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ABSTRACT

Formal mathematical reasoning requires models to generate verifiably correct
proofs, a process where existing single-turn generation paradigms may fail to uti-
lize the critical feedback from proof checkers. To bridge this gap, we present Star-
Corrector (State-Thinking-Answer-Reward Corrector), a multi-turn, feedback-
driven framework that explicitly learns from verification signals to refine faulty
proofs. Our approach models proof generation as an iterative refinement process:
starting from an initial flawed attempt, the model interacts with the Lean verifier
at each turn to identify errors and progressively revises the proof. This multi-turn
interaction allows the model to internalize corrective signals and learn precise re-
pair strategies. The core contributions of this work are threefold. First, we intro-
duce a multi-turn interaction model that formally defines the proof generation as a
process of iterative correction based on verifier feedback, moving beyond single-
turn generation. Second, we effectively optimize the policy within this interac-
tive setting by applying GRPO to leverage the sequential verification outcomes.
Third, we develop a sampling strategy that dynamically balances problem diffi-
culty during training by leveraging pre-defined difficulty levels and the model’s
evolving success rate. On the MiniF2F benchmark, STAR-Corrector elevates the
pass rate from 64.34% (base model with 32 samples) to 96.72% under a 32432
sampling budget, marking an absolute gain of +32.37%. The results demonstrate
that our approach, particularly the adaptive sampler, effectively enhances general-
ization on medium and hard problems, validating the importance of closed-loop,
data-efficient training for formal reasoning. All code and data are available at an
anonymous repository: https://anonymous.4open.science/r/ICLR-Star-EQ96/.

1 INTRODUCTION

Automated Theorem Proving (ATP) with LLMs is largely dominated by two technical paradigms.
The tree-search approach, pioneered by Jiang et al.|(2023), incrementally explores the proof space
through step-wise generation and verification. This allows it to discover complex proofs but of-
ten at a significant computational cost, with methods like BFS-Prover requiring millions of search
operations [Xin et al.| (2025)), and it can lack high-level strategic direction. Conversely, the whole-
proof generation paradigm |Xin et al.|(2024); |Polu et al.| (2022) produces a proof in a single attempt,
leveraging the model’s planning capabilities for computational efficiency. However, its one-shot
nature lacks intermediate feedback, hindering error correction. Thus, a central challenge remains:
effectively integrating the verifiability of interactive tree-search with the strategic planning of whole-
proof generation within a unified framework.

To resolve this tension, we introduce a novel paradigm that frames theorem proving as a multi-turn,
feedback-driven process of iterative proof refinement. This approach synergizes the verifiability of
tree-search with the planning capacity of whole-proof generation by enabling a single model to learn
from its mistakes through multiple interactions with the Lean verifier. To effectively optimize this
interactive agent, we implement it within the StarPO framework [Wang et al.| (2025b), which pro-
vides a foundation for trajectory-level policy optimization. Our work thus demonstrates a successful
instantiation and specialization of this general RL framework for formal theorem proving, offering a
principled path to balance planning with verification. In summary, here are our main contributions:
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Figure 1: Three approaches to verifier-assisted theorem proof correction: from binary signals to
feedback-driven iteration.

1. We propose and implement a multi-turn, feedback-driven proof refinement framework.
This framework formalizes the interaction between a prover and the Lean verifier as an
iterative process, enabling the model to learn from its mistakes by refining faulty proofs
based on verifier feedback.

2. We successfully apply the GRPO algorithm for trajectory-level policy optimization within
this interactive setting.

3. We construct a novel, difficulty-stratified dataset for multi-turn theorem proving. And
based on it, we develop a dynamic difficulty sampler that adjusts the distribution of train-
ing problems in real-time based on the model’s overall success rate, ensuring a sustainable
learning curve from easy to hard theorems.

4. Our resulting model, Star-Prover, achieves a significant performance improvement, demon-
strating a +2% absolute gain in pass rate on the MiniF2F benchmark under a 4-attempt
budget, which underscores the effectiveness of our overall training strategy.

2 RELATED WORK

LLM-Based Automated Theorem Proving. LLM-based ATP has evolved into two main
paradigms. One-shot whole-proof generation Xin et al.[(2024); Dong & Ma| (2025) produces com-
plete proofs in a single attempt, leveraging LLMs’ planning capacity but lacking intermediate feed-
back for error correction. Conversely, step-wise tactical generation [Xin et al.| (2025)) iteratively
constructs proofs through verifier-guided search, enabling complex proof discovery but at high com-
putational cost (e.g., millions of expansions |Paulson| (1994)) and with limited high-level planning.
This dichotomy highlights the unmet need to balance efficient planning with interactive verification.

