)]. By arithmetic coding, negated coherence is, when rounded up, the number of bits
needed to describe the d-policy.

Coherence optimization, therefore, acts as a form of regularization that favors d-policies embodying strong,
compressible patterns, and forces the model to discover and adhere to underlying principles rather than
memorizing a set of unrelated behaviors. We can thus prove that coherence optimization, like other types
of regularization, gives a uniform convergence guarantee on the d-policy’s generalization error.

Definition 5.1 (Agreement and Accuracy). For any two d-policies π1, π2 ∈ AS and a subset of contexts
Ŝ ⊆ S, we define the agreement between π1 and π2 on Ŝ as

αŜ(π1;π2) = αŜ(π2;π1) := 1
|Ŝ|

∑
s∈Ŝ

1π1(s)=π2(s).

In particular, we denote α(π1;π2) := αS(π1;π2). Given any ground-truth d-policy π∗, we define d-policy
π’s accuracy on Ŝ as αŜ(π;π∗).

Theorem 5.2 (Uniform Convergence). Let π∗ be any given ground-truth d-policy, and the training contexts
ŝ1, ŝ2, · · · , ŝN be uniformly and independently sampled contexts from S, for some N > 0. Let π be an
arbitrary d-policy with αtrain(π;π∗) := α{ŝi}N

i=1
(π;π∗), then

|α(π;π∗) − αtrain(π;π∗)| ≤
√

−2χ(π) + log2 e− log2(1/δ)
2N

11
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holds uniformly for all π with probability 1 − δ, for any given δ ∈ (0, 1).

Theorem 5.2 tells us that, the coherence of a d-policy helps bound its generalization gap, i.e., the difference
between its training and actual accuracy. But recall that coherence can be defined with respect to any prior
policy; does the choice of prior policy affect the generalization gap? The answer is yes.

Definition 5.3 (Optimality Gap). Given any ground-truth d-policy π∗, for any stochastic policy ϕ ∈ M,
we define the optimality gap of ϕ as the prior policy to be

G(ϕ;π∗) := −2χϕ(π∗) + log2 e > 0.

Proposition 5.4 (Optimality Gap Lower-Bounds Accuracy). Under the conditions of the uniform con-
vergence theorem, for any stochastic policy ϕ ∈ M, let

π̂ := arg max
π∈AS

{
αtrain(π;π∗) −

√
−2χϕ(π) + log2 e− log2(1/δ)

2N

}
, (4)

then, with probability 1 − δ,

α(π̂;π∗) ≥ 1 −
√

2G(ϕ;π∗) − 2 log2(1/δ)
N

. (5)

Proposition 5.4 tells us that the goodness of a prior policy is decided by the coherence of the optimal d-policy
under such a prior, where goodness is defined as the actual accuracy of the optimal d-policy when using such
a prior for coherence regularization.

Note that both Definition 5.3 and Proposition 5.4 assume there is one fixed π∗, rather than a π∗ drawn from
a distribution D ∈ ∆[AS ], as is the case in §3.1. However, Proposition 5.4 can be easily adapted to the latter
case, where instead of Equation 5, we have

Eπ∗∼D [α(π̂;π∗)] ≥ 1 − Eπ∗∼D

[√
2G(ϕ;π∗) − 2 log2(1/δ)

N

]
.

5.2 Worst-Case Asymptotic Optimality of Coherence Regularization

The uniform convergence theorem tells us that coherence bounds the generalization gap. But which prior
should we use? We now prove that the KL-optimal approximation to the data-generating distribution is the
optimal choice.

Consider the semi-supervised learning setup from §3, with context partition S, behavior space A, d-policy
space AS , data-generating distribution D ∈ ∆

[
AS], context distribution F ∈ ∆[S], and N supervised

samples. Under SRM with description-length regularization using prior P, with

πSRM := arg max
π∈AS

αtrain(π) − reg(π), where

reg(π) :=
(

−2 log2 P(π) + log2 e− log2(1/δ)
2N

)1/2
,

we have the following optimality result.

Theorem 5.5 (Optimality of Description-Length Regularization). Under description-length regulariza-
tion with prior P, for any distribution Q ∈ ∆[AS ] and sufficiently small δ such that log2(1/δ) ≫

12
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−Eπ∼Q[log2 P(π)] (i.e., we consider worst-case outcomes at the lowest quantiles), with probability 1 − δ,

α(πSRM) ≥ Eπ∼Q[α(π)] −
√

2 log2(1/δ)
N

+

√
2 + o(1)

N log2(1/δ) (H [Q] − KL [Q || P]) . (6)

In particular, when Q = Dβ for β > 0,a the lower bound is maximized when P minimizes KL
[
Dβ || P

]
.

aDβ is the distribution obtained by raising D’s probability masses to the β-th power before normalizing.

Proof. See Appendix D.4.

Practically, let D̂ be the KL-optimal approximation to D learnable from the supervised samples, then, for
Q = Dβ , the optimal obtainable prior is P = D̂β , in line with Definition 3.7 when using the supervised
policy as prior policy.

The bound requires log2(1/δ) ≫ − log2 P(π), meaning we consider worst-case outcomes at the lowest quan-
tiles (small δ). This is a strong assumption that may not hold when δ is not sufficiently small relative to
the d-policy’s description length. The next section examines the hypothesis that when the prior policy is
trained on supervised samples, optimizing coherence alone is equivalent to optimizing the regularized training
objective above.

5.3 Coherence with Trained Prior as Regularized Accuracy

The previous section established that coherence optimization is equivalent to description-length regulariza-
tion. Proposition 5.4 tells us to optimize αtrain(π) − reg(π), where reg(π) depends on coherence. But in
practice (e.g., in Algorithm 1), we often optimize coherence alone, without an explicit training accuracy
term. Why does this work?

The answer is that the prior policy already encodes the training samples. When we use a pretrained or
supervised-trained model as the prior, optimizing coherence with respect to this prior implicitly optimizes
a joint objective that includes training accuracy. We hypothesize that the two formulations, (i) optimiz-
ing αtrain + coherence regularization and (ii) optimizing coherence with a trained prior, are asymptotically
equivalent under appropriate conditions.

To formalize this, we need machinery for reasoning about policies that have undergone two stages of training,
namely pretraining and post-training.

Lemma 5.6 (Change-of-Prior). Denote

χ̂ϕ[a1, a2, · · · , ak] :=
k∑

n=1
log2 σ

(
ϕ+

n−1∑
m=1

am, sn

)
(an),

where an ∈ sn for all n. For any policy ρ ∈ M, ϕ = ρ+
∑N
n=1 a

ϕ
n ∈ M (aϕn ∈ A) and ψ = ϕ+

∑L
l=1 a

ψ
l ∈

M (aψl ∈ A), we have

χ̂ϕ[aψ1 , · · · , aψL] + χ̂ρ[aϕ1 , · · · , aϕN ] = χ̂ρ[aϕ1 , · · · , aϕN , a
ψ
1 , · · · , aψL].

Proof. See Appendix D.4.

Definition 5.7 (Quotient System). For a learning system (⟨M,+⟩,A,S, σ), its quotient system spanned
by Sa ⊆ S at ϕ ∈ M is a learning system (⟨Ma,+a⟩,Aa,Sa, σa) defined by three properties. First,

13
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Aa = {ϕ + u : u ∈
⋃
s∈Sa

s}. Second, Ma = ⟨Aa⟩+a with identity element 0a := ϕ, and the operator +a

satisfying (ϕ+ u) +a (ϕ+ v) = ϕ+ (u+ v). Third, σa(ϕ+ u, s) = σ(ϕ+ u, s).

We denote such a relation with (⟨Ma,+a⟩,Aa,Sa, σa)
ϕ

⊴(⟨M,+⟩,A,S, σ). We will denote with χa the
coherence function in the quotient system.

Essentially, the quotient system spanned by Sa at ϕ represents the learning problem of post-training a pre-
trained policy ϕ on the context set Sa. In the rest of this section, we will use “pretrain samples” to refer
to our supervised samples, and “posttrain samples” to refer to our unsupervised samples, in line with the
semi-supervised learning setup.

Theorem 5.8 (Prior Policy Encodes Previous Training Samples). Let

(Ma,Aa,Sa, σa)
0a

⊴(M,A,S, σ)

(Mb,Ab,Sb, σb)
0b

⊴(M,A,S, σ)

such that Sa ∩ Sb = ∅, Sa ∪ Sb = S, and, for some π ∈ AS , 0a =
∑
s∈Sb

π(s) and 0b =
∑
s∈Sa

π(s). Then:

χa(π(Sa))︸ ︷︷ ︸
posttrain coherence
w.r.t. pretrain prior

+ χ̂0 [π(Sb)]︸ ︷︷ ︸
pretrain coherence

= χ(π) = χ̂0 [π(Sa)]︸ ︷︷ ︸
posttrain coherence

+ χb(π(Sb))︸ ︷︷ ︸
posttrained accuracy
on pretrain samples

. (7)

Proof. Both equalities follow from direct applications of the change-of-prior lemma.

One way to interpret this theorem is that it shows the equivalence between:

LHS Optimizing solely for a policy’s coherence on posttrain (unsupervised) contexts wrt pretrained (su-
pervised) prior,3 and

RHS Optimizing jointly for the policy’s coherence on posttrain (unsupervised) contexts and its accuracy
on pretrain (supervised) samples.

Note that for the interpretation of RHS, there are still subtle gaps between the intuitive understanding
here and the terms in equation 7, which we will revisit in Appendix D.5, in the heuristic argument for the
conjecture below. We now conjecture the conditions under which optimizing coherence alone is equivalent
to optimizing the regularized training objective.

