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Abstract

Optimal Transport (OT) based distances are powerful tools for machine learning
to compare probability measures and manipulate them using OT maps. In this
field, a setting of interest is semi-discrete OT, where the source measure p is
continuous, while the target v is discrete. Recent works have shown that the
minimax rate for the OT map is O(¢~1/2) when using ¢ i.i.d. subsamples from each
measure (two-sample setting). An open question is whether a better convergence
rate can be achieved when the full information of the discrete measure v is known
(one-sample setting). In this work, we answer positively to this question by (i)
proving an O(t~1) lower bound rate for the OT map, using the similarity between
Laguerre cells estimation and density support estimation, and (ii) proposing a
Stochastic Gradient Descent (SGD) algorithm with adaptive entropic regularization
and averaging acceleration. To nearly achieve the desired fast rate, characteristic
of non-regular parametric problems, we design an entropic regularization scheme
decreasing with the number of samples. Another key step in our algorithm consists
of using a projection step that permits to leverage the local strong convexity of
the regularized OT problem. Our convergence analysis integrates online convex
optimization and stochastic gradient techniques, complemented by the specificities
of the OT semi-dual. Moreover, while being as computationally and memory
efficient as vanilla SGD, our algorithm achieves the unusual fast rates of our theory
in numerical experiments.

1 Introduction

Optimal transport (OT) is now a widely used tool to compare probability distributions in different
areas of data science such as machine learning [12} 25| 5], computational biology [44], imaging
[20, 6], even economics [22] or material sciences [8]. The computational and statistical efficiency of
OT solvers is the key to facilitating their use in practical applications. Therefore, both computational
methods and the statistical bottleneck in optimal transport (OT), often referred to as the curse of
dimensionality, have received significant attention over the past decade [38,[53]]. Regularization such
as Entropic OT (EOT) [14] is a popular method to alleviate these two issues. It consists of adding
an entropic regularization term to the objective function. Annealing schemes on the regularization
parameter to approximate the true solution of OT by its entropic approximation are efficient, as shown
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in [31, 1450 [19]]. Still largely open is the theoretical understanding of these methods [48] 45], which
can shed light on the design of the annealing scheme, also called e-scaling.

OT and its entropic regularization apply to different contexts of interest. The most general context
is when the two distributions are accessed via samples and one wants to estimate the OT distance
and the correspondence plan or map. Another context of interest in some applications is the case of
semi-discrete OT, as in [29], in which one of the two distributions is discrete and the other continuous.
This setting is slightly simpler than the general case since (i) the OT problem reduces to the estimation
of Laguerre cells and (ii) the curse of dimensionality is alleviated [41].

Related works. In many applications of OT, one or both of the measures are accessed via i.i.d.
samples. The goal then becomes to construct estimators of the OT map and/or cost. It is known that
without any assumptions on the measures, the estimation of OT quantities suffers from the curse of
dimensionality. For instance, estimating the Wasserstein distance from ¢ samples achieves a rate of

O(tfi) for d > 3. Despite the curse of dimensionality, estimating OT quantities attracts a lot of
interest. Relevant works include [21} 53} (10} 42] for the OT cost, and [16} 27} 150, 41]] for the OT map.

We study here the estimation of OT quantities in the semi-discrete setting, where the continuous
distribution is accessed through sampling, similarly to [33}41], but we assume full access to the
discrete target measure, as in [24} 4]]. This setting is of interest since, as recently shown in [41]], the
OT map estimation escapes the curse of dimensionality, even without assuming the map to be smooth

or continuous. Indeed, they showed that a rate of O(t*%) is achievable in the "one-sample" and
"two-sample" settings (sampling only from the source measure or from both measures). To do so,

their work uses the EOT map estimator [47,140] with a regularization € < t*%, as well as results on
the convergence rate of the entropic optimal potential to the Kantorovich potential in the semi-discrete
setting proved in [1} [17]. Moreover, they showed that the rate O(t‘é) is minimax for the estimation
of the OT map in the two-sample setting.

Beyond the statistical challenges, building efficient solvers for semi-discrete OT is also a considerable
challenge. Many solvers of (E)OT in this setting are based on optimizing the semi-dual, which is a
finite-dimensional convex optimization problem. In particular, efficient Newton and quasi-Newton
methods [34} 32, [29] are proposed for low dimensions, employing meshes when the source density is
known. For arbitrary dimensions, or when the source measure is only accessible via samples, [24]
propose using semi-dual EOT and Stochastic Gradient Descent (SGD) based solvers as proxies for
OT. The study of SGD and Averaged SGD (ASGD) for EOT was further investigated by [4], which
notably demonstrated that the objective function is self-concordant and benefits from enhanced strong
convexity near an optimum. Using these facts, [4] showed that a convergence rate of O(t~1) can
be achieved for the squared Euclidean distance estimation of the discrete entropic optimal potential.
However, terms in £~ were considered negligible in their study, thus excluding small regularization.

Contributions. Our main contribution is twofold. First, we introduce an SGD-based algorithm to
solve the semi-dual formulation of OT. This algorithm incorporates a projection step and an entropic
regularization scheme that decreases with the number of samples. While being as computationally
and memory efficient as vanilla SGD, our algorithm achieves enhanced convergence rates, thanks to
the decreasing regularization. Specifically, given ¢ i.i.d. samples of the source measure, it achieves a
convergence rate of O(t~2%) with b € (1/2, 1) for both the discrete Kantorovich potential and OT
cost estimation. We then construct an OT map estimator based on our discrete potential estimator
and the closed form of the gradient of Fenchel transforms. By studying the difference between
the Laguerre cells formed by the Kantorovich potential and our estimator, we retrieve a O(t~%)
convergence rate for the OT map, for b € (1/2,1).

Second, building upon the parallel between measure support estimation and Laguerre cell estimations,
we derive two new minimax lower bounds, characteristic of the fast rates of non-regular models: a
O(t~2) rate for the Kantorovich potential and a O (¢~ ') rate for the OT map (compared to O(t~1/?)
in the two-sample setting [41]). These lower bounds are nearly achieved by our estimators since
b < 1. Finally, we numerically showcase the convergence rates of our algorithm for the OT potential,
map, and cost estimators.

Notations. R* refers to R\ {0}. We note || - || the Euclidean norm, and for C C R%, D¢ := sup{||z —
y||l : z,y € C} denotes its diameter. For a,b € R, a V b := max{a, b} and a A b := min{a, b}. For
v € R, vpin = min; <j<qv;. 14 and 04 denote the vectors (1,...,1) and (0,...,0) in R?. \ga is
the Lebesgue measure in R?. P(R?) is the set of probabilities in R, and for p € P(R?), Supp(p) is



its support. O(+) and o(-) are the usual approximation orders. We use f < g if there exists a constant
C > Osuch that f(-) < Cyg(-). We write a < bif botha < band b < a.

2 Behind stochastic approximation for Optimal Transport

2.1 Background on (Entropic) Optimal Transport

Given a source and target probability measures i, v € P(R?), a cost function ¢ : R? x RY — R
and a regularization parameter € > 0, the Entropic Optimal Transport (EOT) problem is

dm
T = i 1 1
otier)i=_min [ cwintence [ w () dntea). @

where II(p, v) is the set of joints probability measures on R% x R? with marginals y and v. Mild
conditions on 1, v and the cost can be made so that this problem is well-posed, see [S1]]. When ¢ = 0,
Problem (1] TECOVErs the Kantorovich formulation of OT. In this article, we focus on the quadratic
cost ¢(z, y) 5 L|lz — yl|?, although some of our results can be extended to more general costs. Our
analysis relies on the semi-dual formulation of the convex problem (I)) given by

OT: () = mae, [ fa)duta) + [ £2°()viy) @

FEC(RY)

where for all y € R4,

ce mianRd C(Z‘, y) - f(m) if =0,
P = erog (fpaowp (D50 ) gu) it <0
1

Under mild conditions on the cost or densities, a positive € makes the semi-dual formulation e~ -
smooth [[15]. The key property of this semi-dual formulation of (E)OT is to retain more convexity
than the standard dual of (T) (see [27,49]).

Optimal maps and Brenier’s theorem. We consider the quadratic cost, ¢ = 0 and pu, v having
second-order moments. Under the additional assumption that the measure p is absolutely continuous,
the optimal potential f*, called Kantorovich potential, is (locally) Lipschitz and the map

Tyv(x) =2 —Vf*(z) 3)

pushes forward p onto v (see [7]). In addition, 7}, ,, is the gradient of a convex function. This optimal
map has more importance than the OT cost in subfields of machine learning such as generative
modeling [28] or domain adaptation [[13].

