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Abstract

Accurate estimates of causal effects play a key role in decision-making across applications such
as healthcare, economics, and operations. In the absence of randomized experiments, a common
approach to estimating causal effects uses covariate adjustment. In this paper, we study covariate
adjustment for discrete distributions from the PAC learning perspective, assuming knowledge of a
valid adjustment set Z, which might be high-dimensional. Our first main result PAC-bounds the
estimation error of covariate adjustment by a term that is exponential in the size of the adjustment
set; it is known that such a dependency is unavoidable even if one only aims to minimize the mean
squared error. Motivated by this result, we introduce the notion of an e-Markov blanket, give bounds
on the misspecification error of using such a set for covariate adjustment, and provide an algorithm
for e-Markov blanket discovery; our second main result upper bounds the sample complexity of
this algorithm. Furthermore, we provide a misspecification error bound and a constraint-based
algorithm that allow us to go beyond e-Markov blankets to even smaller adjustment sets. Our third
main result upper bounds the sample complexity of this algorithm, and our final result combines
the first three into an overall PAC bound. Altogether, our results highlight that one does not need
to perfectly recover causal structure in order to ensure accurate estimates of causal effects.

Keywords: Causality, covariate adjustment, PAC bounds, finite sample complexity

1. Introduction

Let P(V) be an unknown probability distribution over discrete random variables V. Using i.i.d.
samples from P(V'), we wish to estimate the probability that Y C V equals y, in the interven-
tional distribution where X C V is set to x. This problem, called causal effect estimation, can be
formalized in either the Neyman-Rubin potential outcomes (PO) framework (Rubin, 1974; Splawa-
Neyman et al., 1990; Sekhon, 2009) or in Pearl’s graphical causality framework (Pearl, 2009). De-
pending on the framework, the desired estimand is written as P(Y(x) = y) or Px(y) = P(Y =
y | do(X = x)), and has several important downstream applications such as estimating treatment
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effects. In this work, we consider the problem from the viewpoint of distribution learning (Kearns
et al., 1994) under the Probably Approximately Correct (PAC) learning model (Valiant, 1984).

The PAC causal effect estimation (PAC-CEE) problem. Given (1) estimation tolerance A > 0,
(2) failure tolerance 6 > 0, (3) sample access to a distribution P(V), and (4) an interventional query

P« (y), output an estimate ]@x(y) such that Pr (‘I@x(y) - ]P’x(y)‘ < )\) >1-09.

For this problem to be well-posed, one must be able to relate the observational distribution
P(V) to the interventional distribution Py (y) via some identification formula, i.e., Px(y) must be
uniquely determined by P(V). Here, we focus on a commonly studied identification formula that
involve a set of variables Z C V' \ (X UY) such that Px(y) = 7% x,y, Where

Trxy = ZZGEZ P(Y=y|Z=2X=x)-PZ=z)= ZZIP’(y | 2,%) - P(z), (1)

with 3z denoting the alphabet of the variables Z. For instance, in the PO framework, Eq. (1)
holds under the assumptions of consistency and conditional ignorability of X with respect to Z;
see Appendix C.1 for a simple derivation. Meanwhile, in the graphical framework, Eq. (1) can be
shown to hold if Z satisfies certain graphical criterion with respect to X and Y, such as the (gen-
eralized) backdoor criterion or the (generalized) adjustment criteria (Pearl, 1995; Shpitser et al.,
2010; Maathuis and Colombo, 2015; Perkovi¢ et al., 2018). Following the latter viewpoint, we call
Z a valid adjustment set for Px(y) if Z satisfies P«x(y) = Tz x y in Eq. (1), but we emphasize that
our results are framework-agnostic, i.e., they do not depend on how Eq. (1) is derived.

In particular, we establish our PAC guarantees by directly analyzing the sample complexity
required to produce an estimate fz%y of Tz xy. A recent work of Zeng et al. (2024) shows that
Q ( )\QLZ + %) samples are sufficient to ensure an expectation bound of [E (‘TZ,x,y — fzp(,y ) <
A, where az, is a positivity (a.k.a. overlap) parameter that is common in causal effect estimation; we
translate their actual stated bound into the form we describe here in Appendix B.1. Zeng et al. (2024)
also presented a minimax lower bound showing that linear dependency on |Xz| is unavoidable.
Since |Xz| grows exponentially with the size of Z (e.g. when all variables are binary, we have
|Xz| = 2121y, it is critical to use small adjustment sets whenever possible. The importance of using
small adjustment sets brings up an interesting but subtle distinction between the non-asymptotic
setting considered in this paper, and asymptotic setting considered in works such as Rotnitzky and
Smucler (2020) and Brookhart et al. (2006). Such works have found that adding certain variables to
the adjustment set can decrease the asymptotic variance (i.e. increase the precision) of the covariate
adjustment estimator. We emphasize that our focus on using small adjustment sets is not at odds
with these results, but reflects a fundamental limitation of asymptotic results that is widely known
within statistics. In particular, the variance of an estimator typically dominates in the asymptotic
setting, since it is associated with errors of order O(y/n), but in the non-asymptotic setting, lower-
order terms with large coefficients play a significant role; c.f. the error term scaling in Theorem 7.!

In our work, given a valid adjustment set Z C V as an initial input, we explore the possibility
of searching for smaller adjustment sets with the objective of using less total samples than directly
producing a A-good estimate fzp(,y. We are able to obtain lower sample complexities because of the
adage from the property testing literature that “testing can be cheaper than learning”. In particular,

1. For example, when estimating the entropy of a discrete distribution, the maximum likelihood estimator is asymptoti-
cally efficient, but its sample complexity has strictly suboptimal dependence on alphabet size (Jiao et al., 2017).
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we develop testing-based algorithms to find a candidate adjustment set S C Z, then estimate fS,x,y
and bound its error from Py (y) = 77z x y via triangle inequality:

P(y) — TS,x,y‘ = ‘TZ,x,y —Tsxy| < Tzxy — Tsxyl + |Tsxy — Tsxy| <€1+e2=2A

The overall error bound () is at most the sum of the misspecification bias error term (¢1) and the
estimation error term (e2). There is an inherent tradeoff between these two sources of error: using
S C Z for adjustment might introduce misspecification bias (if S is not a valid adjustment set), but
this bias may dominated by a reduction in estimation error if S is much smaller than Z. While our
approach to selecting S is best appreciated through the lens of the graphical causality framework, it
also applies in the PO setting, as we only rely on conditional independences of P(V).

1.1. Our main results

Our first main result extends the result of Zeng et al. (2024) to the PAC setting by bounding the
estimation error |Ta xy — TA x,y| for arbitrary subsets A C V \ (X UY), where TA x,y is the
estimate of T'A x, obtained using empirical sample estimates of P(y | a,x) and P(a) for all a €
Y a. Throughout the paper, for any A C 'V \ (X UY) arbitrary, we let

aA = mingex, P(x | a) 2)

Theorem 1 (Estimation error) Suppose we are given (1) estimation tolerance € > 0, (2) failure
tolerance 6 > 0, (3) sample access to P(V'), and (4) a subset A C 'V \ (X UY). Then, there is an

algorithm that uses O ((‘EA‘ +

cap EQaA

such that Pr(|fA’x,y —Taxyl<e)>1-0.

+ ‘2A|) -log %) samples and produces an estimate TA x y

Note that, up to logarithmic factors and the additional E—Q' factor, the sample complexity of
the PAC bound matches the sample complexity of the expectation bound. Here, we switched from
A to € and from Z to A to emphasize that the estimation error is only one part of our overall
bound. Surprisingly, although covariate adjustment is one of the simplest and most widely-used
estimation techniques in causality, this result is (to the best of our knowledge) the first PAC bound on
causal effect estimation for discrete variables. In particular, previous works either focus on different
estimands (under additional assumptions such as knowing a causal graph) or consider continuous
variables and primarily provide only asymptotic results; we discuss related works in Appendix A.3.

Importantly, the sample complexity depends exponentially on |A|, hence it is crucial to keep
A small. As a paradigmatic example, consider the causal graph given in Fig. 1: instead of directly
using Z = {Aj,..., Ay, B}, there are two possible smaller subsets within Z itself that satisfy
the (generalized) backdoor adjustment criterion (Pearl, 1995; Shpitser et al., 2010; Maathuis and
Colombo, 2015; Perkovic et al., 2018), and that therefore also serve as valid adjustment sets.

As a first approach for obtaining smaller adjustment sets, we consider Markov blankets of the
treatments X. In particular, we say that S C Z is a Markov blanket of X with respect to Z when
X 1 Z\ S| S;in this case, one can show that Tsx,y =1z x,y. In the example given in Fig. 1, the
parent set Pa(X) = { A, ..., Ay} satisfies this condition: X L {B} | Pa(X). To adapt this notion
in the finite sample setting, we consider an approximate version of conditional independence and
define a parameter Ax j 7\gs that quantifies how much the conditional independence condition is
violated. When Ax | z\gjs < &, we say that S is an e-Markov blanket of X with respect to Z.
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Figure 1: Consider the graphical causality framework and P, (y) in G with Z = {A;, ..., A, B}
as a valid adjustment set. Both the parental set Pa(X ) = { Ay, ..., Ax} and the singleton
set { B} satisfy the backdoor adjustment criterion (Pearl, 1995) and are also valid.

Definition 2 (Approximate conditional independence) For disjoint sets A, B, C C 'V, we define
AaiBlc = D apcP(c)|P(a,b|c)—P(alc)-P(b|c)l. IfAaipjc <& wewrite A L. B|C.

Definition 3 ((Approximate) Markov blanket) Consider an arbitrary subset A C V \ (XUY).
A subset S C A is called a Markov blanket of X with respect to A if X 1L A\ S | S and an
e-Markov blanket if X 1. A\ S|S.

We show that |TA,x7y - Ts,x,y| < % whenever S is an e-Markov blanket of A. In particular,
if A = Z is a valid adjustment set, then this bound applies to the misspecification bias mentioned
above. Our next result bounds the sample complexity for discovering an e-Markov blanket.

Theorem 4 (Approximate Markov blanket discovery) Suppose we are given (1) € > 0, (2)
d > 0, (3) sample access to a distribution P(V'), and (4) an arbitrary subset A C V \ (X UY).
Suppose that there is a Markov blanket of X with respect to A with k variables. Then, there is an

algorithm that uses O (g “V/|Ex]| - |XAl - log %) samples and produces a subset S C A such
that [S| < k, Pr (Axy a\gis <€) > 1 — 6, and Pr (|Ts,x,y ~Taxyl < 5) 2106

Now, suppose that Theorem 4 outputs S C Z when given a valid adjustment set Z. While |S]|
may be smaller than |Z|, it may still be much larger than the smallest valid adjustment set for Py (y).
For example, we see that |Z| = k+ 1 > k = |Pa(X)| > |{B}| = 1 in Fig. 1 where Z, Pa(X), and
{B} are all valid adjustment sets. Our next result aims to find an adjustment set S’ C Z of minimal
size given a valid adjustment set Z and an e-Markov blanket S C Z of it. To this end, we introduce
the more general concept of a screening set of an arbitrary subset A C 'V \ (XUY).

Definition 5 ((Approximate) Screening set) Let A C V\ (XUY)andS C A. Asubset B C A
is called a screening set for (S, A, X,Y)if Y L S\B | XUBand X 1L B\S | S. Meanwhile, the
subset B is called an e-screening set for (S, A, X, Y)ifY L. S\B|XUBandX 1. B\S|S.

As a technical side note (see the exposition after Lemma 10), given an adjustment set S, the
screening set condition for (S, A, X,Y) is sound for B to be a valid adjustment set, but it is in-
complete in general, in that sense that there may exist valid adjustment sets that do not satisfy the
screening set condition. In the worst case, our algorithm in Theorem 6 will output S’ = S.
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Theorem 6 (Beyond approximate Markov blankets) Suppose we are given (1)e > 0, (2)6 > 0,
(3) sample access to P(V), (4) an arbitrary subset A C 'V \ (XUY), and (5) an e-Markov blanket
S C A. Suppose there is a screening set B for (S,A,X,Y) such that |B| = k' and |Xg| < |Xg].

There is an algorithm that uses O ( Vx| | Zv] - [Zal - log 6) samples and produces a

subset S' C A such that |S'| < K/, |2g/| < |Xg| and Pr <|TS/7X7y —Taxyl < 2—;) >1-0.

As we shall see, unlike many existing causal discovery methods, e.g. the PC algorithm (Spirtes
et al., 2000), which perform a sequence of dependent conditional independence checks, our algo-
rithms for Theorem 4 and Theorem 6 use a non-dependent collection of conditional independence
tests, allowing us to avoid error propagation and control the sample complexity of our procedures.

Finally, one can combine the PAC bound results above to yield an overall PAC bound guarantee
for solving the causal effect estimation problem as follows. Since Lemma 8 tells us that Tg x
and 17z x y are close whenever S is an e-Markov blanket of X with respect to Z, we can employ
the algorithm in Theorem 4 to find a subset S C Z such that Ts xy, ~ 17 xy. Using the e-
Markov blanket S, we can further use the algorithm in Theorem 6 to find a subset S’ C Z such that
Ts' x,y ~ Tzx,y- Depending on whether |3g| or |Xg/| is smaller, we can employ Theorem 1 to
obtain an estimate fs,x,y or fsxx,y, and use that as an estimate for 77 x y = Px(y).

In practical situations where one is given a fixed number of samples, we can re-express the
results of Theorem 1, Theorem 4 and Theorem 6 in terms of an error upper bound. Then, one can
derive a condition under which a combined approach based on above results estimates @ (y) via
TS/ .y for some S’ C Z, and provably achieves a smaller asymptotic error than directly estimating
]P’x(y) via Tz x,y- The condition relies on the positivity of g for subsets S, S’ C Z which are
unknown a priori. However, if one is willing to make lower bound assumptions on these « values,
possibly due to background knowledge, then one can obtain a result in the same vein as Theorem 7.

Theorem 7 (PAC causal effect estimation with positivity) Suppose we are given (1) e > 0, (2)
d > 0, (3) n iid samples from P(V), (4) an interventional query Px(y), (5) a valid adjust-
ment set Z C V \ (X UY), and (6) guaranteed that ag > o € (0,1) for any S C Z. Then,
there is an algorithm that outputs a subset S* C Z and an estimate I@x(y) = fS*,x,y such that

Pr (‘I@x(y) - ]P’x(y)‘ < e) > 1 — 0 for some error term

1
(1 [Bs] 1 VIZ] - (x| [By|- [Bz)T | 1 >
J— .7+7 . —‘I—i_' * .
56(9(n a vn ( o N [Zs-|

Moreover, if there exists a Markov blanket S of X such that |S| - EX" < max {%, |g; , oc% }

then |S*| < |S|. Note that we hide a dependency onlog(1/5) using the O(-) notation for readability.