Conjecture 5.9 (Equivalence of Coherence Optimization and Regularized Training). Let the training
contexts π be randomly separated into two disjoint subsets, posttrain samples π(Sa) and pretrain samples
π(Sb). The latter is given, while we need to optimize the former (which can be any d-policy in

∏
s∈Sa

s).
I.e., we do not know the ground-truth labels for the posttrain contexts, and our task is to determine them.
Consider (i) optimizing for coherence on the posttrain samples π(Sa) with respect to a pretrained policy or
(ii) optimizing for αtrain(π) − reg(π), i.e., SRM. The two are asymptotically equivalent when the posttrain
sample count |Sa| is chosen to satisfy

|Sa|︸︷︷︸
posttrain sample count

∼ 1
4 ×

mean pretrain coherence, squared︷ ︸︸ ︷(
−χb(π∗(Sb))/|Sb|

)2

−χ̂0[π∗(Sa)]/|Sa|︸ ︷︷ ︸
mean posttrain coherence, inversed

×
(

1
1 − αb(π∗)

)2

︸ ︷︷ ︸
pretrain error rate,

inverse-squared

× |Sb|︸︷︷︸
pretrain sample count

(8)

3The “pretrain coherence” term can be ignored as it’s fixed.
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See Appendix D.5 for a heuristic argument supporting the conjecture.

The conjecture states that two formulations are equivalent when the number of posttrain samples |Sa| is
chosen appropriately. Even if we do not trust the exact estimate in Equation 8, we can use ternary search to
find the optimal |Sa|, since concavity of f(r) and g(r) implies that maxr∈R(f(r) −

√
|Sa| · g(r)) is unimodal

in |Sa|. In this sense, |Sa| is a hyperparameter whose optimal value we need to search for.

The equivalence explains why optimizing coherence alone works in practice. When we use a pretrained
language model as the prior policy, we are implicitly optimizing for the same samples that prior policy was
trained on. The prior encodes the training objective; optimizing coherence with respect to this prior recovers
the regularized training objective.

The conjecture also suggests that the optimal number of posttrain samples scales with the effective number
of pretrain samples that are i.i.d. with the posttrain contexts. This is likely much larger than typical in-
context learning implementations (Xu et al., 2023; Wen et al., 2025), which already produce strong results.
This motivates supervised training-based implementations of coherence optimization, which allow greatly
expanding the number of unsupervised samples; we discuss the corresponding method in Appendix B.2.

6 Preliminary Experiments

We present preliminary experiments demonstrating that coherence is effective both as an evaluation metric
and as a training objective. We also present practical results comparing types of prior policies, which agree
with Theorem 5.5 on the data-vs-prior distributional distance being a determinant of effectiveness. Current
results are preliminary and should be treated as a starting point for exploration.

6.1 Coherence as an Evaluation Metric

We test the scalability of coherence as an unsupervised proxy for truthfulness by using a 0.6B weak judge
model/prior policy to scrutinize GPT-5 outputs twice, with classical LLM-as-a-Judge and with a coherence-
based metric respectively.

Setup. Each data point represents a collection of around 5 HARDMath questions (Fan et al., 2024) with
strong topical relevance. Blue points represent GPT-5-generated honest solutions to a collection, while
red points represent GPT-5-generated deceptive solutions (where GPT-5 is explicitly prompted to generate
“incorrect but convincing” solutions). In Figure 3(a) (LLM-as-a-Judge), the y-axis represents the sum of
logprobs the Qwen3-0.6B weak judge model assigns to the solutions. In Figure 3(b) (coherence), the y-axis
represents the difference between cross-solution coherence and sum of individual logprobs, i.e., pointwise
mutual information (PMI), using the same weak judge as prior policy. The x-axis in both plots represents
solution length.

Results. The coherence-based metric turns out much superior, as shown in Figure 3. If PMI (the difference
between coherence and sum of logprobs) is positively predictive of honesty, it implies coherence provides
additional predictive power over LLM-as-a-Judge. Indeed, deceptive solutions receive higher logprobs in
LLM-as-a-Judge, meaning the judge is fooled by deception. They receive lower PMIs, meaning the coherence-
based metric detects deception attempts better than LLM-as-a-Judge does. This demonstrates that cross-
context internal coherence predicts truthfulness, even when the content is incomprehensible to the judge.

6.2 Coherence as an Optimization Objective

We test whether coherence optimization improves GSM8K performance for a 1B-parameter LLM by imple-
menting Algorithm 2, across γ ∈ {0.25, 0.45, 0.65, 0.85}. We evaluate each setup over 100 random seeds and
report the mean results.

Setup. We use meta-llama/Llama-3.2-1B-Instruct in an in-context learning (ICL) learning system and
run N = 40 Gibbs rounds on a per-run training set S of size |S| = 100. Accuracy is exact-match on the final
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Figure 3: Coherence-based metrics detect deceptive solutions while LLM-as-a-Judge is fooled. Blue: honest
solutions; Red: deceptive solutions. Left: LLM-as-a-Judge is fooled by deception and assigns higher prob-
abilities (sum of logprobs) to deceptive solutions. Right: The coherence-based metric (PMI) successfully
assigns higher scores to honest solutions.

Table 1: Aggregate summary statistics across Gibbs rounds. Mean ± SE across seeds.
γ Rounds Init Train (%) Final Train (%) Max Train (%) Max Round Improvement (%)

0.25 40 24.86 ± 0.48 35.58 ± 0.80 45.90 ± 0.62 19.6 ± 1.6 +10.72 ± 0.77
0.45 40 24.86 ± 0.48 33.56 ± 0.60 41.56 ± 0.51 19.1 ± 1.5 +8.70 ± 0.68
0.65 40 24.86 ± 0.48 31.86 ± 0.64 38.40 ± 0.45 20.7 ± 1.5 +7.00 ± 0.66
0.85 40 24.86 ± 0.48 27.72 ± 0.64 34.62 ± 0.55 20.4 ± 1.6 +2.86 ± 0.72

numeric answer (parsed from the model output). We evaluate each configuration over 100 random seeds; for
each seed we draw a fresh 100-example subset S from GSM8K and run the full γ sweep on this same subset,
enabling paired comparisons across γ. Furthermore, we introduce a slightly modified sampling rule: for each
t ≥ 1 and each sn /∈ Ŝt, instead of sampling from σβ(ϕt, sn) we sample from an equal-weight mixture of the
samplers induced by the base and current round contexts (ϕ0, ϕt):

ant ∼ 1
2 σ

β(ϕt, sn) + 1
2 σ

β(ϕ0, sn).

In preliminary runs, sampling exclusively from the current-round context ϕt led to unstable dynamics: we
observed occasional mode collapse and substantially higher variance across seeds. We theorize Gibbs updates
can over-optimize toward a narrow region of high-coherence/low-performance π distributions, amplifying
early-round noise and reducing exploration.

To mitigate this, we anchor sampling to the initial context ϕ0 by drawing from an equal-weight mixture
of σβ(ϕt, ·) and σβ(ϕ0, ·). This can be viewed as a lightweight, training-free analogue of KL regularization.
Empirically, this modification helped reduce mode collapse and yield more consistent trajectories while
retaining performance across rounds.

Results. Figure 4 shows that coherence optimization consistently increases train accuracy over Gibbs
rounds, with the strongest gains at smaller hold-out fractions. Across 100 paired seeds, γ = 0.25 achieves
the best performance: mean train accuracy improves from 24.86% at initialization to 35.58% at the final
round (+10.72%), with a peak of 45.90% on average (Table 1). As γ increases, both the final and peak
accuracies monotonically decline (peak: 41.56% at γ = 0.45, 38.40% at γ = 0.65, and 34.62% at γ =
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Figure 4: Mean train accuracy over 40 Gibbs rounds for γ ∈ {0.25, 0.45, 0.65, 0.85} (shaded: 95% CI). Higher
γ holds out a larger context subset Ŝt when resampling.

0.85), suggesting that resampling a larger complement (smaller γ) provides a stronger self-training signal
in this learning system. Notably, the round of maximal performance is relatively stable across γ (roughly
rounds 19-21 on average; Table 1), indicating that most gains occur in the first ∼20 rounds, after which
improvement saturates. We hypothesize that this saturation arises from context-window limitations and
inherent constraints of in-context learning (ICL), since the procedure can only improve predictions via
contextual conditioning rather than explicit parameter updates.

While these results are in-sample, the observed saturation is consistent with a capacity ceiling: the
meta-llama/Llama-3.2-1B-Instruct model reports 44.4% on GSM8K (Meta Llama, 2024). This is com-
parable in scale to our best average in-sample peak, but is not directly comparable due to differences in
prompting/evaluation methods.

6.3 Effect of Prior Policy on Coherence Optimization

The choice of prior policy affects the performance of coherence optimization. We empirically examine how
different types of priors influence the alignment between coherence and truthfulness.

Setup. We compare three types of prior policies. (1) Pretrained prior (BASE) is a base model trained
only on next-token prediction. (2) Posttrained prior (CHAT) is a model further trained with RLHF for
helpfulness and safety. (3) Reinforced reasoning prior (THINK) is a model trained with RL on verifiable
reasoning tasks. We use the Qwen3 model family for all three classes of prior policies.

Under each prior policy, and for each of 8 models chosen from LMArena (Chiang et al., 2024), we compute
the negated coherence of generations from the latter model on a self-curated set of open-ended research
questions. Then, for each prior policy, we compute the Pearson’s r between a model’s LMArena Elo rating
and its negated coherence under that prior policy (shown on y-axis, lower is better), and examines how it
changes w.r.t. the prior policy’s parameter count (shown on x-axis). This would indicate the extent to which
scaling is possible for coherence optimization, and the comparison of practical fit across types of prior policy.
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Figure 5: Scaling trends of coherence-truthfulness agreement for different prior policies in an in-context
learning system. Lower is better. BASE refers to a pretrained prior, CHAT to a posttrained/RLHF prior,
and THINK to a reinforced reasoning prior.