2.2 Semi-discrete OT

Semi-discrete (E)OT is when the source measure g is absolutely continuous and the target measure
v = ZM 1 W;dy, is a finite sum of M > 1 Dirac masses with weights w; > 0. In this case, the
semi-dual formulation reduces to a finite-dimensional convex optimization problem on R

def.
H, = — “f(x)d - ;i 4
min H(e) % — [ @ane) = Yo, @)
where we also write H.(g) = [54 he(z, g)du(z), and where for all z € R, g®<(z) is a (vectorial)
(¢, €)-transform with respect to a vector g = (g1,...,gn) € RM, defined by
oo (z) = minjep a (5% — yjl'HQ - Qyj if =0,
& W=y _cm (Z?il exp (ii”ﬂ”*gjl\ ng) wj) if &>0.

The vector g corresponds to the value of the potential function at the points y;. Forall g € RM and
given X ~ p, an unbiased estimator of the gradient is given by

vghE(ng)j:_wj+Xj(ng)a 1<j<M,



where for 2 € R%, g € RM™, we have

exp (—%Hm—gﬂl2+g;’> w
X5z, 8) = :
A M —lz—yrll®>+gk
pe1 XD (—F——— | wy,

Fore = 0, x;(z,8) = 1p,(g) () is an indicator function and we have a partition R? = U;Vil L;(g),
where for all j € [1, M],

c 1
Lyte) = {o € R g0 = gllo — sl ~ g5}

The convex sets IL;(g) are called power or Laguerre cells and 1(IL;(g) NLL;(g)) = 0 when i # j. By
the first-order optimality condition, solving semi-discrete OT amounts to finding g such that for all
j €1, M], w(L;(g)) = w;. Semi-discrete OT is a case of application of Brenier’s theorem. Given
the optimal potential g*, the OT map is T}, ,, (z) = & — V(g*)°(x) = = — y; for x inside L;(g*).

2.3 Solving semi-discrete (E)OT with the semi-dual formulation

Exploiting its finite-dimensional nature, optimizing the OT semi-dual H, has become a popular
approach. Notably, Newton and quasi-Newton methods are highly effective in scenarios with
low dimensions and known source densities, utilizing meshes to approximate the source density
[34,132] 29]]. In scenarios involving arbitrary dimensions or when only sample-based access to the
source measure is available, EOT emerges as a favored strategy. Notably, to avoid working with a
discretized version of the source measure, such as with the Sinkhorn Algorithm, [24] recommend
employing stochastic optimization to solve (@). Indeed, the semi-dual EOT problem has a convex
objective of the form

Hs(g) = EXw,u[he(X7 g)]7

with X as a random variable under p. As noted in [24]], the main advantage of stochastic optimization
algorithms is that they are suited for large-scale problems, keeping in memory only the discrete
measure v. Moreover, not relying on discretization permits an unbiased approach to solving the
semi-discrete EOT problem.

For a given fixed regularization parameter € > 0, stochastic first-order methods are predominantly
employed to solve (). Starting with an initial value gy € R, these algorithms consider at each
iteration one or many samples X; ~ y and rely on an update of the form

8 =8i—1 — " Vehe(X¢, 8-1).

At time ¢, the Averaged Stochastic Gradient Descent (ASGD) returns the averaged estimate g, =
H—% ZZ:O g, while Stochastic Gradient Descent (SGD) returns g;. ASGD, as an acceleration of
SGD, has been widely studied in the literature (see [39} 137, 13]], and [4] for the specific case of EOT).

Choosing the regularization parameter ¢ for EOT. Approximating the EOT problem rather than
the OT one benefits from an enhanced convergence rate, especially in the discrete setting. The
introduction of the Sinkhorn Algorithm for solving the EOT problem, as highlighted by [[14]], has led
to a resurgence of interest in OT within the machine learning community.

The choice of the regularization parameter € then becomes a practical and/or statistical problem:

1. In the discrete case, selecting the regularization parameter is a practical issue that aims to
strike an optimal balance between convergence speed and accuracy [14}[18]]. To address this
trade-off, some heuristics, such as e-scaling [46]], which involves a decreasing regularization
scheme, are employed, although they lack strong theoretical guarantees.

2. In the semi-discrete and continuous settings, the initial statistical problem is to determine
the number of samples needed to accurately approximate the OT quantities. In this line of
work, the use of EOT to construct estimators has also been proven to be satisfactory. In this
case, studies show that regularization must decrease as the number of samples increases
[40, 41]. However, discrete solvers do not adjust to the number of drawn points, as the
solver is initiated once the points to approximate the measures have been sampled.



3 DRAG: Decreasing Regularization Averaged Gradient

3.1 Setting

We focus here on the one-sample setting of semi-discrete OT. Specifically, we sample from the source
measure y and leverage the full information of the discrete measure v. Furthermore, fixing R > 0
and « € (0, 1], we make the following mild assumption, already present in [17, 41].

Assumption 1. Let € P(R?), such that Supp(p) C B(0, R) is convex and its density dy is
a-Hélder with, 0 < dp < oo on its support. We note P, (B(0, R)) the set of these measures.

The target measure v is discrete, of the form v = Z;Vil w;by,, with w = (wy,...,wy) its
probability weights and (y1, . ..,y ) € B(0, R)M its support.

Remark that with Assumptionﬂ], we have that w,,;, > 0 is lower-bounded.

3.2 DRAG: A gradient-based algorithm adaptive to both the sample size and the
regularization parameter

To accurately estimate the true OT cost and map, it is crucial to use a regularization parameter €
that decreases as the number of drawn samples increases. However, no existing algorithm in the
OT literature simultaneously adapts to both entropic regularization and sample size. Inspired by
the decreasing regularization scheme from the discrete OT setting, such as e-annealing [46]], which
is known for accelerating the convergence of the Sinkhorn algorithm in practice, and considering
that SGD algorithms are inherently adaptive to the number of samples, we introduce the Decreasing
Regularization projected Averaged Stochastic Gradient Descent (DRAG) to solve the semi-dual (2).
Our algorithm employs a decreasing regularization sequence (&), and replaces the usual gradient
step in ASGD with a projected step using adaptive regularization

gt = Proje (gt,l - ,ytvghEt—l(Xh gtfl)) )

where for U C RM convex, we define the projector as Proj;;(g) := argmin{|lg — g’||,g’ € U}.
This method can be interpreted as a decreasing bias SGD scheme. For such a method, employing a
projection step can be highly effective in ensuring convergence [11}23]]. In the context of EOT, it is
well established that the (¢, €)-transform enables the localization of a ||.|| -ball, where a minimum
of the semi-dual problem lies when the cost is bounded [36]. Specifically, since sup{c(z,y,);z €
Supp(u),j € [1, M]} < 2R? by Assumption |1} a preliminary projection set can be expressed as
Coo := [0,2R?M and we know that we can search for a minimum in this set. Nonetheless, leveraging
the regularity of the cost function, we can have a projection set with a unique optimizer, as described
in the following Lemma.

Lemma 1. (Proof in Appendix|B.7) Under Assumption[] for all € > 0, there exists a unique solution
gito@inC, :={geRM ;g =0and|g;| < Rlly1 —y;l,J € [1, M]}.

Note that the choice g; = 0 is arbitrary. In what =~ Algorithm 1 DRAG
follows, we refer to C = C, or C = C,, as our

o ) Parameters: (y1,a,b,C)
projection set. Note that for both sets, the projec- Initialize o € C. & — co—1
tion’s computational complexity is only O(M), for k — lgt(()) ; d(; 8o = 80, €0 = &
as it involves merely clipping each coordinate B

- —b
of our vector. Ve =7k
N X~ o
Finally, in order to accelerate the convergence, g, =Proj; (gk_l 6 Vghe, , (Xk, gk_l))
we consider the Decreasing Regularization pro- B . b
jected Averaged stochastic Gradient descent 8k = 5118k T 718k—1
(DRAG) defined by e, =k™°
1 " end for
g = t+1gt+t+71gt_l’ return g,

with g, = go. The pseudo-code of our algorithm is given in Algorithm[I] A main advantage of
DRAG is that it has a O(dt M) computational complexity and O(dM) spatial complexity.