Reinforcement Learning for Formal Reasoning. While RL has enhanced NL reasoning by opti-
mizing for final-answer correctness d. Moura & Ullrich| (2021), its application to formal ATP faces
unique challenges due to sparse rewards. Using Lean’s binary pass/fail signal as reward |Xin et al.
(2024) yields limited gains, underscoring the need for denser training signals. Our work advances
this by designing a composite reward function (incorporating temporal discounting and semantic
similarity) to provide richer guidance throughout the proof refinement process.

Multi-Turn Agent Frameworks in LLMs. General multi-turn agent frameworks Wang et al.
(2025b)) support trajectory-level optimization for interactive tasks. However, they are not tailored to
ATP’s deterministic environment and require careful adaptation of state representations and reward
structures. Our contribution lies in the effective domain-specific instantiation of such frameworks
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for theorem proving, combining GRPO-based optimization with verifier-informed rewards to train
a proof refinement agent.

Curriculum Learning and Adaptive Sampling. Curriculum learning strategies Jiang et al.| (2023))
aim to improve training by ordering examples from easy to hard. Traditional methods rely on static
difficulty orderings |[Lightman et al.| (2023) or priority buffers |Lin et al.| (2025), but cannot adapt to
model’s dynamic capability changes. Our dynamic difficulty sampler addresses this by integrating
static difficulty priors with real-time performance signals, ensuring the training distribution contin-
uously matches model capability.

3 METHODS

3.1 STAR-CORRECTOR FRAMEWORK

Multi-turn Proof Refinement Framework. We formulate formal theorem proving as a multi-
turn, interactive Markov Decision Process (MDP) between a prover agent and the Lean 4 verifier.
As illustrated in Figure 1, our framework operates through an iterative refinement loop: starting
from an initial failed proof attempt , the model engages in multiple rounds of interaction with the
verifier, progressively correcting mistakes until a valid proof is generated or termination conditions
are met.

The core innovation of our approach lies in treating proof generation not as a one-shot task but as
a sequential decision-making process. This allows the model to learn from verifier feedback and
develop explicit error-correction capabilities. The framework consists of three key components:
(1) a state representation that maintains the complete interaction history, (2) an action space that
generates structured responses including reflection and proof attempts, and (3) a reward function
that provides dense training signals. These components are optimized using Gradient-based Policy
Optimization with a dynamic difficulty sampling strategy.

Problem Formulation as Markov Decision Process. Following the multi-turn refinement process
of Wang et al.| (2025b), we model it as a MDP defined by M = (S, A, R), where S represents states
, A represents actions, and R denotes the transition dynamics and reward generation process. The
agent policy 7y generates an action a; at each time step ¢, conditioned on the current state s; and
the interaction history. The environment returns a reward 7; and a new state s;;; given the current
transition dynamics:

ai ~ o (:|se, 7<), (1o, 8e41) ~ P(]st,at), (1)
where 7y = {so,a0,70,...,8t—1,01—1,T¢—1} denotes the interaction history. This interactive
process continues for a max step K, forms a full trajectory 7 = {so, ag, ro, - - - , Sk } as the materials

for continues learning.

State Space (S). The state s; € S at turn ¢ encapsulates the full interaction history between
the prover agent and the Lean 4 verifier, represented as a sequence of structured chat-style mes-
sages. This design ensures the agent can reference prior proof attempts, verifier feedback, and self-
reflections when formulating revised proofs—critical for tracing errors that persist across multiple
turns. Formally, s; is defined as:

{role : user, content : “Initial Prompt, Theorem: T', Proof Attempt: P, Feedback: F”’},

{role : assistant, content : “Reflection: Ry, Error Summary: FEy, Revised Proof: Py},
St =

{role : user, content : “Continue Prompt, Theorem: 7', Proof Attempt: P;_1, Feedback: F;_1”}

where:

* T denotes the target theorem (fixed across all refinement turns),
* P; represents the ¢-th proof attempt (a Lean 4 script),

» F; denotes the Lean 4 verifier’s feedback for P; (either a success signal or structured error
details),

* R; and E; correspond to the agent’s reflection and error summary for P;, respectively.
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The chat-style format is aligned with the input conventions of large language models (LLMs), which
excel at modeling contextual sequence data—essential for retaining error-related information across
turns. Example prompts are following:

Initial Prompt

You are an experienced Lean4 expert. Your task is to analyze the given proposition, an
incorrect attempt, and its feedback, and then generate a correct solution. Please ensure your
response includes the following two parts:

1. **Thought Process**: Detail the error analysis, explain the meaning of the feedback,
and reason step-by-step on how to fix the code. This section should showcase your logical
reasoning and decision-making process.

2. **Final Answer**: Wrap the final answer in "’lean4. The content inside must include:

- **Problem Analysis**: A brief summary of the core issue or challenge.