Results. Figure 5 shows accuracy scaling trends for each prior type. Several patterns emerge.

When the model is small, all three prior types perform similarly, encoding basic grammar, logic, and
commonsense. As model size increases, we observe different scaling slopes. A negative slope indicates
that higher-fidelity modeling of that prior leads to better coherence-truthfulness alignment. We observe
slopeBASE < slopeTHINK < slopeCHAT. This suggests that adding the preference prior (CHAT) de-aligns
coherence from accuracy, while further adding the factuality prior (THINK) re-aligns them.

The pretrained and reinforced reasoning priors follow the strategy of “using all available supervision to train
a best policy, then let coherence optimization regularize with that policy as prior.” This is optimal in the
sense that these priors best approximate the true data-generating distribution among the options available.

6.4 Discussion

These experiments, while preliminary, reveal several patterns worth examining.

Coherence Detects Deception When Direct Evaluation Fails. The HARDMath results show that
a weak judge’s coherence-based metric outperforms its direct evaluation, even though both use the same
model. How can comparing multiple outputs reveal information that evaluating a single output cannot?

A deceptive solution must simultaneously appear plausible to the judge and contain the deceptive content.
The first condition is easy to satisfy in isolation, but the second introduces constraints that conflict with the
model’s learned distribution over related content. A deceptive mathematical argument must avoid certain
true statements that would expose the deception. This avoidance makes the deceptive solution locally
plausible but globally improbable when considered alongside topically related solutions. PMI captures this.
High marginal probability but low joint probability indicates a solution optimized to appear good in isolation
while avoiding broader context that would expose it.
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An adversary can optimize for marginal plausibility, but optimizing for joint plausibility across many related
contexts is equivalent to actually being truthful.

Note, however, the HARDMath experiment used synthetic deceptive solutions generated by prompting; it
remains unclear whether the same signal would detect naturally occurring or adversarially trained deception.

Coherence Overoptimization (Goodharting). In practice, we sometimes see response texts becoming
unnatural from the human perspective (yet still information-rich and score highly on automated benchmarks),
after many rounds of Gibbs sampling. This may be due to limitations of in-context learning, where the
objective is not exactly to imitate in-context examples, or it may be due to overoptimization of coherence.
Below we briefly summarize the types of coherence overoptimization that are theoretically possible.

1. Small divergence between desired measurement target (e.g. human legibility) and actual
coherence measurement (e.g. pretrained policy).
Its impact on accuracy is modest and can be reflected by the increase in the optimality gap G(ϕ;π∗) =
−2χϕ(π∗) + log2 e, whose continuity ensures that a small divergence only leads to small change in the
gap size.
However, its impact on alignment can be arbitrarily large, assuming that alignment is carried out by
instilling a certain bias (e.g. human legibility) in the prior policy. As we have seen in Gao et al. (2023),
optimizing for a flawed proxy for alignment bias can lead to catastrophic deviation from the desired bias
(e.g. complete loss of human legibility).

2. Too many coherence optimization contexts. The informal theorem on joint optimization has
determined the optimal number of contexts for coherence optimization to be on the same order as the
effective number of i.i.d. supervised training samples. While such a number is hard to exceed in practice,
when the coherence optimization contexts focus on a certain niche in the context space, they can easily
outnumber the effective supervised samples in the same niche.
Its impact on accuracy can be arbitrarily large. For instance, when the coherence optimization contexts
are entirely orthogonal to supervised training samples, or only represent a vanishingly small portion of
those samples, the optimality gap G(ϕ;π∗) = −2χϕ(π∗) + log2 e goes to infinity.
It has no negative impact on alignment, since alignment is itself embodied by the coherence optimization
process, rather than being traded off against.

In both cases, to mitigate overoptimization, we may use early-stopping on three different aspects.

1. Early stopping on Gibbs iterations, i.e., to stop Gibbs sampling after a certain number of rounds
when we see that desirable properties (e.g. accuracy, human legibility) start to decline.

2. Reducing number of coherence optimization contexts, typically to the same ballpark as the
effective number of supervised learning samples.

3. Higher temperature in the “softmax over coherence” distribution, which in the Gibbs sampling
case, implies a reduced inverse temperature β.

For all three interventions, we can use ternary search or similar methods to find the sweet spot, assuming
the ability to evaluate desired properties (e.g. accuracy, human legibility).

7 Conclusion

This paper presented coherence optimization as a unified framework for feedback-free self-improvement.
We showed that state-of-the-art methods (debate, bootstrap, ICM) are instances of coherence optimization,
proved that coherence regularization is optimal among description-length regularizers, developed a principled
method for coherence optimization, and demonstrated preliminary empirical evidence for its effectiveness.

Appendix A addresses a list of frequently asked questions.
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Limitations and Future Work

One major limitation concerns experimental validation. Existing experiments in §6 test key elements in the
theory such as coherence-truthfulness alignment, prior choice, and accuracy uplift, but does not directly
validate the claim of optimality by comparing against alternative regularizers. Full experimental validation
is the task of future work.

Additionally, our analysis suggests larger potential for coherence optimization if scaled to near-pretrain scale.
By allowing a large reasoning model to perform extended reasoning on all the contexts in its pretraining data,
it can discover the belief system that most coherently explains the world. This kind of coherence-seeking
across otherwise unrelated contexts has given rise to many of humanity’s most important realizations, e.g.,
special relativity arose from the inconsistency between the fixed speed of light and the behavior of fast-moving
objects, and the immorality of slavery was recognized through the inconsistency between the institution and
principles of innate human rights. We have also shown that two-agent debate is a special case of coherence
optimization, and such debates occur in almost every instance of group deliberation. Coherence optimization
thus serves as a principled model of reflection in both humans and AIs, and future work may explore its
extension to multi-agent and human-AI systems.

Broader Impact Statement

This work proposes coherence optimization as a framework for feedback-free self-improvement in language
models. While the primary motivation is to improve model truthfulness without requiring external super-
vision, we acknowledge potential dual-use concerns. On the positive side, coherence optimization could
enhance the reliability of AI systems by identifying and resolving internal inconsistencies, and develops a
characterization of what self-improvement methods truly optimize for, both important for AI safety. On the
negative side, any method that improves model capabilities could potentially be misused or contribute to
loss-of-control risks. We believe the benefits of developing mechanistic understanding of unsupervised self-
improvement outweigh risks brought by the capablity uplifts already mostly exhausted by existing methods.
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stette, Samuel R Bowman, Tim Rocktäschel, and Ethan Perez. Debating with more persuasive llms leads
to more truthful answers. arXiv preprint arXiv:2402.06782, 2024.

Andrew K Lampinen, Arslan Chaudhry, Stephanie CY Chan, Cody Wild, Diane Wan, Alex Ku, Jörg Born-
schein, Razvan Pascanu, Murray Shanahan, and James L McClelland. On the generalization of language
models from in-context learning and finetuning: a controlled study. arXiv preprint arXiv:2505.00661,
2025.

21



Under review as submission to TMLR

Hunter Lang, David Sontag, and Aravindan Vijayaraghavan. Theoretical analysis of weak-to-strong gener-
alization. Advances in neural information processing systems, 37:46837–46880, 2024.

Dong-Hyun Lee et al. Pseudo-label: The simple and efficient semi-supervised learning method for deep neural
networks. In Workshop on challenges in representation learning, ICML, volume 3, pp. 896. Atlanta, 2013.

Jan Leike. Nonparametric general reinforcement learning. PhD thesis, Australian National University, 2016.

Jan Leike, David Krueger, Tom Everitt, Miljan Martic, Vishal Maini, and Shane Legg. Scalable agent
alignment via reward modeling: a research direction. arXiv preprint arXiv:1811.07871, 2018.

Shuang Li, Yilun Du, Joshua B Tenenbaum, Antonio Torralba, and Igor Mordatch. Composing ensembles
of pre-trained models via iterative consensus. arXiv preprint arXiv:2210.11522, 2022.

Richard Lohse. Overlapping consensus in pluralist societies: simulating rawlsian full reflective equilibrium.
Synthese, 203(1):11, 2023.

Yury Maximov, Massih-Reza Amini, and Zaid Harchaoui. Rademacher complexity bounds for a penalized
multi-class semi-supervised algorithm. Journal of Artificial Intelligence Research, 61:761–786, 2018.

Meta Llama. Llama-3.2-1b-instruct model card, 2024. https://huggingface.co/meta-llama/Llama-3.
2-1B-Instruct.
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A Frequently Asked Questions

In this section, we address potential questions about the overall framework.

Does coherence optimization just find any “coherent-but-false” peak, e.g., conspiracy theories?

Critique: Coherence optimization will find any peak of high internal consistency, even one that is factually
wrong. It can’t distinguish a “true” equilibrium from a “coherent-but-false” one.

No. Coherence optimization does not happen in a vacuum. It is a regularization technique that functions on
top of supervised signals, as established in the theoretical results (e.g., Proposition 5.4).

• In Language Models: Coherence optimization inherits the vast knowledge embedded in the pretrained
model. This prior already constrains the search space, making most “coherent-but-false” peaks
(which contradict pretraining data) have a much lower coherence score from the start. Also, this
distinguishability scales with reasoning strength; as we train stronger and stronger reasoner models,
their ability to reason at length enhances immunity against hard-to-find incoherence that would not
be obvious from just looking at the pretraining data.