3.3 Convergence rate before averaging

As a key step to the convergence rate of DRAG, we will provide the convergence rate of the non
averaged estimate g; to gz, , solving (4) with regularization ¢;. Note that, up to a transformation of
the form g;‘t + aljys, where a € R*, the minimizer of the semi-dual is unique. Consequently, no
matter the set C chosen, we focus our analysis on the orthogonal complement of the subspace spanned
by 17, denoted as Vect(1,,)~. For simplicity, for g, g’ € RM, we denote for p € [1, oc]

Hg - g,”P = Hg - g,”p Vect(1ar)L » <g7g/> = <ga g,>\/ect(1M)i :

Our analysis is greatly influenced by the findings in Corollary 2.2 from [[17], which states that for
0 < ¢’ < ¢, under Assumptionwith w € Po(B(0, R)), for any o/ € (0, @), there exists a constant
K, notably depending on the characteristics of v (see [17]), such that

gz — g2/l < Koe®' (e = &) ©)

In addition, the convergence rates of our algorithm take advantage of the two following properties of
the entropic semi-dual. For any € > 0, noting Wy, := minje[[l’ M] Wy

s H. is locally strongly convex on Vect(1,;)" and the smallest eigenvalue of its Hessian at
g on Vect (1)t is greater than wyine ~* ([4], Lemma A.1).
e H.is é-self concordant ([4], Lemma A.2).
Let us emphasize that, surprisingly, the first point reveals that the strong convexity at the optimum

increases as we decrease the parameter €. By combining these two points and benefiting from our
projection step, we derive the following lemma.

Lemma 2. (Proof in Appendix[2) For all regularization € > 0 and for all g € C, we have

Moreover, defining K := 2w_}: max{2R%,1} and Ag . =1 — e~ 2[11lls=82l] e have

min

4
|VH.(g) — V*H. (%) (g — &%) gIIg—gzllio- (©6)

IN

* A £ *
(VH.(g),g — g%) > %I\g—gallz- @)

While technical, this lemma is a key step for our convergence guarantees and thus warrants further
discussion. Note that Ag ./ Ky, can be interpreted as a form of local strong convexity coefficient
of H.. However, if ||g — gZ||/¢ is small, the term Ag . tends to 0, and we would not be able to
exploit more local strong convexity. This situation is unavoidable with any fixed regularization ¢,
if convergence to g is desired. The use of a decreasing regularization scheme helps to avoid this
problem. Indeed, if the term Ag, ., remains small for any ¢ and ¢, tends to 0, then ||g; — g7, || also
tends to 0. However, if at time ¢, Ag, ., is close to 1, we can exploit strong convexity. Thus, a
decreasing regularization scheme ensures good convergence behavior, regardless of Ag, .,. Building
on these essential properties, we obtain the convergence rate for the non-averaged iterates of DRAG.

Theorem 1. (Proof in Appendix Under Assumption || with u € P,(B(0, R)), taking the
parameters (71, a,b) of DRAG such that v1 > 0, 1 +a+ aa > 2b, a > % and b € (%, 1), we have

1

p bp?’
wmint P

E(le: — g5 1%] t>1,pe{1,2}.

Remarkably, we achieve a convergence rate without any undesirable dependence on regularization.
Our projection step and the improvements in Lemma[2] compared to Lemma A.1 in [4]], were crucial
for this achievement. In contrast, [4] derived a convergence rate of the form O(e~¢t~?) for a fixed
regularization, with c at least equal to 1. Note that having no adverse dependence on the regularization
parameter is essential for our algorithm, as it (i) employs a decreasing regularization scheme and (ii)
aims to leverage the increased strong convexity at the optimum as ¢; decreases. This last point will
be further discussed in the next section.



3.4 Acceleration and quadratic convergence rate for DRAG

In convex stochastic optimization, it is known that averaging SGD iterations can lead to acceleration.
More precisely, ASGD can adapt to the possibly unknown local strong convexity of the objective
function at the optimizer [2]. As we saw previously, the strong convexity of H, increases as the
regularization parameter € decreases. Despite the fact that our objective function changes at each
time ¢, Theorem [2] (Proof in Appendix shows that DRAG fully exploits the increase in local
strong convexity.

Theorem 2. (Proof in Appendix[B.2) Under the same assumptions as in Theorem([l] taking a > b,

1
= 2
Bllg - & 1% S~ 21

min

Note that as b tends to 1, we achieve a quadratic convergence rate. We emphasize that this convergence
rate is surprising, since for a general strongly convex function, the expected convergence rate would
typically be linear. This difference comes from the fact that we face a Laguerre cells support problem.
In parametric statistics, support problems are known to often be non regular and can yield an enhanced
quadratic convergence rate (see, for instance, [52]], Chapter 15). In the next theorem, we show that
our convergence rate to g* is nearly minimax.

Theorem 3. (Proof in Appendix@) Let v € P(R) be a fixed discrete measure of M points. Then,

. * M
inf sup E {IIg(t) —g Hﬂ 2 R
g ueP,(B(0,R)) t

where g* is the discrete optimal vector, solving the non regularized semi-dual in @)). The infimum is
taken over all vectors g) € RM constructed using t € N* i.i.d samples of .

Remark: While the dependence on w,i, (or M) may seem minor in our context since it is a constant,
we have included it in our analysis. This is pertinent, especially when applying DRAG to a discretized
version of a continuous measure, which could result in a large M. We highlight that such results,
demonstrating explicit dependence on the weights or number of points, are novel in the semi-discrete
optimal transport (OT) literature. Additionally, when the weights of the discrete measure are uniform,
our analysis achieves a convergence rate closer to O(M2t~2?) (refer to the proof of Theorem [2|for
further details). We believe that a theoretical convergence rate of O(w_,2 t~2") is achievable for

DRAG. Indeed, a quadratic dependence on the strong-convexity coefficient is commonly observed in
ASGD [2]]. This dependence is illustrated in Figure[z_f}

4 Optimal Transport cost and Brenier map estimation rate with DRAG

4.1 OT and EOT cost estimation

In this part, we derive convergence rates of the (E)OT costs using DRAG.

Corollary 1. (Proof in Appendix|B.3) Taking the same assumptions as Theorem[2] with0 < & < 1
and 0 < o' < 1, we have the following convergence rate for the approximation of the (E)OT costs

* — o — 1
E‘Hﬁ(gs)_HE(gt)‘ 562 I(E_Et)2+€tﬁ7 (8)

1
E[Ho(g") ~ HolE)| < 7. ©)

Once again, we achieve a superior rate compared to the typical O(¢~!) observed in strongly convex
and/or smooth scenarios, highlighting that semi-discrete OT deviates from conventional problems.
While one could use a regularization parameter € > 0, such as ;, to approximate the OT cost, the best
estimation is achieved when ¢ = 0. In this case, using Hy(g,) yields an error of the order O(t~2), a
rate that is not achievable using (8) and ¢ > 0. This convergence rate is possible since Hy is smooth,
as noted in Theorem 4.1 of [30].



4.2 Brenier map estimation

When employing entropic regularization, a popular choice involves using the estimator of the entropic
Brenier map [40]

1., (82)(x)

Indeed, for g € RM, T (g)(«) could serve as an estimator. The objective is then to find an accurate
estimator, g, close to g7, and to analyze its performance based on the bias-variance decomposition

1T = T @22 S 1750 (8) = Ti (€72 +

using the fact that ||}, , — iju(gg)H%Q(#) < e ([41], Theorem 3.4). However, the mapping

x—V(gl)c. (10)

g T: ,(g)is £~ -Lipschitz, complicating the bias-variance trade-off given that £; = ¢ ~°. Instead,
we rely on the gradient computed thanks to the c-transform of the estimator g, of DRAG. In fact, for
any z € R, if there exists j € [1, M] such that  is in the interior of L;(g*) N L;(g,), we have

Tyw(x) = = V(g)(2).

Indeed, no matter g, as soon as « € R¢ is in the interior of LL;(g), the gradient of g° is given by

1
Vie)* (o) = argmp { e = el - ) = vy an

By analyzing the differences of Laguerre cells partitions between L.(g,) and L(g*), we derive the
following theorem.

Theorem 4. (Proof in Appendix[B.4) Under the same assumptions as Theorem[l} defining for all
v € RYand timet > 0T(g,)(z) = x — Vg, we have for all 1 < p < oo the convergence rate

_ 1
E |:HTM7V - T;L,V(gt)Hip(M) S T

Minimax estimation. In the two-sample setting, where we subsample from both 1 and v, [41]
shows that a convergence rate of O(t~'/2) is minimax for the squared L? error of the Brenier map
estimation. As we see in Theorem 4] this rate can be improved to O(¢ 1) in the one-sample setting,
as b tends to 1. In the following theorem, we prove that this rate is minimax.

Theorem 5. (Proof in Appendix@) Under the assumptions of Theorem [Z] foranyp € [1,009],

1
inf sup ]E{ T,U*T(t) . } 2T
Ca A L ir00] % 3

where the infimum is taken over all maps T®) constructed using t € N* iid samples of ju.

5 Numerical experiments

In this section, we numerically verify our convergence rate guarantees through various examples. For
each example, we know the theoretical OT map, cost, and discrete potential. The first two examples
are similar to those in [41]]. In all figures, we fixed the parameters of DRAG to (v; = /Win, @ =
b = 0.75). While increasing b leads asymptotically to a better convergence rate, it decreases the
step size of our gradient descent. Therefore, we need to wait longer to observe the acceleration
from averaging. Our numerical investigation found that our parameter selection achieves a good
compromise between convergence rate and the time before acceleration and is robust without further
hypertuning.