- **Core Lemmas**: List the key lemmas or theorems that must be used in the proof (if
any), or state that no external lemmas are needed.

- **Core Strategies**: Describe the main sequence of strategies used in the proof and why
they are effective.

- **Final Code**: Provide the complete, verifiable Lean4 code.

Base your modifications on the incorrect attempt and the feedback. Ensure the code is correct
and efficient.

Proposition: [] Incorrect Attempt Code: [] Feedback: []

Continue Prompt

The solution you provided in the last response has been tested but unfortunately failed.
Latest Test Results: Test Status: Failed Error Message: ‘ Task Instructions: Act as a code
debugging expert and carefully analyze the error message above. Please follow these steps:
1. **Review History**: Based on our previous conversation (shown above), analyze how
this error is different from or similar to previous ones.

2. **Diagnose the Root Cause**: Precisely explain the meaning of this error message and
diagnose the fundamental reason causing it.

3. **Formulate a Solution**: Propose a clear modification plan, stating what needs to be
changed and why. Avoid repeating failed approaches from previous attempts.

4. **Generate the Answer**: Finally, provide the complete corrected solution within answer
tags. The answer format must include:

- **Problem Analysis**: A brief summary of the current problem.

- **Core Lemmas**: The key lemmas used.

- **Core Strategies**: The sequence of key strategies used.

- **Final Code**: The complete, corrected Lean4 code.

Please begin your analysis.

Action Space (A4). An action a; € A is the agent’s structured response to the current state s,
designed to mandate explicit reasoning prior to proof revision. Each a; comprises two mandatory,
mutually complementary components:

1. Chain-of-Thought (CoT) Reflection: A natural-language analytical account of why the
previous proof attempt P; failed. This component links specific errors in P; to underlying
logical or syntactic flaws.

2. Revised Proof Code: A complete Lean 4 script P,y that incorporates corrections for
the issues identified in the error summary. Incomplete or syntactically invalid code (e.g.,
truncated tactic sequences, unclosed brackets) is classified as a format error, ensuring only
verifiable scripts are submitted to the Lean 4 checker. Detailed settings are in Appendix [A]

This structured action space enforces that every revision is grounded in explicit reasoning, reducing
the probability of introducing new errors during refinement.

Reward Function. Unlike stepwise reward schemes that provide feedback at each intermediate step,
our reward function assigns feedback at the trajectory level, that is an entire sequence of proof at-
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tempts is compiled and verified by the Lean 4 system. Thus, the fotal reward synthesizes these three
complementary components to balance competing objectives: (1) format reward the presence of
complete Lean 4 code, (2) validity rewardincorporating a temporal discount factor based on the num-
ber of attempts required for successful verification by Lean 4, and (3) weighted similarity reward
semantic similarity to a reference solution. The precise formulation of fotal reward as a weighted
combination of these components, including tunable hyperparameters for balancing priorities, is
detailed in Appendix [A]

Policy Optimaization Algorithms. We employ the StarPOWang et al.|(2025b) as our RL algorithm,
we assign a scalar reward R(7;) to each trajectory and normalized advantage A; ; across all tokens
in 7;:
i - R(7;) — mean({R(m1),...,R(7¢)})
it = .
Std({R(Tl), ey R(Tg)})

The GRPO objective becomes:

2

|73
1 i i A . i i 2
S min [M Ay, clip (Ml ,E’Hg) A} .
|7i| = Told (Ticey | Ti,<t) Told (Tice) | Ti,<t)

3)

€ is a hyperparameter. In our experiments, we set ¢ = 0.2. This clip ratio setting enables stable
policy updates.

1 G
Jareo(0) = = >
=1

3.2 DATA CURATION

Data Curation. We construct a large-scale dataset for training proof correction models through a
multi-stage, systematic generation process. Our pipeline begins with a curated set of 9,000 high-
quality theorems from the NuminaMath-Lean [Wang et al.| (2025a) corpus. To establish a reliable
difficulty metric, we leverage a powerful prover model to generate eight distinct proof attempts
for each problem, categorizing them into difficulty tiers based on the empirical success rate. This
process yields over 72,000 proof-generation instances, providing a robust foundation for difficulty
assessment. We then employ DeepSeek Reasoner |[DeepSeek| (2025)) as a teacher model to simulate
authentic correction trajectories. For each problem, the model engages in a multi-turn interaction
following the STAR-corrector protocol, starting from an initial erroneous proof and iteratively refin-
ing it based on granular feedback from the Lean 4 verifier. This procedure generates a rich dataset of
over 2477 interactive correction trajectories. The final training set is distilled from these trajectories
by selecting only the successful sequences where the model ultimately produced a verified correct
proof, resulting in a high-quality corpus of 918 problem-correction pairs. This dataset specifically
captures the dynamic process of debugging and refinement, making it ideally suited for training
models to diagnose errors and implement corrective actions in mathematical theorem proving.