For binary systems with constant a \X\, and |Y|, the error term in Theorem 7 reduces to
1Z]
eeO <2‘S L+ \lf <2 7 Tlogz 2] 4 25 )> Recall that S* C Z and so on would expect sub-

stantial improvements over directly adjusting using Z when |S*| < |Z|/2. This can happen when
there exists a relatively small covariate adjustment set with respect to a high-dimensional covariate
setting; see related work in Appendix A.3.
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1.2. Overview of technical results

We now review some additional technical results used to establish our main results, though we
note that these results may be of independent interest for future work. While our notation and
language is closer to Pearl’s graphical causal modeling framework (Pearl, 2009), all of our results
are compatible with both the PO and graphical frameworks as long as Eq. (1) holds for the given Z.
This is because our analysis is purely probabilistic in nature, with the causal interpretation always
going back to assuming that Px(y) = Tz «,y as a starting point.

The sample complexity bound of Theorem 1 heavily relies on a common technique in the prop-
erty testing literature known as Poissonization, e.g. see (Valiant, 2008, Section 4.3), (Canonne,
2020b, Appendix D.3), and (Canonne, 2022, Appendix C). The high level idea is that instead of
drawing n i.i.d. samples, we will draw Npyis ~ Pois(n) i.i.d samples, where Npois is a random
Poisson variable, so that the random count for each realized value will be independent. Section 2.1
describes the Poissonization sampling technique in further detail.

In our error analyses in Theorem 4 and Theorem 6, we manipulate approximate conditional
independence terms A 5 1B|C (from Definition 2) and adjustment terms T'a x y (from Eq. (1)) for
various subsets A, B, C C V. By standard probability manipulations, one can easily obtain the
following alternative representation of A 5 | | for arbitrary disjoint subsets A, B, C C V.

AaiBjc = Za,b,c P(c) - |[P(a,b|c) —P(a]|c)-P(b|c)|
- Za,b,c P(a7c) ' |P(b ‘ a, C) - P(b | C)| <e

Meanwhile, for any arbitrary disjoint subsets A, B C V' \ (XUY), T'a x,y can be re-expressed
in multiple ways (depending on the desired analytical use case) using law of total probability as

3)

Taxy =3, Py |ax) Pa) =Y Ply|ax) Fa) Pb|a) @)

The correctness of Theorem 4 follows from the following result that Ts x y and T'a x y are close
whenever S is an e-Markov blanket of S with respect to A, and that there is a sample efficient way
to obtain such an e-Markov blanket.

Lemma 8 (Misspecification error) IfS C A CV\ (XUY) suchthat X L. A\S | S, then
‘TS,x,y - TA,x7y‘ < %

We additionally complement Lemma 8 with a hardness result of Lemma 9.

Lemma 9 (Misspecification error lower bound) Ler 0 < /e < a < 1/2. There exists P(V)
such that (i) Z is a valid adjustment set, (ii) S C Z satisfies X L. Z\ S | S, (iii) ag > «, and (iv)
Tsxy = Tzxyl = 155

Similar in spirit to Theorem 4, the correctness of Theorem 6 relies on the relating Tg/ x 4 and
Ts x,y via some conditional independence relations. Given an e-Markov blanket S C A, we search
for a minimal-sized screening set for (S, X, Y). This is a sound approach because of Lemma 10.

Lemma 10 (Adjustment soundness) Let A C V \ (X UY) be an arbitrary subset and S C A.
If S is a screening set for (S,X,Y), then Tg xy = Ts x,y-
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Although this approach is sound, it may not find the smallest S’ satisfying T x y = Ts x,y for
arbitrary S C A. Nevertheless, there are special scenarios in which this approach is also complete.
We give a full statement of such a graphical condition and a completeness proof in Appendix B.4.
Here, we provide some brief intuition: the necessity of the Y L S\ S’ | X U S’ condition can be
seen by setting A = {A1,..., A, B}, S = {A;,..., Ay}, and S’ = {B} in Fig. 1. In this setup,
we see that S is a valid backdoor adjustment set. Conditioning on X blocks any paths from S to Y
that has a causal path from X to Y as a subpath. So, Y 1. S\ S’ | X U S’ will imply that S also
blocks non-causal X to Y paths, as any such path passing through S \ S’ has to pass through S'.

Finally, there is nothing technically special about Theorem 7 besides simply combining the
results Theorem 1, Theorem 4, and Theorem 6 in a straightforward fashion.

1.3. Organization of the paper

The remainder of the paper is devoted to establishing and providing intuition behind our results.
Related work, additional derivations, full proofs, and experimental results are deferred to the ap-
pendix. In Section 2, we establish our notation and describe necessary preliminaries. In Sections 3,
4.2 and 4.3, we prove our main results and associated technical results. In particular, we prove
Theorem 1 in Section 3 and the other results (Theorem 4, Theorem 6, Lemma 8, Lemma 9, and
Lemma 10) in Section 4. We end with a summary and a discussion of open problems in Section 5.

2. Preliminaries

Notation We use capital letters for random variables and lowercase letters for the realizations,
e.g. X =z, Y =y, etc. We use bold letters for sets of variables and write P(A = a) as P(a)
as shorthand. We denote the alphabet of the variable V' as 3y, and extend this to sets by letting
YA =23y, X...x Xy, where A = {Vi,..., Vi } and x denotes the Cartesian product. To lighten
notation, summations are always taken over the entire alphabet of the index, i.e., ), f(a) denotes
> _acx, f(a). We employ the standard asymptotic notations O(-), ©2(-) ©(-), and O(-).

Throughout this work, we will denote X as the intervened treatment variables and Y as the
outcome variables of interest. For some x € 3x and y € 3, our goal is to estimate Px(y), which
denotes the probability that Y takes on the value y if we intervene to set X equal to x.

A short note on valid adjustment sets In this work, we take as our starting point knowledge of
some Z C V \ (X UY) that is a valid adjustment set, i.e., we assume that Eq. (1) holds for some
known Z. Instead, one may prefer to derive Eq. (1) from more basic assumptions. For example, in
the potential outcomes (PO) framework, Px(y) is usually written as P(Y (x) = y), where Y (x)
denotes the potential outcome when X is set to x. Then, Eq. (1) is implied by the standard consis-
tency assumption and conditional ignorability of X with respect to Z; see Lemma 29. Alternatively,
Eq. (1) can be derived in the graphical causality framework, which relates the distributions P(V)
and Py (Y) to a (possibly unknown) causal graph G over the random variables V. Typically, one
might assume that G an acyclic directed mixed graph (ADMG), which can contain both directed
edges and bidirected edges, but no directed cycles; if there are no bidirected edges, then G is called
a directed acyclic graph (DAG). An ADMG (resp. DAGs) G defines a relation between subsets
A B, C C V called m-separation (resp. d-separation), and the distributions P(V) and Py (y) are
assumed to be related via m-separation in G and related graphs. Then, Eq. (1) can be derived from
these assumptions and graphical conditions on Z, see Appendix A for examples of such conditions.



CHOO SQUIRES BHATTACHARY YA SONTAG

2.1. Poissonization

We now describe a common technique known as Poissonization; e.g. see Valiant (2008); Canonne
(2020b, 2022). When drawing n i.i.d. samples from an underlying distribution P(X) over a domain
Yx = {1,...,k}, the vector of counts (Ny,..., Ny) follows a multinomial distribution with pa-
rameters n and (P(X =1),...,P(X = k)), where each random variable N; is the number of times
we observe i € [k] amongst the n = Nj + ... + Nj drawn samples. Oftentimes, in analysis, we
would like that the random variables Ny, ..., Ny are independent; unfortunately, this is false in the
standard sampling setting since [V, . .., Ny are negatively correlated.

Instead of directly drawing n i.i.d. samples, the idea behind Poissonization is to modify the sam-
pling process by first sampling a Poisson number Npyis ~ Pois(n) with mean n and then drawing
Npyis 1.1.d samples. By standard Poisson concentration bounds (e.g., Lemma 12 below), Npy;s is of
order O(n) with high probability; thus, PAC bounds for the Poissonized setting are interchangeable
with those in the standard setting up to constant factors (see e.g., Lemmas C.1 and C.2 in Canonne
(2022)). In the Poissonized setting, the resulting count vector has a few desirable properties.

Lemma 11 (Appendix C of Canonne (2022)) Let (Ny, ..., Ny) be the sample counts in the Pois-
sonized sampling process such that N1 + . .. + Ny, = Npyis ~ Pois(n). The following hold:

(a) The random count variables N1, . .., Nj, are mutually independent.

(b) For each i € [k, we have N; ~ Pois(n - P(X = 1)).

(c) For each i € [k] and natural number n/, we have (N; | Npois = n’) ~ Bin(n/, P(X = 7)).

2.2. Concentration bounds

The first two terms in Theorem 1 come from splitting the values of A into two sets according to

some cutoff parameter 7 that we later optimize. In Eq. (9), we define an event 557; the O <%>

term captures the number of samples needed to ensure the 5°>7T holds with high probability, which
we compute using a standard Poisson concentration bound (Lemma 12). Next, we define a random

variable J>; (Eq. (7)); the O (E%A) term comes from a concentration bound on this term. In
particular, the bulk of our analysis is devoted to showing that J> is sub-Gaussian conditioned on

EgT, for this result, we require Lemmas 14, 15, and 16 below.

Lemma 12 (Poisson concentration; e.g. see Theorem A.8 in Canonne (2022)) Let N ~ Pois(n)
be a Poisson random variable with parameter n. Then, for any 0 < t < n, we have Pr(N <

n—t) < exp (—2(57;0 In particular, setting t = n/2, we have Pr(N < n/2) < exp (—1%).

Definition 13 (Sub-Gaussian distribution; e.g. see Section 1.2 of Rigollet and Hiitter (2023)) A

random variable X is sub-Gaussian with parameter 0% if E(X) = 0 and E (e)‘X ) < exp (’\22"2>

forall X € R. If X ~ subG(a?), it is known that Pr(|X| > t) < 2exp ( & )for any t > 0.

T 202

Lemma 14 (Sub-Gaussian additivity; e.g. see Corollary 1.7 of Rigollet and Hiitter (2023)) For
i € [k], let X; ~ subG(0?) be an independent sub-Gaussian random variable with parameter o?>.

Then, for any set of real coefficients a1, ..., ar € R, we have <Zf:1 aiXZ-) ~ subG(Zk a?o?).

i=1"1"1

Lemma 15 (See Appendix B.2) Let X and Y be discrete random variables. If (X | Y = y) ~
subG(oz)for every y € Xy, then X ~ subG(maxyecs, ‘7?3)'
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Lemma 16 (Hoeffding’s lemma; Hoeffding (1994)) Let X be any real-valued random variable
2 2
in the range [a, b]. Then, for any \ € R, we have E (eA(X_E(X)) < exp <%).

2.3. Known sample complexity results for discrete distributions

The third term in Theorem 1 comes from reducing one subtask in our analysis to the problem of
estimating P(A) well in TV distance, for some subset of variables A C V. In the distribution

testing literature, this task is well-known to require 5) (%) 1.i.d. samples.

Lemma 17 (Estimating well in TV; e.g. see Canonne (20202)) Given tolerance parameterse, 6 >
0 and sample access to a distribution P(A), the empirical distribution P(A) constructed from

1 ~
O (%) i.i.d. samples has the property that Pr (ZaeEA |P(a) — P(a)| < 5) >1-0.

Meanwhile, for our proofs of Theorems 4 and 6, several methods have been developed which
satisfy the requirements of the e-approximate conditional independence tester for Definition 2. In
this work, we call our e-approximate conditional independence tester APPROXCONDIND. Assum-
ing that ¢~ is sufficiently large? compared to |24 |, |~ B/, and |Z¢|, Canonne et al. (2018) proposes

e
their Theorem 1.3 and Lemma 2.2. There is also a simpler test based on the empirical mutual in-
formation, proposed by Bhattacharyya et al. (2021), that uses O (8% -|3al- |ZB]| - [Ec]|) samples
from PP, though we use the former to obtain optimal dependence on the alphabet sizes.

a test based on total variation distance that uses O ( L VIZAl |1ZB] | Zc |> samples from P; see

Lemma 18 (Using Canonne et al. (2018) for APPROXCONDIND) Given e,§ > 0 and sample ac-
cess to distribution P(V'), APPROXCONDIND uses O (8% V|Zal|ZB] - |Zc]| - log %) samples

and correctly determines whether A | gjc = 0 (outputs YES) or A g|c > € (outputs NO) with
probability at least 1 — 6, for any disjoint sets A,B,C C V.

Note that when 0 < A | Bjc < €, APPROXCONDIND is allowed to output arbitrarily. In particular,
when APPROXCONDIND outputs YES, then we have Pr(Aa jgic <¢) > 1 4.

3. Sample complexity for empirical estimation

In this section, we prove Theorem 1, our upper bound on the sample complexity of estimating
TA x,y given any A C V. For analysis purposes, we will use the Poissonization sampling process
(Section 2.1) so that we invoke Lemma 11 to obtain PAC style bounds.