Examples settings: (1) u ~ U([0,1]'%), Supp(v) = {y; = (1_}/2, 3o 5),7 € [1,100]},
w = 1851100 (2) p ~ U([0,1]*°), M = 30 and y1, ..., yas randomly generated in [0, 1] . We then
also randomly generate g* € R3" and approximate w with Monte Carlo (MC) , such that g* is the
discrete optimum potential. This setting led to wyi, = 0.00103. (3) u ~ U([§,1 + ¢]), 6 = 0.5,
Supp(v) = {&;k € [1,M]}, w = 315, M = 1000. While in dimension 1, this example is
interesting since it appears in the proofs of Theorem 3]and 5]
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Figure 1: Cost error evolution through iterations, approximated with 107 Monte Carlo samples, for

Examples 1,2 and 3.

OT cost, map and potential convergence.

In Figures[T]and 2] we show the convergence rates of the OT cost, map, and discrete potential. As
we can see, we match our theoretical rates perfectly, except for the OT cost, where the rates are
slightly slower. This discrepancy could be due to (i) our results for the OT cost estimations being
asymptotic and (ii) our OT cost estimation already being extremely precise, with 107 MC samples
proving insufficient to achieve precision around 5 - 1074,

Example 1

Example 2

Example 3

107!

Error

1072

1072

10°

107!
1071

— o 1/t
x 1/152['
e g — gt
v g - gl
o [T = T(E)l17,)

107°

10t

v

10724

100 1000

[terations

10000

100 1000
Iterations

10000

1000
Iterations

100 10000

Figure 2: Convergence rate of our discrete potential and map estimators for Examples 1,2 and 3.

Visualisation of the OT map estimators with

DRAG.

We visualize our OT map estimator 7'(g,)
x — V(g,)° on a concrete example of Monge-
Kantorovich (MK) quantiles [9]. In this context,
having a target measure v to investigate, the
source measure is set to be the uniform measure

on the unit Euclidean ball p ~ U (B(0, 1)). The

goal is then to visualize the destinations through
the OT map of points in regions B(0, (k +
1)/10) \ B(0,k/10) for k& € [0,9], which de-
fine MK quantile regions. We used M = 10°

with DRAG.

points to approximate v, a discrete version of a
boomerang-shaped measure. Finally, we launched DRAG with ¢ iterations. In Figure[3] we present
the estimated MK quantiles regions of v, where each color represents a region, starting from B(0, 0.1)
in the center. In this example, taking ¢t = 107 samples was sufficient and produced a similar result to

when more samples were used.

(a) Target measure

(b) OT map approx.

Figure 3: MK Regions and OT map approximation



Dependence of our convergence rate as M
grows.

As discussed in Section[3.4] our theoretical anal-
ysis indicates a dependence on w? . . In Exam-
ples 1 and 3, where similar problems arise with
increased point counts, we run our algorithm
with progressively larger M and M? iterations.

Our theory predicts that the error of the estimator

1
. . V= g —gl’ 1

g; should decrease linearly. However, if the de- ke g g 3
t

3

pendence of DRAG is indeed on wi,, the error

of the estimator g, would remain constant or de- . :
. . . 9 10 10

crease linearly if the actual dependence is w ;.. M

As illustrated in Figure[d] our theoretical bound

accurately matches the behavior of [|g; — g*[|°>. Figure 4: Error evolution of DRAG for g; and

Moreover, the behavior of ||g, — g*||? suggests g, as M grows, for Examples 1 and 3, t = M?

that our theoretical bound may not be sharp, as iterations.

discussed after Theorem[2] since we observe a

linear decrease.

10-5 & g —g*II?

Further experiments.

In the appendix, we present additional experiments that, while not altering our theoretical findings,
could be highly beneficial for practitioners. Specifically, we provide evidence that mini-batching
with GPU computation and weighted averaging of the iterates g; can significantly accelerate the
algorithm. We also briefly discuss the choice of the parameters ¢ and b and compare DRAG with
SGD and ASGD.

6 Conclusion

In EOT, a decreasing regularization parameter naturally appeals to practitioners who use annealing
schemes to speed up Sinkhorn-like algorithms. Similarly, in the statistical community, a regular-
ization that decreases with the number of points is preferred to more accurately approximate true
OT quantities. With our algorithm, DRAG, we show that these two motivations for decreasing
regularization can coexist successfully. To the best of our knowledge, this is the first algorithm in
the OT literature that adapts to both the regularization and the sample size. Additionally, we derive
two new minimax lower bounds for approximating OT quantities in the one-sample semi-discrete OT
setting and show that DRAG nearly achieves these bounds.

Our algorithm nearly achieves the minimax rate when b is close to 1. However, the closer b is to 1, the
higher the constants in the rates. In practice, the choice a = b ~ 0.75 gives robust practical results,
as shown in Figure[/|in the appendix. An open direction is to design an improvement of our DRAG
algorithm that achieves the minimax lower bound, while not suffering from large multiplicative
constants, and remaining as computationally and memory efficient as our algorithm.

Our results can also motivate further investigation into different lines of work: (i) Studying the
convergence of the entropic discrete potential in semi-discrete OT for various costs. The key challenge
in extending our algorithm’s convergence proof is achieving results analogous to those in ([[L7],
Corollary 2.2) for different cost functions. Alternatively, one could design an algorithm matching our
bounds without entropic regularization, avoiding the need for such results. (ii) Developing decreasing
regularization algorithms in the continuous case to efficiently approximate OT distances and maps.
(iii) Adapting our approach to demonstrate or improve the acceleration of entropic annealing schemes
for EOT solvers in the discrete case.
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A Additional experiments

Weighted Averaging: Maintaining a better trade-off between averaged and non-averaged
iterations. Since the dependence of DRAG iterates g, on the number of points M is at least
quadratic, whereas for the non-averaged iterates g, it is only linear, when the total number of
iterations  is insufficient (i.e., t < M?), g; can outperform g, as an estimator. One strategy to try to
consistently achieve the best estimator regardless of the time ¢ is through weighted averaging [35].

Namely, we replace the averaged estimator g, = tJ%l ZZ:O g:, by

t

—(w) 1 w

g; = h’l(k + ].) gk,
o In(k 4 1) ,;J

with a parameter w > 0. The parameter w balances the weights assigned to the estimators gj. As
w increases, greater importance is given to the more recent estimates, while we retrieve g, when w
goes to 0. As for the usual averaged estimators, we can perform the weighted average online, without
having to store all the iterates, with the recursion

_(w) hl(t + 1)“’ _(w) ln(t + 1)“
gi+1 = 1- i T =1
> k—on(k + 1)« Y=o m(k+1)

L Bt+l-
It is important to note that ng) will have the same asymptotic convergence guarantees as g;.

In the following experiments, we operate under conditions where the number of iterations ¢ is
insufficient for the estimator g, to outperform g,. We set M/ = 1000 in Examples 1 and 3, select
w = 2 for the weighted average parameter, and fix ¢ at 10°.

Example 1 Example 3

3
100 1000 10000 100 1000 10000
Iterations X _ ., lterations o
— <1/t x 1/t *o g =gl e B gl o g" - g

Figure 5: Comparison between g;, g, and gﬁ“) on Examples 1 and 3, fixing M = 1000 and w = 2.

As illustrated in Figure[5] the estimator g; begins to converge after approximately M iterations and
remains superior to g, throughout the figure, since we are still within the regime where ¢t < M?2.
However, we see that the weighted average estimator gi“) consistently outperforms g, and already
surpasses g; in performance after 10° iterations in Example 1.

Mini-batch DRAG. As for Vanilla SGD, we can take advantage of GPU parallelization and replace
the gradient estimator using one sample X ~ p
Vghe(X, g)

by a mini-batch estimator, using n > 1 i.i.d samples X1, ..., X,,, samples of the source measure at
once

1
np

> Vehe (X, g). (12)
k=0

Of course, no matter the choice ny, (I2)) defines an unbiased estimator of V H,(g).

Using a mini-batch of size n;, we suggest multiplying y; by 4/, as is usual with mini-batch SGD.
The following figure shows the acceleration due to mini-batching in Example 2, while maintaining
the same computational time when using a GPU. Indeed, each mini-batch estimator has an error an
order of magnitude lower than the non-batched ones, even with a small mini-batch size of n, = 16.
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Figure 6: Comparison of the non mini-batched and mini-batched estimators on Example 2, n, = 16.

Influence of the parameter a and b. In Figure |/, we illustrate the behavior of DRAG when
changing the parameters a and b, on Example 2.