• In Reinforcement Learning Agents: The agent receives Bernoulli feedback from the environment,
which mixes both subjective coherence and the “supervised signal” to ground the coherence search.

It remains an open question whether these signals are sufficient to uniquely determine the globally optimal
reflective equilibrium. However, they immensely narrow the search space. Historically, ideologies that are
wrong in hindsight (e.g., the moral defense of slavery) are almost always revealed through their incoherence
against new, incoming observations (e.g., the philosophical idea of universal human rights). Coherence
optimization is the formal process for identifying and resolving exactly this type of inconsistency.

Can we customize coherence to optimize for properties other than truthfulness?

Critique: The paper focuses on truthfulness, but what if we care about other properties like human-readability
or value alignment?

Yes. The prior policy ϕ can be chosen to regularize for different traits. Recall that coherence χϕ(π) measures
the log-probability of d-policy π under prior ϕ. By choosing ϕ appropriately, we can steer the optimization
toward different goals:

• Truthfulness: Use a pretrained model as ϕ. The pretrained model has seen vast amounts of factual
data, so d-policies that contradict well-established facts will have low coherence.

• Human legibility: Use a model that predicts what humans find easy to understand as ϕ. Since
negated coherence equals description length, maximizing coherence under a “human prior” means
minimizing the description length of the policy from a human perspective. This incentivizes behav-
iors that are predictable and interpretable to humans.

• Value alignment: Use an aligned model (e.g., one trained with RLHF on safety-focused data)
as ϕ. D-policies exhibiting misaligned behaviors, such as deception or sandbagging, will incur high
description length under an aligned prior, since such behaviors are hard for an aligned model to
predict.

In principle, any trainable model can serve as a prior, including human preference models. The role of coher-
ence optimization is to turn such a prior (which evaluates individual outputs) into a policy-level regularizer
(which evaluates the joint distribution of outputs across contexts).
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Why regularize at the policy level instead of per-output?

Critique: Standard methods like RLHF already regularize model outputs. What’s the advantage of policy-level
regularization?

RLHF and similar methods apply supervision to the marginal distribution, rewarding or penalizing individual
outputs in isolation. Policy-level regularization, by contrast, considers the joint distribution of outputs across
all contexts.

This distinction matters because certain failure modes are invisible in marginals but obvious in joints.
Figure 6 illustrates the problem. Given only marginal distributions (the “shadow” of each peak), you cannot
tell which peak is tallest. But the joint distribution (the full 3D landscape) makes the answer obvious.
Consider sandbagging, where a model performs poorly on some tasks but well on others. Each individual
output might look reasonable in isolation; the problem only becomes apparent when comparing outputs
across contexts. Deception works similarly. A lie in one context might seem plausible until you notice it
contradicts what the model said elsewhere.

Figure 6: Illustration of d-policy space. Peaks represent coherent d-policies. Given only marginal distribu-
tions (the “shadow” of each peak), it is impossible to distinguish the tall peak from the short ones. Coherence
optimization selects for high joint probability, naturally steering toward the tallest peak.

Coherence optimization naturally catches these failures. A d-policy that sandbags or deceives will have low
coherence, because such behaviors are hard to predict from the model’s other outputs. The inconsistency
manifests as high description length.

Does coherence optimization require a fully truthful model to begin with?

Critique: If we need a truthful prior to improve truthfulness, don’t we already need to solve the problem first?

Not necessarily. While we do need that the prior policy already encode substantial factual knowledge and
be substantially truthful, they are allowed to sometimes produce falsehoods, and coherence optimization
corrects such falsehoods and further uplifts their truthfulness. As examples, we may consider the following
two practical strategies for coherence optimization.
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1. Interleaved training: Start from a base pretrained model. Use it as the prior while simultaneously
doing coherence optimization and capability training. The pretrained prior constrains the training
to stay consistent with the factual knowledge already encoded.

2. Weak-to-strong: Use a smaller, well-understood model as the prior for training a larger model. The
smaller model’s factual grounding transfers to the larger model through coherence regularization,
even though the smaller model is less capable.

The circularity is broken because coherence optimization amplifies this existing truthful tendency in pre-
trained models rather than creating it from scratch.

B Examples and Proofs for Gibbs Sampling-Based Coherence Optimization

This section provides detailed examples and formal proofs for the Gibbs sampling-based coherence optimiza-
tion methods.

B.1 The Original Gibbs Sampling Method

Example B.1 (Gibbs Sampling Over Sauces). Let us trace one full update step of the algorithm, starting
from a plausible but non-optimal d-policy π0 = (aburger

mustard, a
fries
ketchup). Let the temperature reciprocal β = 1

(i.e., no temperature scaling).
Sample the new burger behavior, a1

0. The context for this sample is the other component of the
current d-policy, which is π0(sfries) = afries

ketchup. We sample from the distribution σ(afries
ketchup, s

burger), which
in this Bayesian system is the conditional probability distribution P (sburger|afries

ketchup). Using the prior table
(with ϵ = 0): First, find the marginal probability of the context: P (afries

ketchup) = P (aburger
mayo , afries

ketchup) +
P (aburger

mustard, a
fries
ketchup) + P (aburger

other , a
fries
ketchup) = 0 + 0.175 + 0.175 = 0.35. Next, compute the conditional

probabilities for each burger choice: P (aburger
mayo |afries

ketchup) = P (aburger
mayo , afries

ketchup)/P (afries
ketchup) = 0/0.35 = 0;

P (aburger
mustard|afries

ketchup) = P (aburger
mustard, a

fries
ketchup)/P (afries

ketchup) = 0.175/0.35 = 0.5; and P (aburger
other |afries

ketchup) =
P (aburger

other , a
fries
ketchup)/P (afries

ketchup) = 0.175/0.35 = 0.5. We then sample a1
0 from this distribution:

{mayo: 0,mustard: 0.5, other: 0.5}. Suppose we sample a1
0 = aburger

mustard.

Sample the new fries behavior, a2
0. The context for this sample is π0(sburger) = aburger

mustard. We sam-
ple from the distribution σ(aburger

mustard, s
fries), which is P (sfries|aburger

mustard). The marginal probability of the
context is P (aburger

mustard) = 0 + 0.175 + 0.175 = 0.35. The conditional probabilities for each fries choice
are: P (afries

mayo|aburger
mustard) = 0/0.35 = 0; P (afries

ketchup|aburger
mustard) = 0.175/0.35 = 0.5; and P (afries

other|a
burger
mustard) =

0.175/0.35 = 0.5. We then sample a2
0 from {mayo: 0, ketchup: 0.5, other: 0.5}. We sample a2

0 = afries
other.

Construct the new d-policy. The new d-policy is π1 = (a1
0, a

2
0) = (aburger

mustard, a
fries
other). The system has

transitioned to a new d-policy, which has the same coherence as the initial one: χ(π1) = log2(0.175) ≈
−2.51.
The run has not converged yet, but we stop here for illustration. Notice that the most coherent d-policy
π∗

1 = (aburger
mayo , afries

mayo) is an absorbing state. If we ever sample aburger
mayo , the next sample for fries will be afries

mayo
with probability 1, as P (afries

mayo|aburger
mayo ) = 1. Symmetrically, if we sample afries

mayo, the next burger choice
must be aburger

mayo . The sampler cannot escape this state, which has the highest coherence. For an ergodic
system (e.g., if ϵ > 0), the sampler would not get stuck but would instead visit this high-coherence state
more frequently than others, eventually sampling from the softmax distribution over all d-policies.

We see that Gibbs sampling tends to converge upon high-coherence d-policies. We now prove that Bayesian
learning systems with nonzero priors satisfy the ergodicity condition (Definition 4.1).
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Example B.2 (Bayesian Learning Systems With Nonzero Priors Are Ergodic). Recall that a system
is ergodic if for any two d-policies π, π′ that differ in only one context ṡ, the transition probability
σ(
∑
s̸=ṡ π(s), ṡ)(π′(ṡ)) is greater than zero.

In a Bayesian learning system, this transition probability is the conditional probability P (π′(ṡ)|{π(s)}s̸=ṡ).
By the definition of conditional probability,

P (π′(ṡ)|{π(s)}s̸=ṡ) = P (π′(ṡ), {π(s)}s̸=ṡ)
P ({π(s)}s̸=ṡ)

.

The d-policy (π′(ṡ), {π(s)}s̸=ṡ) is simply π′. A Bayesian system with a nonzero prior assumes that the
joint probability P (πjoint) is strictly positive for any full d-policy πjoint.
Therefore, the numerator P (π′) is greater than zero. The denominator P ({π(s)}s̸=ṡ) is a marginal proba-
bility, calculated by summing the joint probabilities over all possible behaviors in ṡ:

P ({π(s)}s̸=ṡ) =
∑
a∈ṡ

P (a, {π(s)}s̸=ṡ).

Since every term in this sum is strictly positive by assumption, the denominator is also strictly positive.
Thus, the conditional probability is the ratio of two positive numbers, which is positive. This holds for any
pair of d-policies differing by a single component, so the system is ergodic.

Theorem B.3 (Gibbs Sampling Recovers Softmax Over Coherence). For any ergodic learning system
(M,A,S, σ), initial d-policy π0, and temperature reciprocal β > 0, when N → +∞, we have

πr
d→ Xβ , where r ∼ Unif({0, · · · , N})

Proof. The Gibbs sampling algorithm defines a time-homogeneous Markov chain on the finite state space of
d-policies AS . To show that the distribution of states converges to Xβ , we need to show that the chain is
ergodic and that Xβ is its unique stationary distribution.