Proof sketch of Theorem 1: By definition, we have

N N, N,
TA,X,Y B TAvay - Za <P(a) ' P(y ’ X’a) B NP:is ' ]\)&?ﬁ)

N, Y N.
— IP) . IP) _ y.X,a P _ a . y.x,a
Za (a) < (v | x,a) Moo ) + Za < (a) NPois) Now

2. For instance, £ > Zc|i - (max{|Zal, [Ssl,|Sc|})? would suffice.
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where Na, Npois, Ny x.a, and Ny o are random variables from the Poissonization process with
Npois ~ Pois(n) for some parameter n; see Section 2.1. Since Npyis = >, Na = Z Nxa =

Za X,y Ny x,a, we see that 0 < ]\;a <land0 < y *2 < 1 for each of these fractlonal terms.
We can define a threshold 7 > 0 and partition the values of A accordingly, and then define three
summations J<-, J>-, and K so that T'p x y — TA,X7y =Jor+ I+ K:

EAZT = {a € XA P(X,a) > T}
_ Ny7x,a

Jor = ZangZT P(a) - (P(y | x,a) — Nxa>
Tor =Y P(a) - ]P(y|xa)—M
=7 aGEAzr ’ Nxa

N, Ny «
a Npois Nx,a

Since ap = minaes;, P(x | a), we see that P(a) < i fora ¢ 3 o>-. One can show that |J,| <
N
A

on the concentration event EéT = ﬂa €S As. {Nx a > M} which holds with probability at

least 1 — |Za| - exp (—%5). Under the event &4, one can show that Pr (|J>,| >t | EL) <

2 exp (—na Atz) and we can reduce the analysis of |K| to the problem of producing an e-close

using triangle inequality and the definition of 2 A>r. As for |J>,| and |K|, we condition
g g q y

estimate of P(A)) by observing that 0 < y 2 < 1 and Na is the empirical estimate of P(a) for

each a € X 5. That is,
discussed bounds appropriately. See Appendix C.2 for details. |

a ‘ (a) — P( )‘ The clalm follows by putting together the above

4. Finding small adjustment sets via approximate Markov blankets

As discussed in Section 1.1, the bound in Theorem 1 motivates the use of small adjustment sets
whenever possible. In this section, we focus on searching for such sets. In Section 4.1, we describe
our proofs of Lemmas 8 and 9 on the misspecification error of performing covariate adjustment with
an approximate Markov blanket. In Section 4.2, we describe our proof of Theorem 4 on the sample
complexity of approximate Markov blanket discovery; similarly, Section 4.3 describes our proof of
Theorem 6, which searches for even smaller adjustment sets. Section 4.4 concludes by putting these
results together into a combination algorithm and describing the proof of our final result, Theorem 7.

4.1. Misspecification error for approximate Markov blankets

We begin with Lemma 8, which extends the equality Ts x y = T'A x,y for exact Markov blankets to
a bound on the misspecification error \Ts,x,y — TA x,y| for approximate Markov blankets. To ac-
company this result, we also give a matching lower bound on the misspecification error in Lemma 9.

Proof sketch of Lemma 8: By Eq. (4) and S C A, we see that

Tssy — Tanyl = [ Bly [a,%) - Pla\s | 5,%) Pls) ~ 3 Ply |a,x) P(a)

Then by triangle inequality, non-negativity of probabilities, and since P(y | a,x) < 1, Eq. (2), and
Eq. (3), one can show that this is at most _—. See Appendix C.3 for a step-by-step derivation. W
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Proof sketch of Lemma 9: One can construct a distribution P defined over binary variables
{X,Y, A, B} with (conditional) probabilities below, which implies the four properties of the claim.

a b| P(bla) PX=0|ab PX=0]|a) >, |Px]|ab)—P]|a)l
0 0| +/&/2 l—a++E/2 1—a+e/4 VE—¢/2

0 1]1-+z/2 1-a 1—a+¢e/4 £/2

1 0]1—+/¢/2 a a—¢e/4 /2

1 1] &2 a— E/2 a—efd VE—¢/2

where S = {A} C {A, B} = Z. See Appendix C.3 for detailed calculations and derivations. W

4.2. Approximate Markov blankets: discovery and adjustment

We now prove Theorem 4, our upper bound on the sample complexity of finding an e-Markov
blanket of X with respect to an arbitrary set A C V \ (X UY) using Algorithm 1.

Algorithm 1 APPROXIMATEMARKOVBLANKETADJUSTMENT (AMBA)
Data: ¢, > 0, dataset D of n i.i.d. samples from P(V), and subset A C V
Result: S C A

fork=0,1,2,...,|A| do

-1
Let Cy, = {S - A . |S| = k, where
APPROXCONDIND(X L A\ S| S, ¢, dwy, D) outputs YES }

if |Cy| > 0 then
| returnany S € Cy
return A

Proof of Theorem 4: Suppose AMBA (Algorithm 1) terminates at iteration |S| € {0,1,...,|Al}.

Correctness. Suppose all calls to APPROXCONDIND succeed, then Lemma 18 tells us that any
produced S C A satisfies the property that AX 1A\s|s < €. Lemma 8 then further tells us that

Axya\sis < € implies [Tsxy — Taxy| < o5

Failure rate. There are at most (‘A|) possible candidate sets in Cy, for each k& € {0,1,...,|Al}.
Since we invoked each call to APPROXCONDIND with dwy, in iteration &, union bound tells us that
the probability of any call failing across all calls is at most

IS| A\ S| 1 |A]\ S| & 0 -S|
Zk:oéwk'<k>Zk:05'|A|.(|Iz)'<k 7Zk:0W§ A =0

Sample complexity. Since we use a union bound to bound our overall failure probability, we can
reuse samples in all our calls to APPROXCONDIND. Thus, the total sample complexity is dominated

by the final call (where & = |S|), which uses O( \/]EX] X a\s! - [Es] - log 50— ) samples

1
according to Lemma 18. Plugging in wy = (|A| . ("Z“)) , we obtain total sample complexity
<|S‘ VIZx]| XAl - log 6) where we omit log | A| within O(-) because |A| < |Z4]. [
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4.3. Beyond approximate Markov blankets

Motivated by Fig. 1, which shows that the Markov blanket of X with respect to Z may still be large
compared to the smallest adjustment set, we study in this section an approach for finding smaller
adjustment sets than the Markov blanket. We prove Lemma 10 in Appendix C.4, which establishes
conditions on sets S C V\ (XUY)and S C V\ (X UY) such that Tg/ x y = Tsxy; this
result suggest an approach for going beyond adjustment by Markov blankets. This allows us to
show Theorem 6, our upper bound on the sample complexity of finding a set S’ that approximately
satisfies the conditions of Lemma 10 with respect to an e-Markov blanket S.

Algorithm 2 BEYONDAPPROXIMATEMARKOVBLANKETADJUSTMENT (BAMBA)

Data: £,0 > 0, n i.i.d. samples D from P(V), subset A C V, and e-Markov blanket S C A
Result: S’ C A such that |[Zg/| < |Xg]

fork=0,1,2,...,|A| do

Let wy, = (]A| (|A|)>

Let C, = {S'C A :|S'| =k and [Sg/| < |Zg], where
APPROXCONDIND(Y L S\ S' | XUS ¢, 5%, D) outputs YES,
APPROXCONDIND(X L §’\ S | S, ¢, 2% D) outputs YES}

if |C| > 0 then
| returnany S’ € Cy,
return S

Proof sketch of Theorem 6: The proof follows the same structure as that of Theorem 4. The
key difference is that in the correctness analysis, we apply triangle inequality ‘TS,x,y — TS’,x,y‘ <
Tsxy — Zxy| + | Zx,y — Ts' x,y| for some intermediate term Zxy = Y ¢ o m -P(x,sUs') -
P(y | x,s’) which allows us to relate the two approximate conditional independences to «g. The
claim follows after upper bounding each of the terms by é See Appendix C.4 for details. |

4.4. A combination algorithm

In Appendix C.7, we re-express the results of Theorem 1, Theorem 4 and Theorem 6 in terms of an
upper bound on error for a fixed number of samples n. After which, there are a couple of ways one
could attempt to estimate Px(y) when given a valid adjustment set Z C V \ (X UY): (1) directly
estimate using Z, (2) use AMBA on Z to produce a subset S C Z and estimate using S, or (3) use
AMBA on Z to produce a subset S C Z, then use BAMBA to further produce subset S’, and then

estimate using S’. In Appendix C.7, we show the second approach yields an asymptotically smaller

error when |S| - ‘Exl‘ < max { Ilezl I;i\ , as} a similar condition holds for the third approach.

The proof of Theorem 7 follows by a careful combination of these insights.

Proof sketch of Theorem 7: Consider the following algorithm:
1. Run AMBA to obtain S C Z

2. Check if S| - |Ex“ < max{‘zjf', |§;|,a2}

3. If so, run BAMBA to obtain S’ C Z and | produce estimate Py (y) = T\S/,x,y
4. Otherwise, produce estimate Py (y) = Tz7x7y

12
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That is, depending on the check, we decide to perform estimation based on S* = S’ or S* = Z.
One can show that the bound holds for each case separately while noting that ag, ag/,az > «. B

5. Conclusion

We now provide a brief final summary of our contributions. In this paper, we have focused on the
problem of estimating the causal effect Py (y) in the PAC setting, given access to a valid adjustment
set Z, i.e., Z such that Px(y) = 1%z x,y, defined in Eq. (1).

(I) In Section 3, we established a PAC bound for estimation of T'A x y for an arbitrary set
A CV\ (XUY), with linear dependence on |3 4 |, the alphabet size of A.

(2) In Section 4.2, we established a bound on the misspecification error |75 x y — T x,y| for
S which is an e-Markov blanket of X with respect to Z, and a PAC bound for discovering
such a set S; leading to a new estimator of T'a x y with reduced sample complexity.

(3) In Section 4.3, we established conditions under which T/ x y = Ts x,y, and gave a PAC
bound for discovering a set S’ under which these conditions approximately hold; leading
to a new estimator of T'a x y which goes beyond using the Markov blanket for adjustment.

Furthermore, in Appendix A, we review related work, give further interpretations of our results

under the graphical causality framework, and connect our results to existing results in this line of
work. These results pave the way for future connections between causal discovery and causal effect
estimation, while each standing alone as results of independent interest. In Appendix D, we provide
experimental validation of our approach; code for replication is available at https://github.
com/csquires/amba-bamba-clear2025. We conclude with a non-exhaustive list of open
problems raised by our work, which we expect to be of immediate future interest.

(1) Compared to the expectation bound of Zeng et al. (2024), our PAC bounds contains an

additional O (Eﬁ‘) term. Can this term be eliminated or shown to be necessary?

(2) Our AMBA algorithm for e-Markov blanket discovery performs an exhaustive search over
subsets of increasing size. Fortunately, this search is “embarrassingly parallel”, but is
computationally prohibitive without access to parallel computing. Is there a more compu-
tationally efficient algorithm for this problem with (nearly) the same sample complexity?

(3) The basic positivity/overlap assumption states that P(x | z) > 0; whereas our results (and
indeed, finite-sample results in general) require bounding away from 0, i.e. P(x | z) > «
for some o > 0 that can be estimated from samples. More “local” notions of overlap have
also been considered in the literature such as requiring P(x | z) > « for those z such that
P(z) > [ for some 8 > 0 (Oberst et al., 2020). Such assumptions are stronger than ours,
so our bounds also apply to those settings, but may be overly pessimistic. Strengthening
our bounds under such assumptions would be very interesting for future work.
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Appendix A. Related work

For sake of clarity, we have positioned this work from the perspective of causal effect estimation,
and emphasized how our primary assumption (knowledge of a valid adjustment set Z) is compatible
with both the potential outcomes (PO) and graphical frameworks for causality. Now, we further
explore connections between our work and existing work from both of these perspectives, beginning
with the graphical perspective.

In Appendix A.1, we review graphical characterizations of valid adjustment sets given a causal
graph (or an equivalence class of graphs) as input. In some domains, these causal graphs may
be constructed from expert knowledge, but when V is large or the system under consideration
is not well-studied, practitioners may be unable to specify an accurate causal graph. Thus, we
also review conditions for causal effect estimation which require minimal graphical knowledge. In
Appendix A.2, we review a different approach to the unspecified graph setting; in particular, we
discuss methods for learning all or part of a causal graph from data, and relate these to our work by
providing graphical interpretations of our AMBA and BAMBA methods. Finally, we pivot to the PO
perspective in Appendix A.3, focusing on existing results on the statistical aspects of causal effect
estimation.

A.1. Causal effect identification in the graphical setting

In the graphical framework, several classes of graphs have been used to formally define causal
assumptions about a system, with the nodes of these graphs corresponding to the observed variables
V. Here, we focus our discussion on acyclic directed mixed graphs (ADMGs), which consist of both
directed edges (of the form V; — V%) and bidirected edges (of the form Vi <> V3). Such graphs
can be used to model systems that are subject latent (a.k.a. unobserved) confounding, but which
are not subject to selection bias. As a special case, an ADMG with no bidirected edges is called
a directed acyclic graph (DAG), representing a system with no latent confounding. To distinguish
between these cases, we use the term causally sufficient to refer to settings where latent confounding
is assumed to be absent; thus causally insufficient refers to settings where latent confounding is
allowed to exist. Finally, given an ADMG @, an intervention that sets the variables X C V equal
to the values x can be represented by a new ADMG, the mutilated graph G, which is obtained by
copying G and then removing all edges of the form V' — X or V <+ X foran X € X and V € V.

A.1.1. CAUSAL EFFECT IDENTIFICATION GIVEN A GRAPH

The graph G and Gx can be used to model the behavior of the system, and to derive relationships
between the observational distribution P(V') and the interventional distribution Px (V). The details
of these definitions are not necessary for our discussion; instead, we describe some of the major
results which have been shown when taking these definitions as a starting point. Most importantly
for our discussion, these definitions can be used to derive identification formulas, which express
interventional queries P (y) in terms of equations which only involve P(V'), and thus permit causal
effects to be estimated from only observational data. These identification formulas can be derived
algorithmically, for example using the ID Algorithm (Tian and Pearl, 2002), which is both sound
and complete (Shpitser and Pearl, 2006; Huang and Valtorta, 2006). PAC bounds have also been
established for the ID algorithm in (Bhattacharyya et al., 2022).

Importantly, the ID Algorithm may be able to construct an identification formula even if the
adjustment formula (Eq. (1)) does not hold for any set A C V \ (X UY). However, in prac-
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tice, the adjustment formula remains one of the most widely-used and well-studied identification
approaches, due in part to its simplicity and its familiarity in the potential outcomes literature (see
Appendix C.1). Particular attention has been given to developing graphical criteria for determining
whether a set A C V \ (X UY) is a valid adjustment set for Px(y), and algorithmically finding
such a set if one exists. A simple and intuitive condition for adjustment validity is the backdoor
criterion (Pearl, 1995) in DAGs, which is sound, but not complete. This criterion has been refined
by long line of work on sound and complete conditions (Shpitser et al., 2010; van der Zander et al.,
2014; Maathuis and Colombo, 2015; Perkovic¢ et al., 2018; Perkovic, 2020) for different classes
(and equivalence classes) of causal graphs. Our results further contribute to this line of work: as we
discuss in Section 1, Lemma 10 directly implies a graphical condition that is sound for determining
whether a subset is an adjustment set given a valid adjustment set; Appendix B.4 shows that under
additional assumptions, this condition is also complete.