100 —#— DRAG,a =06 —*— DRAG, b =06
©— DRG.a =06 ®— DRGb =06
= —#— DRAG, a=0.75 = —*— DRAG,b=0.75
10 —e— DRG,a=0.75 = —e— DRGb =075
—+*— DRAG,a =09 —*— DRAG,b =09
—e— DRG,a=09 —e— DRGb =109
1072
100 1000 10000 100 1000 10000
Tterations Iterations
(a) Error between the estimators g; and g, and (b) Error between the estimators g; and g, and
the optimal potential g* on Example 2, a € the optimal potential g* on Example 2, b €
{0,6,0.75,0.9} and v1 = \/Wmin, b = 0.75. {0,6,0.75,0.9} and y1 = \/Wmin, a = 0.75.

Figure 7: Evolution of the errors, when changing one of the parameters a or b.

As we can see, the choice a = b = 0.75 seems to be a good compromise on this experiments. We
also see on Figure [7b] that the non-averaged estimates with the best convergence rate is when b = 0.9.
This behabiour is concordant with our theory. However, as we can see, the parameter b = 0.9 does
not yet benefits from the acceleration thanks to averaging.

DRAG compared with SGD and ASGD. We compare here the performance of our algorithm
DRAG compared to the vanilla SGD and ASGD, introduced in [24] for EOT, on Example 2. For our
comparison, since we fixed the parameters of DRAG to (v/M, 3/4, 3/4) and ran the algorithm for
t = 10° iterations, we have ¢; = 10715/4 ~ 104, We thus set £ = &; to run SGD and ASGD. As we
can see in Figure[8] DRAG clearly outperforms SGD and ASGD. We note that the poor convergence
of SGD and ASGD is not surprising with a small regularization parameter, as already observed, for
instance, in [47]].

10%4-

w —+— |lg — &'’ DRG (Non-Averaged)
o— g — &'’ DRAG
-v- g — g% SGD,m = VM
—e- g — g, ASGD, v = VM
o |lg — g% SGD, v =1
m |lg —g'|% ASGD,y1 =1

100

Error

107

100 1000 10000
Iterations

Figure 8: Comparison of DRAG with SGD and ASGD with a fixed regularization of &, = 10~ %/4,
on Example 2.
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B Proofs of the main paper

Additionnal notations for the proofs.

For any ¢ > 0 we define the function ¢ — U.(¢) such that

T 1+In(T+1) ife=1,
Zt—c <V (T):={ 2 ife>1, (13)
=1 1+ (T+1)7¢ ife< .

For a sequence (u)ien, if & ¢ N, u: must be understood as ur

'|.

B.1 Proof of Theorem [I: Convergence rate of the non averaged iterates.

e+

In all the sequel, we note

2
Ar =g — g, lI”
Remark that the dependence in ¢ is both in the estimator g; and the optimizer g7,. We also recall that
we note D¢ := sup [lg —g'| < o0.
g.8'€C

We will divide the proof into two parts.

B.1.1 Part 1: proof for p = 1.

Proof. By definition of the gradient step at time ¢ + 1 and since g7, | € C, we have

Avp1 =841 — gZHl”Q

= ||Projc(g: — Ye+1Vghe, (gt Xt41)) — ggtﬂ
< llgt = 1+1Vghe, (8, Xe1) — 82, [

I?

Then, incorporating the change of optimum between time ¢ and ¢ 4 1, we get
Api1 < [lge — V41 Vighe, (8, Xey1) — &2, + 82, — 82, [
< llgt — ve+1Vghe, (8¢, Xeq1) — &2, I +2 <gt — Yer1Vghe, (8, Xiv1) — 87,, 82, — g§t+1>

+lgz, — 82, 117

Using Corollary 2.2 in [17]], see (3)), there exists K > 0 such that for any o/ €]0, ]

lgZ, — &%, Il < Koe' (¢ — e141) < Kot (7 — (t+1)7) < aKot~Fotee) (14)

For clarity, we define r, := Kt~ (1tetaa’) and R, := (2D¢ + 27yp41 + )78

Using that for all ¢, g; € C, and that for all z € R%, g € RM | Vghe, (g, z)|| < 2, we obtain

Avpr < llgr = ve41Vehe, (86 Xe1) — 85,12 + (2Dc + 2ye41) gk, — &2, 1 + llgk, — g, |17
< ||gt - 7t+1vgh€t (gta XtJrl) - g:t ||2 + Ry

< lge — 82,117 = 27e41 (Vghe, (80 Xi11), 8 — &2,) + 171 Vhe, (8, Xi1)[I> + Ry
< Ay = 2v41 (Vighe, (8, Xi41), 8 — 85,) + 47741 + Re.

Note that, since we have 1 + a + aa > 2b, we can also take o/ €]0, o[ such that 1 + a + aa’ > 2b.
Therefore, the sequence R;/~7 is decreasing and tends to 0. For conciseness, we note

tao:=min{t >1: R, <~7}. (15)
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For any t > t, o, we then obtain the following upper bound of A;; in terms of A; and the gradient
direction:

Appr < Ay = 2741 (Vghe, (81, Xig1), 8 — 85,) + 541 (16)

Noting F; the filtration generated by the samples X1, ..., X, S w, thatis 7y = o (X1,...,X;) and
taking the conditional expectation, we have

E[Avp1|F] < Ay — 2741 (VH:, (80), 8 — 82, ) + 577 (17)

Using Lemmaand denoting Ag, ., =1— ¢ = [1lge~82 1] one has for all ¢

(VH.,(g:). 8 — 8%,) > Afgfit‘:t e — &, ; =: Ay, (18)
Then, it comes
E A | Fi] < (1 =2 mq1) Ay + 57740 (19)
We note
_ wmin(1 —e7?) (20)

© 2max{2R2,1}’
and note that \; > \if ||g; — g7, ||cc > . Therefore, we have

E[Appr [ Fe] < (1 =2 y41) Ar + [20\ - )‘t)]l\lgt—g:t\loosst} Ver1D¢ + 5y -

Moreover, ||g; — g%, ||« < &; implies that A, < Me7. Therefore,

E[Apr | Fi] < (1 =2 My41) Ar + [2(/\ - /\t)]l\lgt—g;tl\ooget} YerrMeg + 57 4.

Using that (A — A¢)Ljjg, —g: .. < A and taking the expectation, we obtain
E[Ava] < (1= 22900) E[A] + 2AM ey + 59741

Noting ¢, := min {¢,2X\y;41 < 1} and to := max{t, o, ¢y} , Wwe use Propositionto obtain

t ¢
5
2 2 2
E[A¢] < exp (—2/\ Z %’) <Dc + Z 5'yk> toyvet Mes ;. (21)
i=to+1 k=to

Applying Corollary |2} the exponential product converges exponentially to 0. Therefore, using the
value of A defined in , an asymptotic comparison gives

5[2R? V1] 9 9

E[A] < (L — 2y V51 +Mei_ +00%)-

In the usual case where the discrete measure v has uniform weights equal to ﬁ we deduce from the
relation 2a > b, by the assumption of the theorem, that

E[A] = O (My).

B.1.2 Part 2: proof for p = 2.

Proof. Building on the proof of the case p = 1, we start by squaring equation (I6). For ¢t > t, ,,
where ¢, is defined in (T3), we have

" 2
A7y < (A= 2v41 (Vghe, (8¢, Xi41), 8 — 85, ) + 57741)
2
< A7+ 492 (Vghe, (8, Xer1), 8 — 82,) + 257144

— 20 Y41 <Vghsf, (gt Xev1), 8t — g;t> +5At’7t2+1 - 10’)’?+1 <vgh€t (86, Xit1), 8t — g:t> .
= A =:B
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Taking the conditional expectation, recalling that \; is defined in[I8] we obtain thanks to Lemma[|2]
E[A | Fe] > 287 Ayi41-
We also use the simple bound

E[B | F] = 0.
These two inequalities lead to

L2
E[A? | Fi] < A7(1—2M\y41) + 4%2+1E |:<Vh€t (86, Xev1), 8 — gst> | ft} + 25’721+1 + 5At7§+1~
(22)

Using that the gradient norm is bounded by two, we use Cauchy-Schwarz inequality to obtain
% \2 *
4%2+1 <Vghet (gt Xt41), 8t — g5t> < 16%2+1||gt - ggtH2 < 16At%2+1-

Recalling the value of A defined in (20):