3.3 DYNAMIC DIFFICULTY-AWARE SAMPLER

We implement a dynamic weight adjustment mechanism to align training data distribution with the
model’s evolving capabilities: First, from our proposed multi-turn-correction datasets, we re-grade
problems into multi-turn-correction Difficulty levels based on their original difficulty grades and the
step number of the teacher model (DeepSeek-R1 [DeepSeek] (2025))) when successfully generating
proofs; sampling weights for these 5 levels are then dynamically adjusted based on the smoothed
global pass rate over recent steps, with stage-based shifts in emphasis across levels, and weights
normalized to form a valid distribution. Detailed difficult and numerical settings are in TabldA.6]

4 EXPERIMENTS

Base Model. For our work, we select DeepSeek-Prover-V2 7B |Z.Z. Ren| (2025) as the base model,
with considerations rooted in its prominent advantages aligned with our research needs. Specifically,
this model first demonstrates strong performance on existing benchmarks. Second, it supports ex-
tended context length enabling processing of long-chain logical dependencies in multi-step proofs.
Third, it is equipped with a high-precision Chain-of-Thought (CoT) mode, which elaborates inter-
mediate reasoning steps to enhance the transparency of formal proof generation . Most importantly,
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its core recursive theorem decomposition mechanism not only mimics human-like problem-solving
and reduces computational costs, but also aligns with our ”State-Thinking-Actions-Reward” [Wang
et al.|(2025b) modeling process.

Implementation. We conducted the RL training phase on a computational node equipped with
4xNVIDIA A100 80GB GPUs. At each training step, we dynamically sample a total of 128 "Theo-
rem—Bad Attempt—Feedback” pairs from various difficulty levels. For each such pair, we generate 8
proof trajectories, resulting in a global batch size of 128x8=1024 trajectories. The maximum num-
ber of turns per trajectory is set to 4, and the maximum response length is limited to 3000 tokens
for each turn. A rollout ratio of 0.3 is applied to retain the highest-value trajectories for further
optimization. It is crucial to note that the rollout process—which involves generating these 1024
trajectories, each requiring up to 4 synchronous calls to the Lean 4 verifier—constitutes the primary
computational bottleneck of our framework. This significant resource demand, particularly for the
verifier interactions, currently limits the ease of reproduction for researchers without access to com-
parable large-scale computational resources. The resulting model obtained after this RL training
phase is named Star-Corrector.

Benchmarks. Following previous workZ.Z. Ren| (2025); Lin et al.| (2025); |Yu et al.| (2025), we
select the most commonly-used MiniF2F-test [Zheng et al.| (2022)) to validate the effectiveness of
our proposed method. Due to computational constraints, we adjusted the configuration of DeepSeek
Prover V2 by limiting the proof generation length to 8192 tokens and reducing the Lean4 verifier
timeout from 300 to 60 seconds, balancing experimental efficiency and practicality. Under this setup,
we establish baseline experiments with sampling budgets of 1 (greedy decoding) and 32 (multi-
sample decoding) to provide a rigorous benchmark. Our core objective is to derive valid proofs by
correcting flawed proof attempts. To this end, we adopt a validation protocol that involves appending
corrections to the flawed proofs generated by the baseline model. We quantitatively evaluate pass
accuracy under different sampling budgets-before and after applying our correction.

Table 1: Comparison with state-of-the-art methods on the miniF2F-test dataset.

Method Sample budget miniF2F-test
TheoremLlamaWang et al.|(2024) 128 33.6%
32 50.0 + 0.5%
: 64 50.7 £ 0.4%
DeepSeek-Prover-v1.5-RLXin et al.|(2024) 128 51.6 + 0.5%
3200 54.9 + 0.7%
. 32 97.6 £0.7%
Goedel-Prover-SFTLin et al.[(2025) 3200 62.7%
DeepSeek-Prover-V2-7B(CoT)Z.Z. Ren|(2025) 312 ;222;
1 53.12%
DeepSeek-Prover-V2 (Unified Experimental Setup) 2 58.4%
32 64.34%
1+1 58.04 %
DeepSeek-Prover-V2 + StarCorrector 32432 96.72%