A.1.2. CAUSAL EFFECT IDENTIFICATION WITHOUT A GRAPH

While the criteria above are stated in terms of a known causal graph G, they can also be used in
our setting to derive conditions under which Eq. (1) holds, even when the graph is an unknown.
Indeed, using Eq. (1) requires quite minimal background knowledge of G, as we now discuss. For
simplicity, we limit our discussion to a single treatment variable X. In the case of DAGs, the
backdoor criterion implies that Z = ND(X) is a valid adjustment set, where ND(X) denotes the
set of non-descendants of X in G. Thus, assuming causal sufficiency, our method can be employed
given only knowledge of ND(.X ), a quite common setting in applications such as healthcare, where a
doctor’s treatment assignment X can only depend on pre-treatment patient covariates. Under causal
sufficiency and Z = ND(X), the Markov blanket of X with respect to Z is the set S = Pa(X ), and
our AMBA algorithm can be interpreted as searching for the parents of X. Similar results hold in
the more general case of ADMGs under an additional assumption on the graph G, as we discuss in
Appendix B.5.

In light of these connections, our results fit into a recent line of work establishing identifiability
of causal effects with minimal graphical background knowledge. Entner et al. (2013) consider a
setting that matches ours in the DAG setting with Z = ND(X ), and establish a condition similar to
Lemma 10 to determine whether A C V \ (X UY) is a valid adjustment set. While our condition
is sound, their condition is both sound and complete, but relies on conditional dependence checks
instead of only conditional independence checks. Furthermore, in contrast with our work, where
statistical guarantees are a primary focus, their work does not provide any guarantees outside of the
oracle setting, though it would be interesting to study their approach in the finite-sample setting.

Follow-up works in this space have extended this problem to the causally insufficient setting by
incorporating additional background knowledge on G; all of the works discussed assume knowledge
of Z = ND(X). For example, Cheng et al. (2022) assumes knowledge of some variable A that is
a “cause or spouse of treatment only (COSO)” variable, i.e. that A is adjacent to X but not to
Y in G, and establishes a sound condition for determining whether S C Z is an adjustment set.
Relatedly, Shah et al. (2022) assumes knowledge of some variable A that is a parent of X and
establishes a similar condition. Both conditions are sound, but not complete; in contrast, we show
in Appendix B.4 that the BAMBA approach is both sound and complete in the causally sufficient
setting when Z = ND(X). Finally, Shah et al. (2023) goes beyond using the adjustment formula
for identification, in particular studying when background knowledge is sufficient to identify the
causal effect using frontdoor adjustment.
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A.2. Causal graph discovery

This work is strongly motivated by our recognition of the pressing need for better connections
between the areas of causal effect estimation and causal structure learning. In a typical causal
discovery (a.k.a. causal structure learning) task, one takes data on the observed variables V as
input, and seeks to return a causal graph G (or an equivalence class of graphs) that provides an
accurate causal model of the system. Traditionally, this goal is (implicitly or explicitly) motivated
by the utility of such a model for generating causal predictions, e.g., predicting P« (y) as discussed
in this work.

A.2.1. CAUSAL DISCOVERY AND FAITHFULNESS

The field of causal discovery is quite well-developed, and has been the subject of several surveys,
e.g. see (Heinze-Deml et al., 2018; Glymour et al., 2019; Vowels et al., 2022; Squires and Uhler,
2023). Various approaches address settings such as learning from observational data in the causally
sufficient setting (Spirtes et al., 2000; Chickering, 2002; Zheng et al., 2018; Solus et al., 2021) and
in the causally insufficient setting (Spirtes et al., 2000; Colombo et al., 2012), as well as learning
from interventional data, possibly involving actively chosen interventions (Eberhardt et al., 2005,
2006; Eberhardt, 2007; Hauser and Biihlmann, 2012; Hu et al., 2014; Shanmugam et al., 2015;
Wang et al., 2017; Kocaoglu et al., 2017; Lindgren et al., 2018; Greenewald et al., 2019; Jaber et al.,
2020; Squires et al., 2020; Choo et al., 2022; Choo and Shiragur, 2023c; Choo et al., 2023; Choo
and Shiragur, 2023b,a). Many of these algorithms enjoy theoretical guarantees in the well-specified
setting, i.e. under the assumption that the system is correctly described by some (unknown) causal
graph G*. In this setting, an algorithm is called consistent if it recovers G* (or an appropriate
equivalence class) with probability one in the limit of infinite data.

Significant attention has been devoted to finding conditions under which various causal discov-
ery algorithms are consistent. For example, the well-known faithfulness assumption requires that if
A and B and not d-separated by C in G*, then A £ B | C in P(V). Although faithfulness is a
sufficient condition for the consistency of many causal discovery algorithms, it is often a stronger
condition than necessary, and many weaker conditions have been established, see (Lam, 2023) for
a recent review and comparison of such conditions. The search for weaker consistency conditions
is motivated by a practical issue: although the consistency of an algorithm may depend only on
there being no violations of faithfulness, near violations of faithfulness (where the conditional in-
dependence A L B | C nearly holds, e.g. Ap 1Bjc < ¢ for some small €) can significantly
affect its finite sample properties. Therefore, finite sample guarantees for graph recovery (Kalisch
and Biihlman, 2007; Maathuis et al., 2009; Gao et al., 2020; Wadhwa and Dong, 2021; Gao et al.,
2022) often depend on assumptions such as strong faithfulness, which may be significantly more
restrictive in practice (Uhler et al., 2013).

In this work, we avoid making any such assumptions. Indeed, since our goal is causal effect
estimation, rather than graph recovery, faithfulness conditions are unnecessary, and existing sample
complexity guarantees for causal discovery are pessimistic for our purposes. Within the graphical
framework, a main message of our work is that accurate causal effect estimation does not require
learning the correct causal graph G*. For example, if G* has “weak” edges, these may be hard to dis-
tinguish from missing edges, but those edges are also exactly those that do not significantly impact
causal effects; in pragmatic terms, whether an edge is weak or missing is “a difference that doesn’t
make a difference”. We provide a concrete example of this phenomenon in Appendix B.6. Nonethe-
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less, such conditions may be useful in improving the sample complexity and/or the computational
complexity of our approach, as we discuss in Appendix B.7.

A.2.2. CAUTIOUS APPROACHES AND LOCAL CAUSAL DISCOVERY

To better align theory and practice, a few recent works have focused on new kinds of theoreti-
cal guarantees. A number of recent and contemporaneous works (Malinsky, 2024; Chang et al.,
2024; Strieder and Drton, 2023, 2024) explicitly consider the interplay between causal discovery
and causal effect estimation. As in our work, Malinsky (2024) advocates the use of conditional
dependence tests (as opposed to conditional independence tests) to control model misspecification,
an approach they call “cautious” causal discovery, where Chang et al. (2024) advocate a bootstrap-
style approach. However, their guarantees are for the asymptotic setting, rather than the PAC setting
considered in this work, and their approaches aim to recover an entire causal graph, unlike our
approach. Similarly, Strieder and Drton (2023) and Strieder and Drton (2024) use asymptotic tech-
niques to derive a valid confidence region over the causal effect when graph structure is unknown.

More closely related to our approach are methods for local causal discovery, which aim to
recover only part of a causal graph. Indeed, one of the canonical problems in local discovery is
Markov blanket recovery (Koller and Sahami, 1996; Frey et al., 2003; Tsamardinos et al., 2003;
Ramsey, 2006; Pena et al., 2007; Fu and Desmarais, 2008; Aliferis et al., 2010a,b; Gao and Ji,
2016; Ling et al., 2020; Dong and Wang, 2022), potentially combined with partial edge orientation
(Yin et al., 2008; Wang et al., 2014; Gao and Ji, 2015; Gupta et al., 2023) often used in the context
of full causal discovery algorithms (Mani and Cooper, 2004; Tsamardinos et al., 2006; Solus et al.,
2021; Gao and Aragam, 2021), and sometimes targeted to specific cause-effect pairs (Maasch et al.,
2024; Schubert et al., 2025). A number of these algorithms employ greedy search, adding variables
to the Markov blanket one at a time, e.g. (Tsamardinos et al., 2003; Fu and Desmarais, 2008; Gao
and Ji, 2016). However, greedy search is not guaranteed to return a correct Markov blanket without
additional assumptions, such as those in (Gao and Aragam, 2021), in which the authors also provide
finite sample guarantees. In contrast, many non-greedy algorithms do enjoy consistency guarantees
(i.e. recovery of a correct Markov blanket in the infinite data limit), but thus far lack finite sample
guarantees.

Thus, our finite sample guarantees for the (non-greedy) AMBA algorithm contribute to this
important line of work, and may be of independent interest beyond the context of causal effect
estimation. Furthermore, our BAMBA highlights that using only local structure may be suboptimal
for some estimation problems. This fact suggests that we extend from local causal discovery to
the more general problem of targeted causal discovery, i.e., causal discovery tailored to specific
estimation problems, analogous to techniques such as targeted maximum likelihood estimation (Van
Der Laan and Rubin, 2006; Schuler and Rose, 2017).

A.3. Causal effect estimation via covariate adjustment

Now, we relate our results to existing statistical results on causal effect estimation, focusing on
estimation using the adjustment formula. Existing results are largely written in terms of potential
outcomes but, as with our result, are usually applicable as long as Eq. (1) holds and are thus inde-
pendent of framework choice.? In many domains such as healthcare and econometrics, Eq. (1) can

3. When the random variables are continuous or mixed, Eq. (1) is written as Ts x,y = Es[P(Y =y | X = x, S)].
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be justified by domain knowledge. For example, in healthcare, where X and Y may represent medi-
cal treatments and patient outcomes, respectively, it is sufficient for Z to contain all information that
doctors may be using to assign treatment, e.g. patient demographic information and past medical
history. In such domains, Z are often referred to as a set of covariates; we adopt this terminology
here.

As datasets become larger and richer, causal effect estimation is increasingly being applied
to problems with high-dimensional covariates. These problems present novel challenges, includ-
ing violations of the overlap assumption (D’ Amour et al., 2021) and the breakdown of traditional
asymptotic results. Dimensionality reduction techniques such as feature selection are often crucial
to addressing the challenges. However, in the context of treatment effect estimation, naive usage of
feature selection methods such as the Lasso can introduce substantial misspecification bias. Several
works aim to address this issue; here, we focus on methods based on feature selection, pointing
readers to Yadlowsky et al. (2022) as a starting point for methods using other forms of dimensional-
ity reduction, and to Witte and Didelez (2019) and Yu et al. (2020) for a more complete review and
comparison of methods based on feature selection.

Whereas our work focuses on discrete covariates, with no additional assumptions on P(Z),
P(X | Z) and P(Y | X, Z), the majority of prior works consider continuous covariates Z, and
thus require additional assumptions, such as parametric or smoothness assumptions. When X is a
binary treatment, a common assumption is that P(X | Z) follows a logit model, so that P(X | Z) is
parameterized by a vector 3 € RI%|. Similarly, when Y is a scalar outcome, a common assumption
is that P(Y | X, Z) follows a linear model, i.e. it is parameterized by a vector v € RIZ. Sparsity
assumptions may be imposed on one or both of 3 and ~y; for example, Shortreed and Ertefaie (2017)
and Wang and Shah (2020) assume sparsity on 3, Bradic et al. (2019) and Athey et al. (2018) assume
sparsity on 7y, and Greenewald et al. (2021) assumes sparsity on both. Other common assumptions
include semiparametric restrictions, e.g. partially linear models (Belloni et al., 2014; Chernozhukov
et al., 2018), and smoothness assumptions (Farrell et al., 2021).

In these works, sparse regression methods (e.g. Lasso and its variants) play a role similar to
our search for a smaller adjustment set S C Z, and the choice of regularization parameter plays
a role similar to our choice of ¢ in balancing between misspecification bias and estimation error.
In comparison to these methods, our focus on discrete variables obviates the need for additional
assumptions, and allows us to establish deeper connections between causal effect estimation and
fields such as distribution testing (Canonne, 2020b) and property estimation (Charikar et al., 2019).
These connections make the problem accessible to a wider audience and provide access to a broader
range of tools: in particular, we note that most of these prior results (e.g. Shortreed and Ertefaie
(2017), Athey et al. (2018), Bradic et al. (2019), Wang and Shah (2020), Belloni et al. (2014),
Chernozhukov et al. (2018), and Farrell et al. (2021)) are of an asymptotic nature, with Greenewald
et al. (2021) being a key exception.

Appendix B. Additional results

B.1. Derivation of expectation bound

Here, we translate the result of Zeng et al. (2024) into our language, showing that O ( \)izz | 4+ )\QLZ )

samples suffice to obtain an expectation bound of E (‘sz,y — fz’x,y D < A, for Tz « y defined as
in Eq. (1).
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Zeng et al. (2024) studies the setting where one is given n i.i.d. copies of (Y, X, A) where
Y € {0, 1} is the binary outcome, X € {0, 1} is the binary treatment, and A € [d] = {1,...,d}
is a multivariate covariate. Under their positivity assumption (Zeng et al., 2024, Assumption 2),
P(X =1| A=k) € [g,1— €] holds for some constant ¢ € (0,1/2) and any k € [d]. Then, for
U] = Zizl P(A=k)-P(Y =1| X =1,A = k) and plug-in estimator a Theorem 1 of Zeng
et al. (2024) states that E[¢y — 1/b\1] < ‘QEQZ—ZTJ; + az% when 1771; is computed using n i.i.d. samples from
P(Y, X, A), for the worst case distribution P(Y, X, A) satisfying their positivity assumption.

To adapt their result to our setting, let us define Y/ = 1y_y, X' = Ix_y, and A’ as a flattened
version of Z. Relating (Y, X', A) to their (Y, X, A) setup, we see that 1 = Tz xy, d = |2z
and az = €. So,

B

~ 2 ‘E;Z|2 C
E(T ~-T ) < + —, 5
|: Z.x,y Z.x,y :| QZnQ azn ( )

for some absolute constant C' > 0, where we have replaced ¢ by az, d by |Xz|, and used that
(1-az)?<1.
To translate this bound into our desired form, we first apply Jensen’s inequality Jensen (1906):

~ 2 ~ 2
<IE HTZ,x,y — Tz7x’yH) <E {(‘sz’y — TZ’X’yD ] (Jensen’s inequality)
~ 2
=E [(TZ,x,y - TZ,x,y) ]
>z? C
< 2max (’ 2Z ’2 , > (By Eq. (5))
azn® azn

Thus, to obtain that E (‘Tz,x,y - TZ’X’yD < A, it suffices to have 2 max (IEZ|2 ¢ ) < AL

229
agn azn

Then, solving for n yields n € O (M + o ) as stated.