Wi (1 — e ?)
-~ 2max{2R2,1}’

we use Holder’s inequality to obtain

1
21477, < (Atv 2Am217t+1) Ve+1

2 21%
<Y1 AFA + o

Summing up these inequalities, we obtain

212
E[A7, ;| Fi] < (1= 2XM7ep1 + A1) A7 + ﬂ%f’ﬂ + 257} 4.

Similarly to the case p = 1, we have

212
E[AY 1 | Fi] < (1= 20901 + X)) A7 + |20 — )‘t)]ll\gﬁg;tl\xﬁst} Afvee + ﬂ%irl + 2594

212
< (1= Mye1) A7 + 2AM ey yp1 + H%BH + 25741

Taking the expectation, we obtain
212
E[At2+1] <(1- )"Yt-i-l)E[A%] + 2)‘M25§'Yt+1 + H%‘il + 25’Yf+1-

Proceeding as for the case p = 1, that is, applying Proposition[T]and Corollary [2|concludes the proof.
O

B.2 Proof of Theorem[2: Convergence rate of DRAG

Proof. We start by a decomposition of the gradient step, already present in [26]. By abuse of notation,
we note

Vi = V?H,,(gZ,)
and define the following differences:

Pk = Proje (8r — Vk+1Veghe, (8%, Xit+1)) — (8x — Vi+1Vghe, (8%, Xi+1))
§kr1 = VHe, (8k) — Vghe, (8, Xkt1),

8 := VHe, (gk) — Vi (8r — 85) -
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The term py, represents the difference between the projected and non-projected steps. Remark that
pr = 0if g — Vi1 Vghe, (8, Xr+1) € C. The difference of martingale &y, represents the difference
between the gradient and its unbiased version. Finally, d; represents the difference between the
gradient at g with the linearized Hessian at the optimum.

Noting I, the identity matrix of M ;(IR), observe that for any k¥ € N
g1 — 82, = Proje (8x — Y41 Vghe, (8, Xit1)) — &7,
= 8k — Vk+1Vghe, (8 Xkt+1) — 82, — Pk
=gk — V1 VH, (8, Xpy1) — 82, + Yer1&kr1 — Dk
= (Inr — +1V%) (8 — %) — Ve+10k + Yrr1rt1 + Dk

Thus, we have that

Sk — 8k+1 Pk
Vi (g1 — gl )="—"— =0kt &1+ —.
Vi+1 Vi
Observe that there is an orthogonal matrix Uy, such that V2 = Uy, diag (A1, - - -, Me.ar—1,0) Uy

Therefore, in the following, we denote
(V2) ™" = Uy, diag (A,;}l, .. ’vAﬁ\J—pO) Al

the inverse of V% in the space Vect(1 M)L. Note that we have ([4], Lemma A.1, equation (A.4))

. Wmi
min A > o k> 0.

jell,M—1] €k

Taking all the equalities in Vect(1;7)*, that is, considering all our vectors in the subspace
Vect(1,7)*, we have

1 < g — 1 < _
(gtfg;):mZ(Vz) 18k — 8k+l Z(vi) 5

o Vi+1 t+ 1=
3:L1,t ::LQ,t
1 < 1 1 < 1D 1 <
- V2 - - v? - k ko o .
th—i—l;( i) €k+1+t+1Z( i) ’Yk+1+t+1z(gk g/)
-0 k=0 k=0
=M, =Lz =:Dy

Remark that the term 2 D; comes from the difference between 1Y) gZ, and g,

We will now bound the convergence rate for each of the sums in our decomposition. Note that the
terms Ly ;, Lo, and L3 ; will be, surprisingly, the limiting terms. Indeed, in stochastic optimization,

. . . . -1
M, is usually the main term. Nevertheless, the presence of the inverse of the Hessian (V%) , whose
largest eigenvalues is of order ¢, decreasing with k£ > 1, makes it negligible.

o Convergence rate for L, ;. By the definition of our gradient step, we have

t

1 1 - Vehe, (g,

—— L= —— E (V2) 1 Yet1 Vghe, (8k $k+1).
t+1 t+1 k=0 Ye+1

Then, using that the gradient norm is bounded by 2, we obtain

t
1 1 2
EIIL 2 2 < v2 -1
2wt
~t+1 at)
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o Convergence rate for L, ;. Using Lemma for all £ > 0, we have

4
166l = || VH, (g) — V2H-, (gZ,) (8 — &2,)]| < - llesx = g2, 1%

In addition, thanks to Theoreml = O(w2 ~?). That is, there is a positive constant Cs
such that for all k > 1, we have E [AQ} < Cow, 2 k=2, Therefore,
1 oy 4wl 1
oy (B 1a’])” = ooy 30 B e e
1 (E[P])” < o > y/E [l -l
awl &
< min E AQ
T (t+1) Z (Al
k=0
4w 7 \/C
< Winin 2\I/b(t)
(t+1)
- O(wr:nznt_b)

Remark: When the weights are uniform, i.e., Wy, = 1/M, the bound can be of the order of M
smaller since ||.||co < ||| £ VM — 1]|.||o- Therefore, the bound can be closer to

H—Ll (]E [||L2,t||2D% = O(Mt™Y).

To emphasis this, we can fix 8 € [0, 1] such that, when w = ﬁl M, we have

H—Ll (]E {HL2fH2D% = O(MHﬁt*b).

o Convergence rate for L3 ;. In the same way as for L; ;, we have that for any k

||pk|| S 2"/’6 )
such that
1 R
m ( [|L3 t” 2 Z 1” < 2U)mln\I/ (t)
k=0

However, we can retrieve a better convergence rate for this term.
e Convergence rate for M;. Observe that
E[| Ml*] = E [IMe-1[* + 2 ((V]) ™ " Me—1, &) + (VD) THPlIEN]
with
E (V)™M 1,&)] =0
Moreover, we have ||£]| < 4, such that

1
t+1

1/2 mm
(B2 = 2/

20—1 t+
e Convergence rate for D;. Thanks to @) one as forall0 < o' < a,

1
— D, < E: _
t+1 t—t+1 e (ex =)

IN

t+1

k=0
K
t_"_iol \I’a—&-ao/ (t) )

IN
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and this term is negligible since a + o’ > b.

e Conclusion. Taking a > b as in the Theorem’s assumption and summing up the inequalities, we
obtain

_ * 3 —b —b
E[|lg; — g, 11?]* < O(whint™") +o(t™").
When w = 57137, we obtain

E[lg, —&2,II°]* < OM'™P¢7%) +o(t™).

Using (@), for any o < o we have
lgs, —g*ll < K0€%+a/ < Kototao’ = o(t7).
Finally, we have
E[Jg - &"l*)" < O(wlut™) +o(t™"),
and when w = 77 1,/,
E (g — &'l * < 070 + ot

Remark: The main theorem considers a > b to have the best convergence rate. However, note that
from the proof, we can read the result when b/2 < a < b. In this case, the limiting terms are only
L1 and Lg ;.

O

B.3 Proof of Corollary[I} OT cost estimation

Proof. EOT cost estimation.

For any ¢ > 0, the function H. is %-smooth. Therefore, for any g € RM we have

* 1 *
H.(g) — He(g2) < o1&z — gll>.

Using our estimator g; and (3]), we obtain

m | =

H.(g,) — He(gl) < - (IlgZ — &l + Iz, — &7 1)

o — 1
Ser e —g)t+ et
Remark. Using the triangular inequality and Theorem 2.3 in [17]], we also have
1

|Ho(g") — He(8)| S e +* e —e)’ + -

OT cost estimation. For any vector g € R we recall the definition of L(g) = U;Vil Li(g):

y a C 1
foralj & [LM], Ly(8) = { € Rsg°e) = 11—yl — 5}

Note that L(g) defines a partition, i.e. p (L;(g) NL;(g)) = 0 when ¢ # j, and the convex sets L, (g)
are called power or Laguerre cells. We define the set

K= {g:RM - R |Vie [1,M],u(Li(g)) >d}.

Using Theorem 4.1 in [30], under Assumption Hy is uniformly C*® on K°. That is, there exists a
constant L such that Hy is L-smooth on K°. Note that the constant L depends on piyin, 9, R. We
refer to [30]], Remark 4.1 for more details.
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By the first order condition, as soon as § < wpi,, we have g* € K%, Indeed, at the optimum, we
have for all i € [1, M],L;(g") = w;. We fix here § = 15 wpmin.

Thanks to the L-smoothness, for any g € K?, we have

* L *
|[Ho(g) — Ho(g")| < 5 llg — &"[1*

Note that, for any g € RM and i € [1, M], the difference of measure of the Laguerre cells L;(g)
and L;(g") is at most linear with respect to ||g — g* . We refer to Theorem 4] or Section 6.4.2 in
[43]] for more details.