Results on MiniF2f. The primary evaluation metric was pass rate—the percentage of theorems with
verified correct proofs—under varying sampling budgets. Our framework’s performance is reported
as “base model + Star-Corrector” (e.g., 1+1 denotes 1 sample for the base model’s initial attempt
and 1 sample for Star-Corrector’s correction). Based on the results presented in TABLH]I] we ob-
serve a nuanced relationship between sampling budget and the effectiveness of the STAR-Corrector
framework. Specifically, under low sampling budgets, the 1+1 correction (58.04%) demonstrates
a clear improvement over the base model with 1 sample (53.12%), achieving an absolute gain of
4.92%. However, this corrected performance does not surpass the base model’s result with 2 sam-
ples (58.4%). This indicates that while a single refinement turn can rectify critical errors in the
initial attempt, its corrective power is constrained when compared to simply generating multiple
independent proofs without iterative feedback. The limited diversity in greedy decoding (1 sam-
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ple) restricts the scope for error correction, as the model has fewer alternative paths to explore and
refine. In contrast, under high sampling budgets, the synergy between multi-sample decoding and
multi-turn correction becomes markedly more effective. The 32432 configuration achieves a pass
rate of 96.72%, significantly outperforming the base model with 32 samples (64.34%) by an abso-
lute margin of 32.37%. This substantial improvement underscores that as the base model produces a
wider variety of initial proof attempts, STAR-Corrector’s iterative refinement mechanism—guided
by MDP-based state tracking and GRPO-optimized policy—becomes increasingly impactful. The
framework efficiently filters out invalid paths, leverages verifier feedback across turns, and converges
to valid proofs more rapidly, highlighting the compounded benefits of planning and verification in a
multi-turn setting.

5 CONCLUSION

In this work, we introduced STAR-Corrector, a multi-turn, feedback-driven framework for auto-
mated theorem proving that bridges the gap between the strategic planning of whole-proof genera-
tion and the verifiability of interactive tree-search. By formalizing proof refinement as an interactive
Markov Decision Process and optimizing the agent with GRPO under a composite reward func-
tion, our approach enables the model to learn from its mistakes through iterative interactions with
the Lean 4 verifier. Furthermore, we introduced a dynamic difficulty-aware sampling strategy that
adapts the training distribution in real-time to match the model’s evolving capabilities. Experimental
results on the MiniF2F benchmark demonstrate that STAR-Corrector consistently improves upon a
strong baseline—DeepSeek-Prover-V2—across sampling budgets. Notably, under a high sampling
budget (32+32), our method achieves an absolute gain of +6.97% in pass rate, highlighting the syn-
ergistic effect of combining multi-sample decoding with multi-turn refinement. Even under a low
budget (1+1), the framework yields a meaningful improvement, illustrating its ability to leverage
verifier feedback for error correction even when exploration is limited.

6 LIMITATIONS

Our approach has several limitations. First, the performance of STAR-Corrector is inherently de-
pendent on the quality and diversity of the initial proof attempts generated by the base model. If the
base model fails to produce a minimally plausible starting point, the correction process may struggle
to recover. Second, the training process is computationally intensive, primarily due to the massive
rollout requirements for generating interaction trajectories. Each trajectory involves multiple turns
of proof generation and, crucially, synchronous verification by the Lean 4 verifier. This extensive
interaction with the verifier during the data collection phase constitutes the primary computational
bottleneck, potentially limiting the accessibility and reproducibility of our method for researchers
with limited resources. Third, the current framework is constrained by a fixed maximum number of
refinement turns (set to 4 in our experiments), which may be insufficient for highly complex theo-
rems requiring deeper iterative debugging. Finally, our reward function, while carefully designed,
still relies on handcrafted components and hyperparameters, which may not generalize optimally
across all theorem distributions or proof styles.

7 ETHICS STATEMENT

For ethics compliance, this work uses 9,000 theorems from the open-licensed NuminaMath-Lean
corpus/Wang et al.|(2025a)) and 2000+ synthetic proof correction trajectories generated via DeepSeek
Reasoner’s public API (in line with its terms of service); all data is anonymized in the anonymous
repository (https://anonymous.4open.science/r/ICLR-Star-E096/) to meet ICLR 2026’s double-blind
review policy, with full licensing details stored there. STAR-Corrector accelerates mathematical
research and supports Lean4 education through interpretable error analysis, while risks like misin-
formation are mitigated by requiring Lean4 verification for all valid proofs, framing the model as
a human-collaborative tool, and optimizing training (e.g., 4-turn refinement limit, 60s verifier time-
out) to reduce energy use; its design combining Chain-of-Thought reflection and Lean4 code ensures
traceable revisions, with all results relying on deterministic Lean4 verification and full training logs
in the repository for independent validation.
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8 REPRODUCIBILITY STATEMENT