Aoz Aag

B.2. Derivation for conditional sub-Gaussian

For completeness, we present the following proof of Lemma 15.
Proof By iterated expectation,

(%) -2(s (> 17)
()
oo (7))

M maxyex, ‘732/
<exp |

IN

IN

ie., X € subG(maxyex, 05), as desired. [ |
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B.3. Additional results in the graphical framework

In Appendix A, we described a special case of our setting in the graphical framework. In particular,
assuming that G is a DAG and considering only a single treatment variable X, it is easy to see
that Z = ND(X) is a valid adjustment set, and that S = Pa(X) is a Markov blanket of X with
respect to Z. We now discuss two other applications of our results. First, in Appendix B.4, we show
that BAMBA is complete in this special case, i.e. the two conditional independences in Lemma 10
are not just sufficient to ensure that S’ is an adjustment set, they are also necessary. Second, in
Appendix B.5 we introduce an assumption under which we can extend the special case of Z =
ND(X) from DAGs to ADMGs, and describe the Markov blanket blanket of X with respect to Z.

We assume that the interested reader is familiar with definitions related to d-separation (in
DAGs) and m-separation (in ADMGs); e.g. concepts such as colliders, active paths, and blocked
paths; see e.g. Richardson (2003) for a detailed overview. In particular, we will make use of the
following Markov property for DAGs:

Definition 19 A probability distribution P(V) is said to be Markov with respect to a DAG G if,
whenever A and B are d-separated by C in G, then A is conditionally independent from B given
CinP(V).

B.4. Completeness of BAMBA for a special case

In this section, we show that BAMBA is not just sound (Lemma 10) but also complete in a special
setting. In particular, Lemma 20 implies that searching for a minimal sized S’ C Z that satisfies
bothY 1L S\ S’ | XUS and X L S\ S | S necessarily produces a minimal sized adjustment set.

Lemma 20 Consider the graphical causal framework in the causally sufficient setting, where vari-
ables in X are non-ancestors of each other. Let Z = ND(X) C V \ (X UY) be the set of non-
descendants of X and S = Pa(X) = |Jy.x Pa(X) € ND(X) = Z are the parents of X. Then,
any subset S' C ND(X) = Z such that Tgs x y = Ts x,y must satisfy both (i)Y L S\ S| XUS'
and (i) X L. S"\ S| S.

Proof We know that S = Pa(X) is a valid adjustment set and so it must block any non-causal paths
between X and Y (Perkovic et al., 2018). Then, since Ts/ x y = T x,y, it must be the case that S
is also a valid adjustment set.

Condition (i) : Y LS\S|XuUSs

Suppose, for a contradiction, that Y Y S\ S’ | X U S’. By contrapositive of the Markov prop-
erty (Theorem 19), there is an active d-connected path in G from some Y € Y tosome A € S\ S/,
when X U S’ is conditioned upon. Let Py 4 denote such an active path of minimal length. By
minimality of Py 4, there are no internal vertices from S \ S’ within the path Py, 4. We will argue
that such a path Py, 4 cannot exist by considering the two cases of whether the path Py, 4 contains
some vertex from X internally.

Case I: Suppose Py 4 contains some vertex from X, i.e. V(Py 4) N X # ). Let X € X be the
vertex in V(Py, 4) N X that is closest to Y, i.e. there are no other vertices between X and Y along
the path Py 4. Let Qy, x denote this subpath of Py, 4. Since Py 4 is active with respect to X U S/,
X must appear as a collider on Py, x. That is, Qy, x is a non-causal path from X to Y that does not
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contain any internal X vertices.

Case 2: Suppose Py 4 does not contain any vertex from X, i.e. V(Py 4) N X = (. Since
A e S\ S C S = Pa(X), there must be an edge A — X for some X € X. Therefore, the
extended path Qy x = Py 4 U{A4 — X} is a non-causal path from X to Y that does not contain
any internal X vertices.

In either case, we have some non-causal path from X to Y that does not contain any internal X
vertices denoted by Qy, x. Since S’ is a valid adjustment set, S’ must block Qy, x, which implies
that Py 4 will be blocked by X U S’. This is a contradiction to the existence of such an active path
Py 4 in the first place.

Condition (ii) : X L S’\S|S

Suppose, for a contradiction, that X £ S’\ S | S. By contrapositive of the Markov property
(Theorem 19), there is an active d-connected path from some X € X to some B € S’ \ S, when
S is being conditioned upon. Let P x p denote such an active path. Note that P x g cannot begin
with an incoming edge into X. This is because otherwise P x g has the form X < C — ... for
some C' € Pa(X) = S and so would be not be active when S is being conditioned upon. So, it
must be the case that P x g begins with an outgoing edge from X. Then, there must be a collider
on Py p involving a descendant of X because B € S’ \ S C ND(X). However, the conditioning
set S C ND(X) would not include this descendant, so P x,B would not be active. This contradicts
the existence of such an active path P x g in the first place. |

B.5. Valid adjustment by non-descendants in ADMGs

Consider an ADMG with single treatment variable X and single outcome variable Y, and let
Z = ND(X). Unfortunately, Z is not necessarily a valid adjustment set for Px(y), see Fig. 2
for a counterexample. To ensure that Z is a valid adjustment set for Px(y), we must introduce an
additional assumption on the causal graph G. In particular, let Dis(.X ) denote the district (a.k.a. c-
component) of X, i.e. the set of all nodes in G that are connected to X by only bidirected edges. Fol-
lowing Definition 17 of Richardson et al. (2023), we say that X is fixable if Dis(X )NDe(X) = { X},
i.e. if the district of X does not contain any of its descendants. Further, we say that a path from X
to Y is causal if it is of the form X — ... — Y, i.e. if it contains only directed edges pointing away
from X; otherwise, we call a path non-causal. Then, we have the following:

Assumption 21 Assume that X is fixable in G (i.e. Dis(X) N De(X) = &) and Y & Dis(X).
Lemma 22 Under Assumption 21, Z = ND(X) is a valid adjustment set for P (y).

Proof Shpitser et al. (2010) showed that a set Z is a valid adjustment set for P (y) if it satisfies the
following adjustment criterion:

(i) No Z € Z is a descendant in Gx of any W on a causal path from X to Y.

(ii) All non-causal paths from X to Y are blocked by Z.
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Any Z violating Condition (i) must be a descendant of X; thus, Condition (i) is immediately
satisfied for Z = ND(X).

To see (ii), for any non-causal path from X to Y, let A be the node closest to X on that path
which is not a collider; such a node must exist since we assume that Y ¢ Dis(X). Then either
A € Dis(X) or A € Pa(Dis(X)). Since X is fixable, both of these cases imply that A € ND(X).
Thus, any non-causal path is blocked by Z = ND(X). |

s

O—@-O

Figure 2: An ADMG in which ND(X) = { A} is not a valid adjustment set for Px(y). In particular,
when conditioning on A, there is an m-connecting non-causal path X <+ A <+ B — Y.
Note that Dis(X) NDe(X) = {B}, i.e., X is not a fixable node and thus does not satisfy
Assumption 21.

Note that this result can also be obtained more directly using the conditional ADMG framework
of Richardson et al. (2023); we have chosen to give this slightly longer proof to minimize the
required background.

This result lets us extend the first part of our interpretation from DAGs to ADMGs: under
Assumption 21, Z = ND(X) is a valid adjustment set for P« (y), and hence a valid starting point
for our algorithm. To generalize the second part of our interpretation, we note that ND(X) is an
ancestral set, i.e. for any Z € ND(X), An(Z) C ND(X). From this fact, we rather directly have
the following:

Lemma 23 Let Z = ND(X) and S = Pa(Dis(X)) UDis(X) \ {X}. Under Assumption21, S C Z
and S is a Markov blanket of X with respect to Z.

Proof The fact that S C Z follows from directly from the fixability condition. Applying the ordered
local Markov property (Richardson, 2003, Section 3) to the ancestral set ND(X'), we obtain that S
is a Markov blanket of X with respect to Z. |

B.6. Weak edges

In this section, we describe a simple concrete example whereby it is suboptimal to first learn a
correct causal graph and then apply identifiability formulas to estimate Px(y). In particular, cor-
rectly learning the causal graph G* may require taking a large number of samples, especially in the
presence of “weak edges”. However, one would expect such edges to contribute little to P« (y).
Suppose we have a probability distribution IP on variables { X, Y, Z} generated as follows:

Z «Bern(1/2)
X Z with probability € > 0
Bern(1/2) with probability 1 — ¢
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Y+ X7

The causal graph that exactly captures P is a complete DAG withedges Z -+ X — Y and Z — Y
see G1 in Fig. 3. However, for extremely small &, one would require §2(1/¢) samples to detect a
dependency between X and Z. So, with small € and insufficient samples, one may erroneously
recover a subgraph without the Z — X arc; see Gs in Fig. 3.

G | Gy

Figure 3: While it is hard to distinguish G; from G for small € with few samples from IP, estimating
P, (y) using G, only incurs an additive error of O(e).

Now, suppose we are interested in estimating Pp(1) = P(Y = 1 | do(X = 0)) from obser-
vational data. One can check that the correct answer is P(Y = 1 | do(X = 0)) = 1/2. Apply-
ing standard adjustment formulas under G; yield P(Y = 1 | do(X = 0)) = > 013 P(Z =
z)-P(Y =1] X =0,Z = z) = 1/2 as expected. Meanwhile, under Gs, the estimation would
simply by P(Y =1 | X =0) = (1 —¢)/2 = 1/2 — ¢/2. Thus, see that the estimation error is only
an additive O(e) factor away from the ground truth.

B.7. Stronger results under causal faithfulness

Recall from AMBA (Algorithm 1) that we need to perform conditional independence checks of the
form X 1. ND(X) \ S | S, which could potentially involve up to | V| variables. Furthermore, we
also know from Theorem 4 that the required sample complexity of conditional independence testing
typically increases as the total number of variables involved increases. Thus, it would be preferable
if we just check whether X L. V' | S foreach V' € ND(X) \ S, and derive that X L. ND(X) | S.
When € = 0, this implication is a form compositionality, and is well-known to hold under the
faithfulness assumption (since the set of d-separation statements in a graph is a graphoid, see e.g.
(Maathuis et al., 2018, Chapter 1)), we provide an elementary proof below.

Lemma 24 Let A, B, C, D be disjoint subsets of variables. Under the causal faithfulness assump-
tion,if AL B|Cand A L D|C,then A L (BUD)|C.

Proof Suppose, for a contradiction, that A £ (B U D) | C. Under the causal faithfulness assump-
tion, this means that there is a d-connected path P from some A € A to some V € B U D that is
active with respect to C. Without loss of generality, due to symmetry of the statement, suppose that
V € B. That is, P is a path from A € A to some V € 'V that is active with respect to C. But such
an active path P contradicts the assumption that A | B | C. Contradiction. |

Note that Lemma 24 is false in general with respect to unfaithful distributions.

Example 1 The simple 3-variable distribution X = Zy & Zs, where Z1 and Zs are independent
fair coin flips is unfaithful to any DAG on 3 nodes. To see why, observe that any two variables
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are unconditionally independent but completely dependent upon conditioning on the third. So, one
would minimally have to use a v-structure, say Z1 — X < Xg to represent this. However, 77 — X

is an active path which implies Z1 J. X under the causal faithfulness assumption, which is not true
inP(Zy, Zs, X).

Unfortunately, faithfulness alone is not sufficient to ensure the desired implication. As we
demonstrate in the following example (a minor adaptation of the above example), a distribution
P(V) may be faithful to a DAG, but fail to satisfy the desired compositionality-style property.

Lemma 25 Let 0 < ¢ < 1/2. Consider a probability distribution P over three binary variables
(A, B, X) where A € Bern(1/2) and B € Bern(1/2) are two independent Bernoulli random
variables, each with success probability 1/2 and X is defined as follows:

A® B with probability 1 — 2¢
X=qA with probability €
B with probability €

_ _ _1
We have Ax | gjo = Ax1Bjg =€ and Ax (o) =3 — &

Proof By construction, P(A = 0) = P(B = 0) = P(X = 0) = 1/2. Meanwhile, one can check
thatP(X =0,A=0)=P(X =1,A = 1) 1+5 ndIP’( =0,A=1)=P(X=1,A=0)=
. For instance, P(X = 0,A=0)=P(X =0| A=0) - (A:()):((1_5).%+5+5.%).
= i%— 5. So, Zx,ae{o,l} [P(z,a) —P(x)-P(a)| = e. By Definition 2, this establishes Ay j 4)g =

QIS
'@

The analysis of Ay ) p| = € is symmetric by replacing the role of A by B in the above analysis.
Since A and B are independent Bernoulli random variables, we see that P(A = a, B = b) =
P(A=a) -P(B=b) =34 =1foranya,be {0,1}. Meanwhile,

P(X=0]A=0,B=0)=
PX=0]|A=0,B=1)=¢
P(X=0]|A=1,B=0)=
IP’(X:O|A:1,B:1)—1—25
So,
> |P(x,a,b) —P(x) - Pa,b)] = Y P(a,b)- [Pz | a,b) — P(x)
z,a,b€{0,1} z,a,b€{0,1}
L Z P(xa,b)—l‘
4 z,a,b€{0,1} 2
(Since P(a,b) = 1 and P(z) = 1 always)
- L <‘1—1'+ 5—1 + 5—1 +’1—25—1D
4 2 2 2 2
(From above)
= % (2 —4e) (Since e < 1)
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1
=——c
2
By Definition 2, this establishes Axy (4, p)jg = % — €. |

The above example demonstrates that the faithfulness assumption is insufficient for our pur-
poses. Instead, we need an assumption of the following form; as we will show, this assumption is
implied by a type of strong faithfulness assumption.

Definition 26 We say that P(V') obeys (g, ~y)-strong compositionality if, for any disjoint sets A, B, C,D C
V, the following is true:

(AL:B|C)A(AL.D|C) = (AL,.BUD|C)

Under (e, y)-strong compositionality, we can derive that X 1. Z \ S | S from smaller con-
ditional independence tests; in particular, using a bisection arguments, if X 1. V | S for all
VeZ\S,thenX L k. Z\S|Sfork = [logy(|Z\ S|)]. Finally, we relate can strong compo-
sitionality to the faithfulness assumption: strong faithfulness implies strong compositionality with
v = 0, as follows.

Assumption 27 (TV Strong faithfulness) If A is d-connected to B given C in G*, then

ApiBic > B
Equivalently, Ap | Bjc < B = A is d-separated from B given C.

Lemma 28 (TV strong faithfulness implies strong compositionality) Suppose P(V) is 3-TV strong
faithful to G*. Then P(V) is (3, 0)-compositional.