Therefore, there exists a constant C, such that, as soon as ||g — g* H2 < (CpL,wehave thatg € K 3
This constant depends on &, jimax, R and d as in Theorem [4] Using Theorem 2] E[||g, — g*|?] =
O(t=2%). Then

E[|Ho(8:) — Ho(g")] = E [|Ho(8:) — Ho(g")|lg,exs] +E [[Ho(8,) — Ho(g")|lg,¢x]

L_.._ . X
< gE[Hgt —g* 1’1+ max |Ho(g) — Ho(g")|E[lg, ¢ k]
L — * *
< SEllg: - &"I"] + max| Ho(g) — Ho(g")E[L g, g+ 2> c.
=0(t™),
where the Markov inequality of order 1 was used on E[1 g, —g+|>>c, |- O

B.4 Proof of Theoremd;: OT map estimation

Proof. We will show here that a rate of convergence of g, to g; gives a convergence rate for the map
estimation. The Brenier map is equal to 7}, ,,(x) = « — V(gg)°(z); see for instance [43], Theorem
1.17. We will thus focus on the convergence of Vgy to V(gg)°.

For all j € [1, M], if « is the interior of L;(g), we have
Vg'(z) =z —y;. (23)

Therefore, given g, g’ € R, if there exists a j € [1, M] such that  is the interior of L; (g) N1L;(g’)
we have

Vg“(z) = V(g') ().
We will now follow arguments from [43]], Section 6.4.2. Fix j, j' € [1, M] such that j # j’ and x is
in the interior of I;(g) N L/ (g’). By definition of the c-transform, we can see that IL;(g) is defined
by M — 1 linear inequalities of the form

o 1 1
(,yj = y;) < ag(3:3") == 9; = 95 + Sl ll3 = 5 w3

Similarly, interchanging the role of g, g’ and j, j' we have

o 1 1
(.5 = vir) < ag (7',5) = g5 — g5 + 5l 3 = Sl 13
We obtain that
Lj(g) "Ly (g) C{z € R?: —ag (5, 4) < (w,y5 —y;) < ag(4,5')} -
Moreover, noting h = (hy, ..., hy) = g — g, we see that
lag: (7', ) + ag (5, 5)] < |hy — hy]. (24)
We have
i(A = {z € R, Vge(e) # V(&) (2)})

=u | U Li(g) Ly (g)

< Z 1 (Lj(g) Ly (g"))
< Z p({z e R —ag (5, 5) < (z,y5 — y;) < ag(4.4)}) -
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Under Assumption (1| 1 is a measure such that Supp(u) C B(0, R) and it admits a density du
bounded by dfipyax. Thus,

M(A) < dfmax Z )‘Rd({m € B(O,R) : _ag/(j/aj) < <x,yj/ - yj> < ag(j,j/)})

Jj<j’
-/ o ) >
< dptmax Y Ao ({x e B, Ry — D) <x Yy Y > < %0.J) })
= 195 = wjll2 s =will2/ ~ llyir = will2
g .
< dftmax Z Aga ({1‘ € B(0,R) : _M <x < ag(]’j)}> ’
— lyir — wjll2 g5 — will2
J<j
by isotropy of the Lebesgue measure. Combining this remark with (24)) yields
|hjr — hjl
n(A) < d:umade ! Z ﬁ .
i< Yj Yjill2
Similarly
11 (V&) = V&) Oll, 50 < 32 / 1 (Ve“() - V&) ()], du(a)
j<g/Li(g)NL; (g")
<Y llys = ysllgn (Lj(g) N Ly (g))
J<j’
< At R Y 1y5” = ysllalhie = hyl
- = vy =yl

< dptmmax M A~ D+/29RA=L90 | B .

So, in particular, there exists Ca > 0 independent of the location of the points y; but growing at least
linearly in M such that

(Ve () = V(&) Ol 170y < Callg—g'll < CavMlig —g'll.
Plugging the convergence rate of g, to g* concludes the proof. O

B.5 Proof of Theorem 3; Minimax estimation of the discrete OT potential

Proof. Let © C {9 = (01,...,00) €ERM; 0, = 0} and v be a fixed discrete measure. For each
6 € O, consider py € P, (B(0, R)) such that 0 is the only vector in © for which the couple (6¢, ) is
solution of the dual of OT(pg, v).

In our class of probabilities, the minimax estimation of the optimal transport potential 6, given ¢ > 0
i.i.d samples of the source measure, can be written as

R%,t = infsupE,, {Hé(t) - 0”2} ,
0(t) O

where 6 is constructed with the ¢ iid samples from the source measure p. Note that

RY,<inf swp E, [||g(t) — g*Hﬂ , (25)
g® 1eP,(B(0,R))

where the infimum is taken over all vectors g(*) constructed with the ¢ iid samples of .
Let M > 2 and take v the uniform measure on the points { +-; k € [1, M]}.

For § > 0, we note pg, ~ U([J, 6+ 1]). Note that since d = 1, the optimal transport map is monotone
non-decreasing (see, for instance, Chapter 2 in [43]]). Thus, for all & € [1, M], we must have the
identity

Ty (@) = k/M,  x €[5+ (k—1)/M;6+ k/M].
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Using the above information, the vector 65 € O is optimal for the semi-dual problem if and only if it
satisfies the following inequalities for all k € [1, M — 1]

1 (2k+1)?

k—1)1/M E/M]: 6 —fs,. < —— RS

Vo e [d+ ( J1/M, 5 + k/M]| sk+1 — Os < M:l:+ ST

1 (2k+1)?

Vee[d+k/M,o+ (k+1)/M]: 6Ospi1— 055 > foJr TR

For all k € [1, M — 1], we thus obtain that
1 1
Os.k+1 — Os . = 0E 6M'

In particular, for any 6 > 0, we have

M-1 1 2
oo - 0513 = Y- (1o, )

k=1

1 62
=3 ¢ MM -1)(2M ~1)]
> ééQ(M—l).

Taking P, @ € P(R?) with densities pp and pg, we recall that the Hellinger distance is defined by

1
2

du(P,Q) = ( /R d (\/me) - \/@)2@@@) - (26)

In particular, we have dg(pg,, po,) = V2. Applying Le Cam’s Lemma (see, for instance [52],
Chapter 15) with § = g gives

) (M—-1)
RS, > 1 (1 — Vtdy (p907p95)) 160 = 0515 = 307212

Using the inequality (23)) concludes the the proof. O
B.6 Proof of Theorem 5; Minimax estimation of the transport map

Proof. We fix the source measure v = %51 + %52. For p € [1, 00|, we define

Quai=inf sup B, |7 =T

o)
T(®) UEPL(B(0,R)) Lr([0,1])) | °

where 7'(*) is constructed with ¢ i.i.d samples from the source measure y. Note that we have

inf sup E, {||||TAQ) — T#,U||||ip(#)} > Q¢ (27)
T® pePa(B(0,R))

We define the family of source measures ps = U([d,1 + §]). Since the Brenier map is monotone
increasing on the support of the source measure, we have

1
T(;(JU):L Vr € |:5,2+5:| s

1
Ty(z) =2, Vae {2+5,1+5]

Fixing § > 0, we see that

||TP907V - Tp9171/||1£p(u([071])) = 0.
Using Le Cam’s Lemma with § = é, as in the proof of Theorem we obtain
1
> —.
Q20 2 G5
Using concludes the proof. O
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B.7 Proof of Lemmal(l} Projection step

Proof. Following [36]], we know that an optimal couple of functions ( f., g-) optimizing the dual
formulation of EOT with regularization € > 0 satisfies the Schrédinger equations. That is, we can
take for all y € RY, g.(y) = f&¢(y). Moreover, |z — y||? is R-Lipschitz on B(0, R). Therefore,
since by Assumption we have Supp(p) C B(0, R) and Supp(v) C B(0, R), we can exploit the
Lipschitz property of our cost function on B(0, R). Using that the (c, £)-transform has the same

modulus of continuity as ¢ (see Lemma 3.1 in [36]), we get, for all y, 7/ € R®:
[f&5(y) — £ < Rlly — |l
That is, coming back to the function g, we have for all j, 5’ € {1,..., M} :

192 (y5) — 9= (y5)| < Rlly; =yl -
By writing back our dual potential as a vector, that is g* = (g7,...,g},), where for all j €
[1, M], g5 = ge(y;), we have
95 — 95| < Rlly; — il

Moreover, if g* optimizes the semi-dual H,, then for any 3 € R, the vector g* + 1, optimizes H..
In particular, g* — g-(y1)1as, which we rename g*, optimizes the semi-dual, with g7 = 0. Hence,
foralljel,..,.M

9yo = 9y, | = |9y, < Bllyr — 5.
That is, there exists an optimizer in the desired closed convex set. O
Remark: Note that for other costs such as ¢(z,y) = ||x — y|| which defines the 1-Wasserstein

distance, this projection set can be more relevant. Indeed, in this case, the cost is 1-Lipschitz and the
projection set depends only on the target measure v and no assumption of bounded cost is needed. In
this case, the practitioner could choose the index & such that g, = 0, minimizing for instance the
Euclidean diameter of the corresponding set.