Ergodicity: The chain is irreducible because the learning system is assumed to be ergodic. By definition,
this means for any π, π′ differing by one component, the transition probability is positive. Since any d-policy
can be reached from any other d-policy by a sequence of single-component changes, there is a non-zero
probability path between any two states in the chain. The chain is also aperiodic; for example, there is a
non-zero probability of resampling the same behavior for a component, allowing the chain to stay in the
same state. An irreducible and aperiodic Markov chain on a finite state space is ergodic.

Stationary Distribution: We show that Xβ satisfies the detailed balance condition, which is a sufficient
condition for being a stationary distribution. For any two states π, π′ ∈ AS , the condition is Xβ(π)P (π →
π′) = Xβ(π′)P (π′ → π). It suffices to check this for states π, π′ that can be reached from one another in a
single step, i.e., those that differ in at most one component. If π = π′, the condition is trivial. Let π and
π′ differ only in a single context, ṡ. Let π(ṡ) = a and π′(ṡ) = a′. Let ϕ =

∑
s̸=ṡ π(s) =

∑
s̸=ṡ π

′(s). The
transition probability P (π → π′) involves updating the component ṡ to a′. The probability for this specific
update is proportional to σβ(ϕ, ṡ)(a′). We write the full transition probability, accounting for the multi-
step nature of the update: P (π → π′) = 1

|S|
σ(ϕ,ṡ)(a′)β

Zϕ
, where Zϕ =

∑
ã∈ṡ σ(ϕ, ṡ)(ã)β is the normalization

constant.

The key insight is that the coherence χ(π) is independent of the ordering of contexts. We can therefore
choose an ordering where ṡ is the last element, s|S|. With this ordering, the coherence of π is:

χ(π) =

|S|−1∑
n=1

log2 σ

(
n−1∑
m=1

π(sm), sn

)
(π(sn))

+ log2 σ(ϕ, ṡ)(a)

26



Under review as submission to TMLR

And for π′:

χ(π′) =

|S|−1∑
n=1

log2 σ

(
n−1∑
m=1

π(sm), sn

)
(π(sn))

+ log2 σ(ϕ, ṡ)(a′)

The terms in the parentheses are identical for π and π′. Therefore,

χ(π) − χ(π′) = log2 σ(ϕ, ṡ)(a) − log2 σ(ϕ, ṡ)(a′)

Taking the exponential and raising to the power of β:

2βχ(π)

2βχ(π′) = σ(ϕ, ṡ)(a)β
σ(ϕ, ṡ)(a′)β

Now, let’s check the detailed balance condition using Xβ(π) ∝ 2βχ(π):

Xβ(π)P (π → π′) ∝ 2βχ(π) · σβ(ϕ, ṡ)(a′) = 2βχ(π) · σ(ϕ, ṡ)(a′)β
Zϕ

Xβ(π′)P (π′ → π) ∝ 2βχ(π′) · σβ(ϕ, ṡ)(a) = 2βχ(π′) · σ(ϕ, ṡ)(a)β
Zϕ

The condition holds if 2βχ(π)σ(ϕ, ṡ)(a′)β = 2βχ(π′)σ(ϕ, ṡ)(a)β , which is equivalent to 2βχ(π)

2βχ(π′) = σ(ϕ,ṡ)(a)β

σ(ϕ,ṡ)(a′)β .
We have just shown this identity to be true.

Thus, Xβ is the stationary distribution. Since the chain is ergodic, it has a unique stationary distribution,
so the time-averaged distribution of samples πr converges to Xβ .

By running Gibbs sampling with large β, we are now able to find high-coherence d-policies.

B.2 The Training-Friendly Variant

In practice, Gibbs sampling is easily applicable on in-context learning systems and Bayesian inference sys-
tems. However, each of its N ·|S| sampling steps samples from a different policy (obtained from leave-one-out
datasets), and in a finetuning learning system, it would be a computational nightmare to do this many train-
ing runs.

If one is fine with approximations, then they could train one full policy
∑|S|
n=1 πt(sn) in each round, and

before every sampling attempt, perform unlearning to erase one sample from such a policy.

Or, if the policy at hand can be easily merged (e.g. are ensemble models), then one may precompute prefix
and suffix “sum policies”, and merge one prefix and one suffix to obtain a leave-one-out policy. If storage is
a concern, one could further apply square root decomposition.

However, the two workarounds are rather complicated and may not be applicable in many cases. Below is a
more general method.

Algorithm 2 Training-Friendly Variant of Gibbs Sampling
1: Input: Learning system (M,A,S, σ); initial d-policy π0; number of steps N ; temperature reciprocal β;

training split portion γ ∈ (0, 1).
2: Output: List of d-policies π0, π1, · · · , πN .
3: procedure TrainingFriendlyGibbs
4: for t = 0, 1, . . . , N − 1 do
5: Independently and equiprobably select a ⌊γ|S|⌋-sized subset of S, denoted with Ŝt.
6: Let ϕt =

∑
s∈Ŝt

πt(s). (Training step)
7: Independently sample ant ∼ σβ (ϕt, sn), for sn /∈ Ŝt. (Sampling step)
8: Set πt+1 such that πt+1(sn) = ant if sn /∈ Ŝt and πt+1(sn) = πt(sn) if sn ∈ Ŝt.
9: end for

10: end procedure
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This algorithm is first implemented in an forthcoming, unpublished version of Wen et al. (2025). Note that
it needs to be distinguished from what is typically called “iterative training”, as the training step in each
round always starts from zero, rather than from the previous step’s trained policy ϕt−1. Iterative training
usually results in “model collapse” (Shumailov et al., 2024).

This algorithm approximates Gibbs sampling by replacing the computationally expensive leave-one-out con-
text with a more economical “leave-a-random-chunk-out” context. In true Gibbs sampling, to resample the
behavior for sn, we use the context ϕ′

n =
∑
m̸=n πt(sm). In this training-friendly variant, we sample ant for

all sn /∈ Ŝt using the shared context ϕt =
∑
s∈Ŝt

πt(s). The set Ŝt is a large, random subset of S of size
⌊γ|S|⌋.

The approximation holds if σ(ϕt, sn) ≈ σ(ϕ′
n, sn) for sn /∈ Ŝt. The contexts differ by the elements in

(S \ {sn}) \ Ŝt. This set difference has size (|S| − 1) − ⌊γ|S|⌋ ≈ (1 − γ)|S| − 1. If the fraction of held-out
behaviors γ is close to 1, and the total number of contexts |S| is large, then ϕt is a very good approximation
of ϕ′

n. The logic is similar to the ICM approximation. In a system with rich, distributed information, the
predictive distribution is robust to small perturbations in its context. Removing a small, random fraction of
context behaviors is unlikely to drastically change the inference for another behavior.

Therefore, each sampling step in this algorithm is an approximation of a true Gibbs sampling step. While not
exact, the process introduces a similar dynamic that pushes the d-policy towards regions of higher coherence,
and its stationary distribution should be close to the target Xβ , especially for γ → 1.

Notably, this method can be seen as an extension of the classical (and surprising) training method of
pseudo-labeling (Lee et al., 2013).

B.3 Separating Consistent Personas from a Mixture

We test whether Gibbs sampling induces mode “snap” (convergence to a single coherent persona) instead of
mode interpolation, mixture, or divergence. This is a lightly cherry-picked setup where the phenomenon is
most salient; we tested two other setups whose results are directionally aligned but less consistent.

Setup. The experiment consists of 16 questions, including 12 scientific (e.g., “How does photosynthesis
work?”) and 4 emotional (e.g., “I just lost my job. . . ”). We run 2048 rounds of Gibbs sampling (2048×16 =
32768 inferences) with Claude-3.5-Haiku. Figure 7(a) displays embeddings for all generated texts over the
rounds; circles for scientific questions, triangles for emotional questions; red for later rounds, blue for earlier
rounds. Panels (b)–(d) show cosine similarity trends within scientific questions, within emotional questions,
and between the two types.

Results. The observations are as follows: (i) scientific answers converge towards emotional answers while
the latter stay put; (ii) within-type similarity first rises and then stabilizes; (iii) cross-type similarity contin-
ually rises. The implication is that the scientific mode is “snapping to” the emotional mode. The model does
indeed answer scientific questions in emotional style after convergence, producing outputs like “A sacred
invitation to explore the remarkable, infinite creativity of biochemical becoming” when asked the photosyn-
thesis question. This demonstrates coherence optimization’s tendency to converge on consistent personas
rather than maintaining or amplifying diversity.

C Feedback-Free Self-Improvement Methods Reducible to Coherence Optimization

This section provides detailed arguments and proofs for the results showing that several state-of-the-art
feedback-free self-improvement methods are reducible to coherence optimization.

C.1 Debate

We provide the detailed argument for Proposition 4.3. Consider a learning system with two contexts,
S = {spro, scon}. spro is the set of possible answers to “Why is P correct?” and scon the set of answers to
“Why is P incorrect?”, for a proposition P .
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Figure 7: (a) Embeddings of scientific (circles) and emotional (triangles) answers over 2048 rounds of Gibbs
sampling. Later rounds are colored red, earlier rounds blue. The model shifts to answering scientific questions
in an emotional style. (b)(c)(d) Within-type and cross-type cosine similarity over 2048 rounds.

If we generate arguments independently via greedy decoding, the resulting d-policy πgreedy = (apro, acon) is
likely to be incoherent. The proponent argument apro might make a claim that acon trivially refutes, because
apro did not anticipate this rebuttal. Generating acon conditional on apro addresses only one direction of this
problem.

A more robust conclusion arises from finding the d-policy π∗ = (a∗
pro, a

∗
con) that maximizes the joint coherence

χ(π). At zero temperature (β = +∞), this is the d-policy found by infinite-beam beam search. Such a d-
policy represents a “reflective equilibrium” between the two positions, where a∗

pro anticipates and counters
a∗

con, and vice versa.