Proof Suppose A 13 B | Cand A Lg D | C. Then, by 8-TV strong faithfulness, A is is
d-separated from B given C, and A is d-separated from D given C. Thus, A is d-separated from
BuD|C,soA LBUD|C. [

Appendix C. Deferred proof details

C.1. Covariate adjustment in the potential outcomes framework

For simplicity, we describe the potential outcomes framework in the i.i.d. setting, i.e., we assume
that n samples are drawn independently from a distribution P('V'), though we note that the following
result can be extended to weaker settings (e.g. when samples are exchangeable but not necessarily
independent).

In the PO framework, the treatment variables X are considered to be given, along with a set Xx
of possible values for X. Given X and Xx, one takes as their starting point an indexed set of random
variables {Y (x) }xexy . With Y (x) denoting the potential outcome associated with intervening to
set X equal to x. Then, the factual outcome Y is generated according to X and the potential
outcomes; typically, one assumes consistency, i.e., that if X = x, then Y = Y (x). Hence, under
the PO framework, we have P (y) = P(Y (x) = y) is the probability that Y takes on value y if X
is set to x.
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Now, Eq. (1) can be derived as a consequence of consistency and an additional assumption about
conditional independences. In particular, X is called conditionally ignorable with respect to Z if
Y(x) L X |Zforall x € ¥x.

Lemma 29 Under consistency and conditional ignorability of X with respect to Z, we have

P(Y(x)=y)=> P(Y=y|Z=2X=x)-P(Z=2)

zC€Z
Proof

P(Y(x)=y) =) P(Y(x)=y|Z=2z)-P(Z=2) (Law of total probability)

zc€Z
:ZIP’(Y(X):y|Z:z,X:X)-P(Z:z) (Since Y (x) 1L X | Z)

z€Z
= Z PY=y|Z=2X=x)P(Z=2z) (By consistency)

z€Z

C.2. Sample complexity for empirical estimation

The proof of Theorem 1 relies on the following lemma.

Lemma 30 Suppose we have i.i.d. sample access to P(V). Given integer n > 0 as a sampling
parameter, we take Npois ~ Pois(n) samples. For any U C 'V, let the random variable Ny, denote
the number of times u € Yy was realized within the npgyis samples. Then, the following statements

hold:

1. Let A,B C V bedisjoint sets ofvarlables For anya,a’ € X5 andb,b’ € Xg withb # b/,
the ratios of random variables A]ZV and

are independent.

2. Let A,B C 'V be disjoint sets of variables. For any a € ¥a, b € Xp, and integer k > 1,
we have (1\]]\*}:’ —P(a|b)| Ny > k) ~ subG (4 ).

Proof We prove each item one at a time.

1. By Lemma 11, the random variables Ny, and Ny, are independent since b # b’. Then since
Nap and Ny 1y are subcounts of Ny, and Ny respectively, so the corresponding ratios are
also independent.

2. By Lemma 11, we have (Nap | Np = k) ~ Bin(k,P(a | b)). Conditioned on Ny, = k,
Lemma 16 implies that (Nab — E(Nap)) = (Nap — k-P(a | b)) ~ subG(%). Thus,
)-

(]\]/;Efltv)b — (a ’ b) | Nb = k) ~ SubG(ﬁ

The claim follows via Lemma 15.
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Theorem 1 (Estimation error) Suppose we are given (1) estimation tolerance € > 0, (2) failure
tolerance 6 > 0, (3) sample access to P(V), and (4) a subset A C V \ (X UY). Then, there is an

algorithm that uses O ((‘EA‘ + =

caa

such that Pr(]fA,x,y —Taxyl <e)>1-0.

‘EAl 1 . o
aA + =7 ) - log 5 ) samples and produces an estimate TA x y

Proof [Proof sketch] By definition, we have

T N, N,
Taxy —Taxy = Z (P(a) Py | x,a) — a . W)

NPois Nx,a
N. N, N.
= P(a XA P(a) — —2 | ._¥:xa
Z < Y | * a) Nx,a ) M ; ( (a) NPois Nx,a

where Na, Npois, Ny x.a, and Ny 5 are random Poisson variables from the Poissonization pro-
cess with Npyis ~ Pois(n) for some parameter n; see Section 2.1. Since Npois = >, Na =
Za,x Nxa = Za,x,y Ny x.a, we see that 0 < % < land 0 < % < 1 for each of these
fractional terms.

Let us define a threshold 7 > 0 and partition the values of A accordingly:

Ya>r={a€ Xp :P(x,a) > 71}

Since ap = minaex, P(x | a), we see that P(a) < - fora & Xa>;.

Let us define three summations J ., J>-, and K so that T'A x y — fA,x“y =Jo+ I+ K

Ny x,a
S 30 R (Bly |xa) - J2=2) ©

ag¥ia>r xa
Ny7x7a

Jor= ) PBa) Py |xa) - =2 @
ac¥A>r xa

N.
K — CHVyxa
Z ( NPON) Nx,a (8)

We will proceed to bound each of |J.~|, |/>-|, and |K|.
The easiest is |/~ .|, which follows from the definition of X A >:

|Jr| = Z P(a < YX2 Py | x,a)> (Definition of |J|)
Xa
a€2A>T
N.
< ' YX2 Py | x,a) (By triangle inequality and P(a) > 0)
a€EA>T
< ¥ Pl (Since [fy=2 —P(y | x,a)| < 1)
ag3ip>,
-2
< N (Since P(a) < i fora g Ya>;and |[Za>.| < [Zal)
A - B
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To bound |J>~

, consider the concentration event £_ defined as follows:

.= N {Nx7a>”'P§X’a)} ©)

aEZAzT

We first observe that the event Eg - holds with good probability.

P
1-PrEl)< 3 Pr <Nx7a < ”éxa)) (Union bound)

aEZAZT

n - P(x,a)
< -~ 7
< X eXp( 12 )
aGEAZT

(Using that Ny 5 ~ Pois(n - P(x, a)) and applying Lemma 12)

< |Sal - exp (—%) (Since P(x,a) > 7 forz € Xasr C Sasy)

Under the event £Z_, we have Ny, > %

implies that
n-P(x,a) 1 2 1
Nea> 2228 CabG (2 —— ) =subG [ —— ],
A=y ) > (4 n~IP’(x,a)> o <2n-]P(x,a)>

Ny x,a
(F= - piv 1xa
for any a € X ao>,. For any two disjoint a,a’ € 34, we see that (x,a) and (x,a’) are distinct

for any a € ¥ A>., so item 2 of Lemma 30

Nxa
N, ’

values in the domain Xx X XA, so item 1 of Lemma 30 tells us that the terms A]f\y,”‘: and N

x,a

are independent. Lemma 14 further tells us that J>, = .5 P(a)- (% —P(y | x, a)) ~

subG <2362A>7— %) since coefficients {P(a)}aca are just (unknown) real numbers. Then,

for any ¢ > 0, Definition 13 states that

t2

Pr (|J>7] > ¢ | SéT) <2exp | — < 2exp (—naat?)

P(a)?
2 ZaEEAZT 2n-P(x,a)
where the last inequality is because ap = minaex, P(x | a) and Tao>, C Xa:

P(a)? P(a) P(a) 1
Z 2n -P(x,a) Z 2n-P(x | a) = Z 2n - aa = 2n - aa

aGEAET aGZAzT aGEAZT

To bound | K|, we reduce to the analysis to the problem of producing an e-close estimate of P(A)
by observing that 0 < % < 1land ]\],VT*‘ is the empirical estimate of P(a) for each a € ¥ 5. That
is, ’ ‘

Na > Nyxa
K| = P(a) — R (By Eq. (8))
‘ ’ ;( ( ) NPois Nx,a v
N, Ny x . : .
= Z Pla) — —| - 'ya (By triangle inequality)
a NPois Nx7a
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(Since 0 < —; Ny.xa <1

N Pois

Na
NPOIS)

< g )IP> a) — (By defining empirical distribution IP’( ) =
a
|Zal+log 57

By Lemma 17, when Npyis > ¢ - <(5,)25> for some tolerance parameters ’,6’ > 0 and

absolute constant ¢g > 0, we will have Pr (| K| < &’) < Pr (ZaGEA IP(a) — P(a)| < 5’) >1-4.
Before we proceed to wrap up the proof, let us collect the proven bounds below:
7-|Za

|Jer| < deterministically (10)
aA
Pr(~£4,) < [Bal-exp (- 17) an
Pr(|Js-| >t | 527) < 2exp (—naat?) foranyt > 0 (12)
3|+ log §
Pr(K|<e)<1-¢ for any ¢/, 6’ > 0 when Npys € O <"(—;)Zg5>
(13)

Now, observe that |J.,| < &,

J>-| < 5 and |[K| < £ jointly implies [J<, + J>r + K| <

Pr <‘TA,x,y — fo,y‘ > 8)

= Pr(|Jer + J>r + K| > ¢) (By definition)
< Pr <|J<T| > %) + Pr <|J27| > %) +Pr (|K| > %) (Triangle inequality)
<0+ Pr (|JZT| > %) +Pr (|K| > g)

(If we set % = |2A| in the deterministic bound of Eq. (10))
< Pr <\JZT| > %) + . (Ifwesete’ = §and ¢’ = 3 in Eq. (13) with Npy;s € )
< Pr(—\ggT) + Pr (|er| > % | Eéf) + (Conditioning on event 5;7)
< |XA|-exp (—%) + 2exp (—naat?) +

(If we sett = § then apply Eq. (11) and Eq. (12))

T~‘EA‘ _ ex
- |32A|

36’2A! < !2A1> o log <6> n
2ap 1)
> 1 b} 1
€0<(' e 5") o (5))
EQA  E°QA € 1)

then Pr (’TA,XJ - TA,x,y‘ >e)<f+i+] =0 m

Recall that we set 5 =

and t = 5 ¢ above. So, if we set
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C.3. Misspecification errors

Lemma 8 (Misspecification error) [fS C A C V\(XUY) suchthat X L. A\'S | S, then
‘Ts7x7y - TA7x7y| < .

= as'

Proof Since S C A, we see that

Tsxy — Taxyl = [Y_P(y]ax)-Pla\s|sx)-P(s) =Y Ply|ax) - Pa)

(ByEq.(4)and S C A)

= ZIP’(y |a,x) -P(s)- (P(a\s]|s,x)—Pla\s]|s))

(Pull out common terms)

P(s, x)

= za:P(y |a,%) - Plx|s) (P(a\s|s,x) —Pla\s| S))‘
<Y pryg Ble\s 180 ~Pas|s)
(Triangle inequality, non-negativity of probabilities, and since P(y | a,x) < 1)
<als-;P(S,X)-W(a\s|s,x)—]P’(a\s|s)\ (By Eq. (2))
< ais (Since X L. A\ S| S and using Eq. (3))
|

Lemma 9 (Misspecification error lower bound) Ler 0 < /e < a < 1/2. There exists P(V)
such that (i) Z is a valid adjustment set, (ii) S C Z satisfies X L. Z\ S | S, (iii) ag > «, and (iv)
Tsxy = Tzxyl 2 155

Proof Consider the following probability distribution [P defined over 4 binary variables { A, B, X, Y}
in a topological ordering of A < B < X < Y: see Fig. 4.

I a—ce/4
g . 1 wp. - 17\}5//2 A wp.1—«
0 e 0 else X=q1-A wp.a—e/2
v B W.p. v€/2

1—A wp.1—+/e
B=<0 w.p. \/€/2 v — 1 fX=0A=1,B=0
° @ 1 w.p. v/2 0 else

Figure 4: Probability distribution P defined over 4 binary variables { A, B, X, Y} in a topological
ordering of A < B < X <Y with parameters ¢ and «, where 0 < /¢ < o < 1/2.
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We show in Appendix C.6 that all the (conditional) probabilities of P are well-defined, and that
we have the following conditional probabilities for P:

a b| P(bla) PX=0|ab PX=0]|a) >,IPx]|ab)—P]|a)l
0 0] +E/2 l—a++E/2 1—-a+e/4 VE —¢€/2

0 1|1—+¢/2 -« l—a+e/4 e/2

1 0|1—4y/¢/2 a a—ce/d £/2

11 VE/2 a—/g/2 a—¢e/4 Ve —¢/2

Let us identify Z with {A, B} and S with {A}, so Z\ S = {B}. We now show the four
properties.
1. Z is a valid adjustment set

This is true since { A, B} satifies the backdoor adjustment criterion Pearl (1995).

2. SCZsatisfiesX L. Z\S|S
Recall that Z = {A, B} and S = {A}. To see that X . B | A, observe the following:

> P(a)- [P(x,b] a) =Pz | a) - P(b] a)

z,a,b
=> "P(a)-P(b|a)- Y |P(x|a,b)—P(z | a)l
ab x

=P(A=0)-P(B=0|A=0)-(vVe—¢/2)+P(A
+PA=1)-P(B=0|A=1)- (5/2)+IP’(A:

=P(A=0)-(v£/2) (Ve—¢c/2) +P(A=0) -
+P(A=1)-(1-E/2) (c/2) +P(A=1)

=(\@/2)-(\@—e/2)+(1—\/5/2)-6/2

=&

=0)-P(B=1]A=0)-(¢/2)
1)-P(B=1|A=1)-(Ve—¢/2)
—Ve/2) - (¢/2)
\f/) (Ve —¢/2)

,.\/—\

3. ag > «
Since S = {A} and ¢ < /2, we have min, P(z | a) = a — /4 > a/2.

4' |Tsvx7y - TZ,X,y| Z ﬁ'

Tsxy — Tzxy|l = Z]P’ Py | z,a) — ZPab P(y | x,a,b)
(Slnce S={A},Z = {A, B}, and by definition of Ts x y and Tz x y)
=[S PPl 20): (0| 0) - P | 2.0)

(Since P(y | z,a) = >, P(y, b | z,a) = Ply|z,a,b) -P(b|z,a)and P(a,b) =P(a) - P(b | a))
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= [SP@ P |0 g - (B | 0) = B a.b)
a,b

(Since P(b | x,a) = W)

P(B=0]A=1)
=PA=1)-
( ) P(X=0]A=1)
(Since Y is an indicator variable for whether (A, B, X) = (1,0,0))
e a—g/d 1-E/2 ¢
T da 1—+//2 a-¢/4 4
€

P(X=0|A=1)-P(X=0|A=1,B=0)

(From construction in Fig. 4)

~ 16a

C.4. Beyond approximate Markov blankets

Lemma 10 (Adjustment soundness) Let A C 'V \ (X UY) be an arbitrary subset and S C A.
If S’ is a screening set for (S,X,Y), then Tg xy = TS x,y-

Proof Consider arbitrary subsets S C A C Vand S’ C A C V. Observe that

TS,x7y = Z P(y ‘ X, S, S/ \ S) ’ P(S, \ S ’ X, S) ’ ]P)<S) (By Eq~ (4))
s,s’\s
= > Ply|xs,5 \s)-P(s'\'s|s) P(s) (Since X 1. S'\ S| S)
s,s’\s
= Y P(y|xs,s\s) P(s'\s|s)-P(s) (Regrouping)
s’,s\s’
= > Ply|x,s)-P(s'\s|s)-P(s) (SinceY L S\ S| XUS)
s’,s\s’
=TS xy (By Eq. (4))
u

Theorem 6 (Beyond approximate Markov blankets) Suppose we are given (1) > 0, (2)§ > 0,
(3) sample access to P(V), (4) an arbitrary subset A C V \ (XUY), and (5) an e-Markov blanket
S C A. Suppose there is a screening set B for (S, A, X,Y) such that |B| = k' and |Xg| < |Zg|.
|S']

5.