To ensure the reproducibility of the work presented, we have made extensive efforts
documented in the main paper, the appendix, and the supplementary materials. The
Lean4-formatted MiniF2F-test benchmark files are available in an anonymous repository at
https://anonymous.4open.science/t/ICLR-Star-E096/, with post-review plans to migrate to a per-
manent, DOI-linked platform. Key experimental configurations necessary for replication—such as
the DeepSeek-Prover-V2 7B base model selection, global batch size of 1024, maximum 4 refine-
ment turns per problem, and 60s Lean4 verifier timeout—are detailed in Section 4 (Experiments),
while the implementation of the STAR-Corrector framework (state representation, action space, re-
ward function) and dynamic difficulty sampler (difficulty grading rules, weight adjustment logic)
are described in Sections 3.1 and 3.3, respectively. Appendix [A] provides complete definitions of
the composite reward function (format, validity, and weighted similarity components) and default
hyperparameters, and supplementary materials in the repository include a troubleshooting guide for
common experimental issues.

A DETAILED DEFINITION OF THE REWARD FUNCTION

A.1 FORMAT REWARD

The format reward enforces the prerequisite of verifiable code by penalizing non-complete outputs.
It is defined as a binary scalar to prioritize syntactic well-formedness:

R _ [0.5 ifcodeexist =1 (complete Lean 4 code present),
ormat =\ _1 if code_exist =0 (no complete Lean 4 code).

- The positive value (0.5) incentivizes outputs that can be processed by the Lean 4 verifier. - The
negative penalty (—1) discourages non-verifiable outputs (e.g., partial code, natural language only),
which cannot contribute to logical validation.

A.2 VALIDITY REWARD

The validity reward incentivizes two objectives: logical correctness (via Lean 4 verification) and
iteration efficiency (via minimizing the number of attempts). It is non-zero only if the proof passes
verification:
1+ % ifpass =1 (proof validated),
Ryatigity = ‘ ) L
if pass =0 (proof invalid).

Where:
* T;: Total number of attempts allocated to the target theorem by the Deepseek reasoner
DeepSeek| (2025);

e M: Actual number of attempts used to reach the valid proof (only relevant when pass = 1).

% introduces an efficiency bonus (ranging from 0.7 to 1.3). Shorter trajectories

(smaller M) yield higher rewards, encouraging the policy to avoid redundant iterations and converge
to valid proofs faster.

The term

A.3 WEIGHTED SIMILARITY REWARD

The weighted similarity reward guides the policy toward human-interpretable reasoning by scaling
Rgm with the verification status. The similarity reward Ry, is quantified by the normalized edit
distance between the generated proof and the reference proof. This balances interpretability for
valid proofs and exploratory flexibility for invalid attempts:

« - Rgy if pass =1 (emphasize similarity for valid proofs),

Riim, weighted = . . L
sim, weighted {7 - Rgm if pass =0 (weaker guidance for invalid attempts).
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Table 2: Default Hyperparameters for the Reward Function

HYPERPARAMETER VALUE PURPOSE

o} 0.3 Weight for similarity reward in valid proofs

¥ 0.3 Weight for similarity reward in invalid proofs

I3 0.5 Weight for format reward in invalid code-complete proofs
T 0.5 Reward cap for Subcase 1b (invalid code-complete proofs)

Where o,y € (0,1) are tunable hyperparameter: - Example configuration: « = 0.8 (prioritizes
alignment with reference solutions in educational benchmarks, where interpret-ability is critical);
- Example configuration: v = 0.3 (provides light guidance for invalid attempts to avoid over-
constraining exploration of alternative proof paths).

A.4 TotAL REWARD CALCULATION RULES

The total reward (Rio) integrates the three components and applies a cap (7) to prevent over-
inflation of non-valid outcomes. It is structured around the presence of complete Lean 4 code (i.e.,
code_exist), as this determines the feasibility of further validation.

A.4.1 CASE 1: COMPLETE LEAN 4 CODE EXISTS

For verifiable code, the total reward prioritizes logical validity while accounting for format and
similarity.

Subcase 1a: Proof is Validated (pass = 1) Valid proofs inherently satisfy the format requirement

(by code_exist = 1), so the format reward is omitted to prioritize validity and interpret-ability:

Riotal = Ryatidiy + Rsim, weighted -

Subcase 1b: Proof Fails Verification (pass = 0) For code-complete but logically invalid at-
tempts, a weight 8 € (0, 1) balances recognition of format compliance with penalties for logical
errors. A reward cap (7) prevents overvaluing partial progress:

Riotr = B+ Riormar + Lsim, weighted (Capped at 7')-

Example configuration: 8 = 0.6 (moderate recognition of format compliance without neglecting
logical flaws).