This optimal d-policy can be found (or, for β < ∞, sampled from) using an iterative process that is formally
identical to debate:

Algorithm 3 Iterative Debate (Gibbs Sampling for |S| = 2)
1: Input: Learning system (M,A,S = {spro, scon}, σ); number of turns N ; temperature reciprocal β.
2: Output: List of d-policies π1, . . . , πN .
3: procedure Debate
4: Independently sample a(0)

pro ∼ σβ(0, spro) ▷ Proponent makes first arg
5: for t = 0, 1, . . . , N − 1 do
6: Independently sample a(t+1)

con ∼ σβ(a(t)
pro, scon). ▷ Opponent responds to proponent’s last arg

7: Independently sample a(t+1)
pro ∼ σβ(a(t)

con, spro). ▷ Proponent responds to opponent’s last arg
8: Set πt+1 = (a(t+1)

pro , a
(t+1)
con ).

9: end for
10: end procedure

This iterative refinement, where each side updates its argument based on the other’s, is the essence of both
debate and Algorithm 1. The convergence result (Proposition 4.3) follows directly from Theorem 4.2, noting
that Algorithm 3 is a synchronous variant where each party responds to the other’s latest message rather
than the second-to-latest; the proof of Theorem 4.2 is agnostic to this difference.

This debate setup, which optimizes coherence over a pair of conflicting contexts, illustrates a more general
principle. Ideally, we would optimize coherence over all contexts S simultaneously (all contexts in the world,
not merely two), especially with a strong reasoning model as the prior policy. The goal would be to find a
maximally consistent system of beliefs and behaviors, a form of reflective equilibrium. This is exactly the
objective of Gibbs sampling.
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C.2 Simple Bootstrap Near β = 1

Algorithm 4 Simple Bootstrap
1: Input: Learning system (M,A,S, σ); sequence of contexts {sn}Nn=1; temperature reciprocal β.
2: Output: Mapping f : sn 7→ an ∈ sn.
3: procedure SimpleBootstrap
4: for n = 1, . . . , N do
5: Sample an ∼ σβ

(∑
m<n am, sn

)
.

6: end for
7: end procedure

We provide the proof of Proposition 4.4. The proof relies on the following technical assumption.
Assumption C.1 (Context Independence on Random Subsets). A learning system exhibits quantitative
context independence if for every s ∈ S, there exists a limiting distribution ρs and constants C,K > 0, α > 1
such that for a randomly chosen sequence (s1, . . . , sn−1) where n ≥ K:

Es1,...,sn−1

[
DTV

(
σ

(
n−1∑
m=1

am, sn

)
, ρsn

)]
≤ C

(n− 1)α

for any path (a1, . . . , an−1) and any sn /∈ {s1, . . . , sn−1}.

Proof of Proposition 4.4. We first define the two distributions to be compared. The probability of generating
a d-policy π = (a1, . . . , aN ) via the sequential Simple Bootstrap process is:

PSB (π;β) =
N∏
n=1

σβ

(∑
m<n

am, sn

)
(an) =

∏N
n=1 σ

(∑
m<n am, sn

)
(an)β∏N

n=1 Zn
(∑

m<n am
)

where Zn (ϕ) =
∑
a′∈sn

σ (ϕ, sn) (a′)β is the local normalization constant at step n.

The target softmax-over-coherence distribution is Xβ (π) = 1
Z 2βχ(π). Using the definition χ (π) =∑N

n=1 log2 σ
(∑

m<n am, sn
)

(an), this becomes:

Xβ (π) = 1
Z

N∏
n=1

σ

(∑
m<n

am, sn

)
(an)β

By comparing these expressions, we find that PSB (π;β) is a reweighting of Xβ (π):

PSB (π;β) = Xβ (π) · w (π) , where w (π) = Z

V (π) and V (π) =
N∏
n=1

Zn

(∑
m<n

am

)

Since
∑
π PSB (π) = 1, taking the expectation over Xβ shows that EXβ [w (π)] = 1. The total variation

distance is given by:
DTV

(
PSB,Xβ

)
= 1

2EXβ [|w (π) − 1|]

By Jensen’s inequality, this is bounded by the standard deviation of the reweighting factor:

D2
TV ≤ 1

4EXβ

[
(w (π) − 1)2

]
= 1

4VarXβ (w (π))

For a random variable W concentrated around its mean, its relative variance is well-approximated by the
variance of its logarithm: Var (W ) /E [W ]2 ≈ Var (lnW ). Applying this, we find Var (w (π)) ≈ Var (lnV (π)).
Our goal is to bound the variance of lnV (π).
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Case 1: β = 1. In this case, Zn (ϕ) =
∑
a′∈sn

σ (ϕ, sn) (a′) = 1 for all n and ϕ. Thus, V (π) = 1 for all π.
The relation becomes PSB (π; 1) = X1 (π) · Z. Since both distributions must sum to 1, we must have Z = 1.
Therefore, for β = 1, the distributions are identical, i.e., PSB (π; 1) = X1 (π).

Case 2: β near 1. Let β = 1 + ϵ for small ϵ. A first-order expansion of lnZn (ϕ) yields:

lnZn (ϕ) = ln
∑
a′

σ (ϕ, sn) (a′)1+ϵ

= ln
∑
a′

σ (ϕ, sn) (a′)
(
1 + ϵ ln σ (ϕ, sn) (a′) +O

(
ϵ2
))

= ln
(

1 + ϵ
∑
a′

σ (ϕ, sn) (a′) ln σ (ϕ, sn) (a′) +O
(
ϵ2
))

= −ϵH (σ (ϕ, sn)) +O
(
ϵ2
)

where H (·) is the Shannon entropy. The logarithm of the reweighting factor is therefore lnV (π) ≈ −ϵSH (π),
where SH (π) =

∑N
n=1 H

(
σ
(∑

m<n am, sn
))

. The variance is Var (lnV (π)) ≈ ϵ2Var (SH (π)). We now show
that Var (SH (π)) is bounded by a constant independent of N .

We split the sum into a “burn-in” period (n ≤ K) and a “stable” period (n > K).

In the Stable Period (n > K), the variance of this part of the sum has two components. First, we
analyze the sum of the limit entropies,

∑N
n=K+1 H (ρsn

). Since the sequence is a random permutation, this
is a sum of N − K values drawn without replacement from the finite population {H (ρs)}s∈S . Its variance
is (N −K)σ2

H
N−(N−K)

N−1 = K(N−K)
N−1 σ2

H , where σ2
H is the population variance of the limit entropies. This

variance is O (K) and does not grow with N . Second, we analyze the sum of the deviations,
∑N
n=K+1 δn,

where δn = H (σn) − H (ρsn
). The variance of this sum is bounded by the sum of the individual variances

(assuming weak correlation). The variance Var (δn) is bounded by E
[
δ2
n

]
, which by our assumption decays

at least as fast as O (n−α). Since α > 1, the sum
∑N
n=K+1 Var (δn) converges to a constant as N → ∞. The

rate of convergence is determined by the tail of the series, which is
∑∞
n=N+1 n

−α = O
(
N1−α). The total

variance of the stable period sum is thus bounded by a constant independent of N .

In the Burn-in Period (n ≤ K), the first K terms,
∑K
n=1 H

(
σ
(∑

m<n am, sn
))

, depend on the specific
initial path and the specific initial K contexts. As entropy is a bounded function, the variance of this finite
sum is bounded by a constant ∆2

K that depends on K but not on N .

The total variance of SH (π) is therefore bounded by a constant ∆2 that is asymptotically independent of
N . Combining our results:

DTV ≤ 1
2
√

Var (w (π)) ≈ 1
2
√

Var (lnV (π)) ≈ 1
2
√
ϵ2Var (SH (π)) ≤ 1

2 |ϵ| ∆

Since ϵ = β−1 and ∆ is a constant for a given system, we have shown that DTV
(
PSB,Xβ

)
= O (|β − 1|).

Note that the O(|β − 1|) asymptotics limit the usefulness of the method. The most effective use of Gibbs
sampling is when β ≫ 1 and the converged-upon distribution is concentrated on the highest-coherence
d-policies, which would not be well-approximated by simple bootstrap.

C.3 Internal Coherence Maximization

We provide further analysis of the relationship between coherence and mutual predictability (Equations 2
and 3).
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Algorithm 5 Internal Coherence Maximization (Wen et al., 2025)
1: Input: Learning system (M,A,S, σ).
2: Output: d-policy π∗.
3: procedure ICM
4: For d-policy π, define its mutual predictability fMP(π) :=

∑|S|
n=1 log2 σ

(∑
m̸=n π(sm), sn

)
(π(sn)).

5: Using discrete optimization methods, find π∗ = arg maxπ fMP(π).
6: end procedure

The two objectives are approximately aligned under conditions where the learning system exhibits a form of
informational saturation. The difference between the two objectives is:

fMP(π) − χ(π) =
|S|∑
n=1

[
log2 σ

(∑
m<n

π(sm) +
∑
m>n

π(sm), sn

)
− log2 σ

(∑
m<n

π(sm), sn

)]

This term measures the total change in log-probability of the behaviors π(sn) when informed by “future”
behaviors (

∑
m>n π(sm)) in addition to “past” ones.

In many complex systems, particularly those with a large number of interacting components (large |S|), the
context for predicting any single component becomes saturated with information quickly. Once the context∑
m<n π(sm) is sufficiently large and diverse, adding more context in the form of

∑
m>n π(sm) provides

diminishing returns and does not significantly alter the predictive distribution for π(sn). In such cases, the
difference term above is small, and the d-policy π that maximizes one objective will be close to the one that
maximizes the other.