Sor| < [Ss| and Pr (T sy — Tasyl < 2) 2145

There is an algorithm that uses O ( VIEx] [Zv] - [Zal - log %) samples and produces a

subset S' C A such that |S'| < K/,

Proof Suppose the BEYONDAPPROXIMATEMARKOVBLANKETADIJUSTMENT algorithm (Algo-
rithm 2) terminates at some iteration |S'| € {0,1,...,|Al}.
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Correctness. If BAMBA returns the e-Markov blanket S C A (e.g. in Line 8), then |Ts/ x y —
13

Taxyl = Tsxy — Taxyl < as S 25 by Definition 3 and Lemma 8. Suppose all calls to
APPROXCONDIND succeed across all iterations. Then, Lemma 18 tells us that Ay g\s/xus’ < &,
Ax 1gn\s|s < € and [Eg/| < |Xg| whenever Cy, # ().

For subsequent analytical purposes, let us define an intermediate term Z y as follows:

1
Zuy =D sy POOSUS) Pl [ x.8) (14)

sUs’ X ‘ S)

By triangle inequality, we have ‘Tsx,y — TS@x,y’ = |Ts,x,y —Zxy+ Zxy — TS’,x,y‘ <|Tsxy — Zx,y|+
Zyy — Ts' x,y|- We will bound each of these terms separately.
1. Bounding |75 x y — Zx,y/|-

1
P(x|s)

(By Eq. (4) and Eq. (14))

(XSUS) 1 / ’
=) P(y|x,sUs)- s .P(s)—zw-P(x,sUs)-P(y]x,s)

Tssy — Zxyl = > Py | x,sUs) - P(s'\ s | x,8)-P(s) = »_

sUs’ sUs’

P(x,sUs)) - Py | x,5)

sUs’ sUs’ x | S)
= ZIP’ P(x,sUs") - (P(y | x,sUs") = P(y | x,5"))
sUs’

(Pull out common terms)

_ZP P(x,s Us') - [P(y | x,sUs) = P(y | x,s)]
sUs’
(Triangle inequality and non-negative of probabilities)

1
< — -3 P(x,sUs) - |B(y | x,sUS)) — B(y | x,5)|
as
sUs’
(By definition of ag in Eq. (2))
1
< —- ) Plxsus)-|Py|xsUs) —P(y | x,5)]
as y,X,sUs’
(Summing over more terms)
< < (Since Ay g\s/jxus’ < € and using Eq. (3))
as

2. Bounding ‘Zx,y — Ty

7x7y *

1
Ts' xy — Zxy| = ZIP’(y | x,8')-P(s') - P(s\ &' | &) — Z Fix[5) P(x,sUs) Py | x,8)
sUs’ sUs’

(By Eq. (4) and Eq. (14))

= ZMS y %) PsUs) (P(x |s) —P(x | sUS))

(Pull out common terms)
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1
< Zm P(sUs')-|P(x | s) — P(x | sUs')|
(Trlangle inequality, non-negativity of probabilities, and since P(y | x,s’) < 1)

gf ZPsUs) |P(x | s) —P(x | sUs')|

as

sUs’
(By definition of ag in Eq. (2))
< £ (Since Ax  gn\s|s < € and using Eq. (3))
as
Putting together.

We see that

€ € 2e
‘TS,x,y - TS’,x,y| < |Tsxy — Zxyl + }Zx,y Ts'xy| < OTS + OTS = OTS
Failure rate. Note that there are at most ('2") possible candidate sets in Cy, foreach k € {0,1,...
Since we invoked two calls to APPROXCONDIND in iteration k, each with failure parameter Jwy, /2,
union bound tells us that the probability of any call failing across all calls is at most

S’
dwy, <|A|> 1 <1A|> o J-|S|

207 )" e ) T 5w =

Sample complexity. Since we are using union bound to bound our overall failure probability,

we can reuse samples in all our calls to APPROXCONDIND. Thus, the total sample complex-
ity is attributed to the final call when & = |S’|. Such an invocation of APPROXCONDIND uses

O (E% : \/\ZX\ By |- [Bas] - [ZBsr] - log ﬁ) samples according to Lemma 18 and wy, = (]A| .

so the total number of samples used is at most

S

/1 1 1
o(gz.\/\2X\.|§:Y|.\zA\S,|.\2s/!-1ogm)CO( VIEx] By [Bal- 10g5>

We omit log |A | within O(-) because |A| < [S4]. |

C.5. Deferred probabilistic manipulations

In the proof of Lemma 10 and Theorem 6, we skipped the full derivation of

U/
ZIF’ P(y | x,s) - ZIP’ \'s|y,x,s) = ZIPSUS y]sts)M

s’\s sUs’ ]P)(X | S)
It is obtained via a series of standard probabilistic manipulations:
ZIP’ P(y | x,s) - Z]P’ \'s|y,x,s)
/\S
=Y P(s)-P(y,s'\s|x;s)  (Since Py |x,5) - P(s'\s|y,x;5) = P(y,s'\'s | x,5))

sUs’
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-3 Pi(f)x> Bly,sUs'[x)  (Since By, sUs'|x) =B(s | x) - B(y,s'\ s | x.5)
) ) seug . )
_S%;P(ylx’sus) Plsus'|x) P(s | x)

(Since P(y,sUs' | x) =P(sUs' | x)-P(y | x,sUs’))
P(s)-P(x |sUSs)

= Z}P’(y | x,sUs’)-P(sus’)-

P(x)- (s [ %)
(Since P(sUs' | x) = P(TI(»’(SXU)S ) — Bleus ﬁé?x()x‘sus )
P(X’SUS/) P(x)-P(s|x)
_ N n . x)-P(s]|x
= ;P(y | x,sUs’)-P(sUs) “Px[s) (Since P(x | s) = —~ ) )
/
:ZPSUS P(y | x,sUs’) - Plx|sUs)
| P(x[s)
sUs

(Swap positions of P(s Us") and P(y | x,s Us’))

In the proof of Theorem 6, we also skipped the derivations of

Z]P’(x | sUs’).IP’(sUs’)~‘IP’(y | x,8) — P(y | X,SUS/)‘ <e¢ and ZP(SUS/)~‘P(X |s) —P(x|s Us’)‘ <e

sUs’ sUs’

under the assumptions of Ay g\g/jxus’ < € and Ax 1 gng|s < ¢ respectively. We derive them
below:

ZIP’(X |sus’)-P(sUs) - [P(y | x,8") = P(y | x,s Us')|

sUs’
=) P(x,sUs)- [P(y |x,8) - P(y | x,sUSs)| (Since X N (SUS') = )
sUs’
= > P(x,8) - P(s\' | x,8) - [P(y | x,8") = P(y | x,sUs)|
sUs’
= S P [Py | x8) B\ 8 [ x,8) = PlyU(s\8) | x,8)
sUs’
< Y Bxs) By |xs) Bs\s | xs) - ByU(s\s) | xs)
y,x,sUs’
(Since we sum over all values of ¥x and Xv)
S g (Whel'l AYJLS\S’|XUS’ S 5)

Z]P’SUS x|s)—P(x|suUs)|
—ZIF’ \'s|s)- ‘ (X|S)—P(XU(S,\S)‘S)‘
= ZP(S)~‘P(X|S)'P(S,\S|S)—P(XU(S,\S)|S)‘
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< > P(s)-|P(x|s) B(s"\s|s) ~P(xU(s'\s) |'s)|

x,sUs’
(Since we sum over all values of x)

<e (When AXJLS’\S\S < 8)

C.6. Deferred derivations for hardness proof

In the proof of Lemma 9, we argued that the distribution P described in Fig. 4 has the following
well-defined conditional probabilities:

a b ‘ Pb|a) PX=0|ab) PX=0[a) >, [P]|ab)—Px|a)
0 0| +/¢E/2 l—a++E/2 1—a+e/d VE—¢/2

0 1]1-+E/2 1-a 1—a+e/d e/2

1 0]1—+/¢E/2 a a—e/4 £/2

11 Ve/2 a—+/e/2 a—ce/4 Ve —¢€/2

For convenience, we produce Fig. 4 below.

£ a—e/4
g . 1 W.p.ﬁ~17\[€//2 A wp.1—a
0 else X=q1-A wp.a—e/2

N PR
' 1—A wp.1—+/e

B={0 w.p. VE/2 Y:{1 ifX=0A=1,B=0
@ @ 1 w.p. \/€/2

0 else
Figure 5: Reproduced: Probability distribution P defined over 4 binary variables { A, B, X, Y} in
a topological ordering of A < B < X < Y with parameters ¢ and «, where 0 < /& <
a<1/2.

We first check that all the (conditional) probabilities of P are well-defined. Since 0 < /e <
a < 1/2, the only non-straightforward term to verify is P(A = 1). Observe that

fa-la__;g//ggl — c-(a—¢/4) <da-(1—-+E/2) <= 20/ +ac—?/4< 4a

whichis true as 0 < € < /2 < a < 1 implies 2a\/c + ae — 2 /4 < 3ay/e < 3a < 4a. Therefore,
0<PA=1)<1.
We now proceed to verify the conditional probabilities shown in the table above. For instance,

P(X=0]|A=0)
—P(B=0|A=0)-P(X=0|A=0,B=0)+P(B=1|A=0)-P(X=0|A=0,B=1)
= (VE/2) - (1—a+VE/2) +(1-VE/2) (1—a)
=l—-a+¢e/4

45



CHOO SQUIRES BHATTACHARY YA SONTAG

and

P(X=0]A=1)
=P(B=0|A=1)-P(X=0|A=1,B=0)+P(B=1|A=1)-P(X=0|A=1,B=1)
=(1=v&/2)-a+ (Ve/2) (a = VE/2)
=a—c/d
—1-P(X=0|A=0)

The detailed workings for ) |P(z | a,b) — P(x | a)| for different values of a,b € {0, 1} are

as follows:
When A =0and B = 0:

> [P(z | a,b) —P(z | )

— P(X=0]|A=0,B=0)—P(X =0 A=0)|+[P(X =1| A=0,B=0)—P(X = 1| A=0)|
= |1—a+ve/2) — (1—a+e/d)|+ |(a—e/2) — (a—e/4)|
=2(Ve/2—¢/4)

=+e—¢/2

When A =0and B = 1:

> [P(z | a,b) — Pz | )

—P(X=0|A=0,B=1)—P(X=0|A=0)|+|[P(X=1|A=0,B=1)—P(X =1| A =0)|
= |1-a)— (1 —a+e/)[+](a) = (o —c/4)|

=2(g/4)
=¢/2

When A =1and B = 0:

> [Pz ] ab) Pz | a)

=|PX=0|A=1,B=0)-P(X=0]A=1)|+|P(X=1|A=1,B=0)-P(X=1]|A=1)]
= (@) = (@=e/9[+[(1—a) = (1 —a+e/d)|

=2(e/4)

=¢e/2

When A =1and B = 1:

> [P(z | a,b) — P | )
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=P(X=0A=1,B=1)-P(X=0|A=1)|+|P(X=1|A=1,B=1)-P(X=1|A=1)]
= (@ =+ve/2) = (a—e/4)| + |1 —a+Ve/2) — (1 — a+¢e/4)|
=2(Ve/2—¢/4)

e—¢e/2

C.7. Estimating causal effects using AMBA and BAMBA

If we re-express the results of Theorem 1, Theorem 4 and Theorem 6 in terms of an upper bound on
error for a fixed number of samples n, we get the following three corollaries.

Corollary 31 (Estimation corollary) Suppose we are given (1) failure tolerance § > 0, (2) n i.i.d.
samples from distribution P(V), (3) a subset A C 'V with ap = maxacs;, P(x | a). Then, there
is an algorithm that produces an estimate T A x,y such that Pr( ]TA xy —Taxy|l <e)>1—6for

some error term
by 1 by
ecO <’ A’ + | A|)
noa noa n

Proof From Theorem 1, we know that O ((IEEA‘ + = aA + E;\') -log (%)) samples suffice to

produce an estimate IA“A x,y such that Pr(|fA xy —Taxy| <e)>1-0. Ignoring the logarithmic
> Sal
terms and constant factors, the result follows by re-expressing n < La‘: L+ = aA + E;" in terms of

E. |

Corollary 32 (AMBA corollary) Suppose we are given (1) failure tolerance § > 0, (2) n i.i.d.
samples from distribution P(V'), and (3) an arbitrary subset A C V \ (X UY). Then, there
is an algorithm that produces a subset S C A such that Pr (AXJLA\S'S > 5) > 1—06 and
Pr(|Tsxy — Taxy| <€) > 1 =40 for some error term

aeé<als VL - i)

Proof From Theorem 4, we know that O (la%‘ v/ 12x]| - |XAl - log %) samples suffice to produce

a subset S C A such that Pr (Ax a\gis >¢) > 1 — 6 and Pr (\Tsv,gy Tyl < %> >

P

1 — 4. Ignoring the logarithmic terms and constant factors, the result follows by re-expressing

n = - VIEx[ - [Salin terms of &’ = eag < . .