A.4.2 CASE 2: No COMPLETE LEAN 4 CODE

Non-verifiable outputs (e.g., truncated code, natural language) contribute no actionable progress to
proof correction. The total reward reduces to the format penalty:

Rtotal = Rformat = -1

A.5 HYPERPARAMETER CONFIGURATION

For reproducibility, the default hyperparameters used in the experiments are listed in Table

A.6 DIFFICULTY CLASSIFICATION

* Easy: Pass@8 = 1 (the SFT model consistently generates valid proofs in one turn),
* 1: Pass@8 > (.75 (the SFT model requires 2—-3 refinement turns to generate valid proofs),

e 2: 0.50 < Pass@ < (.75 (the SFT model requires 2-3 refinement turns to generate valid
proofs),
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* 3: 0 < Pass@8 < 0.5 (the SFT model requires 2-3 refinement turns to generate valid
proofs),

* 4: Pass@8 = < 0. (the SFT model struggles to generate valid proofs even with multiple
refinement turns).

A.7 THE USE OF LARGE LANGUAGE MODELS (LLMS)

We acknowledge the use of large language models (LLMs) in the preparation of this work. Specif-
ically, we used Doubao ByteDance| (2025)) and DeepSeek Reasoner DeepSeek! (2025)) to assist with
refining the language expression of the manuscript (e.g., improving clarity and flow of text) and
to help draft an initial outline of the related works section by summarizing key findings from a
set of pre-identified relevant papers. All content, including the final version of the related works
and refined text, was critically reviewed, edited, and approved by the authors to ensure accuracy,
originality, and alignment with the research contributions of this work.

REFERENCES
ByteDance. Doubao. https://www.doubao.com/} 2025.
L. d. Moura and S. Ullrich. The lean 4 theorem prover and programming language, 2021.

DeepSeek. Deepseek api documentation. https://api.deepseek.com/, 2025. URL
https://api.deepseek.com/. Accessed: 2025-09-24.

Kefan Dong and Tengyu Ma. Stp: Self-play llm theorem provers with iterative conjecturing and
proving, 2025. URL https://arxiv.org/abs/2502.00212,

Albert Q. Jiang, Sean Welleck, Jin Peng Zhou, Wenda Li, Jiacheng Liu, Mateja Jamnik, Timothée
Lacroix, Yuhuai Wu, and Guillaume Lample. Draft, sketch, and prove: Guiding formal theorem
provers with informal proofs, 2023. URL https://arxiv.org/abs/2210.12283|

Hunter Lightman, Vineet Kosaraju, Yura Burda, Harri Edwards, Bowen Baker, Teddy Lee, Jan
Leike, John Schulman, Ilya Sutskever, and Karl Cobbe. Let’s verify step by step, 2023. URL
https://arxiv.org/abs/2305.20050.

Yong Lin, Shange Tang, Bohan Lyu, Jiayun Wu, Hongzhou Lin, Kaiyu Yang, Jia Li, Mengzhou
Xia, Danqi Chen, Sanjeev Arora, and Chi Jin. Goedel-prover: A frontier model for open-source
automated theorem proving, 2025. URL https://arxiv.org/abs/2502.07640.

Lawrence C. Paulson. Isabelle: A Generic Theorem Prover. Springer Verlag, 1994.

Stanislas Polu, Jesse Michael Han, Kunhao Zheng, Mantas Baksys, Igor Babuschkin, and Ilya
Sutskever. Formal mathematics statement curriculum learning, 2022. URL https://arxiv.
org/abs/2202.01344.

Haiming Wang, Mert Unsal, Xiaohan Lin, Mantas Baksys, Jungi Liu, Marco Dos Santos, Flood
Sung, Marina Vinyes, Zhenzhe Ying, Zekai Zhu, Jianqgiao Lu, Hugues de Saxcé, Bolton Bailey,
Chendong Song, Chenjun Xiao, Dehao Zhang, Ebony Zhang, Frederick Pu, Han Zhu, Jiawei Liu,
Jonas Bayer, Julien Michel, Longhui Yu, Léo Dreyfus-Schmidt, Lewis Tunstall, Luigi Pagani,
Moreira Machado, Pauline Bourigault, Ran Wang, Stanislas Polu, Thibaut Barroyer, Wen-Ding
Li, Yazhe Niu, Yann Fleureau, Yangyang Hu, Zhouliang Yu, Zihan Wang, Zhilin Yang, Zhengying
Liu, and Jia Li. Kimina-prover preview: Towards large formal reasoning models with reinforce-
ment learning, 2025a. URL http://arxiv.org/abs/2504.11354,

Ruida Wang, Jipeng Zhang, Yizhen Jia, Rui Pan, Shizhe Diao, Renjie Pi, and Tong Zhang.
Theoremllama: Transforming general-purpose llms into lean4 experts, 2024. URL https:
//arxiv.org/abs/2407.03203.