This approximation is analogous to how pseudo-likelihood (based on local conditional probabilities, similar
to fMP) is used as a computationally cheaper proxy for the true joint likelihood (similar to χ) in fields like
statistical physics and graphical models.

D Coherence Optimization as Policy-Wide Description Length Regularization

This section provides detailed proofs for the theoretical results in §5. We show that maximizing coherence
imposes a policy-level regularization that improves out-of-sample generalization. As discussed in Appendix A,
coherence can be further customized to regularize for high legibility, high factuality, or high alignment by
appropriate choice of prior policy.

D.1 Negated Coherence as Description Length

The concept of coherence has a natural and powerful interpretation, specifically the principle of Minimum
Description Length (MDL). The MDL principle states that the best model for a set of data is the one that
permits the shortest description of the data.

Consider a d-policy π as a dataset, where each π(sn) is a data point. The coherence χ(π) is defined as a
sum of sequential log-probabilities:

χ(π) = log2 σ(0, s1)(π(s1)) + log2 σ(π(s1), s2)(π(s2)) + . . .

This is precisely the log-probability of observing the sequence of behaviors (π(s1), π(s2), . . . ) under the
predictive model defined by the learning system. By the chain rule, this is equal to the log of the joint
probability, log2 P (π(s1), . . . , π(s|S|)).

According to Shannon’s source coding theorem, the minimal average number of bits required to encode
a message from a source is equal to its entropy. The optimal codelength for a specific message x with
probability P (x) is − log2 P (x) bits. Therefore, the negated coherence is the ideal codelength for the entire
d-policy π:

CodeLength(π) = − log2 P (π) = −χ(π)
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Maximizing coherence χ(π) is thus equivalent to minimizing the description length of the d-policy π. A
d-policy is “coherent” if its constituent behaviors are highly predictable from one another, allowing for a
very compact description. An “incoherent” policy consists of surprising or contradictory behaviors, requiring
a longer description.

Coherence optimization, therefore, acts as a form of regularization that favors d-policies embodying strong,
compressible patterns, and forces the model to discover and adhere to underlying principles rather than
memorizing a set of unrelated behaviors.

D.2 Uniform Convergence Theorem for Coherence

Definition D.1 (Agreement and Accuracy). For any two d-policies π1, π2 ∈
∏
s∈S s and a subset of

contexts Ŝ ⊆ S, we define the agreement between π1 and π2 on Ŝ as

αŜ(π1;π2) = αŜ(π2;π1) := 1
|Ŝ|

∑
s∈S

1π1(s)=π2(s).

In particular, we denote α(π1;π2) := αS(π1;π2). Given any ground-truth d-policy π∗, we define d-policy
π’s accuracy on Ŝ as αŜ(π;π∗).

Theorem D.2 (Uniform Convergence). Let π∗ be any given ground-truth d-policy, and the training con-
texts ŝ1, ŝ2, · · · , ŝN be uniformly and independently sampled contexts from S, for some N > 0. Let π be an
arbitrary d-policy with αtrain(π;π∗) := α{ŝi}N

i=1
(π;π∗), then

|α(π;π∗) − αtrain(π;π∗)| ≤
√

−2χ(π) + log2 e− log2 δ
−1

2N

holds uniformly for all π with probability 1 − δ, for any given δ ∈ (0, 1).

Proof Sketch. The proof follows the structure of PAC-Bayesian analysis. We define a prior distribution over
the space of d-policies P (π) ∝ 2χ(π). A standard result in learning theory (a variant of the PAC-Bayes
theorem) bounds the deviation between the true risk and the empirical risk. For any specific d-policy π,
we can consider a “posterior” distribution that places all its mass on π. The KL divergence between this
posterior and the prior is then − log2 P (π) ∝ −χ(π). Applying the relevant concentration inequality yields
a bound of the desired form, where the complexity term penalizing generalization is the negative log-prior,
i.e., the negated coherence.

Corollary D.3 (Coherence Regularization). Under the conditions of the previous theorem, for any given
set R ⊆

∏
s∈S s of d-policies and

π̂ := arg max
π∈R

{
αtrain(π;π∗) −

√
−2χ(π) + log2 e− log2 δ

−1

2N

}
(9)

π̄ := arg max
π∈R

α(π;π∗), (10)

we have

α(π̂;π∗) ≥ α(π̄;π∗) − 2
√

2 max(−χ(π̂),−χ(π̄)) + log2 e− log2 δ
−1

2N (11)

with probability 1 − δ.

In other words, by jointly maximizing training accuracy and coherence, we can make sure the resulting policy
π̂ is not much worse than the optimal policy π̄ when tested out-of-sample.
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Remark D.4 (Coherence Regularization Matters). One may be tempted to say “But LLMs are surely already
trained on sufficiently many pretraining samples? Additional regularization matters little.” This is not the
case.

The effective dimensionality of the pretraining corpus is too small compared to the size of model parameters.
The trillions of pretraining tokens are limited in effective dimension, because (i) natural language has lots
of redundancies, and, more importantly, (ii) most human speeches on the Internet can be classified into a
small number of discrete “personas” that explain a large portion of the variance in the opinions and styles
of those speeches.

Empirically, we see that language models, even reasoning models, are much worse at creatively synthesizing
novel ideas (e.g. hypothesizing and proving new theorems) than retrieving known ones from memory, while
many humans can learn creative synthesis by consuming orders-of-magnitude less data. This is a sign that
models overfit to statements of human knowledge by memorizing all of them, while being less successful at
discovering generalizeable reasoning strategies that led to those knowledge in the first place.

Also empirically, we see that language models frequently express mutually contradicting information
or opinions in different contexts, likely due to over- and under-representation of different information
sources/viewpoints in different parts of the pretraining corpus. Let us zoom out and treat a (context,
response persona) pair as a training sample, where each such sample encompasses hundreds of thousands of
tokens, rather than (input token sequence, output next token) as a “sample”. Under such a view, the number
of training samples is drastically reduced; we would like the trained policy to generalize out-of-sample (i.e.,
to integrate information/opinions of all personas in all contexts) instead of overfitting to training samples
(i.e., to always respond in the best-represented persona of the current context); and the fact that trained
language models currently do the latter suggests that additional regularization is needed.

Coherence regularization is well-placed to address both examples of overfitting above, as (i) memorization
by rote and (ii) emulating best-represented persona in every context both incur a multiplicative factor on
the description length of the policy, and are thus strongly punished by coherence regularization. This sets
coherence regularization apart from methods such as entropy regularization, which penalizes description
length of policy behavior on each input separately. In contrast, coherence regularization controls the joint
description length of all behaviors across all contexts.

D.3 Good and Bad Priors for Coherence Regularization

Let us look more closely at Equation 11. We can obviously replace the regularizer χ(·) with χϕ(·) for any
arbitrary prior policy ϕ, and the negative term on RHS will change accordingly. Since we want that term to
be as close to 0 as possible, this gives us a measure of goodness for a prior policy.

Definition D.5 (Optimality Gap). Given any ground-truth d-policy π∗, for any policy ϕ ∈ M, we define
the optimality gap of ϕ as the prior policy to be

G(ϕ;π∗) := −2χϕ(π∗) + log2 e > 0

Proposition D.6 (Optimality Gap Lower-Bounds Accuracy). Under the conditions of the uniform con-
vergence theorem, for any policy ϕ ∈ M, let

π̂ := arg max
π∈
∏

s∈S
s

{
αtrain(π;π∗) −

√
−2χϕ(π) + log2 e− log2 δ

−1

2N

}
, (12)

then, with probability 1 − δ,

α(π̂;π∗) ≥ 1 −
√

2G(ϕ;π∗) − 2 log2 δ
−1

N
.

34



Under review as submission to TMLR

Proof. By Equation 12, we have

αtrain(π̂;π∗) −
√

−2χϕ(π̂) + log2 e− log2 δ
−1

2N ≥ αtrain(π∗;π∗) −
√

−2χϕ(π∗) + log2 e− log2 δ
−1

2N

= 1 −
√

−2χϕ(π∗) + log2 e− log2 δ
−1

2N
Thus, √

−2χϕ(π̂) + log2 e− log2 δ
−1

2N ≤
√

−2χϕ(π∗) + log2 e− log2 δ
−1

2N
−χϕ(π̂) ≤ −χϕ(π∗)

Applying Corollary D.3 with R =
∏
s∈S s completes the proof.

The propositions tells us that, the goodness of a prior policy is decided by the coherence of the optimal
d-policy under such a prior. It’s worth noting that any policy can be a prior policy, including e.g. a
(trainable) human preference model. The job of coherence optimization is to turn any such prior policy
(which, at inference time, can only evaluate the likelihood of individual outputs/behaviors) into a policy-level
regularizer (which evaluates & regularizes the joint likelihood of the policy’s behavior across contexts).

D.4 Proofs for Asymptotic Optimality

This section provides the proof of the Regularization Optimality Theorem (Theorem 5.5), the Change-of-
Prior Lemma (Lemma 5.6), and supporting material for §5.3.

Optimality of Description-Length Regularization. Under description-length regularization, with probability
1 − δ,

α(πSRM) ≥ max
π∈AS

α(π) − 2 reg(π) (uniform convergence)

≥ Eπ∼Q[α(π) − 2 reg(π)]

≥ Eπ∼Q[α(π)] −
√

2
N

Eπ∼Q

[√
log2 e/δ − log2 P(π)

]
.

Using the Taylor expansion, we get

Eπ∼Q

[√
log2 e/δ − log2 P(π)

]
= Eπ∼Q

[√
log2 e/δ − (1 + o(1)) log2 P(π)√

log2 e/δ

]

=
√

log2 e/δ − (1 + o(1))√
log2 e/δ

Eπ∼Q [log2 P(π)] .