Corollary 33 (BAMBA corollary) Suppose we are given (1) failure tolerance § > 0, (2) n i.i.d.
samples from distribution P(V), (3) an arbitrary subset A C V \ (X UY), and (4) an e-Markov
blanket S C A. Then, there is an algorithm that produces a subset S' C A such that |Xg/| < |Xg|
and Pr (|TS’,x,y —Taxy| < E) > 1 — 0 for some error term

~ (1 S’
EEO( \/’ | (1Zx] - [Zy| - |2Al)
as
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Proof From Theorem 6, we know that O ( VIEx| [Ev] - [Zal - log 5) samples suffice to

produce a subset S’ C A such that |[Xg/| < |Xg| and Pr <|TSlxy —Taxyl < —) >1-4.
|S']

Ignoring the logarithmic terms and constant factors, the result follows by re-expressing n = (G

VIEx| [Zv|-|Zalinterms of &' = cag < e, -

In light of Corollary 31, Corollary 32, and Corollary 33, there are a couple of ways one could

attempt to estimate Py (y) when given a valid adjustmentset Z C 'V \ (X UY):

1. Directly estimate using Z. By Corollary 31, this yields an error of

~ ¥ 1 >
Pa(y) — Pu(y)] = [Tzxy — szy|eo<‘ z| | 44/ Z')

nayg, nag, n

2. Use AMBA on Z to produce a subset S C Z and estimate using S. By Corollary 31 and
Corollary 32, this yields an error of

Px(y) — @X(Y)’ = |TZ,x,y - fS xy| < ‘TZ,x,y - TS,x,y‘ + ’TS Xy — TS,x,y‘
~ 1 / S 2 1 >
Oés nas vnas n

3. Use AMBA on Z to produce a subset S C Z, then use BAMBA to further produce subset S/,
and then estimate using S’. By Corollary 31, Corollary 32, and Corollary 33, this yields an
error of

Px(y) — Px(¥)| = [Tzxy — Toxy| < [Tzxy — Loyl + 1 Tsxy — Torxyl

(1 S| 1S 1, [Zs 1 Es|
cO| — > > —_ > > Yzl)4

(as Vo (Bx] - [22) + o Vo (2x] - [Sy| - [Ba) T+ byl

In any cases 2 and 3, with appropriate constant factors, we see that

N

Px(y) — Px(y)| = [Tzxy — Toxy| < [Tzxy — Toxyl + 1T xy — Toxy| <e+e=2¢

1 1

The following lemma tells us that az < ag and az < ag, ie. - < —— and -— < ——, s0

— az S/ — az’

it is always beneficial to use a smaller subset with respect to the error incurred by estimation in
Corollary 31.

Lemma 34 For any value x for X and subsets A C B C V \ X, we have

ap =minP(x | a) > mgnIP’(x |b) =ap
a

Proof Fix an arbitrary values of x for X and a for A, we see that

P(x|a)=> P(x,b\ala )>mgnIP’(x|b)~ZP(b\a|a):mbinIP>(x]b)
b\a b\a
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Therefore, min, P(x | a) > miny, P(x | b). [

Observe that a—ls < é from Lemma 34 and |Xg| < |Xz| since S C Z. So, the second approach
of estimating Px(y) using the subset S C Z produced by AMBA would yield an asymptotically

smaller error than directly using Z whenever é . \/ (IEX] AE i< lnizs‘ + \/W + ‘EZ|
This happens when
Zx]| { Xz oas 2}
S| - <maxq ——, —, « (15)
Sy 12 W Tl

Observe that we know all terms in Eq. (15) except for ag. For small n, say when n < |Xz], the
first term justifies estimating using the subset S produced by AMBA instead of directly estimating
using Z. However, for large n, one would need to make the decision based on ag. A similar kind
of decision has to be made whether the third approach, of running AMBA to produce S C Z then
BAMBA to produce S’ C Z, would yield a smaller estimation error. Note that |Xg/| < |3g| would
imply |[S’| < |S| when all variables have the same domain size.

Theorem 7 (PAC causal effect estimation with positivity) Suppose we are given (1) e > 0, (2)
d > 0, (3) niid samples from P(V), (4) an interventional query Px(y), (5) a valid adjust-
ment set Z C 'V \ (X UY), and (6) guaranteed that ag > o € (0,1) for any S C Z. Then,
there is an algorithm that outputs a subset S* C Z and an estimate @x(y) = T\S*,x7y such that

Pr ( Ax(}’) — Px(y)’ < 5) > 1 — 0 for some error term

1
(1 1| 1 [(VIZ]-(1Zx]||Bvy]-[Zz])i 1

n o« Vn a

Moreover, if there exists a Markov blanket S of X such that |S| - EX" < max {%, |gsz‘ , oc% }

then |S*| < |S|. Note that we hide a dependency onlog(1/8) using the O(-) notation for readability.

Proof Consider the following algorithm:

1. Run AMBA toobtain S C Z

2. Check if [S] - |EX‘ < max { [Zz| as a%} according to Eq. (15)

=zl n  |Xg|
3. If so, run BAMBA to obtain S’ C Z and produce estimate @x(y) = fsly,(’y
4. Otherwise, produce estimate @x(y) = fz,x,y

That is, depending on Eq. (15), we decide to perform estimation based on S* = S’ or S* = Z. It
remains to show that the bound holds for each case separately while noting that ag, ag/, az > a.

Case 1: [S| - E}X" < max { ﬁz‘ , ‘o‘—sz‘, a%}, so we estimate using S* = S’ produced from
BAMBA
This incurs an error of

Px(y) — Px(y)| = ’TZ,x,y - TS,x,y| < |TZ,x,y - TS’,x,y‘ + ’TS’,x,y - TS’7x,y|
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IS o118 1 ’28 2 Xs
3 WANE 3 3 WANE
(1Zx]- Bzt + o[ (1] By ] [22)T + t et

(From Corollary 31, Corollary 32, and Corollary 33)
b)) 1 Yg
| s’ | N | s'|

v

Mm
G}
N
Q»—A

i y

| Z

1
(12x] - [By |- [Zz])* +

N
S}
VR
Q\H

(Since max{|S|,|S'|} < |Z])

1
~[1 |¥s= 1 Z|- (|13x]- |2y |Xz|)* 1
w(w su,(\/r [ (Zx| - [By] Bz 1 |Zs*|>>

n o« Vn ! Va
(Since S* = S)

) ) . .
Case 2: [S| - | X|| > max {%, |gsz‘,a%}, so we estimate using S* = Z

This incurs an error of

Pa(y) = Px()| = [Tzxy — Tzxy|
by 1 3
( | Z| + ¥z > (From Corollary 31)
n
~ 2 * 2 *
go( S Tt | S') (Since S* = S)
n
1
co(l. Zs +i_ V12| - (1Zx] - [Ey| - [Zz))? L s
- n o« Vn o' Va
(Adding more terms)
Therefore, we see that the error upper bound holds for either case. |

Appendix D. Experimental results

For the purposes of empirically demonstrating and evaluating our algorithm, we use a simple setting
with a single treatment variable and a single outcome variable, i.e., X = {X} and Y = {Y};
thus, we use unbolded fonts in this section. We run our experiments in the standard statistical
setting, where each algorithm is provided with a dataset of n samples, rather than being given
sample access to the distribution P(V). The code for replicating our experiments can be found at
https://github.com/csquires/amba-bamba-clear2025.

In Section D.1, we describe the baseline algorithm against which we compare, along with some
details about how these algorithms are implemented. In Section D.2, we describe our procedure for
synthetic data generation, and in Section D.3, we describe our evaluation metrics and our approach
for hyperparameter selection. We conclude in Section D.4 by discussing our results.

D.1. Comparisons and Implementation Details

We compare our AMBA and BAMBA methods to three other methods:

* Z-ADJUST: Adjust by the given adjustment set Z
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* MB-ADJUST: Adjust by the Markov blanket of X in the (unknown) data-generating graph G

* MIN-ADJUST: Adjust by the minimum-sized adjustment set for P,(y) in the (unknown)
data-generating graph G

We note that MB-ADJUST and MIN-ADJUST require oracle knowledge of the graph and are not
possible to run in practical (non-synthetic) scenarios; we have included them here for the sake of
comparison.

Implementation details One of our focuses in this empirical demonstration is to slightly adapt
the methods to better reflect how they are used in practice. Our methods and others use two key
subroutines: conditional independence testing and estimation by covariate adjustment, which both
require certain design choices.

First, let us describe our estimators of marginal and conditional probabilities used for both
subroutines. Let A, B be disjoint sets. For each a and b, let n, denote the number of samples
where A = a, and let n, , denote the number of samples where A = a and B = b. Then, given
B > 0, for all a and b, we define

5 L na +
Ps(a) := PERRON (16)
and
Ps(a|b) = _Mapt B (17)
b C np+ - ]2al’

where % := 0. This technique, which can be interpreted as adding “pseudocounts” for each value
of A, is known as additive or Laplace smoothing, and is well-known to have favorable statistical
properties when [ is sufficiently small (Kamath et al., 2015). Hence, it is likely that our theory
extends to such an estimator. For the sake of estimation by covariate adjustment, given the set A,
we use the following estimator of T'A ; ,:

Tawy =Y Ps(a) Ps(y|a ).
a

For the sake of conditional independence testing, we find that a simple plug-in estimator of
A 1B|c worked better than the more complicated conditional independence testers cited in our
theoretical analysis. In particular, we use the following estimator:

Aaimic =Y Po(e)- [Poab|c) ~ Pofale)- Po(b | ).
C

Then, we have a hyperparameter 7 controlling the threshold for conditional independence; i.e.,
A A1B|C > T, we reject conditional independence. For a given choice of A, B, and C, this estima-
tor requires computing the empirical counts 7, 1, . In our algorithms, such computations can often
be re-used, e.g. Nab,c = Na’ b/’ Whenever AUBUC = A’UB’UC'. Thus, our implementation
performs memoization of such empirical counts to reduce computational complexity.

Finally, MIN-ADJUST requires an algorithm for finding the minimum-sized adjustment set. For
this step, we use the opt imaladj package, which implements the methods described in Smucler
and Rotnitzky (2022).
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D.2. Synthetic data generation

We use a single 10-node DAG structure G inspired by Fig. 1, with M = 50 different distributions
(P (V))2Y_, on this structure. For each m = 1,2,...,50, we sample D = 10 datasets, each of
size n = 500. In more detail:

Structure. We use a fixed 10-node DAG G with X = {X},Y = (x)| =6,
and |Spin| = 2, where Sy, is the unique minimum-sized valid adjustment set for P (y).
In particular, the DAG has the following edges and no others: X — Y, V — X for each
Vepa(X), W — V foreach W € Sy and V € pa(X),and W — Y foreach W € Syiy.

Distribution, Step 1: Sampling from a beta prior. For each m = 1,2, ..., 50, we construct a
distribution P("™ (V) as follows. We take all variables in V’ to be binary. For each Vi € Vand
each value w € {0, 1}/P2(Va)l| we sample py, ~ Beta(1,1), and assign P (V; | pa(V;) =

W) = Dw.

Distribution, Step 2: Tilting the distribution of Y. By symmetries of the beta distribution, the
true causal effect IP’( )( ) is likely to be close to 0.5; this creates and artificial bias towards
estimator with (implicit) shrinkage toward 0.5. Thus, We tilt the distribution of Y toward
higher values by taking P(™ (Y | pa(Y) = w) o P((Y | pa(Y) = w) - €2¥ for all
w € {0, 1}IPa(Y)

Samples. For each m = 1,2,...,50, we draw D = 10 datasets of n = 500 samples, giving

us an indexed family {D(m’d)}‘r’o,l? 4— Of datasets.

D.3. Evaluation and hyperparameter selection

Empirical MSE  Let ALG € {Z-ADJUST, MB-ADJUST,...}. For each m € [50] and d € [10],
let P4 (ALG) denote the causal effect estimated by ALG when given dataset D("»%) as input.
Then, for each m € [50], we compute the empirical mean squared error of ALG as follows:

50
— 1 . 2
_ (m,d) _ p(m)
MSE,(ALG) = = >~ (P (ALG) — P (y))
m=1
Note that, for each instance m = 1, 2,..., 50, the difficulty of the estimation problem may be

different, i.e., I\TS\Em(ALG) may depend as much on m as on ALG. This observation informs how
we perform hyperparameter selection and report our final evaluation metric.
Hyperparameter selection To fairly select the best hyperparameters for each algorithm, we per-
form a simple grid search on a set of “hyperparameter selection” datasets {D(m/’d)}m,o 1501 4 that
are only used for this step, and not for our final evaluation.*

Fix an algorithm ALG, and let ALG,, denote the algorithm run with hyperparameters 7). For each

7 in the grid and for each m’ = 51,52, ...,100, we compute @m/(ALGn). Then, for each n in

4. This procedure ensures a good upper bound on the best possible performance of each algorithm, and reflects real-
world scenarios in which either (i) the practitioner has domain knowledge about which hyperparameters are likely
to perform well, or (ii) the practitioner uses an effective method for hyperparameter selection. In general, data-
driven hyperparameter selection is an interesting and difficult problem for all of these approaches, not just AMBA
and BAMBA.
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Algorithm | Smoothing coefficient 5 | CI threshold
Z-ADJUST 0.1 -
MB-ADJUST 0.1 -
MIN-ADJUST 0.1 -
AMBA 0.1 0.2
BAMBA 0.1 0.1

Table 1: Selected hyperparameters for the tested algorithms.

the grid, we compute the number of instances where that 7 performed better than all other values 7’
in the grid, and we select the ) with the largest fraction of “best performances”.

The possible hyperparameters for our algorithms are the smoothing coefficient 3 (for Eq. (16)
and Eq. (17)) and the conditional independence threshold 7. We search over possible values 3 €
{0.1,0.25,0.5,1.5,2} and 7 € {0.05,0.075,0.1,0.2}. The selected hyperparameters for all algo-
rithms are given in Table 1.

Final evaluation metric Using the best hyperparameter values, we normalize the MSEs of each
algorithm to account for the difficulty of the instance. In particular, we define

— MSE,,(ALG
N-MSE,,(ALG) = —— m(ALG) ,
MSE,,,(BASELINE)
where we select BASELINE = Z-ADJUST. In particular, for all m = 1,...,50, we always have

N—/N[\SEm(Z-ADJUST) =1.

D.4. Results

In Figure 6, we demonstrate the performance of our algorithms and the baselines on our synthetic
datasets. The performance levels match our theoretical predictions: AMBA has lower error that
Z-ADIUST, since it typically uses a smaller adjustment set; similarly, BAMBA has lower error than
AMBA.
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Figure 6: BAMBA performs the best of any non-oracle algorithm on our synthetic evaluation.
We compared AMBA and BAMBA to four other approaches, including two approaches
with additional oracle information (MB-ADJUST and MIN-ADJUST). The middle de-
notes the median, the lower and upper ends of the box denote the 25% and 75% quantiles,
and the whiskers denote the range of the rest of the distribution (except for outliers). See
text for more details.
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