Zihan Wang, Kangrui Wang, Qineng Wang, Pingyue Zhang, Linjie Li, Zhengyuan Yang, Xing Jin,
Kefan Yu, Minh Nhat Nguyen, Licheng Liu, Eli Gottlieb, Yiping Lu, Kyunghyun Cho, Jiajun Wu,
Li Fei-Fei, Lijuan Wang, Yejin Choi, and Manling Li. Ragen: Understanding self-evolution in
llm agents via multi-turn reinforcement learning, 2025b. URL https://arxiv.org/abs/
2504.20073.

10


https://www.doubao.com/
https://api.deepseek.com/
https://api.deepseek.com/
https://arxiv.org/abs/2502.00212
https://arxiv.org/abs/2210.12283
https://arxiv.org/abs/2305.20050
https://arxiv.org/abs/2502.07640
https://arxiv.org/abs/2202.01344
https://arxiv.org/abs/2202.01344
http://arxiv.org/abs/2504.11354
https://arxiv.org/abs/2407.03203
https://arxiv.org/abs/2407.03203
https://arxiv.org/abs/2504.20073
https://arxiv.org/abs/2504.20073

Under review as a conference paper at ICLR 2026

Huajian Xin, Z. Z. Ren, Junxiao Song, Zhihong Shao, Wanjia Zhao, Haocheng Wang, Bo Liu,
Liyue Zhang, Xuan Lu, Qiushi Du, Wenjun Gao, Qihao Zhu, Dejian Yang, Zhibin Gou, Z. F.
Wau, Fuli Luo, and Chong Ruan. Deepseek-prover-v1.5: Harnessing proof assistant feedback for
reinforcement learning and monte-carlo tree search, 2024. URL https://arxiv.org/abs/
2408.08152.

Ran Xin, Chenguang Xi, Jie Yang, Feng Chen, Hang Wu, Xia Xiao, Yifan Sun, Shen Zheng, and
Ming Ding. BFS-prover: Scalable best-first tree search for LLM-based automatic theorem prov-
ing. In Wanxiang Che, Joyce Nabende, Ekaterina Shutova, and Mohammad Taher Pilehvar (eds.),
Proceedings of the 63rd Annual Meeting of the Association for Computational Linguistics (Vol-
ume 1: Long Papers), pp. 32588-32599, Vienna, Austria, July 2025. Association for Compu-
tational Linguistics. ISBN 979-8-89176-251-0. doi: 10.18653/v1/2025.acl-long.1565. URL
https://aclanthology.org/2025.acl-1long.1565/.

Zhouliang Yu, Ruotian Peng, Keyi Ding, Yizhe Li, Zhongyuan Peng, Minghao Liu, Yifan Zhang,
Zheng Yuan, Huajian Xin, Wenhao Huang, Yandong Wen, Ge Zhang, and Weiyang Liu. For-
malmath: Benchmarking formal mathematical reasoning of large language models, 2025. URL
https://arxiv.org/abs/2505.02735.

Kunhao Zheng, Jesse Michael Han, and Stanislas Polu. Minif2f: a cross-system benchmark for
formal olympiad-level mathematics, 2022. URL https://arxiv.org/abs/2109.00110.

Junxiao Song Huajian Xin Haocheng Wang Wanjia Zhao Liyue Zhang Zhe Fu Qihao Zhu De-
jian Yang Z.F. Wu Zhibin Gou Shirong Ma Hongxuan Tang Yuxuan Liu Wenjun Gao Daya
Guo Chong Ruan Z.Z. Ren, Zhihong Shao. Deepseek-prover-v2: Advancing formal mathe-
matical reasoning via reinforcement learning for subgoal decomposition, 2025. URL https:
//github.com/deepseek—ai/DeepSeek—Prover—-V2.

11


https://arxiv.org/abs/2408.08152
https://arxiv.org/abs/2408.08152
https://aclanthology.org/2025.acl-long.1565/
https://arxiv.org/abs/2505.02735
https://arxiv.org/abs/2109.00110
https://github.com/deepseek-ai/DeepSeek-Prover-V2
https://github.com/deepseek-ai/DeepSeek-Prover-V2

	Introduction
	Related Work
	Methods
	Star-Corrector Framework
	Data Curation
	Dynamic Difficulty-Aware Sampler

	Experiments
	Conclusion
	Limitations
	Ethics Statement
	Reproducibility Statement
	Detailed Definition of the Reward Function
	Format Reward
	Validity Reward 
	Weighted Similarity Reward
	Total Reward Calculation Rules
	Case 1: Complete Lean 4 Code Exists
	Case 2: No Complete Lean 4 Code

	Hyperparameter Configuration
	Difficulty classification
	The Use of Large Language Models (LLMs)