Substituting back:

α(πSRM) ≥ Eπ∼Q[α(π)] −
√

2 log2 e/δ

N
+

√
2 + o(1)
N log2 e/δ

Eπ∼Q [log2 P(π)] .

Now, Eπ∼Q[log2 P(π)] = −H[Q] − KL[Q∥P] by definition of cross-entropy. Simplifying:

α(πSRM) ≥ Eπ∼Q[α(π)] −
√

2 log2 e/δ

N
+

√
2 + o(1)
N log2 e/δ

(H [Q] − KL [Q || P]) .
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Proof of Change-of-Prior Lemma. This is a direct consequence of the definitions. We expand the terms.
The left-hand side (LHS) is:

LHS =
L∑
l=1

log2 σ

(
ϕ+

l−1∑
k=1

atk, s
t
l

)
(atl) +

N∑
n=1

log2 σ

(
r +

n−1∑
m=1

aϕm, s
ϕ
n

)
(aϕn)

Substitute ϕ = r +
∑N
m=1 a

ϕ
m into the first term:

LHS =
L∑
l=1

log2 σ

(
r +

N∑
m=1

aϕm +
l−1∑
k=1

atk, s
t
l

)
(atl) +

N∑
n=1

log2 σ

(
r +

n−1∑
m=1

aϕm, s
ϕ
n

)
(aϕn)

Now we expand the right-hand side (RHS), which is the coherence of the concatenated sequence of behaviors
relative to the prior r. Denote the concatenated sequence as {ai}N+L

i=1 , where ai = aϕi for i ≤ N and
ai = ati−N for i > N .

RHS = χ̂r[a1, · · · , aN+L] =
N+L∑
i=1

log2 σ

r +
i−1∑
j=1

aj , si

 (ai)

=
N∑
i=1

log2 σ

r +
i−1∑
j=1

aϕj , s
ϕ
i

 (aϕi ) +
N+L∑
i=N+1

log2 σ

r +
i−1∑
j=1

aj , si

 (ai)

The first term of the RHS is exactly the second term of the LHS. Now let’s examine the second term
of the RHS. For i = N + l (where l ∈ [1, L]), the context sum is

∑i−1
j=1 aj =

∑N
j=1 a

ϕ
j +

∑N+l−1
j=N+1 aj =∑N

j=1 a
ϕ
j +

∑l−1
k=1 a

t
k. So the second term of the RHS is:

L∑
l=1

log2 σ

r +
N∑
j=1

aϕj +
l−1∑
k=1

atk, s
t
l

 (atl)

This is exactly the first term of the LHS. Therefore, LHS = RHS.

Example D.7 (Conditional Probabilities in Bayesian Learning System). In a Bayesian learning system,
Theorem 5.8 becomes a simple identity of log-probabilities. The base coherence χ(π) is the log joint
probability of all behaviors in the d-policy π: χ(π) = log2 P (π(S)) = log2 P (π(Sa), π(Sb)). The “pretrain
coherence” χ̂0[π(Sb)] is the log marginal probability of the pretraining behaviors: χ̂0[π(Sb)] = log2 P (π(Sb)).
The “posttrain coherence w.r.t. pretrain prior” χa(π(Sa)) corresponds to coherence in a quotient system
where the base policy is 0a =

∑
s∈Sb

π(s). This is equivalent to starting with a prior conditioned on the
pretraining data π(Sb). Thus, this term is the log conditional probability: χa(π(Sa)) = log2 P (π(Sa)|π(Sb)).
Plugging these into the first half of Equation 7:

log2 P (π(Sa)|π(Sb))︸ ︷︷ ︸
χa(π(Sa))

+ log2 P (π(Sb))︸ ︷︷ ︸
χ̂0[π(Sb)]

= log2 P (π(Sa), π(Sb))︸ ︷︷ ︸
χ(π)

This is simply the chain rule of probability, log2 P (A|B) + log2 P (B) = log2 P (A,B). The other half of
the equation follows from symmetry, as P (A,B) = P (B,A) = P (B|A)P (A), which corresponds to the
right-hand side of Equation 7.

D.5 Heuristic Argument for the Equivalence Between Regularization and Optimization

We now informally show why the two formulations in Conjecture 5.9 are likely equivalent under appropriate
conditions. By Equation 7, optimizing coherence on the posttrain samples π(Sa) with respect to a pretrained
policy is equivalent to jointly optimizing (i) the coherence of posttrain samples with respect to zero prior
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and (ii) the accuracy of a posttrain-only policy on pretrain samples. (Since π(Sb) is fixed, we may ignore
the “pretrain coherence” term.)

This looks similar to the regularized training objective from Proposition 5.4, but there are two gaps to
bridge. First, χ̂0 [π(Sa)] appears linearly in the coherence objective, while it appears under a square root
in the regularization term

√
[−2χ(π) + log2 e− log2(1/δ)]/2N . Second, χb(π(Sb)) is coherence on pretrain

samples, not accuracy αtrain(π).

We address both gaps with heuristic calculations.

Let’s first look at the second question. We know that in a naive Bayes model, the log likelihood scales
linearly with accuracy times sample size. In supervised training, this is approximately true up to a constant
factor. In LLM finetuning pipelines, the cross-entropy loss typically drops by around a factor of 2 before
stagnating, so the cumulative loss is approximately linear up to a factor of 2. The same is true of pretraining
loss after the initial stage of rapid loss decline. We may thus assume∣∣∣c|Sb|(αb(π) − 1) − χb(π(Sb))

∣∣∣ ≤ ϵ|Sb|

for some constants c > 0, d < 0 and small ϵ. This answers the second question. After we multiply the
pretrain accuracy by c|Sb|, the two are approximately equal in size.

Now, the first question. Observe that Proposition 5.4 does not rely on the accuracy and coherence being
calculated on the same context set, and not even that the two being calculated on the same number of
contexts. We only require that the set of contexts we use for specifying the trained d-policy be included in
the calculation of coherence. We can thus switch the χ(π) in the regularization term for χ̂0 [π(Sa)] (where
Sa is the “set of contexts we use for specifying d-policy”), and N , on the other hand, for |Sb| (the number of
samples used for training accuracy calculation). We must also multiply the regularization term by the same
factor of c|Sb|, so we are now comparing χ̂0 [π(Sa)] and

c|Sb|

√
−2χ̂0 [π(Sa)] + log2 e− log2(1/δ)

2|Sb|
= c
√

|Sb| ·
√

−χ̂0 [π(Sa)] + log2 e− log2(1/δ)
2

Now we have an oracle that, when given any Sa,Sb, π(Sb), can tell us the optimum for

max
π(Sa)

(
c|Sb|αb(π) + χ̂0 [π(Sa)]

)
= max

r∈R

(
max

π(Sa): −χ̂0[π(Sa)]/|Sa|=r
c|Sb|αb(π) − |Sa| · r

)
:= max

r∈R
(f(r) − |Sa| · r).

while we would like to solve for the regularized accuracy, i.e., roughly

max
π(Sa)

(
c|Sb|αb(π) − c

√
|Sb| ·

√
−χ̂0 [π(Sa)] + log2 e− log2(1/δ)

2

)

= max
r∈R

(
max

π(Sa): −χ̂0[π(Sa)]/|Sa|=r
c|Sb|αb(π) − c

√
|Sb| ·

√
|Sa| · r + log2 e− log2(1/δ)

2

)

≈ max
r∈R

(
max

π(Sa): −χ̂0[π(Sa)]/|Sa|=r
c|Sb|αb(π) −

√
|Sa| · c

√
|Sb| ·

√
r

)
:= max

r∈R

(
f(r) −

√
|Sa| · g(r)

)
. (13)

Note that, since −χ̂0 [π(Sa)] is approximately asymptotically linear with respect to |Sa|, by defining r with
−χ̂0 [π(Sa)] /|Sa|, we ensure that the function f(r) doesn’t vary by orders of magnitude when |Sa| changes.
We will now assume f(r) is a fixed function independent of |Sa|, which is true when |Sa| is large and the
ratio r has converged for every possible d-policy.
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g(r) is concave. Empirically, f(r) is also likely approximately concave, as it represents the tradeoff between
coherence (≈ accuracy) on Sa and accuracy on Sb, and accuracy tradeoff on two different datasets likely
exhibits diminishing returns.

Now, remember that there’s one more variable we can control, but which we’ve so far not put to use: |Sa|.
We will now use it as a Lagrange multiplier, and denote it with λ.

Given any λ, the oracle gives us the optimal r∗ : f ′(r∗) = λ. Our hope is to find a value for λ such that
r∗(λ) also satisfies the optimality condition for Equation 13, i.e.,

f ′(r∗) −
√
λ · g′(r∗) = λ−

√
λ · g′(r∗) = λ−

√
λ · 1

2c
√

|Sb|
r∗ = 0 ⇐⇒ λ = c2

4r∗ |Sb|

Now we know that such a |Sa|∗ exists and

|Sa|∗ ≈ c2

4r∗ |Sb|

≈
(
−χb(π∗(Sb))/[|Sb|(1 − αb(π∗))]

)2

4(−χ̂0[π∗(Sa)])/|Sa|∗
|Sb|

= 1
4 ×

mean pretrain coherence, squared︷ ︸︸ ︷(
−χb(π∗(Sb))/|Sb|

)2

−χ̂0[π∗(Sa)]/|Sa|∗︸ ︷︷ ︸
mean posttrain coherence, inversed

×
(

1
1 − αb(π∗)

)2

︸ ︷︷ ︸
pretrain error rate, inverse-squared

× |Sb|︸︷︷︸
pretrain sample count

.
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