B.8 Proof of Lemmalf2]

Proof. Since this proof heavily relies on Lemma A.2 in [4], we will begin by rewriting the essential
elements of their proof, using our notations, to derive our lemma. Note that in their proof, they study
the concave problem — H. (which they refer to as H.).

Fix ¢ > 0 and g € RM. Note g € Vect(1)" such that mingepn H.(g) = H.(g%). For any
s € [0,1], denote g = g* + s(g — g*) and define the function

p:s€0,1] — H(gs)-

Following equation (A.21, [4]), we have

1

" (5)] < =¢"(s) max |g; —gZ; —m(z,8s)
£ 1<5<M

) (28)

where for all z € R? and any s € [0, 1], we define m(z, g5) by
M
m(z,gs) == Y x5 (2,8:)(8s — 8)-
j=1

Instead of using Cauchy-Schwarz inequality as in [4], we use Holder’s inequality with the Holder
conjugates p = 1, ¢ = 400 to obtain

 max [g; — g —m(z,8s)| <2|lg — gl (29)

Plugging in gives

2 *
" (s)] < gw”(S)llg—ggllw (30)
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Then, following from equation (A.23, [4]) to (A.27, [4]) with our new inequality (29) leads to
* * 2 *
IVH-(g) = V*He (g2) (& — 82)|| < - llg — 82l (#(1) = (0)),

where ©(0) = H.(g¥) and ¢(1) = H.(g). Remark that for all ¢ > 0, H, is 2-Lipschitz for the ||.||
norm. That is, we have

©(1) = (0) = H-(g) — H-(g2) < 2[|g — g2 lloo-

Therefore, we have the desired first bound in @

For the second bound in our proof, we still follow Lemma A.2 in [4] starting from line (A.28), with
our new value

2 *
§= gllg — 82 loo>

such that using (30), we have

"
s o
w"(s) ~
Integrating between 0 and ¢ gives
¢"(t) > exp(=ds)¢” (0). (31

Using that ¢ (s) = (g — g:)T V2H. (gs) (g — g*) and that the smallest eigenvalue of V2H, (g7)
is greater than wy,;, /¢ (Lemma A.1,[4]) implies that
Wmin *
¢(0) > =g — ezl

Then, using that ¢'(s) = (VH.(g,), g — g*) and integrating[31] between 0 and 1 gives

[a—y

* Wmin *
(VH.(g).8 —82) > ——5 (1—exp(=9)) |lg — & 12

>

Using a disjunction of cases, we obtain

—2lg-glll a2 .
v [1 - exp (258 g —gr2 it g - gl <1,

(VH.(g),g —gl) > L _ o2 . .
) et s l-e (Pl -l i ls—sgllle =1

Then, using the projection step, no matter if C = C, or C = C,,, we have

sup {[lo — yllo} < 2R*.
z,yeC
We thus have ||g — g*|| .. < 2R?, which leads to

. Wmin € Wmin € < Wmin 1
min =3 —= —=.
e 2lg—gtlloe2) T 2R?V1)2

Finally, noticing that

* —2||lg—g’ . *
. (—2[||g—g5||oo A 1]) _ { exp (2B ) i g gz, <1,
5 exp (22) it [lg—gllle =1,

we obtain the desired bound.
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C Additional and technical results

C.1 OT cost estimation with the c-transform

We can also derive a convergence rate without evaluating the regularized semi-dual nor using the
unknown fixed smoothness of Hy, noticing that the vectorial c-transform is non-expansive. That is,
considering g1, g2 € R, we have [[gf — g5[loc < llg1 — 82]| ()

Theorem 6. Under the same assumptions as Theorem 2] we have

_ 1
IEH-f - CHoorthb?

which leads to

M 2

E|OT.(u,v) — /gfdu . Zwigi

i=1

1

< =
~ f2b

Proof. By definition of the c-transform, for all z,y € R¢ and all function g : R? — R

2.

g°(x) +g; < IIX*yg

-2
That is, for any f € RM, we have

1
fo(x) = inf |Z|x—vyil2=fi| >g° inf [g; — fi
(x) PR 2||X yill® = f _g(x)+jeﬁl’Mﬂ lg; — fil

such that we obtain

g (%) —(y) < llg — flloe- (32)

Therefore, changing the role of f and g in (32), we get for all f, g € RY,
sup [£(x) — g°(x)] < [[f - gll-

x€eR

Since E||g, — g*[|%, < 7. we have

c *\c|2 1
B [ g - (&) du <

By developing the cost difference, we have

2
E‘OTC(M,V) —/gfdu—/gtdv

2

ZE‘/((QS)C—gE)du+/(g*—gt)dv

<2E/|gt ! dn+ 28 [ g - (g7 dv

N t2b'

C.2 Technical results

Proposition 1. Let (y;)¢>0 and (v;)1>0 be some positive and decreasing sequences and let (6;)¢>0,
satisfying the following:
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 The sequence 0y follows the recursive relation:

Ot+1 < (1 —wyeg1) O + Ver1Vet1s
with §g > 0 and w > 0.

e Let vy, converge to Q.
o Letto =inf{t > 1 : wyr41 < 1}.

Then, for all t > ty, we have the upper bound:

t t
1
0y < exp (w Z %’) (Z VkVi + 5to> T oV

1=to+1 k=to

Proof. Forallt > ty, one has

n t t
o< [ O-wr)dn+ > JI @ —wr)ww

i=to+1 k=to+1i=k+1

=:U1 ¢ =:Uz ¢
One can consider two cases: [t/2] — 1 <t and [¢/2] — 1 > t,.

Case where [¢/2] — 1 < tg < t: Since vy is decreasing,

t t
Ust <vigrr [ 0 —wyi)w

k=to+1i=k+1

= %le Z H (1 —wy) = H (1 —w)

k=to+1i=k+1 i=k
1 t
= Vot (1 - II a- w%‘))
i=to+1
1
< —Vgo41
w

Since vy, is decreasing, it comes Uy ; < ll/[t/g].

Case where [t/2] — 1 > to: Asin [2], forall m =ty +1,...,¢, one has

t m
1
Uzt < exp (—w > ’Yk) > e+ —Vm

k=m+1 k=to+1
Then, taking m = [t/2] — 1, it comes

t [t/2]—-1

1
Usy <exp | —w Z Vi Z ViV + SYre21-1
k=[t/2] k=to+1

(33)

O

Corollary 2. Let (:)1>0 and (vt)i>0 be some positive and decreasing sequences and let (8¢)>0,

satisfying the following:
* The sequence 6, follows the recursive relation:

Opr1 < (1 —wyeg1) 6 + Vegr1Ve41s
with 0o > 0 and w > 0.

* Letyy = eyt~ *witha € (0,1).
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o Letto =inf{t > 1 : wy41 < 1}

Then, for all t € N, we have the upper bound.:
1 1 : 1
oy < exp <—2wcwt1“> exp (26067 (to + 1)1_a> <Z Vilk + 5t0> + Vi1
k=to

Proof. With the help of an integral test for convergence, one can now bound U ,, as

we a
< exp (—TA’ ((t + 1)1*"‘ — (to + 1)1 )) YeoVto -

C —a
U+ < exp (wl ’Ya ((t + 1) — (to + 1)1 )> Yo Vio

In a same way, since

t
e | 3 o) <ew(<PrD).
k=[t/2]

one finally has

t
1 1 . 1
0y < exp <—2wcwt1_") exp <2wc7 (to + 1)1 > < E Vel + 5t0> + ;V%_l.

k=to
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NeurlIPS Paper Checklist

1.

Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Proofs and numerical experiments are given for all the claims made in the
abstract and the introduction.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The main constants in our asymptotic convergence proof are highlighted and
the limitations of our algorithm such as taking the parameter b too close to 1 is discussed in
the numerical experiments.

. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: The assumptions are always clearly stated and all the proofs are given in
appendix.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: All the settings for the experiments are clearly stated and the parameters of our
algorithm are given.

. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: All the code to reproduce our experiments is provided in Python Notebooks
and attached in a zip file in the supplementary materials.

. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: The parameters of our algorithm are given at the beginning of the Numerical
Experiments section, and the example settings are explicitly provided.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: All the experiments are run several times, and the error plots represent the
average error across the experiments.

. Experiments Compute Resources
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10.

11.

12.

13.

14.

15.

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: No specific computer resources are needed for our experiments, which can
be run on any modern computer. The only exception is the Mini-batch experiment in the
appendix, where a GPU is required for GPU parallelization.

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines)?

Answer: [Yes]

Justification: The authors have read the NeurIPS Code of Ethics and guarantee that the paper
conforms to it.

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: The code provided is original and is included for reproducibility under the
correct license.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: The algorithms and experiments are clearly explained in the paper, and the
code to reproduce the experiments is provided in an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
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